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Introduction



2

In this thesis, we develop and analyze loosely coupled splitting methods for coupled,

time-dependent problems based on Robin-type interface conditions. In the context of

this work, a coupled problem refers to the case in which two or more systems interact

across an interface via interface coupling conditions (also referred to as transmission

conditions).

Coupled problems arise in many different contexts, and have a wide variety of

applications. In particular, a coupled problem will arise whenever two physical media

interact across an interface. The coupled problem of particular interest to us in this

thesis will be the fluid-structure interaction (FSI) problem, describing the flow of a

fluid past an elastic, non-porous solid. Other examples of coupled problems include

the Stokes-Darcy model of a fluid flowing past a porous medium, and heat transfer

between two materials.

The interface coupling conditions will often take the form of two boundary con-

ditions applied at the interface: one Dirichlet-type condition that may, for exam-

ple, prescribe some conformity of the solutions at the interface, and one Neumann-

type condition, perhaps governing a flux across the interface. For example, for two

parabolic systems with solutions u and w on subdomains Ωf and Ωs, respectively,

coupled across an interface, Σ, the coupling conditions may be defined

u =w on Σ, (1.0.1a)

∇u · nu +∇w · nw =0 on Σ, (1.0.1b)

Where Σ represents the interface as shown in Figure ??, and nw and nu are the

outward facing unit normal vectors at said interface. In this case, (1.0.1a) enforces

continuity across Σ, while (1.0.1b) enforces a net-zero flux across Σ.
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Figure 1.1: An example of a domain for a problem in which two systems are coupled
across an interface Σ.

Traditionally, there are two methods to approach the numerical solution of a

coupled problem. The first is to solve the system using a monolithic method, mean-

ing the coupled subproblems are solved simultaneously through the use of one all-

inclusive solver. These methods are generally stable, as the transmission conditions

do not have to be altered in any way. However, this approach is problem-specific, so

the solver may have to be redesigned for each new problem. Additionally, solving two

systems and coupling conditions together at each time step can be computationally

expensive.

The other approach is to solve the system using a partitioned or splitting method

in which we decouple the subproblems and solve them using separate solvers. These

methods have the advantage of allowing us to use existing solvers to compute multi-

ple, smaller systems at each time step, making them generally more efficient than the

monolithic methods. However, they may suffer from stability and accuracy issues

depending on how the coupling conditions are addressed.

The interface coupling conditions govern how the subproblems interact with each

other in space and time. Therefore, they represent a critical feature when designing

numerical methods for coupled problems. If a method satisfies the coupling con-

ditions exactly at each time step, we say that it is strongly coupled. Otherwise, if
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the coupling conditions are not exactly satisfied at each time step, we say that the

method is loosely coupled. Monolithic methods will be strongly coupled by construc-

tion, but many splitting methods will require inexact coupling conditions to decouple

the subproblems. However, we will still consider some partitioned procedures to be

strongly coupled, provided that sufficient subiterations are performed in each time

step to ensure that the inexact coupling conditions converge to the exact conditions

within a reasonable tolerance.

For this thesis we will focus on explicit coupling schemes, which we define as

loosely coupled splitting methods in which the subproblems are solved sequentially

at each time step by passing information across the interface via a time-explicit

treatment of the interface coupling conditions. We will accomplish this by replacing

the exact coupling conditions with Robin-type conditions relating the solutions across

the current and previous time steps. For the parabolic-parabolic coupling mentioned

previously, these Robin conditions will take the form

∇wn+1 · nw + αwn+1 =αun −∇un · nu,

∇un+1 · nu + αun+1 =αwn+1 +∇un · nu.

for α > 0. We may think of these conditions as linear combinations of (1.0.1a) and

(1.0.1b), split between times tn and tn+1. In the following section, we will discuss

the origins of this method and how it came to be applied to splitting methods.
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1.1 Background and Motivation

1.1.1 The origins of Robin-Robin coupling conditions

Robin-Robin coupling conditions were first proposed by Lions in [39] in the context of

iterative domain decomposition methods. Lions proposed the Robin-Robin domain

decomposition method as a variation of the Schwarz alternating method for non-

overlapping domains. More specifically, he proposed an iterative method to solve

the Poisson equation

−∆u =f, in Ω

u =0 on Γ = ∂Ω,

where f ∈ L2(Ω).

For this method, Lions decomposes the domain Ω into m non-overlapping sub-

domains, Ω = ∪1≤i≤mΩi. He then defines the subdomain interfaces γij = γji =

∂Ωi ∩ ∂Ωj, for (i ̸= j). Lions further assumes γij intersects Γ orthogonally for each

i ̸= j. Then, given an arbitrary initial guess on each subdomain, {ui}mi=1, the method

iteratively solves

−∆un+1
i =f in Ωi,

un+1
i =0 on ∂Ωi ∩ Γ,

∂un+1
i

∂nij

+ λiju
n+1
i =

∂unj
∂nij

+ λiju
n
j , on γij, ∀1 ≤ j ≤ m, j ̸= i,

where nij = −nji is the outward normal to ∂Ωi on the interface γij, and λij = λji > 0

is the Robin parameter.
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Here we see possible the first example of decoupling via the use of Robin interface

conditions. More specifically, we note that the solution in Ωi at iteration n + 1 is

solved completely independently from the solutions in the other subdomains at that

iteration. The only information received from adjoining subdomains comes from the

previous iteration, n. Thus, we may say that the subproblems are decoupled.

Lions’ method has since motivated the use of Robin interface couple conditions

for a wide variety of domain decomposition problems. For example, Deng in [24]

proposes a variation in which the normal derivative does not have to be computed

at any point. In [25], the authors propose a Robin-based iterative domain decom-

position procedure for mixed finite element approximations of second-order elliptic

problems. The method has also given rise to the field of optimized Schwarz methods

in which the aim is to optimize the transmission conditions proposed by Lions (see

e.g. [35, 41, 25]). For coupled problems, the Robin-Robin domain decomposition

method has been applied to a variety of systems. Notably, the Stokes-Darcy prob-

lem (see [20] and the references therein), advection-diffusion problems (e.g. [19] for

sand transport modeling), and the FSI system (e.g. [1, 22, 36, 2], among others).

It should be emphasized that, although the authors of [25] mention the possible

extension to time-stepping, the Robin couplings in these problems are not used to

move the system forward in time by solving the subproblems in sequence, as they

would in an explicit coupling scheme. Rather, in the both the stationary and time-

dependent examples mentioned here, the Robin methods allow the subproblems to be

solved in parallel. Furthermore, although explicit time-stepping methods are men-

tioned in [43], the use of Robin interface conditions is only discussed in the contexts

of iterative methods, which we consider to be strong couplings when considered for

time-dependent problems.
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1.1.2 Explicit couplings for the FSI problem

In this thesis, we will present the Robin-Robin coupling conditions as a general and

effective method for defining explicit coupling methods for time-dependent problems.

However, this work was originally motivated by a problem arising in the development

of splitting methods for the FSI problem known as the added-mass instability which

we describe below.

1.1.2.1 Fluid-structure interaction

We will begin by defining the FSI system as it will appear in this thesis. A full

FSI model represents a coupled, nonlinear problem that presents significant chal-

lenges for numerical approximation.1 As the structure is elastic, the fluid-structure

interface will be deformed as the system evolves, so the numerical approximation

must track and repeatedly update the interface for each time step. We refer the

reader to [1] for a description of how such an evolving system may be written us-

ing a purely Lagrangian representation for the structure and an ALE (arbitrary

Lagrangian-Eulerian) representation for the fluid.

However, to simplify the analyses in this thesis, we will consider a low Reynolds

regime so that the fluid may be described by the Stokes equations. Furthermore, we

will assume that the interface only undergoes infinitesimal displacements. In other

words, the interface does not move. This assumption is incredibly common when

analyzing FSI coupling methods (see e.g. [13, 48, 32, 1, 17, 14, 18, 16], and many

others), as it removes the added complication introduced by updating the domain

at each step via a geometry subproblem.

1Observation: If a fluid is involved, you should never assume that the problem will be easy!



8

(a) (b)

Figure 1.2: Two examples of FSI domains.

The authors of [48] demonstrate that the FSI problem coupled with Robin-Robin

interface conditions remains stable in the case of a moving interface. However, they

employ the “static interface” assumption to derive their convergence results. Essen-

tially, the analysis becomes more complex in the case of moving interface because

the subproblems are not solved on the same domains, so steps must be added in

order to compare terms on the interface (see e.g. [48]). We will further discuss these

assumptions and consequences in 6.2.2.

With this established, our FSI system is defined as follows. Consider a domain

Ω ⊂ R2 consisting of a fluid domain, Ωf , interacting with a structure domain, Ωs,

separated by interface Σ. This domain could take several forms, with two examples

provided in Figure 1.2.

Let u, p, and e be the fluid velocity, fluid pressure, and structural displacement,

respectively. Then the FSI system is described by

ρf∂tu− div σf (u, p) =0 in (0, T )× Ωf , (1.1.1a)

div u =0 in (0, T )× Ωf , (1.1.1b)

u =0 on (0, T )× Σf , (1.1.1c)
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ρs∂tq− div σs(e) =0 in (0, T )× Ωs, (1.1.2a)

q − ∂te =0 in (0, T )× Ωs, (1.1.2b)

e =0 on (0, T )× Σs, (1.1.2c)

u =q on (0, T )× Σ, (1.1.3a)

σf (u, p)nf + σs(e)ns =0 on (0, T )× Σ, (1.1.3b)

where Σf := ∂Ωf \ Σ and Σs := ∂Ωs \ Σ.

Here, ni is the outward pointing normal to ∂Ωi for i = s, f , and ρf and ρs are

the fluid and solid velocities, respectively.

We define the stress tensors for the fluid and solid by the equations

σf (u, p) :=2µϵ(u)− pI,

σs(e) :=2L1ϵ(e) + L2(div e)I,

where µ is the viscosity of the fluid and L1, L2 > 0 are the Lamé parameters governing

the elasticity of the solid.

The interface condition (1.1.3a) is known as the kinematic condition, and it forces

the fluid and solid to remain flush at the interface by requiring the velocities to match.

The condition (1.1.3b) is known as the dynamic condition, and it is an enforcement

of Newton’s second law of motion: for every action, there is an equal and opposite
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reaction. In other words, the force applied to the solid by the fluid, σf (u, p)nf

(we assume there is no tangential force because the movement of the interface is

negligible) must be equal and opposite to the force applied to the fluid by the solid,

σs(e)ns.

Remark 1. Note that we have applied Dirichlet boundary conditions to ∂Ω, which

may not be appropriate for all problems. However, we do this for the sake of simpli-

fication, and we refer the reader to [17, 18] for less simplified boundary conditions.

The results of this thesis would not change in any meaningful way if these less simple

conditions were used.

1.1.2.2 Added-mass

The FSI system is very stiff, and monolithic and other strongly coupled methods (typ-

ically implemented as iterative partitioned procedures) can have prohibitive compu-

tational costs, especially on large models. Unfortunately, loose couplings are known

to suffer from severe stability issues related to a phenomenon present in FSI systems

known as the added-mass effect. As we will see, the added-mass effect is not a special

result of the interaction between a solid and a fluid. Rather, it is a way of inter-

preting the interaction using Newton’s laws of motion and the law of conservation

of energy that allow us to prescribe a concept of mass to the fluid

It is a simple fact of life that two objects cannot occupy the same space (this is

also very easy to test). So, when a non-porous solid body moves through a fluid (as

in an FSI system), it necessarily displaces the fluid as it moves. If the solid is moving

at a constant speed, then the fluid will be displaced at a constant rate. However, if

the solid is accelerating, then the fluid around the solid is no longer being displaced

at a constant rate. Thus, the velocity of the fluid at the fluid-solid interface is no
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longer constant, thereby changing the fluid’s kinetic energy.

In [7], the author describes the added-mass effect as a means to determine “the

necessary work done to change the kinetic energy associated with the motion of

the fluid.” From the perspective of Newton’s first law of motion, this would be the

work required to overcome the fluid’s inertia, or its resistance to change of motion

brought on by the acceleration of the solid. In physics, work,W , refers to the amount

of energy , ∆E, transferred between two objects via the application of a force, F .

Heuristically, the relationship between work, energy, and force may be written

∆E ∝ W ∝ F.

In the FSI problem, this means that, since the energy of the fluid is changing,

the fluid is doing work on the solid. Thus, by resisting the displacement by the solid,

the fluid is exerting a drag force on the solid proportional to the change in the fluid

velocity at the fluid-solid interface. We call this the added-mass force and include it

in the total force applied to solid by the fluid [7].

1.1.2.3 So what is the added-mass?

In the context of this problem, the idea of a fluid mass does not make sense as it is a

flowing medium through which the solid is moving. However, we may use the added-

mass force to prescribe a concept of mass to the fluid at the interface by Newton’s

second law of motion. More specifically, if uΣ is the fluid velocity at the interface,

then the drag force on the solid may be written

Fa = ma
d

dt
uΣ,
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where ma is a quantity that will have the units of a mass and is related to the inertia

of the fluid. Thus, we call ma the added-mass of the system.

1.1.2.4 Why is this concept relevant for numerical methods?

In high velocity flows, the added-mass force will likely be effectively negligible (see

[38]). However, there are many cases in which it will be a dominating component

of the fluid force acting on the solid which can have catastrophic effects on loosely

coupled schemes. To see this, we consider a seemingly natural explicit coupling of

the FSI method (1.1.1)-(1.1.3) defined by prescribing the interface conditions

un+1 =qn+1 on (0, T )× Σ, (1.1.4a)

σf (u
n, pn)nf + σs(e

n+1)ns =0 on (0, T )× Σ. (1.1.4b)

To define a loose coupling with these interface conditions, we assume the solutions

at time step n, namely un, pn, en, and qn are known. We then begin by solving for

en+1 and qn+1 using the solid system (1.1.2). To do so, we apply (1.1.4b) as a

Neumann condition on the interface so that the only information needed from the

fluid is known from the previous time step. Once the solid system has been solved,

we use the now known value of qn+1 at the interface to set (1.1.4b) as a Dirichlet

condition on the interface to solve for the fluid system (1.1.1). In this way, we may

solve the FSI system in sequence, passing the information from the solid to the fluid

within one time step.

However, in defining these interface conditions, we have broken (1.1.3b) across

two time steps. In doing so, we are breaking Newton’s law because we are no longer
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guaranteed to have an equal and opposite force pairing at each time step. Because

force and energy go hand-in-hand, as we have previously established, this means that

our method now violates the golden rule of physics; it does not conserve energy.

We note that this is different from what is typically referred to as energy conser-

vation of a numerical method, although the concepts are very much related. Here,

when we say that the method does not conserve energy, we mean in a physical sense.

As Le Tallec writes in [38], “the variation of the sum of the kinetic energy of the

system and of the elastic energy of the structure must be equal to the difference

between the energy introduced by the external boundary conditions and the energy

dissipated by viscous effects inside the fluid.” In other words, physics requires that

any change in kinetic and elastic energy must be equal to the energy added to or

lost by the system.

On the other hand, when we refer to an energy conserving numerical scheme,

we refer to a scheme for which the energy norm remains constant with each time

step. This is however, not always required for a scheme to perform well, as many

dissipative numerical methods exist. And yet, as Le Tallec points out, the bound

on the (physical) energy provides a critical tool in the numerical analysis of the FSI

system. In other words, it may shed light on when and why a numerical scheme

performs well or performs poorly. Conveniently, this brings us back to the concept

of added-mass.

To see how the added-mass factors in to all of this, recall that the fluid applies a

drag force known as the added-mass force to the solid when it is displaced. Conse-

quently, the force applied to the solid by the fluid at the interface, namely σf (u, p)nf ,

may be decomposed into the added-mass force, Fa and any additional force, Fext. In
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this case, we may write (4.1.4a) as

ρs(∂tq, ξ)s + as(e, ξ) +
〈
Fa, ξ

〉
+
〈
Fext, ξ

〉
= 0.

If we were to then construct a loose coupling using (1.1.4), we would necessarily

prescribe the added-mass force from the previous time-step, rather than the added-

mass force from the current time step. This violates the conservation of energy of

the system.

If Fa << Fext, there is a chance that the lack of energy conservation will not have

a major effect on the system. However, if the added-mass, ma is large enough, the

discrepancy in time-steps will lead to unconditional instability. Indeed, in [22], the

authors derive the added-mass operator, MA– analogous to ma in (1.1.2.2)– for the

FSI system in the special case of an incompressible, inviscid fluid and a thin solid

of thickness hs. They subsequently prove (see Propisition 3 in [22]) that a loosely

coupled scheme using the equivalent of (1.1.4) above will be unconditionally unstable

if

ρshs
ρfµmax

< 1,

where µmax is the largest eigenvalue of MA. In other words, if the added-mass is

large enough relative to the density of the solid, then the scheme is unconditionally

unstable. A similar result is also derived in [34] for a more general fluid by deriving

a discrete added-mass operator.

1.1.2.5 Previous attempts to address added-mass instability

Efforts to decouple the FSI problem began with the introduction of semi-implicit

coupling schemes. These methods were first introduced by Fernández, Gerbeau,
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and Grandmont in [30], and they employ a method based on Chorin and Temam’s

projection method for decomposing the Navier-Stokes equations [23, 49]. In this

approach, the fluid velocity is decoupled from the fluid pressure using Chorin and

Temam’s projection technique. The fluid velocity system is then loosely coupled

to the structure system via an explicit treatment of the interface conditions. This

solution is then passed to the fluid pressure system that is strongly coupled to the

structure system via an implicit treatment of the interface conditions. We thus have

one system that is loosely coupled to a related, strongly coupled system.

A similar approach in which the fluid velocity is explicitly coupled while the

pressure is implicitly coupled is taken in [42, 3]. However, in this case the decoupling

is entirely algebraic to avoid the complications that arise from the Chorin and Temam

method when prescribing boundary conditions to the decoupled pressure system. By

leaving the pressure strongly coupled to the structure, these semi-implicit coupling

schemes avoid the traditional stability issues suffered by explicit couplings from the

added-mass.

A third, very different semi-implicit method based on Lie splitting is introduced

in [11]. In this method, the fluid and the structure are decoupled, and the instabili-

ties are avoided by redefining the fluid subproblem as a simpler, monolithic coupled

problem in which the fluid is coupled with the structural intertial problem. Like

the other two semi-implicit schemes described, this method successfully breaks the

coupled system up into smaller subproblems without introducing catastrophic insta-

bility. However, all three methods are not fully explicit, as one of the subproblems

involves an implicit coupling, and they may have conditions on the time stepping

in one or both subproblems. Thus they are more computationally expensive than

completely explicit methods.
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1.1.2.6 Successful loose couplings and motivation for the current work

A fully explicit coupling for the FSI system with provable stability was first proposed

by Burman and Fernández in [17], however it is very similar to a single iteration

of the Robin iterative procedure introduced by Badia et. al. in [1]. Burman and

Fernández’s method was based on Nitsche’s method, inspired by the work in [37],

that allows the Dirichlet-type interface coupling condition to be incorporated into

the weak formulation of the problem. To ensure stability of the explicit coupling, an

artificial compressibility is applied at the interface in the form of a temporal pressure

jump of the form c∂p
∂t
.

This stabilization method is analogous to the artificial incompressibility method

proposed by Chorin in [23] to decouple the momentum and continuity equations for

an incompressible fluid. The idea originates from an alternative explanation for the

added-mass instability; namely, that loosely coupled FSI splitting methods violate

conservation of mass.2 More specifically, the mismatching time steps when using

Dirichlet-Neumann interface conditions such as (1.1.4) may result in a fluid velocity

applied as a boundary condition that does not satisfy the incompressibility condition,

div u = 0. As this condition is a consequence of conservation of mass for physical

systems, this indicates yet another way in which these broken interface conditions

violate the physical laws of the FSI system [44].

As explained in [23, 44], a natural way to counteract this problem (assuming the

structure is governed by the linear elasticity equations) is to replace the incompress-

2Again, this refers to a violation of the physical law of conservation of mass in classical mechanics.
Mass is really just a form of energy (thanks, Einstein), so is this really an alternative explanation
in the grand scheme of things?
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ibility condition with an artificial compressibility condition, specifically

div u+ c
∂p

∂t
= 0.

This may be interpreted as allowing the fluid density to vary proportionally to the

pressure. Furthermore, the artificial compressibility may be applied locally, restrict-

ing it to a region close to the interface, as seen in [17, 44]. Although the inclusion of

an artificial compressibility term allows for provable stability, the implementation of

this stabilization method results in a loss in accuracy. In [17], the authors analyze

the terms in the (formal) error bound of their FSI solver and demonstrate that this

stabilization term limits the convergence of the method to O(∆t
h
). Thus, the scheme

requires ∆t = O(hk), k > 1, in order to achieve suboptimal, O(
√
∆t), convergence.

The main motivation for the work presented in this thesis came from a subse-

quent paper by Burman and Fernández, [18]. In this paper, Burman and Fernández

compare their Nitsche-based explicit coupling to a related explicit coupling, named

the genuine Robin-Robin method, based on Robin-type interface coupling conditions

given by

σs(e
n+1)ns +

γµ

h
∂te

n+1 =
γµ

h
un − σf (u

n, pn)nf on Σ, (1.1.5a)

σf (u
n+1, pn+1)nf +

γµ

h
un+1 =

γµ

h
∂te

n+1 + σ(un, pn)nf on Σ. (1.1.5b)

Here, γ is the Nitsche parameter introduced in [17], and h is the spacial discretiza-

tion parameter. Their numerical experiments showed that this hence-forth named

Robin-Robin method was unconditionally stable without the need for the pressure

stabilization time used previously. The method was observed to be O(
√
∆t), how-

ever a rigorous analysis was not achieved. Unlike the domain decomposition methods

based on Robin-type interface conditions, Burman and Fernández’s method uses the
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Robin interface conditions to solve the subproblems sequentially. As mentioned be-

fore, a similar Robin-Robin method is proposed as an iterative method by Badia et.

al. in [1] that similarly allows the subproblems to be solved in sequence. However,

this method is proposed as an iterative method, and it is not considered as an ex-

plicit time-stepping scheme. Thus Burman and Fernández are likely the first to use

the Robin-Robin coditions to generate an explicit coupling method.3

In general, rigorous error analyses of explicit coupling methods for the FSI prob-

lem with thick walled structure have proven difficult. A notable example that may be

the first rigorously analyzed explicit coupling for FSI is the Robin-Neumann method

of [29, 32] in which the fluid is treated with a Robin interface condition and the solid

is treated with a Neumann condition consistent with one of the traditional FSI inter-

face conditions. Considerably more success has been made with regards to rigorous

analyses of loosely coupled methods for FSI with thin walled structures, and we refer

the reader to works such as [28, 31, 12].

1.2 Overview of the thesis

Motivated by the results of [18], our work for this thesis has primarily been focused

on developing a rigorous analysis of the Robin-Robin coupling method for FSI. In

our work, we seek to show that the Robin-Robin method is unconditionally stable

without the addition of a stabilization term (as applied in [17]). Furthermore, this

stability is independent of the Robin parameter and the discretization parameters,

as we replace the original Robin conditions of [18] (which had a Robin parameter

3An explicit coupling related to Robin conditions was proposed in [6]. However, the authors do
not provide a full theoretical justification.
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dependent on h and µ) with the more general conditions

σs(e
n+1)ns + α∂te

n+1 =αun − σf (u
n, pn)nf on Σ, (1.2.1a)

σf (u
n+1, pn+1)nf + αun+1 =α∂te

n+1 + σ(un, pn)nf on Σ, (1.2.1b)

where α > 0. We believe our method is the first rigorously proven, unconditionally

stable explicit coupling for the FSI system. Additionally, it is the first non-iterative

method proven to have nearly first order accuracy in time.4 Additionally, through

the use of a method introduced by Baker in [4], our stability and error estimates

have no exponential growth in time of perturbations.

The key to stability of the Robin-Robin method is in the ability to rewrite the

conditions (1.2.1) as the following identities.

σs(e
n+1)ns + σf (u

n+1, pn+1)nf =α(un − un+1) on Σ,

(1.2.2a)

α(un+1 − ∂te
n+1) =σf (u

n, pn)nf − σf (u
n+1, pn+1)nf , on Σ.

(1.2.2b)

With these identities, we are able to equate the traditional coupling conditions,

(1.1.3) with time differences of the fluid velocities and stresses. Thus, given sufficient

regularity in time, the splitting error will be equivalent to these time differences and

will decay as ∆t→ 0.

However, we note that these identities may not hold at the spacially discrete

4We would also like to acknowledge the very impressive results in the recent works [48, 13, 10].
These papers were completed separately and in parallel to the works presented in this thesis.
Although their Robin-Robin loosely coupled scheme in these works is comparable to our own, we
employ some key differences to set our results apart. Namely, we employ residual lifting for the
stress terms at the interface. Furthermore, our estimates do not feature exponential growth, and
we achieve nearly first order accuracy for all schemes presented in this thesis.
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level if standard finite elements are used. Indeed, the spacial derivatives in the

stress terms will likely not have the same continuity across element boundaries as

the velocities. Thus, we will employ the methods in [38] to formulate a variationally

consistent representation of the fluid stress on which we can impose the requisite

inter-element continuity. This will be explained in more detail in the chapters that

follow, particularly in Chapter 5.

1.2.1 Organization of the thesis

The remainder of this thesis proceeds as described. Following a chapter on mathe-

matical background and preliminaries, we introduce in Chapter 3 the Robin-Robin

coupling method as applied to two model cases: a parabolic-parabolic coupled prob-

lem, and a parabolic-hyperbolic coupled problem. We analyze these two model sys-

tems before the FSI system because they provide valuable insight into the behavior

and applicability of the Robin-Robin method in a simpler, less stiff formulation. We

carry out a unified stability and error analysis of these two model systems and show

that the method is unconditionally stable and nearly first-order accurate. Note that

we only discretize our system in time in order to focus on the time convergence prop-

erties of the splitting method. For the parabolic system (and later for the Stokes

system) we use a backward Euler method, and for the hyperbolic (and elasticity)

system, we use a Newmark method. The results presented in this chapter have been

submitted for publication, see [15] for the preprint.

To the best of our knowledge, the Robin-Robin conditions have not previously

been explored in a unified framework. However, the success of our analysis indicates

that the Robin-Robin coupling is particularly amenable to the generalization offered

by the unified framework. Thus, given that the parabolic and hyperbolic equations
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may be viewed as general/simplified settings of many well-known partial differential

equations,5 we hope Chapter 3 will serve as useful reference for the application of

the Robin-Robin method to a variety of systems.

Following the analysis of the Robin-Robin method for the parabolic/hyperbolic

couplings, in Chapter 4 we introduce the problem of interest: the Robin-Robin

method for the FSI system. As in the previous chapter, we continue to restrict our

analysis to the time-semi-discrete system, and we use the methods established for

the parabolic/hyperbolic model problems to carry out a successful analysis of the

FSI system (with some important adjustments to accommodate for added terms and

conditions). We show that the method is unconditionally stable in time and nearly

first-order accurate, just as in the previous chapter.

Finally, in Chapter 5, we extend the FSI results to the fully discrete case. We

apply a linear finite element discretization to the FSI problem and prove that the

Robin-Robin method remains unconditionally stable. Furthermore, provided h ≤

C∆t, we prove that the method remains optimally convergent in space and nearly

optimal in time.

Note that all numerical experiments were run using the FEniCS automated finite

element solver [40] and the library Multiphenics [5].

5Stokes, linear elasticity, advection-diffusion, the list goes on...
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Preliminaries
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Before we begin the content of the thesis, we introduce some important concepts,

notations, and results that will be used throughout the work that follows.

2.1 Norms and Inequalities

2.1.1 Norms and spaces

In this thesis, we will use the standard definitions of the Lp and Sobolev spaces, Hk.

In the definitions and results that follow, we assume a domain, Ω is a (Lebesgue)

measurable subset of Rn 1

Definition 2.1.1 (Lp-space (see e.g. [33, 8])). Consider a domain Ω ⊂ Rn. Then

for p an integer such that 1 ≤ p ≤ ∞, we define

Lp(Ω) := {v : Ω → R, ∥v∥Lp(Ω) <∞},

where

∥v∥Lp(Ω) :=


(∫

Ω
|v|pdx

)1/p

, p <∞,

ess sup{|v(x)|, x ∈ Ω}, p = ∞.

To define Sobolev spaces, we first define the concept locally integrable functions

and weak derivatives.

Definition 2.1.2 (Locally integrable functions, L1
loc(Ω) (see e.g. Definition 1.2.3

[8])). Let Ω be defined as above. Then the set of locally integrable fuctions is

1n will most often be 2 in this thesis, but it is left unspecified for the sake of full generality in
the preliminary results in this chapter.
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defined as

L1
loc(Ω) := {f, f ∈ L1(K) ∀ compact K ⊂ interior(Ω)}.

In other words, L1
loc(Ω) contains functions that are almost in L1(Ω), but may

behave badly near the boundary.

Definition 2.1.3 (Weak derivative (see e.g. Definition 1.2.4 of [8] or Chapter 5

of [27])). Suppose u, v ∈ L1
loc(Ω), and let α be a multi-index, or an n-tuple of

non-negative integers, αi. Then we say v is the αth-weak partial derivative of u, or

v = Dαu,

if ∫
Ω

uDαϕdx = (−1)|α|
∫
Ω

vϕdx,

for all ϕ ∈ C∞
c (Ω).

Here, |α| :=
∑

i αi, and C
∞
c (Ω) is the set of infinitely differentiable functions with

compact support on Ω.

Finally, we may define the Sobolev spaces.

Definition 2.1.4 (The Sobolev spaces,W k
p (Ω) andH

k(Ω) (see e.g. [8, 27])). Assume

Ω is defined as above. Let k be a non-negative integer, and let f ∈ L1
loc(Ω) such that

the weak derivativesDα exist for all |α| ≤ k. Then we define the Sobolev norm

∥f∥Wk
p (Ω) :=

( ∑
|α|≤k

∥Dαf∥pLp(Ω)

)1/p

,
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if 1 ≤ p <∞. In the case p = ∞, we define

∥f∥Wk
∞(Ω) := max

|α|≤k
∥Dαf∥L∞(Ω).

Consequently, we define the Sobolev space

W k
p (Ω) := {f ∈ L1

loc(Ω), ∥f∥Wk
p (Ω) <∞}.

When p = 2, we recognize that the Sobolev space is a Hilbert space, and we will

use the alternative notation

Hk(Ω) := W k
2 (Ω).

In addition to the Lp and Sobolev spaces, we will frequently make use of the

Bochner norms defined as follows.

Definition 2.1.5 (Bochner norms). Let X be a Hilbert space. Then we define the

Bochner norms

∥v∥L2(a,b;X) :=
(∫ b

a

∥v(·, s)∥2Xds
)1/2

, (2.1.1a)

∥v∥L∞(a,b;X) :=ess supa≤s≤b∥v(·, s)∥X . (2.1.1b)

2.1.2 Inequalities

We will also use some standard inequalities related to the norms and inner products

on a domain Ω. The first inequality holds for any normed vector space, X. We will

use this identity several times in the proofs of this thesis, and it relates the inner
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product of a difference of functions with the difference of the norms of the functions.

Lemma 2.1.6. Let (·, ·) be an inner product on a normed vector space X, and let

∥ · ∥ be the corresponding norm. Then for ϕ, ψ, θ ∈ X, we have

(ϕ− ψ, θ) =
1

2
(∥ϕ∥2 − ∥ψ∥2 + ∥θ − ψ∥2 − ∥θ − ϕ∥2). (2.1.2)

Proof. To prove this identity, we note that for u, v ∈ X, we have

∥u− v∥2 = ∥u∥2 − 2(u, v) + ∥v∥2.

Thus we may write

(ϕ− ψ, θ) =(ϕ, θ)− (ψ, θ)

=
1

2
(∥ϕ∥2 + ∥θ∥2 − ∥θ − ϕ∥2)− 1

2
(∥ψ∥2 + ∥θ∥2 − ∥θ − ψ∥2).

The result subsequently follows by combining terms.

The next result is a standard result for products that goes by several different

names2 Here, we will refer to it as Young’s inequality.

Lemma 2.1.7 (Young’s inequality for products). Let ϵ > 0. Then for a, b ∈ R,

ab ≤ ϵa2

2
+
b2

2ϵ
2For example, some refer to it as the Peter-Paul inequality.
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Proof. To begin, we write

ab =((
√
ϵ)a)

( b√
ϵ

)
= −1

2
(((

√
ϵ)a)− b√

ϵ
)2 +

ϵa2

2
+
b2

2ϵ
.

The result follows from recognizing that −1
2
(((

√
ϵ)a)− b√

ϵ
)2 ≤ 0.

The subsequent inequalities are standard results, so we will provide references in

lieu of proofs.

Lemma 2.1.8 (Cauchy-Schwarz Inequality, 5.19 in [33]). Let (·, ·) be an inner prod-

uct on the space X, and let ∥ · ∥ be the induced norm. Then for all u, v ∈ X, we

have

|(u, v)| ≤ ∥u∥∥v∥,

with equality if and only if u = v.

We will often combine Lemma 2.1.8 and Lemma 2.1.7 for the following result.

Corollary 2.1.9 (Consequence of Lemmas 2.1.7 and 2.1.8). Let u, v be as defined

in Lemma 2.1.8. Then

(u, v) ≤ ϵ

2
∥u∥2 + 1

2ϵ
∥v∥2.

Proposition 2.1.10 (A variation of Poincaré’s inequality, see e.g. Proposition 5.3.4

of [8]). Let Ω be a bounded, connected subset of R2 with Lipschitz boundary,3 ∂Ω and

let Γ ⊂ ∂Ω be closed with meas(Γ) > 0. Define

V = {v ∈ H1(Ω) : v|Γ = 0}.
3In [8] the requirement for this result is that Ω is the finite union of star-shaped domains with

respect to a ball. However, by Proposition 2.5.4 of [21], a Lipschitz boundary should be more than
sufficient to satisfy this requirement.
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Then there exists a constant CP depending only on Ω and Γ such that

∥v∥L2(Ωf ) ≤ CP∥∇v∥L2(Ω) ∀v ∈ V. (2.1.3)

Proposition 2.1.11 (Trace inequality, Theorm 1.6.6 of [8]). Let Ω be a domain in

Rn with Lipschitz boundary. Then there exists a constant Ctr such that

∥v∥L2(Σ) ≤ C∥v∥H1(Ω). (2.1.4)

Corollary 2.1.12 (Consequence of Proposition 2.1.10 and Proposition 2.1.11).

∥v∥L2(Σ) ≤ Ctr∥∇v∥L2(Ω) ∀v ∈ V. (2.1.5)

Finally, we complete this section with a relation between the H1-norm and the

symmetric gradient, ε(v), defined by

ϵ(v) =
1

2
(∇v + (∇v)T ).

Lemma 2.1.13 (Corollary of Korn’s Inequality, see Corollary 11.2.22 in [8]). There

exists a positive constant C such that

∥ϵ(v)∥L2(Ω) ≥ C∥v∥H1(Ω) ∀v ∈ V,

where V = {v ∈ H1(Ω), v|Γ = 0}, and Γ ⊂ ∂Ω, meas(Γ) > 0.



29

2.2 Finite elements

In Chapter 5 we will pose our problem in a fully discrete formulation using linear

finite elements. The finite element method (see [8]) is a method for approximating

the solution to the variational problem

a(u, v) = F (v), ∀v ∈ V, (2.2.1)

on our domain Ω. Here a(·, ·) is a bilinear form, and V is an infinite dimensional

function space containing the solution.

To approximate the solution to (2.2.1), we first define a mesh , Th, on Ω.

Definition 2.2.1 (Mesh and elements (Definition 1.49 of [26])). A mesh is a union

of a finite number NE of compact, connected, Lipschitz4 sets Ki with non-empty

interiors, known as elements, such that {Ki}NE
i=1 form a partition of Ω.

We require these elements to be disjoint, so that we have

NE⋃
i=1

Ki = Ω̄, intKi ∩ intKj = ∅, i ̸= j.

For this thesis, we will consider meshes (in R2) defined by a simplical trian-

gulation of a domain Ω.

Definition 2.2.2 (Simplex and simplical triangulation (see [26])). Consider a set of

points {a1, . . . , ad} ∈ Rn such that the vectors {a2 − a1, . . . , ad − ad−1} are linearly

independent. Then we define a simplex with vertices {a1, . . . , ad} to be the convex

hull of {a1, . . . , ad}. Furthermore, when the elements forming a mesh Th are all

4A domain is Lipschitz if it has a Lipschitz boundary.
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simplices, we say Th is a simplical triangulation.5

For each element K ∈ Th we define

diam(K) = hK := max
x1,x2∈K

|x1 − x2|.

Then, we define the mesh parameter or spatial discretization parameter, h

to be [26]

h := max
K∈Th

hK .

Consequently, we may refine the mesh Th by decreasing the size of h. However,

we do not want the elements to become to flat as we refine the mesh, as this will

result in a poorly conditioned transformation between K and a reference element

K̂. This could subsequently prevent us from computing global error estimates of

our finite element approximation (see [26] for more details). To avoid this issue, we

define a concept of shape regularity.

Definition 2.2.3 (Shape regularity, Definition 1.107 in [26]). A family of meshes

{Th}h>0 is said to be shape regular if there exists σ0 such that

∀h, ∀K ∈ Th, σK =
hK
ρK

≤ σ0,

where ρK is the diameter of the largest ball that can be inscribed in K.

From this point on, when we refer to a mesh Th as shape regular, we mean the

family of mesh refinements take as h→ 0.

5Thankfully, in this thesis, our meshes will always be made up of triangular meshes, so the term
”triangulation” will be less misleading.
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Now that a mesh has been defined, we may establish the definition of a finite

element.

Definition 2.2.4 (Finite element, Definition 3.1.1 of [8]). A finite element is

defined as (K,P,N), where

1. K ⊂ Rn be a bounded closed set with nonempty interior and piecewise smooth

boundary (the element domain),

2. P be a finite-dimensional space of functions on K (the space of shape func-

tions), and

3. N = {N1, N2, . . . , Nk} be a basis for the dual space of P, P′ (the set of nodal

variables).

Critically, the nodal variables determine the degrees of freedom that uniquely

determine the functions in P on K. As we will see below, we will consider the case

where Ni returns the value of a function v at the i− th element node. However, for

more complicated finite elements, Ni could return something else, such as the value

of a derivative. The important thing is that the values returned by each Ni uniquely

determine a function in P. Consequently, on each element we will be able to assign

a nodal basis with which we may interpolate functions.

Definition 2.2.5 (Nodal basis of P, Definition 3.1.2 in [8]). Let (K,P,N) be a finite

element. The basis {ϕ1, ϕ2, . . . , ϕk} of P dual to N (i.e. Ni(ϕj) = δij) is called the

nodal basis of P.

Thus, for any function in u ∈ P defined in K, we may write

u(x) =
k∑

i=1

Ni(u)ϕi(x).
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In this thesis, we will only consider linear Lagrange finite elements.

Definition 2.2.6 (Linear Lagrange finite element in R2 (see [8])). The linear La-

grange finite element in R2 is a finite element (K,P,N) defined such that

1. K is a triangle with vertices z1, z2, z3, (see Figure 2.1)

2. P = P1(K), the space of linear functions defined on the element K,

3. N = (N1, N2, N3) where Ni(v) = v(zi) (note that N determines P1(K), since

a linear polynomial in R2 is uniquely determined by its value at three points.

See [8]).

Figure 2.1: A P1 Lagrange element in R2.

Consequently, the finite element approximation of (2.2.1) on the mesh Th

is the solution uh ∈ Vh that satisfies

a(uh, v) = F (v), ∀v ∈ Vh,

where Vh = {v ∈ V, v|K ∈ P1(K), ∀K ∈ Th}.
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2.2.1 The interpolants

Note that the finite element space Vh is a finite dimensional subset of the space

V . However, we will rarely be lucky enough to have V = Vh. Thus, if we want to

compare the finite element approximation uh ∈ Vh to the exact solution u ∈ V of

(2.2.1), we will need some way to project u into Vh.

First, however, we consider how to accomplish this task locally. As such, we define

an interpolant on the element K using the nodal basis functions defined above.

Definition 2.2.7 (Local interpolant, Definition 3.3.1 in [8]). Given a finite element

(K,P,N), let the set {ϕi, 1 ≤ i ≤ k} ⊂ P be the basis dual to N. If v is a function

for which all Ni ∈ N, i = 1, . . . , k are defined, then we define the local interpolant

on K by

IKv :=
k∑

i=1

Ni(v)ϕi.

For a more global perspective, we have more options to play with, but for this

thesis we will use only two methods. The first is the standard L2 projection. The

second is the Scott-Zhang interpolant, introduced by Scott and Zhang in [47].

We begin by defining the L2 projection.

Definition 2.2.8 (L2 Orthogonal Projection). Let Vh be a finite dimensional sub-

space of V . Then we define the L2 orthogonal projection , Ph : V → Vh, to be

such that 〈
Phu, vh

〉
=
〈
u, vh

〉
∀vh ∈ Vh. (2.2.2)

We will not use any stability or error results for this projection.
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2.2.1.1 The Scott-Zhang interpolant

To define the Scott-Zhang interpolant, we will loosely follow the derivation in [8].

Therefore, we first define the concept of a nodal basis function.

Definition 2.2.9 (Nodal basis of P, Definition 3.1.2 of [8]). Let (K,P,N) be a finite

elemen with k degrees of freedom. The set of basis functions {ϕ1, . . . , ϕk} of P dual

to N (i.e. Ni(ϕj) = δij) is called the nodal basis of P.

Thus for an elementK with nodes z1, z2, z3 the nodal basis function ϕi(zj) returns

1 when i = j and 0 when i ̸= j.

However, this basis is local on the element K, and we will need to consider

problems globally, or at each point on the mesh Th. As Th is a finite element mesh, it

is clear that for each node z of Th we may assign a corresponding nodal variable Nz

that comes from the finite elements with element domains that make up the mesh

Th (the mesh is made up of the same type of element, so it is not hard to convince

ourselves that if two elements share a node, then the nodal variables from each

element corresponding to this node will match). Therefore, for a smooth function,

we may define the global interpolating function

Ihu :=
∑
z

Nz(u)Φz, (2.2.3)

where Φz is a global basis function defined element-by-element.

Definition 2.2.10 (Global Basis Function). We define the global basis functions

Φz to be functions Φz ∈ Vh, each corresponding to a particular node, z, of Th, such
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that if y is also a node of Th, we have

Φz(y) =


1 y = z,

0 else.

Furthermore, we define Φz element-wise such that if z is a node associated with

the element K, and ϕK
z is the nodal basis function associated to that node on the

element K (see Definition 2.2.9), then we define

Φz|K = ϕK
z .

Note that the global interpolating function function interpolates a function u

at the nodes of Th in such a way that Ihu|K ∈ P(K). In other words, the global

interpolant is defined so that it matches the local interpolant when restricted to the

element K. Recall that for the case of linear Lagrange finite elements, Nz(u) = u(z).

Assume now that Ω is a Lipschitz bounded domain and Th is a shape regular

mesh. Without loss of generality, we can assign an element domain to each node,

so that for each z we associate a single Kz ∈ Th with z ∈ Kz. We may then further

define a subset K̃z ⊂ Kz so that z ∈ K̃z. We note that this step represents one of the

most useful features of the Scott-Zhang interpolant, as there is incredible flexibility

in choosing K̃z as long as the restriction of functions in the element Kz to the “sub-

element” K̃z is appropriate (see [47] for more details). A more precise way to state

this is to let (Kz,Pz,Nz) be the finite element with element domain Kz. Then we

define the restriction of functions in Pz to K̃z by

P̃z := {f |K̃z
, f ∈ Pz}.
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Then we require K̃z to be chosen such that (K̃z, P̃z, Ñz) is a well defined finite element

for some Ñz ⊂ Nz.

Instead of working with this very general framework, however, we will define the

remainder of the Scott-Zhang interpolant for the specific case where we choose K̃z to

be the edge of the element Kz containing the node z. Furthermore, we will assume

for the remainder of this section that Ω is a polygonal domain so that mesh conforms

to the boundary. Thus, if z is on the boundary, we may choose Kz such that K̃z

lies along the boundary.

Although not always necessary, we may assume that all Scott-Zhang interpolants

in this thesis are defined in this way, and we will assume that our original finite

elements (K,P,N) are all linear Lagrange finite elements. We do so to make sure

that we can achieve the desired stability and error results for the interpolant on

both the interior domains and the interface Σ. For a fully general derivation of the

Scott-Zhang interpolant, we refer the reader to the paper by Scott and Zhang, [47].

Consequently, we have (K̃z, P̃z, Ñz) defined such that K̃z = ez, where ez is an

edge of K containing z. Then P̃z = {f |ez , f ∈ P1(K)}, and Ñz = (N1, N2) map

functions to their values at the endpoints of ez.

We will now let x be the other node of K contained in ez. In other words,

ez = [x, z]. Then, we define a local nodal basis for P̃z,

{ϕi, i = x, z},

such that ϕx and ϕz are the restrictions of the local nodal basis functions on K to
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the edge ez. Note that this means ϕx and ϕz are linear functions such that

ϕx(x) = 1, ϕx(z) = 0, and ϕz(x) = 0, ϕz(z) = 1.

For linear Lagrange elements, we can define ϕx and ϕz, as they are the unique linear

functions satisfying the properties above. Thus, if we let x = (x1, x2) and z = (z1, z2),

and we define s = (s1, s2) to be any point on the edge ez, we have

ϕx(s) :=
s1z2 − s2z1
x1z2 − x2z1

,

ϕz(s) :=
x1s2 − x2z1
x1z2 − x2z1

.

Recall that for any uh ∈ P̃, we can write

uh(s) = uh(x)ϕx(s) + uh(z)ϕz(s), s ∈ ez.

We next define

{ψx, ψy}

be the L2(K̃z)-dual basis for P̃z, so that

∫
K̃z

ϕi(s)ψj(s)ds = δij.

Thus, for uh ∈ P̃, as before, we have

∫
ez

ψx(s)uh(s)ds =

∫
ez

ψx(s)(uh(x)ϕx(s) + uh(z)ϕz(s))ds

=uh(x),
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Then, the Scott-Zhang interpolant may finally be defined.

Definition 2.2.11 (Scott-Zhang interpolant (see [47, 8])). The Scott-Zhang in-

terpolant (as we will use it in this thesis) of a function u is the (global) interpolant

defined

Ĩhu =
∑
z

(∫
ez

ψz(s)u(s)ds

)
Φz. (2.2.4)

From this, we see that ψz allows us to ensure that Ĩh is a projection into Vh, as

whenever we have u ∈ Vh, we know u|K ∈ P(K) and therefore u|ez ∈ P̃. Thus we

find

Ĩhu =
∑
z

u(z)Φz = u,

for the case of linear Lagrange elements.

These interpolants come with useful stability results. The first two results, (2.2.5)

and (2.2.6), are well-known, see [8, 47]. We provide a proof for the third result,

(2.2.7), for the specific choice of Scott-Zhange interpolant that we have defined above.

Lemma 2.2.12 (A variant of Corollary 4.8.15 in [8]). Assume Ω is a polygonal

domain and each finite element (K,PK ,NK) is a linear Lagrange element. Let u ∈

W 1
p (Ω) for 1 ≤ p ≤ ∞. Then for 1 ≤ p <∞, we have

∥Ĩhu∥W 1
p (Ω) ≤

( ∑
K∈Th

∥Ĩhu∥pW 1
p (K)

)1/p

≤ C∥u∥W 1
p (Ω), (2.2.5)

and for p = ∞,

∥Ĩhu∥W 1
∞(Ω) ≤

∑
K∈Th

∥Ĩhu∥W 1
∞(K) ≤ C∥u∥W 1

∞(Ω). (2.2.6)
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Furthermore, let Γ = ∂Ω, and assume u ∈ L2(Γ). Then we have

∥Ĩhu∥L2(Γ) ≤ C∥u∥L2(Γ). (2.2.7)

Proof of (2.2.7). Let ZΓ be the set of mesh nodes on Γ. We begin by writing

∥Ĩhu∥2L2(Γ) =

∫
Γ

(∑
z∈ZΓ

∫
ez

ψz(s)u(s)ds

)
Φz(x)

)2

dx

≤C
∑
z∈ZΓ

∫
Γ

(∫
ez

ψz(s)u(s)ds

)2

|Φz(x)|2dx

≤C
∑
z∈ZΓ

(∫
ez

ψz(s)u(s)ds

)2

∥Φz(x)∥2L2(ez)
.

Recall that for each z ∈ ZΓ, we choose Kz (the element containing z) such that one

of the edges containing z lies along Γ. This would then be the “subelement” K̃z,

which we call ez.

We note that 0 ≤ Φz ≤ 1 on Kz, so we have

∥Φz(x)∥2L2(Kz)
=

∫
Kz

|Φz(x)|2dx ≤
∫
ez

dx = |ez|.

As a result, we are left with

∥Ĩhu∥2L2(Γ) ≤ C
∑
z∈Γ

|ez|
(∫

ez

ψz(s)u(s)ds

)2

,

on which we apply Hölder’s inequality to determine

∥Ĩhu∥2L2(Γ) ≤ C
∑
z∈ZΓ

|ez|∥ψz∥2L2(ez)
∥u∥2L2(ez)

.
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From [47] (see Lemma 3.1 of this paper) we have

∥ψz∥L∞(ez) ≤ C|ez|−1.

Thus we have

∥ψz∥2L2(ez)
≤∥ψz∥2L∞(ez)

∫
ez

ds

≤C|ez|−2|ez| = C|ez|−1.

From this we may write

∥Ĩhu∥2L2(Γ) ≤ C
∑
z∈ZΓ

∥u∥2L2(ez)
≤ C∥u∥2L2(Γ).

We also have error bounds for the interpolation error. For these, we will need a

definition of the Hk norm on the boundary Γ = ∂Ω.

Recall that Ω is a polygonal domain, so we assume it has M sides, and we may

write Γ =
⋃M

i=1 Γi, where Γi is a straight line segment representing a side of Γ. We

let τi denote the tangent vector along the line segment Γi. Then we define the Hk

norm on Γ, k ≥ 1 an integer, in the following way.

Definition 2.2.13 (Hk(Γ)-norm). We define

∥u∥2Hk(Γ) :=
∑
|α|≤k

∥Dα
Γ∥L2(Γ) =

∑
|α|≤k

( M∑
i=1

∥Dα
τi
∥2L2(Γi)

)
,

where Dα
τi
indicates the weak directional derivative along τi of order α.
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We may now state the error bounds. We note that the result for (2.2.8) is well

known and refer to [8, 47] for details.

Lemma 2.2.14 (A variant of Theorem 4.8.12 in [8]). Under the conditions of Lemma

2.2.12, we have

∥u− Ĩhu∥Lp(Ω) + h∥u− Ĩhu∥W 1
p (Ω) ≤ Ch2∥u∥W 2

p (Ω), (2.2.8)

for 1 ≤ p ≤ ∞.

Furthermore, let Γ = ∂Ω, and assume u ∈ L2(Γ). Then we have

∥u− Ĩhu∥L2(Γ) ≤C∥u∥L2(Γ), (2.2.9a)

∥u− Ĩhu∥L2(Γ) ≤Ch∥u∥H1(Γ), (2.2.9b)

∥u− Ĩhu∥L2(Γ) ≤Ch2∥u∥H3(Ω). (2.2.9c)

The error result (2.2.9a) follows from applying the triangle inequality to (2.2.7),

so we only prove (2.2.9b) and (2.2.9c).

Proof of (2.2.9b) and (2.2.9c). To prove (2.2.9b), we consider

∥u− Ĩhu∥L2(Γ) ≤∥u− πhu∥L2(Γ) + ∥πhu− Ĩhu∥L2(Γ),

where πh is the (linear) Lagrange interpolant at the nodes of Σ.

It is a well-known result that

∥u− πhu∥L2(Γ) ≤ Ch∥DΓu∥L2(Γ),



42

where DΓ denotes the derivative along the tangent vector at boundary Γ, in the sense

of directional derivatives. For example, if Ω is a rectangle with sides Γi, i = 1, 2, 3, 4,

then

∥DΓu∥2L2(Γ) =
4∑

i=1

∥Dτiu∥2L2(Γi)
,

where τi is the tangent vector along Γi (see Definition 2.2.13).

For the second term, we use the fact that πhu ∈ Vh, and Ih is a projection. Thus

πhu = Ihπhu, and we may use the stability result (2.2.7). Thus we have

∥πhu− Ĩhu∥L2(Γ) =∥Ĩh(πhu− u)∥L2(Γ)

≤C∥u− πhu∥L2(Γ)

≤h∥DΓu∥L2(Γ).

The result then follows immediately.

The proof of (2.2.9c) follows in the same manner. However, we now use the result

∥u− πhu∥L2(Γ) ≤ Ch2∥D2
Γu∥L2(Γ),

where D2
Γu now denotes the Hessian of u along Γ in the sense of directional deriva-

tives.

We then similarly bound ∥πhu− Ĩhu∥L2(Γ) and apply Proposition 2.1.11 to com-

plete the result.



Chapter Three

Robin-Robin coupling for

parabolic-parabolic and

parabolic-hyperbolic problems
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3.1 The Parabolic-Parabolic and the Parabolic-

Hyperbolic Model Problems

In this chapter, we introduce a loosely coupled scheme based on Robin-Robin type

coupling conditions applied to two model problems: a parabolic-parabolic coupled

interface problem and a parabolic-hyperbolic coupled interface problem. We analyze

these problems in the time-semi-discrete framework, using a novel unified approach to

the two model problems. The main goal of this chapter is to provide rigorous proofs

of stability and nearly optimal error estimates for this loosely coupled scheme.

This chapter is organized as follows. In this section, we introduce the two model

problems in their separate and unified forms. Then, in Section 3.2 we introduce

the Robin-Robin coupling and the time-semi-discrete formulation. Subsequently,

in Section 3.3 we prove stability of the Robin-Robin method before proceeding to

the error analysis in Section 3.4. We then discuss some key concluding points and

provide numerical experiments in Sections 3.5 and 3.6.1.

3.1.1 The Parabolic-Parabolic problem

For the two systems that we will consider, let Ω be a bounded, connected subset

of R2 with Lipschitz boundary that can be decomposed as Ω = Ωf ∪ Ωs where the

common interface Σ = ∂Ωf ∩ ∂Ωs, like that shown in Figure 3.1. Below, we define

the two interface problems separately before presenting them in their unified form.



45

Figure 3.1: An example of the domains Ωs and Ωf with interface Σ.

We first consider the standard parabolic problem,

∂ty − div (ν∇y) =0, in (0, T )× Ω, (3.1.1a)

y(0, x) =y0(x), in Ω, (3.1.1b)

y =0, on (0, T )× ∂Ω, (3.1.1c)

where ν is a piece-wise constant function given by

ν(x) :=


νf , x ∈ Ωf ,

νs, x ∈ Ωs.

(3.1.2)

We may then write (3.1.1) as an interface problem, where u := y|Ωf
and w := y|Ωs ,

since this is the form we will use for the analysis of the method:

∂tu− νf∆u =0, in (0, T )× Ωf , (3.1.3a)
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u(0, x) =u0(x), in Ωf , (3.1.3b)

u =0, on (0, T )× ∂Ωf \ Σ, (3.1.3c)

∂tw − νs∆w =0, in (0, T )× Ωs, (3.1.4a)

w(0, x) =w0(x), in Ωs, (3.1.4b)

w =0, on (0, T )× ∂Ωs \ Σ, (3.1.4c)

and

w − u =0, in (0, T )× Σ, (3.1.5a)

νs∇w · ns + νf∇u · nf =0 in (0, T )× Σ. (3.1.5b)

where nf and ns are the outward facing normal vectors for Ωf and Ωs, respectively.

The interface coupling conditions (3.1.5) were chosen to resemble the interface

conditions of the FSI problem (1.1.3). However, in the case that νf = νs, they are

also the standard Dirichlet-Neumann interface conditions that would be applied to

the domain decomposition of the parabolic problem (see Section 1.2 of [43])

A parabolic/parabolic coupled problem such as this one parallels the well-known

Stokes-Darcy problem. However, unlike in the Stokes-Darcy problem, we do not

consider the case of a penetrable interface. Thus, we will have first-order terms

(specifically ∇u · nf and ∇w · ns) on the interface Σ that must be treated with

care. This is distinct from the work in [20], in which the authors are able to avoid a

gradient term on the interface.
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3.1.2 The Parabolic-Hyperbolic problem

Similarly, we consider the standard parabolic and hyperbolic problems in Ωf and Ωs,

respectively as an interface problem, where νf and νs are defined as in (3.1.2).

∂tu− νf∆u =0, in (0, T )× Ωf , (3.1.6a)

u(0, x) =u0(x), on Ωf , (3.1.6b)

u =0, on (0, T )× ∂Ωf \ Σ, (3.1.6c)

∂tq− νs∆w =0, in (0, T )× Ωs, (3.1.7a)

q =∂tw, in (0, T )× Ωs, (3.1.7b)

q(0, x) =q0(x), on Ωs, (3.1.7c)

w(0, x) =w0(x), on Ωs, (3.1.7d)

w =0, on (0, T )× ∂Ωs \ Σ, (3.1.7e)

and

q− u =0, in (0, T )× Σ, (3.1.8a)

νs∇w · ns + νf∇u · nf =0, in (0, T )× Σ, (3.1.8b)

where nf and ns are defined as before.

The parabolic-hyperbolic coupled problem may be seen as a less-constrained ver-

sion of the fluid-structure interaction problem with a linear elastic solid. However,

we will see in Chapter 4 that the pressure term in the Stokes equation requires a
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careful handling when conducting the error analysis.

3.1.3 The generalized system

To avoid redundancy in the analyses, we will work instead with a unified version that

can represent either the parabolic-parabolic system described in (3.1.1)-(3.1.5), or

the parabolic-hyperbolic system described in (3.1.6)-(3.1.8), depending on the choice

of integer, k. More specifically, when k = 1, we recover (3.1.3)-(3.1.5), and when

k = 2, we recover (3.1.6)-(3.1.8). We will carry out the stability and error analyses

of both model problems using this unified framework.

Remark 2. The success of this unified analysis suggests some interesting implications

with regard to the Robin-Robin coupling method described below. In particular, it

is indicative of the wide applicability of the Robin-Robin method.

The generalized system may be written for k = 1, 2,

∂tu− νf∆u =0, in (0, T )× Ωf , (3.1.9a)

u(0, x) =u0(x), on Ωf , (3.1.9b)

u =0, on [0, T ]× ∂Ωf \ Σ, (3.1.9c)

∂tq− νs∆w =0, in (0, T )× Ωs, (3.1.10a)

q =∂k−1
t w, in (0, T )× Ωs, (3.1.10b)

w(0, x) =w0(x), on Ωs, (3.1.10c)

q(0, x) =q0(x), on Ωs, (3.1.10d)



49

w =0, on (0, T )× ∂Ωs \ Σ, (3.1.10e)

and

q− u =0, on (0, T )× Σ, (3.1.11a)

νs∇w · ns + νf∇u · nf =0, on (0, T )× Σ. (3.1.11b)

When k = 1, we assume that q0 = w0 and, hence, (3.1.10d) is redundant in that

case.

3.1.4 Variational form of the generalized system

Let (·, ·)i be the L2-inner product on Ωi for i = f, s. Moreover, let
〈
·, ·
〉
be the

L2-inner product on Σ. Let N > 0 be an integer, and define ∆t = T
N
, and let

un = u(tn, ·), where tn = n∆t for n ∈ {0, 1, 2, . . . , N}. We consider the spaces

Vf ={v ∈ H1(Ωf ) : v = 0 on ∂Ωf\Σ},

Vs ={v ∈ H1(Ωs) : v = 0 on ∂Ωs\Σ},

Vg =L
2(Σ).

Define ln+1 = νf∇un+1 · nf and assuming that ln+1 ∈ L2(Σ) for all n, the solutions

to (3.1.9)-(3.1.11) at time tn+1 also satisfy the following problem: Find un+1 ∈ Vf ,

qn+1,wn+1 ∈ Vs, and ln+1 ∈ Vg such that

(∂tq
n+1, z)s + νs(∇wn+1,∇z)s +

〈
ln+1, z

〉
=0, z ∈ Vs (3.1.12a)

(∂tu
n+1, v)f + νf (∇un+1,∇v)f −

〈
ln+1, v

〉
=0, v ∈ Vf (3.1.12b)

(qn+1 − ∂k−1
t wn+1, r)s =0, r ∈ Vs (3.1.12c)
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〈
qn+1 − un+1, µ

〉
=0, µ ∈ Vg (3.1.12d)

Remark 3. As we will see in Section 3.2, the inclusion of the space Vg will be useful

when we formulate the Robin-Robin splitting method. Defining ln+1 := νf∇un+1 ·nf

will make it easier to compare (3.1.12) to the Robin-Robin time-splitting method.

3.2 Robin-Robin coupling

We note that if we were to discretize (3.1.12) in time, the method would not be

loosely coupled because the systems on Ωs and Ωf must be solved together at each

time-step. The seemingly most natural way to make this a loose coupling would be

to split one of the interface conditions in (3.1.11) across time-steps. For example, we

might apply

qn+1 − un+1 =0 on Σ,

νs∇wn+1 · ns + νf∇un · nf =0 on Σ.

In this case, the term
〈
ln+1, z

〉
in (3.1.12a) would be replaced with

〈
ln, z

〉
, which

becomes a known quantity, assuming that the solutions at the previous time-step are

known. Consequently, we would be able to solve for qn+1 and wn+1 independently

from un+1 and ln+1, using νf∇u · nf as Neumann data. We would then be able to

use this solution and the other interface condition to solve for un+1 on Σ, which in

turn becomes Dirichlet data for solving un+1 and ln+1 on the whole domain.

However, in many applications the act of breaking one of the interface conditions

in (3.1.11) requires us to break the physical laws of the system that these conditions
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represent. This can cause significant issues, as the system no longer conserves energy,

affecting the scheme’s overall accuracy [38]. Thus, the most natural loose coupling

is, in fact, completely unnatural from a physical perspective.

To off-set the consequences of broken physics, we apply the Robin-Robin coupling

method to (3.1.12). We recall from Chapter 1 that the Robin-Robin splitting method

takes linear combinations of the exact interface conditions (3.1.11) split across time-

steps n and n+ 1, namely

νs∇w · ns + αqn+1 =αun − ln on Σ, (3.2.1a)

ln+1 + αun+1 =αqn+1 + ln on Σ, (3.2.1b)

where α > 0. As we will see, applying these conditions instead of (3.1.11) results in

a loose coupling that maintains stability.

3.2.1 The time discrete method

The main focus of this chapter is to gain an understanding of the time-splitting

method introduced by the Robin-Robin coupling conditions. Thus, we choose to

not discretize our problem in space and limit ourselves to the time-semi-discrete

framework.

However, it should be noted that the Robin-Robin coupling conditions may

present some difficulties if we were to discretize in space using standard finite el-

ements. More specifically, the gradient terms present in the Robin-Robin coupling

will present an issue with continuity across element boundaries on the interface. As

this poses a significant concern, we choose to accommodate this issue in our time-
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semi-discrete problem by casting our scheme as a Lagrange multiplier method using

a variationally consistent representation of the gradient term νf∇un+1nf on Σ. This

method is fully described in 5.1.1 in the context of a fluid-structure interaction.

For the time discrete Robin-Robin method, we use a backward-Euler method for

the parabolic system on Ωf . When k = 1, we also use a backward-Euler method for

the resulting parabolic system on Ωs, and when k = 2, we use a Newmark method

for the resulting hyperbolic system on Ωs. Thus, we define the discrete derivative in

time

∂∆tv
n+1 =

vn+1 − vn

∆t
,

and the discrete average in time

vn+1/2 =
vn+1 + vn

2
.

We will also use the notation

∂j∆tv =


v, j = 0,

∂∆tv, j = 1,

The Robin-Robin splitting method is as follows.

Find qn+1, wn+1 ∈ Vs, u
n+1 ∈ Vf , and λn+1 ∈ Vg such that, for k = 1, 2 and

n ≥ 0,

(∂∆tq
n+1, z)s + νs(∇wn+1/k,∇z)s + α

〈
∂k−1
∆t w

n+1 − un, z
〉
+
〈
λn, z

〉
=0, ∀z ∈ Vs,

(3.2.2a)
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(qn+1/k − ∂k−1
∆t w

n+1, r)s =0, ∀r ∈ Vs,

(3.2.2b)

(∂∆tu
n+1, v)f + νf (∇un+1,∇v)f −

〈
λn+1, v

〉
=0, ∀v ∈ Vf ,

(3.2.2c)〈
α(un+1 − ∂k−1

∆t w
n+1) + (λn+1 − λn), µ

〉
=0, ∀µ ∈ Vg,

(3.2.2d)

Here, we assume that the two sub-problems in (3.2.2) are well-posed. We also set

λ0 = l0 = νf∇u(0, x) · nf

To derive (3.2.2), we assumed q, w, u, and λ satisfied (3.2.1). The condition

(3.2.1b) is then enforced on the system using (3.2.2d). We then use (3.2.1a) to replace

the interface term
〈
νs∇wn+1 · ns, z

〉
that results from taking the inner product of

(3.1.10) with z.

We also point out some important consequences of (3.2.2) that will be important

for proving our main results.

First, from (3.2.2b) we see that the relation (3.1.10b) is still strongly enforced in

a time discrete setting. Indeed, if we set r = qn+1/k = ∂k−1
∆t w

n+1 we can show

qn+1/k = ∂k−1
∆t w

n+1, on Ωs. (3.2.3)

Additionally, by setting µ = α(un+1−∂k−1
∆t w

n+1)−(λn−λn+1) in (3.2.2d), we acquire

the identity

α(un+1 − ∂k−1
∆t w

n+1) = λn − λn+1, on Σ. (3.2.4)
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Using (3.2.3), this may be rewritten as

α(un+1 − qn+1/k) = λn − λn+1, on Σ. (3.2.5)

As mentioned for the FSI problem in (1.2.2) in Chapter 1, (3.2.4) and (3.2.5) reveal

that applying the Robin condition (3.2.1b) is equivalent to setting the difference in

(3.1.11a) equal to a time difference in λ instead of zero. In the analysis that follows,

we will see that this time difference is a term that we are able to control.

Remark 4. The equivalent to other ”key to stability” mentioned in Chapter 1, namely

νs∇wn+1 · ns + λn+1 = α(un − un+1) on Σ,

is also a critical feature of the Robin-Robin splitting method. However, we cannot

directly recover it like (3.2.5) because the relation is derived by adding (3.2.1a) and

(3.2.1b), and (3.2.1a) is only weakly imposed on the system through (3.2.2a). Thus,

it is not strongly imposed on the system like (3.2.5) (which is just a rearrangement

of (3.2.1b)).

In practice, this splitting method would be implemented sequentially. We assume

that solutions from the previous time-step are known. Therefore, qn+1 and wn+1 may

be solved using (3.2.2a) and (3.2.2b) with qn, wn, un, and λn applied as data. The

solutions on Ωs at time-step n + 1 is then applied as data in (3.2.2d), which serves

as an interface coupling equation, we may then solve for λn+1 on Σ and for un+1 in

Ωf together using (3.2.2c) and (3.2.2d).

In this way, the Robin-Robin splitting method is a loosely coupled scheme for the

numerical time semi-discrete approximation of (3.1.9)-(3.1.11). We may also observe

one of the strong advantages of loosely coupled schemes from this method. Namely,
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the loosely coupled scheme allows us to use separate solvers for the subsystems on

Ωf and Ωs. Thus, loosely coupled schemes are appealing when it comes to imple-

mentation, as it is a more manageable task to develop a solver for an isolated system

than for a two coupled systems. Additionally, for many coupled problems, robust

and efficient solvers may already exist for the separate subsystems.

3.3 Stability

In this section we prove stability of the method (3.2.2). More specifically, we will

prove the following lemma that states that the energy of the Robin-Robin system at

time-step T = ∆tN is less than or equal to the energy at time t = 0.

Lemma 3.3.1. Let

Zn+1 :=
1

2
∥qn+1∥2L2(Ωs)

+
1

2
∥un+1∥2L2(Ωf )

+
(k − 1)νs

2
∥∇wn+1∥2L2(Ωs)

+
∆tα

2
∥un+1∥2L2(Σ)

+
∆t

2α
∥λn+1∥2L2(Σ)

Sn+1 :=νf∆t∥∇un+1∥2L2(Ωf )
+ (2− k)νs∆t∥∇wn+1∥2L2(Ωs)

+
(2− k)

2
∥qn+1 − qn∥2L2(Ωs)

+
1

2
∥un+1 − un∥2L2(Ωf )

+
∆tα

2
∥qn+1/k − un∥2L2(Σ).

Then it holds,

ZN +
N−1∑
n=0

Sn+1 = Z0.

Proof. We will use the identity from Lemma 2.1.6, namely

(ϕ− ψ, θ) =
1

2
(∥ϕ∥2 − ∥ψ∥2 + ∥θ − ψ∥2 − ∥θ − ϕ∥2).



56

To begin, we set z = ∆tqn+1/k and v = ∆tun+1 in (3.2.2a) and (3.2.2c), respectively.

We also apply (3.2.3) to replace all ∂k−1
∆t w

n+1 with qn+1/k. Note that we do not do

this in the problem formulation (3.2.2) as a stylistic choice.

In the case k = 1, we note that setting z = ∆tqn+1/k in (3.2.2a) is equivalent to

setting z = ∆twn+1, by (3.2.3). In this case, (3.2.2a) yields

0 =(wn+1 − wn, wn+1)s + νs∆t(∇wn+1,∇wn+1)s

+ α∆t
〈
wn+1 − un, wn+1

〉
+∆t

〈
λn, wn+1

〉
=
1

2
(∥wn+1∥2L2(Ωs)

− ∥wn∥2L2(Ωs)
+ ∥wn+1 − wn∥2L2(Ωs)

) + νs∆t∥∇wn+1∥2L2(Ωs)

+ α∆t
〈
wn+1 − un, wn+1

〉
+∆t

〈
λn, wn+1

〉
,

where Lemma 2.1.6 was used to determine

(wn+1 − wn, wn+1)s =
1

2
(∥wn+1∥2L2(Ωs)

− ∥wn∥2L2(Ωs)
+ ∥wn+1 − wn∥2L2(Ωs)

).

Note that the same methods for (3.2.2a) in the k = 1 case may be applied to (3.2.2c)

by setting v = ∆tun+1. This yields

0 =
1

2
(∥un+1∥2L2(Ωs)

− ∥un∥2L2(Ωf )
+ ∥un+1 − un∥2L2(Ωf )

) + νf∆t∥∇un+1∥2L2(Ωf )

+∆t
〈
λn+1, un+1

〉
,

For the case k = 2, we set z = qn+1/2 and have more cancellation. Indeed, if we

recall that (3.2.3) implies qn+1/2 = ∂∆tw
n+1 when k = 2, we find that (3.2.2a) yields

0 =
1

2
(qn+1 − qn, qn+1 + qn)s +

νs
2
(∇wn+1 +∇wn,∇wn+1 −∇wn)s

+ α∆t
〈
qn+1/2 − un, qn+1/2

〉
+∆t

〈
λn, qn+1/2

〉
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=
1

2
(∥qn+1∥2L2(Ωs)

− ∥qn∥2L2(Ωs)
)− νs

2

(
∥∇wn+1∥2L2(Ωs)

− ∥∇wn∥2L2(Ωs)

)
+ α∆t

〈
qn+1/2 − un, qn+1/2

〉
+∆t

〈
λn, qn+1/2

〉
.

We now write this in a unified setting and take the sum with the corresponding

result for (3.2.2c). For n ≥ 0, we find

1

2
∥qn+1∥2L2(Ωs)

+
1

2
∥un+1∥2L2(Ωf )

+
(2− k)

2
∥qn+1 − qn∥2L2(Ωs)

+
1

2
∥un+1 − un∥2L2(Ωf )

+
(k − 1)νs

2
∥∇wn+1∥2L2(Ωs)

+ (2− k)νs∆t∥∇wn+1∥2L2(Ωs)
+ νf∆t∥∇un+1∥2L2(Ωf )

=
1

2
∥qn∥2L2(Ωs)

+
1

2
∥un∥2L2(Ωf )

+
(k − 1)νs

2
∥∇wn∥2L2(Ωs)

+∆tJn+1, (3.3.1)

where

Jn+1 :=− α
〈
qn+1/k − un, qn+1/k

〉
−
〈
λn, qn+1/k

〉
+
〈
λn+1, un+1

〉
.

Using (3.2.5) we have

Jn+1 =− α
〈
qn+1/k − un+1 + un+1 − un, qn+1/k

〉
−
〈
λn, qn+1/k

〉
+
〈
λn+1, un+1 − qn+1/k + qn+1/k

〉
=− α

〈
qn+1/k − un+1, qn+1/k

〉
+ α

〈
un − un+1, qn+1/k

〉
−
〈
λn − λn+1, qn+1/k

〉
+
〈
λn+1, un+1 − qn+1/k

〉
=
〈
λn − λn+1, qn+1/k

〉
+ α

〈
un − un+1, qn+1/k − un+1 + un+1

〉
−
〈
λn − λn+1, qn+1/k

〉
+

1

α

〈
λn+1, λn − λn+1

〉
=α
〈
un − un+1, qn+1/k − un+1

〉
+ α

〈
un − un+1, un+1

〉
+

1

α

〈
λn+1, λn − λn+1

〉
=α
〈
un − un+1, un+1

〉
+

1

α

〈
λn − λn+1, λn+1

〉
−
〈
un − un+1, λn − λn+1

〉
.
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If we use we (2.1.2) on the first two terms we obtain

α
〈
un − un+1, un+1

〉
=
α

2
(∥un∥2L2(Σ) − ∥un+1∥2L2(Σ) − ∥un+1 − un∥2L2(Σ)),

1

α

〈
λn − λn+1, λn+1

〉
=

1

2α
(∥λn∥2L2(Σ) − ∥λn+1∥2L2(Σ) − ∥λn+1 − λn∥2L2(Σ)).

Thus we have

Jn+1 =
α

2
(∥un∥2L2(Σ) − ∥un+1∥2L2(Σ)) +

1

2α
(∥λn∥2L2(Σ) − ∥λn+1∥2L2(Σ))

− α

2
∥un − un+1∥2L2(Σ) −

1

2α
∥λn − λn+1∥2L2(Σ) −

〈
un − un+1, λn − λn+1

〉
.

We now note that using (3.2.5) we have un − un+1 + 1
α
(λn − λn+1) = un − qn+1/k.

Thus, applying this along with a simple identity to the last three terms above, we

observe

− α

2
∥un − un+1∥2L2(Σ) −

1

2α
∥λn − λn+1∥2L2(Σ) −

〈
un − un+1, λn − λn+1

〉
=− α

2
∥(un − un+1) +

1

α
(λn − λn+1)∥2L2(Σ)

=
−α
2

∥un − qn+1/k∥2L2(Σ)

=
−α
2

∥un − un+1 + (un+1 − qn+1/k)∥2L2(Σ)

=
−α
2

∥(un − un+1) +
1

α
(λn − λn+1)∥2L2(Σ).

Consequently, we find

Jn+1 =
α

2
(∥un∥2L2(Σ) − ∥un+1∥2L2(Σ)) +

1

2α
(∥λn∥2L2(Σ) − ∥λn+1∥2L2(Σ))

− α

2
∥(un − un+1) +

1

α
(λn − λn+1)∥2L2(Σ). (3.3.2)
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Plugging this result into (3.3.1), we arrive at

Zn+1 + Sn+1 = Zn.

Taking the sum over n yields the final result.

3.4 Error Analysis

We now wish to prove the main, a priori error estimate by comparing the Robin-

Robin splitting method in (3.2.2) with the fully coupled method in (3.1.12), which

is satisfied by the exact solutions (note that this is a strong coupling because the

exact coupling conditions are satisfied, rather than the Robin conditions).

The proof in this section will proceed in three parts. First, we will prove a

preliminary estimate in which we use techniques from the proof of Lemma 3.3.1 to

bound all but one term in the error analysis. We will then bound this remaining

term before finally stating the main result and completing the proof.

We choose to split the error analysis up in this way because the term that remains

unbounded in the preliminary estimates requires special treatment to derive the

strictest bound involving a lifting-residual argument. We also wait until the end to

bound all of the residual terms that arise from the time discretization and splitting

method, as this allows us to present a much cleaner set of estimates at each stage.

At the end of this chapter, we include a discussion of the delicacy of the term

that remains unbounded after the first stage of the proof. We show that if we were

to bound it using the same techniques as the other terms in the error equations, we
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would derive a sub-optimal error estimate. We also discuss a special case in which

we may relax some of the assumptions necessary in our error analysis.

3.4.1 The Error Equations

To begin the analysis, we denote the error variables

Un = un − un, Qn = qn − qn,

W n = wn − wn, Λn = ln − λn.

We assume that we chose the initial conditions of the splitting method to be exactly

the initial conditions of the coupled problem and so these quantities vanish when

n = 0. Then using (3.2.2a)-(3.2.2d) and (3.1.12a)-(3.1.12d), we recover the error

equations by taking the differences. However, in order to ensure that the time-steps

match up as nicely as possible, we take the average of (3.1.12a)-(3.1.12d) at time

steps n and n+ 1. More specifically, we use the following form of (3.1.12a)

(∂tq
n+1/k, z)s + νs(∇wn+1/k,∇z)s +

〈
ln+1/k, z

〉
= 0, ∀z ∈ Vs.

We thus have

(∂∆tQ
n+1, z)s + νs(∇W n+1/k,∇z)s + α

〈
(∂k−1

∆t W
n+1 − Un), z

〉
+
〈
Λn,z

〉
=L1(z)− L4(z),

(3.4.1a)

(Qn+1/k − ∂k−1
∆t W

n+1, r)s =L2(r),

(3.4.1b)
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(∂∆tU
n+1, v)f + νf (∇Un+1,∇v)f −

〈
Λn+1, v

〉
=L3(v),

(3.4.1c)

α
〈
Un+1 − ∂k−1

∆t W
n+1, µ

〉
+
〈
Λn+1 − Λn, µ

〉
=L4(µ).

(3.4.1d)

where

L1(z) :=
(k − 1)

2

〈
gn+1
2 , z

〉
+ α

〈
gn+1
1 , z

〉
− (hn+1

1 , z)s,

L2(r) :=(hn+1
3 , r)s,

L3(v) :=− (hn+1
2 , v)f ,

L4(µ) :=α
〈
hn+1
4 , µ

〉
+
〈
gn+1
2 , µ

〉
,

and

hn+1
1 := ∂tq

n+1/k − ∂∆tq
n+1, gn+1

1 := un+1 − un,

hn+1
2 := ∂tu

n+1 − ∂∆tu
n+1, gn+1

2 := ln+1 − ln,

hn+1
3 := ∂k−1

t wn+1/k − ∂k−1
∆t wn+1,

hn+1
4 := ∂k−1

t wn+1 − ∂k−1
∆t wn+1.

Here the terms {hn+1
i }4i=1 represent the error we acquire by discretizing in time. For

example, the term hn+1
1 arises when we subtract the first term in (3.2.2a) from the

first term in (3.1.12a), as we have

(∂tq
n+1/k − ∂∆tq

n+1, z)s =(∂tq
n+1/k − ∂∆tq

n+1, z)s + (∂∆tq
n+1 − ∂∆tq

n+1, z)s

=(hn+1
1 , z)s + (∂∆tQ

n+1, z)s
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The terms {gn+1
i }2i=1, on the other hand, represent the residual error that arises from

the Robin-Robin splitting method, or the splitting error. We note that these residual

terms only appear on the interface and are exactly the quantities that appear in the

”key to stability” elements previously mentioned. It therefore seems reasonable to

suggest that the residual terms gn+1
1 and gn+1

2 represent the error we acquire at each

time-step when we replace the exact coupling conditions (3.1.11) with the Robin-

Robin coupling conditions (3.2.1).

Note that each gn+1
i and hn+1

i here depends only on the solutions to (3.2.2).

Assuming appropriate regularity, we will show in 3.4.4 that these are terms that we

can control.

The error equations (3.4.1) also have consequences that are directly analogous to

(3.2.3), (3.2.4), and (3.2.5) that we derived from (3.2.2).

First, as a direct consequence of (3.4.1b), we may write

Qn+1/k = ∂k−1
∆t W

n+1 + hn+1
3 , on Ωs. (3.4.2)

It also follows from (3.4.1d) that

α(Un+1 − ∂k−1
∆t W

n+1) = Λn − Λn+1 + αhn+1
4 + gn+1

2 , on Σ. (3.4.3)

Then, (3.4.2) and (4.3.3) combine so that we may write

0 =α(Un+1 − ∂k−1
∆t W

n+1)− (Λn − Λn+1)− αhn+1
4 − gn+1

2

=α(Un+1 −Qk+1/k) + αhn+1
3 − (Λn − Λn+1)− αhn+1

4 − gn+1
2 , on Σ.
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It is then straightforward to show, using the fact that ∂k−1
t wn = un on Σ, that

(hn+1
3 − hn+1

4 )|Σ = (k−1)
2
gn+1
1 . Therefore we have

α
(
Un+1 −Qn+1/k

)
= Λn − Λn+1 + gn+1

3 , on Σ, (3.4.4)

where

gn+1
3 := α

(k − 1)

2
gn+1
1 + gn+1

2 .

Note that gn+1
3 is not a splitting error, but, rather, a linear combination of the

splitting errors. In the case k = 1, gn+1
3 = gn+1

2 .

Finally, we define the quantities that will allow to perform the error analysis.

As in Section 3.3, we use the parameter k to control which terms are only included

for the parabolic-parabolic problem and which are only included for the parabolic-

hyperbolic problem.

Zn+1 :=
1

2
∥Qn+1∥2L2(Ωs)

+
1

2
∥Un+1∥2L2(Ωf )

+
(k − 1)νs

2
∥∇W n+1∥2L2(Ωs)

+
∆tα

2
∥Un+1∥2L2(Σ) +

∆t

2α
∥Λn+1∥2L2(Σ),

Sn+1 :=νf∆t∥∇Un+1∥2L2(Ωf )
+ (2− k)νs∆t∥∇W n+1∥2L2(Ωs)

+
(2− k)

2
∥Qn+1 −Qn∥2L2(Ωs)

+
1

2
∥Un+1 − Un∥2L2(Ωf )

+
∆tα

2
∥Un −Qn+1/k∥2L2(Σ) +

∆t

2α
∥gn+1

3 ∥2L2(Σ).

3.4.2 Step 1: Preliminary Estimates

We now proceed with the first step of the error analysis and prove a preliminary

result. To this end, we start by proving the following lemma.
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Lemma 3.4.1. It holds,

Zn+1 + Sn+1 = Zn +∆tF n+1 +
∆t

α

〈
gn+1
3 ,Λn+1

〉
, (3.4.5)

where

F n+1 :=− (hn+1
1 , Qn+1/k)s − (hn+1

2 , Un+1)f − νs(∇W n+1/k,∇hn+1
3 )s

+
〈
gn+1
4 , Qn+1/k

〉
+
〈
Un+1 − Un, gn+1

3

〉
−
〈
gn+1
3 , Qn+1/k − Un

〉
,

and

gn+1
4 := αgn+1

1 +
k − 1

2
gn+1
2 .

Proof. We begin as in the proof of Lemma 3.3.1 and set z = ∆tQn+1/k in (3.4.1a)

and v = ∆tUn+1 in (3.4.1c).

We also apply (3.4.2) to replace all ∂k−1
∆t W

n+1 with Qn+1/k to address the interior

gradient term in (3.4.1a). However this requires special care, as this now generates

error from the time discretization.

More specifically, the term α
〈
hn+1
3 , Qn+1/k

〉
now appears on the interface because

we have

α
〈
∂k−1
∆t W

n+1 − Un, Qn+1/k
〉

=α
〈
Qn+1/k − Un, Qn+1/k

〉
− α

〈
hn+1
3 , Qn+1/k

〉
.

Thus, (3.4.1a) yields

∆t(∂∆tQ
n+1,Qn+1/k)s +∆tνs(∇W n+1/k,∇Qn+1/k)s
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+ ∆tα
〈
(Qn+1/k − Un), Qn+1/k

〉
+∆t

〈
Λn, Qn+1/k

〉
= ∆tα

〈
hn+1
3 , Qn+1/k

〉
+∆tL1(Q

n+1/k)−∆tL4(Q
n+1/k)

Additionally, the term νs(∇W n+1/k,∇hn+1
3 )s now appears when we apply (3.4.2)

such that

νs(∇W n+1/k,∆tQn+1/2)s = νs(∇W n+1/k,∇(W n+1 −W n) +∇hn+1
3 )s.

Thus, we further have

∆t(∂∆tQ
n+1,Qn+1/k)s +∆tνs(∇W n+1/k,∇(W n+1 −W n)

+ ∆tα
〈
(Qn+1/k − Un), Qn+1/k

〉
+∆t

〈
Λn, Qn+1/k

〉
= −∆tνs(∇W n+1/k,∇hn+1

3 )s +∆tα
〈
hn+1
3 , Qn+1/k

〉
+∆tL1(Q

n+1/k)−∆tL4(Q
n+1/k)

Consequently, we find

1

2
∥Qn+1∥2L2(Ωs)

+
1

2
∥Un+1∥2L2(Ωf )

+
(2− k)

2
∥Qn+1 −Qn∥2L2(Ωs)

+
1

2
∥Un+1 − Un∥2L2(Ωf )

+
(k − 1)νs

2
∥∇W n+1∥L2(Ωs) + (2− k)νs∆t∥∇W n+1∥2L2(Ωs)

+ νf∆t∥∇Un+1∥2L2(Ωf )

=
1

2
∥Qn∥2L2(Ωs)

+
1

2
∥Un∥2L2(Ωf )

+
(k − 1)νs

2
∥∇W n∥2L2(Ωs)

+∆tJn+1. (3.4.6)

where

Jn+1 :=− α
〈
Qn+1/k − Un, Qn+1/k

〉
−
〈
Λn, Qn+1/k

〉
+
〈
Λn+1, Un+1

〉
+ α

〈
hn+1
3 , Qn+1/k

〉
− νs(∇W n+1/k,∇hn+1

3 )s

+ L1(Q
n+1/k)− L4(Q

n+1/k) + L3(U
n+1).
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Manipulating the first three terms above and using (4.3.4), we mirror the stability

argument (while collecting residual terms) to obtain

− α
〈
Qn+1/k − Un, Qn+1/k

〉
−
〈
Λn, Qn+1/k

〉
+
〈
Λn+1, Un+1

〉
=− α

〈
Qn+1/k − Un+1, Qn+1/k

〉
− α

〈
Un+1 − Un, Qn+1/k

〉
−
〈
Λn, Qn+1/k

〉
+
〈
Λn+1, Un+1 −Qn+1/k +Qn+1/k

〉
=
〈
Λn − Λn+1, Qn+1/k

〉
+
〈
gn+1
3 , Qn+1/k

〉
+ α

〈
Un − Un+1, Qn+1/k

〉
−
〈
Λn − Λn+1, Qn+1/k

〉
+
〈
Λn+1, Un+1 −Qn+1/k

〉
=α
〈
Un − Un+1, Qn+1/k − Un+1 + Un+1

〉
+
〈
Λn+1, Un+1 −Qn+1/k

〉
+
〈
gn+1
3 , Qn+1/k

〉
=−

〈
Un − Un+1,Λn − Λn+1

〉
+ α

〈
Un − Un+1, Un+1

〉
+

1

α

〈
Λn+1,Λn − Λn+1

〉
+

1

α

〈
gn+1
3 ,Λn+1

〉
−
〈
Un − Un+1, gn+1

3

〉
+
〈
gn+1
3 , Qn+1/k

〉
.

Thus,

− α
〈
Qn+1/k − Un, Qn+1/k

〉
−
〈
Λn, Qn+1/k

〉
+
〈
Λn+1, Un+1

〉
=Jn+1 +

1

α

〈
gn+1
3 ,Λn+1

〉
+
〈
gn+1
3 , Qn+1/k

〉
−
〈
Un − Un+1, gn+1

3

〉
,

where

Jn+1 := α
〈
Un − Un+1, Un+1

〉
+

1

α

〈
Λn − Λn+1,Λn+1

〉
−
〈
Un − Un+1,Λn − Λn+1

〉
.

Finally, as we did in the stability analysis (see (3.3.2)) we get

Jn+1 =
α

2
(∥Un∥2L2(Σ) − ∥Un+1∥2L2(Σ)) +

1

2α
(∥Λn∥2L2(Σ) − ∥Λn+1∥2L2(Σ))

− α

2
∥(Un − Un+1) +

1

α
(Λn − Λn+1)∥2L2(Σ).
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Using (4.3.4) we can re-write the last term

∥(Un − Un+1) +
1

α
(Λn − Λn+1)∥2L2(Σ)

=∥Un −Qn+1/k − 1

α
gn+1
3 ∥2L2(Σ)

=∥Un −Qn+1/k∥2L2(Σ) +
1

α2
∥gn+1

3 ∥2L2(Σ) +
2

α

〈
Qn+1/k − Un, gn+1

3

〉
.

Plugging this back into Jn+1 we arrive at

Jn+1 =
α

2

(
∥Un∥2L2(Σ) − ∥Un+1∥2L2(Σ)

)
+

1

2α

(
∥Λn∥2L2(Σ) − ∥Λn+1∥2L2(Σ)

)
− α

2
∥Un −Qn+1/k∥2L2(Σ) −

1

2α
∥gn+1

3 ∥2L2(Σ)

−
〈
gn+1
3 , Qn+1/k − Un

〉
− νs(∇W n+1/k,∇hn+1

3 )s

+ L1(Q
n+1/k)− L4(Q

n+1/k) + L3(U
n+1)

+ α
〈
hn+1
3 , Qn+1/k

〉
+

1

α

〈
gn+1
3 ,Λn+1

〉
+
〈
gn+1
3 , Qn+1/k

〉
−
〈
gn+1
3 , Un − Un+1

〉
.

We now note, using (3.4.2), (4.3.3), and (4.3.4), that

−L4(Q
n+1/k) + α

〈
hn+1
3 , Qn+1/k

〉
= −

〈
αhn+1

4 + gn+1
2 − αhn+1

3 , Qn+1/k
〉

= −
〈
α(Un+1 −Qn+1/k)− (Λn − Λn+1), Qn+1/k

〉
= −

〈
gn+1
3 , Qn+1/k

〉
.

Thus we have

Jn+1 =
α

2

(
∥Un∥2L2(Σ) − ∥Un+1∥2L2(Σ)

)
+

1

2α

(
∥Λn∥2L2(Σ) − ∥Λn+1∥2L2(Σ)

)
− α

2
∥Un −Qn+1/k∥2L2(Σ) −

1

2α
∥gn+1

3 ∥2L2(Σ) + F n+1 +
1

α

〈
gn+1
3 ,Λn+1

〉
.

If we plug in these results to (3.4.6) we arrive at the identity. Note that the term
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1
2α
∥gn+1

3 ∥2L2(Σ) is incorporated in Sn+1.

3.4.2.1 Estimate for F n+1

At this stage, we have successfully isolated the term that, as stated, requires special

care in our error analysis, ∆t
α

〈
gn+1
3 ,Λn+1

〉
. However, before we address this term, we

would like to bound the terms in F n+1. Fortunately, we will see that these terms

may be bounded using reasonably direct techniques.

In order to derive a final, a priori error estimate for the Robin-Robin method, we

will need to compare the error norms at time-step N to those at time-step 0 (which

should be equal to 0 by the selection of our initial conditions). Consequently, we

now bound the quantity ∆t
∑M−1

n=0 F n+1, for an integer 0 < M ≤ N + 1. Note that

we will need the Poincare-Friedrichs type inequality from Proposition 2.1.10 and the

trace inequality from Proposition 2.1.11 in Chapter 2.

Lemma 3.4.2. Let 1 ≤M ≤ N , then

∆t
M−1∑
n=0

F n+1 ≤ 1

4
max

1≤n≤M
Zn +

1

4

M−1∑
n=0

Sn+1 + CD(M), (3.4.7)

where

D(M) :=∆tT
M−1∑
n=0

(
∥hn+1

1 ∥2L2(Ωs)
+ ∥hn+1

2 ∥2L2(Ωf )
+ (k − 1)νs∥∇hn+1

3 ∥2L2(Ωs)

)
+∆t

M−1∑
n=0

(
1

α
+
C2

tr

νf

)(
∥gn+1

4 ∥2L2(Σ) + ∥gn+1
3 ∥2L2(Σ)

)
.

Proof. To begin, we consider the first three terms of F n+1, taking the sum from

n = 0 to N = M − 1. For each term, we apply the Cauchy-Schwarz inequality,
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followed by Young’s inequality as explained in Corollary (2.1.9). For example, for

the term −∆t(hn+1
1 , Qn+1/k)s we have

∆t(hn+1
1 , Qn+1/k)s ≤∆t∥hn+1

1 ∥L2(Ωs)∥Qn+1/k∥L2(Ωs)

≤∆t

(
2T∥hn+1

1 ∥2L2(Ωs)
+

1

8T
∥Qn+1/k∥2L2(Ωs)

)
.

We also use the fact that hn+1
3 = 0 when k = 1, so the term νs(∇W n+1/k,∇hn+1

3 )s is

only present when k = 2. We indicate this by the factor (k − 1).

With this approach, we see that

−∆t
M−1∑
n=0

(
(hn+1

1 , Qn+1/k)s + (hn+1
2 , Un+1)f + νs(∇W n+1/k,∇hn+1

3 )s

)
≤∆t

8T

M−1∑
n=0

(
∥Qn+1/k∥2L2(Ωs)

+ ∥Un+1∥2L2(Ωf )
+ (k − 1)νs∥∇W n+1/k∥2L2(Ωs)

)
+ C∆tT

M−1∑
n=0

(
∥hn+1

1 ∥2L2(Ωs)
+ ∥hn+1

2 ∥2L2(Ωf )
+ (k − 1)νs∥∇hn+1

3 ∥2L2(Ωs)

)
.

Referring to the definition of Zn+1, we see that

∆t

8T

M−1∑
n=0

(
∥Qn+1/k∥2L2(Ωs)

+ ∥Un+1∥2L2(Ωf )
+ (k − 1)νs∥∇W n+1/k∥2L2(Ωs)

)
≤∆t

4T

M−1∑
n=0

Zn+1

≤∆t

4T

M−1∑
n=0

max
1≤n≤M

Zn

≤N∆t

4T
max

1≤n≤M
Zn.

Using N∆t = T , we therefore have

−∆t
M−1∑
n=0

(
(hn+1

1 , Qn+1/k)s + (hn+1
2 , Un+1)f + νs(∇W n+1/k,∇hn+1

3 )s

)
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≤1

4
max

1≤n≤M
Zn + C∆tT

M−1∑
n=0

(
∥hn+1

1 ∥2L2(Ωs)
+ ∥hn+1

2 ∥2L2(Ωf )
+ (k − 1)νs∥∇hn+1

3 ∥2L2(Ωs)

)
.

For the remaining three terms, we have

∆t
M−1∑
n=0

(〈
gn+1
4 , Qn+1/k

〉
+
〈
gn+1
3 , Un+1 − Un

〉
−
〈
gn+1
3 , Qn+1/k − Un

〉)
=∆t

M−1∑
n=0

(〈
gn+1
4 , Qn+1/k − Un

〉
+
〈
gn+1
4 , Un

〉
+
〈
gn+1
3 , Un+1 − Un

〉
−
〈
gn+1
3 , Qn+1/k − Un

〉)
≤∆t

M−1∑
n=0

(
∥gn+1

4 ∥L2(Σ)

(
∥Qn+1/k − Un∥L2(Σ) + ∥Un+1∥L2(Σ)

)
+ ∥gn+1

3 ∥L2(Σ)

(
∥Un+1 − Un∥L2(Σ) + ∥Qn+1/k − Un∥L2(Σ)

)
.

Now using (2.1.5) and Young’s inequality, we have

∆t
M−1∑
n=0

(
∥gn+1

4 ∥L2(Σ)

(
∥Qn+1/k − Un∥L2(Σ) + ∥Un+1∥L2(Σ)

)
+ ∥gn+1

3 ∥L2(Σ)

(
∥Un+1 − Un∥L2(Σ) + ∥Qn+1/k − Un∥L2(Σ)

)
≤∆t

M−1∑
n=0

(
∥gn+1

4 ∥L2(Σ)

(
∥Qn+1/k − Un∥L2(Σ) + Ctr∥∇Un+1∥L2(Ωf )

)
+ ∥gn+1

3 ∥L2(Σ)

(
Ctr∥∇Un+1∥L2(Ωf ) + Ctr∥∇Un∥L2(Ωf )

+ ∥Qn+1/k − Un∥L2(Σ)

)
≤C∆t

M−1∑
n=0

(
1

α
+
C2

tr

νf

)(
∥gn+1

4 ∥2L2(Σ) + ∥gn+1
3 ∥2L2(Σ)

)

+∆t
M−1∑
n=0

(α
8
∥Qn+1/k − Un∥2L2(Σ) +

νf
8
∥∇Un+1∥2L2(Ωf )

)
.
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Thus, recalling the definition of S and repeating the reasoning above, we have

∆t
M−1∑
n=0

(〈
gn+1
4 , Qn+1/k

〉
+
〈
gn+1
3 , Un+1 − Un

〉
−
〈
gn+1
3 , Qn+1/k − Un

〉)
≤1

4

M−1∑
n=0

Sn+1 + C∆t
M−1∑
n=0

(
1

α
+
C2

tr

νf

)(
∥gn+1

4 ∥2L2(Σ) + ∥gn+1
3 ∥2L2(Σ)

)
.

Combining this with the bound for the first three terms of F n+1 proves the result.

3.4.3 Step 2: Estimate for ∆t
α

〈
gn+1
3 ,Λn+1

〉
using a lifting-

residual argument

We now show how to estimate the term

M−1∑
n=0

∆t

α

〈
gn+1
3 ,Λn+1

〉
.

We need to either bound this term by residual terms that we can control (gn+1
i or

hn+1
i ) or balance it using the left-hand side of (3.4.5). However, we will see in 3.5.3

that if we want to balance Λn+1 in this way, we must sacrifice a factor of (∆t)1/2

from the convergence of the residual term gn+1
2 . This is due to the extra factor of ∆t

that appears on all interface norms in the quantity Zn+1. Therefore, the difficulty

with this term is that it resides on the interface Σ, so, in order to avoid this loss of

accuracy, we must find some way to avoid the interface Σ as much as possible.

Our solution to this obstacle is to utilize (3.4.1c) to pull the term Λn+1 from

the interface Σ into the interior domain Ωf . However, this requires the second

argument in the inner product–in this case gn+1
3 – to be in Vf when extended into
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Ωf . Critically, this means that the extension needs to vanish on ∂Ωf\Σ. As it is

defined now, gn+1
3 = α (k−1)

2
gn+1
1 +gn+1

2 depends, in part, on l = ∇u ·nf which is only

defined on Σ and will not, in general, satisfy this criterion. Therefore, we will utilize

a cut-off function technique to continuously lift the residual gn+1
3 from Vg into Vf .

To do this, we will make two assumptions. The first is that the normal n can be

extended from Σ to Ωf in such a way that the extension has a bounded gradient.

Assumption 3.4.3. There exists ñ ∈ [W 1,∞(Ωf )]
2 such that ñ|Σ = n.

We know that this extension can be done if the interface Σ is smooth. Further-

more, if Σ is a straight line, this extension is trivial because n will be constant. In

the case that Σ is more complex, however, the existence of such a ñ may not be as

trivial.1

The second assumption regards the existence of a cut-off function, dependent

on ∆t, that is equal to 1 on most of Σ such that the gradient can be controlled

appropriately in the L2 norm. In 3.5.2, we show how to construct such a function in

a simple case.

Assumption 3.4.4. Assume that the time step is given and satisfies ∆t < 1
2
. There

exists a function ϕ : Ωf → R satisfying:

(i) 0 ≤ ϕ ≤ 1,

(ii) ϕ ∈ Vf ,

(iii) |{x ∈ Σ : ϕ(x) ̸= 1}| = C∆t,

(iv) ∥∇ϕ∥2L2(Ωf )
≤ C(1 + log 1

∆t
),

1This result may be known, but we would need to check the literature. Thus it is presently
beyond the scope of this thesis, so we state the existence of ñ as an assumption.



73

where each C represents a general constant independent of ∆t and the physical

parameters.

Remark 5. It is interesting to note that Condition (iv) above allows the gradient to

grow with ∆t. As we will see in 3.5.2, this value governs how quickly ϕ decays in the

neighborhood around the boundary, which means we are allowing this decay rate to

grow as ∆t → 0. However, as we will see in the following analysis, Condition (iv)

also restricts how fast this decay rate grows so that a polynomial decay from factors

of ∆t will still dominate. In other words, we need ϕ to remain equal to 1 for as long

as possible on Σ, yet still go to 0 on the boundary. This will necessitate a very fast

decay rate and a large ∇ϕ that grows with ∆t. Thus, Condition (iv) permits this

behavior while ensuring that ∇ϕ does not grow uncontrollably fast.

Given the above two assumption we will define the following quantities:

l̃(x, t) :=∇u(x, t) · ñ, on Ωf ,

L(x, t) :=ϕ(x)̃l(x, t), on Ωf ,

g̃n+1
2 :=Ln+1 − Ln, on Ωf .

These three quantities demonstrate, step-by-step, how we utilize ñ and ϕ to appro-

priately lift gn+1
2 from Vg into Vf . Indeed, we see that l̃ is an extension of l from Σ

into Ωf via the extended normal vector from Assumption 3.4.3. Clearly, l̃|Σ = l.

Once l has been lifted into Ωf , the function ϕ is applied to enforce the conditions

needed so that the resulting function L is in Vf . Unfortunately, this means that it

is no longer the case that L|Σ = l. However, by condition (iii) of Assumption 3.4.4,

we see that we may control the size of the region for which the two functions differ
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on Σ. More specifically, it holds that

|{x ∈ Σ : L(x, t)|Σ ̸= l(x, t)}| = C∆t.

Consequently, we may then use the function L to construct a lifted version of gn+1
2 ,

namely g̃n+1
2 .

Note that g̃n+1
2 ∈ Vf for all n and thus we can prove the following result.

Lemma 3.4.5. Under Assumptions 3.4.3 and 3.4.4 we have

∥g̃n+1
2 − gn+1

2 ∥2L2(Σ) ≤ C∆t∥gn+1
2 ∥2L∞(Σ). (3.4.8)

Proof. If we use Assumptions 3.4.3 and the definition of g̃n+1
2 we see that, on Σ, we

can write g̃n+1
2 = ϕgn+1

2 . Thus, we obtain

∥g̃n+1
2 − gn+1

2 ∥2L2(Σ) =∥(1− ϕ)gn+1
2 ∥2L2(Σ)

≤∥gn+1
2 ∥2L∞(Σ)∥1− ϕ∥2L2(Σ)

≤C∆t∥gn+1
2 ∥2L∞(Σ),

where in the last inequality we used conditions (i) and (iii) of Assumption 3.4.4.

We will also need the definition of the second-order difference operator:

∂2∆tv
n =

vn+1 − 2vn + vn−1

(∆t)2
,

which is a discrete approximation of the second order time derivative.
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We may now state the error bound for ∆t
α

〈
gn+1
3 ,Λn+1

〉
.

Lemma 3.4.6. Under Assumptions 3.4.3, 3.4.4 we have

∆t

α

M−1∑
n=0

〈
gn+1
3 ,Λn+1

〉
≤ 1

4

M−1∑
n=0

Sn+1 +
1

4
max

1≤n≤M
Zn + CΨ(M).

where

Ψ(M) :=Ψ1(M) + Ψ2(M),

Ψ1(M) :=∆t
M−1∑
n=0

(
(1 + νf )∥gn+1

1 ∥2H1(Ωf )
+ ∥hn+1

2 ∥2L2(Ωf )

)

+ T (∆t)3
M−1∑
n=1

∥∂2∆tu
n∥2L2(Ωf )

+ ∥gM1 ∥2L2(Ωf )
,

Ψ2(M) :=∆t
M−1∑
n=0

((
1 + νf
α2

)
∥g̃n+1

2 ∥2H1(Ωf )
+ ∥hn+1

2 ∥2L2(Ωf )

)
,

+
T (∆t)3

α2

M−1∑
n=1

∥∂2∆tL
n∥2L2(Ωf )

+
1

α2
∥g̃M2 ∥2L2(Ωf )

+
T∆t

α

M−1∑
n=0

∥gn+1
2 ∥2L∞(Σ).

Proof. Using the definition of gn+1
3 we write

∆t

α

M−1∑
n=0

〈
gn+1
3 ,Λn+1

〉
=

∆t

α

M−1∑
n=0

〈
gn+1
2 ,Λn+1

〉
+

∆t(k − 1)

2

M−1∑
n=0

〈
gn+1
1 ,Λn+1

〉
. (3.4.9)

Unlike gn+1
2 , the residual gn+1

1 has a very natural extension into Ωf from Σ, as there

is no n. Thus, we can see that the first term in (3.4.9) above will be more difficult

to handle, so we address it first. To this end, we have

∆t

α

M−1∑
n=0

〈
gn+1
2 ,Λn+1

〉
=

∆t

α

M−1∑
n=0

〈
gn+1
2 − g̃n+1

2 ,Λn+1
〉
+

∆t

α

M−1∑
n=0

〈
g̃n+1
2 ,Λn+1

〉
.

We then see that if we use Lemma 3.4.5 and our old friends Cauchy-Schwarz and
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Young’s inequalities, we determine

∆t

α

M−1∑
n=0

〈
gn+1
2 − g̃n+1

2 ,Λn+1
〉
≤CT

α

M−1∑
n=0

∥gn+1
2 − g̃n+1

2 ∥2L2(Σ) +
(∆t)2

32Tα

M−1∑
n=0

∥Λn+1∥2L2(Σ)

≤CT∆t
α

M−1∑
n=0

∥gn+1
2 ∥2L∞(Σ) +

(∆t)2

32Tα

M−1∑
n=0

∥Λn+1∥2L2(Σ).

Note here that the residual term gn+1
2 − g̃n+1

2 initially gives up a factor of ∆t to

the error term Λn+1 when we apply Young’s inequality. However, because we are

comparing the residual to the lifted residual on Σ, we are able to recover this lost

∆t, avoiding a potential loss of accuracy.

To estimate ∆t
α

∑M−1
n=0

〈
g̃n+1
2 ,Λn+1

〉
, we cannot recover the lost ∆t in this way, so,

instead, we use (3.4.1c) to write everything in terms of inner products on Ωf . More

precisely, we have

∆t
〈
g̃n+1
2 ,Λn+1

〉
= (Un+1 − Un, g̃n+1

2 )f +∆tνf (∇Un+1,∇g̃n+1
2 )f +∆t(hn+1

2 , g̃n+1
2 )f .

From here, we use Cauchy-Schwarz and Young’s inequalities on the last two inner

products, yielding

∆t

α

M−1∑
n=0

〈
g̃n+1
2 ,Λn+1

〉
≤ 1

α

M−1∑
n=0

(Un+1 − Un, g̃n+1
2 )f +

∆tνf
8

M−1∑
n=0

∥∇Un+1∥2L2(Ωf )

+ C∆t
M−1∑
n=0

((
1 + νf
α2

)
∥g̃n+1

2 ∥2H1(Ωf )
+ ∥hn+1

2 ∥2L2(Ωf )

)
.

It now remains for us to bound 1
α

∑M−1
n=0 (Un+1 − Un, g̃n+1

2 )f . To do so, we apply a

summation by parts formula so that we may write

1

α

M−1∑
n=0

(Un+1 − Un, g̃n+1
2 )f
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=
1

α

M−1∑
n=1

(Un, g̃n2 − g̃n+1
2 )f +

1

α
(UM , g̃M2 )f ,

where we use the fact that U0 = 0.

Next, we recall the definition of g̃n+1
2 , and observe

g̃n2 − g̃n+1
2 = −(∆t)2∂2∆tL

n.

Applying this new observation, we may finally return to our favorite inequalities.

Thus, we have

1

α

M−1∑
n=0

(Un+1 − Un, g̃n+1
2 )f

=− (∆t)2

α

M−1∑
n=1

(Un, ∂2∆tL
n)f +

1

α
(UM , g̃M2 )f

≤ ∆t

32T

M−1∑
n=0

∥Un∥2L2(Ωf )
+
CT (∆t)3

α2

M−1∑
n=1

∥∂2∆tL
n∥2L2(Ωf )

+
1

32
∥UM∥2L2(Ωf )

+
C

α2
∥g̃M2 ∥2L2(Ωf )

.

Combining everything from above, we have

∆t

α

M−1∑
n=0

〈
gn+1
2 ,Λn+1

〉
≤∆tνf

8

M−1∑
n=0

∥∇Un+1∥2L2(Ωf )

+
∆t

16T

M∑
n=1

(1
2
∥Un∥2L2(Ωf )

+
∆t

2α
∥Λn∥2L2(Σ)

)
+

1

32
∥UM∥2L2(Ωf )

+ CΨ2(M)

≤1

8

M−1∑
n=0

Sn+1 +
1

8
max

1≤n≤M
Zn + CΨ2(M).

Here, the final step follows from the definitions of Sn+1 and Zn+1 and the fact that
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∆tN = T . A similar technique is detailed in the previous step of the error analysis.

Thus we have successfully bounded the first term in (3.4.9), so it just remains to

bound the second, ∆t(k−1)
2

∑M−1
n=0

〈
gn+1
1 ,Λn+1

〉
.

As stated above, bounding this term is much easier since gn+1
1 already belongs

to Vf and we do not have to use a cut-off function technique. Instead, we can

immediately use (3.4.1c) to move everything into Ωf so that

∆t(k − 1)

2

〈
gn+1
1 ,Λn+1

〉
=
(k − 1)

2

(
(Un+1 − Un, gn+1

1 )f

+∆tνf (∇Un+1,∇g12n+1)f −∆t(hn+1
2 , gn+1

1 )f

)
.

We may then complete the bound using the same method as above. Thus, we may

conclude

∆t(k − 1)

2

M−1∑
n=0

〈
gn+1
1 ,Λn+1

〉
≤(k − 1)

2

(
M−1∑
n=0

(Un+1 − Un, gn+1
1 )f

+
∆tνf
8

M−1∑
n=0

∥∇Un+1∥2L2(Ωf )

+ C∆t
M−1∑
n=0

((
(1 + νf )

)
∥gn+1

1 ∥2H1(Ωf )
+ ∥hn+1

2 ∥2L2(Ωf )

))

≤(k − 1)

8

M−1∑
n=0

Sn+1 +
(k − 1)

8
max

1≤n≤M
Zn

+ C(k − 1)Ψ1(M).

Plugging this in to (3.4.9) completes the proof.

With the completion of this proof, we finally see the error estimate begin to take

shape. Indeed, summing both sides of Lemma 3.4.1 from n = 0 to n =M−1 ≤ N−1
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and combining this with the results of Lemmas 3.4.2 and 3.4.6 yields

ZM +
1

2

M−1∑
n=0

Sn+1 ≤1

2
max

1≤n≤N
Zn + C

(
D(M) + Ψ(M)

)
.

Note that we again used the fact that Z0 = 0.

We may further note that this is true for all M ≤ N . Therefore, we may write

our error estimate in its penultimate form, namely

1

2
max

1≤M≤N
ZM +

1

2

N−1∑
n=0

Sn+1 ≤C max
0≤M≤N

(
D(M) + Ψ(M)

)
. (3.4.10)

3.4.4 Step 3: Main Result

For the final step of the error analysis, we need to estimate D(M) and Ψ(M). We

consider these as catch-all quantities that we have employed to collect error terms

that depend only on the solutions to (3.2.2). As stated above, these terms represent

the error that results from either the time discretization or the splitting method. In

this section, we will show that all of these terms may be estimated by a bounded

norm of the solutions of (3.2.2), assuming sufficient regularity, times a convergence

factor γ(∆t) ≤ (1 + log 1
∆t
)(∆t)2.

We use the following results.

Lemma 3.4.7. Let X = Hℓ for some ℓ ≥ 0 or X = L∞, and let v ∈ X. It follows

∫ b

a

∥v(·, s)∥2Xds ≤(b− a)∥v∥2L∞(a,b;X), (3.4.11a)

∥vn+1 − vn∥2X ≤C∆t
∫ tn+1

tn

∥∂tv(·, s)∥2Xds, (3.4.11b)
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∥∂∆tv
n+1 − ∂tv

n+1∥2X ≤C∆t
∫ tn+1

tn

∥∂2t v(·, s)∥2Xds, (3.4.11c)

∥∂∆tv
n+1 − ∂tv

n+1/2∥2X ≤C(∆t)3
∫ tn+1

tn

∥∂3t v(·, s)∥2Xds, (3.4.11d)

∥∂2∆tv
n∥2X ≤ C

∆t

∫ tn+1

tn−1

∥∂2t v(·, s)∥2Xds. (3.4.11e)

Proof. The proof for each inequality in this lemma is very straightforward. Indeed,

(3.4.11a) is a direct result of bounding the left-hand integrand by the Bochner norm

∥v∥L∞(a,b;X) and proceeding with the integration.

For the remaining inequalities (3.4.11b)-(3.4.11e), we rewrite the left-hand terms

using standard methods from calculus. It is thus straightforward to show

∥vn+1 − vn∥2X =∥
∫ tn+1

tn

∂tv(·, s)ds∥2X ,

∥∂∆tv
n+1 − ∂tv

n+1∥2X =∥−1

∆t

∫ tn+1

tn

(s− tn)∂
2
t v(·, s)ds∥2X ,

∥∂∆tv
n+1 − ∂tv

n+1/2∥2X =∥ 1

2∆t

∫ tn+1

tn

(tn+1 − s)(s− tn)∂
3
t v(·, s)ds∥2X ,

∥∂2∆tv
n∥X =∥ 1

(∆t)2

∫ ∆t

−∆t

∂2t v(·, tn + s)ds∥2X .

From here, the proof is completed by applying the following identity: For any Hℓ-

norm ∥ · ∥ it holds that

∥
∫ tn+1

tn

w(·, s)ds∥2 ≤ ∆t

∫ tn+1

tn

∥w(·, s)∥2ds. (3.4.12)

Note that this indentity is a direct result of Minkowski’s integral inequality and

Jensen’s inequality.

Finally, using Lemma 3.4.7 we can prove the following approximation lemma.
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Lemma 3.4.8. For all 1 ≤M ≤ N , it holds,

D(M) ≤CT (∆t)2k
(
∥∂k+1

t q∥2L2(0,T ;L2(Ωs))
+ (k − 1)νs∥∂k+1

t ∇w∥2L2(0,T ;L2(Ωs))

)
+ CT (∆t)2∥∂2t u∥2L2(0,T ;L2(Ωf ))

+ (∆t)2
(
(α +

α2

νf
)∥∂tu∥2L2(0,T ;L2(Σ))

+ (
1

α
+

1

νf
)∥∂tl∥2L2(0,T ;L2(Σ))

)
,

Ψ1(M) ≤C(∆t)2
(
(1 + νf )∥∂tu∥2L2(0,T ;H1(Ωf ))

+ (1 + T )∥∂2t u∥2L2(0,T ;L2(Ωf ))

+ ∥∂tu∥2L∞(0,T ;L2(Ωf ))

)
,

Ψ2(M) ≤C(∆t)2
(
ν2f (1 + νf )

α2
∥∂tu∥2L2(0,T ;H2(Ωf ))

+ (1 + log(
1

∆t
))
ν2f (1 + νf )

α2
∥∇∂tu∥2L2(0,T ;L∞(Ωf ))

+

(
1 +

ν2fT

α2

)
∥∂2t u∥2L2(0,T ;H1(Ωf ))

+
ν2f
α2

∥∇∂tu∥2L∞(0,T ;L2(Ωf ))

+
T

α
∥∂tl∥2L2(0,T ;L∞(Σ))

)
.

Proof. The estimates for D(M) and Ψ1(M) follow immediately from (3.4.11).

The same may be said for the terms in Ψ2(M) with the exception of the terms

T (∆t)3

α2

∑M−1
n=0 ∥∂2∆tL

n∥2L2(Ωf )
,
(1+νf

α2

)∑M−1
n=0 ∥g̃n+1

2 ∥2H1(Ωf )
and 1

α2∥g̃M2 ∥2L2(Ωf )
.

The term T (∆t)3

α2

∑M−1
n=0 ∥∂2∆tL

n∥2L2(Ωf )
follows from the definition of L, Assump-

tions 3.4.3 nad 3.4.4, and (3.4.11e). More specifically, we have

T (∆t)3

α2

M−1∑
n=0

∥∂2∆tL
n∥2L2(Ωf )

=
Tν2f (∆t)

3

α2

M−1∑
n=0

∥∂2∆t(ϕ∇unñf )∥2L2(Ωf )

≤
Tν2f (∆t)

3

α2

M−1∑
n=0

∥ϕ∥2L∞(Ωf )
∥∂2∆t∇n∥2L2(Ωf )

∥ñf∥2L∞(Ωf )

≤
CTν2f (∆t)

3

α2

M−1∑
n=0

∥∂2∆t∇un∥2L2(Ωf )
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≤
CTν2f (∆t)

2

α2

M−1∑
n=0

∫ tn+1

tn−1

∥∂2t∇un∥2L2(Ωf )

≤
CTν2f (∆t)

2

α2
∥∂2t∇un∥2L2(0,T ;H1(Ωf ))

.

For the last term, we begin by recalling 0 ≤ ϕ ≤ q, so we may write

|g̃n+1
2 | = |ϕνf∇(un+1 − un) · ñ| ≤ νf |∇(un+1 − un)||ñ|.

Then it clearly follows from Assumption 3.4.3, (3.4.11b), and (3.4.11c)

1

α2
∥g̃M2 ∥2L2(Ωf )

≤
ν2f
α2

∥∇(uM − uM−1)∥2L2(Ωf )
∥ñ∥2L∞(Ωf )

≤
C∆tν2f
α2

∫ tM

tM−1

∥∇∂tu(·, s)∥2L2(Ωf )
ds

≤
C(∆t)2ν2f

α2
∥∇∂tu∥2L∞(0,T ;L2(Ωf ))

.

To bound
(1+νf

α2

)∑M−1
n=0 ∥g̃n+1

2 ∥2H1(Ωf )
is slightly more difficult. We begin by re-

calling the definition of g̃n+1
2 and applying the product rule. After further applying

Assumption 3.4.3 and (i) and (iv) of Assumption 3.4.4, we obtain

∆t

(
1 + νf
α2

)M−1∑
n=0

∥∇g̃n+1
2 ∥2L2(Ωf )

≤C∆t
(
ν2f (1 + νf )

α2

)M−1∑
n=0

(
∥∇ϕ∥2L2(Ωf )

∥∇(un+1 − un)∥2L∞(Ωf )

+ ∥∇ñ∥2L∞(Ωf )
∥∇(un+1 − un)∥2L2(Ωf )

+ ∥D2(un+1 − un)∥2L2(Ωf )

)
≤C∆t

(
ν2f (1 + νf )

α2

)M−1∑
n=0

((
1 + log(

1

∆t

)
)∥∇(un+1 − un)∥2L∞(Ωf )

+ ∥D2(un+1 − un)∥2L2(Ωf )

)
,
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where D2u denotes the Hessian of u.

Consequently, it follows from (3.4.11b) that

∆t

(
1 + νf
α

)M−1∑
n=0

∥∇g̃n+1
2 ∥2L2(Ωf )

≤C(∆t)2
(
ν2f (1 + νf )

α2

)(
∥∂tu∥2L2(0,T ;H2(Ωf ))

+ (1 + log(
1

∆t
))∥∇∂tu∥2L2(0,T ;L∞(Ωf ))

)
.

We may now provide the main result of this section: the complete error estimate.

Theorem 3.4.9. Under Assumptions 3.4.3, 3.4.4, and assuming that the solution

is smooth enough so that Y defined below and ∥∇∂tu∥2L2(0,T ;L∞(Ωf ))
are bounded we

have

max
1≤M≤N

ZM +
N−1∑
n=0

Sn+1 ≤ C(∆t)2
(
Y +

ν2f (1 + νf )

α2

(
1 + log(

1

∆t
)
)
∥∇∂tu∥2L2(0,T ;L∞(Ωf ))

)
,

where

Y :=(∆t)2k−2

(
∥∂k+1

t q∥2L2(0,T ;L2(Ωs))
+ (k − 1)νs∥∂k+1

t ∇w∥2L2(0,T ;L2(Ωs))

)
+

(
1 +

(
1 +

ν2f
α2

)
T

)
∥∂2t u∥2L2(0,T ;H1(Ωf ))

+
(
α +

α2

νf

)
∥∂tu∥2L2(0,T ;L2(Σ))

+
( 1
α
+

1

νf

)
∥∂tl∥2L2(0,T ;L2(Σ)) + (1 + νf )

(
1 +

ν2f
α2

)
∥∂tu∥2L2(0,T ;H2(Ωf ))

+
(
1 +

ν2f
α2

)
∥∂tu∥2L∞(0,T ;H1(Ωf ))

+
T

α
∥∂tl∥2L2(0,T ;L∞(Σ)).

Proof. The result follows immediately from (3.4.10) and Lemma 3.4.8.
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3.5 Final Discussion

In this section, we comment on some final points that follow from the analysis above.

3.5.1 Special Case

We begin by outlining a special case in which we may prove an optimal error estimate

of O(∆t), which is slightly better than O(∆t
√
1 + log 1

∆t
).

We assume that Ω = [0, 1]2 and that Ωf = [0, 1] × [0, a] and Ωs = [0, 1] × [a, 1].

Note that Σ = [0, 1]×{a}, as shown in Figure 3.2. We note that the outward facing

normal vector on Σ, nf , is constant. In this case, nf = [0, 1]′.

Let ∂Ωf \Σ = Γp∪Γg, where Γp consists of the sides of ∂Ωf that are perpendicular

to Σ. Consequently, this means that at the endpoints of Σ–where it meets Γp–nf is

parallel to Γp.

Figure 3.2: Schematic of our special case

From (3.1.9c), we know that u|Γp = 0. Therefore, at the endpoints of Σ we have

l = νf∇u · nf = νf∇u · τΓ = 0.
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Consequently, Assumptions 3.4.3 and 3.4.4 are not required in this case to bound

the term ∆t
α

〈
gn+1
3 ,Λn+1

〉
. Instead, we may define a cut-off function ϕc : Ωf → R that

is any continuous function satisfying the following conditions:

(i) ϕc|Σ = 1,

(ii) ϕc|Γg = 0,

(iii) ϕc and ∇ϕc are uniformly bounded.

Clearly, the conditions for ϕc are much less restrictive than those listed in As-

sumption 3.4.4. Indeed, a very simple construction of ϕc that satisfies these condi-

tions would be a function that is equal to 1 on Σ and then decays linearly to 0 at

Γa. We may use these looser restrictions because nf is constant and may therefore

be trivially extended into Ωf , while the perpendicularity of Σ and Γp ensures that

ϕc∇u · nf = 0 on ∂Ωf \ Σ. Consequently, we may define

g̃n+1
2 := Ln+1 − Ln,

where L(x, t) := ϕc∇u(x, t) · n.

We may then follow the proofs of Lemmas 3.4.6 and 3.4.8. However, in this case,

it follows from the uniform boundedness of ϕc and ∇ϕc and Lemma 3.4.7 that we

have

∥g̃n+1
2 ∥2L2(Ωf )

≤C∆t
∫ tn+1

tn

∥∂tu(·, s)∥2H1(Ωf )
ds,

∥∇g̃n+1
2 ∥2L2(Ωf )

≤C∆t
∫ tn+1

tn

∥∂tu(·, s)∥2H2(Ωf )
ds.
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Therefore, unlike in the proof of Lemma 3.4.8, we now have

∆t

(
1 + νf
α2

)M−1∑
n=0

∥∇g̃n+1
2 ∥2L2(Ωf )

≤C(∆t)2
(
1 + νf
α2

)
∥∂tu(·, s)∥2L2(0,T ;H2(Ωf ))

.

As a result, the final error estimate defined in Theorem 3.4.4 now becomes

max
1≤M≤N

ZM +
N−1∑
n=0

Sn+1 ≤ C(∆t)2
(
Y +

ν2f (1 + νf )

α2
∥∇∂tu∥2L2(0,T ;L∞(Ωf ))

)
,

losing the factor
(
1 + log( 1

∆t
)
)
.

3.5.2 Example: Constructing ϕ

Unfortunately, not all cases are as accommodating as the special case described

above, so constructing an appropriate function ϕ is critical. For the purposes of this

example construction, however, we do allow Σ to be perpendicular to ∂Ω\Σ, but we

note that adjusting the angle of Σ with respect to the rest of the boundary will not

drastically change the construction of this ϕ, as long as Σ remains a straight line.

The aim for this example is to provide proof that, in this base case, a ϕ exists

satisfying the assumptions. We also suggest that it may be useful when constructing

ϕ on more complex domains, as it can provide a valuable starting point for addressing

more complicated Σ.

To begin the construction of our example, let Ωf = [0, 1] × [0, 1]. Note that

Σ = [0, 1]×{1} marks the top boundary of Ωf . We then divide Ωf into five regions,

{Ki}5i=1 as shown in Figure 3.3 for x = (x1, x2). From here, we may define ϕ(x) =
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Figure 3.3: Ωf = [0, 1]2 with the regions {Ki}5i=1.

ϕ(x1, x2) by the following.

ϕ(x) :=



x1

1−(1−∆t)x2
, x ∈ K1,

1, x ∈ K2,

1−x1

1−(1−∆t)x2
, x ∈ K3,

4x2(1− x1)(1−∆t), x ∈ K4,

4x1x2(1−∆t), x ∈ K5.

(3.5.1)

It is straightforward to check that this ϕ is globally continuous and piecewise

differentiable, and it satisfies conditions (i)-(iii) in Assumption 3.4.4. For condition

(iv), we note

∫
Ωf

|∇ϕ|2 =
( 2

1−∆t
+

2(1−∆t)

3

)
log

1

2∆t
+

2(1−∆t)

3
+

2

3(1−∆t)
.
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Thus, if ∆t < 1
2
, we have

∫
Ωf

|∇ϕ|2 ≤ C(1 + log
1

∆t
)

3.5.3 Sub-optimal error estimate

As mentioned above, if we do not treat the term ∆t
α

〈
gn+1
3 ,Λn+1

〉
with enough care,

we are likely to end up with a sub-optimal error estimate that does not match the

nearly optimal behavior of numerical experiments (see Section 3.6.1).

In fact, if we were to include ∆t
α

〈
gn+1
3 ,Λn+1

〉
in the terms of F n+1 from Lemma

3.4.1, we would then proceed to bound the term as in the proof of Lemma 3.4.2. In

this case, we find

∆t

α

M−1∑
n=0

〈
gn+1
3 ,Λn+1

〉
≤

M−1∑
n=0

(CT
α

∥gn+1
3 ∥2L2(Σ) +

(∆t)2

8T
∥Λn+1∥2L2(Σ)

)
≤

M−1∑
n=0

CT

α
∥gn+1

3 ∥2L2(Σ) +
1

4
max

1≤m≤N
Zm.

As a result, (3.4.7) becomes

∆t
M−1∑
n=0

F n+1 ≤ 1

2
max

1≤n≤M
Zn +

1

4

M−1∑
n=0

Sn+1 + CD(M),

where D(M) now acquires the term
∑M−1

n=0
CT
α
∥gn+1

3 ∥2L2(Σ).

Unfortunately, the results of Lemma 3.4.7 indicate that this new term will not
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yield an optimal error estimate. Instead,

M−1∑
n=0

CT

α
∥gn+1

3 ∥2L2(Σ) ≤
C∆tT

α

(
∥∂tu∥2L2(0,T ;L2(Σ)) + ∥∂tl∥2L2(0,T ;L2(Σ))

)
,

which forces the final error estimate (after taking the square root) to be O(
√
∆t).

Earlier stability proofs of the Robin-Robin method for FSI problems followed this

approach and yielded suboptimal results that were later improved, as we will see in

Chapters 4 and 5. For the suboptimal results, see [16, 14].

3.5.4 Comments on regularity

We note that the error estimate proven in this chapter requires sufficient regularity

of the exact solutions, u and w. In particular, we require sufficient regularity to

ensure that the norms in the main result in Theorem 3.4.4 are all bounded.

For most of these norms, it would be sufficient to require u ∈ H2(Ωf ) and w ∈

H1(Ωs) with sufficient smoothness in time. However, this is not sufficient for the

term ∥∂tl∥2L2(0,T ;L2(Σ), as this requires u ∈ H1(Σ). Instead, we require u ∈ H3/2(Ωf )

in order to have sufficient regularity to ensure that this term is bounded. We then

have to consider the kinematic coupling condition and what this will imply about

the regularity of q.

However, it is beyond the scope of this thesis to prove whether or not it is reason-

able to expect this amount of regularity in the solutions to the parabolic-parabolic

and parabolic-hyperbolic coupled problems. Therefore all results are stated under

the assumption of sufficient regularity. We will further make the same assumption

for all subsequent problems.
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3.5.5 Concluding remarks

In this chapter we developed a loosely-coupled splitting method for parabolic-

parabolic and parabolic-hyperbolic coupled problems based on Robin-type interface

conditions, which we call the Robin-Robin splitting method. Working in a semi-

discrete framework, we proved stability and nearly optimal accuracy in time. We

further demonstrated that the analyses for the two coupled problems may be carried

out together in a unified framework, potentially highlighting the versatility of the

splitting method.

The main challenge in the analysis of the Robin-Robin splitting method was to

bound the stress term ∇u ·n on the interface. Indeed, we showed that if this term is

not handled carefully we may lose a half order of accuracy. Consequently, a function

must be constructed to appropriately lift the stress term from the interface into the

interior domain.

So far, we have only seen the Robin-Robin method applied to two model prob-

lems. However, as stated in Chapter 1, similar methods have been applied to a wide

variety of problems. In the following chapters, we will investigate the use Robin-

Robin splitting method as a loosely-coupled splitting method for the FSI problem

that does not suffer from the added-mass effect. We will see that the analysis suf-

fers from the same challenges with the stress terms at the interface. However, the

problem now includes a pressure term and incompressibility condition in the fluid,

along with several physical constants related to viscosity, density, and elasticity, all

of which add an interesting degree of complexity to the error analysis.



91

3.6 Numerical Experiments

To conclude this chapter, we seek to verify our theoretical results through numerical

experiments. As our analysis above is carried out in a time-semi-discrete framework,

the spacial discretization may be done with any appropriate numerical method. For

simplicity, we choose to use linear finite elements with mesh parameters defined

below for each case. To accommodate our Lagrange multiplier method, we require

that the meshes on Ωs and Ωf match at the interface Σ. In all cases below, we set

the coefficients νf = νs = α = 1.

3.6.1 Numerical experiments for simple case with uniform

mesh

For our first case, we take Ω = [0, 1]2 and Ωf = [0, 1]×[0, 3/4] and Ωs = [0, 1]×[3/4, 1]

and of course Σ = Ωf∩Ωs. On each subdomain, we use a uniform mesh with h = ∆t.

We run the system to time T = 0.25.

For the Parabolic-Parabolic (k = 1) coupling, we take the exact solution to be

u(t, x) = e−2π2t sin(πx1) sin(πx2),

w(t, x) = e−2π2t sin(πx1) sin(πx2),

l(t, x) = πe−2π2t sin(πx1) cos(πx2).

For the Parabolic-Hyperbolic (k = 2) coupling, we take the exact solution to be

u(t, x) = (10−3)etx1(1− x1)x2(1− x2),
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w(t, x) = (10−3)etx1(1− x1)x2(1− x2),

l(t, x) = (10−3)etx1(1− x1)(1− 2x2).

In Table 3.1 below, we measure the error in the L2-norm at the final time T = 0.25.

k = 1 k = 2
Rates Errors Rates Errors

∆t U W U W U Q U Q
(1
2
)2 – – 0.04 0.09 – – 4.48e-06 9.48e-06

(1
2
)3 -0.30 0.59 0.05 0.06 2.16 1.94 1.01e-06 2.45e-06

(1
2
)4 0.22 0.93 0.04 0.03 0.96 1.02 5.19e-07 1.22e-06

(1
2
)5 1.08 1.67 0.02 9.6e-03 0.47 0.89 3.76e-07 6.67e-07

(1
2
)6 2.43 3.71 3.5e-03 7.3e-04 0.74 0.88 2.25e-07 3.62e-07

(1
2
)7 2.89 1.17 4.8e-04 3.3e-04 0.88 0.93 1.22e-07 1.89e-07

(1
2
)8 1.77 0.85 1.4e-04 1.8e-04 0.94 0.97 6.36e-08 9.69e-08

(1
2
)9 1.37 0.97 5.4e-05 9.6e-05 0.97 0.98 3.24e-08 4.91e-08

Table 3.1: Convergence rates and errors for the parabolic-parabolic problem in the
special case where Σ is perpendicular to ∂Ω.

Clearly, we can see that all the error terms behave as O(∆t) as ∆t → 0, which

agrees well with our theoretical results.

3.6.2 Numerical experiments for less simple case with non-

uniform mesh

For our next set of numerical experiments, we investigate the case where Σ is not

perpendicular to ∂Ω. We again take Ω = [0, 1]2, however Σ is now represented by

the line x2 = x1

2
+ 1

4
. Furthermore, we generate a non-uniform mesh such that the

interface Σ is aligned with the nodes of the mesh (See Figure 3.4).

We run our method on this grid for ∆t = {(1
2
)n+2}8n=0. For each n, the maximum
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Figure 3.4: An example of the non-uniform mesh for n = 1.

element diameter, hmax, is given (to 4 significant digits) in the list below. From this

we can see that h is roughly O(∆t). Additionally, as before, we run to time T = 0.25.

(n, hmax) = {(0, 0.3125), (1, 0.1574), (2, 0.0794), (3, 0.0398), (4, 0.0199),

(5, 0.0099), (6, 0.0050), (7, 0.0025), (8, 0.0012)}.

We take the exact solution to be

u(t, x) = (10−3)etx1(1− x1)x2(1− x2)

w(t, x) = (10−3)etx1(1− x1)x2(1− x2)

l(t, x) =

(
10−3

√
5

)
et (2x1(1− x1)(1− 2x2)− (1− 2x1)x2(1− x2)) ,

and we note that l = ∇u · n no longer vanishes on ∂Ω.

In Tables 3.2 and 3.3 below, we again measure the L2-norm of U and W at

the final time T = 0.25. However, we also measure
(
∆t
∑N

n=1 ∥∇Un∥2L2(Ωf )

)1/2
and(

∆t
∑N

n=1 ∥∇W n∥2L2(Ωs)

)1/2
, where N = T

∆t
.

As before, we see first order convergence in U and W . For ∇U and ∇W , the



94

Rates Errors
∆t Rate U Rate W U W
(1
2
)2 – – 4.92e-07 1.27e-06

(1
2
)3 1.28 1.87 2.02e-07 3.48e-07

(1
2
)4 0.59 0.83 1.35e-07 1.95e-07

(1
2
)5 0.45 0.87 9.85e-08 1.07e-07

(1
2
)6 0.71 0.81 6.01e-08 6.09e-08

(1
2
)7 0.89 0.89 3.26e-08 3.28e-08

(1
2
)8 0.94 0.95 1.69e-08 1.70e-08

(1
2
)9 0.97 0.98 8.62e-09 8.63e-09

(1
2
)10 0.99 0.99 4.35e-09 4.36e-09

Table 3.2: Convergence rates and errors for the parabolic-parabolic problem for a
more general case.

Rates Errors
∆t Rate ∇U Rate ∇W ∇U ∇W
(1
2
)2 – – 4.60e-06 5.28e-06

(1
2
)3 0.99 1.45 2.33e-06 1.93e-06

(1
2
)4 1.12 0.78 1.07e-06 1.13e-06

(1
2
)5 0.77 0.81 6.26e-07 6.43e-07

(1
2
)6 0.66 0.69 3.96e-07 4.00e-07

(1
2
)7 0.69 0.69 2.45e-07 2.47e-07

(1
2
)8 0.74 0.75 1.46e-07 1.47e-07

(1
2
)9 0.79 0.80 8.44e-08 8.45e-08

(1
2
)10 0.83 0.83 4.74e-08 4.74e-08

Table 3.3: More convergence rates and errors for the parabolic-parabolic problem
for a more general case.

convergence is slower, however it seems it will eventually approach first order.



Chapter Four

Robin-Robin coupling for

fluid-structure interaction, Part I:

the time-semi-discrete framework
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4.1 Robin-Robin coupling for the fluid-structure

interaction problem

In this chapter, we present the Robin-Robin splitting method for the FSI problem

introduced in Chapter 1. As we will see below, the FSI problem strongly resembles

the parabolic-hyperbolic coupling introduced in (3.1.6)-(3.1.8). Thus, it would be

ideal if we could mirror the analysis done in Chapter 3 (in the case k = 2) for the

FSI problem.

As it turns out, a large part of the FSI analysis can be done using the methods

of Chapter 3, and we will make use of this advantage in the analysis that follows.

However, unlike the parabolic problem presented in (3.1.6), the Stokes problem in-

cludes an additional pressure term, p, and an incompressibility condition, div u = 0.

Additionally, the stress terms for the Stokes and linear elasticity equations are signif-

icantly more complex than those in (3.1.6)-(3.1.8), and the system includes several

physical parameters (such as density and the Lamé parameters) that may influence

the splitting method in some way. Consequently, the FSI system presents a much

stiffer problem than the parabolic-hyperbolic coupling. Thus, although we will mir-

ror the techniques of Chapter 3 as much as possible, we will need to take special care

to address the aspects stated above.

The chapter is organized as follows. We begin by introducing the FSI system

and the time-discrete Robin-Robin method as applied in this context. We then

prove stability and accuracy, as in Chapter 3. Finally, we discuss the behavior of the

Robin-Robin method with respect to the parameters of the FSI system and verify

our results with numerical experiments.



97

4.1.1 The FSI problem

As in Chapter 3, we work with a domain Ω that is split into two sub-domains, Ωf

and Ωs, such that Ω = Ωf ∪ Ωs, with common interface Σ = ∂Ωf ∩ ∂Ωs (see Figure

3.2). Also as in Chapter 3, we assume Ω is a bounded, connected subset of R2 with

Lipschitz boundary.

Unlike in the previous chapter, however, our solutions are now the vector-valued

quantities, with the exception of the pressure, p, which is a scalar (see 1.1.2.1 for more

detail). Let u, p, e, and q be the fluid velocity, fluid pressure, structural displacement,

and structural velocity, respectively. Thus, the FSI system is as follows.

ρf∂tu− div σf (u, p) =0 in (0, T )× Ωf , (4.1.1a)

div u =0 in (0, T )× Ωf , (4.1.1b)

u =0 on (0, T )× Σf , (4.1.1c)

ρs∂tq− div σs(e) =0 in (0, T )× Ωs, (4.1.2a)

q− ∂te =0 in (0, T )× Ωs, (4.1.2b)

e =0 on (0, T )× Σs, (4.1.2c)

u =q on (0, T )× Σ, (4.1.3a)

σf (u, p)nf + σs(e)ns =0 on (0, T )× Σ, (4.1.3b)
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equipped with initial conditions:

e(0, ·) =e0 in Ωs,

q(0, ·) =q0 in Ωs,

u(0, ·) =u0 in Ωf .

As before, ni is the outward pointing normal to ∂Ωi for i = s, f . The stress tensors

are given as stated in 1.1.2.1,

σf (u, p) :=2µϵ(u)− pI,

σs(e) :=2L1ϵ(e) + L2(div e)I,

where ϵ(v) = 1
2
(∇v +∇vT ) is the symmetric gradient.

Here µ is the viscosity of the fluid and L1, L2 are the Lamé constants of the

solid, with L1 > 0 and L2 ≥ 0. The solid and fluid densities are denoted ρs, ρf ,

respectively.

Remark 6. As stated in the introduction, we apply Dirichlet conditions to the bound-

ary of Ω. This was done for the sake of simplicity and may not be appropriate for

all problems. However, changing the conditions on ∂Ω to those used in [17, 18], for

example, will not change the applicability of the Robin-Robin method described in

this chapter.

We will work primarily with the weak form of (4.1.1)-(4.1.3), and, just as in

Chapter 3, we will represent the interfacial stress from Ωf as a separate variable.

More specifically, we define

l := σf (u, p)nf .

As with the parabolic-hyperbolic coupling, we do this to be able to match the terms
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of the true FSI system, (4.1.1)-(4.1.3), with the terms of the Robin-Robin system

that we will define below. As such, we must also define the following spaces

V s :={v ∈H1(Ωs) : v = 0 on ∂Ωs \ Σ},

V f :={v ∈H1(Ωf ) : v = 0 on ∂Ωf \ Σ},

V g :=L2(Σ),

M f :=L2
0(Ωf ).

Then if we assume that l(t) ∈ [L2(Σ)]2 we have that the solution of (4.1.1)-(4.1.3)

satisfies the weak formulation: For t > 0, find q(t), e(t) ∈ V s, u(t) ∈ V f , l(t) ∈ V g,

and p(t) ∈M f satisfying

ρs(∂tq, ξ)s + as(e, ξ) +
〈
l, ξ
〉
=0 ∀ξ ∈ V s (4.1.4a)

(q, τ )s − (∂te, τ )s =0 ∀τ ∈ V s (4.1.4b)

ρf (∂tu,v)f + af
(
(u, p), (v, θ)

)
−
〈
l,v
〉
=0 ∀(v, θ) ∈ V f ×M f (4.1.4c)〈

u− q,µ
〉
=0 ∀µ ∈ V g. (4.1.4d)

Here, the bilinear forms af (·, ·) and as(·, ·) are respectively given by

af
(
(u, p), (v, θ)

)
:=2µ(ϵ(u), ϵ(v))f − (p, div v)f + (div u, θ),

as(e, ξ) :=2L1(ϵ(e), ϵ(ξ))s + L2(div e, div ξ)s,

where as(·, ·) induces the elastic energy norm

∥e∥2S := as(e, e) = 2L1∥ϵ(e)∥2L2(Ωs) + L2∥div e∥2L2(Ωs).

The Lamé parameters govern the elasticity of the solid in Ωs, and their values can
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vary depending on the problem. For blood vessels, the Lamé parameters can be

on the order of 106 (see e.g. [46, 18, 1]) which, in a numerical simulation, may be

comparable to (∆t)−1. Thus, we must be careful in our analysis to keep track of the

physical parameters.

4.1.2 The time-discrete Robin-Robin method

In this section, we will introduce the Robin-Robin scheme in a time-semi-discrete

framework and prove that it is unconditionally stable and nearly first-order accurate.

As mentioned in Chapter 1, the loosely coupled scheme based on the Robin-Robin

interface conditions was originally proposed for the FSI system in response to the

added-mass instability problem. This method replaces the problematic coupling

conditions (1.1.4) with Robin-type interface conditions of the form

σs(e
n+1)ns + α∂te

n+1 =αun − σf (u
n, pn)nf on Σ, (4.1.5a)

σf (u
n+1, pn+1)nf + αun+1 =α∂te

n+1 + σf (u
n, pn)nf on Σ, (4.1.5b)

for α > 0.

Just as in Chapter 3, we only address the time-semi-discrete form of the Robin-

Robin splitting method, as our main concern is the stability and convergence in time

of the splitting method. However, just as in Chapter 3, we acknowledge that the

Robin-Robin interface conditions (4.1.5) may present continuity issues for spacial

discretizations. Indeed, just as we saw before, (4.1.5) yields the identities

σs(e
n+1)ns + σf (u

n+1, pn+1)nf = α(un − un+1) on Σ,

σf (u
n, pn)nf − σf (u

n+1, pn+1)nf = α(un+1 − ∂te
n+1) on Σ,
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which require the continuities of the stresses and velocities to match along Σ. Unfor-

tunately, If standard finite elements are used to discretize in space, the stress terms

will not be continuous across element boundaries, and the identities will not hold.

Thus, we use the same Lagrange Multiplier method as in Chapter 3. In doing

so, we introduce λ as a variationally consistent representation of σf (u, ∂)nf . This

will allow us impose continuity across element boundaries on the stress term in the

finite element formulation and recover identities similar to the ones above (for a full

explanation of the Lagrange multiplier method, see 5.1.1). Furthermore, we apply

a backward Euler method for the time discretization for the fluid and a Newmark

method for the time discretization of the solid, just as we chose for the parabolic

and hyperbolic systems in Chapter 3.

The Robin-Robin splitting method is as follows. Find qn+1, ηn+1 ∈ V s, u
n+1 ∈

V f , p ∈Mf , and λ
n+1 ∈ V g such that

ρs(∂∆tq
n+1, ξ)s + as(η

n+1/2, ξ) + α
〈
(∂∆tη

n+1 − un), ξ
〉
+
〈
λn, ξ

〉
=0 ∀ξ ∈ V s.

(4.1.6a)

(qn+1/2 − ∂∆tη
n+1,ψ)s =0 ∀ψ ∈ V s. (4.1.6b)

ρf (∂∆tu
n+1,v)f + af

(
(un+1, pn+1), (v, θ)

)
−
〈
λn+1,v

〉
=0 ∀(v, θ) ∈ V f ×Mf .

(4.1.6c)

α
〈
un+1 − ∂∆tη

n+1,µ
〉
=
〈
λn − λn+1,µ

〉
∀µ ∈ V g. (4.1.6d)
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In this method, the Robin-Robin interface conditions are imposed just as in

Chapter 3. Specifically, in (4.1.6a), we weakly impose the condition

σs(η
n+1)ns + α∂∆tη

n+1 = αun − λn, on Σ,

and in (4.1.6d), we strongly impose

λn+1 + αun+1 = α∂∆tη
n+1 + λn on Σ.

We also note that we have identities analogous to (3.2.3) and (3.2.5). Namely,

using the same approach as in Chapter 3, we find

qn+1/2 = ∂∆tη
n+1, in Ωs, (4.1.7)

and

α(un+1 − qn+1/2) = λn − λn+1, on Σ. (4.1.8)

4.2 Stability

In this section we will prove stability of the Robin-Robin splitting method for FSI

problems, (4.1.6). However, as mentioned previously, the FSI problem is very similar

the the parabolic-hyperbolic coupling, or (3.2.2) with k = 2. As a result, the proof

of stability is nearly identical to the proof of Lemma 3.3.1. Therefore we will only

provide a sketch of the proof for the FSI case, commenting primarily on how to

address the pressure term.
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As before, the goal for this section is to prove that the energy of the splitting

method (4.1.6) at time-step N = ∆tT is less than the energy at the initial time,

t = 0.

Lemma 4.2.1. Let

Zn+1 :=
ρs
2
∥qn+1∥2L2(Ωs)

+
ρf
2
∥un+1∥2L2(Ωf )

+
1

2
∥ηn+1∥2S +

∆tα

2
∥un+1∥2L2(Σ)

+
∆t

2α
∥λn+1∥2L2(Σ)

Sn+1 :=2µ∆t∥ϵ(u)n+1∥2L2(Ωf )
+
ρf
2
∥un+1 − un∥2L2(Ωf )

+
∆tα

2
∥qn+1/2 − un∥2L2(Σ).

Then it holds,

ZN +
N−1∑
n=0

Sn+1 = Z0.

Proof. We begin by mirroring the proof of Lemma 3.3.1, setting ξ = ∆tqn+1/2 and

v = ∆tun+1 in (4.1.6a) and (4.1.6c), respectively. We also apply (4.1.7) to replace

all ∂∆tη
n+1 with qn+1/2.

We also set θ = ∆tpn+1 in (4.1.6c). In doing so, we encounter a very conve-

nient cancellation of terms in the bilinear form af ((u, ∂), (v, θ)). Specifically, the

terms −∆t(pn+1, divun+1)f and ∆t(divun+1, pn+1)f will cancel, removing the pres-

sure terms entirely (at least on the interior, as λ still technically depends on p).

Consequently, we may add (4.1.6a) and (4.1.6c) together to determine, for n ≥ 0,

ρs
2
∥qn+1∥2L2(Ωs)

+
ρf
2
∥un+1∥2L2(Ωf )

+
ρf
2
∥un+1 − un∥2L2(Ωf )

+
1

2
∥ηn+1∥2S + µ∆t∥ϵ(un+1)∥2L2(Ωf )

=
1

2
∥qn∥2L2(Ωs)

+
1

2
∥un∥2L2(Ωf )

+
1

2
∥ηn∥2S +∆tJn+1. (4.2.1)
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where

Jn+1 :=− α
〈
qn+1/2 − un, qn+1/k

〉
−
〈
λn, qn+1/2

〉
+
〈
λn+1,un+1

〉
.

Clearly, this is analogous to (3.3.1) in the proof of Lemma 3.3.1, with µ∆t∥ϵ(u)∥2L2(Ωf )

replacing
νf∆t

2
∥∇u∥2L2(Ωf )

, and 1
2
∥η∥2S replacing νs

2
∥∇wn+1∥2L2(Ωs)

.

With these two substitutions, the remainder of this proof follows the proof of

Lemma 3.3.1 in the case k = 2.

4.3 Error Analysis

The main result of this chapter is an a priori error estimate of the Robin-Robin

splitting method, (4.1.6). Just like in the previous chapter, the proof of this result

will proceed in three parts. In the first part, we will bound all but one term in

the error analysis. This term will be analogous to the isolated term in Chapter 3,

∆t
α

〈
Λn+1, gn+1

3

〉
. In the second part of the error analysis, we will bound this remaining

term as it requires special care, just like in the previous chapter. In the final part,

we will state and prove the complete error result.

4.3.1 FSI vs. parabolic-hyperbolic: pressures and parame-

ters

As we saw with the stability result, the similarities between the FSI problem and the

parabolic-hyperbolic system mean that the proofs in this chapter will very closely
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resemble the proofs in Chapter 3. Thus, some of the analysis that follows will

resemble the proofs of the previous chapter. However, we will still find that the

significant differences between the FSI and parabolic-hyperbolic systems–namely the

addition of a pressure term and the presence of physical parameters–add significant

complexity to the FSI problem. To accommodate these differences, we will often

take a different approach than we used for the parabolic-hyperbolic system.

4.3.1.1 The pressure term

We have already seen that previous methods for stabilizing loosely coupled FSI

schemes focused on the pressure term by applying its time derivative as an artificial

compressibility in the fluid. Unfortunately, this additional pressure derivative caused

a notable loss in accuracy for these schemes. Fortunately, Robin-Robin method does

not require artificial compressibility to ensure stability. However, this does not mean

that the pressure term won’t present us with some difficulties.

Arguably the main challenge when proving the error estimate of (4.1.6) is ad-

dressing the pressure term. Indeed, we will see in the second part of the error analysis

that the pressure term prevents us from extending fluid stress on the interface into

the fluid interior. Instead, any extension from the interface must be into the solid

domain, to avoid introducing any pressure errors.

4.3.1.2 The physical parameters

Another important feature of the FSI problem is the presence of physical parameters.

We have already seen in the case of the added-mass instability that the solid-fluid
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density ratio can determine the significance of the added-mass force. Therefore, it is

not unreasonable to be concerned about how the values of the physical parameters

may impact the convergence of our splitting method. Furthermore, as the values of

these quantities will be entirely problem dependent, we run the risk of our splitting

method under-performing for certain parameter ranges (as is the case with added-

mass instability).

In fact, as mentioned in Chapter 1, when the Robin-Robin method was first in-

troduced, the numerical experiments indicated that the method was sub-optimal,

O(
√
∆t). However, results that we will prove in this chapter and supporting numer-

ical experiments (see Section 4.5) will show that this assumption was not correct.

The Robin-Robin method is nearly optimal, and the incorrect assumption was caused

by the scheme’s sensitivity to physical parameters. We will discuss this in detail in

4.4.1.

In response to this concern, we will take special care to account for all physical

parameters as we conduct our error analysis.

4.3.2 The Error Equations

We begin the error analysis as in the previous chapter. Recall that we wish to

compare the solution to the continuous problem (4.1.4) with the solution to the

Robin-Robin method (4.1.6). Thus, We define the error terms

eu
n =un − un, enp = pn − pn,

enη =en − ηn, eq
n =qn − qn,

eλ
n =ln − λn.



107

We assume that the initial condition are the same for both the continuous and

Robin-Robin problems, so the errors vanish at t = 0. Then, using the same approach

as in Section 3.4.1, we derive the error equations.

ρs(∂∆teq
n+1, ξ)s + as(e

n+1
η , ξ) + α

〈
(∂∆te

n+1
η − eun), ξ

〉
+
〈
eλ

n, ξ
〉
=L1(ξ)−L4(ξ),

(4.3.1a)

(eq
n+1/2 − ∂∆te

n+1
η ,ψ)s =L2(ψ), (4.3.1b)

ρf (∂∆teu
n+1,v)f + af ((eu

n+1, en+1
p )(v, θ))−

〈
eλ

n+1,v
〉
=L3(v), (4.3.1c)

α
〈
eu

n+1 − ∂∆te
n+1
η ,µ

〉
+
〈
eλ

n+1 − eλn,µ
〉
=L4(µ). (4.3.1d)

where

L1(ξ) :=
1

2

〈
gn+1
2 , ξ

〉
+ α

〈
gn+1
1 , ξ

〉
− ρs(h

n+1
1 , ξ)s,

L2(ψ) :=(hn+1
3 ,ψ)s,

L3(v) :=− ρf (h
n+1
2 ,v)f ,

L4(µ) :=α
〈
hn+1

4 ,µ
〉
+
〈
gn+1
2 ,µ

〉
,

and

hn+1
1 := ∂tq

n+1/2 − ∂∆tq
n+1, gn+1

1 := un+1 − un,

hn+1
2 := ∂tu

n+1 − ∂∆tu
n+1, gn+1

2 := ln+1 − ln,

hn+1
3 := ∂te

n+1/2 − ∂∆te
n+1,

hn+1
4 := ∂te

n+1 − ∂∆te
n+1.
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Just as in Chapter 3, the {hi}4i=1 represent the error acquired from the time

discretization, and the {gi}2i=1 represent the residual error produced by the Robin-

Robin splitting method. We also have the following results as consequences of (4.3.1).

They are derived in the same manner as (3.4.2)-(4.3.4).

eq
n+1/2 =∂∆te

n+1
η + hn+1

3 on Ωs, (4.3.2)

α(eu
n+1 − ∂∆te

n+1
η ) =eλ

n − eλn+1 + αhn+1
4 + gn+1

2 on Σ, (4.3.3)

α
(
eu

n+1 − eqn+1/2
)
=eλ

n − eλn+1 + gn+1
3 on Σ, (4.3.4)

where

gn+1
3 :=

α

2
gn+1
1 + gn+1

2 .

Finally, we define the following quantities that will make up our error estimates.

Zn+1 :=
ρs
2
∥eqn+1∥2L2(Ωs)

+
ρf
2
∥eun+1∥2L2(Ωf )

+
1

2
∥en+1

η ∥S

+
∆tα

2
∥eun+1∥2L2(Σ) +

∆t

2α
∥eλn+1∥2L2(Σ),

Sn+1 :=2µ∆t∥ε(eun+1)∥2L2(Ωf )
+
ρf
2
∥eun+1 − eun∥2L2(Ωf )

+
∆tα

2
∥eun − eqn+1/2∥2L2(Σ).

4.3.3 Step 1: Preliminary Estimates

As before, we begin the first step of the error analysis with a preliminary bound

analogous to Lemma 3.4.1.

Lemma 4.3.1. It holds,

Zn+1 + Sn+1 = Zn +∆tFn+1 +
∆t

α

〈
gn+1
3 , eλ

n
〉
, (4.3.5)
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where

Fn+1 :=
1

2α
∥gn+1

3 ∥2L2(Σ) +
〈
gn+1
4 , eq

n+1/2
〉
− as(e

n+1/2
η ,h

n+1/2
3 )

− ρs(h
n+1
1 , eq

n+1/2)s − ρf (h
n+1
2 , eu

n+1)f ,

and

gn+1
4 := αgn+1

1 +
1

2
gn+1
2 .

Proof. To begin, we set ξ = ∆teq
n+1/2 in (4.3.1a) and v = ∆teu

n+1 and θ = ∆ten+1
p

in (4.3.1c). As in the proof of Lemma 4.2.1, this leads to a cancellation of the pressure

terms in (4.3.1c).

We also use (4.3.2) to address the terms in the solid bilinear form as(·, ·). Con-

sequently, this yields

ρs
2
∥eqn+1∥2L2(Ωs)

+
ρf
2
∥eun+1∥2L2(Ωf )

+
ρf
2
∥eun+1 − eun∥2L2(Ωf )

+
1

2
∥en+1

η ∥S + 2µ∆t∥ε(eun+1)∥2L2(Ωf )

=
ρs
2
∥eqn∥2L2(Ωs)

+
ρf
2
∥eun∥2L2(Ωf )

+
1

2
∥enη∥2S +∆tJn+1. (4.3.6)

where

Jn+1 :=α
〈
eu

n − ∂∆te
n+1
η , eq

n+1/2
〉
−
〈
eλ

n, eq
n+1/2

〉
+
〈
eλ

n+1, eu
n+1
〉

− as(e
n+1/2
η ,hn+1

3 ) +L1(eq
n+1/2)−L4(eq

n+1/2) +L3(eu
n+1/2)

At this point, we note that the value Jn+1 is analogous to the value Jn+1 used

in the proof of Lemma 3.4.1 for k = 2. However, in order to accommodate the later

steps of the analysis (see Section 4.3.4), we will manipulate the terms of Jn+1 slightly
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differently.

Thus, we write

Jn+1 :=α
〈
eu

n − eun+1, eq
n+1/2

〉
+
〈
eλ

n+1, eu
n+1
〉

+ α
〈
eu

n+1 − ∂∆te
n+1
η − hn+1

4 − 1

α
eλ

n − 1

α
gn+1
2 , eq

n+1/2
〉

+
1

2

〈
gn+1
2 , eq

n+1/2
〉
+ α

〈
gn+1
1 , eq

n+1/2
〉
+Gn+1,

where

Gn+1 :=− ρs(h
n+1
1 , eq

n+1/2)s − ρf (h
n+1
2 , eu

n+1)f − as(e
n+1/2
η ,h

n+1/2
3 ).

Using (4.3.3) and (4.3.4), we may then write

Jn+1 :=α
〈
eu

n − eun+1, eq
n+1/2

〉
+
〈
eλ

n+1, eu
n+1 − eqn+1/2

〉
+
〈
gn+1
4 , eq

n+1/2
〉
+Gn+1

=α
〈
eu

n − eun+1, eq
n+1/2

〉
+

1

α

〈
eλ

n+1, eλ
n − eλn+1

〉
+

1

α

〈
eλ

n+1, gn+1
3

〉
+
〈
gn+1
4 , eq

n+1/2
〉
+Gn+1.

It therefore follows from Lemma 2.1.6 that we have

Jn+1 =
α

2
(∥eun∥2L2(Σ) − ∥eun+1∥2L2(Σ) − ∥eun − eqn+1/2∥2L2(Σ) + ∥eun+1 − eqn+1/2∥2L2(Σ))

+
1

2α
(∥eλn∥2L2(Σ) − ∥eλn+1∥2L2(Σ) − ∥eλn+1 − eλn∥2L2(Σ))

+
1

α

〈
eλ

n+1, gn+1
3

〉
+
〈
gn+1
4 , eq

n+1/2
〉
+Gn+1.
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We now note

−1

2α
∥eλn+1 − eλn∥2L2(Σ) =

−α
2

∥eun+1 − eqn+1/2∥2L2(Σ) +
1

α

〈
eλ

n − eλn+1, gn+1
3

〉
+

1

2α
∥gn+1

3 ∥2L2(Σ).

Consequently, we have

Jn+1 =
α

2
(∥eun∥2L2(Σ) − ∥eun+1∥2L2(Σ) − ∥eun − eqn+1/2∥2L2(Σ))

+
1

2α
(∥eλn∥2L2(Σ) − ∥eλn+1∥2L2(Σ)) +

1

α

〈
eλ

n, gn+1
3

〉
+

1

2α
∥gn+1

3 ∥2L2(Σ) +
〈
gn+1
4 , eq

n+1/2
〉
+Gn+1.

Plugging these results into (4.3.6) completes the proof.

4.3.3.1 Estimate for Fn+1

As in the previous chapter, we have successfully isolated the term that will require

special care in the error analysis. In this case, the term is ∆t
α

〈
gn+1
3 , eλ

n
〉
. We note

that, unlike in Chapter 3, the error term is at the previous time-step. However,

because the pressure terms are completely eliminated in the first step of the proof, it

would have been be very straightforward for us to mirror the proof of Lemma 3.4.1

above. This would have instead left the isolated term ∆t
α

〈
gn+1
3 , eλ

n+1
〉
.

The reason that we chose not to mirror the proof of Lemma 3.4.1 will become

clear in the next section. However, first we will bound the terms in Fn+1 using the

same approach we used in Lemma 3.4.2.
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Lemma 4.3.2. Let 1 ≤M ≤ N , then

∆t
M−1∑
n=0

Fn+1 ≤ 1

4
max

1≤n≤M
Zn +

1

4

M−1∑
n=0

Sn+1 + CD(M), (4.3.7)

where

D(M) :=∆tT
M−1∑
n=0

(
ρs∥hn+1

1 ∥2L2(Ωs)
+ ρf∥hn+1

2 ∥2L2(Ωf )
+ ∥hn+1

3 ∥2S
)

+∆t
M−1∑
n=0

(( 1
α
+

1

µ

)
∥gn+1

4 ∥2L2(Σ) +
1

2α
∥gn+1

3 ∥2L2(Σ)

)
.

Proof. All of the methods in this proof will mirror the methods in the proof of Lemma

3.4.2 with the appropriate substitutions. Specifically, the terms as(e
n+1/2
η ,h

n+1/2
3 ),

ρs(h
n+1
1 , eq

n+1/2)s, and ρf (h
n+1
2 , eu

n+1)f may be bounded in the same way as the

terms
〈
gn+1
4 , Qn+1/k

〉
, νs(∇W n+1/k,∇hn+1

3 )s, (h
n+1
1 , Qn+1/k)s, and (hn+1

2 , Un+1)f , re-

spectively.

This gives us the bound

−∆t
M−1∑
n=0

(
ρs(h

n+1
1 , eq

n+1/2)s + ρf (h
n+1
2 , eu

n+1)f + as(e
n+1/2
η ,hn+1

3 )
)

≤1

4
max

1≤n≤M
Zn + C∆tT

M−1∑
n=0

(
ρs∥hn+1

1 ∥2L2(Ωs)
+ ρf∥hn+1

2 ∥2L2(Ωf )
+ ∥hn+1

3 ∥2S
)
.

The term 1
2α
∥gn+1

3 ∥L2(Σ) is already in the form we need, so we are left with one

remaining term to bound,
〈
gn+1
4 , eq

n+1/2
〉
. For this, we write

∆t
M−1∑
n=0

〈
gn+1
4 , eq

n+1/2
〉
=∆t

M−1∑
n=0

(〈
gn+1
4 , eq

n+1/2 − eun
〉
+
〈
gn+1
4 , eu

n
〉)

≤
M−1∑
n=0

∥gn+1
4 ∥L2(Σ)

(
∥eqn+1/2 − eun∥2L2(Σ) + ∥eun∥2L2(Σ)

)
.
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Then, applying (2.1.5) and Korn’s inequality (see Lemma 2.1.13), followed by

Young’s inequality, we find

∆t
M−1∑
n=0

〈
gn+1
4 , eq

n+1/2
〉
≤C∆t

M−1∑
n=0

( 1
α
+

1

µ

)
∥gn+1

4 ∥2L2(Σ)

+∆t
M−1∑
n=0

(α
8
∥eqn+1/2 − eun∥2L2(Σ) +

µ

4
∥ε(eun)∥2L2(Ωf )

)
≤1

4

M−1∑
n=0

Sn+1 + C∆t
M−1∑
n=0

( 1
α
+

1

µ

)
∥gn+1

4 ∥2L2(Σ),

where we use that eu
0 = 0.

Combining these bounds completes the results.

4.3.4 Step 2: Estimate for ∆t
α

〈
gn+1
3 , eλ

n
〉

We now wish to bound the remaining term in our error analysis,

∆t

α

M−1∑
n=0

〈
gn+1
3 , eλ

n
〉
.

Up until this point, the proofs in this chapter have loosely followed the methods

used for the parabolic-hyperbolic system in Chapter 3. This has been possible be-

cause, so far, the pressure terms have cancelled out of our error analysis. However,

we can only be so lucky for so long.

We need to approach this term carefully or we risk finding a sub-optimal bound,

as demonstrated in 3.5.3. Thus, the most obvious approach seems to be to continue

following the method of Chapter 3. We have a residual term, gn+1
3 and the error
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term corresponding to the fluid stress tensor, so it seems reasonable to use (4.3.1c)

to move the term from the interface Σ into the interior Ωf .

However, unlike in Chapter 3, we will now pick up a pressure term, even if we

assume θ = 0. More specifically, if g̃n+1
3 is an appropriate extension of gn+1

3 , we find

∆t

α

〈
g̃n+1
3 , eλ

n
〉
=
ρf
α
(∂∆teu

n, g̃n+1
3 )f +

2µ∆t

α
(ε(eu

n), ε(g̃n+1
3 ))f

− ∆t

α
(enp , div g̃

n+1
3 )f −L3(g̃

n+1
3 ).

Proceeding with the method in Chapter 3 will then lead to a term of the form

∆t∥enp∥2L2(Ωf )
on the right-hand side of our error estimate that cannot be balanced or

absorbed by any term on the left-hand side. Attempting to address this issue using

an inf-sup argument will also present difficulties as we will pick up a factor of (∆t)−1

from the time discretization.

Thus it seems that our luck has run out! We can no longer rely on the techniques

of Chapter 3 to see us through this error analysis, and we may finally appreciate the

warnings provided earlier in the chapter regarding the pressure term.

The solution, however, is deceptively straightforward: pull eλ
n from Σ into Ωs

instead of Ωf .

Initially, this seems like a very counter-intuitive approach; the term eλ
n represents

the fluid stress at the interface, and gn+1
3 represents a fluid residual term. However,

recall that terms at the interface interact with both domains, so we do not necessarily

have to restrict ourselves to Ωf or Ωs.

This is also why we chose to manipulate the terms in our error analysis so that
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we isolate eλ
n rather than eλ

n+1 in Lemma 4.3.1. Indeed, we note that eλ
n shows

up in (4.3.1a), so we may use this in the same way we use (3.4.1c) in Section 3.4.3.

Furthermore, we may utilize the exact interface conditions (4.1.3) to rewrite the

residual term gn+1
3 in terms of values defined on Ωs. More specifically, on Σ we may

write

gn+1
3 =

α

2
gn+1
1 + gn+1

2

=
α

2
(un+1 − un) + ln+1 − ln

=
α

2
(qn+1 − qn)− σs(e

n+1 − en)ns

=
α

2
(qn+1 − qn)− (ln+1

s − ln), on Σ,

where ln := σs(en)ns.

We may now extend gn+1
3 from V g into V s in much the same way that we moved

from Vg tp Vf in Section 3.4.3. Thus we make two assumptions. First, we assume

that the normal ns (now to Ωs, rather than Ωf ) can be extended from Σ into Ωs in

such a way that its gradient is bounded.

Assumption 4.3.3. There exists ñs ∈ [W1,∞(Ωs)]
2 such that ñs|Σ = ns.

As before, this assumption is only a concern when the interface is non-smooth.

The second assumption is the existence of a function ϕ̃ : Ωs → R that serves the

same purpose as ϕ in Chapter 3.

Assumption 4.3.4. Assume that the time step is given and satisfies ∆t < 1
2
. There

exists a function ϕ̃ : Ωs → R satisfying:

(i) 0 ≤ ϕ̃ ≤ 1,
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(ii) ϕ̃ ∈ V s,

(iii) |{x ∈ Σ : ϕ̃(x) ̸= 1}| = C∆t,

(iv) ∥∇ϕ̃∥2L2(Ωs)
≤ C(1 + log 1

∆t
),

where each C represents a general constant independent of ∆t and the physical

parameters.

We are now back in familiar territory for the time being, so we proceed in the

same manner as Chapter 3. Recall that we defined ϕ in Section 3.4.3 because we

needed to lift gn+1
2 from Σ into Vf , since the term is only defined on Σ and will not,

in general, vanish on ∂Ωf \Σ. We now have the same situation for the FSI problem.

The residual gn+1
2 = −σs(en+1 − en)ns is only defined on Σ, and will not necessarily

vanish on ∂Ωs \Σ. Thus, in order to extend this term into V s appropriately, we use

the assumptions above to define

l̃s(x, t) :=σs(e(x, t))ñs,

Ls(x, t) :=ϕ̃(x)̃ls(x, t),

g̃n+2
2 :=− (Ln+1

s − Ln
s ).

Note that we used (4.1.3b) to rewrite the terms of gn+1
2 so that we may extend it

into Ωs, as explained above. We now have g̃n+1
2 ∈ V s such that we may prove the

following result, analogous to Lemma 3.4.5.

Lemma 4.3.5. Under Assumptions 4.3.3 and 4.3.4 we have

∥g̃n+1
2 − gn+1

2 ∥2L2(Σ) ≤ C∆t∥gn+1
2 ∥2L∞(Σ). (4.3.8)
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Proof. See the proof of Lemma 3.4.5.

We may now state the error bound.

Lemma 4.3.6. Under Assumptions 3.4.3, 3.4.4 we have

∆t

α

M−1∑
n=0

〈
gn+1
3 , eλ

n
〉
≤1

4
max

0≤m≤M
Zm +

1

4

M−1∑
n=0

Sn+1 + CΨ(M),

where

Ψ(M) :=Ψ1(M) +Ψ2(M)

Ψ1(M) :=T (∆t)3ρs

M−1∑
n=0

∥∂2∆tq
n∥2L2(Ωs)

+ ρs∥gM1 ∥2L2(Ωs)

+∆t
M−1∑
n=0

(
T∥gn+1

1 ∥2S +
(
1 + α

)
∥gn+1

1 ∥2L2(Σ) + ∥gn+1
2 ∥2L2(Σ)

+ ρs∥hn+1
1 ∥2L2(Ωs)

+ ρs∥gn+1
1 ∥2L2(Ωs)

)

Ψ2(M) :=
T (∆t)3ρs

α2

M−1∑
n=0

∥∂2∆tL
n
s∥2L2(Ωs)

+
ρs
α2

∥g̃M2 ∥2L2(Ωs)

+∆t
M−1∑
n=0

(
T

α2
∥g̃n+1

2 ∥2S +
(
1 +

1

α

)
∥gn+1

2 ∥2L2(Σ) + ∥gn+1
1 ∥2L2(Σ)

+ ρs∥hn+1
1 ∥2L2(Ωs)

+
ρs
α2

∥g̃n+1
2 ∥2L2(Ωs)

+
T

α
∥gn+1

2 ∥2L∞(Σ)

)
.

Proof. We begin in the same manner as Lemma 3.4.6, using the definition of gn+1
3

to write

∆t

α

M−1∑
n=0

〈
gn+1
3 , eλ

n
〉
=

∆t

α

M−1∑
n=0

〈
gn+1
2 , eλ

n
〉
+

∆t

2

M−1∑
n=0

〈
gn+1
1 , eλ

n
〉
. (4.3.9)

Recall that when we are on Σ we may use (4.1.3a) to write gn+1
1 = qn+1 − qn on Σ.

Thus, unlike gn+1
2 , it has a natural extension into Ωs. This will not be the case for
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gn+1
2 , so we address this more difficult term first using the extension g̃n+1

2 we defined

above. Thus, we have

∆t

α

M−1∑
n=0

〈
gn+1
2 , eλ

n
〉
=

∆t

α

M−1∑
n=0

〈
gn+1
2 − g̃n+1

2 , eλ
n
〉
+

∆t

α

M−1∑
n=0

〈
g̃n+1
2 , eλ

n
〉
.

Then, using (4.3.5) and following the method of Lemma 3.4.6, we have

∆t

α

M−1∑
n=0

〈
gn+1
2 − g̃n+1

2 , eλ
n
〉
≤CT

α

M−1∑
n=0

∥gn+1
2 − g̃n+1

2 ∥2L2(Σ) +
(∆t)2

32Tα

M−1∑
n=0

∥eλn∥2L2(Σ)

≤CT∆t
α

M−1∑
n=0

∥gn+1
2 ∥2L∞(Σ) +

(∆t)2

32Tα

M−1∑
n=0

∥eλn∥2L2(Σ).

Now to estimate ∆t
α

∑M−1
n=0

〈
g̃n+1
2 , eλ

n
〉
, we use (4.3.1a) to move as many terms as

possible into Ωs. To do so, we also note that hn+1
4 − hn+1

3 = 1
2
gn+1
1 on Σ. Thus we

have

∆t

α

M−1∑
n=0

〈
g̃n+1
2 , eλ

n
〉
=

M−1∑
n=0

(
− ρs
α
(eq

n+1 − eqn, g̃n+1
2 )s −

∆t

α
as(e

n+1/2
η , g̃n+1

2 )

−∆t
〈
eq

n+1/2 − eun, g̃n+1
2

〉
+ L1(g̃

n+1
2 )− L4(g̃

n+1
2 )

)

=
M−1∑
n=0

(
− ρs
α
(eq

n+1 − eqn, g̃n+1
2 )s −

∆t

α
as(e

n+1/2
η , g̃n+1

2 )

−∆t
〈
eq

n+1/2 − eun, g̃n+1
2

〉
+∆t

〈
hn+1

3 , g̃n+1
2

〉
− ∆t

2α

〈
gn+1
2 , g̃n+1

2

〉
−∆t

〈
hn+1

4 , g̃n+1
2

〉
+∆t

〈
gn+1
1 , g̃n+1

2

〉
− ∆tρs

α
(hn+1

1 , g̃n+1
2 )s

)

=
M−1∑
n=0

(
− ρs
α
(eq

n+1 − eqn, g̃n+1
2 )s −

∆t

α
as(e

n+1/2
η , g̃n+1

2 )

−∆t
〈
eq

n+1/2 − eun, g̃n+1
2

〉
− ∆t

2α

〈
gn+1
2 , g̃n+1

2

〉
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+
∆t

2

〈
gn+1
1 , g̃n+1

2

〉
− ∆tρs

α
(hn+1

1 , g̃n+1
2 )s

)

For all but the term −ρs
α
(eq

n+1−eqn, g̃n+1
2 )s, we proceed as we have many times

before.

M−1∑
n=0

(
− ∆t

α
as(e

n+1/2
η , g̃n+1

2 )−∆t
〈
eq

n+1/2 − eun, g̃n+1
2

〉
− ∆t

2α

〈
gn+1
2 , g̃n+1

2

〉
+

∆t

2

〈
gn+1
1 , g̃n+1

2

〉
− ∆tρs

α
(hn+1

1 , g̃n+1
2 )s

)

≤
M−1∑
n=0

(
∆t

64T
∥en+1

η ∥2S +
∆tα

16
∥eqn+1/2 − eun∥2L2(Σ)

)

+C∆t
M−1∑
n=0

(
T

α2
∥g̃n+1

2 ∥2S +
(
1 +

1

α

)
∥gn+1

2 ∥2L2(Σ) + ∥gn+1
1 ∥2L2(Σ)

+ ρs∥hn+1
1 ∥2L2(Ωs)

+
ρs
α2

∥g̃n+1
2 ∥2L2(Ωs)

)

≤
M−1∑
n=0

∆t

32T
∥en+1

η ∥2S +
1

8

M−1∑
n=0

Sn+1

+ C∆t
M−1∑
n=0

(
T

α2
∥g̃n+1

2 ∥2S +
(
1 +

1

α

)
∥gn+1

2 ∥2L2(Σ)

+ ∥gn+1
1 ∥2L2(Σ) + ρs∥hn+1

1 ∥2L2(Ωs)
+
ρs
α2

∥g̃n+1
2 ∥2L2(Ωs)

)

Note that here we used the fact that |gn+1
2 | ≥ |g̃n+1

2 | on Σ.

The term
∑M−1

n=0 −ρs
α
(eq

n+1−eqn, g̃n+1
2 )s is now bounded in the same way as the

term 1
α

∑M−1
n=0 (Un+1 − Un, g̃n+1

2 )f in Section 3.4.3. We therefore find (recalling that
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eq
0 = 0)

M−1∑
n=0

−ρs
α
(eq

n+1 − eqn, g̃n+1
2 )s

=
M−1∑
n=0

−ρs
α
(eq

n, g̃n2 − g̃n+1
2 )s −

ρs
α
(eq

M , g̃M2 )s

=
M−1∑
n=0

−ρs
α
(eq

n, (∆t)2∂2∆tL
n
s )s −

ρs
α
(eq

M , g̃M2 )s

≤∆tρs
32T

M−1∑
n=0

∥eqn∥2L2(Ωs)
+
CT (∆t)3ρs

α2

M−1∑
n=0

∥∂2∆tL
n
s∥2L2(Ωs)

+
ρs
32

∥eqM∥2L2(Ωs)
+
Cρs
α2

∥g̃M2 ∥2L2(Ωs)
.

We now combine everything, to find

∆t

α

M−1∑
n=0

〈
gn+1
2 , eλ

n
〉
≤1

8
max

0≤m≤M
Zm +

1

8

M−1∑
n=0

Sn+1 + CΨ2(M).

To finish the proof, it remains to bound the term ∆t
2

∑M−1
n=0

〈
gn+1
1 , eλ

n
〉
. Recall

that we are now considering gn+1
1 = qn+1 − qn using (4.1.3a) so that we have a

natural extension from Σ into Ωs.

To do this, we again apply (4.3.1a) to write

∆t

2

〈
gn+1
1 , eλ

n
〉
=− ρs

2
(eq

n+1 − eqn, gn+1
1 )s −

∆t

2
as(e

n+1/2
η , gn+1

1 )

− ∆tα

2

〈
eq

n+1/2 − eun, gn+1
1

〉
+

∆tα

2

〈
hn+1

3 , gn+1
1

〉
− ∆t

4

〈
gn+1
2 , gn+1

1

〉
− ∆tα

2

〈
hn+1

4 , gn+1
1

〉
+

∆tα

2

〈
gn+1
1 , gn+1

1

〉
− ∆tρs

2
(hn+1

1 , gn+1
1 )s.
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Thus, using the same steps as before, we find

M−1∑
n=0

(
− ∆t

2
as(e

n+1/2
η , gn+1

1 )− ∆tα

2

〈
eq

n+1/2 − eun, gn+1
1

〉
+

∆tα

2

〈
hn+1

3 , gn+1
1

〉
− ∆t

4

〈
gn+1
2 , gn+1

1

〉
− ∆tα

2

〈
hn+1

4 , gn+1
1

〉
+

∆tα

2

〈
gn+1
1 , gn+1

1

〉
− ∆tρs

2
(hn+1

1 , gn+1
1 )s

)

=
M−1∑
n=0

(
− ∆t

2
as(e

n+1/2
η , gn+1

1 )− ∆tα

2

〈
eq

n+1/2 − eun, gn+1
1

〉
− ∆t

4

〈
gn+1
2 , g1

〉
+

∆tα

4
∥gn+1

1 ∥2L2(Σ) −
∆tρs
2

(hn+1
1 , gn+1

1 )s

)

≤
M−1∑
n=0

(
∆t

64T
∥en+1

η ∥2S +
∆tα

16
∥eqn+1/2 − eun∥2L2(Σ)

)

+C∆t
M−1∑
n=0

(
T∥gn+1

1 ∥2S +
(
1 + α

)
∥gn+1

1 ∥2L2(Σ) + ∥gn+1
2 ∥2L2(Σ)

+ ρs∥hn+1
1 ∥2L2(Ωs)

+ ρs∥gn+1
1 ∥2L2(Ωs)

)

≤
M−1∑
n=0

∆t

32T
∥en+1

η ∥2S +
1

8

M−1∑
n=0

Sn+1 + C∆t
M−1∑
n=0

(
T∥gn+1

1 ∥2S +
(
1 + α

)
∥gn+1

1 ∥2L2(Σ)

+ ∥gn+1
2 ∥2L2(Σ) + ρs∥hn+1

1 ∥2L2(Ωs)
+ ρs∥gn+1

1 ∥2L2(Ωs)

)
.

As above, we use the same summation by parts technique to find

M−1∑
n=0

−ρs
2
(eq

n+1 − eqn, gn+1
1 )s ≤

∆tρs
32T

M−1∑
n=0

∥eqn∥2L2(Ωs)
+ CT (∆t)3ρs

M−1∑
n=0

∥∂2∆tq
n∥2L2(Ωs)

+
ρs
32

∥eqM∥2L2(Ωs)
+ Cρs∥gM1 ∥2L2(Ωs)

.



122

Thus we arrive at

∆t

2

M−1∑
n=0

〈
gn+1
1 , eλ

n
〉
≤1

8
max

0≤m≤M
Zm +

1

8

M−1∑
n=0

Sn+1 + CΨ1(M).

Combining the two parts completes the proof.

Combining this result with Lemmas 4.3.1 and 4.3.2, we have

1

2
max

1≤M≤N
ZM +

1

2

N−1∑
n=0

Sn+1 ≤+ C max
0≤M≤N

(
D(M) +Ψ(M)

)
, (4.3.10)

where we have again used the fact that these estimates are true for all 0 ≤M ≤ N .

4.3.5 Step 3: Main Result

It now remains for us to bound D(M) and Ψ(M) in terms of the exact solutions. As

before, these catch-all terms are made up of residuals and discretization errors, and

they may be bounded in the exact same way as the corresponding terms in Section

3.4.4. However, many of these terms will also contain the physical parameters µ, L1,

and L2. Therefore it is at this stage that we will be able to see how these terms will

impact the convergence of the Robin-Robin method. Thus we will take extra care in

the following analysis to keep track of these values.

As before, we will make heavy use of the bounds derived in Lemma 3.4.7. How-

ever, we will also need the following additional estimate to address the norm ∥ · ∥S.

Lemma 4.3.7. Let v be a vector-valued function in a domain Y . Define ∥ · ∥2S =
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2L1∥ε(·)∥2L2(Y ) + L2∥div ·∥2L2(Y ). It follows

∥vn+1 − vn∥2S ≤C∆t(L1 + L2)

∫ tn+1

tn

∥∂tv(·, s)∥2H1(Y )ds, (4.3.11a)

∥∂∆tv
n+1 − ∂tv

n+1/2∥2S ≤C(∆t)3(L1 + L2)

∫ tn+1

tn

∥∂3t v(·, s)∥2H1(Y )ds. (4.3.11b)

Proof. The proof follows from (3.4.11b), (3.4.11d), and the definition of ε(·).

We may now prove the following bounds.

Lemma 4.3.8. For all 1 ≤M ≤ N , it holds

D(M) ≤CT (∆t)4
(
ρs∥∂3t q∥2L2(0,T ;L2(Ωs))

+ (L1 + L2)∥∂3t e∥2L2(0,T ;H1(Ωs))

)

+ C(∆t)2

(
Tρf∥∂2t u∥2L2(0,T ;L2(Ωf ))

+

(
α +

α2

µ
+ µ+

µ2

α

)
∥∂tu∥2L2(0,T ;H1(Σ))

+

(
1

α
+

1

µ

)
∥∂tp∥2L2(0,T ;L2(Σ))

)
,

Ψ1(M) ≤C(∆t)4ρs∥∂3t q∥2L2(0,T ;L2(Ωs))
+ C(∆t)2

(
Tρs∥∂2t q∥2L2(0,T ;L2(Ωs))

+ ρsT∥∂tq∥2L∞(0,T ;L2(Ωs))
+ (ρs + T (L1 + L2))∥∂tq∥2L2(0,T ;H1(Ωs))

+ (1 + α)∥∂tu∥2L2(0,T ;L2(Σ)) + µ2∥∂tu∥2L2(0,T ;H1(Σ)

+ ∥∂tp∥2L2(0,T ;L2(Σ))

)
,

Ψ2(M) ≤(∆t)4ρs∥∂3t q∥2L2(0,T ;L2(Ωs))
+ C(∆t)2

(
ρs
α2

(L2
1 + L2

2)∥∂te∥2L∞(0,T ;H1(Ωs))

+
(1 + T )ρs

α2
(L2

1 + L2
2)∥∂2t e∥2L2(0,T ;H1(Ωs))

+
T (L1 + L2)

3

α2
∥∂te∥2L2(0,T ;H2(Ωs))

+
(L1 + L2)

3

α2

(
1 + log

1

∆t

)(
∥∂tε(e)∥2L2(0,T ;L∞(Ωs))

+ ∥∂tdiv e∥2L2(0,T ;L∞(Ωs))

)
+
(
1 + µ2

(
1 +

1

α

))
∥∂tu∥2L2(0,T ;H1(Σ))

+
(
1 +

1

α

)
∥∂tp∥2L2(0,T ;L2(Σ)) +

µ2T

α
∥∂tε(u)∥2L2(0,T ;L∞(Σ))
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+
T

α
∥∂tp∥2L2(0,T ;L∞(Σ))

)
.

Proof. Most of these bounds follow immediately from Lemmas 3.4.7 and 4.3.7 and

the methods of the proof of Lemma 3.4.8. However, we must treat a few terms with

extra care to make sure that we account for all physical parameters. For maximum

clarity, we will list the bounds for every term appearing in D(M) and Ψ(M).

To begin, we note that gn+1
3 and gn+1

4 are functions of gn+1
1 and gn+1

2 . Thus we

have

∥gn+1
3 ∥2L2(Σ) ≤Cα2∥gn+1

1 ∥2L2(Σ) + C∥gn+1
2 ∥2L2(Σ),

∥gn+1
4 ∥2L2(Σ) ≤Cα2∥gn+1

1 ∥2L2(Σ) + C∥gn+1
2 ∥2L2(Σ).

Recall also that whenever gn+1
1 is evaluated on Ωs, it is considered g

n+1
1 = qn+1−qn,

whereas on Σ we consider gn+1
1 = un+1 − un.

We will first address the terms that do not involve ϕ̃. The following bounds all

follow immediately from (3.4.11b) in Lemma 3.4.7.

∥gn+1
1 ∥2L2(Σ) ≤C∆t

∫ tn+1

tn

∥∂tu(·, s)∥2L2(Σ)ds,

∥gn+1
2 ∥L2(Σ) ≤Cµ2∥ε(un+1 − un)∥2L2(Σ) + ∥pn+1 − pn∥2L2(Σ)

≤C∆tµ2

∫ tn+1

tn

∥∂tu(·, s)∥2H1(Σ)ds+ C∆t

∫ tn+1

tn

∥∂tp(·, s)∥2L2(Σ)ds,

∥gn+1
1 ∥2L2(Ωs)

≤C∆t
∫ tn+1

tn

∥∂tqn+1(·, s)∥2L2(Ωs)
ds,

∥gn+1
2 ∥2L∞(Σ) ≤Cµ2∥ε(un+1 − un)∥2L∞(Σ) + ∥pn+1 − pn∥2L∞(Σ)

≤cµ2∆t

∫ tn+1

tn

∥∂tϵ(u(·, s))∥2L∞(Σ)ds+ C∆t

∫ tn+1

tn

∥∂tp(·, s)∥2L∞(Σ)ds.
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From (4.3.11a) and (4.3.11b) of Lemma 4.3.7, we have

∥gn+1
1 ∥2S ≤C∆t

∫ tn+1

tn

∥∂tq(·, s)∥2H1(Ωs)
ds,

∥hn+1
3 ∥2S ≤C(∆t)3(L1 + L2)

∫ tn+1

tn

∥∂3t e(·, s)∥2H1(Ωs)
ds.

Next, from (3.4.11c) and (3.4.11d), it follows

∥hn+1
2 ∥2L2(Ωf )

≤C∆t
∫ tn+1

tn

∥∂2t u(·, s)∥2L2(Ωf )
ds,

∥hn+1
1 ∥2L2(Ωs)

≤C(∆t)3
∫ tn+1

tn

∥∂3t q(·, s)∥2L2(Ωs)
ds.

Using (3.4.11b) followed by (3.4.11a), we determine,

∥gM1 ∥2L2(Ωs)
≤C∆t

∫ tM

tM−1

∥∂tq(·, s)∥2L2(Ωs)
ds

≤C(∆t)2∥∂tq∥2L∞(0,T ;L2(Ωs))
.

Finally, from (3.4.11e), we have

∥∂2∆tq
n∥2L2(Ωs)

≤ C

∆t

∫ tn+1

tn−1

∥∂2t q(·, s)∥2L2(Ωs)
ds.

We may now deal with the terms involving ϕ̃. To do so, we recall the boundedness

of ñs and ϕ̃ from Assumptions 4.3.3 and 4.3.4. It therefore follows from (3.4.11b)

∥g̃n+1
2 ∥2L2(Ωs)

≤C∥ϕ̃∥2L∞(Ωs)∥ñs∥2L∞(Ωs)∥σs(e
n+1 − en)∥2L2(Ωs)

≤C∥σs(en+1 − en)∥2L2(Ωs)
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=C∥2L1ϵ(e
n+1 − en) + L2div (e

n+1 − en)I∥2L2(Ωs)

≤C(L2
1 + L2

2)∥en+1 − en∥2H1(Ωs)

≤C(L2
1 + L2

2)∆t

∫ tn+1

tn

∥∂te(·, s)∥2H1(Ωs)
ds.

Furthermore, using the same combination for (3.4.11b) and (3.4.11a) used for the

gM1 term above, we have

∥g̃M2 ∥2L2(Ωs)
≤C∥ϕ̃∥2L∞(Ωs)∥ñs∥2L∞(Ωs)∥σs(e

M − eM−1)∥2L2(Ωs)

≤C(L2
1 + L2

2)∥eM − eM−1∥2H1(Ωs)

≤C(L2
1 + L2

2)(∆t)
2∥∂te∥2L∞(0,T ;H1(Ωs)

,

and from (3.4.11e) it follows

∥∂2∆tL
n
s∥2L2(Ωs)

≤C∥ϕ̃∥2L∞(Ωs)∥ñs∥2L∞(Ωs)∥∂
2
∆tσs(e

n)∥2L2(Ωs)

≤C(L2
1 + L2

2)∥∂2∆te
n∥2H1(Ωs)

≤C(L
2
1 + L2

2)

∆t

∫ tn+1

tn−1

∥∂2t e(·, s)∥2H1(Ωs)
ds.

Finally, we must address the term ∥g̃n+1
2 ∥2S. We do this by recalling the definition

of ∥ · ∥S, applying the product rule, and making use of Assumptions 4.3.3 and 4.3.4.

Thus we have

∥g̃n+1
2 ∥S ≤2L1∥ε(g̃n+1

2 )∥2L2(Ωs)
+ L1∥div g̃n+1

2 ∥2L2(Ωs)

≤C(L1 + L2)∥∇g̃n+1
2 ∥2L2(Ωs)

≤C(L1 + L2)

(
∥∇ϕ̃∥2L2(Ωs)

∥σs(en+1 − en)∥2L∞(Ωs)
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+ ∥∇ñs∥2L∞(Ωs)∥σs(e
n+1 − en)∥2L2(Ωs)

+ ∥(L1 + L2)D
2(en+1 − en)∥2L2(Ωs)

)

≤C(L1 + L2)

((
1 + log

1

∆t

)(
L2
1∥ε(en+1 − en)∥2L∞(Ωs)

+ L2
2∥div (en+1 − en)∥2L∞(Ωs)

)
+ L2

1∥ε(en+1 − en)∥2L2(Ωs)

+ L2
2∥div (en+1 − en)∥2L2(Ωs)

+ (L1 + L2)
2∥D2(en+1 − en)∥2L2(Ωs)

)

≤C(L1 + L2)
3

((
1 + log

1

∆t

)(
∥ε(en+1 − en)∥2L∞(Ωs)

+ ∥div (en+1 − en)∥2L∞(Ωs)

)
+ ∥en+1 − en∥2H2(Ωs)

)
. (4.3.12)

where, as before, D2e denotes the Hessian of e.

Consequently, we have

∥g̃n+1
2 ∥S ≤C(L1 + L2)

3

((
1 + log

1

∆t

)(∫ tn+1

tn

∥ϵ(∂te(·, s))∥2L∞(Ωs)ds

+

∫ tn+1

tn

∥div (∂te(·, s))∥2L∞(Ωs)ds

)
+

∫ tn+1

tn

∥∂te(·, s)∥2H2(Ωs)
ds

)

The proof is then completed by summing the terms and incorporating the coef-

ficients.

We may now present the main–and final–result of the error analysis. Note that

we choose o now combine the terms ∂tq and ∂2t e whenever possible.

Theorem 4.3.9. Under Assumptions 4.3.3 and 4.3.4, and assuming that the so-

lution is smooth enough so that Y defined below and ∥∂tε(e)∥2L2(0,T ;L∞(Ωs))
and
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∥∂tdiv e∥2L2(0,T ;L∞(Ωs))
are bounded, we have

max
1≤M≤N

ZM +
N−1∑
n=0

Sn+1 ≤C(∆t)2
(
Y +

T (L1 + L2)
3

α2

(
1 + log

1

∆t

)(
∥∂tε(e)∥2L2(0,T ;L∞(Ωs))

+ ∥∂tdiv e∥2L2(0,T ;L∞(Ωs))

))
,

where

Y :=(∆t)2

(
(1 + T )ρs∥∂3t q∥2L2(0,T ;L2(Ωs))

+ T (L1 + L2)∥∂3t e∥2L2(0,T ;H1(Ωs))

)

+ Tρf∥∂2t u∥2L2(0,T ;L2(Ωf ))
+

(
1 + α +

α2

µ
+ µ+ µ2 +

µ2

α

)
∥∂tu∥2L2(0,T ;H1(Σ))

+

(
1 +

1

α
+

1

µ

)
∥∂tp∥2L2(0,T ;L2(Σ)) + Tρs∥∂2t q∥2L2(0,T ;L2(Ωs))

+ ρsT∥∂tq∥2L∞(0,T ;L2(Ωs))
+
ρs
α2

(L2
1 + L2

2)∥∂te∥2L∞(0,T ;H1(Ωs)

+

(
ρs + T (L1 + L2) + (L2

1 + L2
2)
ρs(1 + T )

α2

)
∥∂2t e∥2L2(0,T ;H1(Ωs))

+
µ2T

α
∥∂tε(u)∥2L2(0,T ;L∞(Σ)) +

T

α
∥∂tp∥2L2(0,T ;L∞(Σ))

+
T (L1 + L2)

3

α2
∥∂te∥2L2(0,T ;H2(Ωs))

4.4 Final Discussion

4.4.1 Parameter sensitivity

In 4.3.5, we took special care to account for all physical parameters in the error

analysis, namely the viscosity, µ, the densities, ρs and ρf , the Lamé parameters, L1

and L2, and the Robin parameter α. As we will see in the numerical experiments

below, when all physical parameters are set to 1, the method displays the predicted,
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nearly optimal convergence. However, early numerical experiments for the Robin-

Robin method presented sub-optimal (O(
√
∆t)) convergence behavior (see e.g. [17,

18, 14]).

On the surface, this seems to contradict the theoretical results. However, we

note that the physical parameters in these early experiments were chosen to match

values that would appear in blood flow simulations. As mentioned previously, this

necessarily required Lamé parameters on the order of 106. The densities, on the other

hand, were on the order of 103 (assuming the units are kg/m3), and the viscosity

was on the order of 10−1 (see [46, 17, 18, 14]). It could be, therefore, that the Robin-

Robin scheme is highly sensitive to the values of the physical parameters, causing

the discrepancy in results.

We know from our error analysis that the Robin-Robin method is nearly first

order, but perhaps the splitting method introduces some oscillation between which

term or terms dominate the error for larger values of ∆t. Perhaps then having

large values of the parameters prolongs this oscillation, delaying the asymptotic

convergence of the system.

This, however, is just speculation without much evidence to back it up. With just

the a priori estimates for the Robin-Robin coupling, we will not be able to rigorously

understand the importance of this alphabet soup of parameters, but it is certainly

worth investigating. Therefore, we have run numerical models of the Stokes-Elastic

problem with Robin-Robin coupling and compared it to the constructed solution

(4.4.4) given below.

In the experimental results that follow, we set the interface to be the straight

line y = 0.75, and the domain Ω is the unit square [0, 1]× [0, 1]. For all cases, we set
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ρf and ρs to be 1 and vary the values of α, µ, and L1. Note that we set µ = L1 to

more easily construct a solution to the forced version of (4.1.1)-(4.1.3), given by

ρf∂tu− div σf (u, p) =f1 in (0, T )× Ωf , (4.4.1a)

div u =gf in (0, T )× Ωf , (4.4.1b)

u =0 on (0, T )× Σf , (4.4.1c)

ρs∂tq− div σs(e) =f2 in (0, T )× Ωs, (4.4.2a)

q − ∂te =0 in (0, T )× Ωs, (4.4.2b)

e =0 on (0, T )× Σs, (4.4.2c)

u =q on (0, T )× Σ, (4.4.3a)

σf (u, p)nf + σs(e)ns =0 on (0, T )× Σ. (4.4.3b)

Consequently, we compare the approximate result provided by the Robin-Robin

method to the constructed solution (see also [13])

u =10−3et

2x(1− x)y(1− y)

x(1− x)(1− y)

 , (4.4.4a)

p =− 10−3etL2(2(1− 2x)y(1− y) + x(1− x)(1− 2y)), (4.4.4b)

e =10−3et

2x(1− x)y(1− y)

x(1− x)(1− y)

 , (4.4.4c)
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f1 = f2 =10−3et

2x(1− x)y(1− y) + 4(2µ+ L2)y(1− y)

x(1− x)y(1− y) + 2(2µ+ L2)x(1− x)


+ 10−3et

 4µx(1− x)− (µ+ L2)(1− 2x)(1− 2y)

2µy(1− y)− 2(µ+ L2)(1− 2x)(1− 2y)

 . (4.4.4d)

We run the model on the time interval [0, 0.5] with ∆t = h ∈ {(1
2
)i}7i=2. We use

linear finite elements for all terms (on a uniform mesh) for the spacial discretization,

and add the term h2(∇pn+1,∇θ)f to the divergence equation to stabilize the method

in lieu of an inf-sup stable choice of elements [9]. The results for the fully discrete

counterpart1 of the error term ∥eqN∥L2(Ωs) are shown in Figure 4.1.

1Using the notation of Chapter 5, we are measuring ∥qN − qNh ∥L2(Ωs).
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(a)

(b)

(c)

Figure 4.1: Numerical experiments demonstrating the effect of parameters on con-
vergence of the Robin-Robin method.



133

In Figure 4.1, we plot the (log-log) convergence of the term ∥q− q∥L2(Ωs) (at the

final time T ) with respect to ∆t. for increasing values of µ, L1, and L2. For each

case, we run the method for 7 values of α in order to investigate how the Robin

parameter may influence the sensitivity of the method to the physical parameters.

These results are further summarized in Table 4.1-4.3, where we have provided the

rates of convergence for four relevant values of α.

From 4.1a and Table 4.1, we observe that the Robin-Robin method is nearly

first order for almost all values of α when the physical parameters are all set to 1,

particularly in the limit as ∆t gets small (or log∆t→ −∞). This is especially true for

α = 15, 20, whereas for larger values of α, it appears that this convergence behavior

is more delayed. Thus, when all parameters are 1, it appears that a smaller value

of α is preferable, but the scheme will still demonstrate nearly optimal convergence

within a reasonable ∆t.

From Figure 4.1b and Table 4.2, we see that increasing the values of the pa-

rameters by a factor of 100 significantly delays the asymptotic convergence until

α = 150, 500. At this point, the method performs noticeably better until α = 1000.

Thus, it seems that α must be larger than the previous case in order to compensate

for the larger values of µ, L1, and L2, but not too large, relative to the physical

parameters. We see this suggested even more when we move to L2 = 1000, as shown

in Figure 4.1c and Table 4.3. Here again we require large values of α in order to

observe nearly optimal convergence. However, now it seems that α = 1000 permits

reasonably good convergence even for larger ∆t.
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Rates for µ = L1 = L2 = 1
∆t α = 1 α = 10 α = 150 α = 1000
(1
2
)2 – – – –

(1
2
)3 1.32 1.46 0.52 0.44

(1
2
)4 0.64 1.43 0.41 0.27

(1
2
)5 0.25 1.09 0.33 0.10

(1
2
)6 0.47 0.85 0.50 0.10

(1
2
)7 0.85 0.94 0.78 0.19

Table 4.1: Convergence rates for select values of α when µ = L1 = L2 = 1.

Rates for µ = L1 = L2 = 100
∆t α = 1 α = 10 α = 150 α = 1000
(1
2
)2 – – – –

(1
2
)3 -0.61 -0.25 0.36 -0.39

(1
2
)4 1.01 1.2 0.54 0.27

(1
2
)5 -0.05 0.58 0.56 1.14

(1
2
)6 0.72 0.49 1.28 0.25

(1
2
)7 -0.18 0.50 1.97 2.04

Table 4.2: Convergence rates for select values of α when µ = L1 = L2 = 100.

Rates for µ = L1 = 100 and L2 = 1000
∆t α = 1 α = 10 α = 150 α = 1000
(1
2
)2 – – – –

(1
2
)3 -1.13 -1.27 -0.45 0.07

(1
2
)4 -0.05 0.42 0.61 0.44

(1
2
)5 1.29 0.30 0.34 -0.01

(1
2
)6 -0.80 0.45 1.31 1.41

(1
2
)7 0.59 0.73 1.72 1.29

Table 4.3: Convergence rates for select values of α when µ = L1 = 100 and L2 =
1000.



135

4.4.2 Concluding remarks

In this chapter, we extended the Robin-Robin splitting method introduced in Chap-

ter 3 to the fluid-structure interaction problem in a time semi-discrete framework.

We showed that the nearly optimal accuracy observed in the parabolic-parabolic and

parabolic-hyperbolic systems is preserved in the FSI system, provided we accommo-

date the additional pressure term appropriately in the analysis.

Although the error estimate indicates nearly optimal convergence, we note that

this behavior may be obscured or delayed depending on the values of the system’s

parameters. However, to the best of our knowledge, this splitting method is the first

loose coupling for the FSI system developed with provable unconditional stability

and nearly first-order accuracy.

So far, we have restricted our analysis to the semi-discrete case, choosing to

discretize only in time, and leaving space continuous. We have done so because

the main goal of this work is to develop splitting methods to efficiently march an

approximate solution forward in time. However, this means that we have not yet

explored how the splitting method or the analytical tools we have developed may

translate when we consider a fully discrete framework.

In the next chapter, we will see extend the Robin-Robin method to this fully

discrete formulation using linear finite elements (although there are certainly other

appropriate discretization methods). As we will see, adding this layer of discretiza-

tion to the problem adds significant complexity, and even more care must be taken,

particularly with terms at the interface.
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4.5 Numerical Experiements

4.6 Numerical Experiments for Stokes-Elastic

In this section we discuss numerical experiments. We take Ω = [0, 1]2 and Ωf =

[0, 1] × [0, 3/4] and Ωs = [0, 1] × [3/4, 1] and of course Σ = Ωf ∩ Ωs. For our

experiments, we set h = ∆t and run each simulation to T = 0.25. For a full

description of the method used in the numerical experiments below, see the fully

discrete formulation in Chapter 5.

Furthermore, we also set all constants (ρs, ρf , µ, L1, and L2) equal to 1. We

then take the exact solution given by (4.4.4), and note that this will lead to forcing

terms. In particular, the divergence free condition is not preserved. In other words,

our solution satisfies (4.4.1)-(4.4.3).

The forcing terms are given by

f 1(t, x) =f 2(t, x) = (10−3)et

2x1(1− x1)x2(1− x2) + 12x2(1− x2)

x1(1− x1)x2(1− x2) + 6x1(1− x1)


+ (10−3)et

4x1(1− x1)− 2(1− 2x1)(1− 2x2)

2x2(1− x2)− 4(1− 2x1)(1− 2x2)

 ,

gf (t, x) =(10−3)et(2(1− 2x1)x2(1− x2) + x1(1− x1)(1− 2x2)).

We also use the following notation:

eu := ∥euN∥L2(Ωf ) eq := ∥eqN∥L2(Ωs)
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eϵ(u) := (∆t
N−1∑
n=0

(∥ϵ(eun+1)∥2L2(Ωf )
)1/2 eS := ∥eNη ∥S

eλ := ∆t1/2∥eλN∥L2(Σ) eu−Σ := ∆t1/2∥euN∥L2(Σ)

eresid := (∆t
N∑

n=1

∥eqn+1/2 − eun∥2L2(Σ))
1/2 eu−step := (∥eun+1 − eun∥2L2(Ωf )

)1/2

e∇p := (
N∑

n=1

∆th2∥∇en+1
p ∥2L2(Ωf )

)1/2

As we see from Tables 4.4-4.6, the test problem with the appropriate parameters

displayse nearly optimal convergence in all terms, although convergence is notably

slower in the term eS.

Rates
∆t eu eq eλ eϵ(u) eS eu−Σ eresid eu−step e∇p

(1
2
)2 – – – – – – – – –

(1
2
)3 0.65 1.11 0.90 0.92 0.38 1.47 0.57 1.09 1.48

(1
2
)4 1.26 0.58 0.96 1.14 0.47 1.84 0.43 1.53 1.55

(1
2
)5 1.41 0.75 1.08 1.27 0.59 1.66 0.58 1.70 1.59

(1
2
)6 1.33 0.96 1.12 1.32 0.73 1.51 0.77 1.76 1.57

(1
2
)7 1.14 1.04 1.09 1.24 0.83 1.46 0.88 1.72 1.54

(1
2
)8 1.03 1.03 1.06 1.12 0.88 1.46 0.94 1.63 1.51

(1
2
)9 1.00 1.01 1.04 1.02 0.91 1.46 0.97 1.55 1.49

Table 4.4: Convergence rates for the FSI system.

Errors
∆t eu eq eλ eϵ(u) eS eu−Σ

(1
2
)2 1.42e-05 1.98e-05 5.30e-05 4.12e-05 2.24e-05 1.58e-05

(1
2
)3 9.08e-06 9.14e-06 2.84e-05 2.19e-05 1.72e-05 5.71e-06

(1
2
)4 3.80e-06 6.11e-06 1.46e-05 9.91e-06 1.24e-05 1.59e-06

(1
2
)5 1.43e-06 3.64e-06 6.93e-06 4.11e-06 8.24e-06 5.04e-07

(1
2
)6 5.72e-07 1.87e-06 3.19e-06 1.65e-06 4.97e-06 1.77e-07

(1
2
)7 2.59e-07 9.11e-07 1.50e-06 6.98e-07 2.80e-06 6.45e-08

(1
2
)8 1.27e-07 4.47e-07 7.20e-07 3.22e-07 1.52e-06 2.35e-08

(1
2
)9 6.36e-08 2.22e-07 3.51e-07 1.59e-07 8.07e-07 8.53e-09

Table 4.5: Errors for the FSI system, part 1.
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Errors (continued)
∆t eresid eu−step e∇p

(1
2
)2 1.45e-05 1.91e-05 1.38e-04

(1
2
)3 9.78e-06 8.97e-06 4.99e-05

(1
2
)4 7.24e-06 3.10e-06 1.71e-05

(1
2
)5 4.86e-06 9.57e-07 5.66e-06

(1
2
)6 2.85e-06 2.83e-07 1.90e-06

(1
2
)7 1.55e-06 8.60e-08 6.57e-07

(1
2
)8 8.07e-07 2.78e-08 2.30e-07

(1
2
)9 4.13e-07 9.51e-09 8.19e-08

Table 4.6: Errors for the FSI system, part 2.



Chapter Five

Robin-Robin coupling for

fluid-structure interaction, Part II:

the fully discrete framework
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5.1 Robin-Robin coupling for fluid-structure in-

teraction, fully discrete formulation

In this chapter, we present and analyze the Robin-Robin splitting method in a fully

discrete framework. Much of this analysis will follow the structure and methods of

the previous chapter, but we will need to take special care when applying the spacial

discretization, particularly when addressing the function ϕ̃ (see 4.3.4).

This chapter is organized as follows. We first introduce the fully-discrete Robin-

Robin method for the FSI system. We make a particular point to describe the

Lagrange multiplier method/discrete lifting operator argument that has been refer-

enced in the previous chapters. We then comment on the stability of the method

before proceeding to the error analysis.

5.1.1 The fully-discrete Robin-Robin method for FSI

The goal of this chapter is to present and analyze a fully discrete approximation

for the FSI system (4.1.1)-(4.1.3) using the Robin-Robin splitting method. As such,

we begin by applying a spacial discretization to the time-semi-discrete Robin-Robin

method for FSI (4.1.6). To keep the analysis simple, we will assume Ω is the union

of two polygonal domains, Ωf (the fluid domain), and Ωs (the solid domain), with

matching interface Σ = ∂Ωf ∩ ∂Ωs, as shown in Figure ??. Furthermore we will

restrict ourselves to linear Lagrange elements, so that ∂Ω matches with the edges of

elements that contain boundary nodes.

Let Ti
h be a simplicial triangulation of Ωi where i = s, f , and assume that the
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Figure 5.1: An example of a polygonal domain as described above.

meshes are quasi-uniform and shape regular [8] (in fact, our numerical experiments

for the FSI problem have been restricted to uniform meshes). We further assume

that the meshes on Ωf and Ωs match on the interface Σ for reasons that will be made

clear below.

Let P1(K) be the space of linear functions defined on the element K ∈ Ti
h and

P1(K) = [P1(K)]2. We may then define the finite element spaces:

V s
h :={v ∈ V s : v|K ∈ P1(K),∀K ∈ Ts

h},

V f
h :={v ∈ V f : v|K ∈ P1(K),∀K ∈ T

f
h},

V g
h :={ trace space of V f

h on Σ},

M f
h :={v ∈M f : v|K ∈ P1(K),∀K ∈ T

f
h}.

Note that because the meshes match at Σ, we could alternatively write

V g
h :={ trace space of V s

h on Σ}.

As V f
h and M f

h do not form an inf-sup stable pair, we include the penalty term

h2(∇pn+1
h ,∇θh)f to the divergence-free condition in our fluid bilinear form as in [9].
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Thus, our fluid and solid bilinear forms for the fully discrete problem are now

af,h
(
(uh, ph), (vh, θh)

)
:=af

(
(uh, ph), (vh, θh)

)
+ h2(∇ph,∇θh)f ,

as,h
(
ηh, ξh) :=as

(
ηh, ξh),

where as(·, ·) and af (·, ·) are defined in 4.1.1.

Finally, with the finite element formulation that follows, we see the motivation for

representing our normal derivative/fluid stress term as λ in the previous two chap-

ters. Specifically, as stated in 3.2.1 and 4.1.2, the Robin interface conditions (4.1.5)

will require piece-wise linear terms–in this case the fluid and solid velocities–which

must be continuous across element boundaries, to be equal to linear combinations

of the stress terms. These stresses, however, depend on spatial derivatives of the

velocities and are therefore not required to be continuous across element bound-

aries. Consequently, we must enforce continuity across element boundaries in our

fluid stress term by introducing a fluid-sided discrete lifting operator Lh : V g
h → V f

h,

such that Lhµh vanishes on nodes outside of Σ, and (Lhµh)|Σ = µh, for all µh ∈ V g
h.

We then use this lifting operator to define λn+1
h such that the resulting method is

written as follows.

Find qn+1
h ,ηn+1

h ∈ V s
h, u

n+1
h ∈ V f

h, λ
n+1
h ∈ V g

h, and ph ∈M f
h such that such that

ρs(∂∆tq
n+1
h , ξh)s + as(η

n+1/2
h , ξh) + α

〈
(∂∆tη

n+1
h − un

h), ξh
〉
+
〈
λn

h, ξh
〉
=0 ∀ξh ∈ V s

h,

(5.1.1a)

(q
n+1/2
h , τ h)s − (∂∆tη

n+1
h , τ h)s =0 ∀τ h ∈ V s

h.

(5.1.1b)



143

ρf (∂∆tu
n+1
h ,vh)f + 2µ(ε(un+1

h ), ε(vh))f − (pn+1
h , div vh)f (5.1.2a)

−α
〈
un+1

h − qn+1/2
h ,vh

〉
−
〈
λn

h,vh
〉
=0 ∀vh ∈ V f

h, (5.1.2b)

(divun+1
h , θh)f + h2(∇pn+1

h ,∇θh)f =0 ∀θ ∈M f
h , (5.1.2c)

〈
λn+1

h ,µh

〉
= ρf (∂∆tu

n+1
h ,Lhµh)f + af,h

(
(un+1

h , pn+1
h ), (Lhµh, 0)

)
∀µh ∈ V g

h.

(5.1.3)

Thus λh is a variationally consistent representation of the fluid stress on the

interface (see [38] and [18], Algorithm 3).

Using (4.1.6c) and (4.1.6d), we may then simplify (5.1.3) to

〈
λn+1

h ,µh

〉
= α

〈
q
n+1/2
h − un+1

h ,µh

〉
+
〈
λn

h,µh

〉
for all µh ∈ V g

h, allowing us to cast our scheme as a Lagrange multiplier method, as

seen below.

Thus the fully discrete Robin-Robin method that we will work with is as follows:

find qn+1
h ,ηn+1

h ∈ V s
h, u

n+1
h ∈ V f

h, ph ∈M f
h , and λ

n+1
h ∈ V g

h such that such that

ρs(∂∆tq
n+1
h , ξh)s + as(η

n+1/2
h , ξh) + α

〈
(∂∆tη

n+1
h − un

h), ξh
〉
+
〈
λn

h, ξh
〉
=0 ∀ξh ∈ V s

h,

(5.1.4a)

(q
n+1/2
h , τ h)s − (∂∆tη

n+1
h , τ h)s =0 ∀ϕh ∈ V s

h.

(5.1.4b)
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ρf (∂∆tu
n+1
h ,vh)f + 2µ(ε(un+1

h ), ε(vh))f − (pn+1
h , div vh)f −

〈
λn+1

h ,vh
〉
=0 ∀vh ∈ V f

h

(5.1.5a)

(divun+1
h , θh)f + h2(∇pn+1

h ,∇θh)f =0 ∀θ ∈M f
h

(5.1.5b)

α
〈
un+1

h − qn+1/2
h ,µh

〉
+
〈
λn+1

h − λn
h,µh

〉
=0 ∀µh ∈ V g

h.

(5.1.5c)

As before, we have identities analogous to (3.2.3) and (3.2.5) as well as (4.1.7)

and (4.1.8). Thus, using the same approach as in previous chapters, we find

q
n+1/2
h = ∂∆tη

n+1
h on Ωs, (5.1.6)

and

λn+1
h = α(q

n+1/2
h − un+1

h ) + λn
h on Σ, (5.1.7)

for n ≥ 1.

5.1.2 Stability

We will not provide a proof of stability for the fully discrete method as it is essentially

identical to the proof of Lemma 4.2.1. The only notable difference is the presence of

the term

h2(∇pn+1,∇θ)f .
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This term, however, is immediately addressed when we set θ = p, as in the proof

of Lemma 4.2.1. The result is an additional term in Sn+1, as seen below. As this

term only appears on the left-hand side, it does not change the stability result or

the remainder of the proof in any meaningful way. As such, we state the following

without proof.

Lemma 5.1.1. Let

Sn
h =∥ηn

h∥2S + ρs∥qnh∥2L2(Ωs)
+ ρf∥un

h∥2L2(Ωf )
+∆t(α∥un

h∥2L2(Σ) +
1

α
∥λn

h∥2L2(Σ)),

Zn
h =ρf∥un

h − un−1
h ∥2L2(Ωf )

+ 2α∆t∥∂∆tη
n
h − un−1

h ∥2L2(Σ) + 4µ∆t∥ε(un+1
h )∥2L2(Ωf )

+ 2h2∆t∥∇pnh∥2L2(Ωs)
.

Then it holds,

SM
h +

M∑
m=1

Zm
h = S0

h for 1 ≤M ≤ N.

5.2 Error Analysis

Similar to the previous chapters, the main result of this chapter is the a priori error

estimate of the Robin-Robin splitting method in the fully discrete framework. As

before, we will approach this result in three parts. We will first bound all but one

term that must be treated with special care. We will then bound this isolated term

before proceeding to the complete error result.
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5.2.1 Time-semi-discrete vs. fully discrete: linear inter-

polants and L2-projections

We already have the error estimate for the time-discrete formulation from Chapter

4. Thus, the main challenge of this chapter will be to incorporate the spatial error

arising from the finite element approximation. To do so, we define the following

discrete errors:

eη
n
,h :=ηn

h −Rs
he

n, eq
n
,h := qnh −Rs

hq
n,

eu
n
,h :=un

h −Rf
h(u

n), eλ
n
,h := λn

h − Phl
n,

enp,h :=pnh − Sh(p
n),

where Ri
h, i = s, f are the Scott-Zhang interpolants (as defined in 2.2.1, (2.2.11))

projecting onto our finite element spaces V s
h and V f

h , and Sh is the Scott-Zhang

interpolant into M f
h modified by a global constant so the average on Ωf is zero. For

projecting into V g
h , we use Ph, the L

2 orthogonal projection from V g to V g
h defined

in Definition 2.2.8.

Recall from 2.2.1 that there is flexiblity in defining the Scott-Zhang interpolant.

Thus we may choose the degrees of freedom on the boundary to honor the fact that

the fluid and solid meshes match on Σ. In other words, we may choose the degrees of

freedom so that we will have Rs
hv = Rf

hw on Σ if v ∈ [H1(Ωs)]
2 and w ∈ [H1(Ωf )]

2

and v = w on Σ.

Clearly, the ultimate goal of our error analysis is to provide an error estimate for
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the terms

enη :=ηn
h − en, eq

n := qnh − qn,

eu
n :=un

h − un, eλ
n := λn

h − ln,

enp :=pnh − pn,

which measure the error between the fully discrete approximation and the exact

solution. These error terms can subsequently be rewritten

enη :=eη
n
,h + (Rs

he
n − en), eq

n := eq
n
,h + (Rs

hq
n − qn),

eu
n :=eu

n
,h + (Rf

hu
n − un), eλ

n := eλ
n
,h + (Phl

n − ln),

enp :=enp,h + (Shp
n − pn).

In the analysis that follows, we will obtain an error bound for the discrete terms

eη
n
,h, eq

n
,h, eu

n
,h, eλ

n
,h, and enp,h, rather than the full errors enη , eq

n, eu
n, eλ

n, and

enp . We do so because we already have optimal bounds for the interpolation error of

the Scott-Zhang interpolants from Lemma 2.2.14, so the results in this chapter yield

error bounds for enη , eq
n, eu

n, and enp by triangle inequality.

Unfortunately, this cannot be guaranteed for the term eλ
n because we cannot

guarantee a good error bound for the L2 orthogonal projection defined on a boundary.

Thus, the analysis below only guarantees a bound for eλ
n
,h, not eλ

n, and we cannot

verify whether or not λn
h is a good approximation. However, this does not necessarily

mean that we have a problem, as we recall that ln = σf (un, pn)nf . Therefore, if u
n
h

and pnh are good approximations of un and pn (which is guaranteed by the error

bounds), then we will have a good approximation for ln without λn
h.
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5.2.2 The error equations

To formulate the error equations, we begin by first establishing the consistency of

the interpolated and projected terms. We do so by plugging these terms into (5.1.4)-

(5.1.5). Obviously, the interpolants will not satisfy these equations, but we use this

step to write two expressions to describe how inconsistent the interpolants are in

terms of quantities that we can bound in terms of the solutions to (4.1.4). As such,

we have the following result.

Lemma 5.2.1. The following identities hold for all ξh ∈ V s
h, vh ∈ V f

h, and µh ∈

V g
h.

ρs(∂∆tR
s
hq

n+1, ξh)s + as(R
s
he

n+1/2, ξh) + α
〈
(∂∆tR

s
he

n+1 −Rf
hu

n), ξh
〉
+
〈
Phl

n, ξh
〉

=T1(ξh) +
1

2
T2(ξh) + V1(ξh)− S2(ξh) + S3(ξh),

(5.2.1)

(Rs
hq

n+1/2 − ∂∆tR
s
he

n+1, τ h)s =(hn+1
3,h , τ h)s, (5.2.2)

ρf (∂∆tR
f
hu

n+1,vh)f + 2µ(ε(Rf
hu

n+1), ε(vh))f − (Shp
n+1, div vh)f −

〈
Phl

n+1,vh
〉

=S1(vh) + V2(vh), (5.2.3)

(divRf
hu

n+1, θh)f + h2(∇Shp
n+1,∇θh)f =V3(θh) + V4(θh), (5.2.4)

α
〈
Rf

hu
n+1 − ∂∆tR

s
he

n+1,µh

〉
=
〈
ln − ln+1,µh

〉
+ α

〈
hn+1

4,h ,µh

〉
+
〈
gn+1
2 ,µh

〉
, (5.2.5)

where

gn+1
1,h :=Rf

hu
n+1 −Rf

hu
n,

gn+1
2 :=ln+1 − ln,
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hn+1
3,h :=Rs

hq
n+1/2 − ∂∆tR

s
he

n+1,

hn+1
4,h :=Rs

h∂te
n+1 − ∂∆tR

s
he

n+1,

T1(ξh) :=ρs(∂∆tR
s
hq

n+1 − ∂tq
n+1/2, ξh)s,

T2(ξh) :=
〈
ln − ln+1, ξh

〉
,

S1(vh) :=ρf (∂∆tR
f
hu

n+1 − ∂tu
n+1,vh)f ,

S2(µh) :=α
〈
Rf

hu
n+1 − ∂∆tR

s
he

n+1,µh

〉
,

S3(µh) :=α
〈
Rf

hu
n+1 −Rf

hu
n,µh

〉
,

V1(ξh) :=as(R
s
he

n+1/2 − en+1/2, ξh)s,

V2(vh) :=2µ(ε(Rf
hu

n+1 − un+1), ε(vh))f − (Shp
n+1 − pn+1, div vh)f ,

V3(θh) :=(div (Rf
hu

n+1 − un+1), θh)f ,

V4(θh) :=h
2(∇Shp

n+1,∇θh)f .

Note that, as in previous chapters, we use the average of the exact equation

(4.1.4a) at times tn and tn+1. Furthermore, the quantities gn+1
1,h , hn+1

3,h , and hn+1
4,h are

the interpolated versions of gn+1
1 , hn+1

3 , and hn+1
4 defined in Chapter 4. The quantity

gn+1
2 , on the other hand, is the same as it was in Chapter 4. As we will see, this

quantity occurs as a result of (2.2.2).

Proof. The proof for (5.2.2) is trivial, so we will only prove (5.2.1), (5.2.3), (5.2.4),

and (5.2.5).

Let L1 denote the left-hand side of (5.2.1). Then using (4.1.4a) and (2.2.2), we

have

L1 =ρs(∂∆tR
s
hq

n+1 − ∂tq
n+1/2, ξh)s + ρs(∂tq

n+1/2, ξh)s + as(R
s
he

n+1/2, ξh)
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+ α
〈
(∂∆tR

s
he

n+1 −Rf
hu

n+1), ξh
〉
+ S3(ξh) +

〈
Phl

n, ξh
〉

=T1(ξh)− as(e
n+1/2, ξh) + as(R

s
he

n+1/2, ξh) +
〈
ln − ln+1/2, ξh

〉
− S2(ξh) + S3(ξh)

=T1(ξh) + V1(ξh) +
1

2
T2(ξh)− S2(ξh) + S3(ξh).

Similarly, let L2 denote the left hand side of (5.2.3). Then using (4.1.4c), we

have

L2 =ρf (∂∆tR
f
hu

n+1 − ∂tu
n+1,vh)f + ρf (∂tu

n+1,vh)f

+ 2µ(ε(Rf
hu

n+1), ε(vh))f − (Shp
n+1, div vh)f −

〈
Phl

n+1,vh
〉

=S1(vh)− 2µ(ε(un+1), ε(vh))f + (pn+1, div vh)f +
〈
ln+1,vh

〉
+ 2µ(ε(Rf

hu
n+1), ε(vh))f − (Shp

n+1, div vh)f −
〈
ln+1,vh

〉
=S1(vh) + V2(vh).

Next, recall that divun = 0 for all n ≥ 1. Therefore, we let L3 denote the left

hand side of (5.2.4). Then using (4.1.4c) with v = 0, we have

L3 =(divRf
hu

n+1, θh)f + h2(∇Shp
n+1,∇θh)f

=(divRf
hu

n+1 − div un+1, θh)f + h2(∇Shp
n+1,∇θh)f

=V3(θh) + V4(θh).

Finally, (5.2.5) is very straightforward. Recall that Rs
h = Rf

h on Σ. Therefore,

since ∂ten+1 = un+1 on Σ, it follows that,

Rf
hu

n+1 − ∂∆tR
s
he

n+1 − hn+1
4,h = Rf

hu
n+1 −Rs

h∂te
n+1 = 0,
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on Σ. The rest follows immediately once we apply the properties of the L2-projection.

We may now subtract the results of Lemma 5.2.1 from (5.1.4)-(5.1.5), to obtain

our error equations. They hold for all ξh, τ h ∈ V s
h, vh ∈ V f

h, and θh ∈M f
h .

ρs(∂∆teq
n+1
,h , ξh)s + as(eη

n+1/2
,h , ξh) + α

〈
(∂∆teη

n+1
,h − eun

,h), ξh
〉
+
〈
eλ

n
,h, ξh

〉
= −T1(ξh)−

1

2
T2(ξh)− V1(ξh) + S2(ξh)− S3(ξh), (5.2.6a)

(eq
n+1/2
,h − ∂∆teη

n+1
,h , τ h)s = (−hn+1

3,h , τ h)s, (5.2.6b)

ρf (∂∆teu
n+1
,h ,vh)f + 2µ(ε(eu

n+1
,h ), ε(vh))f − (en+1

p,h , div vh)f −
〈
eλ

n+1
,h ,vh

〉
= −S1(vh)− V2(vh), (5.2.7a)

(div eu
n+1
,h , θh)f + h2(∇en+1

p,h ,∇θh)f = −V3(θh)− V4(θh), (5.2.7b)〈
eλ

n+1
,h − eλn

,h,µh

〉
− α

〈
(∂∆teη

n+1
,h − eun+1

,h ),µh

〉
= α

〈
hn+1

4,h ,µh

〉
+
〈
gn+1
2 ,µh

〉
.

(5.2.7c)

Note that the terms
〈
eλ

n
,h, ξh

〉
and

〈
eλ

n+1
,h ,vh

〉
are equivalent to

〈
eλ

n, ξh
〉
and〈

eλ
n+1,vh

〉
, respectively, but we leave them as is for clarity.

As in the previous chapters, we will more often use the strong counterparts of

(5.2.6b) and (5.2.7c):

eλ
n+1
,h − eλn

,h = α(∂∆teη
n+1
,h − eun+1

,h ) + αhn+1
4,h + Phg

n+1
2 , on Σ, (5.2.8a)

eq
n+1/2
,h = ∂∆teη

n+1
,h − hn+1

3,h , on Ωs. (5.2.8b)
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Combined, these further yield

α(eu
n+1
,h − eqn+1/2

,h ) = eλ
n
,h − eλn+1

,h + gn+1
3,h (5.2.9)

where

gn+1
3,h :=

α

2
gn+1
1,h + Phg

n+1
2 .

Indeed, that if we restrict to the interface, we may use (4.1.3) and the fact that

Rs
h = Rf

h on Σ to determine

gn+1
3,h |Σ =

α

2
(Rs

h∂te
n+1 −Rs

h∂te
n) + gn+1

2

=α(Rs
h∂te

n+1 −Rs
hq

n+1/2) + gn+1
2

=α(Rs
h∂te

n+1 − ∂∆tR
s
he

n+1 + ∂∆tR
s
he

n+1 −Rs
hq

n+1/2) + gn+1
2

=α(hn+1
4,h − h3,h) + g

n+1
2 .

Finally, we define the following quantities to construct our error estimate. Note

that we use more terms than in previous chapters in order to break the analysis up

into clearer steps.

Sn
h :=∥eηn,h∥2S + ρs∥eqn,h∥

2
L2(Ωs)

+ ρf∥eun
,h∥2L2(Ωf )

,

En
h :=∆tα∥eun

,h∥2L2(Σ) +
∆t

α
∥eλn

,h∥2L2(Σ),

Wn
h :=ρf∥eun

,h − eun−1
,h ∥2L2(Ωf )

+ 4µ∆t∥ε(eun
,h)∥2L2(Ωf )

+ 2∆th2∥∇enp,h∥2L2(Ωs)
,

Zn
h :=∆tα∥eqn−1/2

,h − eun−1
,h ∥2L2(Σ).
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5.2.3 Step 1: Preliminary Estimates

We begin, as always, with a preliminary bound. The proof will proceed similarly to

the previous chapters, but there will now be more terms to manage with care.

Lemma 5.2.2. It holds,

1

2
Sn+1
h +

1

2
En+1
h +

1

2
Wn+1

h +
1

2
Zn+1
h

=
1

2
Sn
h +

1

2
En
h +∆t

9∑
i=1

Kn+1
i +

∆t

2α
∥gn+1

3,h ∥2L2(Σ) +
∆t

α

〈
eλ

n
,h, g

n+1
3,h

〉
, (5.2.10)

where

Kn+1
1 :=− T1(eq

n+1/2
,h ), Kn+1

2 :=
1

2
T2(eq

n+1/2
,h ), Kn+1

3 := −S3(eq
n+1/2
,h ),

Kn+1
4 :=− S1(eu

n+1
,h ), Kn+1

5 := as(eη
n+1/2
,h ,hn+1

3,h ), Kn+1
6 := −V3(en+1

p,h ),

Kn+1
7 :=− V4(e

n+1
p,h ), Kn+1

8 := −V1(eqn+1/2
,h ), Kn+1

9 := −V2(eun+1
,h ).

Proof. To begin, we let ξh = ∆teq
n+1/2
,h in (5.2.6a) to obtain

1

2
∥eηn+1

,h ∥2S +
ρs
2
∥eqn+1

,h ∥2L2(Ωs)
(5.2.11)

=
1

2
∥eηn,h∥2S +

ρs
2
∥eqn,h∥

2
L2(Ωs)

+∆t as(eη
n+1/2
,h ,hn+1

3,h )−∆tT1(eq
n+1/2
,h )

− ∆t

2
T2(eq

n+1/2
,h )−∆tV1(eq

n+1/2
,h ) + ∆tS2(eq

n+1/2
,h )−∆tS3(eq

n+1/2
,h ) + J1,

where

J1 :=− α∆t
〈
(∂∆teη

n+1
,h − eun

,h), eq
n+1/2
,h

〉
−∆t

〈
eλ

n
,h, eq

n+1/2
,h

〉
.
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Note that here we used (5.2.8b) to write

as(eη
n+1/2
h , eq

n+1/2
h ) =

1

2∆t
∥eηn+1

,h ∥2S − 1

2∆t
∥eηn,h∥2S − as(eη

n+1/2
,h ,hn+1

3,h ).

We may then simplify J1 by using (5.2.8a), to find

J1 =− α∆t
〈
(∂∆teη

n+1
,h − eun+1

,h ), eq
n+1/2
,h

〉
+∆t

〈
eλ

n+1
,h − eλn

,h, eq
n+1/2
,h

〉
− α∆t

〈
eu

n+1
,h − eun

,h, eq
n+1/2
,h

〉
−∆t

〈
eλ

n+1
,h , eq

n+1/2
,h

〉
=∆t

〈
αhn+1

4,h + gn+1
2 , eq

n+1/2
,h

〉
− α∆t

〈
eu

n+1
,h − eun

,h, eq
n+1/2
,h

〉
−∆t

〈
eλ

n+1
,h , eq

n+1/2
,h

〉
.

Therefore, if we plug this in to (5.2.11) we have

1

2
∥eηn+1

,h ∥2S +
ρs
2
∥eqn+1

,h ∥2L2(Ωs)

=
1

2
∥eηn,h∥2S +

ρs
2
∥eqn,h∥

2
L2(Ωs)

+∆tas(eη
n+1/2
,h ,hn+1

3,h )−∆tT1(eq
n+1/2
,h )

− ∆t

2
T2(eq

n+1/2
,h )−∆tV1(eq

n+1/2) + ∆tS2(eq
n+1/2
,h )−∆tS3(eq

n+1/2
,h )

〉
+∆t

〈
αhn+1

4,h + gn+1
2 , eq

n+1/2
,h

〉
− α∆t

〈
eu

n+1
,h − eun

,h, eq
n+1/2
,h

〉
−∆t

〈
eλ

n+1
,h , eq

n+1/2
,h

〉
.

(5.2.12)

If we now set vh = eu
n+1
,h in (5.2.7a) and θh = en+1

p,h in (5.2.7b) we get

ρf
2
∥eun+1

,h ∥2L2(Ωf )
+
ρf
2
∥eun+1

,h − eun
,h∥2L2(Ωf )

(5.2.13)

+ ∆t2µ∥ε(eun+1
,h )∥2L2(Ωf )

+∆th2∥∇en+1
p,h ∥2L2(Ωs)

=
1

2
∥eun

,h∥2L2(Ωf )
+∆t

〈
eλ

n+1
,h , eu

n+1
,h

〉
(5.2.14)

−∆tS1(eu
n+1
,h )−∆tV2(eu

n+1
,h )−∆tV3(e

n+1
p,h )−∆tV4(e

n+1
p,h ). (5.2.15)
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We now note that

∆tS2(eq
n+1/2
,h )− ∆t

2
T2(eq

n+1/2
,h ) + ∆t

〈
αhn+1

4,h + gn+1
2 , eq

n+1/2
,h

〉
=

∆t

2
T2(eq

n+1/2
,h ).

With this in mind, we add (5.2.12) and (5.2.15), to write the following

1

2
Sn+1
h +

1

2
Wn+1

h =
1

2
Sn
h +∆t(Kn+1

1 + · · ·+Kn+1
9 ) + J2, (5.2.16)

where

J2 :=− α∆t
〈
eu

n+1
,h − eun

,h, eq
n+1/2
,h

〉
−∆t

〈
eλ

n+1
,h , eq

n+1/2
,h

〉
+∆t

〈
eλ

n+1
,h , eu

n+1
,h

〉
.

Then (5.2.9) gives

J2 =− α∆t
〈
eu

n+1
,h − eun

,h, eq
n+1/2
,h

〉
+∆t

〈
eλ

n+1
,h , eu

n+1
,h − eqn+1/2

,h

〉
=α∆t

〈
eu

n
,h − eun+1

,h , eq
n+1/2
,h

〉
+

∆t

α

〈
eλ

n
,h − eλn+1

,h , eλ
n+1
,h

〉
+

∆t

α

〈
eλ

n+1
,h , gn+1

3,h

〉
.

We can then use the identity (2.1.2) to get

α∆t
〈
eu

n
,h − eun+1

,h , eq
n+1/2
,h

〉
=
α∆t

2
(∥eun

,h∥2L2(Σ) − ∥eun+1
,h ∥2L2(Σ) − ∥eqn+1/2

,h − eun
,h∥2L2(Σ)

+ ∥eqn+1/2
,h − eun+1

,h ∥2L2(Σ))

∆t

α

〈
eλ

n+1
,h , eλ

n
,h − eλn+1

,h

〉
=
∆t

2α
(∥eλn

h∥2L2(Σ) − ∥eλn+1
,h ∥2L2(Σ) − ∥eλn+1

,h − eλn
,h∥2L2(Σ)).
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Following the method of the previous chapters, we note from (5.2.9) that we have

− 1

2α
∥eλn+1

,h − eλn
,h∥2L2(Σ) =

−α
2

∥eqn+1/2
,h − eun+1

,h ∥2L2(Σ) +
1

2α
∥gn+1

3,h ∥2L2(Σ)

+
1

α

〈
eλ

n
,h − eλn+1

,h , gn+1
3,h

〉
.

Therefore, combining the above equations we have

J2 =
α∆t

2
(∥eun

,h∥2L2(Σ) − ∥eun+1
,h ∥2L2(Σ) − ∥eqn+1/2

,h − eun
,h∥2L2(Σ))

+
∆t

2α
(∥eλn

,h∥2L2(Σ) − ∥eλn+1
,h ∥2L2(Σ)) +

∆t

2α
∥gn+1

3,h ∥2L2(Σ) +
∆t

α

〈
eλ

n
,h, g

n+1
3,h

〉
.

Substituting this into (5.2.16) we arrive at our result.

5.2.3.1 Estimate for
∑9

i=1K
n+1
i

We have now isolated the problem term
〈
eλ

n+1
,h , gn+1

3,h

〉
as in previous chapters. How-

ever, similar to before, we will pause to bound the terms Kn+1
i before proceeding.

This step will be analogous to bounding the terms F n+1 and Fn+1 in Chapters

3 and 4, but now the terms Kn+1
i also contain information about the consistency

error incurred by projecting into the discrete spaces, in addition to the temporal and

splitting errors encoded in F n+1 and Fn+1. As such,
∑9

i=1K
n+1
i is more complicated,

so we will not be able to mirror the previous proofs as much as before.



157

Lemma 5.2.3. It holds

∆t
M−1∑
n=0

9∑
i=1

Kn+1
i ≤ 1

8
max

0≤m≤M

(
Sm
h + Em

h

)
+

1

8

M−1∑
n=0

(
Wn+1

h + Zn+1
h

)
+ CDh(M),

(5.2.17)

where

Dh(M) :=∆t
M−1∑
n=0

(
µ∥ε(Rf

hu
n+1 − un+1)∥2L2(Ωf )

+
1

µ
∥Shp

n+1 − pn+1∥2L2(Ωf )

+ (1 + T )∥hn+1
3,h ∥2S + (1 + T )∥(Rs

h − I)∂∆te
n+1∥2S + h2∥un+1∥2H3(Ωf )

+ (α +
α2

µ
)∥gn+1

1,h ∥2L2(Σ) + (1 +
1

α
+

1

µ
)∥ln+1 − ln∥2L2(Σ)

+ Tρs∥∂∆tR
s
hq

n+1 − ∂tq
n+1/2∥2L2(Ωs)

+ ρfT∥∂∆tR
f
hu

n+1 − ∂tu
n+1∥2L2(Ωf )

+ h2∥∇Shp
n+1∥2L2(Ωf )

)
+ ∥(Rs

h − I)eM∥2S.

Proof. We will proceed by bounding the individual Kn+1
i . For i ∈ {1, 4, 5, 7}, the

bounds follow from Cauchy-Schwarz and Young’s inequalities using the methods

established in the previous chapters. Thus we have for 0 ≤M ≤ N

∆t
M−1∑
n=0

Kn+1
1 ≤ρs

8
max

0≤m≤M
∥eqm,h∥

2
L2(Ωs)

+ CT∆tρs

M−1∑
n=0

∥∂∆tR
s
hq

n+1 − ∂tq
n+1/2∥2L2(Ωs)

,

∆t
M−1∑
n=0

Kn+1
4 ≤ρf

8
max

0≤m≤M
∥eum

,h∥2L2(Ωf )
+ Cρf∆tT

M−1∑
n=0

∥∂∆tR
f
hu

n+1 − ∂tu
n+1∥2L2(Ωf )

,

∆t
M−1∑
n=0

Kn+1
5 ≤ 1

16
max

0≤m≤M
∥eηm,h∥2S + CT∆t

M−1∑
n=0

∥hn+1
3,h ∥2S,

∆t
M−1∑
n=0

Kn+1
7 ≤∆th2

4

M−1∑
n=0

∥∇en+1
p,h ∥2L2(Ωf )

+ C∆th2
M−1∑
n=0

∥∇Shp
n+1∥2L2(Ωf )

.



158

To bound Kn+1
2 we write

∆tKn+1
2 = −∆t

2
(T2(eq

n+1/2
,h − eun

,h)− T2(eu
n
,h)).

Therefore, using the Cauchy-Schwarz inequality, the trace inequality, and Korn’s

inequality we have

∆tKn+1
2 ≤∆t

2
∥ln+1 − ln∥L2(Σ)(∥eqn+1/2

,h − eun
,h∥L2(Σ) + ∥eun

,h∥L2(Σ))

≤∆t

2
∥ln+1 − ln∥L2(Σ)(∥eqn+1/2

,h − eun
,h∥L2(Σ) + Ctr∥ε(eun

,h)∥L2(Ωf )).

Hence, we see that

∆t
M−1∑
n=0

Kn+1
2 ≤∆tµ

12

M−1∑
n=0

∥ε(eun+1
,h )∥2L2(Ωf )

+
∆tα

24

M−1∑
n=0

∥eqn+1/2
,h − eun

,h∥2L2(Σ)

+ C∆t(
1

α
+

1

µ
)
M−1∑
n=0

∥ln+1 − ln∥2L2(Σ).

Using

S3(µh) = α
〈
gn+1
1,h ,µh

〉
,

we similarly have

∆tKn+1
3 ≤∆tα∥gn+1

1,h ∥L2(Σ)

(
∥eqn+1/2

,h − eun
,h∥L2(Σ) + ∥eun

,h∥L2(Σ)

)
,

so that

∆t
M−1∑
n=0

Kn+1
3 ≤∆tµ

12

M−1∑
n=0

∥ε(eun+1
,h )∥2L2(Ωf )

+
∆tα

24

M−1∑
n=0

∥eqn+1/2
,h − eun

,h∥2L2(Σ)

+ C∆t(α +
α2

µ
)
M−1∑
n=0

∥gn+1
1,h ∥2L2(Σ).
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To estimate Kn+1
6 , we perform integration by parts and proceed as before. Thus,

∆tKn+1
6 = ∆t(div (Rf

hu
n+1 − un+1), en+1

p,h )f

= −∆t(Rf
hu

n+1 − un+1,∇en+1
p,h )f +∆t

〈
(Rf

hu
n+1 − un+1) · n, en+1

p,h

〉
≤ ∆t∥Rf

hu
n+1 − un+1∥L2(Ωf )∥∇e

n+1
p,h ∥L2(Ωf ) +∆t∥Rf

hu
n+1 − un+1∥L2(Σ)∥en+1

p,h ∥L2(Σ)

≤ C∆th2∥un+1∥H2(Ωf )∥∇e
n+1
p,h ∥L2(Ωf ) + C∆th2∥un+1∥H3(Ωf )∥∇e

n+1
p,h ∥L2(Ωf ),

where the last step follows from applying (2.2.9c) on en+1
p,h . We also used the variation

of Poincare’s inequality from Proposition 2.1.10 because M f
h satisfies the necessary

conditions. Thus, applying this result along with Young’s inequality, we have

∆t
M−1∑
n=0

Kn+1
6 ≤ ∆th2

4

M−1∑
n=0

∥∇en+1
p,h ∥2L2(Ωf )

+ C∆th2
M−1∑
n=0

∥un+1∥2H3(Ωf )
.

To bound Kn+1
8 , we apply (5.2.8b) to obtain

∆tKn+1
8 =−∆tas((R

s
h − I)en+1/2, ∂∆teη

n+1
,h ) + ∆tas((R

s
h − I)en+1/2,hn+1

3,h ).

Then, one can verify the following discrete integration by parts

−∆tas((R
s
h − I)en+1/2, ∂∆teη

n+1
,h ) =Bn+1 +∆tas((R

s
h − I)∂∆te

n+1, eη
n+1/2
,h ).

where

Bn+1 := as((R
s
h − I)en, eη

n
,h)− as((R

s
h − I)en+1, eη

n+1
,h ).

Thus, we have

∆tKn+1
8 =Bn+1 +∆tas((R

s
h − I)∂∆te

n+1, eη
n+1/2
,h ) + ∆tas((R

s
h − I)en+1/2,hn+1

3,h ),
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from which it follows

∆t
M−1∑
n=0

Kn+1
8 ≤ 1

32
max

0≤m≤M
∥eηm,h∥2S + C∆t

M−1∑
n=0

∥hn+1
3,h ∥2S

+ C∆t(1 + T )
M−1∑
n=0

∥(R2
h − I)∂∆te

n+1∥2S +
M−1∑
n=0

Bn+1.

For the term
∑M−1

n=0 Bn+1, we have a telescoping sum, so that

M∑
m=1

Bm = as((R
s
h − I)e0, eη

0
,h)− as((R

s
h − I)eM , eη

M
,h ).

We may then bound this term in the usual method to find

M∑
m=1

Bm ≤ 1

64
(∥eηM,h ∥2S + ∥eη0,h∥2S) + C(∥(Rh − I)eM∥2S + ∥(Rh − I)e0∥2S)

≤ 1

32
max

0≤m≤M
∥eηm,h∥2S + C(∥(Rh − I)eM∥2S + ∥(Rh − I)e0∥2S)

Consequently,

∆t
M−1∑
n=0

Kn+1
8 ≤ 1

16
max

0≤m≤M
∥eηm,h∥2S + C∆t

M−1∑
n=0

∥hn+1
3,h ∥2S

+ C∆t(1 + T )
M−1∑
n=0

∥(Rs
h − I)∂∆te

n+1∥2S

+ C(∥(Rs
h − I)eM∥2S + ∥(Rs

h − I)e0∥2S).
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Finally, for K9, we note that |div v| ≤ C|ε(v)|. Thus we can show

∆t
M−1∑
n=0

Kn+1
9 ≤∆tµ

4

M−1∑
n=0

∥ε(eun+1
,h )∥2L2(Ωf )

+ C∆tµ
M−1∑
n=0

∥ε(Rf
hu

n+1 − un+1)∥2L2(Ωf )

+ C
∆t

µ

M−1∑
n=0

∥Shp
n+1 − pn+1∥2L2(Ωf )

.

Finally, we address the term ∆t
2α
∥gn+1

3,h ∥2L2(Σ).

To do so, we just recognize that gn+1
3,h = α

2
gn+1
1,h + gn+1

2 . Thus,

∆t

2α

M−1∑
n=0

∥gn+1
3,h ∥2L2(Σ) ≤ C∆t

M−1∑
n=0

(
α∥gn+1

1,h ∥2L2(Σ) +
1

α
∥gn+1

2 ∥2L2(Σ)

)
.

To complete the proof, we combine the terms above, keeping in mind that

∥gn+1
2 ∥2L2(Σ) = ∥ln+1 − ln∥2L2(Σ).

5.2.4 Step 2: Estimate for ∆t
α

〈
gn+1
3,h , eλ

n
,h

〉
We now turn our attention, once again, to bounding the isolated term. In this case,

our isolated term

∆t

α

〈
gn+1
3,h , eλ

n
,h

〉
,

is precisely the fully discrete counterpart to the isolated term bounded in Chapter

4. Consequently, we will find that we may use the method from Chapter 4 to bound

this isolated term, with some important modifications.
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Recall that the key to bounding the isolated terms in the previous chapters was

to assume the existence of a function (ϕ or ϕ̃) that serves as a pseudo-lifting operator

from the interface Σ into an interior domain. In the case of the semi-discrete FSI

problem in Chapter 4, this function ϕ̃ was necessarily in the space V s so that the

extended function g̃n+1
2 could satisfy the error equation (4.3.1a). This will not work

for the fully discrete case, however, because the fully discrete error equation (5.2.6a)

is only satisfied for ξh ∈ V s
h ⊂ V s, and g̃n+1

2 is not guaranteed to be in V s
h. Indeed,

we can see that the example ϕ constructed in 3.5.2 would allow g̃n+1
2 be in V s but

not V s
h because it is not a piece-wise linear.

In order to circumvent this issue, we choose to interpolate into the finite dimen-

sional subspace V s
h in such a way that we retain the critical characteristics provided

by multiplying by ϕ̃. Crucially, we need the interpolated function to not interfere

with conditions (iii) and (iv) of Assumption 4.3.4. Thus, we require an interpolant

that will allow us flexibility when choosing the degrees of freedom. Specifically, we

would like the interpolated function on the interface Σ to not depend on the rest of

the domain. Thus, we choose our interpolant to be Rs
h, the Scott-Zhang interpolant

used in Ωs (see (2.2.11)) so that we may interpolate nodes on ∂Ωs along element

edges that match ∂Ωs , rather than the entire element.

By only interpolating along edges in this way, we can be sure that the interpolated

function is zero along ∂Ωs\Σ (a property introduced by ϕ̃, as we recall from Chapter

4). Consequently, any stability and error results from Chapter 2 for the Scott Zhang

interpolant that hold on the boundary of Ωs will reduce to results only on Σ, as we

will see below.

We may now proceed almost exactly as in Chapter 4, and define our extended

version of gn+1
2 . We define ñs ∈ W 1,∞(Ωs)

2 as in Assumption 4.3.3 and ϕ̃ as in
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Assumption 4.3.4. We then recall that ln+1
s = −σs(en+1)ns such that in Chapter 4

we defined on Ωs

l̃s(x, t) :=σs(e(x, t))ñs,

Ls :=ϕ̃̃ls(x, t),

g̃n+1
2 :=− (Ln+1

s − Ln
s ).

To extend this to V s
h, we then define

Ls,h :=Rs
h

(
ϕ̃̃ls(x, t)

)
,

g̃n+1
2,h :=− (Ln+1

s,h − Ln
s,h) = Rs

hg̃
n+1
2 .

Thus, g̃n+1
2,h ∈ V s

h, as R
s
h retains the boundary behavior of g̃2 by only interpolating

along the edges, as explained above. Furthermore, as mentioned before, this means

that the stability and error results given by (2.2.7) and (2.2.9) will reduce to results

only on Σ for g̃n+1
2,h .

We also have a result analogous to Lemma 4.3.5.

Lemma 5.2.4. Under Assumptions 4.3.3 and 4.3.4 we have

∥g̃n+1
2,h − gn+1

2 ∥2L2(Σ) ≤ C∆t∥gn+1
2 ∥2L∞(Σ) + Ch2∥gn+1

2 ∥2H1(Σ). (5.2.18)

Proof. To prove this, we write

∥g̃n+1
2,h − gn+1

2 ∥2L2(Σ) =∥Rs
h(g̃

n+1
2 − gn+1

2 ) + (Rs
h − I)gn+1

2 ∥2L2(Σ)

≤C
(
∥Rs

h(g̃
n+1
2 − gn+1

2 )∥2L2(Σ) + ∥(Rs
h − I)gn+1

2 ∥2L2(Σ).
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From Lemmas 2.2.12 and 4.3.5, we have

∥Rs
h(g̃

n+1
2 − gn+1

2 )∥2L2(Σ) ≤∥g̃n+1
2 − gn+1

2 ∥2L2(Σ)

≤C∆t∥gn+1
2 ∥2L∞(Σ),

and from Lemma 2.2.14, we have

∥(Rs
h − I)gn+1

2 ∥2L2(Σ) ≤ Ch2∥gn+1
2 ∥2H1(Σ).

Combining these results completes the proof.

We may now state the error bound.

Lemma 5.2.5. Under Assumptions 4.3.3 and 4.3.4 we have

∆t

α

M−1∑
n=0

〈
gn+1
3,h , eλ

n
,h

〉
≤ 1

8
max

0≤m≤M
(Sm

h + Em
h ) +

1

8

M−1∑
n=0

Zn+1
h + CΨh(M),

where

Ψh(M) :=Ψ1,h(M) +Ψ2,h(M)

Ψ1(M) :=T (∆t)3ρs

M−1∑
n=0

∥∂2∆tR
s
hq

n∥2L2(Ωs)
+ ρs∥gM1,h∥2L2(Ωs)

+∆t
M−1∑
n=0

(
(1 + T )∥gn+1

1,h ∥2S +
(
1 + α

)
∥gn+1

1,h ∥2L2(Σ) + ∥ln+1 − ln∥2L2(Σ)

+ ρs∥∂∆tR
s
hq

n+1 − ∂tq
n+1/2∥2L2(Ωs)

+ ρs∥gn+1
1,h ∥2L2(Ωs)

+ ∥(Rs
h − I)en+1/2∥2S + α∥Rf

hu
n+1 − ∂∆tR

s
he

n+1∥2L2(Σ)

+ α∥hn+1
3,h ∥2L2(Σ)

)
,
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Ψ2(M) :=
T (∆t)3ρs

α2

M−1∑
n=0

∥∂2∆tL
n
s,h∥2L2(Ωs)

+
ρs
α2

∥g̃M2,h∥2L2(Ωs)
+
Th2

α

M−1∑
n=0

∥gn+1
2 ∥2H1(Σ)

+∆t
M−1∑
n=0

(
1 + T

α2
∥g̃n+1

2,h ∥2S +
(
1 +

1

α

)
∥ln+1 − ln∥2L2(Σ)

+ ∥gn+1
1,h ∥2L2(Σ) + ρs∥∂∆tR

s
hq

n+1 − ∂tq
n+1/2∥2L2(Ωs)

+
ρs
α2

∥g̃n+1
2,h ∥2L2(Ωs)

+ ∥(Rs
h − I)en+1/2∥2S + ∥Rf

hu
n+1 − ∂∆tR

s
he

n+1∥2L2(Σ)

+ ∥hn+1
3,h ∥2L2(Σ) +

T

α
∥gn+1

2 ∥2L∞(Σ)

)

Proof. The proof of this result follows the proof of Lemma 4.3.6. We begin by

splitting up the term gn+1
3,h to write

∆t

α

M−1∑
n=0

〈
gn+1
3,h , eλ

n
,h

〉
=

∆t

α

M−1∑
n=0

〈
gn+1
2 , eλ

n
,h

〉
+

∆t

2

M−1∑
n=0

〈
gn+1
1,h , eλ

n
,h

〉
. (5.2.19)

Following the proof of Lemma 4.3.6, we may bound the first term. To start, we write

∆t

α

M−1∑
n=0

〈
gn+1
2 , eλ

n
,h

〉
=

∆t

α

M−1∑
n=0

〈
gn+1
2 − g̃n+1

2,h , eλ
n
,h

〉
+

∆t

α

M−1∑
n=0

〈
g̃n+1
2,h , eλ

n
,h

〉
.

Then, using (5.2.18), we bound the first term above.

∆t

α

M−1∑
n=0

〈
gn+1
2 − g̃n+1

2,h , eλ
n
,h

〉
≤CT

α

M−1∑
n=0

∥gn+1
2 − g̃n+1

2,h ∥2L2(Σ) +
(∆t)2

32Tα

M−1∑
n=0

∥eλn
,h∥2L2(Σ)

≤CT∆t
α

M−1∑
n=0

∥gn+1
2 ∥2L∞(Σ) +

CTh2

α

M−1∑
n=0

∥gn+1
2 ∥2H1(Σ)

+
(∆t)2

32Tα

M−1∑
n=0

∥eλn
,h∥2L2(Σ)

≤CT∆t
α

M−1∑
n=0

∥gn+1
2 ∥2L∞(Σ) +

CTh2

α

M−1∑
n=0

∥gn+1
2 ∥2H1(Σ)

+
1

8
max

0≤m≤M
Em
h
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To bound the second term ∆t
α

∑M−1
n=0

〈
g̃n+1
2,h , eλ

n
,h

〉
, we use (5.2.6a) to move as

many terms as possible from the interface Σ into Ωs. Note that we may do this only

because g̃2,h ∈ V s
h. Note that we also apply (5.2.8b) in order to replace ∂∆teη

n+1
,h

with eq
n+1/2
,h + hn+1

3,h .

Thus we have

∆t

α

M−1∑
n=0

〈
g̃n+1
2,h , eλ

n
,h

〉
=

M−1∑
n=0

(
− ρs
α
(eq

n+1
,h − eqn,h, g̃

n+1
2,h )s −

∆t

α
as(eη

n+1/2
,h , g̃n+1

2,h )

−∆t
〈
eq

n+1/2
,h − eun

,h, g̃
n+1
2,h

〉
+

∆t

α

(
− T1(g̃

n+1
2,h )

− 1

2
T2(g̃

n+1
2,h )− V1(g̃

n+1
2,h ) + S2(g̃

n+1
2,h )

− S3(g̃
n+1
2,h )− α

〈
hn+1

3,h , g̃
n+1
2,h

〉))
.

Following 4.3.4, we bound all but the term −ρs
α
(eq

n+1
,h − eqn,h, g̃

n+1
2,h )s.

M−1∑
n=0

(
− ∆t

α
as(eη

n+1/2
,h , g̃n+1

2,h )−∆t
〈
eq

n+1/2
,h − eun

,h, g̃
n+1
2,h

〉
+

∆t

α

(
− T1(g̃

n+1
2,h )

− 1

2
T2(g̃

n+1
2,h )− V1(g̃

n+1
2,h ) + S2(g̃

n+1
2,h )− S3(g̃

n+1
2,h )− α

〈
hn+1

3,h , g̃
n+1
2,h

〉))

≤
M−1∑
n=0

(
∆t

32T
∥eηn+1

,h ∥2S +
∆tα

16
∥eqn+1/2

,h − eun
,h∥2L2(Σ)

)

+C∆t
M−1∑
n=0

(
1 + T

α2
∥g̃n+1

2,h ∥2S + (1 +
1

α
)∥ln+1 − ln∥2L2(Σ) + ∥gn+1

1,h ∥2L2(Σ)

+ ρs∥∂∆tR
s
hq

n+1 − ∂tq
n+1/2∥2L2(Ωs)

+
ρs
α2

∥g̃n+1
2,h ∥2L2(Ωs)

+ ∥(Rs
h − I)en+1/2∥2S + ∥Rf

hu
n+1 − ∂∆tR

s
he

n+1∥2L2(Σ)

+ ∥hn+1
3,h ∥2L2(Σ)

)
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≤
M−1∑
n=0

∆t

32T
∥en+1

η ∥2S +
1

16

M−1∑
n=0

Zn+1
h

+ C∆t
M−1∑
n=0

(
1 + T

α2
∥g̃n+1

2,h ∥2S +
(
1 +

1

α

)
∥ln+1 − ln∥2L2(Σ)

+ ∥gn+1
1,h ∥2L2(Σ) + ρs∥∂∆tR

s
hq

n+1 − ∂tq
n+1/2∥2L2(Ωs)

+
ρs
α2

∥g̃n+1
2,h ∥2L2(Ωs)

+ ∥(Rs
h − I)en+1/2∥2S

+ ∥Rf
hu

n+1 − ∂∆tR
s
he

n+1∥2L2(Σ) + ∥hn+1
3,h ∥2L2(Σ)

)
,

where we used Lemma 2.2.12 to bound

∥g̃n+1
2,h ∥2L2(Σ) = ∥Rs

hg̃
n+1
2 ∥2L2(Σ) ≤ C∥g̃n+1

2 ∥2L2(Σ) ≤ C∥gn+1
2 ∥2L2(Σ).

We also used the facts S3(µh) = α
〈
gn+1
1,h ,µh

〉
and ∥gn+1

2 ∥2L2(Σ) = ∥ln+1 − ln∥2L2(Σ).

For the term
∑M−1

n=0 −ρs
α
(eq

n+1
,h − eqn,h, g̃

n+1
2,h )s, we again use summation by parts.

Thus

M−1∑
n=0

−ρs
α
(eq

n+1
,h − eqn,h, g̃

n+1
2,h )s ≤

∆tρs
32T

M−1∑
n=0

∥eqn,h∥
2
L2(Ωs)

+
CT (∆t)3ρs

α2

M−1∑
n=0

∥∂2∆tL
n
s,h∥2L2(Ωs)

+
ρs
32

∥eqM,h ∥
2
L2(Ωs)

+
Cρs
α2

∥g̃M2,h∥2L2(Ωs)
.

Consequently, we have

∆t

α

M−1∑
n=0

〈
g̃n+1
2,h , eλ

n
,h

〉
≤ 1

16
max

0≤m≤M
Sm
h +

1

8
max

0≤m≤M
Em
h +

1

16

M−1∑
n=0

Zn+1
h + CΨ2,h(M).

We follow the same method to bound ∆t
α

∑M−1
n=0

〈
gn+1
1,h , eλ

n
,h

〉
. However, in this

case we do not need to extend the gn+1
1,h into Ωs in a fancy way. Instead, we know
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gn+1
1,h = Rs

hq
n+1 −Rs

hq
n on Σ by (4.1.3a) and our definition of Rs

h, R
f
h. Thus we may

use the fact that Rs
hq ∈ V s

h to extend gn+1
1,h naturally into Ωs, just as we did for gn+1

1

in Chapter 4. Thus we begin with

∆t

α

M−1∑
n=0

〈
gn+1
1,h , eλ

n
,h

〉
=

M−1∑
n=0

(
− ρs
α
(eq

n+1
,h − eqn,h, g

n+1
1,h )s −

∆t

α
as(eη

n+1/2
,h , gn+1

1,h )

−∆t
〈
eq

n+1/2
,h − eun

,h, g
n+1
1,h

〉
+

∆t

α

(
− T1(g

n+1
1,h )

− 1

2
T2(g

n+1
1,h )− V1(g

n+1
1,h ) + S2(g

n+1
1,h )

− S3(g
n+1
1,h )− α

〈
hn+1

3,h , g
n+1
1,h

〉))
,

and proceed with the steps above to determine

M−1∑
n=0

(
− ∆t

2
as(eη

n+1/2
,h , gn+1

1,h )

− α∆t

2

〈
eq

n+1/2
,h − eun

,h, g
n+1
1,h

〉
+

∆t

2

(
− T1(g

n+1
1,h )

− 1

2
T2(g

n+1
1,h )− V1(g

n+1
1,h ) + S2(g

n+1
1,h )

− S3(g
n+1
1,h )− α

〈
hn+1

3,h , g
n+1
1,h

〉))

≤
M−1∑
n=0

∆t

32T
∥en+1

η ∥2S +
1

16

M−1∑
n=0

Zn+1
h

+ C∆t
M−1∑
n=0

(
(1 + T )∥gn+1

1,h ∥2S +
(
1 + α

)
∥gn+1

1,h ∥2L2(Σ)

+ ρs∥∂∆tR
s
hq

n+1 − ∂tq
n+1/2∥2L2(Ωs)

+ ρs∥gn+1
1,h ∥2L2(Ωs)

+ ∥ln+1 − ln∥2L2(Σ)

+ ∥(Rs
h − I)en+1/2∥2S + α∥Rf

hu
n+1 − ∂∆tR

s
he

n+1∥2L2(Σ) + α∥hn+1
3,h ∥2L2(Σ)

)
,

and

M−1∑
n=0

−ρs
2
(eq

n+1
,h − eqn,h, g

n+1
1,h )s ≤

∆tρs
32T

M−1∑
n=0

∥eqn,h∥
2
L2(Ωs)

+ CT (∆t)3ρs

M−1∑
n=0

∥∂2∆tR
s
hq

n∥2L2(Ωs)
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+
ρs
32

∥eqM,h ∥
2
L2(Ωs)

+ Cρs∥gM1,h∥2L2(Ωs)
.

Thus we have

∆t

α

M−1∑
n=0

〈
gn+1
1,h , eλ

n
,h

〉
≤ 1

16
max

0≤m≤M
Sm
h +

1

16

M−1∑
n=0

Zn+1
h + CΨ1,h(M).

Combining these bounds completes the proof.

The results of Lemmas 5.2.2, 5.2.3, and 5.2.4 combine to provide a penultimate

error estimate

1

4
max

0≤M≤N
(SM

h +EM
h )+

1

4

N−1∑
n=0

(Zn+1
h +Wn+1

h ) ≤ C max
0≤M≤N

(Dh(M)+Ψh(M)). (5.2.20)

5.2.5 Step 3: Main Result

As always, it now remains for us to bound the collected errors contained in Dh(m)

and Ψh(m). To do so, we will rely heavily on the work previously done in 4.3.5. We

may do this because the error terms in Dh(m) and Ψh(m) loosely fall into one of two

categories: terms such as gn+1
1,h are just versions of the the splitting errors defined

in Chapter 4 projected into the finite element space. Thus, they are bounded in

norm by the terms in Chapter 4 according to (2.2.12), as we will show. Terms such

as Rf
hu

n+1 − un+1, on the other hand, are interpolation errors that we will bound

according to the properties of the interpolant.

We will also employ the following result which will allow us to avoid factors like
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∆th2.

Lemma 5.2.6. Let X be a Sobolev space with w ∈ X. Then it follows

∥wn+1∥2X ≤ C

(
∆t∥∂tw∥2L2(tn,tn+1;X) +

1

∆t
∥w∥2L2(tn,tn+1;X)

)
.

Proof. We first define

w̄n+1(x) :=
1

∆t

∫ tn+1

tn

w(x, s) ds.

Then it is straightforward to show

wn+1 − w̄n+1 =
1

∆t

∫ tn+1

tn

(s− tn)∂tw(·, s)ds.

Consequently, we have

∥wn+1∥2X =∥wn+1 − w̄n+1 + w̄n+1∥2X

≤C
(
∥wn+1 − w̄n+1∥2X + ∥w̄n+1∥2X

)
.

The result follows from applying (3.4.12).

Some quantities, however, will represent errors that result from both the inter-

polation and the time discretization. For these terms, we will refer to the following

lemma.
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Lemma 5.2.7. The following inequalities hold

∥∂∆tR
s
hq

n+1 − ∂tq
n+1/2∥2L2(Ωs)

≤C
(
h4

∆t
∥∂tq∥2L2(tn,tn+1;H2(Ωs))

+∆t3∥∂3t q∥2L2(tn,tn+1;L2(Ωs))

)
, (5.2.21a)

∥∂∆tR
f
hu

n+1 − ∂tu
n+1∥2L2(Ωf )

≤C
(
h4

∆t
∥∂tu∥2L2(tn,tn+1;H2(Ωf ))

+∆t∥∂2t u∥2L2(tn,tn+1;L2(Ωf ))

)
, (5.2.21b)

∥∇(Rs
h − I)∂∆te

n+1∥2L2(Ωs)
≤C h2

∆t
∥∂te∥2L2(tn,tn+1;H2(Ωs))

, (5.2.21c)

∥Shp
n+1 − pn+1∥2L2(Ωf )

≤C
(
∆th4∥∂tp∥2L2(tn,tn+1;H2(Ωf ))

+
h4

∆t
∥p∥2L2(tn,tn+1;H2(Ωf ))

)
, (5.2.21d)

∥ε(Rf
hu

n+1 − un+1)∥2L2(Ωf )
≤C
(
∆th2∥∂tu∥2L2(tn,tn+1;H2(Ωf ))

+
h2

∆t
∥u∥2L2(tn,tn+1;H2(Ωf ))

)
. (5.2.21e)

Proof. To prove (5.2.21a), we write

∂∆tR
s
hq

n+1 − ∂tq
n+1/2 = (Rs

h − I)∂∆tq
n+1 + (∂∆tq

n+1 − ∂tq
n+1/2)

and

∂∆tq
n+1 =

1

∆t

∫ tn+1

tn

(∂tq)(·, s)ds. (5.2.22)

Hence,

(Rs
h − I)∂∆tq

n+1 =
1

∆t

∫ tn+1

tn

(Rs
h − I)(∂tq)(·, s)ds.

It therefore follows from (3.4.12) and Lemma 2.2.14 that

∥(Rs
h − I)∂∆tq

n+1∥2L2(Ωs)
≤ 1

∆t

∫ tn+1

tn

∥(Rs
h − I)(∂tq)(·, s)∥2L2(Ωs)

ds
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≤Ch
4

∆t

∫ tn+1

tn

∥∂tq(·, s)∥2H2(Ωs)
ds. (5.2.23)

To estimate ∂∆tqn+1 − ∂tqn+1/2, we use Lemma 3.4.7. Therefore,

∥∂∆tq
n+1 − ∂tq

n+1/2∥2L2(Ωs)
≤ C∆t3

∫ tn+1

tn

∥∂3t q(·, s)∥2L2(Ωs)
ds. (5.2.24)

To get the bound (5.2.21b) we write

∂∆tR
f
hu

n+1 − ∂tu
n+1 = (Rf

h − I)∂∆tu
n+1 + ∂∆tu

n+1 − ∂tu
n+1.

Similar to the bound (5.2.23), we can show that

∥(Rf
h − I)∂∆tu

n+1∥2L2(Ωf )
≤ Ch4

∆t

(∫ tn+1

tn

∥∂tu(·, s)∥2H2(Ωf )

)
.

Furthermore, applying Lemma 3.4.7 and Hölder’s inequality, we establish

∥∂∆tu
n+1 − ∂tu

n+1∥2L2(Ωf )
≤ ∆t

3

∫ tn+1

tn

∥∂2t u(·, s)∥2L2(Ωf )
ds.

Combining the above two inequalites gives (5.2.21b).

For (5.2.21c) we use (3.4.12) and Lemma 2.2.14, to get

∥∇(Rs
h − I)∂∆tη

n+1/2∥2L2(Ωs)
≤C h2

∆t
∥∂tη∥2L2(tn,tn+1;H2(Ωs))

.

The proofs for (5.2.21d) and (5.2.21e) follow the same method, so we will only

show the work for (5.2.21d).
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Thus, for (5.2.21d), we recall from Lemma 2.2.14 that

∥Shp
n+1 − pn+1∥2L2(Ωf )

≤ Ch4∥pn+1∥2H2(Ωf )
.

The result then follows from Lemma 5.2.6.

Consequently, we will prove the following bound.

Lemma 5.2.8. Under Assumptions 4.3.3 and 4.3.4 and assuming h ≤ C∆t, we

have that, for all 1 ≤M ≤ N , it holds

Dh(M) +Ψh(M) ≤C(∆t)2
(
(1 + T )(L1 + L2)

3

α2

((
1 + log

1

∆t

)
∥∂tε(e)∥2L2(0,T ;L∞(Ωs))

+ ∥∂tdiv e∥2L2(0,T ;L∞(Ωs))

)
+ C

(
Y1,h +Y2,h +Y3,h

)
,

where

Y1,h :=h2
(
(1 + h2)ρs(1 + T )∥∂tq∥2L2(0,T ;H2(Ωs))

+ (1 + h2)ρfT∥∂tu∥2L2(0,T ;H2(Ωf ))

+ (1 + T )(L1 + L2)∥∂te∥2L2(0,T ;H2(Ωs))
+ µ∥u∥2L2(0,T ;H2(Ωf ))

+
h2

µ
∥p∥2L2(0,T ;H2(Ωf ))

+ (L1 + L2)∥e∥2L2(0,T ;H2(Ωs))

+ (L1 + L2)∥e∥2L∞(0,T ;H2(Ωs))

)
+ (∆t)2

(
(∆t)2ρs(1 + T )∥∂3t q∥2L2(0,T ;L2(Ωs))

+ ρfT∥∂2t u∥2L2(0,T ;L2(Ωf ))

+
h4

µ
∥∂tp∥2L2(0,T ;H2(Ωf ))

+ h2(L1 + L2)∥∂te∥2L2(0,T ;H2(Ωs))

+ h2µ∥∂tu∥2L2(0,T ;H2(Ωf ))

)
Y2,h :=(∆t)2

(
(∆t)2(1 + T )(L1 + L2)∥∂3t q∥2L2(0,T ;H1(ΩS))

+ h2∥∂tu∥2L2(0,T ;H3(Ωf ))
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+ (1 + α +
α2

µ
+ µ+ µ2 +

(1 + T )µ2

α
)∥∂tu∥2L2(0,T ;H2(Σ))

+ (1 + α)∥∂2t e∥2L2(0,T ;L2(Σ)) + (1 +
1 + T

α
+

1

µ
)∥∂tp∥2L2(0,T ;H1(Σ))

+ (∆t)2(1 + α)∥∂3t q∥2L2(0,T ;L2(Σ)) + Tρs∥∂2t q∥2L2(0,T ;L2(Ωs))

+ ((1 + T )(L1 + L2) + ρs)∥∂tq∥2L2(0,T ;H1(Ωs))
+
µ2T

α
∥ε(∂tu)∥2L2(0,T ;L∞(Σ))

+
T

α
∥∂tp∥2L2(0,T ;L∞(Σ)) + ρs∥∂tq∥2L∞(0,T ;L2(Ωs))

+h2∥∂tp∥2L2(0,T ;H1(Ωf ))

)
+ h2

(
∥u∥2L2(0,T ;H3(Ωf ))

+ ∥∇p∥2L2(0,T ;L2(Ωf ))

)
+ h4

(
Tµ2

α
∥∂tu∥2L2(0,T ;H2(Σ))

+
T

α
∥∂tp∥2L2(0,T ;H1(Σ))

)
Y3,h :=(∆t)2

(
(1 + T )(L1 + L2)

3 + ρs(L
2
1 + L2

2)

α2
∥∂te∥2L2(0,T ;H2(Ωs))

+
ρsT (L

2
1 + L2

2)

α2
∥∂2t e∥2L2(0,T ;H2(Ωs))

+
ρs(L

2
1 + L2

2)

α2
∥∂te∥2L∞(0,T ;H1(Ωs))

)
.

Proof. Since so many of the error terms may be bounded using results from pre-

vious chapters, we bound the sum of Dh(m) and Ψh(m) instead of the two terms

individually. Thus, to begin, we write

Dh(M) +Ψh(M) :=Hh +Lh + Ih,

where

Hh :=∆t
M−1∑
n=0

(
(1 + T )ρs∥∂∆tR

s
hq

n+1 − ∂tq
n+1/2∥2L2(Ωs)

+ Tρf∥∂∆tR
f
hu

n+1 − ∂tu
n+1∥2L2(Ωf )

+ (1 + T )∥(Rs
h − I)∂∆te

n+1∥2S

+ µ∥ε(Rf
hu

n+1 − un+1)∥2L2(Ωf )
+

1

µ
∥Shp

n+1 − pn+1∥2L2(Ωf )

+ ∥(Rs
h − I)en+1/2∥2S

)
+ ∥(Rs

h − I)eM∥2S + ∥(Rh − I)e0∥2S
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Lh :=∆t
M−1∑
n=0

(
(1 + T )∥h3,h∥2S + h2∥un+1∥2H3(Ωf )

+ h2∥∇Shp
n+1∥2L2(Ωf )

+ (1 + α +
α2

µ
)∥gn+1

1,h ∥2L2(Σ) + (1 + α)∥Rf
hu

n+1 − ∂∆tR
s
he

n+1∥2L2(Σ)

+ (1 +
1

α
+

1

µ
)∥ln+1 − ln∥2L2(Σ) + (1 + α)∥hn+1

3,h ∥2L2(Σ)

+ T (∆t)2ρs∥∂2∆tR
s
hq

n∥2L2(Ωs)
+ (1 + T )∥gn+1

1,h ∥2S

+ ρs∥gn+1
1,h ∥2L2(Ωs)

+
T

α
∥gn+1

2,h ∥2L∞(Σ)

)
+ ρs∥gM1,h∥2L2(Ωs)

+
Th2

α

M−1∑
n=0

∥gn+1
2 ∥2H1(Σ)

Ih :=∆t
M−1∑
n=0

(
ρs
α2

∥g̃n+1
2,h ∥2L2(Ωs)

+
1 + T

α2
∥g̃n+1

2,h ∥2S +
T (∆t)2ρs

α2
∥∂2∆tL

n
s,h∥2L2(Ωs)

)
+
ρs
α2

∥g̃M2,h∥2L2(Ωs)
.

Above, we can consider Hh to consist of the error terms resulting from either

the interpolation or a combination of the interpolation and the time discretization.

Most of these terms may be bounded by directly applying Lemma 2.2.14, and the

results of Lemma 5.2.7. For the terms involving the norm ∥ · ∥S, however, we work

more carefully, in order to keep track of the physical parameters as we did in the

previous chapter. Thus we have,

∥(Rs
h − I)e∥2S :=2L1∥ε(Rs

he− e)∥2L2(Ωs)
+ L2∥div (Rs

he− e)∥2L2(Ωs)

≤C(L1 + L2)∥(Rs
h − I)e∥2H1(Ωs)

≤C(L1 + L2)h
2∥e∥2H2(Ωs)

,

where the last step follows from Lemma 2.2.14.
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Then, using Lemma 5.2.6 and results from previous chapters, it follows

∥(Rs
h − I)en+1/2∥2S ≤C(L1 + L2)

(
∆th2∥∂te∥2L2(tn−1,tn+1;H2(Ωs))

+
h2

∆t
∥e∥2L2(tn−1,tn+1;H2(Ωs))

)
,

∥(Rs
h − I)eM∥2S + ∥(Rs

h − I)e0∥2S ≤C(L1 + L2)∆th
2∥∂te∥2L∞(0,T ;H2(Ωs))

.

We may also use identities(3.4.12) and (5.2.22) to establish

∥(Rs
h − I)∂∆te

n+1∥2S ≤ C(L1 + L2)
h2

∆t

∫ tn+1

tn

∥∂te(·, s)∥2H2(Ωs)
ds.

Consequently, we have

Hh ≤Ch2
(
(1 + h2)ρs(1 + T )∥∂tq∥2L2(0,T ;H2(Ωs))

+ (1 + h2)ρfT∥∂tu∥2L2(0,T ;H2(Ωf ))

+ (1 + T )(L1 + L2)∥∂te∥2L2(0,T ;H2(Ωs))
+ µ∥u∥2L2(0,T ;H2(Ωf ))

+
h2

µ
∥p∥2L2(0,T ;H2(Ωf ))

+ (L1 + L2)∥e∥2L2(0,T ;H2(Ωs)

+ (L1 + L2)∥e∥2L∞(0,T ;H2(Ωs))

)
+ C(∆t)2

(
(∆t)2ρs(1 + T )∥∂3t q∥2L2(0,T ;L2(Ωs))

+ ρfT∥∂2t u∥2L2(0,T ;L2(Ωf ))

+
h4

µ
∥∂tp∥2L2(0,T ;H2(Ωf ))

+ h2(L1 + L2)∥∂te∥2L2(0,T ;H2(Ωs))

+ h2µ∥∂tu∥2L2(0,T ;H2(Ωf ))

)
=:CY1,h.
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For Lh, we first rewrite the terms in the ∥ · ∥S norm.

∥hn+1
3,h ∥2S =2L1∥ϵ(hn+1

3,h ∥2L2(Ωs)
+ L2∥divhn+1

3,h ∥2L2(Ωs)

≤ C(L1 + L2)∥hn+1
3,h ∥2H1(Ωs)

,

and

∥gn+1
1,h ∥2S =2L1∥ϵ(gn+1

1,h ∥2L2(Ωs)
+ L2∥div gn+1

1,h ∥2L2(Ωs)

≤ C(L1 + L2)∥gn+1
1,h ∥2H1(Ωs)

,

Thus, we may use (2.2.12) to write

Lh ≤C∆t
M−1∑
n=0

(
(1 + T )(L1 + L2)∥h3∥2H1(Ωs)

+ h2∥un+1∥2H3(Ωf )

+ (1 + α +
α2

µ
)∥gn+1

1 ∥2L2(Σ) + h2∥∇pn+1∥2L2(Ωf )

+ (1 + α)∥∂ten+1 − ∂∆te
n+1∥2L2(Σ) + (1 +

1

α
+

1

µ
)∥gn+1

2 ∥2L2(Σ)

+ (1 + α)∥hn+1
3 ∥2L2(Σ) + T (∆t)2ρs∥∂2∆tq

n∥2L2(Ωs)

+ (1 + T )(L1 + L2)∥gn+1
1 ∥2H1(Ωs)

+ ρs∥gn+1
1 ∥2L2(Ωs)

+
T

α
∥gn+1

2 ∥2L∞(Σ)

)

+ ρs∥gM1 ∥2L2(Ωs)
+
Th2

α

M−1∑
n=0

∥gn+1
2 ∥2H1(Σ),

where we use (4.1.3a) to replace u with ∂te on the interface.

We may then use (3.4.12) and the results from the previous two chapters–namely

Lemma 3.4.7–to bound all of the terms in Lh. We therefore determine

Lh ≤C(∆t)2
(
(∆t)2(1 + T )(L1 + L2)∥∂3t q∥2L2(0,T ;H1(ΩS))

+ h2∥∂tu∥2L2(0,T ;H3(Ωf ))
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+ (1 + α +
α2

µ
+ µ+ µ2 +

µ2

α
)∥∂tu∥2L2(0,T ;H1(Σ))

+ (1 + α)∥∂2t e∥2L2(0,T ;L2(Σ)) + (1 +
1

α
+

1

µ
)∥∂tp∥2L2(0,T ;L2(Σ))

+ (∆t)2(1 + α)∥∂3t q∥2L2(0,T ;L2(Σ)) + Tρs∥∂2t q∥2L2(0,T ;L2(Ωs))

+ ((1 + T )(L1 + L2) + ρs)∥∂tq∥2L2(0,T ;H1(Ωs))
+
µ2T

α
∥ε(∂tu)∥2L2(0,T ;L∞(Σ))

+
T

α
∥∂tp∥2L2(0,T ;L∞(Σ)) + ρs∥∂tq∥2L∞(0,T ;L2(Ωs))

+ h2∥∂tp∥2L2(0,T ;H1(Ωf ))

)
+ Ch2

(
∥u∥2L2(0,T ;H3(Ωf ))

+ ∥∇p∥2L2(0,T ;L2(Ωf ))

)
+
CTh2∆t

α
µ2∥∂tu∥2L2(0,T ;H2(Σ)) +

CTh2∆t

α
∥∂tp∥2L2(0,T ;H1(Σ)).

For the coefficient in front of the last two terms, CTh2∆t
α

, we may avoid the term

h2∆t by using Young’s inequality to determine

CTh2∆t

α
≤ CT (h4 + (∆t)2)

α
.

Applying this to the result above yields CY2,h.

Finally, we consider Ih. Recall that we have

Ls,h =Rs
hLs = Rs

h(ϕ̃̃ls),

where Ls and l̃s are as defined in 4.3.4.

Thus, from (2.2.12), we may write

Ih ≤C∆t
M−1∑
n=0

(
ρs
α2

∥ϕ̃(̃ln+1

s − l̃
n

s )∥2L2(Ωs)

+
1 + T

α2
∥Rs

h

(
ϕ̃(̃l

n+1

s − l̃
n

s )
)
∥2S +

T (∆t)2ρs
α2

∥∂2∆t(ϕ̃(̃l
n

s ))∥2H1(Ωs)

)
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+
ρs
α2

∥ϕ̃(̃lMs − l̃
M−1

s )∥2L2(Ωs)
.

From Assumption 4.3.3 and condition (i) of Assumption 4.3.4, we know that ñs

is bounded, and 0 ≤ ϕ̃ ≤ 1. Thus,

∥ϕ̃(̃ln+1

s − l̃
n

s )∥2L2(Ωs)
≤C∥σs(en+1 − en)∥2L2(Ωs)

≤ C(L2
1 + L2

2)∥en+1 − en∥2H1(Ωs)
,

∥∂2∆t(ϕ̃(̃l
n

s ))∥2L2(Ωs)
≤C∥∂2∆tσs(e

n)∥2H1(Ωs)
≤ C(L2

1 + L2
2)∥∂2∆te

n∥2H21(Ωs).

Applying the results of Lemma 3.4.7, we have

Ih ≤C∆t
M−1∑
n=0

1 + T

α2
∥Rs

h

(
ϕ̃(̃l

n+1

s − l̃
n

s )
)
∥2S + C(∆t)2

(
ρs(L

2
1 + L2

2)

α2
∥∂te∥2L2(0,T ;H1(Ωs))

+
ρsT (L

2
1 + L2

2)

α2
∥∂2t e∥2L2(0,T ;H1(Ωs))

+
ρs(L

2
1 + L2

2)

α2
∥∂te∥2L∞(0,T ;H1(Ωs))

)
.

For the term in the ∥ · ∥S-norm, we follow the method of 4.3.5 and begin by

applying Lemma 2.2.12, followed by the product rule.

∥Rs
h

(
ϕ̃(̃l

n+1

s − l̃
n

s )
)
∥2S =2L1∥ϵ

(
Rs

h

(
ϕ̃(̃l

n+1

s − l̃
n

s )
))
∥2L2(Ωs)

+ L1∥divRs
h

(
ϕ̃(̃l

n+1

s − l̃
n

s )
)
∥2L2(Ωs)

≤C(L1 + L2)∥∇Rs
h

(
ϕ̃(̃l

n+1

s − l̃
n

s )
)
∥2L2(Ωs)

≤(L1 + L2)∥∇ϕ̃(̃l
n+1

s − l̃
n

s )∥2L2(Ωs)

≤C(L1 + L2)

(
∥∇ϕ̃∥2L2(Ωs)

∥̃ln+1

s − l̃
n

s∥2L∞(Ωs)

+ ∥ϕ̃∥2L∞(Ωs)∥∇(̃l
n+1

s − l̃
n

s )∥2L2(Ωs)

)

≤C(L1 + L2)

(
(1 + log

1

∆t
)∥̃ln+1

s − l̃
n

s∥2L∞(Ωs)
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+ ∥∇(̃l
n+1

s − l̃
n

s )∥2L2(Ωs)

)
.

Thus, recalling the definition of l̃s and ls and using product rule once more, we

have

∥Rs
h

(
ϕ̃(̃l

n+1

s − l̃
n

s )
)
∥S ≤C(L1 + L2)

(
(1 + log

1

∆t
)∥σs(en+1 − en)∥2L∞(Ωs)

+ ∥∇ñs∥2L∞(Ωs)∥σs(e
n+1 − en)∥2L2(Ωs)

+ ∥(L1 + L2)D
2(en+1 − en)∥2L2(Ωs)

)

≤C(L1 + L2)

((
1 + log

1

∆t

)(
L2
1∥ε(en+1 − en)∥2L∞(Ωs)

+ L2
2∥div (en+1 − en)∥2L∞(Ωs)

)
+ L2

1∥ε(en+1 − en)∥2L2(Ωs)
+ L2

2∥div (en+1 − en)∥2L2(Ωs)

+ (L1 + L2)
2∥D2(en+1 − en)∥2L2(Ωs)

)

≤C(L1 + L2)
3

((
1 + log

1

∆t

)(
∥ε(en+1 − en)∥2L∞(Ωs)

+ ∥div (en+1 − en)∥2L∞(Ωs)

)
+ ∥en+1 − en∥2H2(Ωs)

)

≤C∆t(L1 + L2)
3

((
1 + log

1

∆t

)(
∥∂tε(e)∥2L2(0,T ;L∞(Ωs))

+ ∥∂tdiv e∥2L2(0,T ;L∞(Ωs))

)
+ ∥∂te∥2L2(0,T ;H2(Ωs))

)
.

where, as before, D2e denotes the Hessian of e.
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Putting everything together, the bound for Ih becomes

Ih ≤C(∆t)2
(
(1 + T )(L1 + L2)

3

α2

((
1 + log

1

∆t

)
∥∂tε(e)∥2L2(0,T ;L∞(Ωs))

+ ∥∂tdiv e∥2L2(0,T ;L∞(Ωs))

)
+

(1 + T )(L1 + L2)
3 + ρs(L

2
1 + L2

2)

α2
∥∂te∥2L2(0,T ;H2(Ωs))

+
ρsT (L

2
1 + L2

2)

α2
∥∂2t e∥2L2(0,T ;H2(Ωs))

+
ρs(L

2
1 + L2

2)

α2
∥∂te∥2L∞(0,T ;H1(Ωs))

)

=C(∆t)2
(1 + T )(L1 + L2)

3

α2

((
1 + log

1

∆t

)
∥∂tε(e)∥2L2(0,T ;L∞(Ωs))

+ ∥∂tdiv e∥2L2(0,T ;L∞(Ωs))

)
+ CY3,h.

From here, we may combine this result with (5.2.20) to present the final result.

Theorem 5.2.9. Under Assumptions 4.3.3 and 4.3.4, and assuming that h ≤ C∆t

and the solution is smooth enough so that Yh defined below, ∥∂tε(e)∥2L2(0,T ;L∞(Ωs))
,

and ∥∂tdiv e∥2L2(0,T ;L∞(Ωs))
are bounded, we have

max
0≤M≤N

(SM
h + EM

h ) +
N−1∑
n=0

(Zn+1
h +Wn+1

h )

≤ C(∆t)2

(
(1 + T )(L1 + L2)

3

α2

((
1 + log

1

∆t

)
∥∂tε(e)∥2L2(0,T ;L∞(Ωs))

+ ∥∂tdiv e∥2L2(0,T ;L∞(Ωs))

)
+Yh

)
,

where

Yh := Y1,h +Y2,h +Y3,h,

are as defined in Lemma 5.2.8.
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5.3 Final Discussion

5.3.1 A comment about the numerical experiments

The fully discrete method developed in this chapter is not exactly the method used

in the numerical experiments in Chapter 4. The major difference is that in the

numerical experiments, we approach the method purely as a Lagrange multiplier

method, and treat λh as test function in its own finite element space. Critically, we

do not impose boundary conditions for λh at the endpoints of Σ.

In the method in this chapter, on the other hand, we associate λh as an element

of the trace space of V f
h using a discrete lifting operator argument. Consequently,

λh inherits the boundary conditions in V f
h at the endpoints of Σ which suggests that

λh must be zero at the endpoints.

However, the reader will be relieved to know that the method described here

in this chapter is neither worse nor better than the method used in the numerical

experiments!1 When using the Lagrange multiplier method, we have

α(un+1
h − ∂∆tη

n+1/2
h ) = λn

h − λn+1
h on Σ.

Thus, given that uh and ηh are both zero at the endpoints of Σ, we have

λn
h − λn+1

h = 0 ∀n ∈ {0, . . . , N},

at the endpoints of Σ. In other words, λh will be constant at the endpoints!

1So it’s nothing to panic about...
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Additionally, when λh is used to approximate the fluid stress on Σ in the discrete

Robin-Robin method described in this chapter, the term appears in an inner product

with a function in V f
h, which will also be zero at the endpoints of Σ. Consequently,

one could say that the discrete Robin-Robin method does not notice the endpoint

behavior of λn+1
h , as we never actually use V g

h to approximate the fluid stress on Σ.

Furthermore, the analysis of these two methods are the same since the Scott-

Zhang interpolant Rg
h can be modified to accommodate the boundary conditions

of V g
h. Therefore, choosing between the lifting operator method and the Lagrange

multiplier method for numerical experiments is simply a matter of preference.2

5.3.2 Concluding remarks

In this chapter, we extended the FSI results on the time semi-discrete system in

Chapter 4 to the fully discrete system. We showed that the nearly optimal conver-

gence in time (and optimal convergence in space) holds when linear Lagrange finite

elements are applied to the spacial variables, provided h ≤ C∆t.

More specifically, the final error estimate (Theorem 5.2.9) yields an upper bound

of

C(∆t)2

(
T (L1 + L2)

3

α2

((
1 + log

1

∆t

)
∥∂tε(e)∥2L2(0,T ;L∞(Ωs))

+ ∥∂tdiv e∥2L2(0,T ;L∞(Ωs))

)
+Y1,h +Y2,h +Y3,h

)
.

Disregarding the parameters ρS, ρf , µ, L1, L2, and α for the moment, we may deduce

2The lifting operator approach also allows you to avoid an additional finite element space, which
some people find very convenient.
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from Lemma 5.2.8

Y1,h =O(h2 + (∆t)2)

Y2,h =O(h2 + (∆t)2)

Y3,h =O((∆t)2).

Consequently, taking the square root results in optimal orders of convergence

for the term Yh. It is therefore clear that the error estimate for the FSI system is

determined by the logarithmic term that is O((∆t)2
(
1 + log 1

∆t

)
. To the best of

our knowledge, there is no other explicit coupling for FSI with superior and provable

error estimates.

However, we saw in 4.4.1 that this is clearly not the whole story when it comes

to the convergence of the Robin-Robin method, and the parameters cannot be dis-

regarded. Furthermore, although nearly optimal convergence is the best we know

of for rigorously proven convergence results, higher order methods would certainly

be desirable. Thus, there is still interesting work to be done with the Robin-Robin

method, and we will dedicate the next and final chapter of this thesis to exploring

these future paths.



Chapter Six

Conclusion
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6.1 Summary of results

In this thesis, we explored the application of the Robin-Robin method for explicit

couplings. We applied the method to four cases: the parabolic-parabolic coupled

problem, the parabolic-hyperbolic coupled problem, the semi-discrete FSI problem,

and the fully discrete FSI problem.

In each of these cases, the Robin-Robin method was proven to be stable with

nearly optimal convergence. Critically, we believe this work provides the first rigorous

analysis of such results for an explicit coupling of the FSI problem. Previously, the

provable convergence results we are aware of were O(
√
∆t) at best. Our method

is unconditionally stable with no restrictions on the parameters. Consequently, we

believe these results represent a significant step forward in the development of robust

explicit couplings for the FSI problem. In the remainder of this thesis, we will explore

the possible extensions to the results presented here, and the projects we hope to

pursue in the future.

6.2 Future work

6.2.1 Parameter sensitivity questions

Recall from 4.4.1 that the values of the physical parameters had a significant impact

on the convergence of the Robin-Robin method for FSI. Indeed, when all parameters

were set to 1, the method displayed nearly first order convergence after one or two

refinements of the time step. However, when µ, L1, and L2 were increased by factors

of 100 and 1000, we immediately saw what appears to be a significant delay in the
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convergence.

Unfortunately, we cannot say for certain what causes the Robin-Robin method

for FSI to be so sensitive to the values of the physical parameters. It could, perhaps,

indicate that there is fluctuation among the terms that dominate the error, and this

fluctuation is balanced out when the physical parameters are all equal to 1. In this

case, it could be that larger values of µ, L1, and L2 throw off the balance for these

fluctuations and delay the asymptotic convergence of the system. This, however, is

purely conjecture.

As a future direction for this research, we propose an in-depth study of the effect

of the physical parameters on the convergence. Initially, this would likely consist

of a series of numerical experiments like those conducted in 4.4.1. In addition, it

would be interesting to develop a posteriori error estimates for the FSI system with

Robin-Robin coupling. Ideally, these would allow us to isolate terms in the method

and determine their contribution to the error estimates.

6.2.1.1 Choice of α

We also observed in 4.4.1 that the value of the Robin parameter α appeared to have a

significant impact on the convergence. Although this seems strongly correlated with

the values of the physical parameters (recall from 4.4.1 that α appeared to somewhat

counteract the negative effects of increasing µ, L1, and L2), it is also interesting to

consider α on its own. This is because α is a parameter that is artificially introduced

by the splitting method, so it does not immediately represent any physical property

of the system.
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However, α is not dimensionless. The Robin interface conditions relate the fluid

and solid stresses, σf (u, p) and σs(e), to the fluid and solid velocities, u and q, at the

interface. However, stress is measured in Pascals (Pa), or Newtons per square-meter

(N/m2), whereas velocity is in meters-per-second (m/s) [50]. Thus, in order for the

Robin conditions to make physical sense, α must have units of measure to make the

dimensional analysis balance out. In other words, we need

α
(m
s

)
=

N

m2
=

kg

s2 ·m
,

where we are using α in this case to represent the units of measure for the parameter

α.

Following the dimensional analysis, we find that α must have the units

kg

s ·m2
,

which may potentially be interpreted as the units corresponding to mass flow rate per

unit area. The mass flow rate (also referred to as mass flux ) represents the mass of

the fluid flowing per unit time (assuming the fluid has a constant density)[50]. Recall

that the concept of mass is difficult to prescribe to a fluid because it flows and fills

the space it occupies, so we use the mass flow rate to quantify the transfer of mass

over time. Thus, this quantity shows up in the equations governing conservation of

mass, which we know are broken when loose couplings are applied. Consequently, it

is possible that choosing α to be related to this mass flow allows us to minimize the

error by limiting how much mass is lost/gained.1

Note, however, that we do not have the exact units for the mass flow rate, as we

1In other words, perhaps α can limit how badly we break the law of conservation of mass.



189

have an additional (1/m2). More precisely, the units of measure for α indicate that

it may be related to the quantity of mass flowing through a unit of area per a unit

of time. This perhaps makes sense, as the Robin conditions are only applied at the

interface, so it would be better to consider a localized mass flow rate instead of the

traditional global quantity. Unfortunately, as this is a qualitative argument, we can-

not take it much further without making unsubstantiated claims, but it does provide

us with an interesting possible direction when considering the following question: is

there an optimal value for α?

Clearly, an optimal choice for α will be the value that speeds up asymptotic

convergence of the system as much as possible. In other words, it is the value that

best counteracts the negative effects of large physical parameters. If α truly does

correspond to a physical quantity related to the mass flow rate, then perhaps there is

a way to relate this value to the values of the physical parameters. For example, L1

and L2 are measured in pascals (Pa), and µ is measured in N ·s
m2 , or pascal-seconds.

2

These units are all functions of kg (kilograms), m (meters), and s, so perhaps an

optimal α may be written as a function of L1, L2, and µ.
3

If we prefer to follow a less heuristic approach, however, perhaps the same a

posteriori estimates mentioned above would prove useful in determining how to best

choose α. Alternatively, one could employ techniques from machine learning or the

optimal Schwarz methods mentioned in Chapter 1 (see e.g. [35, 41]).

2It is unclear if pascal-seconds is an actual unit of measure, but we will pretend it is for now.
3I would like to thank my high school chemistry and physics teachers for teaching me the power

of persistence and following a dimensional analysis through until you can go no further.
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6.2.2 Static interface vs. moving interface

As mentioned in 1.1.2.1, we have assumed that the structure in our FSI problem

undergoes infinitesimal deformations. In other words, for all intents and purposes

the interface is completely static. However, this is not realistic, as in many cases the

structure can undergo significant deformation in response to the fluid. In the flight

of a large aircraft, for example, the fluid (air) forces can deflect the tip of the wing

up by 10 meters [45].

As a result, an interesting and important extension to the work in this thesis

would be to extend the analysis of the Robin-Robin method to FSI problems with

moving interfaces. Preliminary work on this problem, including a stability analysis,

has been carried out in [48], however the extension of the convergence results remains

elusive. The major challenge in this case appears to be the inclusion of a third

coupling condition in the “moving interface” problem. Specifically, in addition to the

traditional dynamic and kinematic coupling conditions (1.1.3), the moving domain

problem has a geometry condition that forces the (moving) subdomains to remain

flush.4

This new “domain updating” condition must be applied in such a way that it

does not disrupt the loose/explicit coupling of the Robin-Robin method. In [48], it is

applied as an intermediate step between the structure and fluid subproblems, using

the newly computed solution to the structure at time step n+ 1 to update the fluid

domain. The numerical experiments carried out in [48] suggest that the Robin-Robin

method for moving domains behaves comparably to the static interface system, thus

it is very possible that this is sufficient, and the Robin-Robin approximation will

4This is similar to the kinematic coupling conditions, but it now applies directly to the domains,
rather than the velocities.
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remain consistent with the exact solution, but without a rigorous error analysis we

can say nothing with certainty. As with any loose coupling, we are introducing a

time delay by serializing the computation of the subsystem, and we know from the

added-mass instability that this discrepancy should not be taken lightly. However,

we believe that the results presented in this thesis will provide a valuable starting

point for the moving domain analysis.

6.2.3 Second order and beyond!

Last but not least, the most immediate next step for the Robin-Robin method is

perhaps to extend it to a second order method. We propose to begin with the sim-

plified parabolic-parabolic coupling. There are many options to begin this extension.

For example, we could apply a Crank-Nicholson time discretization in both subprob-

lems, with an appropriate second order extrapolation in the Robin conditions on the

terms occurring at time step n (i.e. replace ln with 2ln = 2ln− ln−1/2). However, this

method may not be stable, so one or two correction steps would need to be applied to

guarantee stability. Alternatively, BDF2 time stepping with correction steps could

be investigated, or a two-stage Runge-Kutta method such as Heun’s method.
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