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Abstract of ”An Inverse Spectral Problem for Hankel Operators” by Zhehui Liang, Ph.D.,

Brown University, May 2021

This dissertation is devoted to the study of inverse spectral problem of Hankel operators.
It is well-known that spectral characteristics of a Hankel operator does not uniquely define
it: there are many unitarily equivalent Hankel operators. However, as it was noticed in
breakthrough papers by P. Gerald and S. Grellier the spectral characteristics of the Hankel
operator and its one column truncation completely determine the compact Hankel operator.
This turns out to be true for general Hankel operators, which is one of the results of the
thesis.

For self-adjoint Hankel operators it is pretty easy to understand what the spectral char-
acteristics are. For the general case the approach is more involved and based on the theory
of complex symmetric operators. In both cases we state and prove an abstract theorem
that reduces the existence of a Hankel operator with prescribed spectral properties to the
asymptotic stability of some contractions, hence the “dynamical system approach” in the
title.

We then apply this abstract theorem to the particular case of compact operators; the
asymptotic stability there is obtained almost for free, and the description of spectral char-
acteristics can be greatly simplified. We are able to give new proofs for known results by
Gerard—Grillier, as well as to prove some new results.

For compact Hankel operator with simple singular values, we will show that it can be
uniquely characterized by two sequences of complex numbers whose modulus part satisfy an
intertwining relation. While for Hankel operator with non-simple singular values, we will
show that it will be uniquely characterized by two sequences of complex numbers with the
same requirement, together with two sequences of discrete probability measures on the unit

circle.
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Chapter 0

NOTATION

This short section contains the list of main symbols. We consider only separable

Hilbert spaces, usually denoted by H.

62

A*
| Al
Ker A

Ran A

Equal by definition;
The Hilbert space formed by infinite complex sequence x = (z1, x, ...) with
k

oo
constraint Y |z;|* < o0;

=1
Symbol for shift operator on spaces ¢? or H?(T);
The unit circle on the complex plane, T :={z € C: |z| = 1};

The unit disk on the complex plane, D :={z € C: |z| < 1};

The Hardy space on T defined as HP(T) := {f : f € LP(T), f = > ax2*}
k=0

for 1 < p < oc;

Adjoint of an operator A;

Modulus of an operator A, |A| := (A*A)Y/2;
The kernel space of an operator A;

The range space of an operator A;



The orthogonal projection of a vector x onto a subspace H.

For x € H, x* is the bounded linear functional on H defined as
y = (z,y).

Symbol for a self-adjoint operator;

Symbol for a positive self-adjoint operator;

Symbol for a contraction;

The restriction of an operator I' on its essential part, that is I' (Ker[)L"
Symbols for conjugations;

The orthogonal complement of H, on the whole space;

The spectrum of an operator A;

The point spectrum of an operator A;

The normalization of a finite measure p, i.e., the total measure of p equals
L;
Defect operator of a contraction 7, defined as Dy := (I — T*T)/?;
Defect space of a contraction 7, defined as Dy := Clos Ran D7;

Defect indice of a contraction 7, defined as D := dim Dy

Symbol for weak convergence. We say a sequence of vector {x, } — ¢ if

and only if lim (z,,y) — (x,y) holds for all y € H.
n—oo



Chapter 1

INTRODUCTION TO HANKEL OPERATORS

In this chapter, we will first give the definition and some well-known results about
Hankel operators in section 1.1. To follow up, we will introduce some substantial

historical progress on the inverse spectral problem of Hankel operators in section 1.2.

1.1 Introduction to Hankel Operators

Definition 1.1.1. A Hankel matrix is an infinite matriz of form {vj1x}5%s—¢, i-€. @
matrix whose entries depend only on the sum of indices.

A Hankel operator T' is a bounded operator in (? = (*(Z,) whose matriz in the
standard basis {e,}5° of (* is Hankel, i.e. (Te;,ex) = ik holds for all j,k € N. And
we call {7,}5°, to be the Hankel coefficients of T

Remark 1.1.2. Let S be the shift operator on ¢? defined as
S(.I'o, T1,Tg,.. ) = (O,mo,.’ﬂl, To, .. .),
and its adjoint S* given by

S(ﬂfo,l’l,l‘g, .. ) = (1‘1,1’2, .. )



The fact that an operator I' is Hankel is equivalent to the following equation:
rs =S4T, (1.1.1)

so the above identity (1.1.1) can also be used as the definition for Hankel operators.

The following result is a well-known theorem proved by Nehari in [2]. We first recall

the definition of bounded mean oscillation functions (BMO for abbreviation).

Definition 1.1.3 (Definition of BMO function). We say an integrable function f on
T is of bounded mean oscillation (BMO) if

1
1l = Sup—/\f—ffldm< ~,
1 |I| I

where the supremum runs over all arcs of T and f; = ﬁ f[ fdm is the mean of f over

I.

Theorem 1.1.4 (Nehari, 1957). A Hankel operator T : (* — (* with coefficients
{1}, is bounded if and only if there exists a function f € L>®(T), such that ¥n > 0,
f(n) = Yn. Or equivalently, the Fourier series Y v, is BMO.

n>0
Another famous result is proved by Hartman in [4], given an equivalent condition
for compact Hankel operators on ¢2. We first recall the definition of vanishing mean

oscillation functions (VMO for abbreviation).

Definition 1.1.5 (Definition of VMO functions). We say an integrable function f on
T is of vanishing mean oscillation (VMO) if f € BMO(T), and additionally, the mean

oscillation of f on I goes to 0 uniformly when the arc length of I goes to 0.

Theorem 1.1.6 (Hartman, 1958). A Hankel operator T : (* — (* with coefficients
{1}, is compact if and only if there exists a continuous function f on T, such that

f(n) =, forn > 0. Or equivalently, the Fourier series >, v,€™ is a function belongs

n>0
to VMO(T).



As for finite rank Hankel operators, the following theorem is proved by L.Kronecker

in [5], stated as follow:

Theorem 1.1.7 (Kronecker 1881). A Hankel operator I' with coefficients {7,}5° is

finite-rank, iof and only if the sum of series

R(z) = Z

)

7
7

N

1s a rational function of z.

Remark 1.1.8. There is also another Hardy space representation for Hankel operators,
given in [1, Part B Chapter 1, p. 180], which we will just briefly introduce it here. (We
only need Definition 1.1.1 in the main part of this thesis).

We first recall the definition of Hardy space HP(T) := {f : f € LP(T), f = i apz*}
for 1 < p < co. Here H? can be naturally identified with the spaces of analytic fu:r?ctions
on the unit disk . For p = 0o, we define H* to be the space of all bounded analytic
function on the unit disk with the supremum norm.

Now we construct a map from H? to H?> := L? © H?. For a function ¢ € L*°(T),

we define the operator H, as:

Hyf == P_(¢f),

here f € H? and P_ is the natural orthogonal projection from H? to H?.

For this H, : H*> — H?, we can check that the representation matrix of H,,
with respect to basis By = {e€™},>0 on H?, and basis By = {e™}, o for H?, is an
infinite symmetric matrix, thus H, has Hankel structure, and we call this H, as Hankel
operators from H? to H2.

Now we can use this H, to define an operator from ¢? to ¢? which is Hankel. We



first define an involution operator J given by
Jetkt = gilk+1)t holds for all k € Z,

(easy to check that JH? = H?, JH? = H? and J? = 7). Also recall the natural

Fourier transform mapping F defined as

= (f(0), f(1),...), (1.1.2)

mapping H? to (2. Here f(n) is the Fourier coefficients defined as f(n) = [p fe ™ dz.

Now we define an operator I' : £ — (% as
I:=FJH,F "

We can see that I' is a Hankel operator with Hankel coefficients v, = ¢(—k — 1).

Remark 1.1.9. For this defined H,, we can see that it satisfies the following equation
H,S=P_SH,, (1.1.3)

here S is the shift operator on H? defined as Sf := e*. The above identity can also be

used as the definition of Hankel operators from H? to H2.

Remark 1.1.10. From the definition of Hankel operators on Hardy spaces, it’s easy
to see that Ker H,, is either trivial or infinite-dimensional (thus KerI' is also either
trivial or infinite-dimensional for Hankel operator T : ¢2 — ¢?). In fact, from (1.1.3),
we can see that Ker H,, is S-invariant, thus by Beurling theorem (see [7, Chapter 1]),
it must has the form of 6 H? where 6 is an inner function, thus it must be trivial or

infinite-dimensional.



1.2 Historical Development on the Spectral Problem of Han-

kel Operators

1.2.1 Modulus of Hankel Operators

The spectral properties of Hankel operators was first studied in [6]. In this paper,

Khrushchev and Peller raised the following question:

Problem 1.2.1. Given R to be a non-negative self-adjoint operator on H, does there

exist a Hankel operator T such that its modulus |U'| is unitary equivalent to R?
Easy to see that R needs to satisfy the following two conditions:
(i) dimKer R = 0 or oo;
(ii) R is non-invertible.

We have discussed the proof of condition (i) in Remark 1.1.10. As for condition
(ii), it follows from the fact that if I' is Hankel, then

||Fek||2:Z|ozj|2—>O as k — oo
J=>k
So now the question is whether (i) and (ii) are also sufficient for Problem 1.2.1.
The first progress was made in [8]. It was shown that if R satisfies (i), (ii), and
additionally R has simple discrete spectrum, then R is unitary equivalent to |I'| for
some Hankel I'.
Then in 1990, Treil solved Problem 1.2.1, claiming that the discrete spectrum

condition is unnecessary. That is,

Theorem 1.2.2. R is a non-negative self-adjoint operator satisfying the following as-

sumptions:

(i) R is non-invertible;



(i) dimKer R =0 or oc.

Then there exists a Hankel operator T, such that |T'| is unitary equivalent to R.

1.2.2 Self-adjoint Hankel Operators

Now we consider the inverse spectral problem for Hankel operators.

Problem 1.2.3. For a given self-adjoint operator R, can we find out a Hankel operator

I, such that R is unitary equivalent to I'?

To begin stating the equivalent conditions for this problem, we need some prepa-
ration on the definition of Von Neumann integral and scalar multiplicity function.
Given 4 to be a finite positive Borel measure on R, and {# () };cr be a measurable

family of Hilbert spaces. Here the definition of measurable families is given as follow:

Definition 1.2.4 (Definition of measurable families). Let {H(t)}ier be a family of
Hilbert spaces, then we say {H(t) }ier s a measurable family if and only if there exists

at most a countable set Q) of functions f such that f(t) € H(t), p-a.e., such that

Span{f(t) : f € Q} = H(t) for p — almost all t,

and the function

t = (f(t), f2())ce)

is u—measurable for any fi, fo € Q.

If we denote N(t) := dim #H(t), then we can indeed embed all H(t) in a Hilbert

space with orthogonal basis {e, }°°,, and set

H(t) = Span{e, : 1 < k < N(t)}



Definition 1.2.5. We say a function g with values g(t) € H(t) is measurable if the

scalar function

t = (g(t), F(t))n

1s measurable for all f € ).

Now we are ready to define the Von-Neumann integral space., and then followed by

the Von-Neumann theorem.

Definition 1.2.6. The Von-Neumann integral (or direct integral) [ ©H(¢)du(t) is a

Hilbert space consists of measurable functions [ (see definition 1.2.5), such that

1l = ( / ||f<t>||i(t>du<t>)l/2 <.

And the inner product on the Von-Neumann integral is defined as

(f,g) = / ). g0 i ds(1),

where f,g € [ OH(t)du(t).
With this newly defined direct integral space, Von-Neumann proved that every self-

adjoint operators is unitary equivalent to a multiplication by independent variable on

some L? space. The theorem is stated as follow:

Theorem 1.2.7 (Von Neumann’ theorem, see [11]). Each self-adjoint operator de-
fined on a separable Hilbert space is unitary equivalent to an operator A, which is a

multiplication by independent variable defined on a direct integral [ &H(t)du(t):

(Af)®) = t7(t),  fe / SH(t)dp(t).

And we say p to be the scalar spectral measure of A, and we say the function N(t) =

dim H(t) to be the spectral multiplicity function of A.
9



It is also stated in [11] that two self-adjoint operators Ry, Ry are unitary equivalent
if and only if their scalar spectral measures are mutually absolutely continuous and
their spectral multiplicity functions are equal almost everywhere.

Now back to the Problem 1.2.3. A.V. Megretskii, V.V.Peller, and S.R.Treil solved
problem 1.2.3 in [12, Theorem 1, p. 245]. The equivalent condition of such existence is

stated as follow:

Theorem 1.2.8. Let R be a bounded self-adjoint operator on Hilbert space, denote p
be its scalar spectral measure, and N (t) be its spectral multiplicity function. Then R

1s unitary equivalent to a Hankel operator I if and only if all the following conditions

hold
(i) dimKerR =0 or oo;
(ii) R is non-invertible;

(iii) The spectral multiplicity function N(t) satisfies: |N(t) — N(—t)| < 2, pq-a.e.
(absolute continuous part of p), and |[N(t) — N(—t)| < 1, ps-a.e. (singular part
of u).

Here (iii) implies that if one of the N(t), N(—t) is oo, then the other one must also be

Q.

Remark 1.2.9. Notice that condition (iii) also implies that for any self-adjoint Hankel

I', we have

| dim Ker(T' — M) — dim Ker(T' + \)| < 1 holds for all A € R. (1.2.1)

Furthermore, [12] also shows that the inequality (1.2.1) is true for all bounded Hankel
['and all A € C, i.e.,

| dim Ker(T' — A\I) — dim Ker(I' + A\I)| < 1 (1.2.2)

10



holds for all A € C.

From Theorem 1.2.8, we can easily generate another version when R is compact.

Theorem 1.2.10. Let R be a bounded self-adjoint compact operator on Hilbert space,
then R is unitary equivalent to a Hankel operator T' if and only if all the following

conditions hold
(i) dimKerR =0 or oo;
(ii) R is non-invertible;

(iii) | dimKer(R — AI) — dim Ker(R + )| < 1 holds for all X € R.

1.2.3 Hankel Operators not Self-adjoint

For a general Hankel I which is not self-adjoint, the spectrum properties of I' is also
deeply studied. In Remark 1.2.9, we have already given several spectrum properties

for a general Hankel I
(i) 0 € o(T);

(i) |dim Ker(I' — AI) — dim Ker(I' + AI)| < 1 holds for all A € C. In particular, if A

is a multiple eigenvalue of a Hankel I', then —\ must be an eigenvalue.

There are a lot of progress concentrating on whether there exists a Hankel I', such
that o(I') = {0}. The first progress was made by S. Power in [13], proving that there
exists no non-trivial nilpotent Hankel operators (I = 0 for some n > 0). Then in 1991,
A. Metretskii constructed a non-trivial quasinilpotent Hankel operator in [14], i.e., a
Hankel operator I' such that ||[I™||*/" — 0 as n — oo (or equivalently, o(I') = {0}).

Another substantial result is proved in [15], saying that there are no other con-

straints on the spectrum of I' except for {0}. That is:

Theorem 1.2.11. Let o be any compact subset on the complex plane containing zero.

Then there ezists a Hankel operator I' such that o(I') = o
11



When considering other spectral properties of Hankel operators, recall that the in-
equality (1.2.2) gives a restriction on the geometric multiplicities of eigenvalues. How-
ever, if we consider the algebraic multiplicities of eigenvalues (recall that the algebraic
multiplicity of an eigenvalue X is the dimension of the space of all generalized eigen-
vectors, i.e. the dimension of the space L>J1 Ker(I' = AI)™), E. Abakumov proved in [16]

that there are no restrictions on the alge_braic multiplicities of the eigenvalues, for the

special case of finite rank Hankel operators.

Theorem 1.2.12. Given a finite number of non-zero points A1, Ao, ..., A, and multi-
plicities ky, ..., k,, there exists a finite rank Hankel operator I', such that its non-zero
eigenvalues are exactly Ay, ..., A, and the corresponding algebraic multiplicities are ex-

actly ki, ..., k, with 0 an eigenvalue of infinite multiplicity.

1.2.4 The Spectral Data that Uniquely Determines a Hankel Operator

However, for all the results we stated in previous subsections (Theorem 1.2.8, The-
orem 1.2.10, Theorem 1.2.11 and Theorem 1.2.12), the constructed Hankel operator is
not unique. In other words, there are many unitary invariants of a Hankel operator
that share the same spectral property with a given operator R.

Thus we wonder, what type of spectral data that can uniquely determine a Hankel
operator?

The first pioneering progress of this problem was made by P. Gérard and S. Grellier
in [17]. Their results came up as a byproduct of the study of an integrable Hamiltonian
system called the cubic Szego equation. For every u € H%(T), they define the Hankel

operator of symbol u as:
H,(h) := P, (uh),  he H*T).

We need to emphasize that this H, is conjugate-linear, which is different from the

standard definition given in Definition 1.1.1 and Remark 1.1.8. In fact, we can set up
12



a correspondence between Gérard-Grellier’s definition and Definition 1.1.1.

For a given u € H?(T), we define a Hankel operator ', on ¢? with related Hankel
coefficients {v;}72,, satisfies v, = w(k), here u(k) is the Fourier coefficients u(k) =
fT ue~"*?dz. Then we will have the defined H, is unitary equivalent to a conjugate-
linear operator €T" on 2. In fact, we have H, = F*(€T').F, where F is the Fourier
transform given in (1.1.2).

Now for the defined H,, we can easily set up a rank-one perturbation relation. We
define the shift operator on H*(T) as S, := e“u, and then we have S*H, = H,S =
Hg-,,, where S* is the adjoint of S with the representation S*u = P, (e~u). We denote
this S*H, as a new operator K, (which is also conjugate-linear), and we call this K,
to be the shifted Hankle operator with symbol u. Then we have H, and K, is related

by the following identity

K2=H?—u(,u).

For this H2, K2, we can show that they are unitary equivalent to |T'|?, |T';|? respectively:

H2=FCPF,  K2=F Y, AF.

In the Gérard-Grellier’s work [17], they first considered a symbol u such that H,
has rank N, and 1 ¢ Ran H,, then they showed that the singular values of H2 K2,

denoted as {\, }2_,, {1 }2_,, are simple and satisfies the following intertwining relation

N>l > >\ > A (1.2.3)
And conversely, given two sequences {\,}2_,, {un}2_, satisfy the intertwining rela-

tion (1.2.3), we can find a unique u such that H2 K2 have non-zero singullar values

N

n=1> {,un},].yzl are real

as {2 A }Y, respectively. If we further assume that {\,}
numbers, then Gérard-Grellier proved in the same paper [17] that we can find a sym-

13



bol u with real Fourier coefficients {a(k)}32,, such that the induced Hankel operator
[y, S*T, on ¢? are self-adjoint and have simple eigenvalues as {\, }2_,, {1}, respec-
tively.

Later in a followup paper [36], Gérard-Grellier’ solved the case for general self-

adjoint Hankel operators with simple singular values. The result is stated as follow:

Theorem 1.2.13. Let {\,}°2, {1n}22, be two sequences of real numbers such that

[A1] > || > oo > M| > |pn] > ... — 0,

then there exists a unique self-adjoint compact Hankel operator I', such that
(i) the non-zero eigenvalues of I' are simple, and coincides with {\,}22,;
(i) the non-zero eigenvalues of S*I' are simple, and coincides with {p,}22 .

Then in 2014, Gérard-Grellier also solved the case for compact Hankel operators
with multiple singular values. In [19], they described the spectral data by the corre-
sponding singular values together with some Blaschke products.

In this thesis, we will present a dynamical system approach for the inverse spectral
problems of Hankel operators by reducing the problem to the asymptotic stability of a
certain contraction. Different from the work by Gérard-Grellier, we solve the problem

by means of:

(i) Instead of using the language of conjugate-linear operators in [17], [36] and [19];
we treat Hankel operatoars as complex symmetric operators in the non self-adjoint

case;

(ii) To reconstruct the compact Hankel operators according to their singular values,
we will present a theorem so-called Abstract Borg’s theorem (see Theorem 8.0.1),
and then we construct the scalar spectral measure of the Hankel operator from

this theorem;

14



(iii) For the multiple singular values case, we translate the spectral data by their
singular values and some probability measures, where those probability measures

are exactly the Clark measures of the Blaschke products given in [19].
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Chapter 2

STRUCTURE OF THIS THESIS

In this chapter, we will briefly introduce the structure of this thesis.
Throughout the historical studies of inverse spectral problems of Hankel operators

(see section 1.2), we can see that

(i) A Hankel operator cannot be uniquely characterized by the spectral data of its
own. There are many unitary invariants of it on ¢ which are also Hankel, and

share the same spectral properties;

(ii) From the studies of P. Gérard and S. Grellier in [17] and [18], we can see that the

spectral information of I' and S*I" can completely characterize a Hankel operator.

In this thesis, we will further discuss the topic that what spectral data can uniquely
determine a Hankel operator.

In chapter 3, we mainly discuss the inverse spectral problem for self-adjoint Hankel
operators. A self-adjoint Hankel operator I' satisfies [ — I'? = uu* where I'y :=T'S =
S*T" and u = Tey, thus we construct a tuple (R, Ry, p) with relation R* — R? = pp*
where R, R, are self-adjoint and Ker R = {0}. We want to find out whether there
exists a self-adjoint I', such that the tuple restricted on the essential part of I'; i.e.,

(f = I"(

I =T, is unitary equivalent to (R, Ry, p). If such I' exists,

KerI')L’ (Ker )L U)

16



since we have

T,

(Ker ')+

flzs*

we require the contraction 7 defined by 7 := R;R~! to be unitary equivalent to
S*’(KerF)L’ thus 7 is asymptotically stable. In fact, we show in Proposition 3.1.3 tells
us that there exists a unique Hankel I'" such that (f,fl,u) is unitary equivalent to
(R, Ri, p) as long as we guarantee the asymptotic stability of 7. Thus a self-adjoint
Hankel can be uniquely determined by two operators R, R.

Then in chapter 5, we discuss the inverse spectral problem for general Hankel

operators I'. Under this case we take I' as a special type of operators called €-symmetric

operators (See Definition 4.1.6), and write the essential part T as (5.1.5):
F=CfRu.  Ti=ehlf.,

where here J, is a conjugation commutes with |I'|, |T'y], ¢ is unitary and ¢; is partial
isometry which is unitary on /2 © KerI';.
Since a general Hankel operator I satisfies |2 — |Ty|2 = wu* where u := Ieg, we

construct a tuple (R, Ry, p, ¢, p1,J,) that satisfies

(i) R, Ry are two positive, self-adjoint compact operators defined on a Hilbert space

H. In addition we have Ker R = {0};
(i) R? — R? = pp* for a vector p with ||[R7!p|| < 1;
(ili) J, is a conjugation commutes with R, R; and preserves p;
(iv) ¢ is a J,-symmetric unitary operator, which commutes with R;

(V) @1 is a J,-symmetric partial isometry with Ker¢; = Ker R;, which commutes

with R;. In addition, we have ¢ | is unitary.

(Ker Ryt

17



We want to find out whether there exists a Hankel operator I', such that there exists
a conjugation J,, commuting with |I'| and |I';| and preserving u, such that induced
tuple (|f\, |f1|,u, (E, qzl,;”}u) is unitary equivalent to (R, Rl,p,go,cpl,fjp). In fact, we
show in Proposition (5.1.6) that with the asymptotic stability of T := Ryp¢*R™,
there exists a unique Hankel operator I' such that (|f\, |f1\,u, (E, 51,1%“) is unitary
equivalent to (R, Rl,p,go,<p1,3p). Thus a general Hankel operator can be uniquely
determined by two operators Ry := Rip1, R := Ry (which also means that a Hankel
operator can be uniquely determined by its essential part).

For the following chapters, we will further consider the case of compact Hankel
operators, and describe the spectral data of these two operators in a different way from
the results in [36].

We first need to consider the assumptions needed for Ry, Rip; to guarantee the
asymptotic stability of 7. Finding out the equivalent requirement for the asymptotic
stability of T is usually a hard issue, but things become easier if we have R, Ry are com-
pact. In chapter 7, we discuss the requirements we need to guarantee the asymptotic

stability of 7.

(i) If p is cyclic with respect to R in H, then we will show that 7 will be asymptotic

stable for free.

(i) If p is not cyclic with respect to R in #H, then Proposition 7.5.1 gives a criterion
for the asymptotic stability of 7. In addition, if we set a canonical choice for
©, 1 given in Lemma 6.3.2, then Proposition 7.6.3 gives an equivalent condition

for ¢ and ¢, for the asymptotic stability of T .

Secondly, to translates the spectral data of R, R in compact case, we first need to
analyze the eigenspace structure R;, R, which will be the work in chapter 6. Denoting

Ho = Span{R”p‘n > O}, we have R|HO,R1

|7-Lo both have simple eigenvalues, and

R = R; on Hy. The complete description of structure of tuple (R, Ry, p) is stated in

Proposition 6.2.10.
18



With these preparations, now we are ready to translate the spectral data of R, R;.
We classify the compact R, R, into the following situations:

(a) Ho = H and R4, R are self-adjoint. Under this case, we have o(¢) = 0,(¢) C
{1}, o(e1) = o,(p1) C {£1,0} with Kerp; = Ker Ry, thus we can write ¢, ¢; as
f(R), fi(Ry) where f, f; are some measurable unimodular functions that take values in
{£1}. With these assumptions, we show in Theorem 9.1.1 that a self-adjoint compact

Hankel operator with simple singular values can be uniquely characterized by two sets

of real sequences {\, }5°, { i, }52, satisfying the following intertwining relation:

M| > ] > | A2| > 2| > oo > | Au] > |pn] > ... = 0.

(b) Ho = H and Ry, R are not self-adjoint. Under this case, ¢, ¢; acts unitarily on
each one-dimensional eigenspace of R, R; respectively. Under this condition, we show
in Theorem 9.2.1 that a a compact Hankel operator with simple singular values can
be uniquely characterized by two sets of complex sequences {A,}22;, {1, }22,, whose

modulus part satisfy an intertwining relation:

A1 > || > | Aa] > |p2] > oo > | An] > ] > ... =0

(¢) Ho € H. Under this case, if we consider the canonical choice of ¢, ;, then
Lemma 6.3.2 and Proposition 7.6.3 give the behavior of ¢, ¢, on each eigenspaces of
R, Ry. Denoting {pr}72,, {pi}2, as the scalar spectral measure of ¢, p; restricted to
the corresponding eigenspaces with respect to their *-cyclic vector, then we show in
Proposition 10.1.5 that a compact Hankel operator I' can be uniquely determined by
two complex sequences { A, }52,, { . 152, which serves as the singular values of |I'| and
Ty, together with two normalized discrete probability measure {px}22, {pr}22-

Hence the four sequences {\,}5% 1, {1122, {Pr}5y, {01}, as a whole can be

regarded as the spectral data of a general compact Hankel operator.

19



Chapter 3

A RESULT FOR SELF-ADJOINT HANKEL OP-
ERATORS

In this chapter, we discuss the inverse spectral problem for self-adjoint Hankel
operators.

First in section 3.1, we introduce the setting and some preparation work for the
work. For a self-adjoint Hankel operator I', we can show that I' and I'y := 'S satisfy
a rank-one perturbation relation (3.1.1), thus restricted on (KerT')* we get a triple

(f = F‘( fl = Fl U = Feo).

KerT')L’ (KerI')L?

Next in section 3.2, we prove the main result (Proposition 3.1.3) in this chapter.

That is, for a given rank-one perturbation (R, R, p) satisfying the following conditions:
(i) R, R, are self-adjoint operators, Ker R = {0};
(i) R? — Rt = pp;
(iii) The contraction 7 := R;R ™! is asymptotically stable,
then there exists a unique self-adjoint Hankel operator I', such that the triple restricted
on the essential part of I': (f, fl, u) is unitary equivalent to (R, Rq,p). Thus from this
proposition, we can see that a self-adjoint Hankel operator can be uniquely determined

by the spectral data of two operators R, R, which satisfy a rank-one perturbation

relation.
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In addition, we can further translate the spectral data of R, R; under the self-
adjoint compact case. If we further assume that p is cyclic with respect to |R| in
H (under this case we can see that R has simple singular values), then we can show
that the spectral data of R,R; can be characterized by two sets of real sequences

{30 {2, satistying an intertwining relation
M| > [pa] > [A2] > |pal > oo > [Aal > |in] > ... = 0. (3.0.1)

In other words, given two real sequences { A, }52, { i, }52, with the intertwining relation
(3.0.1), there exists a unique self-adjoint compact Hankel operator I" such that the non-
zero eigenvalues of I',T'y are simple, and coincide with {\,}°°, {1, }5°, respectively.

The detail of work in this paragraph can be found in chapter 8.

3.1 Setup of the Inverse Spectral Problem for Self-adjoint

Hankel Operators

Let ' be a self-adjoint Hankel operator. Define I'y := I'S = S*I', which is also a

self-adjoint Hankel operator, then we can write
7 =T8S T =T'(I — epey)[ =I'* — uu, (3.1.1)

where u := Tey.
Since T is self-adjoint, we have RanT @ KerT' = ¢2, and (KerI')* is a reducing

subspace for both T" and T';. Hence we restrict everything on (KerI')*, and denote

' =T f1 = Fl‘(KerF)J—’
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then (3.1.1) can be transformed to
2 —I? = uu' (3.1.2)

Now let us try to go from the opposite direction. Suppose that we are given two self-
adjoint operators R, Ri on a Hilbert space H, and R, R; are their modulus operator

respectively
R = RQO, Rl = thpl,

where here ¢, p; are partial isometries commuting with R, R; respectively.

Our goal here to is find a Hankel operator I', such that the essential part T and T
are simultaneously unitary equivalent to R and R; respectively, meaning that we have
[ = VRV*, fl = VR, V* for some unitary operator V. We can see from (3.1.1) that R

and R4 should satisfy the relation
R? — R} = pp* (3.1.3)

for a vector p € RanR.
To begin with solving the inverse spectral problem, we first need to find a contrac-
tion 7, (hopefully unitary equivalent to the backward shift S*) such that Ry = TR.

The tool to find T is by using the following simple lemma.

Lemma 3.1.1 (Douglas Lemma). Let A and B be two bounded operators on a Hilbert
space H such that
|Bh| < ||AR]] Vh e H,

or, equivalently, B*B < A*A.
Then there ezists a contraction T (i.e. ||T|| < 1) such that B = TA.
In addition, if Ker A = Ker A* = {0}, then the operator T := BA™! (initially
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defined on ClosRan A) can be extended to a contraction T on the whole space H, and
its adjoint is given by T* = (A*)"'B*; notice that the condition ||T|| < 1 implies that
Ran B* € Dom(A*)™!, so the operator T* is well defined on all x € H

For the specific condition, if A has dense range, the operator T is unique.

The specific proof of Lemma 3.1.1 can be found in [20].

When finding a contraction 7 satisfying R; = TR, we usually assume Ker R =
{0} to avoid the non-uniqueness of such 7, meaning that we want R to be unitarily
equivalent to the esssential part of T' (instead of T' itself), i.e., to the operator [ =
['|(kerryL- In this case the operator 7 should be unitarily equivalent to S* restricted

on (KerI')t, meaning that
T - ‘7*3*|(Kerf‘)l‘7 (314)

for an unitary V.
In this situation the vector p from (3.1.3) should be a vector satisfying |R'p|| < 1,

where here ¢ := R~!p can be thinking as
q = V" Pkerr)L €0

So now we arrive at the following setup. Given a self-adjoint R with trivial kernel
on H, and a vector p with property ¢ := R~'p with norm ||¢|| < 1, then R? — pp* > 0,

and we take a self-adjoint R; such that
R? — R? = pp*. (3.1.5)
Now applying the Douglas Lemma 3.1.1, there exists a unique contraction 7 such that
Ri=TR=RT"
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Thus we can rewrite (3.1.5) as
R(I—-T"T)R =Rqq"R,
which implies that
I-T"T =qq¢" = (-, q)q. (3.1.6)

Before stating the main result in this chapter, we need to define the asymptotic

stability of a contraction.

Definition 3.1.2. We say an operator T is asymptotically stable iff T" — 0 in the

strong operator topology as n — oo, i.e. iff for Vo € H
lim || 7T"z]| =0
N 00

Now go back to identity (3.1.4). In order to find a Hankel operator I" such that

(f,fl,u) is unitary equivalent to (R, R, p), we need T to be unitary equivalent to

S* =5 thus we need T to be asymptotically stable. In addition, the following

(KerI')L?

proposition shows that this requirement is also sufficient.

Proposition 3.1.3. If T is asymptotically stable, then there exist a unique self-adjoint

Hankel operator ' and an unitary operator ViH > (Ker ')t such that

[ =T ker) = VRV, (3.1.7)
fl = Fl’(KerI‘)l = ]77219*, (318)
Teo = Vp; (3.1.9)
note that (3.1.9) implies that
Py €0 = Va. (3.1.10)
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And the Hankel coefficients {yx}3>, can be expressed by

W= (T"p,q).

Moreover, KerI' = {0} if and only if ||q|| = 1 and g ¢ Ran{R}.

3.2 Proof of Proposition 3.1.3

3.2.1 Existence of Hankel I

Proof. Treating (3.1.6) as an identity for quadratic forms and substituting € H into
it we get

= ]l* = [ T]* = [{z, ).

Then we substitute x by 7%z for an arbitrary k£ € N, we get
1T | = | T a]* = (T, q) P,
Now taking the sum from k£ =0 to k = n we get
) = 17" 2> = > (T e, q) .
k=0
Let n — oo and using the asymptotic stability of 7 we see that
> =Y (T z, q),
k=0
which means that the operator V : H — (2
Ve = ((z,q),(Tz,q),(T?2,q),...) = ((Tkx,q))zozo (3.2.1)

is an isometry.
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We can see that
VTz = ((Tz,q),(T?x,q),(T’z,q),...) = S*Vx,

so T is unitarily equivalent to either S* (if Ran) = (?) or to the restriction of S* to
RanV, which is a S*-invariant subspace (if RanV # (?). (Here we use a simple fact
that an onto isometry is unitary.)

Let V be the operator V with the target space restricted to Ran V, so V:H — RanV
is an unitary operator. Denoting by S* := S*|Rany (SO S* = §* if RanV = (%), we see

that
VIV =5 VTV =(5)" =P, Slgany =: 5.
Define
[:=VRV*, I;:=VRV" (3.2.2)

Then the relation TR = Ry = R} = RT* (remember that R and R; are self-adjoint)

translates to
FG—T = 5T

Extending I and Iy to operators I' and I'; on the whole space £? by setting them
to be 0 on (Ran V), we can see that KerI' = (Ran V')* and that

[ =VRV*, T,=VRV".

Let us now show that I' satisfies the identity ['S = S*I', i.e. that I' is indeed a
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Hankel operator. For Vf € ¢? we decompose

f= PRaan—i_P(RanV)J‘f =: fi+ f2

We know that S*Ran) C RanV, so S(RanV)t C (RanV)t. Therefore Sf, L
RanV,so I'Sfy, = 0 = S*T'f,. As for fi, since KerI' = (Ran V)*, we have

[Sfi=TP,  Sfi=TSfi=TSfi =5ThH=STh,

so I' is indeed a Hankel operator.

Now it remains to show the identities (3.1.7), (3.1.8) and (3.1.9). The first two
identities are exactly from (3.2.2).To show (3.1.9), we first derive a representation for
2

For Vx,y € H, we have

thus V*y = > 4x(T*)¥q. In specific, we have V*ey = ¢. In conclusion, we have
k

Teo = VRV*Vq = VRq = Vp = Vp,
and we finish the proof of existence part. n

3.2.2 Uniqueness of Hankel I

Proof. Suppose that the identities (3.1.7), (3.1.8), (3.1.9) hold for some unitary oper-
ator V: H — Clos RanT = (Ker ')+ C /2.

Since for a Hankel operator KerI' is always S-invariant, the subspace (Ker ')+ is
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S*-invariant, so the restriction S*| ke, 1)+ is well defined. The identities (3.1.7), (3.1.8)

and the definition of 7 imply that
S*|kerryt = VTV, (3.2.3)

Now denote I' := ['|(kerryr and Ty = ['1|(kerr)t, We restrict both sides of identity

(3.1.1) on (KerT')* and write
2 =T2— wu,
where
u:=Tey = fP(KerF)Le(),
Then identities (3.1.7), (3.1.8) will be unitarily translated to
R?=R?—pp,  where p=Rq, =V Prer) o

Comparing this with R? = R? — pp* we conclude that p = ap, ¢ = ag, for an |a| = 1.

To compute the Hankel coefficients {7}, of I, we have

Yk = (Deg, S*e) = ((S*)*Teo, €0) = ((S*)* T Pikerry: €0, Plicerr) €0)

= (T*"Rq,q) = (T"p.q) = (T"p,q),

meaning that the coefficients {v;}7°, does not depend on V. So the uniqueness is

proved.
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3.2.3 Trivial Kernel Condition

Proof. As we discussed in the proof of existence part, KerI' is trivial if and only if the

operator V defined by (3.2.1) satisfies Ran V' = ¢2. The latter condition is equivalent to

S* = S*, which happens if and only if 7 is unitarily equivalent to S*, or, equivalently,
T* is unitarily equivalent to S.
For the first direction, suppose KerI' = {0}, so T is unitarily equivalent to S*. We
know that
I — 85" = epel, I-T"T =qq",

so by the unitary equivalence ||q|| = ||eg]] = 1. If ¢ € RanR, i.e. ¢ = Rf, then
RT*f=TRf=Tq=0,

and since Ker R = {0} , we conclude that 7*f = 0. But if KerI' = {0}. then 7 is an
isometry, which contradicts 7*f = 0. So ¢ ¢ RanR.

For the sufficiency part, suppose ||¢|| = 1 and ¢ ¢ RanR. We know that

TR*T* =R} =RT*TR =R(I — q¢")R,

and that Ker(/—qq*) = Span{q}. Since ¢ ¢ RanR, we see that Ker R(—qq*)R = {0},
so Ker 7* = {0}.

Now applying (3.1.6) to vector ¢ we get that

q—T"Tq=q,

and since Ker 7* = {0} we see that 7¢q = 0.

Then left and right multiplying (3.1.6) by 7 and T* respectively, we get

TT =TTTT =TaqqT",
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and since Tq = 0, we have TT* = (7TT*)?, which implies that 77* is an orthogonal
projection. Since Ker T* = {0}, we conclude that 77" = I, i.e. T is an isometry.

In addition, we have that 7 is asymptotically stable, thus there is no reduced
subspace on which 7 (and so 7*) is unitary. The identity (3.1.6) implies that rank(/ —
T*T) =1, i.e. the defect indices of ®7 = 1.so T* is unitarily equivalent to the shift

operator S, i.e. that
S=V7V

for some unitary operator V : H — (2. Defining I' = 17729*, I = 972117*, we can see
that
Fl - FS - S*F,

thus I' is indeed the Hankel operator with trivial kernel, which satisfies (3.1.7), (3.1.8)
and (3.1.9). Since such Hankel I' that satisfies (3.1.7), (3.1.8) and (3.1.9) is unique, we

have finished the proof of trivial kernel condition. O
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Chapter 4

INTRODUCTION TO CONJUGATION AND ¢—
SYMMETRIC OPERATORS

In last chapter, we talk about the inverse spectral problem for self-adjoint Hankel
operators. In chapter 4 and chapter 6, we discuss the same topic for a non self-adjoint
Hankel operator. In this chapter, we discuss some background definition and properties
before stating the main result for a non self-adjoint Hankel operator in chapter 5.

In section 4.1, we introduce the definition of conjugation and a special type of
operators called complex symmetric operators, and we show that all Hankel operators
are C-symmetric operators where € is the canonical conjugation defined as (4.1.2).

Next in section 4.2 and section 4.3 we will show two propositions that we will
frequently use in the following chapters. In section 4.2, we give the description of the
generalized polar decomposition (see Theorem 4.2.2) for €-symmetric operators. In

section 4.3, we prove a lemma related to rank-one perturbation, stated as below:

Lemma 4.0.1. Let a self-adjoint operator B = B* be a rank one perturbation of a

self-adjoint operator A = A*,

B=A— app”, a€eR, a#0.

Then there exists a conjugation J, commuting with both A and B and preserving p,
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JIpP = P-
Moreover, 3p|HO is uniquely determined where Hy := Span{A™p : n > 0}. Indeed,

we have J,A"p = A"p holds for all n € N.

4.1 Definition of Conjugation and Complex Symmetric Oper-

ators

To begin with, we need some definitions and preparation work, borrowed from [22].

Definition 4.1.1. An operator € in a complex Hilbert space H is called a conjugation,

if and only if it is
(i) conjugate-linear: €(ax + By) = a€x + By for all z,y € H ;
(ii) involutive: €2 =T ;
(iii) isometric: ||€x|| = ||z|| for all x € H.
The followings are some typical examples of conjugations.

Example 4.1.2. Let (X, ) be a measurable space, then the canonical conjugation €

on L*(X, u) is just the pointwise complex conjugation:

(€f)z = f(z).
Particularly, the canonical conjugation defined on C" is given by
(21, 22y ..y 2n) = (Z1, 22+, Zn)
Example 4.1.3. The Toeplitz conjugation on C" is defined as

Q:<Zl7 29y euny ZTL) — (Z_TH Zn—1; Z_1>
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The following is a well-known result, giving the existence of a set of €-real orthogonal

basis {e,}22 |, stated in [22].
Definition 4.1.4. We call a vector v € H a €-real vector if Cv = v.

Lemma 4.1.5. If € is a conjugation on H, then there exists an orthogonal basis {e,}>°

such that Ce,, = e, holds for all n. In particular,

Q(Z anen) = Za_nen

holds for all {a, }n>0 € €2, And we call such basis {e,}°°; €-real orthogonal basis.
From the definition of €-real orthogonal basis, it’s easy to see that for any two
vectors z,y € H and any conjugation €, we have

(Cx,y) = (Cy, ). (4.1.1)

Now we introduce the definition of €-symmetric operators.

Definition 4.1.6. Let € be a conjugation on Hilbert space H. A bounded linear operator
T on H is called €-symmetric iff T = €T'C.

If we have an operator T is €—symmetric, and we take a €-real orthogonal basis
{en}n>0, then we can show that the representation matrix of 7" with respect to this

basis {e,}22; is a complex symmetric matrix. In fact,

[T)ij = (Tej, e5) = (€T"Cej, e5) = (Cey, T &e;j)

= (e, T"ej) = (T'es, ¢5) = [T

We record here some well-know examples of complex symmetric operators, and their

corresponding €-real orthogonal basis.
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Example 4.1.7. For any Hankel operator I', we have I' = €I'*€ where here &€ s the

canonical conjugation on (*:
(21, 29, 23...) = (21, 22, Z3...).- (4.1.2)

Hence T' is a €-symmetric operator. Here the €-real orthogonal basis can be simply

taken to be the original orthogonal basis {e,}52 .

4.2 Generalization of Polar Decomposition for ¢-symmetric

operators

In this section we will introduce a generalized polar decomposition for €-symmetric

operators. We begin with the definition of partial conjugation.

Definition 4.2.1 (See [21]). An anti-linear operator J in Hilbert space is called a par-

tial conjugation if (Ker J)* is invariant for J and 3|(K is a conjugation. Denoting

erJ)t
A= (KerJ)*, then we often say that J is a partial conjugation on K.

Let us recall that an operator U is called a partial isometry if its restriction to
(KerU)* is an isometry; note that (KerU)* does not need to be U-invariant. If
denoting & := (Ker U)*, we sometimes say that U is a partial isometry on £.

Recall also that any bounded operator T" in a Hilbert space admits a unique polar
decomposition T = U|R|, where |R| := (R*R)"/?, and U is a partial isometry with
KerU = KerT.

Then we have a generalized polar decomposition for complex symmetric operators,

given in [21]:

Theorem 4.2.2. If T = U|T| is the polar decomposition of a €—symmetric operator
T, then T = €J|T|, where J is a partial conjugation satisfy KerJ = KerT, which
commutes with |T| := v/ T*T. In particular, the partial isometry U is €—symmetric

and factors as U = €.
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Remark 4.2.3. Note that we can always find a conjugation 5, such that 5 = J on
(KerJ)*. In fact, we can take J' is an arbitrary partial conjugation with support
KerJ, and then define 5 = J+J. With this conjugation 5, we can reach several

corollaries from Theorem 4.2.2.

Corollary 4.2.4. If T is a bounded €-symmetric operator on H, then T = €J|T|, where
J is a conjugation that commutes with |T|. In addition, the choice of J is unique if

and only if Ker T' = {0}.

Corollary 4.2.5. If T is a bounded €-symmetric operator, then T = W|T| where W is

a C-symmetric unitary operator.

4.3 A Property Related to Rank-one Perturbation

In last chapter, we have shown that a self-adjoint Hankel operator I' satisfies a rank-
one perturbation relation: I'? — I'? = wu*, where I'y := 'S and u = I'ey. For a general
Hankel operator I', we can derive a similar identity. In fact, since I'y = I'S = S*I", we

have
IT)> = |Ty|> =TT = I*SS*T = T'*(1 — SS*)T = I (eef)T,
so denoting u := ey, we have
IT)> — |14 = wu™, (4.3.1)

In this section, we will prove the result in lemma 4.0.1, which will be frequently
used in later discussion. Applying this lemma to (4.3.1), we can find a conjugation J,
commuting with |T'|, |T';| and preserves u. In addition, this conjugation is unique if u

is cyclic with respect to |T'| in H.

Proof of Lemma 4.0.1. To begin with, we need the following lemma.
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Lemma 4.3.1. (Modified from [24, Theorem 2.2]) Let J be a conjugation on L?*(p),
where p is a Borel measure on R, which is compact supported. Then the following two

statements are equivalent:
(i) M,J = IM,., where M, is the operator of multiplication by independent variable;

(ii) There exists a function ¢(x) € L>(p), |p(x)] = 1 p— a.e., such that: Jf =

My 31 f holds p—a.e . Here J; is the canonical conjugation on L*(p) defined by

Ji: fx) = f(2)

Proof. We only need to show (i) == (ii), while the other direction is easy to check. We
know that M,JJ; = JM,J1 = JJ1 M., hence M, commutes with an unitary operator
331 on L*(p). By [Theorem 3.2, [25]], JJ1 = My for a ¢(z) € L*(p), J = My

Since JJ; = M, is unitary, we conclude that |¢| =1 p-a.e. O

Now get back to the proof of Lemma 4.0.1

By Von Neumann’s theorem (See Theorem 1.2.7), up to unitary equivalence we can
assume that A is the multiplication by independent variable M, on L?*(p), and p is a
function f(z) € L?*(p). By Lemma 4.3.1, since M,J = JM,, we have J = My, J1 for
a certain function ¢(z) € L>(p), |¢(x)| =1 p— a.e. Then from Jf = f, we have

Thus we can set ¢(z) = L& where f(z) # 0, and set ¢(z) to be any unit value where

f(z)
f(z) = 0. This gives the existence of such conjugation J,,.
To see that J, is unique on Hy, we can show by induction that J,A"p = A"p for
all n € N.

In fact, the equation holds trivially when n = 0. Assume that the equation holds
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for n =k, then for n =k + 1,
3pAk+1p _ A:ijkp _ AAkp _ Ak—’_lp,

thus J, is uniquely defined on Hy = Span{A™p : n > 0}. O

The following lemma gives all such conjugations that satisfy the property in Lemma
4.0.1. It’s easy to see that such conjugation J, is unique if and only if p is a cyclic

vector for A.

Lemma 4.3.2. If J, is a conjugation from Lemma 4.0.1, then any other such conju-
gation J,, that also satisfies the requirement in Lemma 4.0.1 will be given by J;, = 13,

where 1 is unitary J,-symmetric operators commuting with A and preserves p, P¥p = p.

Proof. 1f J, is another conjugation, commuting with A and preserving p, then J;, = 93,
where ¢ := JJ,. It is east to see that 1 is a unitary operator. It is also easy to see
that 1 is J,-symmetric operator commuting with A and that ¢¥p = p.

On the other hand, if v is a J,-symmetric unitary operator, commuting with A
and such that ¢¥p = p, then the (conjugate-linear) operator J, = 13, is a conjugation
commuting with A and preserving p.

Indeed, the operator J, is trivially conjugate-linear, isometric, preserves p and
commutes with A (and so with B). To show that J is an involution we use the

Jp-symmetry of :

here in the second equality we use the fact that 1 is J,-symmetric. O

Remark 4.3.3. Since ¢ commutes with A and preserves p, it is easy to see that w‘ o =

1],
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Chapter 5

GENERAL HANKEL OPERATORS AS COMPLEX
SYMMETRIC OPERATORS

In chapter 3, we have discussed the inverse spectral problem for a self-adjoint
Hankel operator. In this chapter, we will discuss the same topic for a general Hankel
operator taken as a €-symmetric operator. We will also show that a Hankel operator
can be uniquely determined by the spectral data of two operators satisfying a rank-one
perturbation relation.

In section 5.1, we introduce the setting and some preparation work for the game.
Briefly speaking, we can find a conjugation J,,, such that this J, commutes with |I'| and
IT'y|, and also preserves u := I"*¢;. Then we apply the generalized polar decomposition
Theorem 4.2.2 to I', I'1, and restrict I, I'; on the essential part of I', thus we can write

them as the form in (5.1.5):
=4l e =all (5.0.1)

We also need to emphasize that the choice of J, is unique if and only if u is cyclic
with respect to |I'| on H. Under this case, the choice of unitary (E and partial isometry
51 is also unique.

Next in section 5.2 and section 5.3, we state and prove the main result (Proposition
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5.2.3 and Proposition 5.2.4) in this chapter. That is, given a triple (R, R1, J,, ¢, ¢1, D)

satisfying the following properties

(i) R, Ry >0, Ker R = {0}, are self-adjoint operators in H, and p € H and such that
R* — R? = pp*.

(ii) J, is a conjugation commuting with R and R; and preserving p, J,p = p.
(ili) ¢ is a Jp-symmetric unitary operator commuting with R.

(iv) ¢q is a J,-symmetric partial isometry, Ker ¢; = Ker Ry, commuting with R;; note

that if Ker Ry = {0} then ¢; is unitary.
(v) The contraction T := Ryp10*R™" is asymptotically stable;

then there exists a unique Hankel operator I', such that we can find a conjuga-
tion J, commuting with |T'|,|T';| and preserves u, satisfying that the induced triple
(|f|, |f1|, u, 5, 51,31) is unitary equivalent to (R, R1,p, ¢, ¢1,Jp)-

Thus we can see that a general Hankel operator can be uniquely determined by
the spectral data of two operators Ry, Ri¢;, which satisfy a rank-one perturbation
relation.

In addition, we can also further translate the spectral data of Ry, R1¢1 under the
compact case.

Denoting $, = %ﬂﬂ”u‘n > 0}. Then Proposition 6.2.2 implies that there
exists two positive real sequences { A }72, {1k}, such that the non-zero eigenvalues
of |f|‘m’ |f‘41|‘j~jo are simple, and coincide with {\g}22;, {pr}72, respectively.

We can further show that |I'|, |T';| has no non-zero eigenvalues other than {\,}2
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{111}2°,. Thus we can write all eigenspaces of |T'|,|T';| as the following:

¢l =Ker([Th| — M), €, :=Ker(|T| — M J);

¢l =Ker(|Ty| — ml), €, :=Ker(|T| — pl),

For the non self-adjoint compact I', we can also take a canonical choice of tuple
(Jus gg, 51), which is given by Lemma 6.3.2, together with the equivalent condition of
asymptotic stability given in Lemma 7.6.3, we have the structure of ¢ on €,,, €, , and

the structure of ¢y on €} , €, , which is given as follow:

Hi?
(1) ¢|€l‘k =1, ¢1|€}\k = I;
(i) uy, is a *-cyclic vector for (b!&k, where wuy, 1= Fe, u;

e . * . -~ e
(ili) w,, is a *cyclic vector for ¢, where u,, = P@ﬁku.

e,

Now with the preparations above, we consider two different situations under the
compact case:

(i) $H = 2. Then we have €, , €} are trivial, and €,,, €, are of dimension 1.
Under this situation, we have the choice of J, is unique, and we conclude that I" will be
uniquely determined by the eigenvalues of two operators yf@, y’r]%l In other words,
given two sequences of complex numbers {\,}5°, {1, }5°,, whose modulus satisfy an

intertwining relation:
A1 > [pa] > [A2] > |pa] > oo > [Aa] > |ln] > ... =0,

we can find a compact Hankel operator I with simple singular values, with the uniquely
determined tuple (J,, ¢, ¢1), satisfying that the non-zero eigenvalues of |I'|¢, |I'1|¢; are
simple, and coincide with {A,}>%, {1, }22, respectively.

The detail of work under this situation can be found in section 9.2 in chapter 8.

(i) $o S ¢?, then we can define a measure py(s) to be the scalar spectral measure
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of wy, = HZ%H with respect to $|€A . And we also similarly define p}.(s) to be the
k k

~ u, . e
scalar spectral measure of fi;, 1= ﬁ with respect to gb1|Q31 :
M g

S —Z S —Zz

(@0 i) = [P (G- a0 ) = [

We conclude that pi(s), pi(s) are both positive discrete probability measures (see
Proposition 10.1.2), and we conclude that the four sequences { A\, }o2 1, {1221, {Pr}72 4,
{pr}32, will uniquely determine a Hankel operator (see Theorem 10.1.5).

The specific description of the theorem can be found in chaper 9.

5.1 Setup

Given a bounded Hankel operator I', we have mentioned in Example 4.1.7 that
I' and T’y := S*I' are €-symmetric, thus applying Theorem 4.2.2, there exists partial
conjugations J and J; commuting with |I'| and |I';| respectively, such that KerJ =

KerI', KerJ; = KerI'y and
F - @]F\, Fl - Q:G1|F1‘, (511)

where here J,J; commutes with |I'|, || respectively.

Now recall that we have derived in (4.3.1) that
1% — | |* = wut, (5.1.2)

where u = T'*eg. We apply Lemma 4.0.1 to (4.3.1) with A = |T|*, B = |[I1]*,a = 1,

then we have that there exists a conjugation J, commuting with |T'|? and |T';|? and
such that J,u = u.
We want to show that J, also commutes with |['| and |I';|. We need the following

short lemma.
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Lemma 5.1.1. Let R be a bounded, self-adjoint positive operator on Hilbert space H,

and J is a conjugation on H. Then the following two statements are equivalent:
(i) R commutes with J ;
(ii) R? commutes with J.

Proof. (i) = (ii) is trivial, we only need to prove the other direction.
Since R? commutes with J, for any polynomial p with real coefficients, p(R?) also
commutes with J: p(R?*)J = Jp(R?). Since the scalar spectrum measure o(R?) is

compact supported, we can take a polynomial sequence {p,(z)}>2; which converges

uniformly to ¢(z) = /= on (R?). Then by ¢(R?*)J = Jo(R?) we have

Ry =3JR

]

Now back to identity (5.1.2), we know that J, commutes with |I'|, |I'y|. Thus we

can rewrite the polar decomposition form in (5.1.1) as

['=CpJu|l =&P|lJu,  T1=€hJull] = €n|T1 [T (5.1.3)

where ¢ 1= JJu, 01 := J1J. are partial isometries, commuting with |I'| and |T';| re-
spectively. Since J, commutes with |I'| and with |I'y|, both KerI' = Ker |I'| and
KerT'; = Ker |I';| are invariant for J,, so Ker ¢ = KerI', Ker ¢; = KerI';.

We can rewrite those above identities (5.1.3) as

Since J, commute with ||, both KerI' = Ker || and (KerI')* are invariant for J,,,

and therefore J,(KerI')* = (KerI')*.
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Now restricting everything to (Ker I')* and denoting [:=T (KerT)Lo =1, (KerT)Lo
Ju = Ju}(KerF)i’ ¢ = ¢‘(KerI‘)i’ ¢1 - ¢1|(KerF)l we can see that

Remark 5.1.2. We can easily see that (5.1.5) is well-defined. In fact, though (Ker I')* is
not necessarily an invariant subspace for I, it is a reducing subspace for |I'|, and since
u € RanT* L KerT, it is also reducing for |T';|?, and so for |Ty|. It is also invariant
for ¢, and for J,, so everything in the right hand sides of (5.1.5) is well defined, which

means that (Ker ')t is invariant for €T" and for €T';.

Now back to (5.1.5). Since J,(Ker ')+ = (KerI')*, J, is a conjugation on (Ker I')%,
commuting with |I'| and preserving u (note that u = ey € Ran |I'|). We can see that
5 is unitary since Ker ¢ = KerI'. Note also that the operator I, can have a non-trivial
kernel (at most one-dimensional), and the action of 51 on this kernel does not matter

in (5.1.5). So, let us assume for definiteness that 51 = 0, i.e. that (;~51 is a partial

‘Ker fl

isometry with Ker 51 = Ker .

Remark 5.1.3. As it was shown above, see Lemma 4.3.2, the conjugation ﬁu and the
operators gg, 51 in (5.1.5) are not unique, and are defined up to equivalence. Namely,
the two triples (Ju, &, 1) and (3, &', &) are in the same equivalent class if there exists
an ﬁu—symmetric unitary operator @ commuting with |f| and preserving u, Yu = u,

such that
=48 I=00, di=dw
We can easily check that (5.1.5) is still true if we substitute (3o, ¢, ¢1) by (3., ¢, &):
¢l = (Z'|f|§;, Q:fl = gﬂiﬁ@

Now we give an expression of the Hankel coefficients of I', i.e. {74}, implying
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that I" could be uniquely determined by |f], U, Jus 5, 51. In other words, the uniqueness

of I' only depends on the essential part of I', i.e. T’

(KerI‘)L.
Proposition 5.1.4. Given a Hankel operator ', with the tuple (|f|, |f1|,u, 5, 51,3u)
defined in (5.1.5). Then the Hankel coefficients {}32, can be expressed as

i = (&) Fu, v), (5.1.6)

where &* := |T4|¢o|T| ™1, v := Jueo, and here S* is the restriction of backward shift
on (KerI')*, i.e.

§ =5 |(KerF)L
Proof. From I'y = S*T" together with (5.1.4), we have
Thus

¢ || = S* oI (5.1.7)

Restricted on (KerT')* and denote S* := S*|(KerF)L’ we can rewrite it as
Cilgr = S7[Tlo, 5% = [Tiléwo"| T~

Now using the definition of &*, since we have 5, 51 are ?ju—symmetric, we have

& Fu = JulT1]¢1 Tt = 3,5
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thus &* = §u§*§u, and & = (6*)* satisfies
Ty|¢1 = S°[T|6 = T[S
Now using v = Jue0 = Ju€ey = Ju&€J,v, and since (Ker F)L is an invariant subspace

for |T'|, ¢, we can write

uw=1%¢ =I"J,v
= (IT3¢)Ju(JuCIuv)

= 1330 = |T|¢v = |T|ov. (5.1.8)
Now using (4.1.1), we can express the Hankel symbol v, as

W = (Tex, eg) = (S*ep, u) = (Jieo, (S*)*u)
= (3u(S)Fu,v) = (Fu(S*)Fu,v)
= ((&")*u, v). (5.1.9)

We will use this equation (5.1.6) in a later proof.

5.2 Plan of the Game and Main Result

Given a Hankel operator T, in section 5.1 we have setup a tuple (|T[, |F1|,§u, 5, 51, w)

with the following properties:
(i) |T|,|T1| are self-adjoint positive operators. In addition, |T'| has trivial kernel;
(if) T2 = [T4f? = wu;

(i) J, is a conjugation which commutes with ||, |T';| and preserves u, i.e. Jyu = u;
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(iv) ¢ is a J,-symmetric unitary operator which commutes with |T:
(V) 51 is a ?ju-symmetric partial unitary operator which commutes with \fl\

Now we consider the inverse direction of the problem. Assume that we are given a

tuple (R, R1, Jp, ¢, @1, p), which shares similar properties as tuple (|I'], |F1|,§u, (Z, ggl, u):

(i) R, Ry > 0, Ker R = {0}, are self-adjoint operators in H, and p € H and such that
R* — R? = pp*.

Note that the above identity implies that p € Ran R and ||[R™1p| < 1.
(i) J, is a conjugation commuting with R and R; and preserving p, J,p = p.
(ili) ¢ is a Jp-symmetric unitary operator commuting with R.

(iv) ¢y is a J,-symmetric partial isometry, Ker ¢; = Ker Ry, commuting with R;; note

that if Ker Ry = {0} then ¢; is unitary.

Remark 5.2.1. The first thing to notice is that the dimension of Ker R; is at most 1.
This can been easily seen from a later Lemma 6.2.1.

The second thing is that ¢ is unitary, implied by (iv). In fact, since we

(Ker Ry)+

is isometry, it suffices to show that ¢ | is onto. From

already have ¢ | (Ker Ry
er R

(Ker Ry)+
equation ¢1J, = Jp}, since Ran ¢} = (Ker Ry)* and (Ker R;)* is a reducing subspace

for J,, we have (Ker Ry)* C Ran(J,¢7), hence (Ker Ry)* C Ran .

We want to know whether we can find a Hankel operator I' and choose an appro-
priate a partial conjugation J,, which commutes with |['| and preserving u = "¢y such
that the tuple (|f|, |f1],§u, 5, 51, u) defined in equation (5.1.5) is unitary equivalent to

(R, R1,Jp, ¢, ¢1,p), i.e., the following identities hold

IT| = VRV*,  |Ty| = VRV* (5.2.1)

d=VoV* b=V V",  FJ.=VIV,  u=Vp, (5.2.2)
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for some unitary operator V : # — (Ker ).

Remark 5.2.2. For the case when p is a cyclic vector with respect to R in H, then by
Lemma 4.3.2, we know that J, is uniquely defined. (Thus with the unitary equivalence
relation in (5.2.1) and (5.2.2), we have u is a cyclic vector with respect to |I'| on
(KerT')1). In this case, we can write ¢, p; as f(R), fi(R;) for some Borel measurable,

unimodular functions f, fi.

In this chapter, we will prove the following two propositions as our main results.

Proposition 5.2.3. If contraction T := piRiR™'0* (see Douglas Lemma 3.1.1) is

asymptotically stable (see definition 3.1.2), then there exists a unique Hankel operator

I' such that
¢l = VRJ, V", (5.2.3)
Q:fl = 17R1(,013p)7*, (524)
Ieg = Vp (5.2.5)

for some unitary operator ViH— (KerI')*; here, recall € is the standard conjugation
on (% defined by (4.1.2).

The coefficients {7V, }32, of the Hankel operator I' can be calculated as

= (T, q). (5.2.6)

where T = iR R o =3, TJ, and g := R~ 'p*p = o*R~1p.
Furthermore, KerI' = {0} if and only if ||q]] = 1 and ¢ ¢ Ran R (recall that
[R7'pll < 1, so lgll <1).

Proposition 5.2.4. The identities (5.2.3), (5.2.4), and (5.2.5) are equivalent to the
unitary equivalence of the tuples (\f\, \fl\,}}u,& (El,u) and (R, Ry, Jp, ¢, ¢1,D), i.e. to
the identities (5.2.1), (5.2.2). (In other words, there exists a conjugation J,, defining on
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H, such that we can construct a tuple (|f|7 |f1|,§u, gg, 51, w) which is unitary equivalent

to (R, R1,3p, %, ¢1,Dp), and also satisfying (5.1.5)).

We first show that the two propositions aboveare equivalent, then we will present

the proof of Proposition 5.2.3 in the next subsection.

Proof. Substituting (5.2.1) and (5.2.2) into (5.1.5) we immediately get (5.2.3), (5.2.4),
and (5.2.5), so we only need to prove the other direction.

Now Assuming (5.2.3), (5.2.4) and (5.2.5), let us show that
IU| = VRV*, [Ty =VRV".
We first show that I* = VJ,¢* R(V)*€. Indeed,

(Tz,y) = (€VRpJ,Vx,y) = (Cy, VRYJ, V' x)
— (g*RV* €y, 3,V ) = (V2,30  RV*Cy)

— (2, V3,0 RV*Cy)

Thus I'* = 9*32,90*1%17*@, and we have

. o 1/2
Fl = ((7)
1/2
= (173ps0*R2s03p(17)*)

o N\Y
= <VR2V*) = VRV*.

Similarly we can get |f1| — VR, V*. The fact that 1 is only a partial isometry does not
spoil anything; since ¢; commutes with R; and Ker ¢, = Ker Ry, we have o] R1¢ = Ry,
and the rest of the computations follows exactly as for the case of |I'].

Next we define a conjugation J. on (KerI')t = RanV by setting Ju = 173]017*.

Easy to see that J, commutes with [T = VRV*,|T;| = VR, V* and preserves Vp. Now
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we extend J, to a conjugation J, defining on the whole space £2. This can be done by
following the process stated in Remark 4.2.3 (we can set 5; to be an arbitrary partial
conjugation with support KerI', and then let J, = ﬁu @5&, thus we have J, commutes
with |T'[,|Ty|, and this J, also preserves Vp).

Define 5 = )7@7*, ;51 = lN/gollN}*. Clearly (75 is a unitary operator commuting with
|, and ¢, is a partial isometry, Ker ¢; = KerI'; commuting with |T';|. Now we can
rewrite equations (5.2.3), (5.2.4) as

' = ¢(VRV)(VeV*) (Y3, V") = €|T|¢ du,
) = CVRYV) (Ve V) (V3,V7) = €| |13,
which are exactly identities (5.1.5) (for the particular choice of Ju, @, ¢1).
Finally, let us notice that (5.2.5) is just the identity u = vp. O

5.3 Proof of Proposition 5.2.3

The whole proof consists of three different parts: existence, uniqueness and the

trivial kernel condition.

5.3.1 Existence of Hankel Operator I'

Proof. Let us first rewrite the equation R*—R? = pp*. Since ¢ is unitary and commutes

with R, we can write
R* = 0*R?p. (5.3.1)
Similarly, since ¢y is a partial isometry commuting with Ry, Ker ¢ = Ker R;, we have

R} = (Rip1)"(Rigpr) = ¢"RT*T Ry, (5.3.2)
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where the last equality follows from the definition of 7. Denoting ¢ := J,¢, we have
p=Jpp = IpRpq = RY*Jpq = Req. (5.3.3)

Combining (5.3.1), (5.3.2) and (5.3.3), the equation R* — R? = pp* can be translated

to
ORI —T"T)Rp = Rp*4q" Rep.
Since the operator Ry has trivial kernel, we conclude that
I-T"T =(9)(Q)". (5.3.4)
Applying both sides of (5.3.4) to  and taking inner product with x, we get
lll* = 1 T[* = [z, @)

Replacing x in the above identity by T, (T)%x,...,(T)" 'z, and summing up all n

equations, we see that

l[|* = 17" ]|* = Zlq,Tl

Letting n — oo and using the asymptotic stability of 7, we conclude that

|||* = Z! (5.3.5)

which implies that the operator V : H — ¢* defined by

Ve = ((z,4), (T, @), (T?,q),...) = (T*2,)):°, (5.3.6)
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is an isometry. The above identity (5.3.6) implies that
SV =VT. (5.3.7)

Denote V as the operator V with the restricted target space on RanV; then the
operator V : H — RanV is unitary. Trivially (5.3.6) implies that Ran V is S*-invariant,

so we can define 5* : RanV — RanV as S* := §* Denote by S the adjoint of

|RanV'
5% S:=(S) =P S| gany- Then the identity (5.3.7) implies that

~ " RanV
S*=VTV* and S=VTV. (5.3.8)
Now we define operator I' and I'; as following

= CVRJ,V*  T1:=CVRpJ,V" (5.3.9)

We will show that I' is a Hankel operator by proving that I'S =1y = S*I.
To show that I'S = TI';, we recall that T = 0*R™'R;p; and that TJp = 3T
together with identity 7*V* = V*S (which is just the adjoint of (5.3.7)) it gives us

I} = €VR1913,V" = €VRET*J, V"
— CVR3,T*V* = €VR@J, VS
~TS.

And for the identity 'y = S*T, recalling that T = Ry R~ 1p* and using (5.3.7),

we have

Q:Fl = VRﬂOlspV* = VTRQOJPV*

— S*VRpJ,V* = S*eT.
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Since € commutes with S*, we see that €I'y = €S*T", and left multiplying this identity
by € we get the desired result.

Thus we know I' is a Hankel operator. It remains to show that I' satisfies (5.2.3),
(5.2.4) and (5.2.5).

Using the definition of I',T'; in (5.3.9), we know Ker ' = (Ran V), hence we can

write

[:=TI| = CVRpJ,V* = CVREJ,V*, (5.3.10)

(Ker ')+

fl = F1| = €9R1§013pi;*, (5311)

(KerI')+

Thus (5.2.3) and (5.2.4) holds.
For (5.2.5), we first derive the expression for V* and show that V*ey = ¢. From the
definition of V in (5.3.6), for Vo € H,Vy € (?, we have

WVa,y) = S T (T, q)
— (.3 (T ),

Hence V*y = yr(T*)%G, and we have V*¢y = &°G = §. Together with I'* =
k=0
VI, RV*C gained from (5.3.9), we have
ey = VI RV e
= V30" Rq

= V3,p = Vp=Vp.

52



5.3.2 Uniqueness of Hankel Operator I’

Proof. Now let’s discuss the uniqueness by showing that the Hankel symbol ~, =
(e, eg) must have representation (5.2.6), which is independent of V. Assuming that
we are given Hankel operator I' and I'y = I'S that satisfy (5.2.3), (5.2.4) and (5.2.5), we
have already built up the unitary equivalence between the tuple (|f|, |f1|,§u, 5, 51, u)
and (R, Ry, Jp, ¢, ¢1,p) in the proof of Proposition 5.2.4.

Now applying Proposition 5.1.4, we have v, = ((&*)Fu, v), where &* = |I';|¢}¢|T| !
is unitary equivalent to ¥ := @i Ry R !¢, and the definition of v is also given in Propo-
sition 5.1.4.

We first show that ¢ = V*v. Indeed from (5.1.8), we have

Vp=u=[gv=VRV"v,
thus p = RpV*v and ¢ = V*v. Now from (5.1.6), we can write

T = ((6)*u, v)
= (VIV*Vp, V)

= (p,q). (5.3.12)

Thus we get (5.2.6), and the coefficients {vx }32, only depends on the tuple (R, Ry, p, ¢, 1),
which is independent of V. The uniqueness is done. O
5.3.3 The Trivial Kernel Condition of Hankel I"

Proof. As discussed above, Ker ' = {0} if and only if V : H — ¢2 defined by (5.3.6)
satisfies RanV = ¢2, and this is equivalent to 7 being unitary equivalent to S*.

If KerI' = {0}, then &* is unitarily equivalent to the backward shift S*, and
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comparing identities
I — S5 = epey, I =TT = (3p9)(3pa)"

we conclude that ||g|| = ||J,¢|| = 1. Now assuming g € Ran R, ¢ = Rz, we will lead to
a contradiction.

Take a vector f = p19*Jpz, thus v = Jope] f and J,q = Rey] f, Hence
TRep1f =T pq) = Seo = 0.
But on the other hand we have
TRepl = Ry = 19" RT™,
where the last equality follows from R; is a self-adjoint operator. Hence we have
p1o"RT™f =0,

so T*f =0, which contradicts to the fact that 7* is an isometry. Hence ¢ ¢ Ran R.
Now we prove the sufficiency part. Suppose ||¢q|| = 1 and ¢ ¢ Ran R. We first show
that Ker R, = {0}.
Let Ryz =0 for a « # 0. Applying to x the identity

R} = R<I — (- <PCI>SOQ> R,
we get that

Rz = (Rx, vq)¢q;

note that Rx # 0 because R has trivial kernel. This implies Rp*r = ¢*Rxr = aq,
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a = (Rx,q)~" which contradicts the assumption ¢ ¢ Ran R.

Now from the definition of &*: piR; = ¢*RT*, we know Ker7* = {0} since
Ker R; = {0}.

In addition, we apply J,q on both sides of (5.3.4) we get T*TJ,q = 0, together
with Ker 7* = {0}, we have TJ,q = 0, hence by the definition of T = RypjpR™ we
also get Tq = 0.

Now left and right multiplying (5.3.4) by &* and & respectively, we get

TT —TTTT = T(<-,3pq>3pq> T* =0,

hence T*T is a projection. Furthermore, since Ker 7* = {0}, we have TT* = I and
T* is an isometry.

By Wold Decomposition Theorem [26, Theorem 1.1, p. 3], there exists an orthogonal
decomposition for the whole Hilbert space: H = Hg ® H1, such that 6]% is unitary
and 6|H1 is a unilateral shift. Since &* is asymptotically stable proved in subsection
5.4 which has no unitary part, we have Hy = {0} and thus there exists a wandering
subspace £, such that H = @22 (&)™ L.

To show that 7 unitary equivalent to backward shift operator S*, it’s suffices to
show that dim £ = 1.

Now apply vector 7*x for an arbitrary z into (5.3.4), we get
(T 2, 3,0)3pg =T =T (TT e =Tz —T 'xz=0,

hence J,¢ L. Ran 7™, and L is the space spanned by J,¢, which is of dimension 1. This
implies 7 is unitarily equivalent to S*, and KerI' = {0}. O
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Chapter 6

EIGENSPACE STRUCTURE OF COMPACT RANK-
ONE PERTURBATION

In chapter 2 and chapter 4, we have discussed the inverse spectral problem for
self-adjoint Hankel operators and non self-adjoint Hankel operators as €-symmetric
operators respectively. Starting from this chapter, we will mainly focus on the category
of compact Hankel operators.

Recall that for a general Hankel operator I', I' and I'; := I'S satisfy a rank-one
perturbation relation: |T'|*> — |I;|? = wwu*. And also recall that in section 5.1, we
construct a triple (\f|, \fl\,u, 5, 51,§u). Thus in this chapter, we start with a triple

(R, R1,p, ¢, ¢1,Jp) with similar properties:

(i) R, Ry are two positive, self-adjoint compact operator defined on a Hilbert space

H. In addition we have Ker R = {0};
(i) R? — R? = pp* for a vector p with ||[R7!p|| < 1;
(ili) J, is a conjugation commutes with R, Ry and preserves p.
(iv) ¢ is a J,-symmetric unitary operator, which commutes with R;

(V) @1 is a J,-symmetric partial isometry with Ker¢; = Ker R;, which commutes

with R;y. In addition, we have ¢4 is unitary (See Remark 5.2.1);

(Ker Rl)J‘
56



(vi) The contraction T defined as T := ¢ R R~ p* is asymptotically stable.

In this chapter, we will mainly focus on the eigenspaces structure of R, R;. Denoting
Ho = Span{R"p|n > 0}, we start this chapter by stating an equivalent condition of
Ho = H, i.e., the cyclicity of p (see Lemma 6.1.1). Then in section 6.2, we first analyze
the eigenspace structure of R, Ry on Hg, and then we derive the structure of eigenspaces
of R, Ry on the whole space H.

Finally, we close this chapter by generating a canonical choice of ¢, ¢y, which is
given in Lemma 6.3.2. For the canonical choice of ¢, ¢, we can further analyze the
behavior of ¢, ¢ acting on each eigenspaces of R, Ry (see Proposition 7.6.3). We can
also show that the conjugation J, will be uniquely determined if taking the canonical

choice of p.¢; (see Remark 7.6.6)

6.1 Setting and preparation

We start this section with a tuple (R, Ry, p, ¢, ¢1,J,) which satisfies (i), (ii), (iii),
(iv), (v), (vi) stated at the beginning of this chapter. Denoting H, := Span{ R"p|n >

0}, we first derive an equivalent condition of Hy = H, i.e., the cyclicity of vector p.

Lemma 6.1.1. With the assumptions above, p is cyclic with respect to R if and only
if
(i) For every A € o(R), we have dimKer(R — A\I) < 1;

(ii) ProjKer(RiM) p # 0.

Proof. If we have the cyclicity of vector p, we will prove (i) and (ii) by contradiction.

If dimKer(R — M) > 2 for a certain A, then Hy N Ker(R — AI) have at most

dimension 1 spanned by ProjK p (will be a trivial space if ProjK p=0),

er(R—\I) er(R—\I)

thus p can’t be cyclic with respect to R.

For (ii), if Proj p =0, then Ho N Ker(R — AI) = (), thus p can’t be cyclic.

Ker(R—M\I)
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For the other direction, under (i) and (ii), we denote the spectrum of R as
AL >N > o>\, — 0,

and we write p = i pr where p, € Ker(R — A\pI). (The case when R is of finite-
rank, i.e. finitely rﬁ;qy eigenvalues, is trivially true, so we only consider case when
dim Ran R = o0)

We can show that

: 1 \n n

Since Hy is weakly closed, thus we have p; € Hy. In fact we have

thus

, 1 Iml?  ifi=1
lim ((—) (R+MD)"p,pi) =

n—oo 1
0 else

so we have p; € H,.

Similarly we can also show that

n—o0

1, . §
lim (55-) {<R+Azf> p— (A + ) pl} —ps,

and py € Hg. Thus followed by the process of induction, if we have py, ps, ..., pr € Ho,

then since

i
Jim (55—

k
)n{(R + Ak )"p =) (At )\k+1)”pi} — Dk+1,

i=1
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then we will have pyy1 € Ho. Hence pp € Hy holds for all k£ and H = Span{pi|k >
1} C Ho, p is cyclic. ]

Remark 6.1.2. In fact, Lemma 6.1.1 is also true for a general compact operator without

given the trivial kernel condition. The statement can be modified as follow:

Proposition 6.1.3. Let A be a compact operator on a Hilbert space H with simple eigen-

values, then there exists a vector x € A, such that x is a cyclic vector for A in H.

In fact, if we write all eigenvalues {\;}32; in the non-increasing order:
(Ml 2 [Ae] = ey

then we can take x to be

=1
xr = €0+Zﬁ€k,
k=1

here ey, is a unit vector in Ker(A — \¢I), and e is a unit vector in Ker A if 0 € 0,(A),

otherwise we take eg = 0. The proof is very much similar to the proof of Lemma 6.1.1.

In this section we discuss the case when operator R is not cyclic (that is, there
doesn’t exist any vector p such that p is cyclic with respect to R in H.). Then according

to Lemma 6.1.1 R have some non-simple singular values.

6.2 Non-simple Eigenvalues for Operators of Rank-one Per-

turbation

We begin this part with the following simple lemma.

Lemma 6.2.1. For YA € Rt U {0}, we have

| dim Ker(R — AI) — dim Ker(R; — AI)| < 1.
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Proof. For all vector z € Ker(R — M) N p*, we have x € Ker(R? — \2I), thus = €
Ker(R; — M) as Ry is positive. Thus Ker(R — AI) N pt C Ker(R; — AI), and we have

dim Ker(R — AI) < dim Ker(R; — AI) + 1.
Similarly, Ker(R; — M) N pt C Ker(R — M) and we have
dimKer(R; — AMI) < dim Ker(R — AI) + 1.

So the dimension of two kernel space at most differ by 1. O

From Lemma 6.2.1, it’s easily seen that dim Ker R; < 1.

Now we first restrict R? — R? = pp* on Hy:

R, — Ril,, =pp"
Since p is cyclic with respect to Hg, thus R]HO have simple singular values. For the
special case, if R\HO has finite rank, then R; is also finite rank. For the following
discussion, we assume that dim Ran R]HO = 00.
In the next section, we will show the following proposition, which gives the eigenspace

structure for (R, R;) restricted on H,.

Proposition 6.2.2. There exists an intertwining sequence
AL > Hy > Ay > Mo > ... —> 0, (62].)

such that the non-zero eigenvalues of R|,, , Ril,, ~are simple, and coincide with {\x}72 .

4o

{1}, respectively.

6.2.1 Eigenspace Structure on H,

We show Proposition 6.2.2 in the following steps.
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Proposition 6.2.3. The dimension of any eigenspace of Ry s mo more than 1, i.e.

746

Rll% has simple singular values.

Proof. For any A, if dim Ker(R; — AI) > 3, since we have
Ker(R, — M) Np*t C Ker(R — M), (6.2.2)

this contradicts to the fact that R has simple singular values on H,.
If dim Ker(R; — AI) = 2 for some A, then by (6.2.2), we can take a non-zero vector

x such that
z € Ker(R — M) NKer(Ry — AI) N Hy,

then applying this z to R? — R? = pp* we get (x,p) = 0, which contradicts to the
property that PKer( RoanyP # 0 given in Lemma 6.1.1. O

Proposition 6.2.4. Denoting the non-zero eigenvalues of R, Ry as {\¢}72, {1},

respectively with
)\1>)\2>...—>O, M1>/L2>...—)O

then we have

N = ke, ME > g1

holds for all k.

Proof. Here we use the mini-max definition for singular values. That is,

AP = min max (R%z,x) (6.2.3)
subspaceF CHo,codimF=k—1zeF,|z|=1

[y = min max (Rix, ) (6.2.4)
subspaceGCHo,codimG=k—1 z€q,||z||=1
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To show Ay > ux, we take a subspace F C Hy with codim = k — 1 where (6.2.3)

reaches its equality. Then we have

pp < max (Riz,z) < max (R?z,z) =\
z€F,||zl|=1 TeF,[|xl|=1

To show that ui > Agi1, we take a subspace G C Hy with codim = k — 1 where
(6.2.4) reaches its equality. Then denoting F; := G N p*, then F; has codim no more

than k& where R coincides with R; on F;. Thus we have

pp = max (Riz,z) > max (Riz,z)= max (R’z,z)>\_,

z€G,||z||=1 z€F1,|lz||=1 zE€F1,|z||=1
UJ

Proposition 6.2.5. (6.2.1) holds for {\¢}72,, {1 }32, defined in Proposition 6.2.4.

Equivalently saying, we have

Ak > g, Hi > Akt

Proof. We prove the two inequalities by contradiction.

(i) If \x = ug, we take a subspace F as

F = é (Ker(R — N\I) NHo),

i=k

then codimF = k — 1 in Hy and max (R*z,z) = A\?. The maximum can only be
zeF,|z||=1
reached when x € Ker(R — A\,1).

Now for any vector z € F, we have
(Riz,z) = (Rz,x) — [{x,p)[* < Nllz|* = [z, p)|* < A¢l]|*. (6.2.5)

Thus if we have p, = Ag, then according to (6.2.5), there exists a vector x € F, such
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that ||Rz|| = Axl[z[| and z L p. This contradicts to the fact that Projke .z, nomo P 7
0, which is given in Lemma 6.1.1

(ii) If pp = Agr1, we take a subspace G C H, as

o

G = Ker iy GB (Ker(R1 — L) N HO)’

i=k

then we have IgnHzn”( (Rir,z) = pi, and the maximum can only be achieved when
z€g,||z||=1
x € Ker(Ry — p).
Denote again F; := G N p*, since

2 2 2 9 )
= ma Rix,x) > ma Rix,z) = ma R2r ) > )\ 6.2.6
& x€g7”x}ﬁ:1< m > CCE]:1,||;(H:1< e > xe]:l,H;(||=1< ’ > kt+1> ( )

where here the maximum of first equality in (6.2.6) holds when x € Ker(R; — ) NHo,
and the first inequality inside (6.2.6) is reached when this L p. Thus if we have
te = Ag+1, we have p L Ker(Ry — p 1)

Now take a vector y € Ker(R; — puyI), since y L p, we have Ry = Ry = uxy, and
Together with the property that

1y 18 a simple singular value for both RLH0 and R

R = Ry on Hy, we have

346

Ker(R — pyI) = Ker(Ry — pug 1) on H.

Now apply a x € Ker(R — pul) to the equation Rip; = T Ry, we have g1 = T .
Since Ker(R — pil) = Ker(Ry — pyl) is a reducing subspace for R, Ry, ¢, 1, thus T
maps unitarily on Ker(R — /), which leads to a contradiction to the asymptotic
stability of 7.

Remark 6.2.6. For the special case when H, has finite dimension, we have the following

result:
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Proposition 6.2.7. If dim Hy < oo, there exists an intertwining sequence
AL > > o> Ay > un >0

such that R‘Ho’Rl have simple eigenvalues, and their eigenvalues coincides with

"

{/\k}ivﬂ A }ivzl respectively.

6.2.2 Eigenspace Structure on H

With the result in Proposition 6.2.2, we are ready to deep into the eigenspace
structure of (R, Ry) on H. We derive the structure of eigenspaces of R, Ry by the

following steps.

Lemma 6.2.8. For a non-zero T # A\, . for all k, we have
Ker(R—7I) =Ker(R, —7I) =0

Proof. We first show that Ker(R—71) = Ker(R;—71). For all z € Ker(R—71I), we have
x L Ker(R — M) for all k, thus z L Hy. R = R; on Hg, we have » € Ker(R; — 71).
Thus Ker(R—71) C Ker(R; — 7). Similarly for all z € Ker(R; —71), we have x L H,
and = € Ker(R — 71), thus

Ker(R —71) = Ker(R; — 71).

Now we show that 7 can’t be asymtotically stable if the kernel space is non-trivial.
If Ker(R — 72) # (), then apply x € Ker(R — 7/) into equation TR = ¢ R;, we
get Tor = pix. Since ¢ commutes with R, and ¢; commutes R;, thus we have
Ker(R — 71) is a reducing subspace with respect to R, Ry, ¢, 1, and T maps unitarily
on Ker(R — 71), which contradicts to the asymptotic stability of 7. O
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Now we know that R, R; has no eigenvalues other than {\;}7°, {1}, and 0. We

denote

E,, = Ker(R — A1), E,, =Ker(R — pul); (6.2.7)

E;, = Ker(Ry — \J), E, = XKer(Ry — ). (6.2.8)

Note that all of those eigenspaces have finite dimension since R, R; are compact.
In addition, Lemma 6.2.1 implies that the dimension between E, and E} , E,, and

1 .

E,, at most differs by 1.

Proposition 6.2.9. F,, E}\k, E,, Eﬁk satisfy the following properties
(i> E)l\k c /Hé, E,uk - Hé:

(ii) Denote

Pk -= PHODKer(Rf/\kI)p’ Dy = PHOmKer(RrMI)p’ (6.2.9)
then we have
E,\, = E/{k @ Span{ps}, E:Lk =E,® Span{p;}.
Proof. For (i), since we have
Hy = é (Ker(R —M\I) N 7-I,O> = é (Ho N Ker(Ry — uk1)> @ (7-1,0 N Ker R1>,
k=1 k=1

and we have Ker(Ry — \y/) L Ker(R; — p;I) for all j and Ker(R; — A\I) L Ker Ry,
thus Ker(R; — A\I) L Hy. Similarly we also have Ker(R — i) L H, for all .

Now for (ii), since R = Ry on Hy, which implies R = R; on E}\k and E,, for all k.
Thus E}, C Ey,, By, € E.,.

On the other hand, we also know that p, € Ej, and p; € E| (easy to see that
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Pk, Pr # 0 because p is cyclic with respect to R and R; on H,). Hence

Span{p} ® E,, C E,. Span{p,} & E,, C E,, (6.2.10)
then applying Lemma 6.2.1 to (6.2.10), and we finish the proof of (ii). O

So far, we can describe the complete structure of all eigenspaces of R, R;.

Proposition 6.2.10. Let (R, Ri,p, ¢, ¢1,J,) be a tuple satisfying the setting in sub-
section 0.1, and we again denote Hy = Span{R"p : n > 0}. If R is not finite rank,

then there exists an intertwining sequences

/\1>LL1>)\2>M2>...>—>0,

such that

(i) Ry, , Ruly, have simple eigenvalues { A\ }72y, {pn}pZ, respectively;

(i)
Hy = <éE§k> -~ (éEM) (6.2.11)
(iii)
E,, = Eik @ Span{ps}, Eik = E,, ® Span{p;},

where py, pi. are defined in (6.2.9).

For the special case when R, R; are finite rank operators, proposition 6.2.10 will be

modified as follow:

Proposition 6.2.11. Let (R, Ri,p, ¢, ¢1,J,) be a tuple satisfying the setting in sub-

section 6.1. In addition, R is a finite rank operator. Then there exists an intertwining
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sequence
)\1>/L1>...>)\N>[LNZO,

such that

(i) Rl . Ruly,, have simple eigenvalues N A, respectively;

|H0
N N

(ii) Hi = (@Ei >EB (EBEM);
k=1 7k k=1

(iii)

Ey, =By, ®Span{p}, B, = E,, @ Span{p;},

where py,, pr. are defined in (6.2.9).
For the special case when py =0, we have dim EliN =1, and E,, 1s trivial.

Remark 6.2.12. Since we have the decomposition of the whole space

"= P (éEik) b (?EEM)

implied by (6.2.11), we can also analyze the structure of ¢, ¢ on H. In fact, since

©, 1 commutes with R, Ry respectively, we have
(i) ¢ acts unitarily on E),, E,, for all k.

is unitary. Since Ej ,E, C

(ii) In Remark 5.2.1, we already know §01|(KerR1)L

(Ker Rl)l are all invariant subspaces for ;. Thus we have ¢; acts unitarily

on E)l\k, E’;k Another way to see this is that g01|Eik , g01|Eik are both finite-rank

isometry, thus they are onto.
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6.3 Canonical Choice for ¢ and ¢

In this section, we generate a canonical choice for ¢, ¢ and J, on H. As we have dis-
cussed in Remark 5.1.3, the choice of J, is not unique and we say two triples (ﬁu, 5, 51)
and (5;, q~5’ , (E’l) are in the same equivalent class iff there exists a ﬁu—symmetric unitary

operator v such that

I =03., P =, P =gt

As we have stated in Proposition 5.2.4, we have built up unitary equivalence between
tuples (J,, ¢, 1) and (‘:ju, g, 51) Now we define a similar equivalence class relation for

the tuple (J,, ¢, ¢1)-

Definition 6.3.1. We say two tuples (3, ¢, ¢1) and (3, ¢, ¢}) are in the same equiv-

alent class if and only if there exists and J,-symmetric unitary operator v, such that
I =v3, =P, o=

Easy to check that the two tuples (J,, , 1) and (J;, ', }) from the same equiv-
alent class define the same Hankel I' in Proposition 5.2.3 and the same contraction
G* = o RiR 1",

The following lemma gives the canonical choice of ¢, p; from a given equivalent

class.

Lemma 6.3.2. In each equivalent class of (Jp.@,¢1), there exists a unique triple

(3¢, ¢h) such that

/ _ / —
901|E/1\k_]’ SO|E#;¢_I'
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Proof. As we have discussed in subsection 6.2, Hg can be decomposed as

Hy = (@Eﬁk) & (é@k)

Now we define an operator 1, such that
(i) Yy =pon E,, forall ke N;
(i) ¥ = ¢1 on B} for all k € N;
(iii) ¢ = I on Ho.

Since we have assumed that ¢, ¢; are J,-symmetric in subsection 6.1, and E/{k, E,,
are all reducing subspaces for ,, we know 1 is J,-symmetric. In addition, from Remark
6.2.12, we know that ¢, ¢ acts unitarily on £, , E}\k respectively, hence ¢ is unitary,

and the tuple (J}, ', ¢}) defined as

=03 =0y, o=t
satisfy
/ _ / _
(p|Euk_I’ ¢1|Eik_l'
Here the uniqueness of such triple follows from the uniqueness of . n

We say the triple (J,, ¢, ¢1) which satisfies
901|E/1\k =1, ¢l, =1  holdforallkeN

to be the canonical choice of (J,, ¢, ¢1). Indeed, we can show that given the choice of
©, ¢1 and the asymptotic stability of 7, J, will be uniquely determined. The explicit

representation of J, will be given in a later Remark 7.6.6.
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Chapter 7

ASYMPTOTIC STABILITY OF CONTRACTION

In chapter 2 and chapter 4, we have studied the inverse spectral problem for self-
adjoint Hankel operators and non self-adjoint Hankel operators as €-symmetric opera-
tors respectively. Notice that in both cases (Propostition 3.1.3 and Proposition 5.2.3)
we require the asymptotic stability of a defined contraction 7 (In chapter 2, T is given
as T = RyR~. And in chapter 4, T is given as T = Ryp10*R™1).

However, finding out an equivalent condition for the asymptotic stability is not an
easy thing. The following stability test is a criterion for asymptotic stability given in

12].

Lemma 7.0.1. Let T be a contraction on a Hilbert space. If T has no eigenvalues on
the unit circle T and the set o(T) N T is at most countable, then T is asymptotically
stable.

In addition, Nagy gave an equivalent condition for asymptotic stability in his book
[26]. Here we first introduce the definition of defect operators, defect indices, and

manimal unitary dilation, which will also be used in later chapters.

Definition 7.0.2. Let T be a contraction on a Hilbert space H (thus T*T < I and
TT* < 1), we define the operators

Dr=(I-TT)'?, Dy =I-TT")"
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which are self-adjoint, and bounded by 0 and 1. We call D+, D+ be the defect operators
of T, T* respectively.
In addition, we call Dy := ClosRan Dy to Dy« := ClosRan Dy to be the defect

spaces, and

@7’ = dim DTH, @7’* = dim DT*H

to be the defect indices of T and T* respectively.
Definition 7.0.3. Let A be an operator on a Hilbert space Hy, and B be an operatoar
on a Hilbert space Ho which containing Hy. We call B a dilation of A if

A" = Py, B"

Definition 7.0.4 (Theorem 4.2, Chapter 1,[26]). For every contraction T on a Hilbert
space Hy, there exists a unitary dilation U on a space Ho containing H, as a subspace,

which is minimal, that is,
Hy = Span{U"H,|n € Z}.
This minimal unitary dilation is determined up to isomorphism, and thus is called

the minimal unitary dilation of T .

With the preparations of those definitions above, Nagy gave an equivalent condition

of asymptotic stability in his book [26], stated as below:.

Theorem 7.0.5 (Proposition 1.3, Chapter 2, [26]). Let T be a contraction on a Hilbert
space Hi, and U be its minimal dilation on a Hilbert space Ha containing Hy. Then T

1s asymptotically stable if and only if the following two properties hold:
(i) The defect index D is finite;
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(ii) The minimal unitary dilation Uis a bilateral shift of multiplicity equal to ©+. That
is, there exists a subspace L C Hy (called wandering space) with dimension D7,

satisfies

o

M= P UL

For the special case of complete non-unitary dilation (See Definition 7.3.1), the

following result was stated:

Theorem 7.0.6 (Proposition 6.7, Chapter 2, [26]). Let T be a completely non-
unitary contraction, and suppose that the intersection of the spectrum of T with the

unit circle T has Lebesque measure 0, then both T and T* are asymptotically stable.

However, finding the spectral property of 7 and its minimal unitary dilation U is
still not an easy thing, but things become easier if we assume that R, Ry are compact.
In this chapter, we mainly discuss the asymptotic stability of 7 := Ripo1¢* R~ under
the condition that R, R, are compact.

We first restate the setting. We are given a tuple (R, Ry, p, ¢, p1,Jp) satisfying

(i) R, Ry are two positive, self-adjoint compact operators defined on a Hilbert space

H. In addition we have Ker R = {0};
(i) R* — R? = pp* for a vector p with [|[R™p|| < 1;

(iii) J, is a conjugation commutes with R, Ry and preserves p, implied by Lemma 4.0.1

and Lemma 5.1.1;
(iv) ¢ is a J,-symmetric unitary operator, which commutes with R;

(V) @1 is a J,-symmetric partial isometry with Ker¢; = Ker R;, which commutes

with R;. In addition, we have ¢ | is unitary (See Remark 5.2.1);

(Ker Ry)+
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In addition, 7 is the unique contraction which satisfies

implied by Douglas Lemma 3.1.1.

In this chapter, we will show that

(i) If Ho = H, i.e., pis a cyclic vector for R. Then T is automatically asymptotically

stable without any further assumptions;

(i) If Ho € H, then the condition (ii) in Proposition 7.5.1 gives a criterion for the

asymptotically stability of T.

Finally, in section 7.6, we give an equivalent condition for the asymptotic stability of
T in Proposition 7.6.3 when taking the canonical choice of ¢, ;. With this proposition,
we can further analyze the behavior of ¢, ¢, restricted on each eigenspaces of R, Ry,

which will be discussed later in chapter 9.

7.1 Preparation
We first discuss the case when p is a cyclic vector with respect to R. We introduce
the following lemma, which is a slight modification of [12, lemma 3.2].

Lemma 7.1.1. Let |T| < 1, and let K be a compact operator with dense range.

Assume that an operator A satisfies

TK = KA. (7.1.1)

If A is weakly asymptotically stable, meaning that A™ — 0 in the weak operator

topology (W.0.T) as n — oo, then T is asymptotically stable.

Proof. Tterating (7.1.1) we get that T"K = KA™ n > 1. Take x € H. Since A" — 0

in W.O.T. and K is compact, we have that ||KA"z| — 0.
73



So lim,, . ||[7™y|| = 0 for all y € Ran K. Thus, we have strong convergence on a
dense set S.

For any y € H and any positive €, we can find a x such that ||z —y|| < 5. Then
we can find a sufficiently large N, such that ||7"2 — z|| < § holds for all n > N. Then

we have
1Ty —yll <lly — 2| + [Jlo = T"z| + |T"x = T y[| <2[ly — 2| + ||z — T"z|| <e

Thus we conclude (by £/3-Theorem) that 7™ — 0 in the strong operator topology.
O

Recall that for an operator R (in a Hilbert space) its modulus |R| is defined as
|R| := (R*R)/?

Lemma 7.1.2. For the operators R and T from (7.0.1), there exists a unique contrac-
tion A, such that
TR'/? =R'?A

Proof. Since Ry¢p1 = T Ry, we have
R} = (Ryp1)(Rip1)* = TRpp*RT* = TR*T™.
Hence by T*T < I, we have
R*> R} =TR*T*>TRT*TRT* = (TRT")?
This tells us R > T RT* and

IRV2z|| > |RY?>T*z|  holdsforall  ze€H

74



Thus by Douglas Lemma 3.1.1, we can find a contraction denoted as A*, satisfying
A*RI/Z _ R1/2T*.

Taking the adjoint for the equation above, and we finish the proof of this lemma. [

By Lemma 7.1.1 and Lemma 7.1.2 we can see that, in order to show that 7T is

asymptotically stable, it’s sufficient to show that A is weakly asymptotically stable.

7.2 Case when p is Cyclic

To prove the weak asymptotic stability of A we need to investigate its structure in
more detail.

We know that R? = R? — pp* < R% By the Lowner-Heinz inequality with o = 1/2
we have that R; < R, so by Lemma 3.1.1 there exists an unique contraction @) such

that
RY? = QR (7.2.1)

The following simple proposition (modified from [12, Lemma 3.5]) gives an expres-

sion for operator A.

Proposition 7.2.1. The operator A from Lemma 7.1.2 is given by
A=Q'¢1Q¢"
Proof. We calculate the representation of Ry, in two different ways. First we have

R14,01 _ TRl/QRl/QSO — Rl/QARl/QQO.
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On the other hand,
Ripr = R1/2Q*QR1/2901-
Since Ker R = {0}, combining the two equations above, we get

A=QQRYV*p10" R = Q*(R* 019" R™V/?) = Q" 01Qy", (7.2.2)

which finishes our proof. O
In addition, the following proposition gives the structure of Q.

Proposition 7.2.2. Let Hy be the smallest invariant subspace of R that contains p.
Then the operator Q with respect to the decomposition H = Ho & Hy has the block
structure

Qo 0

Q= )
0 I

where Qg defined on Hy is a strict contraction (i.e. ||Qox| < ||z|| for all x #0).

Proof. We know that
R = R* — pp*, (7.2.3)

so R? coincides with R? on p*.

One can easily see that H, is an invariant subspace for R? and for R?, and therefore
so is Hg. That means Ho and Hy are reducing subspaces for both R? and R}, i.e. that
these operators in the decomposition H = Ho @ Hy are block diagonal. Therefore, the
same is true for R'/?

Easy to see that R'/? and Ri/ ? coincide on H;, which is a reducing space for both

operators, so only need to show that )y is a strict contraction.
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Using (7.2.3) and the identity R}/Q = QR'? = RY?Q*, we can write
R* —pp* = R} = R"?Q"QRQ*QR"*.
Recalling that p = Rpq, we can rewrite the above identity as
R'2 (R — (R"*pq)(R"?¢q)") RV? = RV*Q"QRQ*QR'.
Since Ker R = {0}, we have
Q" QRQ'Q = R — (R¢q)(R"*pq)". (7.2.4)
Applying both sides to x, and taking the inner product with x, we get
(RQ*Q,Q"Qx) = (Rx,x) — |(z, R"*¢(R)q)|*. (7.2.5)
Now, take z such that ||Qz|| = ||=||. Since ||Q] < 1, we have
(z,2) = (Qu,Qz) = (,Q"Qz) < [|=[||Q" Qx| < ||=[|*.
Thus we have © = Q*Qz. The equation (7.2.5) can be rewritten in this case as
(Rz,z) = (Rz,z) — |(z, R *pq) .

which implies that z L R'2¢q. Applying equation (7.2.4) to such x, and using again
the fact that Q*Qx = x, we get that

QR*QRx = Rx.

Hence set Hy :={h € H:h € H,|Qhr| = |h]} = Ker(I — Q*Q) is an invariant sub-
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space for R, which is orthogonal to @R'/?q. Therefore
Hy L Span{R"R"?pq : n > 0} = Span{R"p : n > 0} = Hy,

and so Qy = @z, is a strict contraction. O

Now from Proposition 7.2.2, we have () is a pure contraction since p is a cyclic

vector for R, thus by proposition 7.2.1 we know that A is also a pure contraction.

Remark 7.2.3. Indeed, we can also show that ()f is also a pure contraction on Hy. For

all x,y € Hy, we have

(Qow,y) = (2, Qoy) < |[z[l[|Qoyll < llz[|[lyll

Take y = Qfx, then we have ||Qfz|| < ||=].

7.3 Case when p is not Cyclic

When p is not cyclic with respect to R inside H, instead we show that A is a
completely non-unitary contraction under certain assumptions of ¢, ;. Beforehead,

we recall the definition of completely nonunitary (c.n.u) contraction.

Definition 7.3.1. (From [26]) We call a contraction T : H — H a completely nonuni-
tary contraction (c.n.u) if and only if for no nonzero reducing subspace E for T is T|,

18 a unitary operator.

Proposition 7.3.2. The contraction A is completely non-unitary if and only if ©1p*

does not have any non-zero reducing subspace E C Hg such that o*E 1 H,.
To prove this proposition we need the following simple observation.

Lemma 7.3.3. Let A be a contraction and E be a subspace. The following statements
are equivalent:
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(i) The subspace E is a reducing subspace for A such that A‘ 18 unitary;

(ii) The operator A acts isometrically on E (i.e. ||Ax| = ||z| for all x € E) and
AE =FE.

Proof of lemma 7.3.3. The proof of this lemma is simple.
Suppose that we have (i), then we have A‘ 1 1s isometric and onto, thus (ii) holds.
For the other direction, suppose that we have (ii). Since we already have A| 5
is isometric and onto, which implies that A‘  1s unitary. It’s sufficient to show that
AE+ C B

In fact, for Vo € E,y € E*, we have
(Az, Ay) = (A" Az, y) = (2,y) =0,
here the first equality results A|  1s isometric. Thus E is reducing subspace for A, and

(i) holds. O

Proof of Proposition 7.3.2. Assume that £ C Hg is a reducing subspace for ¢;¢* such
that o*FE C Hy.

Since Q = Q* = I on Hy, we have for any z € E,

Az = Q'p1Qp s = Q" p19"s = pryp’T; (7.3.1)

in the second equality we used the fact that p*x € Hg, and in the last one the fact
that pp*z € E C Hg.

Since ¢, acts isometrically on Hy (Ker 1 can only belongs to Hy), we have
[Az|| = llpre™|| = [lz|l,

i.e. A acts isometrically on E.

Also, this implies that p,¢* acts isometrically on E. In addition, ¢ is unitary, and
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(see Remark 5.2.1) we know gol‘ is unitary, therefore pp] acts unitarily on its

(Ker Rq)+

reducing subspace E. Now from (7.3.1) we have
AE = p10"F = E.

Applying Lemma 7.3.3, we can see that E is a reducing subspace for A such that
Al

 1s unitary, so A is not c.n.u.
Now let’s move on to the sufficiency. If A is not c.n.u., then we can find a reducing
subspace E for A, such that A|, = Q*p1Qy*|, is unitary. Using that @ is a pure

contraction on Hy, we have

O'ECHy, 9B CH;

AE = p0"FE = F.

Thus E = ¢1¢*E C Hy. In addition, since p;9*E+ L 10" E, thus ¢p* B+ C B+,
and FE is a reducing subspace for ¢ip*. This gives a contradiction, so we finish the

proof. n

7.4 C.n.u Implies Weakly Asymptotic Stability

Recall that in Subsection 7.2, we have shown that the operator A is a pure contrac-
tion, and in Subsection 7.3 we have shown that A is c.n.u under certain assumptions
for ¢, ;. Since a pure contraction is certainly c.n.u from the Definition 7.3.1, it’s
sufficient to prove that completely non-unitary implies asymptotical stability.

The following proposition and its proof is inspired from [27].

Proposition 7.4.1. Let A be a completely non unitary contraction on a Hilbert space

H, then A is weakly asymptotically stable.
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Proof. Denote set H; as
H, = {xH]A":cH = ||A™"z| = ||=|| holds for Vn € N}, (7.4.1)

we firstly show that H; = {0}.
For Vx € H; and Vn € N,

lz[|* = | A"z || = (A"z, A"x) = (A" A"z, 2) < [|A" A |]|2]] < 2%,

thus we have A*" A"z = x holds for all n, and similarly we have A"A*"x = x.
On the contrary, if a vector x satisfies that A*" A"z = A" A*"x = x holds for all n,

then we have
|A"2||* = (A" A"z, 2) = (2, 2) = ||=]|?,
and similarly we have ||A*"x| = ||z, thus we have
H, = {x‘A*"A"x = A"A™z = x holds for Vn € N}. (7.4.2)

Thus H; is a subspace. Furthermore, H; is a reducing subspace for A and A*. In

fact, for all x € Hy, we have

|A"Az|| = ||zl|,  [|[A™Az|| = |A*" Vx| = ||z|
JA"Ax|| = A" ]| = o, |AT AT = [|ACT ) = |||
Thus by (7.4.1), we have Az, A*z € H;. Since we also have A|H1, A*|H1 is onto due

to (7.4.2), applying Lemma 7.3.3 we have A‘ 4, 1s unitary. Since we are given that A
is c.n.u, we have H; = {0}.

Now we prove that A is weakly asymptotically stable by contradiction. Assume
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that A is not weakly asymptotically stable, then there exists x,y € H, a positive ¢,

and a subsequence {n;}32, such that
(A", y)| > e. (7.4.3)

We know that the set { A"z }52, is bounded, and since H is reflexive and separable,
thus weakly compactness implies sequentially weakly compactness, hence there exists
a subsequence of {A™ x}j‘;l which is weakly convergent. Without lose of generality, we
take this subsequence to be { A"z }52, itself. Denote A"z — x4 for a .

Thus for a fixed £ € N we have
AFAR A g A ARz when nj — oo. (7.4.4)
On the other hand, we can show that A**A¥ A%z — z,. In fact we have

A AR Am gz — Amig||? = |AF AR AT 2|2 + | A" 2|2 — 2(A™ AR ANz, AT )
< A2 4 || Az - 2| AR

= [[AMz* — [|AM ]2,

Here the right hand side of the above inequality goes to 0 when n; — oo, because
sequence ||[A™z||2°, is monotonically decreasing, hence convergent. And since A" x —

Ty, we have
A AR A — 2 when nj — oo. (7.4.5)

Together with (7.4.4), we have A** A¥zy = x,. Similar to the process above, we can
get A¥A*xq = xy. By (7.4.2), we have 2o € H;, which implies that zo = 0. Hence
A"z — 0 weakly which contradicts to (7.4.3). O

Remark 7.4.2. We can also use functional model theory to shorten the proof of Propo-
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sition 7.4.1.
Since every completely non-unitary operator A is unitary equivalent to a so-called
model operator My defined on the functional space Ky. Here 6(z) is called to be the

characteristic function of A, which is an analytic function defined as

0a(z) = (— A+ 2Da-(I — 2A*) ' Dy z € unit disk D. (7.4.6)

)"DA’

For a given z satisfying that I —zA* is bounded invertible, §4(z) is a bounded operator
mapping D, := ClosRan D4 to Dy« := Clos Ran D 4-.

And the model space Ky is an appropriately constructed subspace of a weighted
space L*(E* @ E,W) on the unit circle T with respect to the normalized Lebesgue
measure W on T, where E*, /' are some Hilbert spaces with dimensions 2 4+,® 4 re-
spectively (See Definition 7.0.2). And the model operator Mjy is the compression of the

multiplication operator M, onto Ky. That is,
My = PQMZ’KG, (7.4.7)

Here P, is the orthogonal projection onto Ky. The specific choice of Ky can be
found in [26, Proposition 2.1, Chapter VI]. (As for the foundation of functional model
theory, details can be found in [26, Chapter VI] and [28, P. 109-115]).

From (7.4.7), we have

n __ n
My = Pie, M| .
0

since M — 0 when n — 0 in the weak operator topology of B(L?*(E* & E,W)) (the
set of all bounded operators on this space), we claim that Mj — 0 when n — oo in the

weak operator topology of B(Kjy) as well, thus A" — 0 in the weak operator topology.
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7.5 Main Result

Combining the results in subsections 6.1-6.4, we reach the following proposition.

Proposition 7.5.1. T defined by T := p1RiR~1¢* is asymptotically stable if one of

the following two conditions hold
(1) Ho =H, i.e. p is cyclic with respect to R in H;
ii) ©1¢* does not have any non-zero reducing subspace E C Hg such that o*E L H,.
0

Proof of Proposition 7.3.3. To show that T is asymptotically stable, it suffices to show
that the operator A defined by

TR'/? =R'?A

is weakly asymptotically stable according to Lemma 7.1.1 and Lemma 7.1.2. And
furthermore by Lemma 7.4.1, it’s sufficient to show that A is a completely non-unitary
contraction.

When Hy = H holds, by Proposition 7.2.1 we have A = Q*p1Qy*. Since @ is a
pure contraction according to Proposition 7.2.2, we have A is also a pure contraction,
thus a completely non-unitary contraction.

When Hy € H, according to Proposition 7.3.2, we still have A is a c.n.u. So we

=

finish the proof. [

7.6 Asymptotic Stability under the Canonical Choice

In this section, we consider the asymptotic stability of contraction 7 under the
canonical choice of ¢, ;. We will show that the requirement in Proposition 7.5.1 can
be substituted by a sufficient and necessary condition.

Recall the definition of four eigenspaces E, and E}\k, E,, and E/ik stated in (6.2.7),

the definition of py, p;. given in (6.2.9), and the canonical choice of ¢, 1 given in Lemma
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6.3.2:
¢1|Eik =1, @]Euk =1. (7.6.1)

We first state the definition of star-cyclicity.

Definition 7.6.1. Here we say a vector x is *-cyclic for A in H if and only if
Span{ A"z, (A*)"z|n > 0} = H.

An equivalent definition in [29, Def 3.1,Chapter IX ,p. 268] is given as follow:
We say a vector x is *-cyclic for A in H if and only if H is the smallest reducing

subspace for A that contains x.
Definition 7.6.2. We say that an operator A on H is cyclic if and only if there exists
a vector x € H, such that

Span{Anxm > 0} =H.

Similarly, we say an operator A on H is *-cyclic if and only if there exists a vector

x € H, such that
Span{ A"z, (A*)"z|n > 0} = H.

J. Bram proved in [30] that a normal operator A is *-cyclic if and only if A is cyclic.
The results below gives an equivalent condition of ¢, ¢; which guarantees the

asymptotic stability of T .

Proposition 7.6.3. Under the choice of ¢, p1 given in (7.6.1), T is asymptotically

stable if and only if both of the two conditions below are satisfied:

i) For all k the vector py, is *-cyclic for the operator ¢ ;
Ey
k
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1 or a € VECIOT Py, 1S "-CYCLIC JOT LnE operator O, -
ii) For all k the vector py, is *-cyclic for th t .
Hi

Proof of Lemma 7.6.3. If for some k the vector pj, is not *-cyclic for ¢ By then there
k
exists a subspace H, C F), , Hy L p; (and so Hy, C E/l\k) which is a reducing subspace
for g0|E (and thus for ¢).
Ak
We know that R = R; on Eik, and that Q01|Ei = I, so the representation 7 =
k

o1 RiR™1p* implies that
TZL':QO*ZL'GHk Vx € Hy.

Therefore Hy is an invariant subspace for 7 (in fact, one can show that it is a
reducing subspace, but we do not need this in the proof) on which 7 acts isometrically,
and so 7 cannot be asymptotically stable.

Similarly, if pi is not *-cyclic for ¢;] , for a certain k, then we can find a subspace

1
Eﬂk

of E, denoted as H},, H; L p; (simply set H} := E! & Span{(¢})"p}, ¢i'p;, : n > 0}),
which is a reducing subspace for ¢1] , .
i

Since p|, =1, applying any « € H}, to Ri¢; = T Ry implies that
HE
Tx =@z Vo€ H.

Hence H} is an invariant subspace for 7. Noticing that ¢; is an isometry restricted
on Hy, thus T can’t be asymptotically stable.

So, we proved that the conditions (i), (ii) are necessary for the asymptotic stability
of T.

To prove the sufficiency of these conditions, we will show that under (i), (ii), A =
Q*p1Qy* is c.n.u. Then proposition 7.4.1 implies that A is weakly asymptotically
stable, and so by Lemma 7.1.1 and Lemma 7.1.2, T is asymptotically stable.

So, let us assume that conditions (i), (i) are satisfied, but A is not c.n.u. Then

there exists a reducing subspace L where A[, is unitary. Since A* = pQ*¢iQ acts
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isometrically on L, we have L C Hg. From Al, = (Q*p1Q¢*)| is unitary, and we
also know from Proposition 7.2.2 and Remark 7.2.3 that both ) and Q* are pure

contractions on Hg, thus
©o'LCHy, oL =L. (7.6.2)

Now take a vector € L C Hy. We write # = a + b where a € @ Ej, and
k=1

be @ E,,. Then
k=1

o'r = a+ b= a+0b.

Here p*a € @ E\, = @ E,, @ Ho. On the other hand, from (7.6.2) we have
K K
¢*r € Hy, thus p*a € @ E}, .
k

So now we have
Ax = p19"x = p*a + p1b,

where here we use 1| , = I in the second identity. Since Az € L C Hg, we have

El
Ak

p1b € @ E,,. Hence by induction, we will get
k=1

Ax = (¢")"a + (p1)"b, (7.6.3)

holds for all n € N, where (¢*)"a € @ Ej,, 910 € P E,,
ks k

And similar property holds for A*, with the same notation of x, a, b, we have
(A") "z = ¢"a + (p])"), (7.6.4)
where ¢"a € @ E} , (¢})"b € @ E,,.
2 k

Now we need the following simple lemma.
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Lemma 7.6.4. Let U be an arbitrary operator on a Hilbert space H, and x is a *-cyclic

vector with respect to U on H, then for Vy € H, we have
P,Span{U"y, (U*)"y|n >0} # 0.

Here P 1s the projection operator.

Proof of Lemma 7.6.4. If the projection is zero, then we have = L U™y, (U*)"y for all

n. Thus accordingly, we have
y LU, (U")"x for all n,

from the *-cyclicity of x, we have y L H, which gives a contradiction. O]

Now back to the proof of Proposition 7.6.3. For the chosen vector x € L, there
exists a k € N such that z; == P , 2 #0or x; := P, x #0.
A M

If z} # 0, then applying Lemma 7.6.4 we have
P, Span{¢"zy, (¢*)"ziln > 1} #0.

Thus we can find a n € N such that P, (¢"x}) # 0 or P, (¢*)"x; # 0.

If P, (¢ x}) # 0, then it contradicts to the equation (7.6.4) where we have p"a €
@ E;,. If P, (¢*)"x) # 0, then it contradicts to the equation (7.6.3) where we have
K
(p*)"a € ? E}\k

Similarly, if x; # 0 for a k, applying Lemma 7.6.4 we have
Pp}cSpan{gog”xk, (1) zgln > 1} # 0.

Then we can also find a n € N such that Pp1 (piar) # 0 or P (p7) oy # 0. Thus
k
we have o'b ¢ @ E,, or (¢;)"b ¢ @ E,,, which contradicts to (7.6.3) and (7.6.4)
K k

respectively, and it will also leads to a contradiction.
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So there doesn’t exist such reducing subspace L satisfying A, is unitary. Hence A

is c.n.u, and we finish the proof of sufficiency part. n

Remark 7.6.5. Since go‘ E, is unitary and finite rank, with this restriction, we can show
k

that only cyclicity (instead of x—cyclicity) is required. That is,
(i) For all k& the vector py is cyclic for the operator go!EA on Ey,;
k

(ii) For all k the vector p}, is cyclic for the operator <p1| g, o0 E.

The specific explanantion of this part can be found in Remark 10.1.4.

Remark 7.6.6. We need to mention here that the conjugation J, will be uniquely
determined under the canonical choice of ¢, ;. Since all eigenspaces of R, R; are

invariant subspaces for J,, and we have

1= (D)@ (D E)

it’s sufficient to determine value of J, on E), and E (since E,, C E| ) for all k.
We first show that J,pr = pr, Jpp;. = pi. hold for all k. In fact, since J,R = RJ,,

apply pr on both sides we get
mppk = SpRpk = )\k\/}ppk

Since J,pir € Ho, we have J,pr = aipy for a oy, € C with module 1. Hence we have

o0 o
P=Jpp = Jp Zpk = Zoz_kpk7
k=1 k=1

thus oy, = 1 and J,px = px. hold for all k. J,p; = pi can be shown in a similar process.
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Now since J,pr = pr and ¢ B, is Jp-symmetric, thus for all n € N we have
k

Jp2" Pk = (07)"Ippr = (©7)" Dk,

Jp(©") "Dk = ©"Fppr = ©" D

thus J,| Bx, is uniquely determined implied by Proposition 7.6.3.

Similarly we have J,,| is uniquely determined by

1
Euk

n, 1

Io(etor) = (@) "pre Tp(())"pr) = 9ipy,  for all n.

Thus the uniqueness of J,, is proved.
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Chapter 8

ABSTRACT BORG’S THEOREM

In a previous Proposition 6.2.2, we have shown that for a given rank-one pertur-
bation (R, Ry, p, ¢, ;1) with R? — R? = pp*, under the cyclicity of vector p and the

asymptotical stability of contraction 7, there exists an intertwining sequence
AL >y > Ao > g > .. — 0, (8.0.1)

such that R)| 1> Filyy, has simple eigenvalues as {Ac}p2y. {pe}g2y respectively.

4
Thus in this chapter we consider the inverse problem. Given an intertwining real

sequence
)\1>M1>)\2>M2>....—>07

can we find a rank-one perturbation (R, Ry, p), such that R, R; has the corresponding
eigenvalues? Fortunately the answer to this question is positive, and in this chapter

we will prove the following so-called The Abstract Borg’s Theorem:

Theorem 8.0.1 (Abstract Borg’s Theorem). Given two sequences {2 }r>1 and {2 }r>1
satisfying intertwining relations (8.0.1) and such that A3 — 0 as k — oo, there exists
an unique (up to unitary equivalence) triple (W, Wy,p), such that W = W* > 0,
Ker W = {0} is a compact operator with simple eigenvalues {\3}32,, and the operator
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Wy =W — pp* has {p2}52, as its (simple) non-zero eigenvalues (Wy can also have a
simple eigenvalue at 0).

Moreover, the two identities ||W~2p|| =1, ||[W~'p|| = oo hold if and only if:

o 2
S S (8.0.2)
j=1 A

m(;?—gzm. (8.0.3)

Remark 8.0.2. The original Borg’s theorem [32] states that the potential ¢ of a Schrodinger
operator L, Ly = y” + q(z)y on an interval is uniquely defined by the two sets of
eigenvalues, corresponding to two specific boundary conditions. Later Levinson [33]
extended this result by showing that essentially any non-degenerate pair of self-adjoint
boundary conditions would work.

Changing boundary conditions for a Schrodinger operator is essentially a rank one
perturbation (by an unbounded operator). Namely, if L; and Lo are Schrodinger
operators on an interval with the same potential, but with two different self-adjoint
boundary conditions, then for any A ¢ o(L;)Uc(Ly) the difference (Ly —A\I)~' — (Ly —
A)~! is a rank one operator (and the operators (L —AI)™!, (Lo — AI)~! are compact).
Thus, by picking a real A the problem can be reduced to rank one perturbations of
compact self-adjoint operators.

Our Theorem 8.0.1 deals with rank one perturbations of (abstract) compact self-
adjoint operators, hence we give its name. We do not assume that our operators came
from Schrodinger operators, so we only reconstruct the spectral measure, and are not
concerned with the reconstruction of the potential. However, it is well known how
to reconstruct the potential from the spectral measure, or, more precisely, from the
Titchmarsh—Weyl m-function, so it should be possible to get the Borg’s result from
our abstract theorem.

Note also, that Theorem 8.0.1 gives not only uniqueness, but the existence as well.
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Remark 8.0.3. Note also that the triple (W, Wy, p) we constructed in Theorem 8.0.1

satisfies that PK P # 0 for all k, hence by Lemma 6.1.1 the cyclicity of p with

er(W—X21
respect to W is automatically satisfied. In fact, if there is a k such that

Pr == PKer(W—Ail)p =0

Then A\? is a common eigenvalue for W, W, which gives us contradiction.

Similarly we also have PKe

Wiz )P # 0 holds for all k.

In section 8.1, we prove the existence and uniqueness part of the abstract Borg’s
theorem. Inside this proof, we give an expression for the scalar spectral measure of W
with respect to p (see definition in (8.1.3)), denoted as p(s), and its coefficients has the
form in (8.1.9).

In section 8.2, we will translate the trivial kernel condition of I' we get from Propo-
sition 3.1.3 and Proposition 5.2.3, in terms of {\;}72; and {px}52;. Within this part,
we also give an equivalent condition of Ker W; = {0}, and furthermore, give an ex-
pression for the scalar spectral measure of W; with respect to p (see the definition in
(8.1.4)), denoted as p;(s), and its coefficients has the form in Proposition 8.2.9.

In section 8.3, we discuss a special case, i.e., a finite-rank version for The Abstract
Borg’s Theorem. Here the proof for Theorem 8.3.1 is similar to the proof of Theorem
8.0.1, so we omit it.

Finally we close this chapter by considering the inverse problem for the case of
rank-one perturbation (W, Wi, p), when p is not cyclic with respect to W. Given an

intertwining real sequence
)\1>u1>)\2>,u2>....—>0

with their corresponding geometric multiplicities, we can also reconstruct the triple

(W, Wi, p). In this case, we will have the following result, which is a simple generalized
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version of Abstract Borg’s theorem:
Theorem 8.0.4 (Generalized abstract Borg’s theorem). Given positive sequences { A},
and {px}52 satisfying the following intertwining property:
)\1>,u1>>\2>u2>...>/\k>,uk...—>0,

and also integer sequences {m(\g)}72,, {m(ux)}3, satisfying for Yk > 0, m(A\g) >
1,m(ur) > 0, then there exists a unique triple (W, Wy, p) satisfying:

(i) W, W1 are positive, compact self-adjoint operators;

(i) W — W, = pp*;

(iii) For all k € N, W has singular values N2 with multiplicity m()\,), and singular

values pi with multiplicity m(p);

(iv) For allk € N, Wy has singular values \; with multiplicity m(\y) — 1, and singular

values pi with multiplicity m(uy,) + 1;

We will prove this Theorem 8.0.4 in the last section 8.4 of this chapter.

8.1 Proof of Abstract Borg’s Theorem: Existence and Unique-
ness Part

8.1.1 Some Preparation Work: the Definition of Scalar Spectral Measure
and Cauchy Transform

Since everything is defined up to unitary equivalence, by Von Neumann Theorem
1.2.7 we can then assume without loss of generality that W is the multiplication M by
the independent variable s in the weighted space L?(p),and the vector p is represented

by the function 1 in L?(p). Here p(s) is called to be the scalar spectral measure with
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respect to the vector p, defined as following:

s —Z

(W —=20)"'p,p) = /(W) p(s). (8.1.1)

We also call F(z):= [ ipT(SZ) to be the Cauchy transform of p(s).
Since W is a compact operator with eigenvalues {\f }x>1, the measure p is purely

atomic, that is:

p= Zaké,\i, ar > 0. (8.1.2)

k>1

Since the choice of a; can uniquely determine the triple W, Wy, p up to unitary
equivalence. We want to find out values of {a;}?2, according to the given intertwining
sequence.

The following proposition gives the Cauchy transform of an operator under a rank

one perturbation, also stated in cf. [11, Chapter 9], [34, Theorem 5.8.1, p. 335]

Proposition 8.1.1 (Aronszajn-Krein formula). Assume that W, is a rank-one per-
turbation of operator W: W, = W — app®*, then the Borel transform of W and W
defined as

F(z) = <(W — ZI)*lp,p>, F,.(z) = <(Wa - zI)*lp,p>

have the following relation

F(z)

Fal2) = 0 Fy

Back to our main problem. Denote the Cauchy transform of W and W; with respect
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to p to be

_ dp(s

F(z) = <(W —zI) 1P,p> = /(W) 8;0_( 3; (8.1.3)
d

R() = (%= )= [ 0 (5.1.4)

o(Wh) S —Z

Applying Proposition 8.1.1 and take o = 1, we have
F

1—F=—. (8.1.5)

Fy

8.1.2 Guess and Proof for Function I

In order to find out the coefficients {ay}72; in the scalar spectral measure (8.1.2),
we need to give a guess for the function F'.

Denote 0 = {\;}72, U{0} and o1 = {px}32; U {0}, then we know F'(z) has simple
poles at {\;}%2; and analytic at C\ o, Fi(z) has simple poles at {p}32; and analytic
at C\ oy. Thus 1 — F = Fﬂl should be a function which is analytic function on C \ o,
and has simple zeros at {p}72, and simple poles at {\;}72;.

In the following part of this section, we will prove our guess for the function F,

which is:

Proposition 8.1.2. We have the following equation for function F hold

1—F(z):F£1:H (i:ig) (8.1.6)

We first prove that the right hand side of (8.1.6) converges uniformly on compact
subset of C\ o.

N
Lemma 8.1.3. Oy(z) = [] (:’;g) converges uniformly on compact subset of C\ o.
k=1 k

Proof. We use the trivial fact that the convergence of > | fr(2) — 1] implies the conver-
k=0
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o0
gence of [] fi(2) (convergence here always means the uniform convergence on compact
k=0

9
subset). Since ‘1 - =k

252
bl = HE =A%
Z—A

k

2
2=y

2_ 32
B
| converges.

o
, 1t is sufficient to show that >
k=1

For z in a compact K C C )\ o, and sufficiently large & (i.e. for all &k > N)

2 2
pHr — A
S| < CUK NI = il < COK N)O = Ai),
k
thus:
e 2 )\2
3BT < (K NS < oo,
— | 2=
k=N
and the convergence follows trivially. O

Now denote A}im Oy (z) = P(z) on C\ 0. Before we introduce several properties
—00
for this function ®(z), let us recall the definition of Nevanlinna function and its integral

representation.

Definition 8.1.4. Nevanlinna function is an analytic function on the open half plane

and image has non-negative imaginary part.

Theorem 8.1.5 (Integral representation). Every Nevanlinna function f admits a fol-

lowing integral representation

f(z):CjLDz—i-/R()\iZ— 1_:\)\2)du(>\) (8.1.7)

where C is a real constant, D is non-negative, p is a Borel measure on R satisfying

dp(A)
R 1+)2

< 0.
Conversely, if a function has this type of form, then it’s a Nevanlinna function,

and the representation is unique.
Now let us get back to discuss function ®(z).

Lemma 8.1.6. Function ®(z) satisfies the following properties:
97



(i) lim ®(2) =1;

)
Z—00

(ii) function —®(2) is a Nevanlinna function, restricted on C*;
(iii) ®(2) is symmetric, i.e. ®(z) = ®(Z), in particular, ®(z) is real for all x € R\ o;

(iv) ®(2) has simple poles at {\;}32,, simple zeros at {3 },.

Proof. (i) This is true because

00 2 00 142 2
&= [y |)‘k_:uk|

log | <y =t
kz‘: 2= ; |z = ALl

- P‘% _)‘%+1|
< Ik~ k]
<2 |2 = [Ad]?

k=1

A

— =

goes to 0 when z — oo, hence lim ®(z) = 1.
Z—00
= P
(ii) It’s equivalent to show that ﬁ = ]I | ==& | is a Nevanlinna function on CT.
i=1 :

Only need to show that 0 < arg @ <.
Denoting Z to be the point z on the complex plane C*, and Ay, A,, ... to be the
point of sequence {\,} on the real axis, and By, ..., By, ... to be {u,}. Then arg @ is

given by

0< ABZA + ....+ 4B, ZA, <,

While this is trivially true because {\,} and {u,} are two interwining sequences,
and all those angles don’t intersect with each other.
Here (iii) and (iv) is trivial, so we omit it.

Now we prove the following property.
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Lemma 8.1.7. The function ®(z) given above is the only function that satisfies (i), (ii),(iii),

and (iv) in Lemma 8.1.6

Proof. Assume that ®(z) is another function that satisfies those properties. Denote
their ratio to be: ¥ := ®;/®. Additionally, we have both functions have simple poles
at p, and simple zeros at A, hence W(z) is analytic and zero-free in C\ {0}.

In addition, we have Zl'ggo U(z) = 1 since both ®(z), ®;(z) satisfy (i) in Lemma
8.1.6.

Moreover, for z € R\ {0} we have ¥(z) > 0. Indeed, on R\ ¢ \ o; functions
®; and ¢ are real and have the same sign (If ®(z), ®;(x) have different signs for a
certain x € R/o /oy, then xginoo ¢ (z) and xgrfoo ®(x) have different signs, which gives a
contradiction to (i) in Lemma 8.1.6), so ¥(z) > 0 on R\ ¢\ 0. Since ¥ is continuous
and zero-free on R \ {0}, this tells us that ¥ is positive on R\ {0}.

Next, let us notice that ¥(z) does not take real negative values. If Im z > 0, then
according to (ii) in Lemma 8.1.6, Im ®1(z) < 0,Im®(2) < 0, so ¥(z2) = D1(2)/P(2)
cannot be negative real. If Imz < 0, the symmetry ¥(Z) = ¥(z) implies the same
conclusion. And, as we just discussed above, on the real line ¥ takes positive real
values.

So ¥ omits infinitely many points, therefore by the Picard’s Theorem, 0 is not the
essential singularity for . Trivial analysis shows that 0 cannot be a pole, otherwise
% is analytic at 0, which also contradicts to the fact that ¥ can’t take negative real
values on real axis. Hence we have 0 is a removable singularity for function ¥, and ¥
is an entire function. By Liouville’s Theorem, condition W(oco) = 1 implies that ¥ = 1

for all z € C, hence the lemma is proved.

]

Remark 8.1.8. For the last paragraph of the proof for Lemma 8.1.7, we can also consider

the square root W'/, where we take the principal branch of the square root (cut along

the negative half-axis). Then Re ¥(z)'/2 > 0, so by the Casorati-Weierstrass Theorem,
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0 cannot be the essential singularity for W'/2. Again, trivial reasoning shows that 0
cannot be a pole, so again, ¥'/? is an entire function. The condition ¥/ 2(00) = 1 then

implies that U/2(z) = 1.

Now back to the proof of Proposition 8.1.2.

Proof of Proposition 8.1.2. At the beginning of this section, we have mentioned that
F£1 is a function which is analytic on C\ o, with simple poles at {\;}2,, and simple
zeros at {p}52,.and equals 1 at oo, which corresponds to property (i), (iv) in Lemma
8.1.6.

Now we can show that function Fﬂl also satisfies the property (ii), (iii) in Lemma
8.1.6.

In fact, for property (ii), to show that Fﬂl maps C* to C, according to (8.1.5) it’s

equivalent to show that F'(z) maps C* to C*. This is trivially true, because we have

shown that

Fz)=Y A;ﬁ - (8.1.8)

k>1

aj
2 _
Ai—z

is analytic on C/o, and each single term has positive imaginary part if Im(z) > 0.

As for property (iii), to show Fﬂl is symmetric, it is equivalent to show that F'(2) is
symmetric, which is also trivially true from (8.1.8).
So far we have shown that Fﬂl and ®(z) are two functions that satisfy all four

properties (i), (ii), (iii), (iv) given in Lemma 8.1.6. Hence those two functions coincide,

and we proved Proposition 8.1.2. O]

8.1.3 Coefficients of the Scalar Spectral Measure p(s)

In this section, we calculate the coefficients for the scalar spectral measure p(s)

mentioned in (8.1.1). We will show the following lemma.
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Lemma 8.1.9. The function ®(z) =1—F(z) = If((zz) defined by (8.1.6) can be decom-

posed as

_1_2)\2—2

n>1

where

o= 02—y TT (5242)). 8.19)

k#n

Proof. Consider functions @, defined as

Trivially
O (2)=1-) "— (8.1.10)

where

ﬂ(v ) >0 ifn<N, (8.1.11)

Z

ot
3=

and a? = 0 if n > N. This is because the two functions on left hand side and right
hand side have the same poles and the same residues, so their difference is a polynomial.
Then let z — oo, we know that polynomial equals 0 at co. Hence those two functions
are equal.

Next, let N — oco. We know, see Lemma 8.1.3 that ®y(z) converges uniformly to
®(z) in any Compact subset K C C\ 0. Hence, to prove the lemma it remains to show

that 1 —

/\2 — converges to 1 — /\2 - uniformly.
n>1 n>1
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Take z = 0 in (8.1.10). Then we have

s0 . 5

n>1

Notice that for any fixed n the sequence a¥ " a, as N — 0o, 80 Y. % <1
n>1""

:w|3 2

Take an arbitrary compact K C C\ 0. Clearly for any z € K,

N 2
o ap, A ap

z| ~ dist(K,0) ~ dist(K,0) ~ dist(K,0) A2’

so the condition Zn21 a, /A2 < 1 implies that > “fwjz is uniformly bounded, thus by

A2
n>1

n

dominated convergence theorem, we have ) 32— converges uniformly on K, and

n>1

>\2

a
lim n_ = lim = E
N—oo >1)\721—Z >N—>oo)\2—z )\2—2
nz

n_

]

Remark 8.1.10. We also need to calculate the coefficients of p;(s) (which is the scalar
spectral measure of W, with respect to p given in (8.1.4)) for a future use in Proposition
10.1.5. However, this is slightly different from calculating p(s) since Ker W = {0} but

Ker W can be non-trivial. We will go back to this calculation in Proposition 8.2.9.

8.1.4 Existence and uniqueness of the triple (W, Wy, p)

Proof. Define a measure p(s) as p = Z agdyz, where {ay}72, is defined by (8.1.9). Let
k=1

W be the multiplication by independent variable in L?(p):

(W) = (),
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and let p = 1. Clearly W is a positive compact operator with simple eigenvalues

{A2}%° |, and its Borel transform

F(z) = (W —=2I)"'p.p)

is given by

Pl = [y o

00
k=1

Now take W, = W — pp*, and let Fy(z) = ((W; —2I)"'p,p). Recall that by

Proposition 8.1.1 we have
F
1—F=—. (8.1.12)

Thus applying Lemma 8.1.9, we get

- (EH)-E

Together with (8.1.12), we know that F} has simple poles exactly at points {2 }r>1, so
{u2}r>1 are the non-zero eigenvalues of Wj. So the existence of the triple (W, W7y, p)

is proved. O

The uniqueness follows immediately from Lemma 8.1.7.

8.2 Proof of Abstract Borg’s Theorem: Trivial Kernel Condi-
tion
Recall that in Proposition 3.1.3 and Proposition 5.2.3, we have discussed the equiv-

alent condition for triple (R, Ry, p) such that the constructed Hankel operator T has
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trivial kernel. That is,
lgll = IR"'pl =1, ¢ ¢RanR. (8.2.1)

Now comparing equation R? — R? = pp* with W — W, = pp*, we need to derive an

equivalent condition for:
W=2pl =1, W 'p|| = oo. (82.2)

In this section, we will translate the condition (8.2.1) in terms of {\,}5°, and
{pn}22 ;. Then we derive the equivalent condition for Ker W; = {0} (we will see that
this condition is also closely related to the two identities in (8.2.2)). Finally, we give
an expression for the coefficients of pi(s) = >~ bxd,2(s) + bodo(s), which is defined as

k>1
the scalar spectral measure of W; with respect to p:

(Wi —2I)"'p,p) = dp(s)

R S—Z%

8.2.1 The Equivalence of Two Identities in Abstract Borg’s theorem

Proposition 8.2.1. The trivial kernel condition |W~=/?p|| = 1 and |[W~'p|| = oo is

equivalent to the following

(i) i<1—;‘—>:oo

(i) 5552 (5 —1) = o

J+1

Proof. We first show that

||PKer(Wf)\iI)pH = \/@ (823)
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In fact, since the scalar spectral measure p(s) satisfies that

/R £($)o(s) = (o, FW)p)

forall f € C(R), thus we take a sequence of polynomials { f,} that converges to 1¢,_y2y,

then we have

= |PK€7"(W—>\iI)p||2

ay, = (p, PKer(Wf)\%I)p>

Then from (8.2.3), condition |[W~2p|| = 1 can be written as

i % =1 (8.2.4)

oo 2 (o]
S Ok
H(Z_A%> _1_ZA§—Z’ (8.2.5)
1
we take real z < 0, z — 0—, then by (8.2.5) and monotone convergence theorem, we

have
— G TT M
= (8.2.6)

1— — = —=.
2 2
k=1 i k=1 A

o0
Hence ) §5 = 1 is equivalent to
k=1"%

|7:
SN[ SN

1T =0, (8.2.7)
k=1
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which is also equivalent to:

i (’;—’Z‘f - ) = —o0, (8.2.8)

gives us the condition for (9.1.2).

Now for the second condition |[W~'p|| = oo, using (8.2.3) again, it’s equivalent to

3 % = . (8.2.9)

We rewrite (8.1.6) as
ﬁ Z— g _1_i (A —2)+z
z— A2 N2 - 2)
ag apz
_1_2 ZAZA?—Z

E>1 k E>1

assuming that we already have Z f\‘; = 1, then we have
k=1

Ry T = ay
_Z = —_ 8.2.10
2 (z—)\%) Z)\()\Q—z) ( )

Now denoting the function of z in (8.2.10) as G(z). We apply z = —\% to G(2),

and let N — oo, then RHS of (8.2.10) increases monotonically to > ax/Ai. Therefore

k=1
condition (8.2.9) is equivalent to
1 o [ A%+ 13
lim G(—=\y) = lim — Sk | = . 8.2.11
Jim G(=Ay) N%A%E(A%Hi > (8.2.11)
N-1 [
Denote Gn(z) = 3 % |, we will prove the following lemma.
N k

Lemma 8.2.2. The following statements are equivalent:
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(i) lim G(=\%) =0 ;

N—o0

(i) lim Gn(=A%) =

(iii) lim Gy (0) = oo .

Proof of Lemma 8.2.2. (i) <= (ii): To prove this equivalence, it is sufficient to show

that
)\2
O<Cl<H < +”’€> < 0y < 00 (8.2.12)

with constants (', Cs independent of N. Note that for £ > N, we trivially have

L _ A%+
- <1 2.1
2 = A, A2 - (82.13)

Here the upper bound trivially implies the upper bound in (8.2.12) with Cy = 1.
To get the lower bound in (8.2.12), we use the estimate (8.2.13) and the following

inequality
Inz > (In2)(x — 1), Vaxell/2,1].
Thus
Zl 2<A?V+”k—1) i—l 2?5 ”k ;= (~1n2) i “’f> In2,
k=N =N

we see that the lower bound in (8.2.12) holds with C} = 3

(ii) <= (iil): The function Gy is analytic and zero free in the disc Dy of radius
2)\% centered at —\%;, since we have )% is smaller than u% , and so the function
In |Gx(z)| is harmonic in this disc.

Now we can find a sufficiently large N, such that In |G, (z)| is non-negative on the
disk D,, when n > N. In fact, if we goes from (ii) to (iii), then we find a sufficiently
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large N, such that |G, (—A2)| > 1 when n > N. Then applying the maximum principle
to function In |G, (z)|, then we have |G,,(2)| > 1 will be hold on the whole disk Clos D,,.
Similarly, we can also assume In |G,,(2)| is non-negative when going from (iii) to (ii).

Now applying Harnack inequality for function In |G (z)| on the disk Dy (see Re-
mark 8.2.3)

%m Gy (=22 < In |G (0)] < 310 |Ga(=A2)]. (8.2.14)

which proves the equivalence (ii) <= (iii). O

Now get back to the equation (8.2.11). By lemma 8.2.2, condition (8.2.9) is equiv-

alent to lim Gx(0) = oo, hence
N—o00

N1 o N
lim — E— lim —- k= o,
N—oo A2 palet Al Nooo A% Pt A7
And condition [] )f;i = 00 is equivalent to
k=1 "F+1
> (AQ —~ 1> = 0 (8.2.15)
k=1 NTk+l1
Thus (8.2.8) together with (8.2.15) finish our proof for Proposition 8.2.1. O

Remark 8.2.3. Inside the proof of Lemma 8.2.2, we use Harnack inequality (see [35])
for (8.2.14), which can be stated as below:

Theorem 8.2.4 (Harnack inequality). Let f be a non-negative function defined on a
closed ball B(xo, R). If f is continuous on the closed ball and harmonic on its interior,
then for every point x with |x — xo| = r < R, we have

L L+ (r/R)
Tyt @) < 1) < g ()

108



8.2.2 Trivial Kernel Condition for 1V, and the Spectral Measure p;(s)

With the constructed triple (W, Wy, p) in Theorem 8.0.1, we discuss the trivial
kernel condition of Wy in this subsection, and in addition, we give an expression for
the coefficients of p1(s) = >_ bkd,2(s) + bodo(s), which is defined as the scalar spectral
measure of W; with 1"espe(]3€t2 ’lco p:

dp1(s)

R S—2

(Wi —zD)""p,p) =

Proposition 8.2.5. If the coefficients {an}n>1 given in Lemma 8.1.9 satisfies Y & <
n>1""

1, then by = 0, and the coefficients {b,}n>1 can be written as:

b= (02 =12 ] <“§ - AE) (8.2.16)

Proof. From (8.1.5) we have

= (2 — N}
1+ Fi(z :F:H(z—u)

1=

—

If T] (2—2) < 00 (thus by (8.2.6) we have > 92 < 1), then follow a similar proce-
i=1 \"" n>1""

dure as the proof in Lemma 8.1.9, we write

then we have

N /\2 2 a Mi_)‘Q
o =0 - 1 if n> N,

and bY =0 if n > N.
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Now take a upper bound B for [] (2—’2), then we have

i=1 ¢
N

Zbiz<B—1.

o Hn

Since bY > 0 and bY N\ b, as N — oo, where b, has the formula as

AN Rl U

we have > 2% < B—1and ) —2— converges uniformly to )  —3%— on any compact
n>1 n>1 7" n>1 7%

K Co.

Thus in this case we can write pi(s) = > bnd,2 () where b, has the form in (8.2.16).
[

Proposition 8.2.6. For the triple (W, Wy, p) constructed in Theorem 8.0.1, we have
Ker Wy # {0} iff the following two equations hold:

G, G,
n>1"" n>1 """

Hence by Proposition 8.2.1, (8.2.17) is also equivalent to:

T (M AL
I1 (?) =0, ] (52-) = (8.2.18)
k=1 "k k=1 (k+1

Proof. The proof is very much similar to the proof in Proposition 3.1.3.
We define two positive self-adjoint operators R, Ry as: R := W1/2 R, = Wll/ 2, and
also a contraction 7 := R;R~! implied by Douglas Lemma 3.1.1, and also a vector

q := R™'p. Then the two equations in (8.2.17) are equivalent to:

lgl =1,  g€RanR
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(i) Under the condition that ||g|| < 1, we have shown in Proposition 8.2.5, that
Ker W, = {0};

(ii) Suppose that ||¢|| = 1 and ¢ ¢ Ran R. Since we have

W, =R} = RT*TR = R(I — q¢")R (8.2.19)

Since Ker(I — qq¢*) = Span{q} and ¢ ¢ Ran R, we can see that Ker R(I —qq*)R = {0},
thus Ker W; = {0}.
(iii) Suppose that ||g|| = 1 and ¢ € Ran R. Using (8.2.19) again, and apply u :=

R™q to (8.2.19), we have (I — qq*)Ru = 0, thus Wiu = 0. O
Now in contrast with the case when ) {6 < 1, we consider the case when ) & =
k=1 =1 M

1. We first prove the following lemma:

Lemma 8.2.7. For all =z ¢ {,%}jzl; we have the following equation

> 1—2)\?

b
Hl—zu§:1_boz+z 2zki1

i=1

is well-defined and holds for some constant by € C. Here coefficients {by}x>1 has the

expression in (8.2.16).

Proof of Lemma 8.2.7. The first step is similar to the proof of Proposition 8.1.9. We

consider rewriting a finite product

N 1—2)\?

I1 :1+§: b :1+Zbév—z (8.2.20)
1 —zp? — iz — 1 o

Jj=1

then we have the coefficients bY has the expression

N

2_)\2
b =i-m) [T (=),

2 2
n=1,n#k Py = Han

here bY > 0 and b \ b, as N — oco.
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Now we rewrite (8.2.20) and define function Hy(z) as:

N 2 N
1 1 — 2\ by
H :=—|| J—1=§ k| 8.2.21
~(2) z (jl 11— Z/l]z ) 1 iz —1 ( )

Let z = 0, and we take the expansion of infinite product at z = 0 on LHS, we have the

sum

is bounded from above, thus let N — oo, we have ) by < 0.
k=1

Now again for the function Hy(z) defined in (8.2.21), we write
Hn(z) = Hy(0) +/ Hy(t)dt. (8.2.22)
0

Here H),(t) has the expression

N bN

~ 2 GE oy

J:1

Thus for a compact set K which doesn’t intersect with any of {;%}]21 and any
J

t € K, we have

—bN

Hj N
— 4 J 1<K AN
‘(M?t— 1)2‘ < C’(K,a)bj

Since ) b; < 0o, we have
J=1
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uniformly on K. Hence we take N — oo in (8.2.22), we get

1 21— 2)\2 . S _jﬂz
A~V =t 0+ [ 30
g=1 7

2 1 —zp3 N—o0
Hence
1 01— z)\2 <}
s H - = — : +C
S _Z'uﬂ o1 Hk®
for some constant C' € C. And we finish the proof of lemma 8.2.7. O]

With Lemma 8.2.7, we replace z by 1, we get that for z ¢ {u2};>1, we have the

following equation

e 1 b
H ; =1-bo + 2 —,
where {by};>1 has the form as (8.2.16). The only remaining thing to do is to find the

value of bg.

Lemma 8.2.8. With the assumptions that i—% =1land ) % A< 00, we have
k>1 k=1

k>1 7k

Proof. 1f we denote the scalar spectral measure pi(s) = >_ 6,2(s) + bodo(s), and sub-
k>1

stitute it into

BRI | L TS e

Hence we have

PRy
bo = lim | — k]
o=t | =TT



On the other hand, from (8.2.10) we have

R > a
—— = —_. (8.2.23)
Zk:l<z_>\i> ;)\z()\i—z)
Let z — 0, then we get + = %k hence we finish the proof of Lemma 8.2.8. O
oS

Thus combining the results we get in Proposition 8.2.5, Lemma 8.2.7 and Lemma

8.2.8, we can give an expression for all coefficients of p;(s).

Proposition 8.2.9. Denote the scalar spectral measure of W1 with respect to p defined
by (8.1.4) to be pi(s). Then pi(s) = >_ brd,2(s) + bodo(s) where:
k>1

b = (\2 — 2 M A > 1
n_(n Mn)H ILL2—IU2 y wnen n =~
n k

and
0 if Y% <1, 0or Y S8 =1and ) % = oo.
n n n n n n

-1 - a a
(Z‘;—g) szﬁzlandZﬁ<oo.

(8.2.24)

We can show that the coefficients {ay}>1 in (8.1.9), and the coefficients {bs }r>0 in

Proposition 8.2.9 satisfy the following identities.

Proposition 8.2.10 (Modified from Corollary 1, [36]). For all m,p > 1, we have

3 vf—fz — 1, (8.2.25)

b; bo
Y gt s=1-+ (8.2.26)

2 )

=1 Ao — 12 A%
& — Omp (8.2.27)

S A=) =) b -
b; omp  bo
= P _ : (8.2.28)
; (bF =AW= A am  ARAD



Here 0,,, =1 if m = p, and equals 0 otherwise.

Proof of Proposition 8.2.10. Recall that in previous calculation, the coefficients {ay }x>o,

{bk }r>o 1s given by

1—2%_1_[(2:’;%) (8.2.29)

1y —@:H('Z—Ag) (8.2.30)

Then (8.2.25) can be achieved by setting z = w2, in (8.2.29), and (8.2.26) can be
achieved by setting z = A2, in (8.2.30).
For the case of m # p in (8.2.27), we have

2 >J<A§

i>1 q Mo, - M}%)

1 1
—Zaj T2 2] 2 _

]>1 m j ILLp ILLm /’l’p

1 . .
— 2 _ 2[2 2? 2 _Z 2% 2}:0

Here the last identity follows from (8.2.25).
For the case of m = p in (8.2.27), we take the differentiation on both sides of
(8.2.29), and then we have

ay pe — A2 z—un
2 i o LE=R)

k>1

By setting z = u?,, we get

a 1 f — M 1
Z(}\z k2>2:)\2_2H( /\%):E'

E>1 E T Mm m — Hm ntm Iu’m
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For the case of m # p in (8.2.28), we have

b
Z(/ﬁ—/\2)( =)

Z
1 b b

:)\ _)\]23[;%2_])\%1_;@_])\3]

ol D -0 =t

Here the third identity follows from (8.2.26).
For the case of m = p in (8.2.28), we take the differentiation on both sides of
(8.2.26), and then we get

b _ /\k: Nk
Z(/ﬂ— Z H —un

k>1 Uk E>1

By taking z = A2, we get

by 1 A2 N by 1 b
2(2_)\%)2:)\2_21_[()\2_2)_é:a_>\%

E>1 H, m P, n#m m Ky

8.3 Abstract Borg’s Theorem: Finite Rank Case

Similar to the description in Theorem 8.0.1, we can also write the finite rank version

of Abstract Borg’s Theorem, which can be stated as below:
Theorem 8.3.1 (Abstract Borg’s Thoerem, Finite Rank Version). Given two se-

quences {2} {2 N, satisfy the following intertwining relation

N> pud> >\ > pA >0,
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then there exists an unique (up to unitary equivalence) triple (W, Wy, p), such that
W, W7 are positive self-adjoint compact operators with trivial kernel, and also satisfy

Wi =W — pp*. In addition, the eigenvalues of W, W7 are simple, and coincide with

(MY {2, respectively.

Remark 8.3.2. If y% = 0, then we have the constructed operator W, has a kernel of
dimension 1; if g% > 0, then we have the constructed operator Wi also has trivial

kernel.

Remark 8.3.3. The proof for this Abstract Borg’s theorem in finite-rank version is
oo 2 N 2

trivial, because the infinite product kli[l (%) now becomes a finite product k]:[1 (%)

Under the setting in Theorem 8.3.1, if we write down the scalar spectral measure

of W, W3 with respect to p:

P = (0 =Dty = [0
Fi(z) = (W1 —2I)"'p,p) = /(W) Cipl_(z)y

N
we still have 1 — F = Fﬂl, and we have the coefficients of p(s) = ;1 andxz (s), pi(s) =

N
> bnd,2(s) has the following representation:
n=1

A% — 1

k#n
2_)\2
be = (A2 — i) TT (Bo=25).
( “)g(ui—ui)

Under this case, we have
N,
k
||W 1/QpH =1 & E — =1 & un = 0;

as for the second identity ||[W~!p|| = oo in the trivial kernel condition, it can’t be true
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N
because ) & is always finite.
k=1"F

8.4 Proof of Generalized Abstract Borg’s Theorem

Proof. First by using the result of Abstract Borg Theorem 8.0.1, we can find a triple
(W, W1, p) on a Hilbert space H, such that

(i) W, W are self-adjoint compact, positive operators. Ker W = {0};
(ii) W — Wy = pp*;
(iii) p is cyclic with respect to W on H;
(iv) {2}, {p2}se, are the simple eigevalues of T, W respectively.

Now define operators R, Ry as R = WY2 R, = W11/2, we have R, R; have simple
eigenvalues {\g}72, {1 22, respectively.

Now we define an extended Hilbert space
H=HOH ®Ho® .. Hop 1 © Hop...

Here Hay_1 is a Hilbert space with dimension m(A;) — 1, Ho is a Hilbert space

with dimension m(py).

And we also extend E, Ry to two operators R, Ry defined on H. We let
(i) For all £ € N, We take R = Ry = A\ on Hop_1;

(ii) For all k € N, we take R = Ry = I on Ho.
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From (i) and (ii), we can see

dimKer(R — M\ I) = dim Hop—1 + 1 = m(\g);
dim Ker(R1 - )\k]> = dimHgk_l = m()\k) — 1;
dim Ker(R — pil) = dim Hop = m(ug);

dimKer(R; — ppl) = dim Hop + 1 = m(ug) + 1;

Thus (R, Ry, p) is a satisfied triple on H.
Now we move on to the uniqueness part. Assume that (W, Wy, p), (W', W] p') are

two satisfied tuples defined on spaces H, H’ respectively. Then we denote

Ho = Span{W"p‘n > 0};
Ex, = Ker(W — \2I), &, = Ker(W — 1i21);
&y, = Ker(Wy — X)), &, = Ker(Wy — pii1);

W =w| W=l

)
Ho 0

And we define H, €, , €, , QE}\k, Q‘E}%, W’, Wl’ similarly.

Then followed by Proposition 6.2.10, we have (W, Wh, p) and (W’ : W{ ,p') are two
tuples that have simple eigenvalues {\2}7°, {u7}32, respectively, which also satisfy
all requirements given in Theorem 8.0.1, Hence applying Theorem 8.0.1, we have those

two tuples are unitary equivalent, i.e.

W' = ‘7%‘7*, Wl = ‘7%1‘7*, p = ‘7]9

for an unitary Vo Ho — 7—N[0.
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Now using Proposition 6.2.10 again, we have

o (@) (&)
H oMt = (@em &b (@%)-

In addition we have W = W; on H & Ho, and W' = W{ on H' © H|; i.e. we have

W =W; = A1 on SAlk for all &, W =W, =l on &, forall k

W' =W{ =X\ on €, for all k, W' =W, = I on €, for all k

Since dim &y = dim €} = m(\;) — 1, dim €, = dim &,, = m(u), we can define
¢}, to be an arbitrary unitary operator mapping &3, to €} ; and ¢ to be an arbitrary
unitary operator mapping &, to €,, . Then we can extend V to an unitary V : H — H’

such that

VZ?OH/H(),

V=g¢ion& forallk, V =d¢ on&, forallk.
Then we have
W =VWwvr, Wy =VIve, P =Vp.

Thus the uniqueness part is done. O
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Chapter 9

RESULT FOR COMPACT HANKEL OPERATORS
WITH SIMPLE EIGENVALUES

With the Abstract Borg’s Theorem 8.0.1, we are ready to solve the question that
what type of spectral data can uniquely determine a Hankel operator I' when I is
compact with simple singular values.

In section 9.1, we will show that under the self-adjoint case, a compact Hankel
operator with simple singular values will be uniquely determined by two sequences of

real numbers {\,}22,, {u,}52, satisfying an intertwining relation:

[IAr] > |ua] > |Aa| > |p2| > oo > [ Aa] > || > ... = 0 (9.0.1)

In section 9.2, we will show that under the non-self-adjoint case, a compact Hankel
operator with simple singular values will be uniquely determined by two sequences
of complex numbers {A\,}>, {1,}22,, whose modulus part satisfy an intertwining

relation:
A > |pa] > | Ae| > |pe| > oo > | Aa] > |ptn] > ... =0 (9.0.2)
In section 9.3, we generate the result for finite rank Hankel operators with simple

singular values, under both self-adjoint case and non self-adjoint case.
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9.1 Result for Self-adjoint Compact Hankel Operators with

Simple Eigenvalues

Theorem 9.1.1. Given two sequences of real numbers {\,}5°, and {p,}5°, satisfying

intertwining relations
A1 > |pa| > [ Aa] > |pe| > oo > | Aal > |ptn] > ... =0, (9.1.1)

there exists a unique self-adjoint compact Hankel operator I' such that non-zero eigen-
values of I' and I'S are simple, and coincide with {\,}52, and {p,}22 | respectively.

Moreover, KerI' = {0} if and only if both of the following identities hold:

00 2
/1/.

( - /\_é> = 00, (9.1.2)
7=1 J

o0 2
M.
<A2J - 1) = 0. (9.1.3)
1

Proof. By Theorem 8.0.1, we can find a triple (W, Wy, p) on a Hilbert space H with the

relation: Wi = W — pp*, here W and W are positive, compact self-adjoint operators
with simple eigenvalues {2}, {u2}2°, respectively. In addition, the triple is unique
determined up to unitary equivalence.

Denote that the eigenvector of W corresponding to A2 is ug, and the eigenvector of

W, corresponding to p3 is vy;

2 2
Wuk = )\kuk, lek = HUpUg.

Since

H = @ Span{uy} = KerW; & (@ Span{vy}),
k=1 k=1
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Then we define self-adjoint R and R, on H by

Ruk = )\kuk;

Rivg := gk, =0.

Rl |Ker Wi

Here we have Ker R = {0} and Ker R; = Ker W; with dimension at most 1, and

we can express R and Rq by
Rx = Z APy, x, Rix = Z,ukakx,
k=1 k=1

Hence we get the unique square roots of W and W; according to the given signs of
{ M diss ety

Now we have the triple (R, R1, p) satisfies the relation (3.1.5), and the contraction
T defined by Ry = TR is asymptotically stable. Hence by Proposition 3.1.3, there
exists an unique self-adjoint Hankel operator I' such that the triple I'| ke 1)+, 't [(ker )<
u:=Tey= FP(KerF) | €9 is unitarily equivalent to the triple (R, Ry, p). This means that
the non-zero eigenvalues of I and I'y are simple and coincide with {A\;}72; and {pu}52,
respectively.

As for the uniqueness, assume that (I',I'y,u = Tey) and (I",T,u' := T"eg) are
two different set of triples satisfied the conditions. Then by Proposition 3.1.3, there
are two different triples (R, R1,p), (R’, R}, p) defined on the same Hilbert space such
that (I',I';, u) unitary equivalent to (R, Ry, p), and (I",T,«’) unitary equivalent to
(R, R}, p), where (R, Ry) and (R’, R}) share the same spectral characteristics.

From the equation
RZ - R% — R/Z - R/Q — pp*’

and the uniqueness in the abstract Borg’s theorem 8.0.1, we have R? = R”? = W, R? =

REZ =W;. If R # R/, then there exists a k, such that Ker(R — ) # Ker(R' — \I),
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thus dim Ker(W — A2I) > 2, which gives a contradiction.
Similarly we have Ry = R/, which indicates the uniqueness of such Hankel operator.
As for the trivial kernel condition, we have mentioned in Proposition 3.1.3 that
KerT' = {0} if and only if ||¢]| = 1 and q ¢ Ran{R}, where ¢ := R p.

1/2

Here the first condition ||¢|| = 1 can be rewritten as ||[WW~/?p|| = 1, and we have

shown in Theorem 8.0.1 that this identity is equivalent to

And the second condition ¢ ¢ RanR can be rewritten as |[IW~!'p|| = oo, again

implied by Theorem 8.0.1 that this identity is equivalent to

i(;ﬁ —1)200 & ﬁui = 00.

2
k=1 )\k-i-l

]

Remark 9.1.2. With the discussion in subsection 8.2.2, we can also get an equivalent

condition for KerI'y/ KerI" = {0} for the constructed Hankel operator, which is:

oo 9
His
)\2
k=1"k

9.2 Result for Compact Hankel Operators with Simple Sin-

gular Values as Complex Symmetric Operators

Theorem 9.2.1. Given complex sequences {\,}°%, and {1,}°%,, where A\, = spe% iy, =
tee', and the modulus part satisfies the following intertwining relation
S1 >t >89 >ty > ... — 0, (9.2.1)
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then there exists a unique compact Hankel operator I', such that we can find a conju-
gation J, commutes with |I'| and preserves u := I"ey (implied by Lemma 4.0.1) with
5, 51 defined in (5.1.5), satisfying that non-zero eigenvalues of |1:\5, ]fllal are simple,
and coincide with { A\, }52, and {p,}22, respectively.

Moreover, KerI' = {0} if and only if both of the following identities hold:

Proof. By Theorem 8.0.1, we can find a triple (W, Wi,p) on a Hilbert space H

(unique up to equivalence) satisfying
(i) Wy =W — pp*, where W, W, are positive, self-adjoint operators;
(ii) W has trivial kernels, p is a cyclic vector for W;
(iii) W, W, have simple nonzero eigenvalues {s3}72,, {t7}32, respectively.

Now denote the eigenvectors of W corresponding to s? is uy, and eigenvectors of

Wy corresponding to tz is vg. Since

H= @ Span{uy} = Ker W; @ (@ Span{vy}),
k=1 k=1
We define positive self-adjoint operators R, R; on H as

Rz = Z sk Py, , Rix = Ztkak:U (9.2.2)
k=1

k=1
Now we also define a unitary ¢ and a partial isometry ¢, as

px = Z ¢ P, o1 = Z %P, & (9.2.3)
k=1 k=1
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Easy to see that ¢, p; commutes with R, R; respectively, and share the same cor-
responding one-dimensional eigenspaces. Here Ry, R1p; are compact operators with
simple eigenvalues { A, }22 |, {1}, respectively.

Now we define a conjugation J, on H. Since H = Span{R"p|n > 0}, we define J,

by
JpR"p=R"p for all n.
This is the same as defining J, by
IpPr = Dk for all £,

where

e .
Pk }Ker(W—/\%I)p

In addition, we can check that ¢, p; are J,-symmetric. In fact, for all k& we have
3ok = 3p€ % pr = e T pe = O 0k

Thus Jp¢ = ¢*J, on H, and a similar result holds for ¢;.

Now all the assumptions in Proposition 5.2.4 are satisfied, and we apply the tuple
(R, Ry, p, ¢, ¢1,Jp) to Proposition 5.2.4. Thus there exists a unique Hankel I, such that
we can find a conjugation J, commuting with |T'|,|T';| and preserves u := I'*eg, satisfy-
ing that the tuple (|1~1|7 |f1|,§u, 5, 51, u) and (R, Ry, Jp, ¢, ¢1,p) are unitary equivalent.
This implies that |f|$, |f1|$1 are compact, and has simple non-zero eigenvalues as
{\n}22 and {p, }22, respectively. And we finish the proof of existence part.

Now we move on to uniqueness. Suppose that there are two different Hankel T", T

that satisfies all requirements in Proposition 9.2.1. We will show that I', " have the
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same Hankel coefficients {7, }52,, hence they are the same.
Denote their corresponding tuples to be (\f], \fl\,u, o, 51) and (\f’\, \1:’1\, o, g, 5’1)
We have

O = 0P =wu, TP = [T = o/ (u)

Here ||, |T’| have simple eigenvalues {s;}22,, and |Ty],|T%| have simple cigenvalues
{t;}°°,. Then by the uniqueness in Theorem 8.0.1, those two triples (T, |T';], ) and
(IT],|T%], ') are unitary equivalent. That is, there exists a unitary V : £2 — (2 such

that
T =YWV, L) =VT4V,  u=Vd (9.2.4)
We will show that
d=VIV', 1=V V" (9.2.5)

In fact, if we denote the cigenvectors of |T'| corresponding to {sp}22 as {ux )2,

le.
|f|uk = SLUL holds for all k.
Then since |T'| commutes with ¢, we have {u;,}22, are also eigenvectors for ¢:
duy, = ¢y, holds for all k.
Now from || = V|I’|V*, we have V*uy, is an eigenvector for |I”|. In fact,

\f’|17*uk = i}*‘f”u,k = skﬁ*uk
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Since |f/ | commutes with ¢'. we have {ﬁ*uk}i‘;l are eigenvectors for ¢':
FV*u = V', holds for all k.
Thus for all k£ we have
Vo'Viu, = e VV*uy, = ey = duy,.

This proves that ]7(5’ Vr o= 5 For a similar reason, we have ]7(5’117* = ggl. Thus
tuple ([T, |T1|, w, @, ¢1) and (|IV],|T%], o/, &/, @) are unitary equivalent.
Now we apply Proposition 5.1.4, we have the Hankel coefficients of I' can be repre-

sented by:

where &* = |I'1|¢1¢|T| !, and v = |T|~'¢*u (see equation 5.1.8).

Since the two tuples for T', Ty, (|T|, [Ty, u, ¢, ¢1) and (|I'|, ||, 4/, ', ¢,) are unitary
equivalent. Thus by (9.2.6), I, I have the same Hankel coefficients, thus they are the
same.

As for the trivial kernel condition, we have KerI' = {0} is equivalent to [|¢|] = 1
and ¢ ¢ Ran R. Again, with the construction of (W, Wy, p, ¢, ¢1) in the existence part,
llgll = 1 and ¢ ¢ Ran R are equivalent to:

ldl =1 "R 'pl =1 & W 2| =1

¢ ¢ Ran R & |[R7'q]| = oo & |[R7%p|| = [W™'p]| = o0

Thus by Theorem 8.0.1, KerI" = {0} if and only if



]

Remark 9.2.2. Note that we use notation (R,R;) in section 8.1, meaning that R, R4
are self-adjoint. While in section 8.2 we use notation (R, Ry) implying that R, R; are

also positive. In other words, in the self-adjoint case if we write the polar decomposition

form of R, Ry:

R = RSO, Rl = R1Q01,

then o(¢) = 0,(¢) C {£1}, o(¢1) = 0,(¢1) € {0,£1} and also dim Ker ¢; < 1.

Remark 9.2.3. In the definition of unitary ¢ and partial isometry ¢; (see (9.2.3)), we
can also write ¢ = f(R), p1 = fi(R1) for some unimodular measurable functions f, f;.

Here f, fi has the following expression:

F(2) =) Tamay™ + Tijane, (9.2.7)
k=1

fiz) = Z 1{m=tk}€i9§“ + Ir/t e, - (9.2.8)
k=1

Remark 9.2.4. With the discussion in subsection 8.2.2, we can also get an equivalent

condition for KerI'y/ KerI" = {0} for the constructed Hankel operator, which is:

9.3 Result for Finite Rank Hankel Operators with Simple Sin-

gular Values

Using the finite rank version of Abstract Borg’s Theorem 8.3.1 given in section 8.3,
we can also find out the spectral data that can uniquely determine a finite rank Hankel

operator I' with simple singular values.
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The following result is for the self-adjoint case.

Theorem 9.3.1. Given two sequences of real numbers {\, }o_,, {ur}o_,, satisfying the

following intertwining relation
(Al > |pa] > o> [An] > |pw] = 0,

there exists a unique self-adjoint finite-rank Hankel operator T' with simple singular

values, such that the non-zero eigenvalues of F‘(Kch)L and 'y . are simple, and

(Ker)
coincide with {\, 1y, {ux}a_, respectively.
In addition, for the finite-rank case, we have that the constructed I' must have a

infinite dimensional kernel. And KerT'y/ Ker ' = {0} if and only if uny > 0.

The following result is for the non self-adjoint case.

N

Theorem 9.3.2. Given complex sequences {\,}N_, and {p,}"_,, where the modulus

part sy = |\g|, ty = x| satisfy the intertwining relation
S1 >t >8>ty >...>sy >ty >0,

then there exists a unique compact Hankel operator I' with simple singular values, such
that we can find a conjugation J, commutes with || and preserves u := I'"ey (implied
by Lemma 4.0.1) with (%, qgl defined in (5.1.5), satisfying that non-zero eigenvalues of
IT|é, |T1|dy are simple, and coincide with {\,}°2, and {11,}°%, respectively.
Moreover, the constructed Hankel operator I' must have an infinite dimensional

kernel T', and KerI'y/ Ker I' = {0} if and only if uy = 0.

The proof to these two theorems are very much similar to the ones for Theorem

9.1.1 and Theorem 9.2.1, so we omit them.
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9.4 Conclusion

In this chapter, we further translate the spectral data of two operators that can
uniquely determine a compact Hankel operator with simple singular values.

(i) If the Hankel operator I' is self-adjoint, Theorem 9.1.1 indicates that I" will be
uniquely determined by two sequences of real numbers {\, }22; {p,}2,, satisfying an

intertwining relations
M| > ] > | A2| > 2| > o > | An] > |pn] > ... = 0. (9.4.1)

If we write the Borel transform of I'? with respect to u:

((r2 —zI)_lu,u) :/jpT(Si,

then the coefficients of the scalar spectral measure p(s) = > apdy2(s) is uniquely
determined with the expression in (8.1.9). =

(ii) For the case when Hankel operator is not self-adjoint, Theorem 9.2.1 implies that
I' can be uniquely determined by two sequences of complex numbers {A, }2° | {1},

whose modulus part satisfy an intertwining relation (9.2.1).
A > |pa| > |Ae| > ... = 0.

In other words, with the constructed conjugation Jr which commutes with |T[, |T|
and preserves u := [eg, and the induced unitary 5 and partial isometry 51 given in
(5.1.5). We have the non-zero eigenvalues of the two operators |f|5, |f1|$1 are simple,
and coincide with {\,}5°, and {u,}°2, respectively.

For this second case, we can also say that the Hankel operator I can be uniquely

determined by three factors:

(a) A discrete measure p(s), which is the scalar spectral measure of |I'|? with respect
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to u = I™eq:

((m? —z[)_lu,u) :/f’%i.

The coefficients of this scalar measure is uniquely determined by the modulus part

of sequences {\,}>°; and {p,}>2 ;.

A unimodular measurable function f : R — C (with the expression in (9.2.7))
, which is determined by the phase part of complex sequences {A,}>2 ;. This
function induces an unitary operator f(|I'|) commutes with || and share the same

eigenvectors with |T|.

A unimodular measurable function f; : R — C (with the expression in (9.2.8)) ,
which is determined by the phase part of complex sequences {p,, }22 ;. This function
induces an operator f,(|T';|) commutes with |I';| and share the same eigenvectors

with [T,

Notice that for both situations, we require the cyclicity of vector p to guarantee the

asymptotic stability of a contraction T := Ryp1¢* R in the description of Proposition

3.1.

3 and Proposition 5.2.3. Thus the geometric multiplicities of singular values of

constructed I' must be no more than 1.
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Chapter 10

RESULT FOR COMPACT HANKEL OPERATORS
WITH NON-SIMPLE EIGENVALUES

In this chapter, we will further discuss the spectral data we need that can uniquely
determine a compact Hankel operator with non-simple singular values. The main re-
sult in this chapter is given in Theorem 10.1.5, saying that a compact Hankel operator
with non-simple singular values can be uniquely determined by two sequences of posi-
tive real numbers {A;}72, {ux}32,, and two sequences of positive discrete probability
measure {p;, 2, {pr}22,. Here the two sequences of real numbers satisfy the following

intertwining relation:

)\1>M1>)\2>M2>....—>07

In section 10.1, we recall the setting in previous chapter and do some preparation

work. And in section 10.2, we prove the main result (Theorem 10.1.5) in this chapter.

10.1 Preparation Work and Main Result

10.1.1 The setting of Tuple from Previous Chapters

We first recall the setting of tuple (R, Ry, p, ¢, ¢1,J,) defined in chapter 5:
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(i) R, Ry are two positive, self-adjoint compact operator defined on a Hilbert space

H. In addition we have Ker R = {0};
(i) R? — R? = pp* for a vector p with [|[R™p|| < 1;

(iii) J, is a conjugation commutes with R, Ry and preserves p, implied by Lemma 4.0.1

and Lemma 5.1.1;

(iv) ¢ is a J,-symmetric unitary operator, which commutes with R;

(V) @1 is a J,-symmetric partial isometry with Ker¢; = Ker Ry, which commutes

with Ry. In addition, we have gpl\(K Rl is unitary (See Remark 5.2.1);
er R

(vi) The contraction T defined as T := ¢ R R~ p* is asymptotically stable.

We again use the definition Hy := Span{R"p|n > 0}. Then in Proposition 6.2.2,

we have shown that there exists an intertwining real sequence

AL > > A > g > .. — 0, (10.1.1)

such that R[,, , Ri[;, have {A\x}72,. {1 }2, as their non-zero eigenvalues respectively.

Afterwards, Proposition 6.2.10 gives the complete structure of the eigenspaces of
R, Ry. From Lemma 6.2.8 we know that R, R; doesn’t have any eigenvalues other than

{32y, {2, and 0. Using the same notation Ey,, E) , E,,, E), defined in (6.2.7),

then we have
(i)
ni-(9n) @ (Dr)

k=1

E\, = E,_ ® Span{p}, E, = E,, @ Span{p,},
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where py, pi are defined in (6.2.9).

Furthermore, if we take the canonical choice of ¢, p; given in Lemma 6.3.2:

901|E}\k217 S0|Euk:I7

then by Proposition 7.6.3, the asymptotic stability of 7 implies that:
(1) px is *-cyclic for ¢ restricted in E), ;
(i) py is *-cyclic for ¢, restricted in £ .

Remark 10.1.1. (i) We should notice that all Ey,, E3 , E,,, E! are eigenspaces of com-
pact operators, so they must have finite dimensions.

(ii) From the asymptotic stability assumption, we have for all k
E\, = Span{gp"pkm € Z}.

Here we denote @™ = (¢*)™" for a negative n.

Actually, we can show that E,, = Spﬁ{gp%ﬂhﬂ < Ni,n € Z} holds for a finite
Ng.

In fact, if we define E; = Spﬁ{gp"pkﬂn\ <i,n € Z}, then £y C FEy C ... is an
increasing sequence. Since dim F, < oo, thus the sequence must stay at a constant

subspace from a certain F;.

10.1.2 Behavior of ¢, ¢p; on the Eigenspaces

Now for the given p;, € E), and the unitary operator ¢ B, We consider all functions
k

f(2) defined on T with the following form:

f(z) = Z apz" N is finite ,a, € C.
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Denote the set that consists of all such f to be S. For all f € S, we have

f = ok, F(0)pr) (10.1.2)

is a linear functional on S. According to Stone Weierstrass Theorem, P(T) (the set of
polynomials on T with complex coefficients) is dense in C'(T) ( the set of continuous
functions on T), thus S is also dense in C(T). And (10.1.2) can be extended to all
f e C(T).

Now applying Riesz Representation Theorem, we can find a complex Borel measure

on T (We have o(¢) C T since ¢ is unitary), denoted as py, such that

/T £(5)dpe(s) = (prr S(@)pi)- (10.1.3)

This measure py, is also known as the scalar spectral measure of | E, with respect
k

to Pk-

In addition, the Borel transform of ¢| E, with respect to p; is given by
k

F(2) = (= =0) ) = [ 24

T S—2

Proposition 10.1.2. The unitary operator @‘EA and the scalar spectral measure py(s)
k

in (10.1.3) satisfies the following properties:

N
(1) pr(s) =D a;ds,(s) for some a; > 0,|6;] = 1;
i=1

N
(ii) (’0|E,\k = ;@PKHMEM _BiI)

(ili) dimKer(p|p, — Bil) =1 holds for alli. Hence N = dim E),;

N
(iv) Y a; = pr(T) = ||px||?. For each i, we have
i=1

_ 2
% = ”PKerap\EA . Prl
k
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Proof of Proposition 10.1.2. First notice that gp! By is unitary and finite rank, thus by
k

the spectral theorem for compact normal operators (See [37]), we can write

N
ol =D B (10.1.4)
=1

Here {8}, are all eigenvalues of ¢| g, - and P is the projection operator onto
k
Ker(gp!E — ;I). Since go‘E is unitary, we have all 5; has module 1.
Ak Ak

Then the scalar spectral measure pi(s) can be written as

pu(s) = 3 aida (s

for some q; € C.

N
Now we write py = Y py;, where py; € Ker(p| 5, — il ). We will show that
] X

1=

pei 70, dimKer(p|, —8I)=1.

In fact, from (10.1.4), we can write ¢* By, 85
k
N
& |g, =D Bl (10.1.5)
i=1

If pri = 0, then we have

Span{gp”pk, (gp*)”pk} il Ker(gp‘Ekk — GiI),

which contradicts to the *-cyclicity of py.

On the other hand, we know from the representation of ¢, * in (10.1.4) and
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(10.1.5), we know that the intersection

Span{¢"pk, (©*)"pe} N Kef(90|EAk — Bil)

is at most a one-dimensional space. Thus if dimKer(¢|p, — 8I) > 2 for some 4, it
will also contradict to the *-cyclicity of p,. Hence we finish the proof of (iii).
Now for (iv), we apply a sequence of polynomials { f,,} that converges to 1,—g, to

(10.1.3), then we get

az <pk’7 PKer(WlE)\k _le)pk?> ||pkl|| > O

Thus we have
pe(T) = ai= > llpwll® = llowll*.
i=1 i=1

We can also get this identity by simply setting f = 1 into (10.1.3) O

Remark 10.1.3. Note that equation (10.1.4) implies that )| g, s diagonalizable. Thus
k

for each eigenvalue f3;, the algebraic multiplicity of 3; equals to the geometric multiplic-

ity of §;. This is not necessarily true for a general compact operator, where algebraic

multiplicity is usually bigger than the geometric multiplicity.

Remark 10.1.4. Denoting N = dim E,, we can show that
Span{¢"pr|0 < n < N — 1} = E),,

which is stronger than the condition in Proposition 7.6.3.

In fact, this can immediately be resulted from the fact that the projection of py on
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each eigenspace Ker(gp‘ By T B;I) is non-zero, and the Vandermonde matrix
k

1 1 1
M, b Bo . Dn
N-1 pgN-1 N-1
1 2 o PN

has non-zero determinant
|(Mij)1gi,j§N| - H (8 — Bi)-
i<j

Now similarly for pi and ¢, we can define the scalar spectrum measure pj, on

T by:

|5
E/”k

/T F(5)dpb(s) = (k. F(o0)ph),

and the Borel transform of g01|E1 with respect to pi
HE

ENz) = (g1 — 2D) "o, pp) = / dp’“—<8).

T S— %2

Similar to the proof in Proposition 10.1.2, pi(s) is also a positive discrete measure,

which concentrate on finitely many points on T. And we also have
192
pe(T) = llpell”.

We can see that the total measure of pi(s), pr(s) equal to [|pil?, |pr]|?, which is

not independent on the intertwining sequence { A}, {pr}72,. Hence if we normalize

1
Pk, pr by changing py, pi to T 7;—’£ respectively, that is, we denote py, p: to be the

139



respectively:

scalar spectral measure of gp|EA 7901’E1 with respect to Hpk” Hp i
k P k

Dk N Pi
/ FS)d7s) = (P fo) . / F(5)dph(s) = (L Flpn) Loy,

2% 2k [l

then we have pi(T) = pp(T) = 1.
In this section, we will show that a Hankel operator can be uniquely determined by

the choice of { e}, {pr}sy, Pk}, {Ph}e2,; ie. we can take {\¢}22, {ur}i s,
{Pr}2,, {Pi 132, as the spectral data of a compact T

Theorem 10.1.5. Given an intertwining sequence
AL >y > Ao > g > .. — 0,

and two sequences of normalized measure on T, denoted as {px}32,, {pr}32,, satisfy
(i) 1(T) = 1, 74(T) = 1;
(ii) px, pi are positive discrete measure concentrated on finitely many points on T.
then there exists a unique Hankel operator I', such that

(a) |T],|T1| are compact, and have no other non-zero eigenvalues than { g }22, {1},

Furthermore, if denoting

¢}, == Ker(|Ty| — \J), ¢, = Ker(|T| — A\pD):;

¢, =Ker(|Ty| — ml), €, =Ker(|T| - pl),
then we have

¢}, ®span{vf} = €, ¢,, @ span{vi} C ¢,

for some vectors v¥, vk
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(b) Under the canonical choice of tuple (3, &, ¢1) (See (5.1.5) and Lemma 6.3.2), i.e.
¢’€l‘k :IJ ¢1|€§k :-[7
we have the spectral measure of (Z| B, with respect to v¥, and the spectral measure
k

of (ZJE}L with respect to v, are just scalar multiplication of py., py. respectively.
k

We will prove this proposition in next section.

10.2 Proof of Theorem 10.1.5

10.2.1 Proof of Existence

Proof. According to Proposition 5.2.4, to prove the existence of such Hankel T, it’s

sufficient to construct a tuple (R, R1,p, ¢, p1) that satisfies the same property stated

in (a),(b).
First by applying The abstract Borg’s theorem 8.0.1, there exists an unique (up to

unitary equivalence) triple (W, Wy, p) defined on a Hilbert space Hy, such that W, W,

are positive compact operators, Ker W = {0} satisfying
(i) W =Wi+pp*
(ii) W, W; have simple non-zero eigenvalues as { A\ }722;, {1z}, respectively.

Thus if we denoting the eigenvectors of W, W, as
Way, = Ny, Wiyk = 13y
Then we can construct two operators é, El on Hy defined as

Rz, = Ay, Riyr = 1y
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Here we can express the norm of pg,p;, in terms of {A\7}2,, {ui}72,, which are

defined as

1

Pk = PKer(R—AkI)p’ Py = PKer(Rl—uk)p'

In fact, if we denote pu, 1 as the scalar spectral measure of R?, R? with respect to

p, and g(z), g1(2) to be the Cauchy transform of R?, R? with respect to p. That is,

/R f(s)du(s) = (p, f(R*)p) holds for all f € C(R) (10.2.1)

o2) = (7 =21 "p) = [ dpu(s) (10.2.9)

S —Zz

/Rf(s)dul(s) = (p, f(R3)p) holds for all f € C(R) (10.2.3)
0 = (7 1)) = [ 2 (10:2.)

Then we have 1 — g = ;41 from Proposition 8.1.1, and we can write

p(z) = Z ardyz(z), wi(z) = Z b0,z (2) + bodo(2).
k

k

According to Lemma 8.1.9 and Proposition 8.2.9, the coefficients {ay}72, {br}32,

has the following representation:

ar = (A2 — 12 Ay 10.2.5
itk i

2

b= (2 — 2 ] (”” - Ai) (10.2.6)

2 _ 4,2
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0 Y% <lord%=1and ) % =cc.

(Cw) X m=land Y% <o

3 wl:

Here according to the proof in section 8.2,

00 2
G, — 5
Y e @Z<‘ﬁ>“m

n j=1 J
a AT
1= & W || = oo, @Z()\zj —l)zoo
n n j=1 J+1

Now we apply a sequence of polynomials {f,} which converges to 1 (z=22} into

(10.2.1), then we will have

a’k = <p7 PKer(R2—)\i])p> = Hpk‘HQJ

thus

A=
lpell = vae = | (02 = i) ]| (Ag —)- (10.2.8)

ik

Similarly we have

bl = v/ = | (2 — ) TT (=2, (10.2.9)

2 o
ik My M

1
Now denoting pp = H§Z||’ i = ”z—zu, we want to construct a sequence of orthogonal

Hilbert space Hi, Ho, .....Hor which are all orthogonal to Hy, and two sequences of

unitary operators {p5 152, {pL}2, such that

(i) ¢k : Hor—1 @ span{py} — Har_1 @ span{py} has pj, as its spectral measure with

respect to pg;
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(i) @} : Hop Dspan{p;} — Hor Dspan{p;} has p; as its spectral measure with respect
to Pi;
We first need to determine the dimension of each Hj. This can be easily seen from
Proposition 10.1.2. If p, concentrates on m + 1 discrete points on T, then we have
dim Hor—1 = m. And a similar result holds for p;. and Hay.

Then we choose an orthogonal basis for Hay,_1 @ span{py}, denoted as py, €1, ..., €m-

We construct the unitary ¢y such that
Span{py, cp{cﬁk’l < j <i} = Span{pg,e1, ..., } holds for all 1 <i<m

Notice that the inner product between any two of py, Yrpk, ....05 Dk can be uniquely

determined by pi(s). In fact,

{(2%)" Drs (02 D) = (Dr, (1) D) = /sjidﬁk(s) for all integers 7, j. (10.2.10)
T

Thus if we write @ppr = Biopr + frie1, we have 19 = (YrpPr, Dk), and we take (1 =
m. Since in Remark 10.1.4, we have stated that py, pipk, ....oF' P are linearly
independent, thus [;; # 0.

Similarly, if we write iy = Biopk + ... + Bize;. Then the coefficients Sy, ..., Bii-1)
will be uniquely determined by the inner product between i py. and Py, ©rDk, - goﬁ;lﬁk.

i—1
And then we take f; = /1 — > sz Proposition 10.1.2 guarantees that 8; = 0.
3=0

So now we have defined ¢'p;, (1 < i < m) in terms of basis py, ey, ..., én. Since
Span{py, gofjovk|1 < j <m} = Span{py, €1, ..., &m }, we have o, well-defined on Hop_; @
span{py}.

Similarly, we find an orthogonal basis on Hs, and then calculate the coordinates

of (})'ps, in terms of this set of basis and p;, where 1 < i < dim Hoy.
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Now we denote
7‘[ = 7‘[0 D H1 D HQ...,
We extend é, El to R, Ry defined from H to H:

R, =R Rl =Ml Rl =ml

Ril,, =R, Bl =M, Ril, =ml
Now we define an unitary ¢ : H — H as:

%l = Y, gp]H% = [ for all k;

Hok—1®span{py}

and a partial isometry ¢, : H — H as:

_ A1 _ . _
SDl’H%@Span{P;lc} = P g01|7‘l2k71 = I for all k’ S01‘7‘{00KBFR1 =0.

Thus we have constructed a tuple (R, Ry, p, ¢, p1) on H. To determine the conju-

gation J, on H, we can define J, on H, by:
Ipp =D, Jp(R"p) = R"p for all n.

The value of J,| can be defined by

Hop—1®span{py }
IpPk = Pk, Jp(@"Pr) = (©*)" D, Jp((©")"pr) = ©"py for all n.

can be defined by

Similarly the value of 3p|7_[ @span{pl}
2kDOspanpy

oor=1r (i) = (@)"pe, Ip((©)"pi) = ¢1py, for all n
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So now we have defined a tuple (R, Ri,p,Jp, ¢, 1), such that the contraction
T = Ryp1p* R is asymptotically stable implied by Proposition 7.6.3. Thus by Propo-
sition 5.2.4, we can find a Hankel operator I', such that there exists a conjugation J,
commuting with |I'|, |T';| and preserves I'*¢g, and the tuple (|f\, |f1|, u, ¢, 51,;”}”) given
in (5.1.5) is unitarily equivalent to (R, Ry, p, Jp, ¥, ¥1,Jp), and I' satisfies properties
(a),(b) given in Proposition 10.1.5.

10.2.2 Proof of Uniqueness

Proof. According to Proposition 5.2.4, we only need to show the uniqueness of tuple
(R, Ry, p, ¢, 1) (the unique choice of J, is given in Remark 7.6.6).

Suppose that there are two tuples (R, Ry, p, ¢, ¢1) and (R, R}, p', ¢, ¢!) that both
satisfy the condition (a),(b) in Proposition 10.1.5 (Here ¢, ¢1.¢’, ¢! are all the canonical
choices for their equivalent classes). We will show that they are unitary equivalent.

We also reuse the definition inside the proof of Theorem 8.0.4. That is,

Ho := Span{R"p|n > 0};
&, = Ker(R — \1), Eup = Ker(R — pu1);

&y, =Ker(Ry — M), &, =Ker(R— pl);

i

R=R| , Ri=R]|

Ho 0

Hy = Span{(R')"p'|n > 0};
¢,, := Ker(R' — M\ 1), ¢, = Ker(R' — uI);
¢}, = Ker(R| — \iI), ¢, = Ker(R) — puI);

R =R R, =R,

)’ M,
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And we also define the projection vector py, pj, as

= 1.
Pr = PHoﬁKer(R—AkI)p7 Py = PHoﬂKer(Rl—ukI)p’
P, (pi)" are defined similarly.
Now by Theorem 8.0.1, there exists a unitary equivalence between the tuple (R‘HO, Ry ‘ o P)

and (R’

sy Bl )

R =VRV* Ry =VRV*  p=Vp
We can easily see that
ph=Vpe, () =V,

holds for all &.

Now also recall that in the proof of Generalized Borg’s Theorem 8.0.4, that we
extend V to a unitary V : H — H' by defining an arbitrary unitary ¢, on &,, and
an arbitrary unitary ¢; on Eik. and then construct the unitary equivalence between
(R, Ry,p) and (R, R},p’). Now for the proof of this theorem, we build up the unitary
equivalence between (i, 1) and (¢, p}) by carefully choosing ¢ and ¢;.

We know that py is a *-cyclic vector for ¢|5Ak on &,,. Denote N = dimé&,,. In
Proposition 10.1.2, we have shown that gp‘ &, have N different eigenvalues on T, and
the projection of p; on each eigenspace is non-zero. Denoting that the eigenvalues to be
i, .-, Bn, and the projection of py onto the corresponding eigenspace to be p, ..., p, -
Now we consider p) and the unitary 90,’0%' Since the scalar spectral measure

for two different tuples are the same, we have ¢ ! & also have simple eigenvalues as
k

B1, ..., Bn. In addition, the projection of p) onto the corresponding eigenspaces, defined

/

as P s p; N have the same norm as p, ., respectively.

s Py
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Thus we define a unitary ¢, : £\, — €,, by:

Pl =Py o BBy = Py (10.2.11)

We can show that ¢y (¢"px) = (¢')"p), for all n. In fact,

= Bip,, +--Bap,,, = ()P (10.2.12)

Since in Remark 10.1.4, we have shown that Span{¢"p;[0 < n < N — 1} = &,,.
We can also use (10.2.12) for the definition of ¢. Easy to see that for this ¢y, we have
orpe = P, and ¢ maps €, to €,, .

Similarly we define ¢} be a unitary operator mapping &, to €, , such that

o (eipr) = (©1)" (o)’

holds for all n € N.

Now we can define a unitary V' : H — H' by:

V:VOHHO,

V =¢,oné&,, V =¢,oné&,,.

We show that ¢’ = VpV* (the other equality @] = V¢;V* can be shown similarly).

For Vz € £,,, we have
Vor=Vx = gzﬁix, PV = go/gzﬁ,lgx = <b,1€a:

Here gz = = and ¢'(¢rz) = ¢Lz follows from @‘g = ] and go"e = I. Thus
KL HE
Vo=¢'Vonég,.

Now we show Vi = ¢’V is also true on &,,. For vector (¢"pg), using (10.2.12), we
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have

V(e "pr) = ¢'(¢)"pp = ()" oy

V(e"pe) = V(" pe) = (&) oy

Since &y, = m{go"pkh > 0} given by Remark 10.1.4, we have Vo = ¢'V is true on
&y, hence holds on the whole space H.

Similarly, we can show that ¢] = Vi, V* also holds on H. Thus we build up the
unitary equivalence between (R, Ry, p, ¢, p1) and (R, R}, p',¢’, ;). And the proof of

uniqueness is done. O

10.3 Result for Finite Rank Hankel Operators with Multiple

Singular Values

In this section, we will discuss the spectral data that can uniquely determine a
finite rank Hankel operators with multiple singular values.
Recall that Proposition 6.2.11, given finite rank operators R, Ry, we have shown

that on a subspace H := Span{R"p|n > 0}, there exists an intertwining sequence
)\1>M1>...>)\N>[LNZO,

such that R| o> Filyy, has simple eigenvalues as N e Y, respectively.

[
Condition 1: py > 0, then from a similar proof to Proposition 7.6.3, we can show
that for 1 < k < N, py, is a *-cyclic vector for E),, and pj, is a *-cyclic vector for E/ik

Hence for 1 < k < N, we can define the scalar spectral measure py, p), on T by

(o=t pp) = [P (o= antplply = [ L)

T S—2 T S—2

By normalizing {px }2_, {pL}_, as probability measure {px}&_;, {pL}_,, we can also
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prove that {px}i,, {pr} | are discrete measure, and concentrated on finitely many
points on T. We can show that the four sequences {\¢ }2 1, {ux }ory, {or oy, {p 1o,
will uniquely determine a finite rank Hankel operator.

Condition 2: py = 0, then we have dim £, = 1 and E, is trivial. Under this

case, we have ¢1|,, =0, and
KN
(i) For 1 <k < N, py is a *-cyclic vector for E,, ;
(ii) For 1 <k < N —1, p;, is a *-cyclic vector for E .

We can show that the four sequences {\, }2_,, {11, {pe 1oy, {pr 1! will uniquely
determine a finite rank Hankel operator.
The proof to both conditions are typically similar to the proof for theorem 10.1.5,

so we omit it.
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