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Abstract of Robust Bayesian Inference with Power Prior under Covariate
Missingness,
by Zinan Zhao, Sc.M., Brown University, May 2026.

Incorporating historical data can substantially improve statistical efficiency, but
standard power prior methods typically assume that all covariates are fully observed
across data sources. In many practical settings, however, key covariates are sys-
tematically missing in historical data, which may induce biased inference if external
information is naively borrowed. In this thesis, we study Bayesian inference under
covariate missingness within the power prior framework. We first consider settings in
which a covariate is unobserved in the historical dataset but no additional inclusion
mechanism is present, and derive a marginal likelihood formulation that enables valid
borrowing based on partially observed records. We then extend the framework to
settings with covariate-dependent historical inclusion. When selection depends on
the missing covariate, we propose an importance-sampling weighted power prior to
correct for the induced distributional shift. Simulation studies and a real-data appli-
cation demonstrate that the proposed methods improve efficiency while maintaining

robustness under a range of sensitivity scenarios.
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1. Introduction

Randomized controlled trials (RCTs) are widely regarded as the gold standard for
estimating the effects of interventions, but they are often constrained by limited
sample sizes, high costs, and ethical considerations [Friedman et al., 2015]. Inte-
grating historical data offers a principled way to augment trial evidence, improving
efficiency and precision while potentially reducing the need for large concurrent con-
trol groups [Viele et al., 2013]. A substantial statistical literature has developed
methods for incorporating historical data into current analyses, particularly within
Bayesian frameworks that allow partial borrowing while guarding against bias from
non-exchangeable sources. Approaches such as the power prior [Chen et al., 2000],
commensurate prior [Hobbs et al., 2011], and meta-analytic-predictive prior [Schmidli
et al., 2017] explicitly model the degree of similarity between historical and current
data to enable adaptive borrowing. More recent work emphasizes robustification
strategies—such as mixture priors and discounting—to mitigate prior-data conflict
and improve frequentist operating characteristics [Schmidli et al., 2014, Viele et al.,
2013]. These methods are now widely used in clinical trials and regulatory settings,
especially for rare diseases and small-sample contexts where external information can
substantially improve efficiency. However, these methods assume that the outcome
variables and covariates that are used when analyzing the RCT are also available in
the historical data. However, because of the prospective protocol-driven collection the
data collected in randomized controlled trials is typically richer and more standard-
ized than historical data, with more complete covariate information and consistent
outcome definitions [Piantadosi, 2017, Pocock, 1976].

We will assume that the outcome variable and some covariates are recorded in
both the RCT and the historical data, but some covariates are missing in the his-
torical data. We will use the power prior method to integrate the RCT data and
the historical data. The power prior is a Bayesian approach for incorporating his-
torical data by raising the likelihood of the historical dataset to a power parameter
that controls the degree of borrowing [Ibrahim and Chen, 2000]. This formulation
allows analysts to discount historical information when there is concern about non-
exchangeability, with extensions that treat the power parameter as random to enable
data-adaptive borrowing [Miiller and Quintana, 2004]. Subsequent work has further
developed normalized and robust variants of the power prior to improve theoreti-
cal properties and operating characteristics in clinical trial settings [Ji et al., 2010,

Schmidli et al., 2014]. We will discuss the assumptions and methods that are required



to integrate historical data in an RCT when covariates are missing from the historical
data. We also develop sensitivity analysis to violations of these assumptions. Lastly,
apply the proposed method to simulated and real data.

The remainder of the paper is organized as follows. Section 2 formalizes the data
structure and missingness assumptions. Section 3 presents the modeling framework
and our proposed extensions to the power prior. Section 4 shows the simulation
results. Section 5 shows that real data application. Section 6 provides discussion and

possible extensions.

1.1 Power Prior Introduction

The power prior [Ibrahim et al., 2015] is a Bayesian method for incorporating external
data while accounting for potential incompatibility with current data. Let Dy denote
the historical dataset and D the current data. Assuming a shared likelihood model

L(0; D), the power prior is defined as:
7(0| Do) o L(0: Do) mo(0) 1)

where 7y(€) is a baseline prior and « € [0, 1] controls the degree of borrowing. When
a = 0, the historical data is ignored; when o = 1, it is fully incorporated as if fully

compatible. Intermediate values allow partial borrowing.

Proposition 1. Assume that the weight function w(z) is such that
sup,|w(z) —c| &0 (2)

where ¢ is a positive constant. Then
1 < »
=Y w(x)s(x; | ) B cB(s(X | 6)) = 0. (3)
n
i=1

The above proposition can guarantee the unbiaseness of the posterior estimates
obtained through power prior method. One of the advantages of using power prior
is that it can reduce the posterior variance. In other words, it allow us to use trial
data with smaller size to obtain good posterior estimates. However, the power prior
can be sensitive to misspecification in Dy. In the presence of covariate shifts or struc-
tural missingness, naive application of the power prior may yield biased posteriors.

Addressing such complications motivates the methods developed in this work.



2. Data Structure and Notation

We consider a data integration setting where the target inference model is based on
the joint relationship between an outcome Y and two covariate vectors, X; € RP' and

X, € RP2, The available data consists of two sources:

o A current trial dataset D = {(Y;, X1;, Xo;)},, where all variables are fully

observed.

o An historical dataset Dy, = {(Yhi, X1pi) } 12y, in which the covariate vector X, is

systematically missing and not observed for any unit.

We assume a generalized linear model:

Y | X, X5 ~ Exponential Family, (4)
n=Fo+ B X1+ B; X, (5)
9(p) =n. (6)

where ¢ is the link function.

Suppose @ is the set of parameters for f(Y | Xj, X5), we will focus on the estimates
of (8o, B1,B2) C 6. These are what we are interested in when dealing with causal
inference problems.

The challenge arises due to the absence of X5 in the historical dataset Dy, which
precludes direct likelihood contributions from these observations without additional
assumptions or modeling strategies. We have a baseline strategy that entirely dis-
cards the external dataset and performs Bayesian inference using the current trial
data alone. While this approach ensures validity under no structural assumptions, it
fails to exploit valuable auxiliary information and leads to higher posterior variance,
especially in moderate-sample settings.

In the next section, we develop methods to use the partial information in D, for
inference on (B, B1,32) under this missingness structure, including marginalization

and latent modeling approaches.

3. Methodology

3.1 Compatibility Assumption

Our framework relies on the assumption that the trial dataset provides a valid ref-

erence distribution for the historical population after conditioning on observed co-



variates. Specifically, we assume that the conditional outcome model and the latent
covariate structure are shared across the two data sources.

Formally, we assume that
fr(Y | X1, Xo;0) = fu(Y | X, X2;0) (7)

and
fr(Xz | X1,0) = fu(Xa | X1,0). (8)

The first condition ensures that the regression parameters (g, 31,32) have the
same interpretation in both datasets, while the second condition allows us to estimate
the conditional distribution of the missing covariates X; using the trial data and

integrate over its uncertainty in the historical likelihood.

3.2 No Inclusion Mechanism

In this case, we only need to construct the marginal historical likelihood by integrating

Xs. The observed-data likelihood contribution for subject ¢ in historical data is
Lyi(0) = /f(Yhi | Xinis Xoni, 0) f(Xoni | Xiniy 6) dXopi. 9)

A common method to approximate (9) is Monte Carlo sampling. Specifically, for
given 9, draw Xgﬁl)z ~ f(Xoni | Xipi,0) for s=1,...,S, and use

s
~ 1 9
Li(6) = §;f(ym | i, X57,.6) (10)
Notice that to do this, we need to fit Xy ~ X; based on the trial data.
If the missing covariate is one-dimension and we have normality assumption for
Xy ~ Xj, the above integral can be more efficiently approximated by Gauss-Hermite
method. After constructing the historical likelihood, we can directly apply the power

prior method to incorporate historical data.

3.3 Extension to MAR and MNAR: Modeling the Inclusion Mechanism

We now extend our model to settings where the external dataset is not a random
sample from the population, but is subject to a missing-not-at-random (MNAR)
inclusion mechanism. [Neuhaus et al., 2013] Specifically, we assume that inclusion in

the external data depends on the covariates via a logistic model:
IOgltP(M =1 ’ Xl, XQ) = &) + €1X1 + SXQ (11)
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Now we have:

In other words, we have M 1 X5|X; which is MAR.
Under this assumption, f(6 | D, D") is given by

f(8,0| D, D")

m///ﬂwhlmwnmmﬁjﬂﬂmum&wﬁum&m@@mwz

xci [ [0

np @ n
Hf(ym' ’ Xumw)] Hf(yz | X1i7X2i76)7
i=1 i=1

«

Hf(Mi | Xk, ) f Yai | Xanayw) f (Xuns | 61) Hf(Yi | X145, Xoi, 0)dEdb,
i—1

i=1

x Com(6)

(13)

where C5 is the term intergreted out, which will not change the posterior of our
interest parameters. We have shown that w = 6 in section 3.2. In this way, we can
do the same posterior draw in Stan. In other words, inclusion mechanism depending

on the observed covariates has no effect on the results.

3.3.2 &40

In this case, inclusion depends on the missing covariates, which is MNAR. To focus
on the effect of the unobserved covariate in the inclusion mechanism, we consider the

simplified model

Denote the marginal trial density by ¢gr(y,z1) = fv.x,(y,21), and the historical ob-
served marginal density by gu(y, 1) = fyv.x,(y, 1 | M = 1). By Bayes’ rule and the

selection model, we have

gu(y,z1) = /fY,X1,X2<y7x17x2 | M = 1) dx,

_ / P(M = 1| x3) fyx, x,(y, 71, 22)
N P(M = 1)

= % /W(@) Ixopv,x, (2 | Y, 21) dao
= fvxi () Eln(Xy) | Y =y, Xy = 2y
N P(M = 1)

dl‘g

5



Therefore, the density-ratio (importance-sampling) weight that transports historical

draws of (Y, X) back to the trial marginal satisfies
gT(yax1> . fY,X1(y7x1) 1

gy 0)  fra (20 E[(X0) | g,e/B(M = 1) * E[r(X) | Y(=16y),X1=x1]'

The proportionality constant P(M = 1) is common to all observations and thus does

’lU(y’ xl) (8

not affect weighted likelihood-based estimation (or weighted regression), so we use
the above result as the operative weight. In addition,
fW(Xz)f(Y | Xi, Xo) f( X2 | X1)d Xy

JFY | Xy, Xo) f(Xa | X1)d X
(17)

Elr(Xy) | Y, X,] = / (X0 f(Xa | Y, X)X, =

Here, we need to numerically integrate both numerator and denominator.
Given these weights, we can construct the full likelihood. Let ¢1(6) = Zfil log fr(Y; |
X4, X243 6) denote the trial log-likelihood. The posterior distribution of @ is

Np

m(0 | Dr, D) exp{ﬁT(e) +a ) wylog f(yn | 1131h;9)} 7o (6), (18)

h=1
where « € [0, 1] is the global borrowing parameter and () is the baseline prior. Rel-
ative to the standard power prior, the only change is the replacement ), log pr(-)
by o), wylogpr(-), so that the historical contribution is transported back to the

trial (Y, X;) distribution under covariate-dependent inclusion.

4. Simulation

We conduct a series of simulation studies to evaluate the performance of our pro-
posed power prior models under a variety of missingness scenarios. To evaluate the
effectiveness and robustness of the methods, we assess the posterior inference results
for the parameters of the outcome model, including posterior estimates, 95% credible

intervals, and standard deviation.

4.1 Example I: Normality Assumption

In this part, we assume that trial data and historical data share the same normal

distribution
(YaleXQ) NN(’“”7 Z) (19)

And the outcome model is

Y | X1, X ~ N(Bo + frX1 + f2X2,0%) (20)

6



Under this setting, we have
Y|Xy NN(70+71X1,012/|X1)7 (21)

where 7o = o + Bapix, — 52PX1X2%MX1,71 =M+ 52/)X1X2%70)2/\X1 =0+

/6220§(Q<1 - p%{lXQ)'

4.1.1 STAGE I: COMPARING POWER PRIOR WITH TRIAL-ONLY ANALYSIS

We want to test the performance of two approaches: (1) using only the trial dataset
and (2) applying the power prior method based on marginal likelihood of Y | Xj.

Trial data are generated from a trivariate normal distribution with parameters:

uw=(5,2,3), X =specified via correlations pyx, = 0.5, pyx, = 0.3, px,x, = 0.4,

Oy = 1.5,0')(1 == 2,0’){2 = 2.5.

The historical data is generated with the same distribution and then remove Xs.
Given this information, we can compute the real parameters, which is (4.11, 0.34,
0.07, 1.29).

The size of the trial data D is N = 1000, and the size of the historical data D), is
N, = 5000. Each simulation is repeated for 50 iterations. For each iteration, we record
posterior summaries (mean, standard deviation, 95% credible interval width) of the
regression parameters (g, 31, B2, 02) and then summarize the average performance.
The MCMC sampling iterations is set to be 2000 and we fix a = 0.6 as the power

parameter. Below are our results:

Table 1: Posterior summaries comparing trial-only and power prior models

Bo B B2 g
Model Mean  SD 95% CI  Mean SD 95% CI  Mean SD 95% CI  Mean SD 95% CI

Only Trial 3.98 0.067 [3.85,4.11] 0.35 0.021 [0.32,0.37] 0.09 0.018 [0.05,0.10] 1.26 0.028 [1.21, 1.32]
Power Prior 4.03 0.048 [3.94,4.13] 0.34 0.013 [0.33,0.36] 0.09 0.018 [0.06,0.11] 1.28 0.015 [1.25, 1.31]

We observe that the model using only trial data underestimates 5, and [, likely
due to insufficient information from a limited sample.

In contrast, the power prior method achieves a balance: it yields accurate point
estimates for all parameters, particularly improving estimation of 35, and reduced the
posterior SD compared with Bayesian using only trial. This demonstrates its effec-
tiveness in integrating external data in a coherent Bayesian fashion, outperforming

trial-only inference in terms of bias and uncertainty calibration.
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4.1.2 STAGE II: STUDY OF HISTORICAL INCLUSION MECHANISM

In the second stage, we test our proposed power prior framework under covariate-
dependent inclusion mechanism in the historical dataset.

Trial data are generated from a trivariate normal distribution with parameters:

p=(3,1,2), X = specified via correlations pyx, = 0.6, pyx, = 0.45, px,x, = 0.2,

Oy = 2.2,0’){1 = 1.5,0')(2 =1.8.

The sample sizes for trial data is N = 1000. The complete historical data with size
Nyp. = 10000 is generated with the same distribution. Then it is selected by the
inclusion mechanism. Finally we remove X5 to obtain the biased D} and record the

sample size Nj,. Given this information, we can compute the real parameters, which
is (1.38, 0.78, 0.42, 1.60).

Scenario A: Shift driven by X;. We simulate missingness using a logit inclusion
probability P(M = 1| X;) = logit™" (& + & X1) and retain only samples with M = 1
in the external data. Since X; is observed, the marginal power prior remains valid.
Here we set (&,&1) = (—1,0.5).

Table 2: Posterior summaries under inclusion mechanism depending on X,

Bo B Ba o
Model Mean  SD 95% CI  Mean SD 95% CI  Mean SD 95% CI ~ Mean SD 95% CI

Only Trial ~ 1.34 0.075 [1.19,1.48] 0.74 0.034 [0.67,0.81] 044 0.027 [0.39,0.49] 153 0.035 [1.46, 1.60]
Power Prior  1.33  0.055 [1.22,1.44] 0.73 0.020 [0.69,0.77] 045 0.022 [0.41,0.50] 155 0.026 [1.51, 1.61]

Note. True value: (1.3806, 0.7792, 0.4201, 1.5964)

Results in the above table support our derivation. Standard deviation of the

power prior method is smaller.

Scenario B: Shift driven by X,;. We now let inclusion depend on X, via P(M =
1| X3) = logit ' (& + £X3), and treat X, as unobserved in the external data. We
set (&, & = (—1,0.5)).

Firstly, we want to know whether the original method using marginal Y}, | Xj,
works, though we know the marginal distribution will shift due to the inclusion mech-
anism.

We can notice that the true Sy is not in the 95% confidence interval, so the original

method no longer works.



Table 3: Posterior summaries under MNAR inclusion (&, # 0)

Bo B Ba o
Model Mean  SD 95% CI  Mean SD 95% CI  Mean SD 95% CI ~ Mean SD 95% CI

Only Trial 1.34 0.075 [1.19,1.48] 0.74 0.034 [0.67,0.81] 0.44 0.027 [0.39,0.49] 1.53 0.035 [1.46, 1.60]
Power Prior 1.51 0.057 [1.41,1.63] 0.76 0.019 [0.72,0.80] 0.45 0.024 [0.39,0.49] 1.55 0.026 [1.50, 1.60]

Note. True value: (1.3806, 0.7792, 0.4201, 1.5964)

Then we test the efficiency of our proposed weighted power prior method based
on importance sampling. We also want to observe its consistency under large sample
size. So We do another experiment with (N, Ny.) = (10000, 100000).

Table 4: Posterior summaries under MNAR inclusion with importance sampling cor-

rection
Bo B4 32 o
Model Mean  SD 95% CI  Mean SD 95% CI  Mean SD 95% CI  Mean SD 95% CI
Only Trial 134 0075 [L19,148) 0.74 0034 [0.67,0.81] 044 0027 [0.39,0.49] 1.53 0.035 [1.46, 1.60]
Power Prior(IS) 143 0053 [1.33,1.54] 074 0021 [0.70,0.78] 041 0.026 [0.37,0.46] 1.60 0.025 [1.55,1.65]

Power Prior(IS, much larger sample size) 1.39  0.017 [1.37, 1.43]  0.77 0.006 [0.76,0.78] 0.42 0.007 [0.40, 0.43] 1.60 0.008 [1.58, 1.61]

Note. True value: (1.3806, 0.7792, 0.4201, 1.5964); (&, &2) = (—1,0.5)

Under covariate-dependent inclusion (&, # 0), the importance-sampling—based
weighted power prior exhibits both efficiency gains and desirable large-sample be-
havior. Relative to using the trial data alone, incorporating historical information
through importance-sampling weights substantially reduces posterior uncertainty for
all parameters, while avoiding the bias induced by naive borrowing under selec-
tion. More importantly, when both the trial and historical sample sizes increase
to (N, Npe) = (10000, 100000), the posterior means under the proposed method con-
centrate tightly around the true parameter values, and posterior standard deviations
shrink at the expected rate. This empirical evidence supports the consistency of
the weighted power prior estimator and demonstrates that, even in the presence of
covariate-dependent selection, the proposed reweighting strategy can effectively re-

cover the target trial distribution and deliver reliable inference in large samples.



4.2 Example II: Logit Link GLM with inclusion mechanism depending on

the missing X, in historical data

In this part, we assume that trial data and historical data share the same generalized

linear model
Y ~ Bernouli(n), 7 = logit (8 + S X1 + B X2) (22)
and two covariates have joint normal distribution
(X1, X2) ~ N(px, Xx) (23)
In addtion, we have inclusion mechanism in historical data
P(M = 1| Xap,) = logit™" (& + &.Xon). (24)

We set (ﬁo, ﬁl, ﬁg) = (—05, 06, 05), Hx = (1, 2), Ox, = 15, Ox, = 18, p =
0.2, (&,&) =(—1,0.5).
Then we test the efficiency of our proposed weighted power prior method based

on importance sampling. We also want to observe its consistency under large sample
size. So We do another experiment with (N, Ny.) = (10000, 100000).

Table 5: Posterior summary(Logit link, & # 0)

Bo Br B2
Model Mean  SD 95% CI Mean  SD 95% CI  Mean SD 95% C1
Only Trial 027 0114 [049,-0.04] 052 0061 [0.40,0.64) 045 0.048 [0.36, 0.54]
Power Prior(IS) 20.39 0.094 [-057,-0.20] 058 0.033 [0.51,0.65 045 0.051 [0.35,0.55]

Power Prior(IS, much larger sample size) -0.53 0.040 [-0.61,-0.45] 0.61 0.021 [0.56, 0.65] 0.50 0.016 [0.47, 0.54]

Note. True value: (-0.5, 0.6, 0.5); (£o,&2) = (—1,0.5)

The results show that our proposed weighted power prior method has more effi-

cient posterior estimates which also show consistency under large sample.

4.3 Sensitivity Analysis

In the simulation study, the inclusion mechanism parameters & and the borrowing
strength « are treated as fixed. To assess the robustness of the proposed method to
misspecification of the inclusion mechanism and to different levels of borrowing, we

conduct a sensitivity analysis over a two-dimensional grid.
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Specifically, we fix g = —1 at its true value and vary the slope parameter & over
a symmetric grid

62 S {_§Q,maX7 s 7§Z,max}a (25)

where the upper bound &3 max is calibrated using the empirical distribution of
X5 in the trial data. In particular, letting go o5 and g5 denote the 5th and 95th

percentiles of X5, we choose &3 1ax such that the induced difference on the logit scale,

§2,max(CI0.95 - %.05) ) (26)

corresponds approximately to a contrast between inclusion probabilities 0.05 and
0.95. This ensures that the grid covers a wide range of selection strengths, from no
selection to strong MNAR mechanisms in both directions. The true value & = 0.5 is
included in the grid.

For the borrowing strength, we consider
a € {0.1,0.3,0.5,0.7,0.9}. (27)

Under the normality assumption, for each combination (&, ), the importance-
sampling weights for the historical data are recomputed based on the assumed inclu-
sion mechanism, and the weighted power prior model is refitted to obtain posterior
summaries of (S, 51, B2, 7).

Figure 1(a) summarizes the sensitivity of the posterior mean of f5. The heatmap
displays the absolute bias relative to the true value Sy = 0.4201, while the numerical
values in each cell correspond to the posterior means. Overall, the proposed method
demonstrates strong robustness: across a wide range of & and «, the posterior mean
of B, remains close to the truth, with only mild bias even under substantial misspec-
ification of the inclusion mechanism.

Figure 1(b) further illustrates that, although the estimated [, varies systemati-
cally with the assumed &5, the variation is moderate and diminishes as & approaches
the true value. Moreover, the effect of a on the posterior mean is relatively limited,
primarily influencing the degree of shrinkage rather than inducing substantial bias.
These results indicate that the proposed importance-sampling weighted power prior
approach is stable with respect to both the selection mechanism and the borrowing

strength.
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Figure 1: Sensitivity analysis of the posterior mean of (.

5. Application

5.1 Data Description

We illustrate the proposed framework using data from the National Health and Nu-
trition Examination Survey (NHANES). The outcome of interest is log-transformed
glycohemoglobin (HbAlc), denoted as log(gh). We consider a set of covariates in-
cluding treatment status (tx), age, sex, and body mass index (BMI).

The variable tx indicates whether an individual is currently using insulin or
diabetes-related medication. In this analysis, tx is treated as a primary exposure
variable of interest, and its regression coefficient is used as the target parameter for

methodological comparison.

5.2 Construction of Trial and Historical Data

To mimic a data generation process with missing covariates, we partition the dataset
into a trial subset and a historical subset with a ratio of approximately 1:5. The
trial dataset contains complete information on all covariates, while in the historical

dataset BMI is systematically missing.
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Let Y denote the outcome, X; represent observed covariates (age and sex), and
X5 denote BMI. The outcome model is specified as:

Y = 50 + th tx + ﬁage age + 6sex sex + /Bbmi bmi + g, g~ N(O, 0'2). (28)

For the historical data, where BMI is unobserved, we integrate over its conditional

distribution p(bmi | tx, age, sex), estimated from the trial data.

5.3 Modeling Framework

We compare the following approaches:
1. Trial-only analysis, using only the complete trial data;

2. Power prior, which incorporates historical data via a weighted likelihood with

fixed power parameter «;

3. Inclusion mechanisms, where the availability of historical observations de-
pends on covariates. We will consider both the inclusion depending on the

observed covariates and incluision depending on the missing covariate BMI.

5.4 Results

We report posterior summaries for the coefficient (i, which serves as the primary
parameter of interest.

Table 6: Posterior summary for i under different models (NHANES data)

Bix (log scale)

Model Mean  SD 2.5% 50% 97.5%
Only Trial 0.263 0.0110 0.241 0.262 0.284
Power Prior 0.235 0.0060 0.223 0.235 0.247

Power Prior (IM1)  0.232 0.0073 0.217 0.233 0.246
Weighted PP (IM2) 0.218 0.0087 0.201 0.218 0.235

5.5 Summary

When no inclusion mechanism is present, the power prior substantially decreases the

posterior standard deviation while moderately shifting the posterior mean. Under
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inclusion depending on observed covariates (IM1), the standard power prior remains
valid and achieves similar efficiency gains.

When selection depends on the missing covariate (IM2), the proposed weighted
power prior approach corrects for selection bias and yields stable estimates with re-

duced uncertainty.

6. Discussion and Conclusion

In this work, we studied Bayesian inference with historical data under systematic
covariate missingness. Motivated by practical settings where key covariates are un-
available or structurally missing in external datasets, we developed a series of prin-
cipled extensions that enable efficient and robust borrowing while maintaining valid
posterior inference for the target regression parameters. Under a joint multivariate
normal model, we showed that when historical missingness is ignorable or condition-
ally independent of the missing covariate, a closed-form marginal likelihood for the
historical data can be derived and seamlessly embedded into the power prior, yielding
substantial efficiency gains over trial-only analysis.

When historical inclusion depends on the unobserved covariate, leading to an
MNAR mechanism, we demonstrated that naive application of marginal power priors
can result in biased inference due to distributional shifts in the observed histori-
cal sample. To address this challenge, we proposed an importance-sampling-weighted
power prior that explicitly corrects for selection-induced bias by reweighting historical
likelihood contributions to recover the target trial distribution. The resulting estima-
tor preserves the variance-reduction benefits of borrowing while restoring consistency,
as supported by both finite-sample simulations and large-sample experiments.

Extensive simulation studies and sensitivity analyses further showed that the pro-
posed weighted power prior is robust to a wide range of assumptions on the inclusion
mechanism and borrowing strength. In particular, inference on the regression coeffi-
cient associated with the missing covariate remains stable across grids of sensitivity
parameters, highlighting the practical reliability of the method even under partial
misspecification. Taken together, these results demonstrate that power priors, when
carefully adapted to account for covariate missingness and selection bias, can serve as

a flexible and robust tool for integrating historical data in modern Bayesian analyses.
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Appendix A. Normality Assumption

We next propose a principled extension of the power prior framework to accommodate
missing covariates under the assumption that (Y, X, X,) follows a trivariate normal
distribution: Ye et al. [2022]

(Y7 Xl? X2> ~ N (Mv E)

Letting Y | X1, Xo ~ N (Bo+ 81 X1+ 52X3, 02), we derive the marginal distribution
Y | X; by integrating out Xs.

Using the formulas of total expectation and total variance, we have:

E[Y ’ Xl] = E[E[Y ‘ X17X2H
= Bo + B1X1 + BE[X; | Xi]

0x.
= Bo+ S1 X1+ o (sz + pX1X20_2(X1 - Mxl))
X1
00X, OX,
- 50 + 62“)(2 - B?leXQ_,U/Xl + 61 + BQPX1X2_ Xl
M M

Var(Y | X1) = E[Var(Y" | X3, X5)] + Var(E[Y" | X3, X5])
= 0%+ B3Var(X, | X))

= 02 + ﬂ220-§(2(1 - p,2X1X2>

The properties of multi-normal distribution ganruatee that Y | X; is also normally

distributed. In conclusion, we get:

Y| X~ Ny +'71X170)2/|X1)7

where the parameters are shown above and we can observe that it is based on
(Bo, B1, Ba, 0?) and some statistics.
Using this marginal likelihood, we define a power prior that incorporates the

external data by discounting its likelihood contribution:

n «

f(B,0% | D, Dy, ) o< (8, U2)‘HN(Y;‘§ Bo+ 51 X1+ 2 Xsi,0°)- HN(Yhi; Yo + 11X 1hi; U?f\xl)

i=1 =1
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Here (70,71, ai‘ x,) can be directly computed with (3,0%) and statistics

(/’LXl yMX2y0X1,0Xy, leXQ)

obtained from the trial data. In this way, we successfully introducing the power prior

structure without adding uncertainty.

Appendix B. Gauss-Hermite Method

To compute E[r(X53) | y, z1], we leverage the conditional distribution of X5 | (Y, X)
implied by the trial model. In our Gaussian joint model for (Y, X7, X5), the condi-

tional distribution is Normal:
Xo | (Y =y, X1 =21) ~ N(m(y,z1), v),

where m(y, z1) and v are the standard conditional mean and variance obtained from

the joint Normal parameters (estimated from the trial sample). Then
Blr(X) | o) = [ 7(e) p(eimiy. o0, )z
Apply the standardization z = m(y, x1) + v2vt with t ~ N (0,1/2), yielding
1 2
E[n(X2) |y, z1] = /W(m(y,xl) + \/%15) ﬁe*t dt.

Let {t1, wy}_, be the Gauss—Hermite nodes and weights for approximating integrals

of the form [ h(zf)e*'52 dt. Then we have the following approximation
T

Elr(X2) | g,o1] ~ —= > wir(mly, @) + V201)
=

In conclusion, the implementable weight for a historical record (yp, 1) is
1 < -
wp, X [ﬁ Z wy, w(m(yh, T1p) + V20 tk>] : m(u) = expit(& + &u).
k=1

In practice we normalize {wy} (e.g., divide by NLH >, wy) for numerical stability;
this normalization does not change the implied weighted likelihood up to an overall

constant.
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