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Introduction

Consistent medical care is essential for the health of people living with HIV (PLWH). Indi-
viduals living with HIV who receive regular medical care are more likely to have access to
antiretroviral therapy (ART), less likely to develop Acquired Immune Deficiency Syndrome
(AIDS), and have improved survival rates compared to HIV-positive individuals who do not
receive regular medical care. Certain population-level health benchmarks can best be under-
stood through the HIV care cascade. The HIV care cascade is a conceptual model describing
key benchmarks for PLWH, and consists of (a) HIV diagnosis through testing, (b) linkage to
care, (c) engagement and retention in care, (d) initiation of ART through retention, and (e)
sustained suppression of viral load. The cascade provides a framework for monitoring and
evaluating key care benchmarks for PLWH and monitoring the effectiveness of HIV healthcare
systems while also providing a guideline to identify poor adherence metrics. The objective of
this dissertation is to develop and implement data-driven tools to aid health-related decision
making at patient, clinic and district levels, and evaluate the efficacy of using these methods.
The increasing availability of large-scale patient level cohort data is providing new oppor-
tunities for data-driven analyses of the care cascade. This dissertation investigates statistical
issues of modeling retention in HIV care using electronic health record (EHR) data from the
Academic Model Providing Access to Healthcare (AMPATH), a program delivering HIV care in
Western Kenya. Clinical visit information from individuals who are engaged in medical care
within AMPATH is stored in an electronic database known as the AMPATH Medical Record

System (AMRS) which is generated by a browser-based front-end application deployed at the



point of care in over 300 facilities (hospital and clinics). Twice each year, raw data from the
AMRS are formatted into a research-grade database that can be used to investigate various
clinical and epidemiologic questions related to patient care. Information from AMRS has been
used to monitor and evaluate comprehensive intervention and treatment programs in Western
Kenya.

The objective of this dissertation is to develop a statistical framework for modeling retention
in care that enables meaningful assessment of variable importance in clinical decision making
while also explicitly accounting for missing data. Currently, AMPATH dedicates considerable
resources to patient outreach following a missed visit - including follow up calls and at-home
visits; however, the human resources used for outreach are not unlimited. Proactive outreach
conducted prior to a scheduled return visit may increase the likelihood of continued engage-
ment in care which is critical for patients to stay current with their ARV medications, motivat-
ing the development of models that predict a patient’s risk of missing an upcoming scheduled
clinic visit. These models can inform outreach strategies by identifying which patients should
be prioritized for advanced outreach. The effectiveness of advanced outreach may be further
enhanced if clinicians and outreach workers understand which patient-level factors drive "high
risk" predictions and how these factors contribute to the model’s assessment of missed-visit

risk. Below we describe the three specific aims of this dissertation in greater detail,

1. Aim 1: Develop a statistical framework for modeling the retention in care process

for clinical decision support

Keeping patients engaged in HIV care is a significant goal for the clinics that comprise AM-
PATH. Regular clinical visits provide uninterrupted access to anti-retroviral drugs (ARVs),
consistent monitoring of disease progression, and promote medication compliance. The
Kenyan Ministry of Health (MOH) has defined several clinically meaningful benchmarks
for engagement in care for programmatic reporting such as a default (missing by a day),
an interruption in treatment (missing by more than 28 days) and a loss to follow-up

(missing by more than 90 days). An interruption in treatment is of clinical significance

2



since ARVs are prescribed to last around 28 days; if a patient has not shown up to clinic
within this time frame it is assumed they are no longer taking their life-saving medica-
tions. Loss to follow-up may indicate complete disengagement from care, unreported
mortality, or an unreported transfer out of care. AMPATH dedicates considerable re-
sources to patient outreach following a missed visit - including follow up calls and at-
home visits; however, the human resources used for outreach are not unlimited. Devel-
oping strategies to target patients both before and after scheduled visits can improve the
efficiency of outreach efforts and increase the likelihood of timely return to care. Thus
the goal for the first chapter of this dissertation is to propose a statistical framework for
modeling the visit return process that equips clinicians and outreach workers with a tool
to determine which patients should be prioritized for advanced outreach prior to their

next scheduled clinic visit.

The purpose of this model is to provide AMPATH outreach workers with a tool to identify
patients classified as “high risk” of missing their next scheduled visit and enable targeted
outreach prior to the scheduled return date. Several challenges arise, however, in build-
ing a principled framework for predicting retention in care. Missingness can occur in
the outcome space and covariate space. Competing risks such as death that precludes a
missed visit can prevent a patient’s retention status at the next visit from being known.
Defining an appropriate analysis sample from historical EHR data that accurately reflects
the patients currently enrolled in AMPATH care is also nontrivial. To address these chal-
lenges we propose a flexible Bayesian multinomial framework to account for competing
risks, along with a pattern-mixture modeling approach to address missingness in the co-
variate space. In addition, we present visualizations of global trends derived from the
appropriate conditional distributions, which may assist clinicians in identifying patients
to prioritize for advanced outreach. By enabling identification of patients at high risk for
disengagement, this framework allows for outreach workers to provide targeted, proac-

tive outreach that can both optimize the use of limited clinical resources, and potentially



reduce preventable interruptions in HIV treatment.

. Aim 2: quantify local variable importance for machine learning models in terms of

conditional risk score distributions

The second aim of this dissertation builds on the pre-visit outreach strategy proposed
in the first aim. Advanced outreach can be more effective if the outreach workers are
aware of which variables the model uses to generate a high-risk score for a specific pa-
tient. Knowledge of these specific factors can provide outreach workers in clinics a way to
develop strategies and personalize the outreach, and potentially prevent patients from
missing their scheduled return visits. At the individual level, machine learning (ML)
algorithms produce a risk score, but typically do not provide individual level insights
about which covariates are driving the subject’s high risk score. Local variable impor-
tance measures address this gap by explaining how specific covariates contribute to an
individual’s risk score, in contrast to global feature importance measures that quantify
population-level trends in the data. Calculating these local importance measures gen-
erally requires computing a statistic (e.g. expected value, median) from an appropriate
conditional distribution. Popular local variable importance measures like SHAPley Addi-
tive exPlanations (SHAP) provide local explanations by making simplifying assumptions
such as covariate independence and then sampling from the empirical marginal distri-
bution. Other methods assume the joint distribution of the data is multivariate Gaussian

and then derive the appropriate conditionals.

The second chapter of this dissertation seeks to design and implement a method for ob-
taining local variable importance as well as a method to sample from the appropriate
conditional distributions. Both the unit-level variable importance method and sampling
method may be applied to any machine learning model. Specifically, this aim intro-
duces a conditional sampling method based on predictive mean matching, an imputa-

tion technique from the missing data literature that is scalable and robust to model mis-



specification. We simulate joint distributions where we induce sufficient interactions and
nonlinearities in the covariate space to demonstrate the utility of this sampling method
over the marginal and Gaussian approximation, and then apply the method to the strat-
ified visit models built from AMPATH data from the first chapter. By enabling reliable,
patient-specific interpretation of complex prediction models this work supports more in-

formed clinical decision-making and targeted intervention strategies.

. Aim 3: Investigate the role of variable importance in prediction models when co-

variates have missing entries

The third aim of this dissertation builds on the model developed in the first chapter and
focuses on global variable importance, in contrast to the local variable importance meth-
ods discussed in the second chapter, particularly in the presence of missing data. Missing
data are ubiquitous, particularly in health-related settings where regular collection of
key clinical measurements can be expensive. This can present several unique challenges
when operationalizing EHR data to design and validate prediction models for the pur-
pose of clinical decision making. We distinguish between the different sets of data in the
prediction pipeline. There is the development data that is used to build the ML model
and the deployment data which consists of individuals that the ML model will be applied
to in order to forecast some quantity of risk of an event of interest. There are four general
cases where missingness can occur in the development of a statistical model, specifically

missingness in the covariate space.

The focus of the third chapter of this dissertation is the situation where missingness in the
covariate space occurs both at model development and model deployment. When miss-
ingness is present in both the development and deployment data the notion of variable
importance can be obfuscated due to the need to handle missingness at the point of pre-
diction. In this setting, imputation models are part of the prediction pipeline. As a result,

when variable importance methods are applied at both the local and global level, the ob-



served covariate information in specific missingness patterns provides greater predictive
utility. To address this, we use a popular model-agnostic variable importance technique
known as Leave Out COvariates (LOCO) that measures the loss in predictive accuracy be-
tween a full model built using all of the covariate data and a reduced model developed
on the covariate data with a specific covariate omitted. We modify LOCO to take into
account missing data and then demonstrate discrepancies between the expected LOCO
with full data available and LOCO with missingness in the covariate space. By explicitly
accounting for missingness in the covariate space at both model development and de-
ployment, this work produces variable importance estimates that more accurately reflect
how ML models use covariate information to generate predictions in real-world clinical
data, thereby improving the reliability of model-guided decisions about which factors

elevate a patient’s risk of missing a visit and how to prioritize interventions.



Chapter 1

Statistical Framework for developing and
implementing models for clinical decision

support

1.1 Introduction

Consistent medical care is essential for the health of people living with HIV (PLWH). The
Joint United Nations Programme on HIV/AIDS (UNAIDS) recently announced the new global
95-95-95 (Ehrenkranz et al., 2021) targets for eradicating HIV worldwide, which calls for
diagnosis of 95% of individuals who have HIV, initiating antiretroviral (ART) treatment for
95% of those who have been diagnosed, and achieving suppression of viral load (VL) for 95%
of those who are on treatment. HIV-positive individuals who receive regular medical care are
more likely to receive antiretroviral therapy, less likely to develop Acquired Immune Deficiency
Syndrome (AIDS), and have improved survival rates compared to HIV-positive individuals who
do not receive regular medical care. Despite tremendous progress toward achieving these
objectives, challenges remain.

The work presented addresses the link between the second 95 and the third 95 of the

UNAIDS goal, specifically as it relates to keeping PLWH retained in HIV care. Retention is a



necessary condition for maintaining patients on antiretroviral drugs (ARVs). In Kenya at the
Academic Model Providing Access to Healthcare (AMPATH), viral load testing for adult clients is
typically done six months after treatment initiation and annually thereafter. Even after a mea-
sured viral load indicating suppression, viral failure due to nonadherence or drug resistance
can occur well before the next follow up one year later. Regular clinical visits promote regular
access to ARVs, consistent monitoring of disease progression and medication compliance. This
makes retention in care fundamental in reaching the last 95 goal, viral suppression.

Currently, AMPATH dedicates considerable resources to patient outreach following a missed
visit - including follow up calls and at-home visits; however, the human resources used for out-
reach are not unlimited. This motivates the development of strategies that target disengage-
ment in advance, specifically the development of prediction models that can identify patient’s
who are at "high risk" of missing their next scheduled visit. In recent years advances in ma-
chine learning (ML) models have opened up new avenues for prediction in health outcome
settings and have gained considerable traction in predicting retention in HIV care (Ogbechie
et al., 2023 Olatosi et al., 2021} |Oliwa et al.,|2021, Ramachandran et al., 2020, Ridgway et al.,
2022)). These models can guide outreach efforts in AMPATH clinics by identifying patients at
“high risk” of missing their next visit. Identifying these high risk patients and tailoring pre-visit
outreach is critical to keeping patients engaged in care so that they may stay current with their
antiviral medications and so that clinicians can regularly monitor key biomarkers such as vi-
ral load and prevent further clinical progression and ensure it is identified and addressed if it
occurs.

In this work we design a statistical framework for predicting retention in care for the pur-
poses of targeting patients for advanced outreach ahead of their scheduled return visit. We
develop prediction models around this framework that will be used to quantify individual pa-
tient risks of missing their next visit to inform who should be targeted for advanced outreach.
We illustrate our approach through the analysis of data from 70,626 individuals enrolled in

HIV care in AMPATH.



1.1.1 Previous Work

Modeling retention in HIV care through machine learning (ML) has received considerable
attention. Existing work has focused on utilizing electronic health records (EHR) to build pre-
diction models to (1) identify patients who have fallen out of care, and (2) target patients
before they disengage from care. Patients can either fall out of care or do "silent transfers"
(transferring out of care or to a different facility without notifying their current facility). Tar-
geting patients before they disengage aligns with the goals of the work presented in this paper.
A large spectrum of machine learning models were chosen to cover a possible predictive mod-
els over logistic regression, tree-based and boosting models (Random Forest, XGBoost), and
natural language processing models. To date none of the papers appear to have deployed their
models and reported on the efficacy on real time data. Ogbechie et al. (2023)) integrated their
ML models into the point of care, but have yet to report results.

At the same time there exists many definitions of retention in care. examples include at-
tending at least 2 HIV care visits Ramachandran et al.| (2020), Ridgway et al.| (2021)), having
two CD4+ cell counts or viral load tests greater than 90 days apart within a 12-month pe-
riod [Olatosi et al. (2021)), Semerdjian et al. (2018), having a single HIV care visit within a
6-month period Ramachandran et al. (2020), Oliwa et al.| (2021)), and having a single HIV
care visit within a 30 day window from the scheduled visit (Ogbechie et al. (2023). [Lee et al.
(2018) provided a multistate framework stratified by 200 day intervals to model the process
of engagement in care though said model was built to study the transition framework within
AMPATH. The Kenyan Ministry of Health (MOH) characterizes those who miss their visit by
a day as experiencing a default in treatment, those who miss by 28 days as experiencing an
interruption in treatment (IIT), and those who miss by 90 days or more as being loss to follow
up (LTFU) (Kenya, 2022). IIT’s are of clinical significance because antiviral medication pre-
scriptions are frequently given in 28-day supplies; if a patient has not returned to clinic within
this time frame it is assumed they are no longer taking their life-saving medications. A loss

to follow up is usually indicative of a patient who has completely disengaged from care or, in



some cases, unreported mortality.

The rest of the chapter is organized as follows: Section provides details about the
AMPATH cohort and provides motivation behind the paper. Section presents statistical
challenges associated with prediction models built using EHR data. Section[1.4|provides details
of the model specification and methods to address challenges raised in section Section
The application of our framework to the AMPATH data is presented in section Section and

Section [1.6] concluded the paper with a discussion of future directions and extensions.

1.2 Data Source & Goals

Clinical visit information from individuals who are engaged in medical care within AMPATH
is stored in an electronic database known as the AMPATH Medical Record System (AMRS)
which is generated by a browser-based front-end application deployed at the point of care in
aasociated facilities (hospital and clinics) Tierney et al. (2007). Twice each year, raw data from
the AMRS are formatted into a research-grade database that can be used to investigate various
clinical and epidemiologic questions related to patient care.

Once a patient is linked to HIV care in AMPATH a set of immunological, clinical, and demo-
graphic markers are recorded at enrollment and subsequent visits. Important markers of HIV
disease progression such as CD4 count is usually measured at the enrollment visit, and viral
load is measured every six months or every year depending on the disease progression status
of the patient Kenya| (2022).

At the end of each visit a patient is then prescribed two return to care (RTC) dates; a date
for which they should return to clinic for symptom monitoring and a date for which they should
return to clinic to pick up their ARV prescription medicine. Often times these two can coincide.
Follow up visits are usually scheduled every 1-28 weeks depending on the clinical condition of
the patient with visits following initial enrollment being scheduled within shorter time frames
(e.g. every 1-4 weeks). Patients in good status are eligible to be put in the differentiated care

program where they are given longer RTC dates.
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The overall goals of this analysis are to (1) design a principled framework for using patient
level data derived from the AMRS to model the part of the HIV cascade in AMPATH that relates
to retention in care and (2) generate accurate predictions of defaulting and experiencing an IIT
and ultimately prioritize those who should be called by an outreach worker in advance of their
visit. The end-goal is to use these prediction models to intervene on patients who are at high
risk of missing their next scheduled visit with some pre-visit outreach in hopes of increasing

their likelihood of returning to care.

1.3 Statistical Challenges for clinical prediction models for

EHR Data

The task of modeling retention in care presents several key challenges. Although elec-
tronic health records (EHR) present rich opportunities for analyses, data is collected for record-
keeping rather than research. As one of the largest providers of medical care in sub-Saharan
Africa, AMPATH provides other medical services in addition to HIV/AIDS care. Consequently
not all records within the AMRS are relevant for prediction and construction of the sampling
data must be done with care and reflect the goals of the analysis. The analysis sample built
from the historic EHR data must accurately reflect the current population of patient’s enrolled
into HIV care at AMPATH. It is tempting to use all available data to make predictions however
this can cause issues if the sampled visits and patients are not aligned with the goals of the
analysis.

The collection of covariate information can occur due to human error on the part of busy
clinicians, a covariate falling out of use or the covariate only being measured on a fixed sched-
ule. Missingness in both the outcome and covariate space presents another distinct challenge.
When modeling retention as the outcome the retention time can be subject to right-censoring
due to database closure or a competing risk that precludes a patient from making their next

scheduled visit. Previous work has removed patients with incomplete outcome information
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due to competing risk (Fentie et al., [2022, Nshimirimana et al., 2022)). Information on key
covariates is also subject to missingness since key clinical measurements such as CD4 count
and viral load are expensive to measure and thus are sporadically and sparsely measured. The
longitudinal nature of the AMRS implies missingness on certain key covariates is propagated
throughout a patient’s history, which potentially makes the missingness an informative predic-
tor of clinical outcomes (Van Ness et al., 2023).

These challenges require us to address the operationalization of the cascade, data prepa-
ration, visit sampling and specification of the model. To address some of these challenges, we
propose using probabilistic estimation models stratified by visit number and motivated by well-
defined binary endpoints that meet the retention baselines defined by the Kenyan Ministry of
Health mentioned in Section We illustrate our approach through the analysis of data

from 70,626 individuals enrolled in HIV care in AMPATH.

1.4 Framework for Modeling Retention in Care

1.4.1 Notation and Definitions

Clinical visit information from individuals who are engaged in medical care within AMPATH
is stored in an electronic database known as the AMPATH Medical Record System (AMRS)
which is generated by a browser-based front-end application deployed at the point of care in
associated facilities (hospital and clinics) Tierney et al.| (2007)). For the purposes of model spec-
ification patients are indexed by i and visits by £. For every patient i we observe L; recorded
visits indexed by £ = 0,...,L;, where L; is subject-specific. We define L := max;L; to be the
maximum visit number observed within the data. Once a patient is linked to HIV care in AM-
PATH, a set of immunological, clinical, and demographic covariates are recorded at enrollment
and at subsequent visits;denote these by {V, : £ = 0,1,2,...}, where V, is a J x 1 vector.
Because certain markers of disease progression such as CD4 count and viral load are usually
measured on a fixed schedule, we define a corresponding J x 1 vector M, of binary indicators

for whether the each component of V, has been observed. For completeness we define M, for
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every covariate in V, but in practice only a subset are used in modeling.

At the end of visit £, a patient is assigned a return to care (RTC) date for a regular return
visit or a medication pickup; often times the two may coincide. The time between visit £ and
the RTC date for visit (¢ + 1) is defined by S,,;. The endpoint for our prediction model is a
binary indicator Y, ; that takes value 1 if the patient fails to return before their RTC date, and 0
if they do return on time; i.e., Y, is a ‘missed visit’ indicator. We can formalize this as follows.

For a patient at visit ¢, let W,,; > 0 denote the waiting time until that patient shows up
for their encounter at visit £ + 1, and let A > 0 denote a ‘grace period’ interval. A censoring
indicator 6, = {1,0,—1} is defined to denote whether a patient has survived up until visit £,
was administratively censoring (i.e. censoring due to database closure) or died before their
next scheduled visit, whichever comes first. This motivates the definition of an intermediate
outcome D, ; between return to care where D,,; = 1 denotes survival to visit {+1 and D,,; =0
denotes death before visit £ + 1. Our binary missed-visit indicator, now annotated by A, is

defined as Y2

o1 = I(Wpy > Spyp + A). We use this formulation because specific values of

A have contextual relevance for programmatic reporting: setting A = 0 flags ‘defaulters’,
or those who do not make their visit on or before the assigned date; A = 28 flags those at
risk for interruption in treatment, because antiviral medication prescriptions are frequently
given in 28-day supplies; A = 90 flags those who are at risk for loss to follow up or possibly
mortality. This A-retention framework provides flexibility for modeling alternative definitions
of retention and facilitates clinically meaningful interpretation of risk predictions, and can be
extended from prediction settings to causal settings (Oganisian et al., [2024).

Figure details four patient trajectories within the AMRS. Patient A and Patient C enroll
into care and are consistently late to their scheduled return visits before finally experiencing
a censoring event, death and loss to follow up, respectively. Patient B is consistently on time,
and on one occasion early, for their scheduled return visits and is censored due to database
closure. Patient D makes their last recorded scheduled return visit, but transfers out of care at

this visit.
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Figure 1.1: Examples of four specific patient trajectories in the AMRS. T, is defined as the time
from enrollment to the current visit £ with T, := 0.

Covariate and retention information available at visit £ can be summarized asX, = (V,,M,,W,,Y;,S;;1)-
All clinical and retention information up to and including visit £ is denoted by X, = (X, X, ..., X,)
using overbar notation. In all notations, we denote the random variables with capital letters

and observed values of the random variable with corresponding lowercase letters.

1.4.2 Modeling

Our goal is to estimate the probability

TE()?E) :Pr(Ylﬁl = 1 |)_(e,5€ = 1)

This is the strata of the population with covariate data X ¢ Who have been retained in care past

visit £ (i.e. & ¢ = 1). The outcome Yﬁl is only defined for patients who survive to visit (£ + 1).

Individuals who die or are administratively censored before their scheduled visit have an un-
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defined value of Y~

/41 In some cases, however, censoring is informative. Patients who fail to

return within A days and are then censored, regardless of the censoring reason, provide infor-
mation about the outcome, specifically that Yﬁl = 1. In our analysis, administrative censoring
is assumed non-informative conditional on X ¢; thus, we exclude records where informative
censoring could occur. To handle the competing risk of death we introduce a multinomial
framework similar to Lee et al. (2018) through the use of probabilistic classifier chain to ac-
count for the competing risk of death before the next visit. Our expansion of the original
probability then becomes,

Pr(Y}

+1

:1|E€,8£:1) = Z Pr(Yﬁ1=1|)_(e,5e=1,DZ+1=d)Pr(D£+1=d|)_(e,5¢=1)
de{0,1}

Pr(Y5,=11X,,6,=1,Dpy; =1)Pr(Dy; =11X,,6,=1)

This simplification follows since the probability Pr(Y3, =1 | X,,D;,; = 0) is identically
zero; i.e., a patient who dies before their scheduled visit cannot miss their scheduled visit.
Conditional on visit history X, and having survived past visit £ (i.e. 5@ = 1), we assume

that both retention status and survival follow Bernoulli distributions [Y2 |X,,6,=1,Dpy; =

+1

1] ~ Ber{nl(}?e)} and [D,,, =1|X,,6, =1] ~ Ber{nz()?f)} respectively, where 7,(X,) =

Pr(Y2, =1 |X,,6,=1,D;,; =1) and n,(X,) = Pr(D,,, = 1|X,,5, = 1). More specifically,

7Tl()_(e§ 0) = gfgﬂ()_(z, 01,)

“2()_%; 0y) = ng,gH()_fz, 0,),

where 0, is a finite-dimensional parameter with prior distribution 8, ~ p(8,) = p(04;,0,,),
for £ =1,...,max; L;. The probabilistic chained classifier can be further generalized to cate-
gories greater than 3 (Sparapani et al.,[2021}, Martin et al.,|2021)) and has substantial flexibility
as it can be applied to any machine learning model that can handle binary outcomes and the

functional form g(-) may differ by model. Previous work has shown similar operating charac-
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teristics to a multinomial logistic regression (Martin et al., 2021)).

In AMPATH the frequency of observation times are heterogeneous within and between in-
dividuals, and key clinical information can be measured sporadically and at irregular times.
To account for this we create separate models for visits £ = 1,2,3 and a fourth model that
combines all visits £ > 4. We further make the assumption that a patient’s status at visit
¢ + 1, conditional on X ¢, follows a third order Markov assumption where the most recent re-
tention status depends only on the most recent clinical information and the retention history
of the three most recent visits. In other words the covariate history up to visit £ simplifies to

}?é = (VZJMbSl-HJ Y5A7YA

e—vYﬁz)' For earlier visit models, the conditioning set is truncated

accordingly: no retention history is included for £ = 1, only Y,* is included for { = 2, and
YlA, YZA are included for £ = 3. This visit-specific stratification is analogous to a stratified pat-
tern submodel formulation (Fletcher Mercaldo and Blume, 2020). Missing a visit depends
heavily on duration in care, with highest risk of missed visit occurring closest to enrollment.
Previous work (Ridgway et al., 2022} Ogbechie et al.,|2023) also suggest that a patient’s clinical

retention history is a strong predictor of future retention.

Missing Data in the outcome and covariate space

Missing data are ubiquitous in healthcare settings and can occur due to human error or a
clinical measurement being expensive to measure. In the previous section we detailed method-
ology to account for the competing risk in the outcome space such as death that precludes a
visit. We make the assumption that conditional on data X, administrative censoring is non-
informative and thus drop records where this may occur. Missing data in the covariate space
can be handled either through imputation (Little and Rubin, 2019) or inclusion of the miss-
ingness process in the model via a pattern mixture model approach with pattern submodels
(Fletcher Mercaldo and Blume, [2020)). We take a pattern mixture model approach in this work
and incorporate missingness in the covariate space into the predictive framework, akin to Lit-
tle and Wang| (1996). We implement a smoother version of the pattern submodel approach

from [Fletcher Mercaldo and Blume (2020) where the missingness indicators M, are instead
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included as direct effects into the model rather than implementing a full stratification approach
by missingness pattern. We justify this simplification due to key covariates such as WHO stage
and education level containing small percentages of missing values which induces sparse miss-
ingness patterns in the data. Given the available data, we prefer this smoother approximation

to the full pattern-mixture specification.

1.4.3 Sampling Strategy, Notations and Definitions

A common problem with prediction modeling with EHR data is the decision of choosing
a sampling window. The sampling window is defined as the time period from where records
and individuals are sampled for entry into the cohort and the data for which the model will be
built from. Sampling can occur at two levels: (1) sampling patients who are actively enrolled
in HIV care within a specified time frame and (2) sampling visits within that time frame that
are relevant for prediction. It is tempting to use all available data to make predictions how-
ever this can cause issues if the sampled visits and patients are not aligned with the goals of
the analysis. Changes in the standard of care can affect the utility of certain variables along
with the quality of the data at hand. For example, certain standards of care may become out-
dated leading to some clinical measurements not being collected anymore, and not all visits
are informative for HIV prediction. Thus patients and visits from earlier years may not reflect
the current population. Older records reflect clinical decision rules that no longer apply, so a
learner may implicitly pick up associations that are clinically obsolete. The goal of a prediction
model is to forecast on new individuals who are currently enrolled in care at AMPATH and
thus the sample used to develop the model should be an accurate reflection of patients, and
visits, that occur today. Restricting to patients actively enrolled in care improves the model’s
relevance to the current population of patients and enhances generalizability, since future vis-
its will follow similar clinical protocols. Similarly EHR datasets can be massive; finding an
appropriate sampling window can reduce the computational burden on clinics.

We construct the sample by selecting a relevant sampling date and then (1) identifying
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patients actively engaged in care beyond this date, defined as having at least one visit on or after
the start of the chosen sampling date, and (2) retaining all visits occurring after the sampling
date for the patients from (1). Figure provides a visualization of patient trajectories and

which patients are considered for cohort entry.
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Figure 1.2: Examples of patient included and excluded from the analysis sample. Green de-
notes enrollment into AMPATH while yellow denotes when a clinic visit was made. The black
circle denotes the next scheduled visit. The black lines that connect visits for each patient de-
note that the outcome at that visit is not used as an outcome for prediction. Blue lines indicate
the time for which a patient is included in the model cohort.

Patients who have a visit within or at the start of the sampling window are entered into
the cohort at the time of their first visit within the window. For example patients A, D and
E all enroll on or after the start of the sampling window and are included in the analysis.
Patients B, C and G enrolled into care prior to the start of the sampling window, but since they
have remained in care and have had a visit within the sampling window they are included
in the analysis sample. Patient F is censored before the start of the sampling window and is
therefore not included into the analysis sample. The outcome space of our models is formed

from the outcome of visits that occur after the first visit within the sampling window; not the
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outcomes associated with the first visit that occurs within the sampling window. Information
from visits prior to entry into the sample can still be used to make predictions; specifically
retention information and clinical measurements from these previous visits enter as covariate
information.

Given the stratified visit models from section it is important to note that visits are
indexed by the total number of visits a patient has had since enrollment into care at AMPATH,
not just by the number of visits made within the sampling window. Thus only patient’s A,D and
E contribute to the risk set of the £ = 1 model. Although Patient B’s first return visit ({ = 1)
occurs at the start of the sampling window, thereby granting them entry into the cohort, they
are not included in the risk set for the £ = 1 visit model. Patient B enters into the risk set for the
¢ = 2 visit model and remains in the risk set for later visit models until censoring occurs. Once
a patient is effectively censored their contribution to the risk set ends. Patient D contributes to

the risk set of the £ = 1, 2,3 models but will not for the £ > 4.

1.4.4 Variable Importance

A common goal in prediction-settings is to understand the contributions of covariates as
it relates to the overall predictive variance in the observed population (i.e. global variable
importance) and for the individual risk score (i.e. local variable importance). The scope of this
paper is limited to global variable importance, specifically the z-statistic in generalized linear
models and split based importance for tree based methods such as Bayesian Additive Regression
Trees (BART). We calculate these importance metrics for each stratified model from section
[1.4.2]to identify key covariates that affect retention. Given the current model formulation these
importance metrics can only be calculated for 7t,(X,), but still may provide useful information.

We use these model specific measures of variable importance to flag important predictors
and then provide visualizations of these key covariates to understand their effects and how
they influence each model through the use of conditional effect plots. These conditional effect

plots take the form of a function h;(X,;) = E [s(n(X,))|X, ;] where s(-) is the log odds function
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and n(X,) = m,(X,)7,(X,). The log odds transformation is performed for interpretability.
Visualizations of the effect of each covariate can help to inform clinicians of how the model
utilizes the covariate and how the average predicted risk varies on the support of the covariate
Xy

Estimates f ;(x;) are obtained for each covariate X,; by (i) clustering the predicted probabil-
ities #(X,) based upon the values in the support of X, ; and (ii) taking the expected value of the
predicted probabilities within each cluster. We can then plot the individual mean values along
with their associated 95% credible interval (CI) which then gives us an idea of, on average,
what we expect certain values on the distribution to do. A large benefit of the Bayesian frame-
work is the natural quantification of uncertainty which is particularly important when dealing
with variable importance metrics as they help us to understand average trends and their sta-
tistical significance. A key difference between other variable importance visualizations such as
partial dependence plots (PDP) |Goldstein et al. (2015)) in the literature and this method is that

we directly take into account the empirical conditional distribution [X,_;) [ X,;] rather than just

assuming covariate independence and integrating over the empirical distribution P(X =)

1.4.5 Performance Metrics & Model Evaluation

In prediction based settings the goal is to evaluate the model based on some measure of
goodness of fit to ascertain its clinical utility. Thus, performance metrics should reflect how
the model is used in practice. To evaluate the model we use area under the Receiving Operator
Characteristic (AUROC), positive predictive value (PPV), sensitivity and specificity. A point
estimate for each metric can be found by taking the median while a 95% credible interval can
be found by taking the 2.5th and 97.5th percentiles of the draws.

In resource-constrained settings such as AMPATH, the outreach team is limited in their
ability to target patients in advance of their scheduled visit. This means out of N patients who
are scheduled return to care within a specific time frame only K can be feasibly targeted for

intervention where K < N. We make the assumption that at most only 20% of the N patients
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scheduled to return can feasibly be targeted and provide performance metrics for individual
clinics.

The model is trained via a modified time-based k-fold cross validation procedure in order
to accurately mimic the data generating process and how the model will be used in practice.
The data are split into a training set consisting of patients who were scheduled to return to
clinic between January 1st 2021 to December 31st 2022, and a test set of patients who were
scheduled to return between January 2023 to June 2023. We then further split the test data by
the month of the scheduled RTC date (e.g. Jan 2023, Feb 2023,..., May 2023, June 2023) to
achieve 6 test folds. This model training strategy naturally helps to deal with patients who are
censored due to database closure since they are forced into the test set and out of the training
set. We train the model one time on the training data, and evaluate the model’s performance
on each of the test folds. This not only mimics how the model will be used in practice but
also provides valuable insight into how the model performs from month to month. A visual

explanation is provided in Figure

"

Time

Legend Test Set Ml Training Set

Figure 1.3: Time Series Cross Validation procedure. The test set is split into different time
periods based upon when the visit was scheduled (i.e. month of RTC date). The green space
represents the historical data used to fit the model and stays constant. The yellow squares are
representative of future times to which the model will be applied, i.e. the month of the RTC
date of future patients.
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1.5 Application to AMPATH Data

1.5.1 Overview

We illustrate the application of the stratified visit modeling approach using data from AM-
PATH as described in Section Our analysis uses data on 70,626 HIV infected adults aged
18 years or greater who were actively enrolled in care on or after January 1st, 2021. The anal-
ysis used data on 685,715 visits that have occurred since January 1st, 2021. Information from
visits prior to January 1st, 2021 was used, however, the visits were not subject to prediction.
This date was selected due to recency and that this date marks when AMPATH began to loosen
COVID-19 related restrictions. The date of database closure was July 31st, 2023.

Table describes the prevalence of the outcomes of interest among those included in
the sample for each model. Patients within the "died" category are patients who died some
time after visit £, but before visit (£ + 1) could occur. Patients within the database closure
category are patients who are censored after visit £, but before visit (¢ + 1) could occur. The
rate of censoring due to death is of particular interest with deaths making up a relatively small
percentages of each sample. In fact the rate of death drop substantially as patients remain in

care, a sign of improved health outcomes for patients who remain engaged in HIV care.

Table 1.1: Prevalence of patient statuses for the A = 0 delay models.

Visit Total Database Closure On Time/Early Missed Dead
(=1 10,778 236 (2.2) 6,064 (56.3) 4,303 (39.9) 175 (1.6)
L=2 10,725 349 (3.3) 5,810 (54.2) 4,434 (41.3) 132 (1.2)
(=3 10,210 431 (4.2) 5,374 (52.6) 4,320 (42.3) 85 (0.8)
>4 654,002 44,464 (6.8) 394,458 (60.3) 213,893 (32.7) 1,187 (0.2)

Retention statistics are also described visually in Figure Note that delays in returning
to clinic tend to decrease the longer a patient stays in care. While the overall proportion of
missed visits by 1-7 days fluctuates, the overall proportion of delays longer than 28 days begins
to decrease as a patient remains in care for longer. The rates of death and dropping out of care

(e.g. LTFU status) also decreases as an overall proportion of those on their next visit.
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Figure 1.4: Event history barplot of patient outcomes by visit number for the first 15 visits after
the start of the sampling window, January 1st, 2021.

Covariates in X, include baseline characteristics such as gender, calendar year of enroll-
ment (2002,...,2023), education level (missing, none, some primary level, secondary level,
college level) and age at enrollment. Time varying covariates include scheduled return time,
month of the scheduled appointment, body mass index (BMI), WHO stage (primary infection,
clinically asymptomatic stage, symptomatic HIV infection, and AIDS), marital status (not mar-
ried, married), visit type (drug pickup, differentiated care), clinic type (referral/regional hos-
pital, county hospital, sub-county hospital, health center/dispensary, private hospital), clinic
size and the most recent CD4 count in log cells/mm3. Covariates with missing entries (WHO
stage, education level, BMI, and CD4 count) were coded with missingness indicators as de-
scribed in Section 3. Table [1.2 describes the distribution of these covariates for members of
the cohort, and is further stratified by patients who enter into the cohort after January 1st,
2021 and patients who enter into the cohort who were enrolled in HIV care at AMPATH be-
fore the beginning of the sampling window. From the information in Table we justify the
smooth pattern submodel approach due to the sparsity of key covariates such as WHO stage
and education level, especially for earlier visit models which contain a larger proportion of the

post-2021 enrollee cohort members.
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Table 1.2: Baseline Characteristics for patients at the first visit on or after January 1st, 2021.
The table reports “median (25th percentile, 75th percentile)” for continuous variables and
percentage of true for binary variables or each level of categorical variables.

Baseline Characteristics at entry into cohort

CD4 Count

Median (Q1, Q3)

407 (252, 577)

244 (94, 437)

Variable Total (N = 70,626) Post-2021 (N = 10,778) Pre-2021 (N = 59,848)
Age (years)

Median (Q1, Q3) 45 (35, 53) 36 (29, 45) 46 (37, 54)
Scheduled Appointment Time (Weeks)

Median (Q1, Q3) 11.29 (4, 12) 2 (2, 3.43) 12 (4.71,12)
Sex

Female 44,041 (62.4) 6,434 (59.7) 33,607 (62.8)

Male 26,585 (37.6) 4,344 (40.3) 22,241 (37.2)
ARV Status

Not On 1,496 (2.1) 1,207 (11.2) 289 (0.5)

On 69,130 (97.9) 9,571 (88.8) 59,559 (99.5)
Facility Type

Regional/Referral Hospital 11,218 (15.9) 1253 (11.6) 9,965 (16.7)

County Hospital 17,734 (25.1) 2765 (25.7) 14,969 (25.0)

Sub-County Hospital 30,017 (42.5) 4032 (37.4) 25,985 (43.4)

Health Center/Dispensary 10,826 (15.3) 2604 (24.2) 8,222 (13.7)

Private 831 (1.2) 124 (1.2) 707 (1.2)
Body Mass Index (%

Median (Q1, Q3) 22 (20, 25) 21 (19, 23) 22 (20, 26)

Missing 6,903 (9.8) 3,518 (32.6) 3,386 (5.6)

413 (261, 581)

Missing 24,228 (34.3) 8,711 (80.8) 15,517 (25.9)
WHO Stage*
Missing 6,015 (8.5) 658 (6.1) 5,357 (9.0)
First Stage 35,112 (49.7) 6358 (50.2) 28,756 (48.0)
Second Stage 11,443 (16.2) 1838 (16.1) 9,605 (16.0)
Third Stage 14,975 (21.2) 1640 (20.9) 13,335 (22.3)
Fourth Stage 3,081 (4.4) 286 (4.3) 2,795 (4.7)
Education Level*
Missing 12,411 (17.6) 233 (2.1) 12,178 (20.3)
None 3,659 (5.2) 873 (8.1) 2,786 (4.7)
Primary School 28,394 (40.2) 5025 (46.6) 23,369 (39.0)
Secondary School 19,158 (27.1) 3485 (32.3) 15,673 (26.2)
College 5,842 (9.8) 1162 (10.8) 5,842 (9.8)

1.5.2 Model Specification

We parameterize the models gﬁ[ 1 X,,04,) and ngJ 1(X,04) using Bayesian Additive
Regression Trees (BART) (Chipman et al., [2010) and main-effects logistic regression where
continuous variables are modeled using regression splines. We assume independent priors
0, ~p(0,)=p(0,0,)=p(O0,)p(0y), for £ =1,...,L and thus obtain independent poste-
rior distributions. Under the assumption of independent priors this amounts to running two

separate Bayesian inferences for each model. We implemented BART using a probit formula-
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tion
T
H(X;0)} = > f(X;7., M),
t=1

where ®(+) is the normal CDE T is the number of trees, and f (X; 7,, .#,) is a distinct regression
tree. The tree structure is parameterized by 6 = {7, #,}/_, where 7, is the tree structure and
M= {,uk}i‘:l is a set of b, terminal nodes for 7,. The priors are specified by the distributions
p(up, | 7.) and p(7,) for t = 1,...,T and b = 1...,B. The prior p(u,, | 7.) is normally
distributed with location parameter equal to 0 and scale parameter equal to 3/(k+/t). The prior
p(t,) on the trees is proportional to a(1 +d)™?, where d is the tree depth. In this analysis, k
is set to 2, and (a, ) = (0.95,2). BART is fit using the BART package (Sparapani et al., 2021)
in R Version 4.4.0. For logistic regression we run a metropolis hastings sampling procedure by
specifying a MVN(0,5%I) prior on the coefficients 8. For each model we run 10000 MCMC
iterations taking the first 5000 as burn-in and then taking every 5th sample thereafter as a
posterior draw.

Covariates X,; with missing values enter into the model as X;;(1 — M,;) along with the
corresponding missingness indicator M;. The covariates that contain missing values, and thus
are accompanied by a missingness indicator, include BMI, CD4 count, WHO stage, marital
status and education level. Given the longitudinal structure of the data we implement a last
value carried forward approach where we assume a patient’s value for a covariate will stay
constant until the next update. This means that if a covariate X,; remains unmeasured starting
at enrollment and remains unmeasured until visit ¢ the missingness indicator M,; = 1 for all

visits £ < £" and M,; = 0 for all visits £ > £'.

1.5.3 Results

Performance metrics and model evaluation
Two trends are observable from the results reported in Table Firstly that the predic-

tive accuracy of the models increases with more visits. Predictive accuracy is higher for models
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based on later visits, primarily because previous visit history is a strong predictor of future
return to care. Moreover, the more complex BART model has similar accuracy to logistic re-
gression across all settings. This is in agreement with other studies which also showed that
logistic regression did as well as less interpretable models (Ridgway et al., 2021)).

In Table we report clinic-level performance metrics by applying the stratified model
to test data from each clinic, regardless of visit number. Clinics were selected to represent a
wide range of sizes and missed-visit prevalence. The calibration slope is included to provide
additional insight into how well the model generalizes at the clinic level. Model performance
varies across clinics, with AUC values ranging from 0.61 to 0.74. In particular, clinic 71 shows
poor performance in both AUC and calibration slope. For the remaining clinics, performance
is generally adequate, suggesting that this model formulation is useful at the clinic level for
ranking patients and identifying those at risk of missing scheduled visits.

As shown in Table and the PPV exceeds the outcome prevalence for every visit-
level model and across all reported clinics in Table Under the practical constraint that a
clinic can at most pro-actively contact K of N patients prior to their next scheduled visit, this
indicates that prioritizing patients by their predicted risk of missing a visit results in identifying
more true missed visits than would be achieved by randomly selecting K patients from the N

scheduled to return within a given time frame.
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Table 1.3: Model Performance Metrics for the A = 0O retention models by visit number. The
table reports the posterior median with the 95% credible interval (CI) for performance metrics
along with the number of visits and the prevalence of a missed visit. Metrics are calculated
using the 80" percentile as the threshold for "high risk" classification. The prevalence of a

missed visit is reported for context.

Visits Modeled

=1
Logit
BART
=2
Logit
BART
£=3)
Logit
BART
=4
Logit
BART

A=0
AUROC Sensitivity Specificity PPV Prevalence
62.0 (60.0, 64.0) 28.1 (25.6,30.7) 84.4(83.0,85.9) 50.6 (46.1, 55.2) 40.7
62.0 (59.0, 64.0) 28.0 (24.7,31.2) 84.3(82.2,86.2) 50.5(44.3,56.1) 40.7
66.0 (64.0, 68.0) 32.2(29.0,34.8) 87.9 (85.8,89.6) 63.8 (57.6, 68.8) 41.8
66.0 (64.0, 69.0) 31.9 (28.8,35.5) 87.8(85.3,89.5) 64.4(58.3,69.6) 41.8
67.0 (65.0, 69.0) 31.0 (28.4,34.1) 87.8(86.0,90.0) 64.4(59.1,70.7) 43.5
68.0 (66.0, 70.0) 32.0 (29.3, 34.5) 88.6(86.6,90.5) 67.5(61.9,72.7) 43.5
72.0 (71.0, 72.0) 35.8 (35.6,35.9) 88.0(87.9,88.1) 60.4 (60.1, 60.6) 35.0
73.0 (73.0, 73.0) 37.3(37.2,37.5) 88.8(88.7,88.9) 62.9(62.6,63.2) 35.0

Table 1.4: Model Performance Metrics stratified by clinic for the A = 0 retention models. The
table reports the posterior median with the 95% credible interval (CI) for performance metrics
along with the number of visits and the prevalence of a missed visit. Metrics are calculated
using the 80" percentile as the threshold for "high risk" classification. The prevalence of a

missed visit is reported for context. Results are reported from the logistic regression model.

A=0
Clinic Total Visits AUC Cal. Slope PPV Prev.
Clinic 18 10,009 0.74 (0.73,0.75) 1.13 (1.06,1.19) 43.3 (42.3,44.2) 18.3
Clinic 2 4464 0.73 (0.71, 0.74) 0.96 (0.88,1.04) 74.9 (73.6,76.2) 47.2
Clinic 4 3,098 0.70 (0.69, 0.72) 0.87(0.78,0.97) 73.7 (72.1,75.2) 51.5
Clinic 74 2,113 0.68 (0.65,0.70) 0.87 (0.73,1.01) 43.1 (41.0,45.2) 249
Clinic 200 1,739 0.68 (0.66, 0.71) 0.83 (0.70,0.96) 77.5(75.6,79.5) 55.4
Clinic 189 1,147 0.69 (0.66, 0.72) 0.89 (0.73,1.06) 83.4(81.3,85.6) 58.2
Clinic 372 764 0.68 (0.65, 0.72) 0.84 (0.65,1.04) 63.8 (60.4,67.2) 38.0
Clinic 71 512 0.61 (0.55,0.67) 0.57(0.28,0.86) 36.3(32.1,40.4) 234
Clinic 112 293 0.74 (0.68, 0.79) 1.09 (0.77,1.43) 65.5(60.1, 71.0) 40.6
Clinic 56 63 0.70 (0.56, 0.84) 0.88 (0.15,1.68) 41.7 (29.5,53.8) 31.7
Sampling Window

The choice of sampling window was partially informed through this procedure. We devel-

oped models based on training data from 2010 to 2022, 2011 to 2022,..., 2016 to 2022 and up
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to a model trained exclusively on data from 2022. Each model was then evaluated by forecast-
ing outcomes in a common test set consisting of visits from January 2023 through June 2023,
regardless of visit number, and predictive performance was assessed using the AUC. Results
presented in Figure show no discernible difference in the test AUC between these different
models suggesting that later start dates for the sampling window do not meaningfully degrade
predictive performance. This finding indicates that, when covariate distributions remain rela-
tively stable over time, more recent training windows may be used to improve computational
efficiency without sacrificing accuracy. An important direction for future research is to repeat
this analysis in settings where key covariate distributions shift over time due to changes in

measurement practices or clinical protocols.
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Figure 1.5: Test AUC for models trained from different time periods within the AMRS for the
entire model regardless of visit number. The y-axis is restricted between 0.65 and 0.80 in order
to visualize the results.
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Covariate Importance

Global covariate importance measures from BART and logistic regression models are sum-
marized in Figures and respectively. Variable importance for BART is based on the
number of times that a specific covariate is split upon. In agreement with other studies (Ra-
machandran et al., 2020, Ogbechie et al., 2023) retention history is an important marker of
whether someone will miss a visit or not. In fact splits using retention history covariates in later
visit models begin to dominate the importance. Earlier visit models such as the first visit high-
light clinical and demographic characteristics as being most important along with the timing
of the scheduled visit. For logistic regression, we calculate global variable importance as the
square root of the Wald statistic divided by its degrees of freedom; this leads to a scalar value
for covariate effects represented by multiple terms, as is the case for spline representations
of continuous variable effects. For visualization, covariate importance scores were normalized
within each model by dividing by the sum of all scores, yielding relative contributions that sum
to one. As with BART, prior visit history takes on a more prominent role for models designed
to predict return to care at later visits; in fact these are the primary predictive variables for

models of visits £ > 4.
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Figure 1.6: Global feature importance plots generated from Bayesian additive regression tree (BART)
model fit to AMPATH data. Top 10 features from each model are shown.
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Figure 1.7: Global feature importance plots from logistic regression models fitted to AMPATH data. The
top 10 features from each model are shown. Feature importance is quantified using the square root of the
Wald statistic, and subsequently scaled by dividing each covariate’s score by the sum of all scores.

Plots of flj(X ;) from section are shown in figure for key covariates in the { =1
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model for BART and logistic regression, namely return visit date, age, education level and
WHO stage. Age has a downward trend where the average risk for patients decreases with
age implying younger patients are at higher risk for missing their next scheduled visit. For
ages above 80, the credible intervals for the importance estimates become extremely wide due
to the very small in-sample size (n=9). Compared with logistic regression, BART produces
narrower intervals, likely reflecting shrinkage toward a piecewise-constant fit in sparsely pop-
ulated regions of the covariate space, in which values above a split share the same effect. We
similarly observe that scheduled return visits between 2—4 weeks from the current visit yield
the lowest and most stable average risk, likely reflecting assignment from clinics with more
consistent care practices. With respect to WHO stage (a measure of disease severity graded
from 1 to 4) the highest average predicted risk is observed among patients in WHO stage 1.
Risk then decreases for individuals in WHO stages 2 and 3, followed by an increase at WHO
stage 4, a pattern that is not unexpected given advanced disease severity. This reflects the phe-
nomenon that many patients who are in early stage of HIV may not be experiencing negative
effects of the infection; as such, they can be prone to skipping visits. When patients get sicker,
i.e. in later WHO stages, they are more likely to keep their scheduled visit. We find almost
identical risk and shape for the plots of h;(x;) for both BART and logistic regression with the
most significant difference occurring in the size of the credible intervals which most likely can

be attributed to the functional forms of each model.
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Figure 1.8: Visual plot of conditional effect of key covariates for the £ = 1 visit model for Age (top left),
scheduled return time (top right), education level (bottom left) and WHO stage (bottom right). The mean
estimate and the associated 95% credible intervals are plotted for the discrete covariates. Green denotes
the marginal effects from BART while blue denotes the marginal effects from Logistic regression. The red
dashed line represents the log-odds of the 80th percentile of the predicted probabilities, i.e. the threshold

for a "high risk" classification.

1.6 Discussion

This chapter presents a modeling framework for the HIV care cascade with a specific fo-

cus on retention in care. Retention is defined according to clinically relevant benchmarks

established by the Kenyan Ministry of Health and is modeled using a series of stratified binary

prediction models at each scheduled visit that explicitly account for competing risks such as

death and missingness in the covariate space. The primary contribution of this work is the
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development of a principled statistical framework that aligns both the prediction models and
the associated sampling strategy with the underlying data-generating process at each return
visit. A key motivation for this methodology is to provide AMPATH outreach workers with a
tool to identify patients at high risk of disengagement, enabling targeted interventions ahead
of scheduled visits. Outreach ahead of the scheduled return visit has the potential to increase
the likelihood that the patients at high risk for disengagement will keep their appointments.
Such interventions are critical to ensure patients remain current with their antiviral medica-
tions (i.e. ARVs), reduce the risk of clinical progression, and enable timely identification and
management of any emerging health issues.

We find that the prediction models developed within this framework perform adequately
in predicting disengagement events at the visit-level and clinic-level, with predictive accuracy
improving as additional retention history becomes available. While some heterogeneity in
performance exists, in particular larger clinics tend to achieve higher accuracy than smaller
clinics, this observation highlights the need for further investigation into the factors contribut-
ing to lower performance in smaller clinics. Although BART can capture complex interactions
without requiring explicit specification, this flexibility does not yield sufficient gains to offset
the advantages of simpler, computationally faster models such as logistic regression in terms
of predictive performance. This finding is consistent with prior work cautioning against the
routine use of black-box models in high-stakes decision-making settings (Rudin, 2019). No-
tably, BART and logistic regression identified largely the same covariates as key contributors
to missed-visit risk and revealed similar trends in the data.

Within the scope of this work we identify several limitations that suggest avenues for fu-
ture development. Firstly, we focus on binary indicators of whether a delay occurs, without
accounting for the reason for the delay or its duration. A patient with long periods in and out
of care is markedly different from a patient who is consistently late by only a few days, but this
distinction is not reflected in our binary framework. Modeling the actual event times could

provide more nuanced insights into retention patterns. A second limitation of this work re-
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lates to systemic changes in the standard of care. When certain clinical measurements fall out
of routine use, covariates may become sparse or inconsistently recorded, potentially affecting
predictive performance due to heterogeneity between development and external data (Luijken
et al., 2019, Pajouheshnia et al., 2019, [Luijken et al., 2020). This limitation underscores the
importance of continuously re-fitting models and updating the sampling window as new data
become available to ensure predictions accurately reflect current care practices. Finally, mis-
classification of deaths and dropouts is a common issue in studies of loss to follow-up. A patient
who has not attended for extended periods may have disengaged from care, but unreported
deaths are also possible. Such mis-classification could affect the observed prevalence of missed
visits, as hypothetical deaths may have occurred prior to the patient’s next scheduled visit.
Finally, future work takes us into implementation of our strategy. While our model can
accurately identify patients at risk of missing their next scheduled visit, it is also essential to
evaluate the feasibility and effectiveness of the advanced outreach interventions to ensure that

targeted calls and visits actually improve patient retention.
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Chapter 2

Quantifying unit-level feature importance
in machine learning in terms of

conditional risk score distributions

2.1 Introduction

Advances in machine learning (ML) have opened up new avenues for prediction in health
outcome settings. In recent years ML models have gained considerable traction in predicting
retention in care in HIV settings (Ogbechie et al., 2023 Olatosi et al.,|2021, |Oliwa et al., 2021},
Ramachandran et al., |2020, Ridgway et al., |2022). Retention is a necessary condition for
maintaining people living with HIV (PLWH) on anti-retroviral therapy (ART) and successful
suppression of HIV viral load, a key driver of HIV disease progression. Even after a measured
viral load indicating suppression, viral failure due to nonadherence or drug resistance can
occur well before the next follow up. Regular clinical visits promote consistent access to anti-
retroviral drugs (ARVs) and monitoring of disease progression and medication compliance.
Hence there is vested interest in identifying patients who are at risk for disengagement in care
before their scheduled visit.

Implementation of ML models in clinical settings such as at the Academic Model Providing
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Access to Healthcare (AMPATH) in Kenya offers a promising approach to address this challenge.
We have developed a ML prediction tool that can be used to identify and provide outreach to
patients who are at high risk of missing a visit and disengaging from care, with the goal of
increasing attendance at scheduled appointments and maintaining engagement in care. While
ML models can capture complex outcome-covariate relationships to generate accurate pre-
dictions, this usually comes at the cost of model interpretability. While there is no universal
agreement on what makes a model ‘interpretable’ (Rudin, 2019}, Lipton, [2018), understanding
how specific covariates drive an individual prediction has well-recognized utility. For exam-
ple, knowing the reasons that a patient has been identified as being at risk for missing their
scheduled visit can then allow outreach workers to personalize the outreach encounter to the
individual patient.

The component of explainability relating to variable importance can be divided into global
and local variable importance, or explanations. Global explanations rank covariates based on
their contributions to overall predictive variance in the model. Two common methods of global
explanation are permutation based covariate importance (Fisher et al., 2019, Breiman, [2001)
and partial dependence plots (Friedman, 2001). Local explanations identify the degree to
which individual covariates influence a unit-level prediction from the model. Commonly-used
measures include Shapley additive explanations (SHAP) (Lundberg and Lee, 2017, Shapley,
1953) and individual conditional expectation plots (ICE) (Goldstein et al., |2015). Most of
these methods quantify marginal unit-level variable importance, measured unconditionally on
other variables in the model. In this chapter we propose a new measure of unit-level covariate
importance that conditions on the values of other covariates. Calculating the measure requires
information about appropriate conditional distributions of the covariates, which rarely have a
closed analytic form. Our approach uses predictive mean matching (Rubin, (1986, Little, 1988)
for calculations of the conditional distributions required for quantifying unit-level variable im-
portance.

The rest of this chapter is organized as follows. In Section we review existing meth-
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ods for quantifying local variable importance; in Section we introduce and derive our
measure of conditional variable importance, and use the example of exponential family distri-
butions to provide intuition from a statistical point of view. In Section we use simulated
data to illustrate key differences between marginal and conditional measures of variable im-
portance, and to demonstrate the ability of predictive mean matching to accurately capture
unit level covariate importance for various covariate types (integer, skewed, categorical). Sec-
tion provides a detailed illustration of the method on real-world data from AMPATH. We
develop and cross-validate a ML model using data from 685,715 visits on 70,626 patients from
AMPATH; from that model, we calculate both marginal and conditional patient-level variable
importance measures for a variety of patients who are flagged as being high risk for missed
visit, and illustrate how the measures might be used to personalize pre-visit outreach. Section

2.6| concludes with a discussion and summary of directions for further work.

2.2 Measures of unit-level variable importance

2.2.1 Data Structure & Notation

We focus here on machine learning models for predicting a binary outcome. Let X =
(X1,...,X;) denote the 1 x J vector of covariates, with x; = (x;;,...,X;;) its realized value
for individual i, where i = 1,...,n. We use the notation x;_jy = (X1;,+++,X; j_1,X; j415- - - Xiy)
to represent the list of covariates excluding x;;. Conditional on X, the binary response of in-
terest Y follows a Bernoulli distribution [Y | X ] ~ Ber{n(X)}, where n(X) =Pr(Y =1|X) is

parameterized as
nX) = gX;6),

and 6 is a finite-dimensional parameter with prior distribution @ ~ p(8). The function g :
Z — (0,1) is unknown. We further define a function s : (0,1) — R that is a monotonic,

1-1 transformation of the predicted probability to the real line. This function can be thought
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of a risk score. Common examples include the log-odds, the probit function and the identity
function. For the remainder of this paper s will be referred to as the risk score, and generally
written as s(X) or s(X; @), with the understanding that it is a transformation of g(X;8). The
work presented in this article considers Bayesian models but the methodology can be applied
to any existing ML method. We elaborate in later sections the key features of the Bayesian

approach.

2.2.2 Existing methods for unit-level covariate importance

In this section we review some existing unit-level importance measures, starting with SHAP
(Lundberg and Lee, 2017). Let ¢ = {1,...,J} denote the set of covariate indices, and let
o/ = 27 denote the power set of ¢ — or the set of all possible subsets of #. For an element
a € .o/, define X, and X _, to be the collection of covariates that, respectively, are and are not
indexed by elements of a.

The goal of SHAP is to explain why an individual’s risk score deviates from the expected
value of risk scores over the population, defined as ¢, = E[s(X;0)]. The expected value can
also be taken over a subset of the population (Ghalebikesabi et al., 2021), such as those who
do not experience the event of interest (Y = 0). SHAP operationalizes unit-level explanations
for each individual i by assuming that this difference can be decomposed into a linear, additive
sum of values ;;, where each ;; is interpreted as the marginal contribution of the value of
x;; to an individual’s deviation from the average risk score ¢,. The values of y;; are estimated
using a method known as KernelSHAP (Lundberg and Lee, 2017), which solves for the ¢;;

using the weighted least squares (WLS) loss function,

Li(p) = Zk(J,a){Vi(a)_(Soo"‘Z(Pij)} ,

ac.d jeod

where k(J,a) = (J —1) / {(J )|a|(J — |a|)} denotes the weight associated with the subset of

lal

the covariates a, where |a| is the cardinality of a and v;(a) = E[s(X _,),X;0;0) | X, = x;,] is
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the expected value taken over the distribution [X_,) | X, = x;,]. Now let Z be 22 x (J+1)
matrix of binary indicators representing all possible combinations of inclusions/exclusions of
the J features, v; a 27 x 1 vector containing all values v;(a), and W a 2’ x 2/ diagonal weight
matrix containing the corresponding weights k(p,a) for each subset a, it can be shown that
the WLS problem is optimized by ¢; = (Z"WZ)'Z™W v, for individual i. The result is then a
linear function ¢, + ijl ¢;; that approximates the original risk score of individual i.

In practice, there are specific challenges to calculating the SHAP values using this approach.
Most notably, the calculation of the expected value v;(a) is difficult for each a due to the in-
tractability of the conditional distributions [X _,) | X, = x;,] in real world data. Many imple-

mentations of SHAP simplify this calculation by assuming feature independence and perform-

*

ing Monte Carlo integration by sampling draws x a)

from the empirical distribution P(X (—a))-
This particular feature of kernelSHAP can be a limitation to interpreting the resulting variable
importance measures in real world data (Frye et al., 2020, Aas et al., 2021} |Olsen et al., 2024).
The use of the marginal distribution [X _,,] over the appropriate conditional [X _,, | X, = x;,]
can create covariate combinations that don’t exist clinically and in general can increase the
variance of the estimate. To address this, several methods have been proposed to approximate
the needed conditional distributions. Aas et al.| (2021) assumes joint normality of the covariate
distribution [X ] = [X,,X _,] ~ MVN(u, X) where the mean u and covariance matrix X are
estimated using the training data. Using this method, samples x{_, ~ [X (o) | X, = x;,] can be
drawn from the implied conditional normal and plugged into the risk score to calculate v;(a).
Olsen et al. (2024) proposes the use of an ML model to estimate v;(a) by regressing the risk
score s(X _g),X,;0) on the covariates X,,.

Other methods for calculating individual-level variable importance include individual con-
ditional expectation (ICE) plots. ICE plots generate a curve of the chosen feature X; against
s(X;,x;_j); 0) by permuting values of X; from its marginal distribution while the fixing the val-
ued for X _;) at the observed values x;_;, for an individual patient i. The average of all of the

curves is the partial dependence plot (PDP) Goldstein et al. (2015). However, like SHAB ICE
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plots rely on sampling from the marginal distribution rather than the appropriate conditional

distribution.

2.3 Methodology

2.3.1 Statistical Method for Patient Level Insights

Our proposed measure is designed to be applied in settings where the estimated risk score
leads to classification of an individual into one of two classes. Specifically, we assume a decision
rule R : R — {0, 1} that maps the risk score s(X) to a binary classification Y € {0, 1}; i.e., for
a specific covariate input X = x, Y = R(s(x)). For ordered risk scores, a simple version of
the rule is R (s) = I(s = c) for some threshold c. The rule R is assumed to be derived based
on a pre-specified loss or utility function, and possibly other considerations; importantly, our
method does not depend on how R is derived.

For convenience, we refer to those with ¥ = 1 as being classified as ‘high risk’. The variable
importance measure we describe here is designed to quantify, among those with ¥ = 1, the
degree to which each covariate drives the ‘high risk’ classification. In the case of AMPATH,
knowing which covariates drive an individuals’s predicted risk of missing a visit can provide
outreach workers in clinics a way to personalize outreach before the visit is missed, and increase
the chance of preventing a missed visit.

Operationally, the measure is driven by comparing, for those with ¥ = 1, the observed

value of the risk score s(x;) = s(x;;,X;_;) to its expected value with respect to the conditional

ij>

distribution [X; | X _;; = x;_;), Y = 0]. In words, we are comparing s(x;;, X;._j,) to its expected

=) Jj?
value among those with Y = 0, conditionally on the observed values x;_;) of all other covariates
for that individual. The extent to which the observed risk score evaluated at x;; differs from its
expected conditional risk among those with Y = 0 quantifies the degree to which x;; is driving

the classification Y; = 1. Formally, we define the importance of covariate X ; for individual i as

¢(xij§9) = s(xi;e)_E{s(Xj:xi(—j);e)|X(—j):xi(—j)’Y:O}s (2.1)
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or more concisely, ¢ (x;;) = s(x;) —E{s(x;) | X_;) = x;_;, Y = 0}. (We will sometimes write
¢ (x;;; 0) when emphasis on the paramaterization of the prediction model is needed.)

The interpretation of ¢ (x) can be understood by considering some simple cases. Consider a
single covariate X that arises from a two component mixture, with mixture components defined

by the outcome Y and each mixture component coming from an exponential family density,
1
px(x) = D A h(x)exp{n(y,)T(x)—Ar,)},
y=0

where A, = Pr(Y = y), v, is the natural parameter, T(x) is the sufficient statistic, h(-) is a
function of x, and A(+) is a normalization function. Recall that g(X;0) =Pr(Y =1|X;80), and
set the risk score s(X; 0) to be the log odds. With some algebra, it can be shown that the risk

score takes the form

;0
s(x;0) = log{%}

= {n(r1) —ro)}T(x) +{A(y1) —Alyo)} +log(A,/A),

where 0 = (4, A1,70,71)- In this setting, the implied prediction model for [Y | X] is a logistic

regression
logitPr(Y =1|X =x;0) = fy+B,T(x),

where the coefficient of T(x) is the difference n(y;) — n(y,) in the canonical parameter and
the intercept is 8, = {A(y;) —A(yo)} + log(A,/Ay).

In this illustrative example, ¢ (x; 6) can be written as

¢(x;0) = {n(r))—nlro}T)—E{T(X)|Y =0}]
= B [T(x)-E{T(X)|Y =0}].
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Hence the measure of individual-level covariate importance is the product of the difference
between the observed covariate T (x) and its expected value among the control cases, E{T (X) |
Y = 0} and the model coefficient 3, (here, the difference in canonical parameters for the two
mixture components). Hence in this unconditional case, unit-level importance is influenced
by two factors: (i) the degree to which the unit-specific observed value x deviates from the
distribution [X | Y = 0]; and (ii) the degree to which the conditional distributions of [X |Y = 1]
and [X | Y = 0] differ from each other. This second factor reflects global variable importance,
and is captured by the coefficient 3; that represents the difference in canonical parameter
values indexing the component distributions.

In a model with multiple predictors, the coefficient 3, captures global importance condi-
tional on other covariates in the model, and the expectation E{T(X) | Y = 0} would be re-
placed with its conditional-distribution analogue. A key goal of our approach is to ensure that
the individual-level comparison between x and E(X | Y = 0) conditions on values of the other
covariates for the same individual — which is not typically the case for other unit-level impor-
tance measures. To make this more concrete, Table shows the functional form of ¢(x;80)
for cases where the mixture component distributions are well-known exponential family dis-

tributions.
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Table 2.1: Functional form of covariate importance measure ¢ (x;0) for settings where the
covariate X is a mixture of exponential family distributions over the outcome values Y € {0, 1}.

Covariate mixture distribution

[X|Y =1] [X|Y =0] ¢(x;0)
N(u,0%) N(pood) (%) - +3(E-2) - @+od}
N(uq,0%) N(pig, %) (B) (xc — o)
Ber(u,) Ber(u,) {logit(u,) — logit(ue)} (x — o)
Mult(L; thyq, .-, ag)  Mult(1; oy, - -, Uox) > log (/o) (3 — o)

2.3.2 Estimation of the ¢ (x;0)

The value ¢ (x;;; 0) for an individual i requires calculating both the risk score s(x;; 8) and

ijs
the expected value of the risk score over the distribution [X; |X _;; = x;_;;,Y = 0]. The risk
score follows immediately from the modeling procedure while the calculation of its conditional
expectation is non-trivial due to potential correlation between covariates, combined with the
fact that the joint distribution of the covariates is unknown in most practical settings. Assuming
independence between covariates can lead to biased importance measures (Aas et al., 2021)).
In general, valid calculation of unit-level covariate importance requires knowledge about the
joint distribution (Hooker et al., 2021)) which, in practice, can be difficult to infer, and calculat-
ing unit-level importance measures can require substantial computational burden (Aas et al.,
2021).

To address the need for incorporating covariate dependence in a way that is not computa-
tionally prohibitive, we proposed using predictive mean matching (Rubin, 1986, Little, 1988)
to calculate the conditional expectations needed to estimate unit-level covariate importance.

Predictive mean matching (PMM) originated in the missing data literature as a method to

preserve the original covariate distribution and make imputations more robust to model mis-
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specification. A key advantage of predictive mean matching is that it can be used to estimate a
conditional mean without specifying a parametric model for py(x). It relies on a data reduction
method, and approximates the needed conditional mean using samples drawn directly from
the empirical distribution of the observed data, which preserves the properties of the original
distribution.

Assuming we have a cross-validated prediction model g(x; @), and a posterior sample {8 :
b =1,...,B}, we use the following implementation of predictive mean matching to generate,
for each individual i, a posterior sample of E {s(X ;0)1 Xy =x5),Y = O}, which is then used

to obtain the posterior of the individual-level importance measure ¢ (x;;; 6) using (2.1).

1. For a covariate X, fit the linear model [X; [ X _;)] ~ A (X (T_j)ﬂ, a?) to the subset of train-
ing data having Y = 0, and obtain a sample {8,c : ¢ =1,...,C} from the posterior

p(B, o | data).

2. For each i’ # i, calculate the predicted mean

X = E(Xi/j |xl’/( data)

'] —-j)»

= ng(_j)ﬁ dP(p | data).

Under the assumption of flat priors for B and o, this is well approximated by xiT,(_j)[Ai,

where ﬁ is the OLS estimator.

3. For individual i, generate a sample )”cl(;) = xl.T(_j)ﬁ(C), ¢ =1,...,C from the posterior

predictive distribution of x;;. In practice we find C = 200 to be a sufficient sample size.

—5©

v =X Randomly select one

4. For each c, calculate the n—1 absolute differences dl(f/z = ‘fc
value of dl(f% from the five smallest values in the sample, and let xjj denote the value of
x;; corresponding to the randomly-selected difference measure. Repeating this process
across each posterior predictive value J“cl(;) yields a ‘donor set’ {xjj :c=1,...,C} that can

be viewed as approximating a sample from the distribution [X; | X _;) = x;_;, Y = 0].
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5. Use the donor set to calculate the approximation

C
1
.n(b) — — N E * .9(b)
E[S(X,e )lX(—]) —xi(_j),Y = O] I C Z s(xcj,xi(_j),e )

6. For posterior draw ), the individual-specific importance measure is calculated as

C

1
¢:;(0) = s(x;0®)— I D 0 xi 0,

c=1

which yields a sample {¢ij(0(b)) :b=1,...,B} from its posterior distribution.

Using a multivariate version of step 1 above, this process can also extend to quantifying
variable importance for a group of covariates rather than just one. For a subset a € . = 2[!
of covariate indices — where |a| = k,, step 1 is to fit a multivariate regression [X, | X_,),Y =
0] ~ MVN(X ,B,X), where B is a coefficient matrix of dimension k, x (J —k,) and the variance
matrix ¥ has dimension k, x k, — and to obtain the posterior distribution p(B |data). Steps 2
through 5, appropriately modified, are then used to calculate an individual-level importance
value for the covariates in set a. A flat prior is chosen for p(8,0) in step 1, but a proper
prior may be specified as well when the sample size is insufficient, or the end-user requires
regularization.

The end result provides the user with a distribution of importance values ¢,;(8) for any co-
variate X; or for groups of covariates X, for j € a. Subsequently, with each distribution, we can
then rank features in terms of ¢,;(6) for each patient, providing clinicians with an understand-
ing of which features have the greatest impact on an individual patient’s risk score. Provided

with the importance distributions for each feature, one can also rank features per individual
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in terms of their impact for greater stability using the expected posterior rank, calculated as,

rank(X;;) = ZPF{¢ij(9)>¢ij/(9)}
J'#i

Pr{py0)> 6O} ~ > 1{$,(6")> 6,0}
b=1

Thus the end-user can be provided both with a distribution for the importance of features and

a ranked list of features which can be provided to a clinician.

2.4 Simulation Study

We evaluate our proposed sampling methodology through a simulation study with varying
feature type, prevalence and correlation structure. The aim of the simulation study is to as-
sess the performance of predictive mean matching for quantifying individual-level conditional
variable importance. Because we simulate from known — but complex — prediction models,
we are able to calculate the true value of both marginal and conditional variable importance.
The second objective is to compare our sampling procedure to existing measures of conditional
variable importance (Aas et al., ) 2021), and to standard measures that rely on feature indepen-

dence assumptions in calculating variable importance (i.e., marginal variable importance).

2.4.1 Simulated data models
Our model uses 3 features, X = (X;,X,,X;). The joint distribution [Y,X] is specified as

[X | Y][Y ], with the marginal distribution of X following the mixture distribution

p(X1,X,,X3) = Z PX1 X5, X3, Y =y) p(X, | X5, Y =y) p(X3|Y =y) Pr(Y =y) (2.2)
y€{0,1}

This formulation requires that we specify each of the 6 conditional distributions under the
summation sign above, together with a value for ¢ = Pr(Y = 1). For certain specifications of

the distributions in (2.2), [Y |X] corresponds to a logistic regression (see Table [2.1)).
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For a given iteration of the simulation, a sample of individual-level data were generated
sequentially using the conditional distributions; i.e., (i) Y* ~ Ber(); (ii) X3 ~ P(X5|Y™); (iii)
X5 ~ P(X,|X3,Y%); (iv) X§ ~ P(X,|X;,X;,Y"). Next, data (Y*,X*) derived from steps (i-iv)
were used to fit a model Y | X ~ Bern(7(X)), where n(X) = g(X, 0) was paramaterized using
BART and logistic regression. Therefore, for each distinct specification of [Y,X ], we have two
parameterizations for g(X, 0); for each combination.

To investigate performance across a wide variety of covariate types and association struc-
tures, our simulations were based on four model specifications of the conditional distribution
[X | Y]. For each scenario, the goal is to estimate unit-level variable importance for X, which

requires calculating

No(xy) = E [S(Xlax(—l); 0)[ X y=x_1,Y = 0],

where s : (0,1) — R is the function (e.g., inverse logit) that transforms the g(X; ) into a risk

score.

Model 1: Continuous covariate, multivariate normal model. We assume normal distribu-

tions [X | Y = y] ~ MVN(u,, %), with g, = (0,0,0)", and pu, = (1,1,1)", and

1 pop
DIES p 1 p |
p p 1
with p € {0,0.25,0.50,0.75}.

Model 2: Binary covariate, Bernoulli model. Here we assume [ X, | X,,X5,Y ] ~ Ber(n(X,, X3, y)),

with

logit(7(X5, X35, Y)) = g+ a1 Xy + ayXs + asX, X2

+Y (Bo + BrXy + BoXs + BsXoX3),
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and that [(X,,X3)|Y = y] ~ MVN(u,, %), with ug = (0,0)", u, = (1,1)7, and
2,43 y 0 1

We set a; = 0.70, a, =1, a3 = 0.50, f; =—0.10, B, =—0.80, 5 = 0.30. To modify the mean

of X, we vary (a,, B,) over the set {(0.50,—1),(1,—2),(1.5,—3)}.

Model 3: Multinomial covariate. We assume [X,,X;|Y = y] ~ MVN(u,,X) using the
same specification as in Model 2. For X;, we use a 3-category multinomial specification [X; |

X5, X5, Y]~ Mult(n(X,,X,,Y)), where

QAo+ A X5 + asz?% + 03Xy + Ay SIN(X,X5)

Tcm(XZ:XB)
log { T5(X5, X5) }

+Y {ﬂmO + B X3 + /“J’mZXj? + BrnaXs + P1g Sin(X2X3)} > m=1,2.

For category m = 1 we set 3, = 2, 3;; = —0.60, ,, = —0.10, ;5 = 0.10, 5,4, = —0.20,
P15 — 1.20, B = —0.70, By; = —0.20, B;3 = —0.20, B;; = 0.40. For category m = 2 we
set By = 0.10, By; = —0.10, By, = 0.05, Byy = 0.50, By = 0.50, fys = 0.90, Pos = 0.40,
Byy = —0.25, fyg = 0.40, fpe = —0.90.

Model 4: Lognormal covariate. We assume that [X; | X,,Xs,Y] is distributed as a log nor-

mal distribution, [X,|X;,Y] is Bernoulli, and [X;|Y] is normal, according to the following
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parameterizations:

[Xs]Y =y] ~ N(u,,1),

by =Yy

[X,1X5,Y] ~ Ber(n(X;,Y)),

logit(n(X3,Y)) = fo+ Xz + Lolog(l+[X5]) + BsY + LY X5+ BsV10g(1 + X5])

[X1|X2)X35Y] ~ log_Normal(v(X27X35Y);1))

log((X,,X3,Y)) = yo+riXy+72X5+ Yssin(szg) +7.Y +ysY Xy + vV X5+ Y7Y3in(X2X§)

We set coefficient values as follows: For the Bernoulli distribution governing X,, f, = —1, ; =
1, B, =—0.10, 3; = 2, B, = 0.10 and f; = —0.40; for the log normal model of X5, y, = —1,
y: = 0.50, v, = 0.20, y3 = 0.20, y, = —0.50, y5 = 0.20, y4 = —0.10, and y, = 0.20. The
parameter values were chosen to ensure that the data-generating mechanisms were stable and
well-behaved across simulation runs. Coefficients were chosen to induce sufficiently strong but
plausible associations so that the performance of the proposed method could be meaningfully

evaluated.

2.4.2 Prediction models

For each of the data generating distributions described in section we used Bayesian
Additive Regression Trees (BART) (Chipman et al., |2010) and logistic regression to parame-
terize g(X,0) = n(X) = Pr(Y = 1|X). The logistic regression assumes g(X; @) is additive in
the logit scale, with effects of continuous covariates specified using natural cubic splines with
four degrees of freedom and categorical covariates with C levels coded with C — 1 indicator

variables.
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We implemented BART using a probit formulation

T
<I>_1{g(X;9)} = Zf(XQTt:-/ﬂt):
t=1

where ®(+) is the normal CDE T is the number of trees, and f (X; 7,, .#,) is a distinct regression
tree. The tree structure is parameterized by 6 = {7, #,}/_, where 7, is the tree structure and
M= {,uk}i‘:l is a set of b, terminal nodes for 7,. The priors are specified by the distributions
p(up, | 7.) and p(7,) for t = 1,...,T and b = 1...,B. The prior p(u,, | 7.) is normally
distributed with location parameter equal to 0 and scale parameter equal to 3/(k+/t). The prior
p(t,) on the trees is proportional to a(1 + d)~”, where d is the tree depth. In this analysis,
k is set to 2, and (a, ) = (0.95,2). BART is fit using the BART package (Sparapani et al.,
2021)) in R Version 4.4.0. We run 10000 MCMC iterations taking the first 5000 as burn-in and
then taking every 5th sample thereafter as a posterior draw to obtain a total of 1000 posterior

draws.

2.4.3 Calculating variable importance

Recall that the key quantity required for calculating unit-level variable importance of X, is
No(x_1) = E[s(Xy,%1);0) | X1y =x1),Y =0].

For each distinct data model described in Section we first simulate a test set of size
N7, = 5000 from [Y,X] that is independent of the simulation iterations. The size of the test
set is chosen to be sufficiently large in order sufficiently represent all plausible points in the
distribution. At each iteration t = 1,..., T we then carried out the following steps of the
simulation: (i) simulate a sample of size N = 2000 from [Y,X ] which constitutes the training
data; (ii) fit the logistic and BART models described above to the training data from step
(); (iii) calculate individual-specific estimates ﬁg)(x_l,i) of ny(x_;;) for each individual i =

1,...,Ny, in the test set for the fitted logistic and BART models using three different methods;
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(iv) calculate the sample-specific bias associated with each method. These steps were repeated
T = 250 times.

The iteration-specific estimates ”f)g)(x_l’i) were calculated using (i) the marginal distribu-
tion [X; | Y = 0], which is the basis for commonly-used implementations of the SHAP algo-
rithm; (ii) the method proposed by Aas (Aas et al., 2021) based on assuming [X; | X_; =
x_y;,Y = 0] follows a conditional normal distribution with linear dependence on x_,;; and
(iii) our proposed method based on predictive mean matching. These distribution were es-
timated at each iteration t of the simulation using the iteration-specific simulated data. We
drew C = 200 samples from each method.

The bias of each estimate is obtained by comparing 7j,(x_;;) to the true value of 1y(x_;;)
which can be calculated by using the analytic form of the conditional distribution [X; | X_; =

X_;;,Y = 0]. We calculate the average value of 7j,(x_;;) = (1/T)ZZ=1 f)ff)(x_h-) for all in-

dividuals in the test set, and calculate the bias (1 /NTe)ZiV:T‘i ﬁg)(x_li) — ngt)(x_h-)} for each
iteration. We report the mean bias and 95% Monte Carlo intervals of the bias for each method

over all of the simulations. Individual level biases {j,(x_;;) —no(x_;;)} were also calculated

for each subject in the test set.

2.4.4 Simulation: Results

To illustrate the nature of the covariate effects, Figure shows the partial effect plots for
model 4 from the simulation. Tables|2.2|and [2.3| present results of the simulation study, show-
ing the bias in estimating n,(x_,;) across a range of data generating mechanisms. In Table
the marginal probability 1y = P(Y = 1) is set to ¢y = .50; in Table Y = .30. The first
section of each table shows bias when the covariates follow a multivariate normal distribution.
When covariates are uncorrelated (p = 0), all three methods of quantifying unit-level variable
importance (PMM, Gaussian conditional, and marginal) are essentially unbiased. When the
covariates are correlated (p > 0), the Gaussian conditional method remains unbiased while,

not surprisingly, the marginal method shows bias that increases in magnitude with p. A similar
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pattern emerges for cases where X; is binary. For each of the binary cases, X is correlated with
(X,,X3), leading to bias when using marginal VI methods. The Gaussian conditional method
begins to break down as dependence increases; meanwhile, the PMM method exhibits little
or no bias. Similar patterns hold for the cases where X; is conditionally multinomial and
log-normal, with the Gaussian conditional model performing equally well to the PMM in the
log-normal case.

While the simulations do not cover all covariate dependence structures, they highlight the
ability of our predictive mean matching based method to produce results of similar accuracy
to the analytic distribution regardless of prevalence and across a variety of covariate types.
PMM shows low or no bias across the full range of scenarios considered, performing equally
well or better than variable importance methods based on marginal distributions and Gaussian
approximations. One benefit that predictive mean matching has over other methods is the
preservation of the original data distribution and is relatively simple to calculate analytically,
relying on simple matrix multiplication that can be easily stored for future use.

To further illustrate the importance of accounting for feature correlation, Figure shows
unit-level variable importance measures for SHAP calculated for two distinct covariate profiles
using one dataset simulated from model 1 (multivariate normal). The unit-level covariate val-
ues, for hypothetical individuals a and b, are X, = (3,0.5,0.25) and X, = (—0.25,1.5,2.5).
These values are chosen such that n(X,) ~ n(X,). While n(X,) and n(X,) vary as a func-
tion of the pairwise correlation p, the equality holds. Specifically, for p = 0,.3,.5, we have
s(n(X,)) = s(n(X,)) = 2.25,1.41,1.12, respectively, where s(-) is the logit transformation.
The SHAP values are calculated using the conditional distribution and marginal distribution of
the covariates from Model 1.

It should be noted that when using the log-odds as the risk score to be explained that
importance values are independent of the prevalence. In Figure we see that the unit-level
VI is equivalent for both the marginal and conditional calculation methods. The variable with

the highest importance is X; for individual a and X; for individual b. As p increases to .3
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and .5, the ordering of variable importance is preserved; however the magnitude and even
direction of the variable importance measures differ between the marginal and conditional
methods. The discrepancies are particularly notable for covariate X5 of individual a, where
marginal and conditional importance have opposite sign; and covariate X; of individual b,

where the conditional importance measure amplifies the importance as p goes from O to .5.

2.5 Application

We illustrate the application of our method on data from AMPATH. Our analysis makes use
of clinical level data on 70,626 adults with HIV aged 18 years or greater who were actively
enrolled in care on or after January 1st, 2021. We define being ‘actively enrolled’ as having at
least one AMPATH clinic visit on or after January 1st, 2021. The analysis used data on 685,715
visits that have occurred since January 1st, 2021. Covariate data collected prior to January
1, 2021 was used, when available, for patients who were included in the analysis sample.
The cutoff date for inclusion into the sample was selected because it marks the period where
AMPATH began to loosen COVID-19 related restrictions for in-person clinical encounters. The

date of database closure was July 31st, 2023.

2.5.1 Data structure, notation, endpoint definition

Clinical visit information from individuals who are engaged in medical care within AMPATH
is stored in an electronic database known as the AMPATH Medical Record System (AMRS)
which is generated by a browser-based front-end application deployed at the point of care in
associated facilities (hospital and clinics) Tierney et al.| (2007)). For the purposes of model spec-
ification, recall that patients are indexed by i and visits by £. Once a patient is linked to HIV
care in AMPATH, a set of immunological, clinical, and demographic covariates are recorded at
enrollment and at subsequent visits; denote these by {V,:¢=0,1,2,...}, whereV,isaJ x 1
vector. Because certain markers of disease progression such as CD4 count and viral load are

usually measured on a fixed schedule, we define a corresponding J x 1 vector M, of binary in-
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dicators for whether the each component of V, has been observed. For completeness we define
M, for every covariate in V, but in practice only a subset are used in modeling. Specifically,
missingness indicators are coded for CD4 count, WHO stage, education level, marital status
and body mass index (BMI).

At the end of visit £, a patient is assigned a return to care (RTC) date for a regular return
visit for symptom monitoring or a medication pickup for their ARV medicine, denoted by S, ;.
Often times these two can coincide. The endpoint for our prediction model is a binary indicator
Y,,; that takes value 1 if the patient fails to return before their RTC date S, ;, and 0 if they do
return on time; i.e., Y, is a ‘missed visit’ indicator.

We can formalize this as follows. For a patient at visit £, let W, ; > 0 denote the waiting time
until that patient shows up for their encounter at visit £+1, and let A > 0 denote a ‘grace period’
interval. Our binary missed-visit indicator, now annotated by A, is defined as Yﬁrl =1(Wyyq >
S¢+1 + A). We use this formulation because specific values of A have contextual relevance
for programmatic reporting: setting A = 0 flags ‘defaulters’, or those who do not make their
visit on or before the assigned date; A = 28 flags those at risk for interruption in treatment,
because antiviral medication prescriptions are frequently given in 28-day supplies; A = 90
flags those who are at risk for loss to follow up or possibly mortality (Kenya, 2022). Covariate
and retention history available at visit £ can be summarized as X, = (V,,M,,W,,Y,S;,,). All
clinical and retention information up to and including visit £ is denoted by X = X,X,, .., X))
using overbar notation. We summarize observed covariate information in Table for the
cohort and stratify by those who enrolled before the date of the sampling window and those

who enrolled after the date of the sampling window.

2.5.2 Model specification
We specify our model according to the form described in Section Specifically we

assume that missed-visit status Y

4, follows a Bernoulli distribution [Y,3, | X,] ~ Ber {r2&Xp},

where 12(X,) = Pr(Y;, =1 |X,) is parameterized as 7% (X,) = g2 ,(X,,0,), and 0 is a finite-
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dimensional parameter with prior distribution 8, ~ p(8,) for £ = 1,...,max; L;. For this
analysis we focus on modeling probability of defaulting (A = 0), although this method can be
applied for any other value of A.

To parameterize géA_H()_( ¢, 0;), we use both Bayesian Additive Regression Trees (BART) and
main-effects logistic regression where continuous variables are modeled using regression splines.
We implement a smoother version of the pattern submodel approach from [Fletcher Mercaldo
and Blume (2020) where the missingness indicators M, are instead included as direct effects
into the model rather than implementing a full stratification approach by missingness pattern.
We justify this simplification due to key covariates such as WHO stage and education level
containing small percentages of missing values which induces sparse missingness patterns in
the data. Covariates with missing values then enter into the outcome model, and the predic-
tive mean matching models from section as X;;(1 — M,;) along with the corresponding
indicator M,;. For logistic regression, the knots for the spline terms are chosen from the empir-
ical observed distribution of X;. This avoids the need for imputation and enables missingness
itself to be predictive of the outcome. If a covariate X,; has missing values we fit the linear
regressions for the PMM sampling method to the subset of the observed values of X,; (i.e.
M,; = 0). Given the longitudinal structure of the data we implement a last value carried for-
ward approach where we assume a patient’s value for a covariate will stay constant until the
next update. This means that if a covariate X,; remains unmeasured starting at enrollment
until visit £’ the missingness indicator M,; = 1 for all visits £ < £’ and M,; = 0O for all visits
(>0,

We make the assumption that a patient’s status at visit £ + 1, conditional on X, follows a
third order Markov assumption where the most recent retention status depends only on the
most recent clinical information and the retention history of the three most recent visits. We
create separate models for £ = 1,2, 3 and a fourth model that combines all visits £ > 4.

In the AMPATH data, the waiting time W, ., can be administratively censored by database

closure date for cases where that date precedes a scheduled visit. We assume administrative
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censoring is non-informative and exclude records where this can occur. Censoring by death
before a visit is also possible and represents a competing risk in the estimation of retention.
This is handled through a probabilistic chained classifier approach where we introduce an
auxiliary binary outcome variable D,,; defined by survival long enough to have visit £ + 1
(D,,; = 1) or death before visit £ + 1 (D,,; = 0). Our expansion of the original probability

then becomes,

Pr(YA, =11X,) = . Pr(Y2, =1|X,,Dpy =d)Pr(Dyy; =d | X))
de{0,1}
= Pr(Y3, =1|X,,Dpyy =1)Pr(Dyy, =11X,)

This simplification occurs because the probability Pr(Yﬁ1 =1|X,,D,,, = 0) is identically
zero; i.e., a patient who dies before their scheduled visit cannot miss their scheduled visit. We
describe the prevalence of the outcomes (i.e. early/on time visit, missed visit, death before a

visit) for each visit model in Table

2.5.3 Performance metrics and model evaluation

We implement a modified time-based K-fold cross validation procedure to train the model
in order to accurately mimic the data generating process and how the model could be used
in practice. The data are split into a training set consisting of patients who were scheduled
to return to clinic between January 2021 and December 2023, and a test set of patients who
were scheduled to return between January 2023 and June 2023. The test data are further
split by the month of the RTC date (e.g. January 2023,..., May 2023, June 2023) to achieve
6 test folds. We train the model one time on the training data, and evaluate the model’s
performance on each of the test folds. We evaluate model performance using area under the
receiver-operator characteristic curve (AUROC), as well as positive predictive value (PPV),
sensitivity and specificity. For these latter measures, we use a cutoff corresponding to the 80"

percentile of predicted probabilities, motivated by considerations related to the capacity for
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pre-visit patient outreach.

2.5.4 Model performance and global variable importance measures

Performance metrics for the cross-validated prediction models are given in Table Pre-
dictive accuracy is higher for models based on later visits, primarily because previous visit
history is a strong predictor of future return to care. Moreover, the more complex BART model
has similar accuracy to logistic regression across all settings. This is in agreement with other
studies which also showed that logistic regression did as well as less interpretable models
(Ridgway et al., [2021)).

Global covariate importance measures from BART and logistic regression models are sum-
marized in Figures and respectively. Variable importance for BART is based on the
number of times that a specific covariate is split upon, and for logistic regression we calculate
a scalar value for the global variable importance as the square root of the Wald statistic di-
vided by its degrees of freedom as previously done in the first chapter. We see similar trends,
specifically that prior visit history takes on a more prominent role for models designed to pre-
dict return to care at later visits; in fact these are the primary predictive variables for models
of visits £ > 4. Earlier visit models such as the first visit highlight clinical and demographic

characteristics as being most important along with the timing of the scheduled visit.

2.5.5 Conditional and marginal unit-level variable importance

We calculated individual-level variable importance values ¢;;(6) from the { = 1,2,3 re-
tention models for six patients based on the marginal empirical distribution and using our
conditional method based on the predictive mean matching described in Section Be-
cause we are using Bayesian inference, our representation of variable importance is done in
terms of a posterior distribution rather than fixed values; this enables inference about variable
importance by comparing the posterior distribution to a reference null value (zero for log odds
scale).

Figure is designed to illustrate how individual-level variable importance profiles can
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be heterogeneous across patients who have similar predicted risk scores. It shows conditional
individual-level variable importance for four patients, labeled A, B, C, D, whose probability of
missed visit is between .64 and .67. Patients A and C are registered at the same county hospital
clinic and are scheduled for a return visit in January 2023; patients B and D are registered at
the same health center / dispensary and are scheduled to return in April 2023.

For patients A and B, the model is predicting probability of missing the first follow-up visit
after enrollment (£ = 1). The panels in the top row of Figure |2.5|show that the most influential
predictors of risk are, for patient A, timing of the next scheduled visit, clinic size, and being
WHO stage 1 (a measure of HIV disease severity ranked from 1 to 4 in terms of disease progres-
sion). For patient B, appointment month, age, and scheduled visit time contribute to higher
risk score, while clinic size and being WHO stage 2 keep the score from being even higher. The
WHO stage indicator is particularly interesting. For patient A, being WHO stage 1 contributes
to a higher missed visit risk, while for patient B, being WHO stage 2 contributes to a lower
risk. This reflects the phenomenon that many patients who are in early stage of HIV may not
be experiencing negative effects of the infection; as such, they can be prone to skipping visits,
and when they get sicker they are more likely to make their visit on time.

We now turn to patients C and D, whose predictions correspond to probability of missed
visit at the third follow up time (¢ = 3), and whose variable importance measures are shown
in the bottom two panels of Figure For patient C, the explanation for having increased
risk is multi-factorial: reason for previous visit (drug pickup), a delay of 1-7 days in keeping
the previous appointment, and clinic size (large clinic) all contribute to being at higher risk. At
the same time, female sex and having shown up early on a previous visit, which have negative
variable importance, appear to keep the risk score from being even higher. For patient D, the
key drivers of risk are having delays of 1-7 days on two of the most recent 3 scheduled visits. In
practical terms, variable importance plots such as these can help outreach workers customize
their pre-visit messaging to patients who are flagged as being high risk for a missed visit.

Figure focuses on comparisons between marginal and conditional variable importance.
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It shows results for two patients, E and F, whose predicted probability of a missed visit is
around .8. For patient E, while many of the measures are similar based on method, the impor-
tance of clinic size goes in opposite direction for conditional (negative impact) and marginal
(positive impact) measures — to the extent that the respective 95% credible intervals (CI) both
exclude zero. For patient F, we see that the marginal method is likely overstating the impact
of a long delay in keeping a previous appointment. The conditional method places the im-
portance of that variable to be roughly equal to reason for previous visit (drug pickup) and
being at a county hospital. This is supported by Figure which presents heatmaps of the
inverse correlation coefficients for the covariates used in the stratified return to visit models.
In practical terms, this could lead an outreach worker to focus on whether the instructions for
future appointments are equally clear at drug pickups — which can be informal — compared to

regular clinic visits.

2.6 Discussion

In this chapter we proposed a method to quantify feature importance for statistical and
machine learning models in a binary setting by comparing the individual risk score to the
conditional expectation of the risk score under a reference distribution — in this case, for the
population where Y = 0. The key contribution is a predictive mean matching algorithm that
enables individual-level variable importance measures to take into account the values of other,
possibly correlated, variables for that same individual. At present, standard implementations
of methods for individual-level variable importance, such as SHAP and ICE, do not condition
on other variables. Recent developments include using a normal approximation to the joint
covariate distribution, but this can be inappropriate when pairwise associations are nonlinear
or covariates are not continuous. Our method is model-agnostic in the sense that it can be
used in conjunction with any rule or algorithm that is designed to predict probability of a
binary outcome. A key motivation for our methodology is the need to customize pre-visit

outreach for patients in HIV care in order to improve the likelihood of patients at high risk for
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disengagement to keep their scheduled appointments. This in turn is critical for patients to

stay current with their antiviral medications, monitor key biomarkers such as viral load, and

prevent further clinical progression and ensure it is identified and addressed if it occurs.
Through simulations, we showed that our sampling method for calculating the conditional

expectation of the risk score over the distribution [X; | X_;,Y = 0] can accurately capture

i)
the true effect regardless of prevalence, correlation and data type, and mimic knowing the
actual conditional distribution. In the simulation studies, bias estimates for both BART and
logistic regression were broadly similar across methods, demonstrating the applicability of the
proposed approach across a range of modeling techniques. Bias was most pronounced when
samples from the marginal distribution were used to approximate conditional expectations,
underscoring the importance of properly accounting for correlation among covariates. For
continuous covariates, bias levels were comparable between predictive mean matching (PMM)
and the Gaussian conditional approximation; however, for binary and categorical covariates,
PMM yielded substantially lower bias, highlighting its advantage over commonly used sam-
pling strategies. With our approach we obtain samples from the appropriate conditional and
therefore can calculate other summary statistics of interest such as the median. In our data ap-
plication, BART’s ability to capture complex interactions without explicit specification did not
outweigh the advantages of a simpler, computationally faster model such as logistic regression
in terms of prediction. This finding echoes prior work cautioning against the use of black-box
models in high-stakes decision-making settings Rudin! (2019).

There are several limitations of our approach in this work. First is that predictive mean
matching does not induce a coherent joint distribution over the covariates, in contrast to the
Gaussian approximation. While our simulation studies suggest that this limitation does not
materially affect performance, it remains a conceptual drawback. Second, because PMM relies
on matching observed values, estimates of conditional expectations may be unstable or inaccu-
rate for rare covariate combinations or in regions of the covariate space with limited empirical

support. Addressing these challenges represents an important direction for future research.
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Finally, the proposed methodology is developed for binary prediction settings. Extending this
framework to multinomial outcomes, where multiple mixture components may be present, or
to continuous outcomes, where expectations over regions of the outcome support may be of
interest, is a natural avenue for future work.

In conclusion, by developing both a local variable importance measure and a conditional
sampling approach that appropriately accounts for dependence among covariates, this work
enables more informative, patient-specific risk assessment and supports targeted pre-visit out-
reach for patients in HIV care at AMPATH, with the potential to improve appointment adherence

and reduce preventable disengagement from care.
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Figure 2.1: Marginal effect plots for covariates X; and X5 from model 4 of the simulation
study, where [X, | Y] has a conditional normal distribution and [X; | X5, X5, Y] is conditionally
lognormal.
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Table 2.2: Bias and 95% Monte-Carlo intervals for the bias of the expected value
No(X;—1y) = E[s(g(X;0)) | X _1) = x;_1), Y = 0] for different covariate types. The prevalence
is set to ¢y = P(Y = 1) = 0.50.

Bias
Gaussian Conditional

Covariate Type PMM Marginal

Normal (p = 0)
BART
Logit
Normal (p = 0.25)
BART
Logit
Normal (p = 0.50)
BART
Logit
Normal (p = 0.75)
BART
Logit
Binary Case 1
BART
Logit
Binary Case 2
BART
Logit
Binary Case 3
BART
Logit
Multinomial
BART
Logit
Log Normal
BART
Logit

-0.02 (-0.23, 0.16)
—-0.01 (-0.22, 0.16)

-0.03 (-0.19, 0.14)
-0.01 (-0.13, 0.16)

-0.02 (-0.18, 0.13)
-0.01 (-0.17, 0.12)

0.02 (-0.10, 0.15)
-0.01 (-0.13, 0.11)

0.00 (-0.02, 0.03)
0.02 (-0.04, 0.08)

0.01 (-0.05, 0.06)
0.02 (-0.07, 0.10)

0.01 (-0.08, 0.09)
0.00 (-0.13, 0.10)

0.03 (-0.10, 0.18)
0.05 (-0.09, 0.19)

0.05 (0.00, 0.13)
0.04 (-0.05, 0.17)

0.00 (-0.23, 0.23)
0.01 (-0.21, 0.21)

-0.02 (-0.19, 0.14)
-0.01 (-0.16, 0.15)

-0.02 (-0.17, 0.13)
-0.01 (-0.16, 0.13)

0.02 (-0.10, 0.15)
-0.01 (-0.13, 0.11)

0.01 (-0.02, 0.06)
0.03 (-0.03, 0.10)

0.06 (-0.01, 0.13)
0.07 (-0.02, 0.15)

0.13 (0.02, 0.24)
0.13 (0.02, 0.24)

0.09 (-0.02, 0.22)
0.11 (-0.02, 0.25)

0.05 (-0.06, 0.19)
0.04 (-0.16, 0.23)

0.01 (-0.20, 0.22)
0.00 (-0.19, 0.21)

0.28 (0.09, 0.45)
0.26 (0.08, 0.41)

0.35 (0.12, 0.52)
0.33 (0.12, 0.51)

0.38 (0.17, 0.61)
0.33 (0.13, 0.57)

0.09 (-0.15, 0.26)
0.11 (-0.11, 0.30)

0.44 (0.20, 0.61)
0.45 (0.21, 0.64)

0.78 (0.54, 1.01)
0.77 (0.55, 1.02)

0.35 (0.23, 0.47)
0.37 (0.23, 0.50)

-0.26 (-0.40, -0.13)
-0.27 (-0.45, -0.11)
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Table 2.3: Bias and 95% Monte-Carlo intervals for the bias of the expected value
No(X;—1y) = E[s(g(X;0)) | X _1) = x;_1), Y = 0] for different covariate types. The prevalence
is set to ¢y = P(Y =1) =0.30.

Bias

Covariate Type PMM Gaussian Marginal
Normal (p =0)

BART 0.06 (-0.27,0.40)  0.04 (-0.17, 0.30) 0.05 (-0.15, 0.28)

Logit -0.01 (-0.31, 0.33) -0.01 (-0.22,0.22) -0.01 (-0.22,0.21)
Normal (p = 0.25)

BART 0.08 (-0.09, 0.25)  0.05 (-0.10, 0.21) 0.33 (0.17, 0.54)

Logit 0.02 (-0.12,0.17)  0.01 (-0.11, 0.16) 0.28 (0.11, 0.46)
Normal (p = 0.50)

BART 0.04 (-0.09, 0.21)  0.03 (-0.11, 0.20) 0.37 (0.18, 0.59)

Logit 0.00 (-0.13,0.15)  0.00 (-0.14, 0.15) 0.33 (0.15, 0.53)
Normal (p = 0.75)

BART 0.04 (-0.08, 0.16)  0.02 (-0.10, 0.15) 0.38 (0.17, 0.61)

Logit 0.01 (-0.11, 0.13) 0.00 (-0.12, 0.12) 0.35 (0.14, 0.60)
Binary Case 1

BART 0.00 (-0.01, 0.03)  0.02 (-0.01, 0.06) 0.12 (-0.02, 0.29)

Logit 0.05 (0.00, 0.12) 0.06 (0.00, 0.12) 0.16 (0.02, 0.36)
Binary Case 2

BART 0.01 (-0.04, 0.06) 0.06 (0.00, 0.13) 0.45 (0.25, 0.69)

Logit 0.05 (-0.02, 0.14) 0.10 (0.02, 0.19) 0.50 (0.26, 0.79)
Binary Case 3

BART 0.00 (-0.08, 0.09) 0.13 (0.01, 0.31) 0.77 (0.51, 1.08)

Logit 0.03 (-0.07, 0.15) 0.16 (0.04, 0.32) 0.80 (0.56, 1.08)
Multinomial

BART 0.02 (-0.08, 0.12)  0.08 (-0.01, 0.19) 0.34 (0.21, 0.49)

Logit 0.06 (-0.06, 0.19) 0.12 (0.01, 0.25) 0.38 (0.26, 0.53)
Log Normal

BART 0.04 (-0.01, 0.10)  0.05 (-0.07,0.17) -0.24 (-0.42,-0.12)

Logit 0.07 (-0.01, 0.21)  0.08 (-0.07,0.25) -0.20 (-0.44, -0.04)

Table 2.6: Prevalence of retention states by A = 0 day delay for the four outcome models.

Visits Modeled Visit Total Database Closure On Time/Early Missed Dead
(=1 10,778 236 (2.2) 6,064 (56.3) 4,303 (39.9) 175 (1.6)
(=2 10,725 349 (3.3) 5,810 (54.2) 4,434 (41.3) 132 (1.2)
=3 10,210 431 (4.2) 5,374 (52.6) 4,320 (42.3) 85 (0.8)
>4 654,002 44,464 (6.8) 394,458 (60.3) 213,893 (32.7) 1,187 (0.2)
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Table 2.4: Performance metrics for cross-validated predictive models fit to longitudinal visit
data from AMPATH. Table entries represent posterior mean and 95% posterior predictive in-
terval for each measure.

A=0
Visits Modeled AUROC Sensitivity Specificity PPV Prevalence
¢=1
Logit 62.0 (60.0, 64.0) 28.1 (25.6,30.7) 84.4(83.0,85.9) 50.6 (46.1, 55.2) 40.7
BART 62.0 (59.0, 64.0) 28.0 (24.7,31.2) 84.3 (82.2,86.2) 50.5 (44.3,56.1) 40.7
£=2)
Logit 66.0 (64.0, 68.0) 32.2(29.0,34.8) 87.9(85.8,89.6) 63.8 (57.6, 68.8) 41.8
BART 66.0 (64.0, 69.0) 31.9 (28.8,35.5) 87.8(85.3,89.5) 64.4(58.3,69.6) 41.8
£=3)
Logit 67.0 (65.0, 69.0) 31.0 (28.4,34.1) 87.8(86.0,90.0) 64.4(59.1,70.7) 43.5
BART 68.0 (66.0, 70.0) 32.0 (29.3,34.5) 88.6(86.6,90.5) 67.5(61.9,72.7) 43.5
(=)
Logit 72.0 (71.0, 72.0) 35.8 (35.6,35.9) 88.0(87.9,88.1) 60.4 (60.1, 60.6) 35.0
BART 73.0 (73.0, 73.0) 37.3(37.2,37.5) 88.8(88.7,88.9) 62.9 (62.6,63.2) 35.0
Patient A, risk score: 2.25 Patient B, risk score: 2.25
X =34 | X =025 ||
S ling Method S ling Method
Xz=0.54 - an(l?nldr;(inale(p :)0 ) Xz=1.54 _ arr(lSnldr;(inale(p :)0 )
%o— 025 - . Marginal %o-25] _ . Marginal
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Figure 2.2: Barplots of SHAP values for two individuals from simulated data where the data
generating distribution is a trivariate normal where the correlation coefficient between each
covariate takes values p € {0,0.25,0.50}. Blue indicates that draws from the six marginal
distributions were used to calculate the SHAP values. Green indicates that draws from the six
conditional distributions were used to calculate the SHAP values.
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Figure 2.3: Global feature importance plots generated from Bayesian additive regression tree (BART)
model fit to AMPATH data. Top 10 features from each model are shown.
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Figure 2.4: Global feature importance plots from logistic regression models fitted to AMPATH data. The
top 10 features from each model are shown. Feature importance is quantified using the square root of the
Wald statistic, and subsequently scaled by dividing each covariate’s score by the sum of all scores.
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Figure 2.5: Conditional patient-level variable importance for four patients with similar pre-
dicted probability of missed visit. Plots show posterior median and 95% credible intervals for
individual-level variable importance measure ¢,;(6), where i indexes patient and j indexes

covariate.
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dexes patient and j indexes covariate.
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Table 2.5: Baseline Characteristics for patients at entry into the cohort. The table reports
“median (25th percentile, 75th percentile)” for continuous variables and percentage of true
for binary variables or each level of categorical variables. Q1 refers to the 25th percentile and
Q3 refers to the 75th percentile.

Baseline Characteristics at entry into cohort
Variable Total (N = 70,626)  Post-2021 (N = 10,778)  Pre-2021 (N = 59,848)

Age (years)

Median (Q1, Q3) 45 (35, 53) 36 (29, 45) 46 (37, 54)
Scheduled Appointment Time (Weeks)

Median (Q1, Q3) 11.29 (4, 12) 2(2,3.43) 12 (4.71,12)
Sex

Female 44,041 (62.4) 6,434 (59.7) 33,607 (62.8)

Male 26,585 (37.6) 4,344 (40.3) 22,241 (37.2)
ARV Status

Not On 1,496 (2.1) 1,207 (11.2) 289 (0.5)

On 69,130 (97.9) 9,571 (88.8) 59,559 (99.5)
Facility Type

Regional/Referral Hospital 11,218 (15.9) 1253 (11.6) 9,965 (16.7)

County Hospital 17,734 (25.1) 2765 (25.7) 14,969 (25.0)

Sub-County Hospital 30,017 (42.5) 4032 (37.4) 25,985 (43.4)

Health Center/Dispensary 10,826 (15.3) 2604 (24.2) 8,222 (13.7)

Private 831 (1.2) 124 (1.2) 707 (1.2)
Body Mass Index (%)

Median (Q1, Q3) 22 (20, 25) 21 (19, 23) 22 (20, 26)

Missing 6,903 (9.8) 3,518 (32.6) 3,386 (5.6)
CD4 Count

Median (Q1, Q3) 407 (252, 577) 244 (94, 437) 413 (261, 581)

Missing 24,228 (34.3) 8,711 (80.8) 15,517 (25.9)
WHO Stage*

Missing 6,015 (8.5) 658 (6.1) 5,357 (9.0)

First Stage 35,112 (49.7) 6358 (50.2) 28,756 (48.0)

Second Stage 11,443 (16.2) 1838 (16.1) 9,605 (16.0)

Third Stage 14,975 (21.2) 1640 (20.9) 13,335 (22.3)

Fourth Stage 3,081 (4.4) 286 (4.3) 2,795 (4.7)
Education Level*

Missing 12,411 (17.6) 233 (2.1) 12,178 (20.3)

None 3,659 (5.2) 873 (8.1) 2,786 (4.7)

Primary School 28,394 (40.2) 5025 (46.6) 23,369 (39.0)

Secondary School 19,158 (27.1) 3485 (32.3) 15,673 (26.2)

College 5,842 (9.8) 1162 (10.8) 5,842 (9.8)
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Chapter 3

Variable importance quantification for

prediction models with missing covariates

3.1 Introduction

Advances in machine learning (ML) have opened up new avenues for prediction in health
outcome settings. In many applications in the healthcare setting, researchers seek to leverage
electronic health records (EHR) to build prediction models for diagnosis, prevention, and to
aid clinical decision making. In addition to accurate risk prediction, knowing how the variables
in the model influence the outcome is an important goal for model interpretability. Influence
of individual variables is quantified by variable importance measures that, in a generic sense,
are designed to represent the degree to which each variable contributes to predictive variation
or overall variation in the outcome variable. In a clinical setting knowing which covariates
contribute the most to predictive variation can inform clinicians how the model relies on certain
variables to make decisions and reveal to which degree predictions are driven by actionable
clinical signals and structural features of care delivery. The methods used to calculate variable
importance can have formal representation in terms of loss or variance, in which case they
can be assigned a model-related scale; or they can be more empirical. For example, a popular

variable importance measures for random forests is the number of times a variable is used for
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the first split in one of the individual trees comprising the ensemble.

The choice of variable importance measure is often determined by the modeling technique
being employed. For generalized linear models such as linear regression and logistic regres-
sion, the Z statistic (Williamson et al., 2023) provides a quantitative way to measure variable
importance for each covariate. As indicated above, tree based methods such as random for-
est, XGBoost and Bayesian additive regression trees often use some function of the number of
splits for a variable. Additionally, because the variable importance measures native to different
modeling techniques generally have a different interpretation, comparisons across techniques
can be difficult.

Missing covariate data can complicate the definition and calculation of variable importance.
To understand how, it is useful to first observe that covariate missingness can occur in the
development (training) stage, the deployment (validation, prediction, forecasting) stage, or
both, yielding four distinct possibilities. We follow the principle that the prediction model
should be developed on a training set whose distribution is aligned with the validation set;
i.e., development should be done in a way that mimics the circumstances of deployment. Or
more generally, variable importance measures, which are calculated at the development stage,
should be relevant to the setting where they will be deployed. For example, if age is missing
for a large fraction of cases used to develop the model, variable importance measures for the
prediction model should have a way to account for this.

The default case is where covariates are complete in both development and deployment.
Usually we assume that the training and test sets come from the same joint distribution, and
from there, standard variable importance measures can be applied and properly interpreted in
context. If missingness occurs in the development stage, but data are expected to be complete
at deployment, then a key first step in the development stage may be to learn the complete-data
distribution corresponding to the deployment setting, and possibly impute completed datasets
for training. Work from Wood et al.| (2015) has found that multiply imputing (Little and Rubin,

2019) K complete datasets and subsequently fitting a model to each of the imputed datasets
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works best in terms of producing good predictive performance. However the imputations are
derived from other variables in the model, which may impact how to formulate and interpret
variable importance.

The setting addressed in this chapter is where covariate missingness is expected at both the
development and deployment stages, and where the joint distribution of covariates and missing
indicators is similar across the stages. When missingness is present in both the development
and deployment data the notion of variable importance can be obfuscated due to the need to
handle missingness at the point of prediction. In this setting, imputation models are part of the
prediction pipeline. A naive approach is to treat imputed values of missing covariates as ‘not
missing’, and calculate variable importance based on the imputed data. Covariates that are
missing at the deployment stage typically will be imputed using the values of other, observed,
covariates. At both development and deployment stages, because imputed values of missing
covariates are functions of the observed covariates, proper allocation of variable importance is
not obvious.

In recent years a multitude of strategies have been developed to deal with missing data
in prediction based settings (Jones, 1996, Kapelner and Bleich, |2015, Hoogland et al., |2020a,
Fletcher Mercaldo and Blume, |2020, |Sisk et al.,[2023), specifically when missingness is present
at the deployment stage. While modeling strategies have been developed to account for this,
the question of how to calculate and interpret variable importance for partially observed covari-
ates has received relatively little attention (Hu et al., 2021). Several papers calculate variable
importance when covariates are missing (Ramachandran et al., 2020, Wallace et al., 2023,
Ogbechie et al., 2023) but the calculation is not the main focus of the work and it is unclear if
the data the models will be deployed to will also contain missingness values. Other work (Vo
et al.,|2024) modifies local variable importance methods such as Shapley additive explanations
(Lundberg and Lee, 2017) when missing covariates are imputed using a constant. Based on
the existing literature, there is relatively little standardization of methodology.

The purpose of this chapter is to provide a principled framework for defining and calculat-
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ing variable importance in the presence of missing covariates, and to illustrate through sim-
ulation and real-data application how the framework applies for generalized linear models.
This chapter is organized as follows. Section provides an overview of notation and back-
ground on the presence of missing data at the development stage and at the deployment stage.
Section provides an overview of the variable importance measure that is the focus of this
article. Section identifies and discusses a variety of techniques to handle missing data in
machine learning settings where forecasting is the primary goal of interest. Section ad-
justs the variable importance metric from section 3 to account for missing data. Section
describes simulations to compare the variable importance and predictive performance of the
techniques described from Section while Section provides a detailed illustration of
the method on real-world data from the Academic Model for Providing Access to Healthcare
(AMPATH) for predicting retention in HIV care. Section concludes with a discussion. Mo-
tivated by our case study, we focus on a binary outcome. However, all methods considered can

be straightforwardly applied to a continuous outcome.

3.2 Data structure, notation, and prediction objectives

In clinical settings the purpose of a prediction model is to take patient and clinical infor-
mation (covariates/predictors) as inputs and, output an estimated risk that a patient currently
has or will develop a condition of interest. These prediction models can then be implemented
at the point of care to guide clinical decision making as well as facilitate interventions to re-
duce future patient risks. Most methodology to estimate a prediction model assumes that there
will be complete data for model development and complete data at model deployment, but in
health-related settings with electronic health records (EHR) missing data is ubiquitous, mean-
ing the prediction model must be designed in such a way as to account for the missing data
mechanism (MDM).

Let Y € {0, 1} denote the outcome of interest and let X = (X3, ...,X,) denote the covariates

indexed by j =1, 2,...,p, where X; denotes the random variable and x;; is the observed value
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of X; for an individual indexed by i =1,...,N. We write

X )= X,...,X21,X41,...,X,) to denote the vector containing all covariates except X;.
When there is missingness in the covariate space we define an accompanying set of indicators
M = (M,...,M,), where M; = 0 if X; is observed and M; = 1 if X; is missing. For this paper,
we assume all responses Y are observed and that missingness only occurs in the covariates.

The vector M allows up to 2P possible unique patterns of missingness in the data; in practice
only a few are observed. Using {0,1}” to denote the full collection of unique configurations
of M, define #, C {0, 1} to be the set of the observed missingness patterns, with each unique
pattern indexed by s € &,. Define X ;) as the set of covariates that is observed in pattern s and
X is(s) those that are missing, so that for any missingness pattern s, we have X = (X (), X mis(s))-

When there are no missing covariates, the general goal is to derive a rule D : R? — {0, 1}
that maps an observed set of covariates x € RP to a binary classification. This is typically
accomplished in two steps. First, a model or algorithm is used to learn a function f(x) =
Pr(Y = 1|X = x); the function can be parameterized in terms of a finite-dimensional parameter
0 such that f(x) = f(x;0). For example, logistic regression with additive covariate effects
corresponds to f(x;60) = 1—{1+exp(xT0)}*. Next, the rule D is typically selected to minimize
a pre-specified loss function for classification; for example, D.(x) = I{f (x) > c}, for a value of
¢ that minimizes misclassification loss, is a common choice.

When covariates are missing at both the development and deployment stages, the model
for Pr(Y = 1 | X) must also account for missing data. Our approach is to use a pattern-mixture
formulation that makes the missingness indicators an explicit component of the model input;
i.e., to model Pr(Y = 1|X,M). The most general version of this model relies only on the
observed covariates for each missing data pattern, leading to pattern-specific models

fs(Xopsis)s5:05) = Pr(Y =1[X = Xgpg5),S =5), SE .

This formulation allows prediction to depend only on covariate information that is observed for
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a particular individual; it also allows prediction to depend on the missing data pattern. Hence
the effect of a specific covariate X; could depend on missing data pattern s. In subsequent
sections, we show how the prediction model can be implemented using imputation, and how

that approach relates to the pattern-mixture approach described here.

3.3 Measures of Variable Importance

Variable importance can be divided into global and unit-level variable importance, or expla-
nations. Global explanations rank covariates based on their contributions to overall predictive
variance while unit-level explanations identify the degree to which individual covariates influ-
ence an individual prediction from the model. Our focus is on global variable importance.

Among global variable importance measures, we restrict attention to those that are model-
agnostic. A variable importance measure is said to be model-agnostic if it can be calculated
in a way that does not depend on the technique being used to estimate f(x). For example,
a measure based on likelihood functions is not model-agnostic because it is not well defined
for tree-based methods; similarly, measures based on number of splits for tree-based methods
are not model-agnostic because they are generally not applicable to regression-based prediction
functions. Common model-agnostic methods for global explanation include permutation based
covariate importance (Fisher et al., 2019, Breiman), 2001)), partial dependence plots (Friedman,
2001)), and dropped covariate importance (Lei et al., 2018} Williamson et al., 2021} 2023)), the
last of which we describe in Section|3.3.1|and use as our variable importance measure of choice.

Finally, although it might seem intuitively obvious, variable importance measures are inter-
pretable only within the family of models used to estimate the prediction function f (x), even if
they are model agnostic. For example, the importance of variable X; is only interpretable if the
model f(x) and the model f_;(x_;) come from the same family of models, such as logistic
regression or random forest. It is not meaningful to quantify variable importance when f(-) is

a logistic regression and f_;)(-) is a random forest.
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3.3.1 Dropped Variable Importance
The measure of variable importance used in this article represents a normalized difference

in predictive loss between a prediction function f(x) and f_;(x_;), where f_; : RF"' —

R is a reduced form of f(-), and includes only the covariates X _; as predictors. Following

(Williamson et al., 2021} 2023), we define variable importance using

Eyx {L(Y, f X))} — Eyx {L(Y, f;(X_))}

wo) = RTICATS)

2

where L(y, f) is a well-defined loss function and u, = E(Y) is the null model with no
covariate information. As indicated above, f(-) and f,_;(-) are assumed to belong to a common
family & of models or algorithms. The expectation is taken over the distribution P(Y,X); in
practice the expectation is taken over the empirical data distribution P(Y,X). This is sometimes
referred to as the leave-one-covariate-out (LOCO) approach (Lei et al., 2018, Williamson et al.,
2021, 2023) and can be summarized as the change in risk prediction when either a covariate
X, or more generally a group of covariates X, are removed from the model. We detail some

examples below using well-known generalized linear models.

Example: Linear Models

Consider the case where the loss function is squared error loss L(y, f) = (y — f)?, the pre-
diction function is specified as f (X;0) = E(Y | X) = x"0, and the prediction function excluding
X;is f(x_;;0)=E(Y|X_;)= x(T_j)O’. Specifically the form of the reduced model is the op-
timal predictor for squared error loss when only information X _;, is available. In this case, the

parameter 0’ indexing the reduced model is a 1 x (p—1) vector, but importantly the coefficients

of @ from the first model will generally take different values than the corresponding elements
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of 8’ in the reduced model. For this case, variable importance for X is

Eyx {(Y = fX))*} — Eyx {(Y — f;(X_)))*}
Eyx {(Y —E(Y))?}
Eyx {f(X)—f;(X_))*}
var(Y)
02E [{x;,—EC;1X_)} ]
var(Y)

Y(i) =

The full proof is detailed in the appendix. The coefficient 6; measures the strength of the
relationship between X; and the outcome Y while the term E[(X; — E[X;|X _j])z] captures
variation in X that is not explained by other variables in the model. Hence variable importance
is a combination of association between Y and X j (e through 91) and variation in X i after

conditioning on X _; (i.e. through E[(X; —E[X;|X_;1)*].

Example: Binary Outcome
Now suppose Y is binary and that the prediction function follows a logistic regression

f(x;0)=E(Y|X)= _exp(x0) Using the log-loss function L(y, f) = y log f +(1—y)log(1—f)

1+exp(xTO)*

yields

Ex (Eyix [V log {755 } + 1 —)log {25 }])
Eyx{Y1log(E[YD+(1—Y)log(1—E[Y ]}
Ex [F0)10g { 72E} + (1 - Fx)) log { 12 E 1]
nolog(my) + (1 — 7o) log(1 — 74)

Y ()

b

where 71, = E(Y). The numerator is the Kullback-Leibler divergence between f (X) and f_;,(X _;)

and thus represents the information loss between the distributions when X is not present.

3.3.2 Definition of the reduced model
The dropped variable importance described requires the estimation of an outcome model

f (x) fit to the full set of covariates X, and a reduced model f_;(x ;) where X; is removed.
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The definition of a reduced model requires careful definition.
Consider the linear model f (x) = 6, + 0,x; + 6,x, + 6;x,x, where the distribution of X is
a standard bivariate normal with correlation p > 0. Simply discarding the covariate X, and

re-fitting the model will provide a new function frested

(%) (x(2) = 63+ 6/x;. This is as a nested

model because the functional form of the reduced model is contained within the space of the
original full model. However, a different type of reduced model can be obtained by integrating

X, out of the original model; i.e.,

f(iil;grated(x(—z)) = f(eo + 0,X; + 0,X, + 0;,X,X,) dF (x, | x4)

= 6y+ (0, +p0y)x; + pOx>.

This example serves to show that there are two types of reduced models, the integrated reduced
model which is defined as f_;(X _;)) = E[f (X) |X ;] and the nested version which amounts
to simply dropping X ;. The key component of variable importance is in the fact that the measure
quantifies the performance if we never had access to X; to begin with; not necessarily how the
functional form of the model predicts if X; were integrated out.

The dropped variable approach compares nested rather than integrated models. The nested
approach to a reduced model does not require any additional assumptions about the joint co-
variate distribution P(X); hence with generalized linear models it can be more straightforward
to apply, and because our focus is on generalized linear models, we will quantify variable im-
portance using nested models. It is important to note, however, that with machine learning
methods such as random forest and BART, the concept of nested models is not well defined.
Because the prediction function for these methods can capture interactions and nonlinearities,
dropped variable importance is more likely to be using the integrated version of the reduced
model, even without having to know the joint covariate distribution P(X). It’s possible that
integrated reduced models for GLM can be approximated with nested models, for example,

using regression splines or generalized additive models. We view this as an important topic for
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further investigation.

3.4 Methods for handling missing data for prediction

In this section we provide a brief overview of methodology designed to handle missing
data in prediction-based settings. Methods can roughly be divided into pattern submodel ap-
proaches (Sisk et al., |2023] [Fletcher Mercaldo and Blume), [2020) and imputation-based ap-
proaches (Wood et al.,[2015, [Hoogland et al., [2020a, |Sisk et al.,2023). In general the two are
not necessarily mutually exclusive; one may implement imputation techniques into a pattern
framework. As indicated earlier, our focus is on the case where missingness occurs at both de-
velopment and deployment, sometimes referred to as ‘pragmatic model performance’, where
missingness is to be expected when forecasting of future individuals (Wood et al., 2015).

In the methods descriptions below, recall that we are using a GLM framework to illustrate
our approach. We assume that for a covariate vector X, the prediction function is designed
to estimate the mean E(Y |X); in a GLM, E(Y |X = x) = g(x"0), where g : R —» Ris a
monotone link function (e.g., identity link, logit link). Hence the prediction function is given

by f(x;0) = g(x"0).

3.4.1 Pattern Submodels

The pattern submodel (PS) (Fletcher Mercaldo and Blume, 2020) handles missingness by
partitioning the data according to the observable missingness patterns s € #, and then fitting
a model within each pattern using only the covariates X ) that are observed within that

pattern. Specifically we fit a sequence of fully stratified models of the form

fs(Xobs(s);es) = E(leobs(s)>S:s)
= E(leobs(s):M:s)

= g(Xzbs(s)es)a
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fors € &, and where ; denotes the configuration of M that corresponds to missing data pattern
s.

To illustrate, consider a generalized linear model with outcome Y and three covariates,
X = (X,,X,,X;3), where (X;,X,) may contain missing values. This implies four missing data
patterns, with (M;, M,) € {(0,0),(1,0),(0,1),(1,1)} or, correspondingly, & = {1,2,3,4}. A

fully stratified pattern submodel approach yields four submodels of the form,

f1(Xobs(1)§ 91) = g(901 + 911X1 + 921X2 + 931X3)
FoX ops2)3 02) = 8(0p2 + 025X, + 03,X5) (3.1)
F3X ops3)3 03) = 8(003 + 013X + 033X5)

FaX obseay; 04) = g(0p4 + 034X3)

Hence, for example, prediction for individuals with complete covariate information uses all 3
covariates, while predictions for individuals missing (X;,X,) uses only X;. The model can also
be represented by fully interacting the missing data indicators with the linear predictors. For

example, if g(-) is the identity function, we could write

f(XObS,M;e) = (1_Ml)(l_Mz)(901+011X1+921X2+931X3)
+ M; (1 — M,)(03 + 013X; + 033X3)
+ (1 — M;)M, (043 + 013X, + 033X3)

Assuming the submodels are correctly specified, this example illustrates that the pattern sub-
model is the most general representation of the prediction function in that it (i) makes use of
only the observed covariates for prediction and (ii) does not require any assumptions about
the missing data mechanism. The representation also helps draw connections to the

‘missing indicator’ method (Jones, 1996), where elements of M are treated as covariates in
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the prediction function — as is implicitly the case in (3.2). In practice, there will be far more
than 4 distinct missing data patterns, and simplifications are needed. As we show below, cer-
tain formulations of the missing data indicator method can be viewed as versions of pattern
submodels where some of the patterns are collapsed or combined.

This approach extends to tree-based models (e.g. Random Forest (Breiman, 2001), XG-
Boost (Friedman, [2001)), BART (Chipman et al., 2010)) by enforcing consistent hyperparam-
eters and priors across pattern-specific submodels, and can be visualized in a similar manner
as a large sum of trees where the covariate space is now defined by the interaction between
X obs(s) and the corresponding pattern s.

An important distinction between our formulation in and and that given by
Fletcher Mercaldo and Blume| (2020) is that covariates are not imputed; each submodel is fit
conditional on both the observed covariates and the missingness pattern. This is the main
underlying assumption behind the pattern submodel approach. Thus, estimates take the form
E[Y | X js(s), M ] rather than E[Y | X ) ]. Related methods seek to fit models of the form E[Y |
X obs(sy] (Hoogland et al., 2020a, [Saar-Tsechansky and Provost, 2007, Wood et al., 2015)),ignor-
ing the missingness pattern and multiply imputing the missing data in order to fit models to
the entire data.

The main advantages of the pattern submodel in its most general form is avoiding the
need for imputation at either the development or deployment stages, and not having to make
assumptions about the missing data mechanism. Predictions solely depend on the observed
covariates X ). However, in most applied settings, the full stratification approach can be
impractical. The number of required submodels can grow exponentially with the number of
missing covariates, which can become computationally expensive even for a small number of
covariates. The subdivision of the data by pattern can induce sparsity and thus lead to lack of
identifiability or overfitting for rare patterns. This motivates collapsing over patterns, which

can be represented using missing indicators. For example, consider a reduced form of (3.1
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given by

fXopssM;0) = glag+a;M; + ayM, + B3X1(1— M) + BoX5(1 — M,) + f5X5), (3.3)

where 6 = (a, 8). This is a collapsed version of (3.1)), with

f1(Xobs(1)§ 0,) = glay + B1X; + B.X5 + B5X3)
FoX ops2); 02) = g(ag + ay + B X, + B3X3)

faX ops3); 03) = g(ag + ay + B1X; + B3X3)

(3.4)

FaX ops(ay; 04) = glag + a; + ay + B5X3)

As seen here, the inclusion of missingness indicators as covariates can be used to represent a
smoother, pooled alternative to the full stratification across the missingness pattern. In (3.3)),
the additive effect of missingness pattern is captured by the pattern-specific combinations of a
parameters, and the covariate effects, represented by 3 parameters, are collapsed and become
shared across patterns. This smoother alternative may be justified if some missingness patterns
are sparse. For the remainder of this paper the method used to generate equation will be
referred to as the stratified pattern submodel approach and equation (3.3)) will be referred to

as the smooth, or collapsed, pattern submodel approach.

3.4.2 Imputation-based methods

The goal of imputation-based methods is to fill in the missing values in the X matrix, gener-
ating a set of ‘complete’ datasets {X®) : k = 1,...,K}. This can be accomplished in a number of
ways, which we describe below. In the prediction setting, both model formulation and variable
importance need to be defined with respect to the particular context for model development
and deployment. Specifically, it is important to define whether the objective is to generate a
prediction model f(x) that assumes availability of complete data on X, or a model f(x, m)

where the missing data patterns or indicators are informing the predictions; we discuss this in
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more detail below.

There are three imputation techniques that are common in predictive modeling: constant-
value imputation, regression imputation (RI), and multiple imputation (MI). Constant-value
imputation fills in missing values of the covariates with a constant such as the sample mean.
There are several well-documented drawbacks to this approach, and we will not consider it
further.

Regression imputation, also known as conditional mean imputation (CMI), refers to the
single-value imputation based on a set of regression models that use predicted values from
of the conditional mean E(X,; |X,s).- Returning to the the three covariate case from Sec-
tion[3.4.1] regression imputation would be implemented by fitting regression models for E(X; | X,,X5),
E(X,|X,,X3), E(X,|X3) and E(X,|X3). This covers the different possibilities for imputing a
missing value of X; or X, from available data for an individual subject; e.g., for an individual
i, if X, is missing and (X, X5) are observed, the imputation is X;; = E(X; | X, = x9;, X5 = X;).
In general, imputation models for RI do not need to be regression models; they can be fit using
a any prediction algorithm or model. Throughout this work, however, RI will be implemented
using regression models.

By contrast with single-value imputation, multiple imputation (Little and Rubin, 2019) re-
places missing covariate data with values drawn from one or more imputation models based
on the observed relationships between the covariates and outcome, typically under a missing
at random (MAR) assumption. For prediction models, the imputation model may or may not
condition on the dependent variable Y. While this is sensible for settings where the training
data are incomplete but data at deployment are expected to be complete, it is less appropriate
when covariates are missing at the deployment stage. In that case, the first step needed for
generating an individual-level prediction is to impute the missing covariates; of course, this
cannot be accomplished without the dependent variable Y. We therefore focus on multiple
imputation using only the observed covariate data.

Two widely-used approaches to MI are joint modeling, which requires the user to specify
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a model for the joint distribution P(X |¢) = P(X s, X 1mis | @), full conditional specifications
(FCS), which require the user to specify a series of conditional distributions for imputatin. The
model-based approach usually assumes covariates are missing at random (MAR). In that case,
imputations amount to taking draws from the posterior predictive distribution P(X ;| X jps)-
The FCS approach (Molenberghs et al., 2014) specifies a set of univariate conditional distribu-
tions P(X;|X_;,n) for covariates X; that are subject to missingness. Imputations via FCS are
carried out in an iterative manner that requires a set of starting values for components of X _;
that are missing. Compared to the JM approach, the FCS approach provides more flexibility for
imputing different types of variables, but it may suffer from theoretical limitations because a
proper joint distribution based on the different conditional models may not exist (Van Buuren
et al., [2006). The FCS approach is implemented in the MICE (multiple imputation through
chained equations) package in R (Van Buuren and Groothuis-Oudshoorn, [2011) and will be
the imputation technique used for MI for the remainder of this work.

With either method, each set of imputations results in a completed dataset. MI therefore
generates K plausible values for each missing value resulting in a set of K complete datasets
X® k =1,...,K. Each completed dataset is then used to estimate an imputation-specific
prediction function f(X®) or (X, M). The latter version retains the missing data indicators
to distinguish cases where predictions are based on imputed values, and is sometimes referred
to as ‘imputation aware’. The K prediction models are then averaged using Rubin’s rules to
obtain an estimate of the risk score f (X ) or f (X s, M) that is conditional only on observed
data. (Wood et al., [2015)).

Imputation methods have advantages and disadvantages for prediction. Regression im-
putation is a deterministic process and thus does not take into account uncertainty with the
imputed values. Outcome models that implement RI also inherit similar limitations to the
stratified pattern submodel approach since the end-user is required to specify as many imputa-
tion models as there are missingness patterns in the data. Model-based MI requires sampling

from the posterior predictive distribution P(X ;| X s, @), which can be computationally ex-
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pensive. Suggested modifications either fix ¢ at some value ¢*, usually the last set of parame-
ters at the end of the MI procedure, and sample only from the conditional predictive distribu-
tion P(X ;s | X ops» @) (Hoogland et al., 2020b) or re-fit the entire imputation procedure from

scratch (Sisk et al., [2023| Janssen et al., [2009)).

3.4.3 Relationship between pattern submodels and imputation

There is a relationship between ‘imputation-aware’ models, which use both imputation and
missing data indicator, and the pattern submodel (Fletcher Mercaldo and Blume, [2020)). For
simplicity we will consider a two-variable case X = (X;,X,), where missing entries only occur

in X,, to illustrate. In this case, the pattern submodel specification is

[iXops);01) = g(0p + 011X, + 05,X5)

fz(Xobs(z);ez) = g(902+912X1)

This full stratification can be written as a single model by interacting the terms in each sub-

model with the missingness indicator M,. The resulting model is then

fXopss Mp;0,8) = g(0p; + 011X, + 05X, + (0gp — 051)M, + (01, — 011)M,X; — 05 M,X5)

= g(6y; + 011X + 051 (1 —My)X, + AgM, + A M,X )

Where A’O B 902 - 901 and A’l - 012 - 011.

Now consider a prediction function specified as

FF (X1, X05B) = g(Bo+ BrXy + B2X5),

where the missing entries of X, are generated using the imputation model X, = a, + a,X;.
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This implies that the value of X, in the completed dataset is

X, = (1—M)X, + My(ap + a1 Xy),

which implies

Fr(X, X0, My; B,7) = 8(Bo + b1 Xy + Xy + My(Brag + Brai Xy — 2X5))

= g(Bo+ B Xy + Bo(1—My)X, +yoM, + v MyX,),

where y, = f8,a, and y; = ,a,. This shows that for a GLM with an additive linear predictor,
combined with an imputation based on a linear regression, will reduce to a pattern submodel.
Here, the functional forms of f and f* are the same, though the coefficients for the submodels
may take different values, owing to the use of imputation.

For variable importance considerations, the key observation is that with imputation, predic-
tion for cases with missing X, only uses information from X;. The pattern submodel structure
is maintained even if a more general function X, = h(X,) is used to carry out the imputation;
the key difference is that the submodel corresponding to M, = 1 may not be linear or additive
in X;. These relationships are not expected to hold for cases where the linear predictor for the

complete-data model has interactions or is otherwise not additive.

3.5 Implications for Variable Importance with Missing Data

In this section we describe how the LOCO measure of variable importance is calculated
for pattern submodels and for imputation methods, with focus on whether and how variable
importance reflects both contributions to predictive variance and degree of missingess. Specifi-
cally, key concept in how variable importance is defined in this work is the impact on predictive
performance. Thus when determining how properly to calculate variable importance, it is im-
portant for the measure to properly reflect whether missingness or incomplete information on

a variable is incorporated at the point of prediction. When missing data is expected at both
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development and deployment the imputation strategy then becomes an integral part of the
prediction pipeline and needs to be taken into account when calculating variable importance.

Stratification by missingness pattern for pattern submodels make it explicit how each co-
variate contributes to the submodels where they are observed, and more generally how each
covariate contributes to the overall predictive variance. Similarly, variable importance calcu-
lated from imputed data must reflect that imputed values of a particular variable are actually
functions of other observed variables in the model, which means the generated predictions
actually rely directly on these observed values. In this section we show how to apply and
calculate LOCO (dropped variable importance) for pattern submodels and imputation proce-
dures. We also demonstrate that LOCO calculated from pattern submodels should be viewed
as the ‘correct’ representation of variable importance because it directly accounts for incom-
plete information. The fully stratified pattern submodel is the most general formulation of a

prediction model that uses only X ...

3.5.1 Pattern Submodels

The stratification of the data by missingness pattern makes the calculation of dropped vari-
able importance relatively straightforward for pattern submodels. For concreteness, we return
to the three covariate example from the previous section, and illustrate the calculation of vari-
able importance for X;. Removing X; from the full specification given in leads to the

following set of reduced models,

f1(Xobs(1)\{1}§ 51) = 8(501 + 621X2 + 531X3)
fz(Xobs(2)§ 92) = g(6py + 02X, + 932X3)
B B B (3.5)
fz(Xobs(s)\{u; 93) = g(6p3 + 033X5)

f4(Xobs(4)2 0,) = g(6p4 + 03,X3)

where 6 represents coefficients corresponding to the reduced models, and X 1)\ (1} and X ;53\ (1

refer to the fact that X; has been removed from patterns s = 1 and s = 3. This specification
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does not collapse submodels 1 and 3; it only removes X; from the models where M; = 0 to
isolate the effect of X; among the populations where it is observed. The models where M; =1
do not change. The general version of variable importance is then calculated as a weighted

average over the patterns as follows,

Y() = Eyx[L(Y,f(X)) = L(Y, f_ (X ()]
= > Eyx[L(Y, F(X)) — L(Y, f_yX ))|S =5]Pr(S =35)

365/;,

= D P ()Pr(s =5),

S€S,

where (j) is the LOCO measure for X; in stratum s. For a specific variable X;, because
X; is not present in the patterns s where M; = 1, the LOCO variable importance measure
4,(j) within that pattern is identically zero and the estimator for global variable importance
reduced to a weighted sum of v(j) for the patterns s having M; = 0. In our example, where
j = 1, this implies 9,(1) = ¢,(1) = 0. Hence the importance of a covariate reflects both
its contribution to the pattern for where it is observed and the proportion of observations for
which it is observed, and the variable importance can be calculated only over the strata where

X; is observed,

P(G) = D, P()Pr(S =5)

s:M;=0

It is important to distinguish here between the effect of X; and the effect of (X;, M;). The above
estimator quantifies the effect of X; conditional on M; = 0, but to get an estimate of the effect
of both requires one to collapse the models over both (X, M;) jointly. This is beyond the scope

of this chapter and an avenue for future research.
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3.5.2 Imputation-based Approaches

Imputation-based approaches require the end-user to produce two sets of models; firstly
are the imputation models built from the observed data, and secondly is the outcome model.
Again for concreteness and to illustrate key points, we returning to the two-covariate case from
section Recall that the full-data model and corresponding imputation model are given
by

X1, XB) = g(Bo+ BrXy + B2X5)

A

Xy, = a9t oX;.

Denote the linear predictor, or the argument of g(-), as 1. Applying the full-data model f* to

the imputed data yields
n = Po+ X+ [(1 —M,)X, + Mz)ez]

We distinguish here between conditional and unconditional variable importance, where con-
ditioning refers to whether or not one conditions on the imputation X,. Conditional variable
importance is calculated by treating X, as the actual value of X,; i.e., it does not distinguish
between imputed and observed values of X,. As we show below, this can have the effect of
(mis)attributing variable importance of X, to X,, or more generally attributing importance of
variables used in the imputation model to the variable being imputed. Unconditional variable
importance does not condition on the imputed values. It is calculated by removing, in this
example, X; from both the prediction model and the imputation model.

Let us first illustrate unconditional imputation. Because there are no other variables in the

model, removing X, from the imputation model implies that X, would be imputed as the mean
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of its observed values, say u. The reduced version of the linear predictor is

MNuncond. = /50 + /52 [(1 - MZ)XZ + MZ.U’] )

which is not a function of X;. By contrast, the reduced version of the linear predictor for

conditional imputation is

Neond. = BO"‘Ez[(l_Mz)Xz+M2(a0+a1X1)],

which clearly is a function of X;.

When data are missing at both the development and deployment stages, the outcome and
imputation model(s) should be considered as a unit in prediction when missingness is present
at both model development and model deployment, and unconditional variable importance
is the most appropriate approach. In practical terms, this means that in calculating variable
importance, a covariate must be dropped from both the imputation and outcome models. Given
that the imputed values are functions of this covariate we (1) re-fit the imputation models by
dropping X is and (2) use the imputed dataset(s) derived from (1) to fit a reduced outcome
model excluding X;. This strategy only applies when the imputation model is used at the point
of prediction. If missingness is not present at the point of prediction for new data, then it more
appropriate to use conditional variable importance; i.e., it is fine to calculate the dropped
importance without re-fitting the imputation models.

The calculation of LOCO for an outcome model with RI follows similarly since it results from
one imputed dataset. For multiple imputation we calculate LOCO for each imputed dataset and
combine the imputation specific LOCO’s via Rubin’s rules. In order to obtain reliable estimates

we fit a large amount of outcome models, K = 30.
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3.6 Simulation Study

Our simulation study is designed to compare covariate importance and predictive perfor-
mance derived from four different techniques to handle missing data for prediction: (1) a fully
stratified pattern submodel approach, (2) a smooth (collapsed) pattern submodel where the
missingness indicators are modeled as direct effects and pattern specific covariate effects are
collapsed, (3) a set of full outcome models estimated from multiply imputed data, and (4) a
full outcome model estimated from regression imputation. Models (3-4) are fitted by interact-
ing M with X and thus coefficients are estimated for the terms M, X(1 — M) and XM. The
full model with complete data is used as a reference to compare what the variable importance
would look in the absence of missing data. This simulation section only considers a binary pre-
diction problem and thus the loss function used to calculate the dropped variable importance

is the log-loss defined in Section(3.3.1

3.6.1 Data Generating Process

We present simulations for a generalized linear model under an MAR assumption for the
missing data. These results, in principle, would extend to the setting of more complex models.
Allow Y to be a binary outcome and X = (X;,X,,X5) covariate data generated from a trivariate

normal distribution MVN(u, X) such that,

0 1 pop
p=10 [, =1p 1 p |
0 p p 1

where the correlation coefficient p is set to p = 0.50 to induce dependencies between covari-

ates. We set g(n) =exp {n/(1+ n)} and specify the full-data model as

Pr(Y =11X) = g(Bo+ L1 X; + BoXy + B3X5).

91



For illustrative purposes we set 3; = 3, = 83 = 1 to allow the full-data relative importance of
each covariate have equal value. This enables us to understand the impact of covariate miss-
ingness when calculating variable importance from various observed-data prediction models.

Missing values are induced in X; and X, using the following models,

Pr(M; =1|X) = g(&o+ & X, +E:X, +E3X3)

Pr(M, =1[X) = g(vo+ Xy + X, + v3X5),

where (&, v,) are chosen so that the marginal probabilities Pr(M; = 1) and Pr(M, = 1) are
approximately 30% and 70%, respectively. Weset {3 =vs=1and §; =1n,=7v;, = v, =050

that the missingness mechanism is MAR.

3.6.2 Imputation Strategies

We calculate variable importance using both regression imputation and multiple impu-
tation, and calculate both conditional and unconditional variable importance for each. Re-
gression imputation of missing values are are fit using linear regression, with observed co-
variates used as predictors. For multiple imputation we use the MICE package (Van Buuren
and Groothuis-Oudshoorn, 2011). We assume the conditional distributions P(X; | X,,X;) and
P(X,|X,,X5) follow linear regressions with normal errors, consistent with the data generating
model for the covariates.

Multiple imputation using chained equations (MICE) is implemented as follows:

1. Initialize each incomplete variable in the data matrix X by sampling from its observed

marginal distribution, yielding an initial completed data matrix.

2. For each incomplete variable X ;; € X, specify an imputation model

gj_/l{E(Xj/ |X(—j’)) 'f)j/)} s
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where g;(-) denotes a link function appropriate to the data type of X, (e.g., binary,
categorical, count). Each model is fit using only observed values of X » (e, M; =0).

Independent priors are assumed across imputation models,

)= ] p,

J/X 1 €X s
where ¢ ={n; : X;, €X ,;}.

. Draw njf, from its posterior distribution and, conditional on this draw, sample imputed
values xj, from the posterior predictive distribution for individuals with M; = 1. Replace

the previous imputed values of X;, with x;(,.

. Repeat step (3) sequentially for each X;, € X ;i to complete one MICE iteration. This
cycle is repeated for B iterations, with the completed data matrix from iteration b used

as the starting point for iteration b + 1.

K

. Repeat steps (1)-(4) independently K times to obtain K completed datasets {X (k)}kzl’

retaining the posterior draws ¢*) for each imputation model.

. For each completed dataset [Y,X (], fit the prediction model with risk function f (x) (or

f (x,m), when missingness indicators are included).

. To generate predictions for a new individual in the validation set with incomplete co-
variates, initialize missing values using the mean or mode from the development data.
Conditional on the fixed posterior draws ¢, sample x;f‘ from the posterior predictive
distributions and repeat the imputation cycle described in step (4) (Hoogland et al.,

2020Db).

. Compute individual-specific risk estimates by averaging predictions across imputations,

F ) =3 DS &),
k=1
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3.6.3 Modeling Setup

The inclusion of the missingness indicators into the pattern mixture model framework to
estimate f(x, m) can lead to an intractable amount of pattern submodels that need to be esti-
mated and thus smoothening assumptions need to be made. In practice, however, with impu-
tation techniques one usually seeks to estimate the quantity f(x); i.e., the prediction function
in terms of the covariates only. However, a question that arises is how to enter missingness
indicators M into the model framework to reduce the number of potential parameters but still
contain the pattern structure within the data.

As discussed previously when patterns are sparse the estimation of the kernels f (x, m) can
become intractable and simplifying assumptions can be made, such as adding the missingness
indicators into the model as direct effects. Thus we also seek to understand whether more
parsimonious model specification can maintain predictive performance. For the imputation-
based models, we use three specifications: (1) no missingness indicators, (2) the missingness
indicators only enter as direct effects, and (3) the missingness indicators enter as direct effects

along with interactions with the associated covariate. Specifically,

[HX;0) = g(6,+6,X; + 0,X, + 0;X3)
X, M;a,0) = glag+a;M;+a,M, +0,X; + 0,X, + 0,X;)

X,M;a,0) = g{(ay+a;M;+a,M,)+(6,(1—M;)+ v, M)X; + (0,(1—M,;) +v,M,)X, + 0:X5}

We code these two models for regression imputation and multiple imputation to best see how
to borrow strength from patterns. In the simulation study, we focus on both f; and f; while in

the application section we strictly focus on f;.

3.6.4 Target and Performance measures
Our goal is to compare estimates of variable importance across the different approaches

to modeling and handling missing covariates. To normalize the comparisons across methods,
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we standardize relative importance of the covariates (X;,X,) in relation to X5; specifically we
use the relative importance quantities 1(1)/4(3) and ¢(2)/4(3). We also calculate various

predictive performance measures for each model using simulated validation samples.

3.6.5 Simulation Procedure

The full simulation procedure was carried out using the following steps:

1. N = 2500 samples of data [Y,X ] are generated by first sampling X from the specified

multivariate normal and subsequently sampling Y from the specified model;

2. missingness indicators M are generated according to the described MAR procedure and

are then used to induce missingness in the covariates X ;

3. data [Y,X ] and [M] are combined into a single dataset [Y,X, M ], and subsequently split

into a training set of size Ny, = 2000 and a test set of size Ny, = 500;

4. imputations are generated for models where it is required, and then an outcome model

is fit for each of the four methods;

5. for j = 1,2,3 we fit a reduced outcome model by dropping X; from the full outcome
model and re-fitting. For models which require imputation we calculate variable impor-

tance using conditional and unconditional imputation;
6. calculate the performance metrics of interest for each method.

These steps are repeated T = 250 times and the median estimates of the relative variable im-
portance and performance metrics, and associated 95% Monte Carlo intervals, are reported.
For steps requiring multiple imputation we impute K = 30 completed datasets. Performance
metrics are calculated using the set of K outcome models from multiple imputation and com-
bined using Rubin’s rules. Simulations and analyses were performed in R version 4.2.2 (Team

et al.,|2021). The pROC library (Robin et al., 2011) was used to calculate the AUROC while the
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MICE package (Van Buuren and Groothuis-Oudshoorn, 2011) was used for multiple imputation

as described above.

3.6.6 Results

Figure shows the comparison of variable importance across the range of models that
use prediction function f;. As a reference point, for the full model (no missing covariates), the
relative VI for X, and X,, relative to X5, are all distributed around 1. The stratified pattern
submodel, which is the most general specification, shows lower variable importance for both
X, and X, reflecting their proportion of missingness. The collapsed pattern submodel, which
uses fewer stratification categories, shows similar results.

Turning to the imputation methods, we see that when the covariate is removed from the
outcome model but not from imputation model (i.e., conditional variable importance), that we
tend to overestimate the importance of X; and X, relative to X5. This is particularly pronounced
when using regression imputation, which is a single-imputation strategy and does not average
over the distribution of the missing data as is done with multiple imputation. Single regression
imputation is deterministic and thus collapses the conditional variance of the imputed variable,
which changes the downstream model coefficients and measured importance more when the
variable in question is removed from the imputation model. These patterns are repeated in
Figure 3.2 where the f; model specification with no missingness indicators is used for outcome
models built from imputed data, and in Figure where the relative variable importance of
X, and X, is larger (/2 instead of 1).

In terms of model performance, each of the models had similar AUROC, sensitivity and
specificity. This is likely attributable to the fact that each model is comprised of linear prediction

models for both the outcome and the imputations.
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Covariate Importance Across Modeling Methods
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Figure 3.1: Boxplots for the LOCO importance relative ratios ¢ (j)/y(3) for j = 1,2 for the
model where (f3;, 8,5, B3) = (1,1,1). Models are fit using logistic regression for the linear case
specified in Scenario 1. MI stands for multiple imputation, RI stands regression imputation and
PS stands for pattern submodels. The full model refers to the model fit to the simulated data
where there is no induced missingness. Models built from imputed data are fit with missingness
indicators using the f; model specification.
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Covariate Importance Across Modeling Methods
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Figure 3.2: Boxplots for the LOCO importance relative ratios y(j)/y(3) for j = 1,2 for the
model where (f3;, 85, B3) = (1,1,1). MI stands for multiple imputation, RI stands regression
imputation and PS stands for pattern submodels. The full model refers to the model fit to the
simulated data where there is no induced missingness. Models built from imputed data are fit
using f; specification with no missingness indicators.
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Figure 3.3: Boxplots for the LOCO importance relative ratios y(j)/y(3) for j = 1,2 for the
model where (81, B, B3) = (v2,+/2,1). MI stands for multiple imputation, RI stands regres-
sion imputation and PS stands for pattern submodels. The full model refers to the model fit
to the simulated data where there is no induced missingness. Models built from imputed data
are fit using f; specification with no missingness indicators.

3.7 Data Application

3.7.1 AMPATH data

We illustrate the application of our method on data from AMPATH for a cohort of 10,778
patients who have enrolled into care since January 1st, 2021. Clinical visit information from
these individuals was derived from an electronic database known as the AMPATH Medical
Record System (AMRS) which is generated by a browser-based front-end application deployed
at the point of care in associated facilities (hospital and clinics) (Tierney et al., [2007). At

the end of visit, a patient is assigned a return to care (RTC) date for a regular return visit or
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a medication pickup. Often times these two can coincide. The endpoint for our prediction
model is a binary indicator Y that takes value 1 if the patient fails to return before their RTC
date, and O if they do return on time. The focus of the application section is on summarizing
covariate importance for a model that predicts return to care after the enrollment visit. The
binary outcome for Table[3.1summarizes the distribution of possible states after the enrollment
visit. We assume administrative censoring is non-informative and exclude records where this
can occur. Among the 10,542 patients in the analysis sample, after excluding those censored
due to database closure, 57% returned on time or early, 41% missed their next scheduled visit,
and 2% died before their next visit could occur.

We split the data temporally into a training set of size 8,642 consisting of patient records
from January 1st, 2021 to December 31st, 2022, and a test set of size 1,900 consisting of pa-
tients who were scheduled to return to care between January 1st, 2023 and July 1st, 2023.
Covariates information used to develop the model include age, gender, body mass index (BMI),
ARV status, Tuberculosis Prophylaxis status, CD4 count, clinic type, clinic size on the log base
10 scale, and the month of the scheduled appointment. Covariates containing missing records
included BMI, CD4 count, WHO stage and education level and were coded with a correspond-
ing missingness indicator leading to a configuration of 14 different missing data patterns, the
prevalence of each pattern by outcome is described in table Table summarizes the
observed distributions of the covariates for the population and stratified by outcome level. The
month of the scheduled appointment was coded as a categorical variable, but was excluded

from the table due to the large number of categories.

Table 3.1: Patient statuses for A = 0 delays

Visit Total Database Closure On Time/Early Missed Dead
¢=1 10,778 236 (2.2) 6,064 (56.3) 4,303 (39.9) 175 (1.6)
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Table 3.2: Baseline Characteristics for patients at the time of entry into the cohort. The table
reports “median (25th percentile, 75th percentile)” for continuous variables and percentage of

true for binary variables or each level of categorical variables.

Variable

Return to 1st Scheduled Clinical Visit After Enrollment

Total (N = 10,778)

Early/On Time (N = 6,064)

Missed (N = 4,303)

Died (N=175)

Age (years)
Median (Q1, Q3)

Scheduled Appointment Time (Weeks)
Median (Q1, Q3)

Sex
Female
Male

ARV Status
Not On
On

Facility Type
Regional/Referral Hospital
County Hospital
Sub-County Hospital
Health Center/Dispensary
Private

Body Mass Index (%
Median (Q1, Q3)
Missing

CD4 Count
Median (Q1, Q3)
Missing

WHO Stage*
Missing
First Stage
Second Stage
Third Stage
Fourth Stage

Education Level*
Missing
None
Primary School
Secondary School
College

36 (29, 45)
2(2,3.29)

6,434 (59.7)
4,344 (40.3)

1,207 (11.2)
9,571 (88.8)

1253 (11.6)
2765 (25.7)
4032 (37.4)
2604 (24.2)
124 (1.2)

21 (19, 23)
3,518 (32.6)

244 (94, 437)
8,711 (80.8)

658 (6.1)
6358 (50.2)
1838 (16.1)
1640 (20.9)

286 (4.3)

233 (2.1
873 (8.1)
5025 (46.6)
3485 (32.3)
1162 (10.8)

37 (30, 47)
2(2,2.86)

3,580 (59.0)
2,484 (41.0)

709 (11.7)
5,355 (88.3)

714 (11.8)
1630 (26.9)
2421 (39.9)
1244 (20.5)
55 (0.9)

21 (18, 23)
1,691 (27.9)

226 (91, 407)
4,726 (77.9)

334 (5.5)
3,448 (56.9)
1155 (19.0)
991 (16.3)

136 (2.2)

93 (1.5)
390 (6.4)
2858 (47.1)
2006 (33.1)
717 (11.8)

35 (28, 43)
2 (2, 3.86)

2,628 (61.1)
1,675 (38.9)

401 (9.3)
3,902 (90.7)

475 (11.0)
1034 (24.0)
1460 (33.9)
1270 (29.5)
64 (1.5)

21 (19, 23)
1,665 (38.9)

289 (125, 488)
3,643 (84.7)

318 (7.4)
2736 (63.6)
605 (14.2)
540 (12.5)

104 (2.4)

132 (3.1)
441 (10.2)
1991 (46.3)
1339 (31.1)
400 (9.3)

40 (34, 49)
2(2,2)

84 (48.0)
91 (52.0)

74 (42.3)
101 (57.7)

47 (26.9)
42 (24.0)
69 (39.4)
16 (9.1)
1 (0.6)

19 (17, 21)
98 (56.0)

39 (19, 90)
127 (78.5)

211
23 (13.1)
34 (19.4)
73 (41.7)
43 (24.6)

529

17 (9.7)
82 (46.9)
57 (32.6)
14 (8.0)
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Table 3.3: Observable patterns of missing covariates in the AMPATH data at the enrollment
visit.

(BMI, CD4, WHO Stage, Educ. Level) Total Database Closure Early/On Time Missed Died
(N =10,778) (N= 236) (N = 6,064) (N =4,303) (N=175)
Pattern 1 (Obs, Obs, Obs, Obs) 1,589 (14.7) 14 (5.9) 1,072 (17.7) 481 (11.2) 22 (12.6)
Pattern 2 (NA, Obs, Obs, Obs) 393 (3.6) 5(2.1) 220 (3.6) 144 (3.3) 24 (13.7)
Pattern 3 (Obs, NA, Obs, Obs) 5,244 (48.7) 152 (64.4) 3,081 (50.8) 1,957 (45.5) 54 (30.9)
Pattern 4 (NA, NA, Obs, Obs) 2,678 (24.8) 58 (24.6) 1,269 (20.9) 1,283 (29.8) 68 (38.9)
Pattern 5 (Obs, Obs, NA, Obs) 46 (0.4) 1(0.4) 26 (0.4) 19 (0.4) 0 (0)
Pattern 6 (NA, Obs, NA, Obs) 26 (0.2) 0 (0) 15 (0.2) 10 (0.2) 1 (0.6)
Pattern 7 (Obs, NA, NA, Obs) 291 (2.7) 3(1.3) 150 (2.5) 138 (3.2) 0 (0)
Pattern 8 (NA, NA, NA, Obs) 278 (2.6) 0 (0) 138 (2.3) 139 (3.2) 1 (0.6)
Pattern 9 (Obs, Obs, Obs, NA) 9 (0.1) 1(0.4) 5(0.1) 3(0.1) 0 (0)
Pattern 10 (NA, Obs, Obs, NA) 4 (0) 0 (0) 0 (0) 3(0.1) 1 (0.6)
Pattern 11 (Obs, NA, Obs, NA) 77 (0.7) 1(0.4) 39 (0.6) 36 (0.8) 1 (0.6)
Pattern 12 (NA, NA, Obs, NA) 126 (1.2) 1(0.4) 44 (0.7) 78 (1.8) 3(1.7)
Pattern 13 (Obs, Obs, NA, NA) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0)
Pattern 14 (NA, Obs, NA, NA) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0)
Pattern 15 (Obs, NA, NA, NA) 4 (0) 0 (0) 0 (0) 4 (0.1) 0 (0)
Pattern 16 (NA, NA, NA, NA) 13 (0.1) 0 (0) 5(0.1) 8 (0.2) 0 (0)

3.7.2 Model Specification

We assume that missed-visit status Y follows a Bernoulli distribution [Y | X ] ~ Ber {n(X)},
where (X) = Pr(Y = 1|X) is parameterized as n(X) = g(X). To parameterize g(X), we
use main-effects logistic regression. Missingness in the covariate space is handled using the
fully stratified pattern submodel, the collapsed pattern submodel, regression imputation and
multiple imputation approaches. Due to the sparsity of the observable missingness patterns
from (3.3) we focus on the largest four patterns induced by the combinations of CD4 count
and BMI. Thus the stratified pattern submodel is fit to those four patterns with the missing-
ness indicators of WHO stage and education level added as direct effects in the resulting four
regression models.

The collapsed pattern submodel includes the four missingness indicators for the covariates
with missing values as direct effects. The covariates are then represented as X;(1—M;), which
is modeled using cubic regression splines for BMI and CD4 count, with knots selected from
the empirical distribution of X;(1 — M;). For categorical variables such as WHO stage and
education level, missingness is treated as an additional category. Outcome models fitted using

regression imputation or multiple imputation follow the f; specification from Section and
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are therefore fit without missingness indicators. In these models, covariates with missing data
enter as X; without distinguishing between observed and imputed values.

In the AMPATH data, censoring by death before a visit represents a competing risk in the es-
timation of retention and is handled through a probabilistic chained classifier approach where
we introduce an auxiliary binary outcome variable D defined by survival long enough to have
the next visit (D = 1) or death before the visit (D = 0). Our expansion of the original proba-

bility then becomes

Pr(Y=1/X) = > Pr(Y=1|X,D=d)Pr(D=d|X)
de{0,1}
= Pr(Y=1|X,D=1)Pr(D =1 |X).

This simplification occurs because the probability Pr(Y = 1 | X,D = 0) is identically zero;
i.e., a patient who dies before their scheduled visit cannot miss their scheduled visit. Due to
sparsity the functional form of Pr(D = 1 | X) is fit using a main effects logistic regression where
continuous covariates are instead fit linearly instead of with regression splines. The functional
form of Pr(Y = 1 | X,D = 1) is fit using a main effects logistic regression where continuous

covariates are specified as regression splines.

3.7.3 Imputation Model Specification

For regression imputation we specify four imputation models in total; one for BMI, CD4
count, WHO stage and education level. BMI and CD4 count are specified as linear models
while WHO stage and education level are specified as multinomial logistic regressions. Due
to the sparsity of missingness patterns shown in Table we collapse patterns and include
the missingness indicators as direct effects in the models. Covariates with missing values are
entered as X;(1 — M;), with continuous covariates represented using cubic regression splines.
Continuous covariates are imputed using their conditional mean, while categorical covariates

are imputed deterministically as the category with the highest conditional probability, i.e. X i =

,,,,,
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For multiple imputation a total of four imputation models are developed, one each for BMI,
CD4 count, WHO stage and education level. The imputation models for BMI and CD4 count
are specified using a linear model while WHO stage and education level are specified using a
multinomial logistic regression. Continuous covariates are represented with cubic regression
splines. We generate K = 30 completed datasets and fit the outcome model to each imputed
dataset. Predictions for a new individual are obtained following the procedure outlined in

Section

3.7.4 Results

Figure[3.4]shows the relative variable importance estimates for the outcome model using re-
gression imputation and the outcome model using multiple imputation to handle missing data.
The ranking of covariates varies depending on whether a conditional or unconditional strategy
is employed. When the covariate is removed from the outcome model but not the imputa-
tion model (conditional strategy) the relative importance of WHO stage changes substantially,
with more extreme differences observed for regression imputation compared to multiple im-
putation. When missingness is present at both model development and deployment, failing to
remove a covariate from both the imputation and outcome models can lead to underestimation
of its relative importance. This may misrepresent how predictions are generated, and if vari-
able importance metrics are used to guide clinical decision-making, it could result in critical
measurements being collected less frequently or not at all.

For the pattern submodel, we report both the global variable importance and the stratified
model variable importances. The global variable importance for the stratified pattern sub-
model is calculated using the estimand described in Section Figure [3.5| compares the
global variable importance across the stratified pattern submodels, the collapsed pattern sub-
models, the outcome model with regression imputation, and the outcome model with multiple
imputation. All four approaches identify age as the most important predictor. In general, the

stratified pattern submodels place greater emphasis on the month of the scheduled appoint-
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ment, likely an artifact of the stratification structure. CD4 count and BMI are consistently
ranked near the bottom in terms of relative importance, consistent with our observation that
variables with high percentages of missing values contribute little to overall predictive varia-
tion. Overall, the variable importance estimates from the imputation outcome models and the
collapsed pattern submodel are remarkably similar.

While CD4 count is consistently ranked near the bottom in the global variable importance,
Figure shows that within fully observed strata, CD4 count is the most important predictor.
This illustrates that even covariates that are sparsely measured in the overall dataset can have
a substantial predictive effect in the strata where they are observed. Notably, in the subgroup
where both BMI and CD4 count are missing, clinic-level characteristics emerge as increasingly
important contributors to the predictive variation.

Table presents predictive performance metrics for the pattern submodel approaches
and imputation-based approaches. Overall, the methods perform similarly, with the exception
of the fully stratified pattern submodel for calibration intercept and slope, likely due to lim-
ited sample sizes within each pattern. This effect is visually apparent in Figure where the
stratified pattern submodel substantially underestimates risk at higher predicted probabilities.
Other metrics, such as AUC and PPV, show minimal differences between the pattern submodel
and imputation approaches. This result is expected: imputation does not introduce new infor-
mation into the model, as imputations are derived from the observed data. Consequently; it is
generally not surprising that imputation does not improve predictive performance compared

with a pattern submodel-based approach.
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Figure 3.4: Relative global LOCO estimates for the variable importance (j) using regres-
sion imputation (left) and multiple imputation (right). Red denotes the conditional method
of calculating variable importance with imputed values where X; is removed from both the
imputation models and outcome model. Blue denotes the unconditional method of calculating
variable importance with imputed values where X; is removed from the outcome model, but
not the imputation model. Covariates are ranked in descending order from largest, denoted
by 1, to smallest, denoted by 12.
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Figure 3.5: Relative global LOCO estimates for the variable importance v(j) using stratified
pattern submodels (top left), regression imputation (top right) using the unconditional strat-
egy, the collapsed pattern submodel (bottom left) and multiple imputation (bottom right) using
the unconditional strategy. Presented are the relative ratios vy(j)/4'(k) where the reference

(k) is the largest LOCO estimate, Age.

107



e
S
&

Relative Importance
o e
b g

0.00:

Subgroup 1 (CD4 = Obs, BMI = Obs) 1.00
Prevalence: 1140 (13.7%)

°
3
a

Relative Importance
° e
I a
b 2

Subgroup 2 (CD4 = Obs, BMI = NA)

Prevalence: 267 (3.2%)

& &
& &
& )’4 & oe»""g
& VQQ Q,&) & \‘\Q“
s

Covariate

4
8
&

Relative Importance
° °
b 38

0.00:

Subgroup 3 (CD4 = NA, BMI = Obs) 1.00
Prevalence: 4413 (53.1%)

Relative Importance
° °
I a
b 2

Covariate

\

Subgroup 4 (CD4 = NA, BMI = NA)
Prevalence: 2492 (30%)

Covariate

Covariate

Figure 3.6: Relative variable importance estimates using LOCO within each of the defined
subgroups using the stratified pattern submodels. Plotted are the relative importances where
in each subgroup the v(j) estimates are divided by the largest LOCO within each subgroup,

max; 9 ().

Table 3.4: Model Performance Metrics for different missingness modeling strategies. Metrics
such as positive predictive value are calculated using the 80" percentile as the threshold for
"high risk" classification. The table reports the estimate with the 95% confidence interval (CI).

The prevalence is reported for context.

Missingness Strategy

Stratified Pattern Submodels
Collapsed Pattern Submodel
Regression Imputation
Multiple Imputation

A=0
AUROC CITL Cal. Slope PPV Prevalence
62.9 (60.4, 65.5) -0.19 (-0.29,-0.09) 0.57 (0.44,0.70)  50.6 (46.1, 55.2) 40.7
62.7 (60.1, 65.2) -0.17 (-0.27,-0.07)  0.74 (0.58,0.90) 50.5 (44.3, 56.1) 40.7
62.9 (60.3, 65.5) -0.16 (-0.26,-0.07)  0.74 (0.59, 0.91)  50.6 (46.1, 55.2) 40.7
63.0 (60.4, 65.6) -0.15 (-0.25,-0.05)  0.77 (0.60, 0.93)  50.6 (46.1, 55.2) 40.7
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Figure 3.7: Calibration curves using stratified pattern submodels (top left), outcome model
with regression imputation (top right), the collapsed pattern submodel (bottom left) and the
outcome model with multiple imputation (bottom right). The dashed red line is a 45-degree
diagonal line which represents perfectly calibrated prediction probabilities.

3.8 Discussion

We have conducted an extensive study regarding the role of variable importance in the
presence of missing data when missingness is expected at both model development and model
deployment. We have shown how the overall outcome model relies on certain key covari-
ates and in the missingness patterns where they are observed. We demonstrate this approach
through popular model agnostic variable importance methods such as dropped variable im-
portance. These measures are defined as a contrast between the predictiveness of the best

possible prediction function based on all available features versus all features but those under

109



consideration.

When dealing with missing data at both model development and model deployment in pre-
diction settings we recommend the using either the smooth pattern submodel approach, or
if imputation is required, an outcome model with multiple imputation. The smooth pattern
submodel does not require imputation at the prediction stage, is straightforward to implement
and has comparable predictive performance to other more computationally expensive methods.
While regression imputation is deterministic and straightforward the technique still requires
one to fit as many imputation models as there are missingness patterns and thus inherits sim-
ilar weaknesses to the full pattern submodel stratification. Multiple imputation is already a
computationally exhaustive process, and requires a large amount of imputations to reliably
estimate the risk score.

We encounter several limitations within the scope of this chapter. Firstly missingness itself
can be informative about the outcome Y. For example, a lab test not being ordered could
indicate that the doctor thought the patient was low risk for an event, and a user not filling
in a field may correlate with some behavioral pattern. Future work could explicitly investi-
gate the contribution of missingness patterns to the outcome, rather than focusing solely on
the observed components of the covariates. Second, the missing data mechanism (MDM) in
the simulation study was assumed to be missing at random (MAR); additional investigation
is needed to determine whether similar results hold under missing not at random (MNAR)
mechanisms. With regard to the imputation models it is common for the end-user to include
auxiliary variables into the imputation models which do not appear in the outcome model
(Sisk et al., 2023). Similarly the quality of the imputation models was not investigated in
this work; future work may seek to determine whether ML-based imputation models produce
better predictions (Hu et al., [2021). Finally, the missing data mechanism may evolve across
stages of model development and deployment. The use of a prediction tool may influence
clinical behavior, encouraging more systematic data collection (Groenwold, 2020). Awareness

that certain variables carry predictive value could alter decisions about whether and how of-
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ten they are measured, potentially changing their predictive utility and affecting the model’s
ability to generalize to deployment data. These dynamics represent important directions for

future research.
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Appendix

Calculation of the conditional effect plots
To calculate the conditional effect plots from chapter 1 we implement the following scheme.
The support of a covariate X is defined as the set of unique values that are observed for X in

the data.

1. Given a fitted model #(X) choose a selected covariate X; from X.

2. group the predicted probabilities from (1) based upon the values in the support of X ;. For
example, if X; were categorical with C categories one would have C sets of probabilities

(gk == {l 'X] :Ck}
3. Calculate the average risk score per value of x in the support of X,

1 .
hj(x) = #{lX—]:x}lZ S(ﬂ(xi(—j),x))

ZX]‘:X
4. Repeat step (3) for each posterior value.

For continuous covariates where there may be sparsity for some values in the support one
can then implement a quantile based approach where the average risk score is calculated per

bin.
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Derivation of LOCO importance for linear model

Linear Model with squared error loss

Consider the case where the loss function is squared error loss L(y, f) = (y — f)?, the
prediction function is specified as the optimal predictor f(X;0) = E(Y |X). Notice at this
point no functional form has been specified for f (X). For this case, variable importance for X;

is

Y(G) = Eyx{(Y —fX?} = Eyx {(Y — f,(X_))°}
= Eyx {(Y = fX))* = (Y — f,;(X_))*}
= Eyx {(Y?=2Yf(X)+ f(X)*) = (Y* =2V f_pX () + fp&X D}
= Epx {(FX)° = fopyX )P} — 2B { By {{Y (X ) — FN}
= Ex {f X)’ = fiopX )} = 2Ex {f @)X ) — F (X))}
= —Ex {f&X)*+2f G p&E )~ fopnE )*}

= EX{(f(X)—f(—j)(X(—f)))z}

The optimal predictors for the loss functions Ey x {(Y —fX ))2} and Ey x {(Y — fep&X (_j)))z}
are f(X) =E[Y |X]and f_;X_;)) = E[Y |X_; ], respectively. When we specify f (X) =X"0,
using the tower property we then deduce that f_;(X _;) = E[Y |X_;,] = E[E[Y |X]|X _;,] =

6y + 6,E[X; X 5]+ D 2+j OiXj.. Respectively we can see that this form will reduce to,

J
B {(re0-rxen)) = B {[(90 +3760) (60 + 0,508, X1+ 360
k=1 It

= {[(GJXJ — O;ELX, |X(—j)]]2}

= 0/Ex {(XJ’ —ELX, |X(—f)])2}
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An thus the form of the LOCO estimator the linear additive case reduces to

02 [ {x;— E(x;1X_)}"]
var(Y)

Y ()
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