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The unification of quantum mechanics and general relativity is the holy grail of fundamental the-

oretical physics. This thesis represents a small part of that effort, where we consider a number of

problems that might be of interest to the theoretical studies of black holes and quantum cosmol-

ogy. Why study black holes and quantum cosmology, one might ask? The answer lies in the fact

that they are the only two systems where it is necessary to apply quantum mechanics and general

relativity simultaneously. In particular, they both have event horizons, which are global structures

of the spacetime that prevent events from making causal contact. They therefore have become the

primary arenas where logical incompatibilities of quantum mechanics and general relativity can be

made most transparent. One of the most dramatic incompatibilities is the black hole information

paradox, which concerns the unitarity of processes that involve the formation and the evaporation

of black holes. This thesis will first discuss a proposed resolution to the information paradox called

black hole complementarity, and a closely linked issue known as quantum scrambling, in particular in

the context of a 2D conformal field theory. We will then present a microscopic quantum model of the

de-Sitter universe that incorporates the required quantum scrambling on the cosmological horizon.

This quantum model of cosmology is a so-called “holographic” map between the stretched horizon

of the de-Sitter spacetime and the static patch (colloquially known as the “bulk”). Continuing in a

similar vein, the rest of the thesis will be concerned with building holographic theories between flat

spacetime and its boundary, and we present two holographic theories of the flat spacetime, first for

massive scalar particles and then extending the results to gravitons. As these all have something to

do with mappings between boundary 2-spheres and their bulk, this is therefore a story of building

holography on 2-spheres. Hence the title of this thesis.
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Preface

The unification of quantum mechanics and general relativity is the holy grail of fundamental the-

oretical physics. This thesis represents a small part of that effort, where we consider a number of

problems that might be of interest to the theoretical studies of black holes and quantum cosmology.

A natural question to ask is: how does the study of black holes and quantum cosmology help us unify

quantum mechanics and general relativity? The answer lies in the simple observation that black

holes and our universe both share a number of key features that practically demand the simultaneous

application of quantum mechanics and general relativity: they both have a singularity, where matter

and energy are infinitely dense, and known laws of physics do not apply, as well as a horizon, which

prevents spacetime events from making causal contact no matter how much they want to. They are

also intrinsically gravitational systems, meaning that their classical (ie. non-quantum) description

involves only the spacetime geometry1. They therefore have become the primary objects to study if

one wants to build a unified theory of quantum gravity, because it is in these two systems that the

logical incompatibilities of quantum mechanics and general relativity become most apparent.

One of the most fundamental reason that makes quantum mechanics incompatible with general

relativity is the existence of entangled states in quantum mechanics. You can form arbitrary su-

perpositions of quantum states, and these quantum superpositions are still valid quantum states.

However, in general relativity arbitrary superpositions of spacetime geometries do not make any

sense (especially when they have different topologies). This has motivated the opinion that general

relativity should be viewed an emergent theory as part of a complete quantum theory of spacetime,

and the idea of defining a “holographic” theory between a quantum mechanical model and a semi-

classical gravity in a spacetime with one additional spatial dimension. In other words, objects on

the classical spacetime (called the bulk) are mapped into objects in the quantum mechanical model

defined on its boundary, and objects in the boundary quantum mechanical models are mapped into

objects in the semi-classical local field theory in the bulk. This thesis will discuss three separate,

but closely linked issues that all have something to do with building holographic theories between

the bulk and the boundary. As these boundaries are all two-dimensional spheres, this is therefore a

story of building holography on 2-spheres. Hence the title of this thesis.

1One might argue that for a charged black hole the full description contains both the Maxwell field and the metric.
This is certainly true, but the most important feature, ie. the singularity and the event horizon structure, involve
only the metric.
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Chapter 1

Introduction

This thesis is based on the materials published in the following four papers:

1. Notes on Scrambling in Conformal Field Theory, Phys.Rev.D 98 (2018) 12, 126013

2. Holographic Map for Cosmological Horizons, Int.J.Mod.Phys.A 35 (2020) 26, 2050158

3. Conformal Wave Expansions for Flat Space Amplitudes, JHEP 07 (2021) 102

4. Conformal Wavefunctions for Graviton Amplitudes, JHEP 01 (2022) 148

As we have explained in the Preface, the results in these papers will hopefully contribute to the

overall goal of building a consistent theory that unifies quantum mechanics and general relativity.

There are several closely related ideas in play here, so in this Introduction we will review the relevant

literature and explain how the work in the rest of the thesis is motivated by these ideas.

The fundamental reason why it is so difficult to build a consistent quantum theory of gravity, is

that the theory of general relativity and the theory of quantum mechanics are logically incompatible

in their core assumptions. The core assumption of general relativity is the equivalence principle,

the mathematical formulation of which is that spacetime is a Riemann manifold. On the other

hand, in quantum mechanics states are described as vectors in a Hilbert space evolving via unitary

operators. The incompatibilities of these assumptions are best shown in what is known as the black

hole information paradox, which we will now explain.

The black hole information paradox follows from a famous result from Hawking [1], now known

as the Hawking radiation, which says that black holes of a given massM radiate with a temperature

TH that is proportional to its surface gravity on the horizon. For Schwarzschild black holes this is

inversely proportional to its mass:

TH =
1

8πM

in Planck units (c = ℏ = G = kB = 1). This radiation has a thermal (black body) spectrum, and it

takes energy away from the black hole, which implies that black holes evaporate and will eventually

1
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disappear1. This may not seem problematic by itself, and it is a reasonably robust result that follows

directly from semi-classical physics near the horizon, without invoking any Planck-scale assumptions.

However, the fact that the radiation has a thermal spectrum violates quantum mechanics in the most

profound way: imagine a collection of particles in a pure quantum state that forms a black hole,

which then evaporates into a collection of thermal particles. This is therefore a scattering process

which turns a pure state into a thermal density matrix, so it cannot be unitary in general. As

unitarity is equivalent to information conservation, we therefore have a paradox where any process

that involves black holes as intermediate states has information loss.

The core geometric property of black holes that led to the information paradox, is that classically,

once information has crossed the event horizon, it will never be able to get out. An idea known as

black hole complementarity [4] is therefore to propose that in the full quantum theory of gravity, the

Hawking radiation from the horizon is not completely thermal, but instead carries subtle deviations

that encode the incoming state. In other words, the event horizon, or more correctly the “stretched

horizon” that is one Planck length outside the event horizon, scrambles the incoming information

and “reflects” them via subtle correlations in the outgoing Hawking radiation. However, on closer

inspection this leads to a new paradox: if a particle carrying some information crosses the event

horizon, the equivalence principle implies that the free-falling observer sees nothing special about

the event horizon, certainly nothing so dramatic that destroys the information. At the same time

though, the information is being reflected by the stretched horizon, so one would be able to see

two copies of the same quantum state by first collecting the Hawking radiation and then jump

into the event horizon to catch the original carrier of the information. This is a direct violation of

the quantum no-cloning theorem [3], which itself follows from linearity and unitarity of quantum

mechanics.

There is a clever way out of this, and it draws from the lesson we have learned from both relativity

and quantum mechanics, which is that descriptions of physics should depend on the observer. It

is indeed true that information seems to appear in two different places, but no single observer can

observe them simultaneously. For an observer to observe the information reflected by the stretched

horizon, he must first wait long enough to collect enough Hawking radiation to reconstruct the

original information. If the stretched horizon takes too long to reflect information, the observer

would not have enough time once he jumps into the event horizon, because the original carrier

would have died at the singularity.

This is explained in detail in Ref. [5], but the upshot is that the stretched horizon must be

able to hide information longer than the so-called scrambling time-scale t⋆, otherwise the quantum

no-cloning theorem is violated. For a Schwarzschild black hole of mass M , this is

t⋆ = β logS

1We assume that after evaporation, there is nothing left for the black hole and spacetime is back to normal,
ie. locally Minkowski spacetime without any singularity. A different resolution to the information paradox instead
proposes that a Planck-scale remnant is left over as a result of black hole evaporation, which carries the information
that has been captured by the event horizon. Although an interesting, if not somewhat problematic idea (see, for
instance, Ref. [2] for a review), in this thesis we assume the absence of any Planck-scale remnant.
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Here β is the inverse Hawking temperature β = 1/TH = 8πM , and S is the Bekenstein-Hawking

entropy. We are therefore led to the task of finding quantum systems that exhibit this scrambling

time-scale, and for several types of quantum systems, from Brownian quantum circuits [6] to a sparse

random graphs [6, 7], we do observe at least in a certain sense a scrambling time that is logarithmic

in their system size. This has subsequently led Ref. [8] to study quantum scrambling in the generic

setting of a 2D conformal field theory at finite temperature, and conclude that if the intermediate

channel were dominated by the Virasoro identity block, then the out-of-time-order correlators would

exhibit a time-scale t⋆ that is logarithmic in the central charge c:

t⋆ =
β

2π
log

c

hw

Here β is the inverse temperature and hw is the conformal weight of an operator W .

Chapter 2 of this thesis is therefore dedicated to a more careful study of this scrambling time-

scale in 2D conformal field theories. We will find that subject to certain caveats, our results concur

with Ref. [8], but only if the intermediate channels are dominated by the Virasoro identity block.

However, for many conformal field theories this is not true. We find that even a sparse spectrum of

intermediate states can dominate the out-or-time-order correlators, and therefore spoil or at least

dramatically modify the onset of quantum chaos. This has important implications which we will

discuss in detail in Chapter 2, but one of the biggest impacts is that the decoupling theorem is

no longer true for the gravity dual of the boundary CFT, and one can no longer use effective field

theory to describe bulk physics.

Armed with the insights about quantum scrambling on the black hole horizon, it is interesting

to see if we can apply the same understanding to cosmological horizons, since they share the same

mathematical formulation classically. In particular, it would be interesting to build a microscopic

theory of the cosmological horizon that enables the thermodynamic interpretation of the de-Sitter

entropy as the logarithm of the number of quantum microstates encoded by the stretched horizon.

We would expect the stretched horizon of the de-Sitter spacetime to share the same feature of the

stretched horizon of black holes, in the sense that for an observer in the static patch the stretched

horizon scrambles information and reflects them via Hawking radiation with the de-Sitter tempera-

ture. In Chapter 3 we will attempt to build such a theory, where we model the de-Sitter horizon as a

large-N quantum spin model with a Hamiltonian consisting of a “local” piece, which reproduces the

semi-classical local bulk physics, and a “non-local” piece which generates the scrambling dynamics.

This is a holographic theory in the sense that we have constructed a map between semi-classical

gravity in a bulk spacetime (in our case the static patch of the de-Sitter spacetime) and a unitary

quantum mechanical model its boundary (the stretched horizon).

A key piece in our holographic map on the cosmological horizon is the ability to write bulk modes

as spin waves living on the boundary spin model. This requires that we solve for the wavefunctions of

scalar fields living on the bulk. In a similar vein, in Chapter 4 we will discuss how one can construct

wavefunctions of massive scalar fields that transform as a unitary principal series representation of

the SO(3, 1) group. This is motivated by recent work in constructing holographic theories between
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flat 4D Minkowski spacetime and its 2D boundary, known as the celestial sphere [38, 39, 40, 41].

As an application, we will discuss how these unitary principal series wavefunctions can be used to

construct a holographic map between gravitons living in 4D Minkowski spacetime and conformal

operators living on the celestial sphere. The details will be discussed in Chapter 5, but the basic idea

is to decompose the Weyl scalars built from the graviton modes into the scalar modes in Chapter

4, and map these into the celestial sphere. Both the scalar holographic map and the graviton

holographic map are invertible, in the sense that one can recover the original bulk modes via inverse

transforms on the celestial operators. We will discuss both the successes and the shortcomings

of our procedure. These include, in particular, the fact that this simple holographic map that we

have proposed amounts to a kinematic reorganization of the bulk modes, and that it remains unclear

whether the addition of dynamical interactions will have any useful description in terms of conformal

operators on the celestial sphere.



Chapter 2

Notes on Scrambling in Conformal

Field Theory

The onset of quantum chaos in quantum field theory may be studied using out-of-time-order corre-

lators at finite temperature. Recent work argued that a timescale logarithmic in the central charge

emerged in the context of two-dimensional conformal field theories, provided the intermediate chan-

nel was dominated by the Virasoro identity block. This suggests a wide class of conformal field

theories exhibit a version of fast scrambling. In the present work we study this idea in more de-

tail. We begin by clarifying to what extent correlators of wavepackets built out of superpositions of

primary operators may be used to quantify quantum scrambling. Subject to certain caveats, these

results concur with previous work. We then go on to study the contribution of intermediate states

beyond the Virasoro identity block. We find that at late times, time-ordered correlators exhibit a

familiar decoupling theorem, suppressing the contribution of higher dimension operators. However

this is no longer true of the out-of-time-order correlators relevant for the discussion of quantum

chaos. We compute the contributions of these conformal blocks to the relevant correlators, and find

they are able to dominate in many interesting limits. Interpreting these results in the context of

holographic models of quantum gravity, sheds new light on the black hole information problem by

exhibiting a class of correlators where bulk effective field theory does not predict its own demise.

2.1 Introduction

It has been suggested that quantum theories of gravity exhibit a property known as fast scrambling,

where a generic quantum state exhibits global thermalization in a timescale that is logarithmic in

the system size [5]. It is interesting to explore this idea in the context of holographic theories of

gravity dual to conformal field theories, where one may try to extract constraints on the class of

conformal field theories with gravity duals.

One simple way to to quantify this notion of scrambling is to consider the norm (or equivalently

5
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the square) of the commutator of a pair of Hermitian operators V and W at different times. For the

purposes of the present chapter, we will also consider the system at finite temperature, with inverse

temperature β. This leads to a relation with out-of-time-order correlators

−⟨[V (0),W (t)]2⟩β = ⟨V (0)W (t)W (t)V (0)⟩β + ⟨W (t)V (0)V (0)W (t)⟩β

− ⟨W (t)V (0)W (t)V (0)⟩β − ⟨V (0)W (t)V (0)W (t)⟩β . (2.1)

For sufficiently late times, the first two terms are simply the time-independent disconnected dia-

gram ⟨WW ⟩β⟨V V ⟩β , while the last two terms are genuine out-of-time-order correlators. For the

2d conformal field theories of interest here, these correlators may be computed by continuing the

Euclidean four-point function through the second Riemann sheet [8], as we describe in detail later.

These terms vary as a function of t, unlike the disconnected terms, and from them a scrambling

timescale may be extracted. In the following section we describe in more detail the dependence

of this timescale on the chosen operators. Briefly, one wishes to choose operators that exhibit the

longest scrambling timescale, so one may use this commutator computation as a proxy for asking

that the longest timescale a generic state scrambles. There may of course exist special choices of

operators with much shorter scrambling times, and likewise special choices with much longer times,

such as those that commute with the Hamiltonian.

In order to study these out-of-time-order correlators at finite temperature in conformal field

theory we will begin with the Euclidean theory on S1 × R. The correlators in this theory may be

obtained by a conformal mapping from the complex plane. The circle direction is to be periodically

identified with period β and corresponds to the imaginary time direction. The spatial direction is

then necessarily of infinite extent. For the purposes of the present chapter we will study four-point

correlators of primary operators, as well as correlators of wavepackets of such operators. Four-point

functions of primaries are expressed in the so-called conformal blocks of the theory. In general, these

conformal blocks are not known beyond infinite series expansions. However there has been much

progress in the literature on obtaining asymptotic expansions of these conformal blocks in a variety

of limits, and we will make extensive use of these results in the following [9].

In holographic theories, the graviton mode is dual to the stress energy tensor of the CFT, which

in turn is a Virasoro descendant of the identity operator. Long distance bulk physics should be

dominated by the propagation of this mode, so the limit where the identity block dominates the

conformal block is of particular interest. Assuming this intermediate Verma module dominates the

conformal block of the four-point function [8] (as well as assuming large central charge and large

external conformal weight hw) obtained a scrambling time logarithmic in the central charge c of the

CFT

t∗ =
β

2π
log

c

hw
(2.2)

suggesting (at least if the result can be continued to values hw of order 1) that conformal field

theories exhibit a version of fast scrambling.
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In this chapter we will study this problem in more detail. One immediate issue is that primary

operators on their own do not exhibit the timescale (2.2), but rather a thermalization timescale of

order β or less. However the class of states obtained by acting on the thermal state with a primary

is not necessarily a good representative of a generic state, so this is not an immediate contradiction.

To proceed we fold the primary operators into wavepackets, and consider optimizing the shape of

the wavepacket to obtain the longest thermalization time. When this is done, we find a timescale

resembling (2.2) does indeed emerge. Next we examine the contribution of Verma modules with

higher conformal weights to the four-point function. While we find the time-ordered four-point

functions respect the familiar late-time decoupling theorems, and can be ignored with respect to the

identity block, this is no longer true of the out-of-time-order correlators needed to compute (2.1). We

compute the contributions of these higher intermediate states, and find these can indeed dominate

the commutator even when all the time-ordered correlators have a sensible holographic description

in terms of bulk low energy effective field theory. This implies that many of the bulk observables,

defined over finite ranges of time, that one might use to probe the black hole information problem,

are not accessible using low energy effective field theory. In this sense effective field theory does not

predict its own demise.

2.2 Scrambling and CFT Correlators

We consider a thermal system described by a conformal field theory living on a spatial real line x

with imaginary time −it periodically identified with period β. We can map this spatially infinite

thermal system to a CFT defined on the complex plane z via the exponential map

z = exp

(
2π

β
(x+ t)

)
.

We are interested in computing the 4-point functions that appear in (2.1) so to this end we consider

four pair-wise local operators, inserted at distinct spatial positions as in fig. 2.1. We therefore have,

after conformal mapping

z1 = e
2π
β x1

z2 = e
2π
β x2

z3 = e
2π
β (x3+t)

z4 = e
2π
β (x4+t)

where we are interested in the limit x1 → x2, x3 → x4 to reproduce the desired commutator.

The spacetime dependence of the conformal blocks appearing in the 4-point function will only

depend on the cross-ratio z = z12z34/z13z24 (and z̄) which is easily shown to be

z =
sinh

(
π
β (x1 − x2)

)
sinh

(
π
β (x3 − x4)

)
sinh

(
π
β (t− x1 + x3)

)
sinh

(
π
β (t− x2 + x4)

) .
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Figure 2.1: The configuration of four pair-wise identical local operators, themselves separated by
large t.

As discussed in appendix A.1 we rescale the 4-point function by the coincident 2-point functions,

to scale out the operator norm. The rescaled correlators then depend only on the cross-ratios as in

(A.4).

As an example, let us consider the identity conformal block in a large c limit, where the V and

W operators have conformal weights hv and hw respectively. The large c limit is to be taken with

hw/c fixed, and hv ≪ c fixed. The conformal block F(z) in this limit is computed in [9, 10]

z2hvF(z) ≈
[
zαw(1− z)(αw−1)/2

1− (1− z)αw

]2hv

, (2.3)

with αw =
√
1− 24hw/c. The real-time out-of-time-order correlator is obtained by continuing this

block to the second Riemann sheet as described in [8] and the leading contribution to the rescaled

commutator is

z2hvF(z) ≈
[
e−πi(αw−1)zαw(1− z)(αw−1)/2

1− e−2πiαw(1− z)αw

]2hv

∼

(
1

1− 24πihw

cz

)2hv

. (2.4)

Let us take a limit where ϵ12 = x1 − x2 and ϵ34 = x3 − x4 are much smaller than β, and without

loss of generality set x1 = 0. The cross-ratio is then approximately

z ≈ π2

β2

ϵ12ϵ34

sinh2
(

π
β (t+ x3)

)
provided we stay away from light-like separations where x3 → −t. As we see the conformal block

on the second sheet has a simple limit as ϵ12 and ϵ34 → 0, when z → 0, corresponding to the actual

computation of the commutator

z2hvF(z) ≈
(

cz

24πihw

)2hv

. (2.5)
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The exponential decay of this quantity indicates the commutator between V and W becomes large

after a time of order

t =
β

4πhv
(2.6)

showing rapid thermalization of primary operators on a timescale much shorter than (2.2).

However the interesting physical question is whether generic states exhibit some notion of quan-

tum scrambling on a longer timescale. To explore this question in the current context of CFT

4-point functions, we can then try to build more generic deformations of the thermal density matrix

by acting with primary operators folded into wavepackets with some characteristic spatial size L.

Computing the 4-point function of these wavepackets, one can attempt to vary L to maximize the

convoluted amplitude, then ask what thermalization timescale emerges.

Concretely, we convolute the function (2.4) with spatial Gaussian wavepackets with width L.

We will choose t, L and the xi such that light-like singularities in z are avoided. In this regime,

the resulting integral will be dominated by a saddle point value of z, and the convoluted (rescaled)

conformal block may then be well approximated by simply substituting this value into (2.4). Given

the simple form of (2.4), with a cusp at z = 1, the optimal value for L will be the one that makes z

approach 1.

For simplicity let us set x1 + x2 = x3 + x4 = 0, and we will build Gaussian wavepackets in the

variables x1 − x2 = ℓv and x3 − x4 = ℓw. To fix L in terms of z, one is therefore interested in the

convolution

z(t, L) =
4

πL2

∫ ∞

0

dlvdlwe
−(l2v+l2w)/L2

sinh
(

π
β lv

)
sinh

(
π
β lw

)
sinh

(
π
β

(
t− lv

2 + lw
2

))
sinh

(
π
β

(
t+ lv

2 −
lw
2

)) . (2.7)

This formula is justified because the exponential variation of z with lv, lw is much more rapid than

power law variation of the conformal block with z, so analyzing the convolution of z alone is sufficient

to determine lv and lw and subsequently L. The integrand has light-like poles, however for suitable

values of t and L these contributions to the smeared conformal block can be made negligible. In

this limit, the integrand can be well-approximated by simply

z(t, L) ≈ 4

πL2

∫ ∞

0

dlvdlwe
−(l2v+l2w)/L2

2 sinh
(

π
β lv

)
sinh

(
π
β lw

)
cosh

(
2π
β t
) .

This has saddle points when

lv tanh

(
lvπ

β

)
=
πL2

2β

and likewise for lw. The positive solutions are to be taken corresponding to the limits of integration

in (2.7). If we then ask that the resulting amplitude (2.4) is maximized in magnitude, we find that

we must choose L ∼ β near t = 0. We choose not to change the shape of the wavepackets at time

increases, and impose this condition for all values of t. At the end we find the optimal value of z is

zsad = sech

(
2π

β
t

)
(2.8)
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Figure 2.2: Plot of function |z2hvF(z)| = |F (z(t))| = 1/ |1− 12πihw exp (2π/β (t− log c− x))|2hv

where c = 107, hv = 100, hw = 10, β = 2π and x = 0. Here t∗ = 7.7 according to (2.10). In the
right panel, a plot of ReF (z(t)) is shown.

up to constant factors of order 1.

Let us now return to the example of the identity conformal block continued to the second Riemann

sheet as considered in [8]. In this case, the saddle point approximation to the (rescaled) convoluted

block function is for sufficiently late times

z2hvF(z) ≈

(
1

1− 12πihw

c e
2π
β (t−x)

)2hv

(2.9)

where we have restored dependence on the spatial separation x of the centers of the wavepackets,

and inserted the saddle point approximation value for z (2.8) for t≫ β. It is helpful to plot this for

sample parameters as in fig. 2.2. As t− x increases from 0 to

t∗ =
β

2π
log

c
√
log 2

12πh
1/2
v hw

(2.10)

the conformal block decreases in magnitude by a factor of about 1/2. This thermalization time

may be viewed as a proxy for the true scrambling time of the system, and shows the distinctive

appearance of the logarithm of the system size. The formula is valid for 0 < hv ≪ c, but ideally

one would want to argue this formula continues to hold as hw becomes of order 1. Unfortunately it

is not yet possible to prove this. We note fig. 2.2 also shows in the late-time limit the asymptotic

form (2.5) is applicable and the timescale for variation is the much shorter time (2.6).

The correlator of the wavepackets is given by (2.9) provided one steers clear of the light-cone

singularities in (2.7) which render the approximation (2.8) invalid. This is a signature that even

the wavepackets of primaries are not ideal representatives of a generic state, and retain regions

of spacetime where thermalization has not yet occurred, outside the light-cone of the wavepacket.

Nevertheless for the present purposes, the reduced state inside the light-cone appears to be well-

thermalized according to the correlators, so this procedure should yield a good measure of the global

scrambling time. Again it remains to be seen whether (2.10) holds in the case of most physical interest

where hw is of order 1.
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2.3 Higher Weight Intermediate States

We now turn our attention to the contribution of higher weight intermediate states to the out-of-time

order correlators, and will find the surprising result that these may dominate over the identity block

in the late-time limit. Again we will assume we are taking c≫ 1 with hw/c fixed and hv ≪ c fixed.

In addition we will generalize from the identity block to an intermediate channel with conformal

weight hp fixed as c→∞.

Our starting point is the formula for the conformal block at next-to-leading order in this large c

expansion of [10]

F(z) = F0(z)

(
1− (1− z)αw

αw

)hp

2F1 (hp, hp, 2hp, 1− (1− z)αw)

where 2F1(α, β; γ; z) is the Gauss hypergeometric function. To continue this expression to the second

sheet we use the hypergeometric function identity [11]

Γ(h)2

Γ(2h)
2F1(h, h; 2h;w) =

( ∞∑
k=0

2 (h)
2
k (ψ(k + 1)− ψ(h+ k))

k!2
(1− w)k

)
− log(1−w) 2F1(h, h, 1; 1−w)

valid for |1 − w| < 1, where (h)k is the Pochhammer symbol, and ψ(a) is the digamma function.

Continuing to the second sheet we then obtain

FII(z) = F0,II(z)

(
1− e−i2παw(1− z)αw

αw

)hp (
2F1

(
hp, hp, 2hp, 1− e−i2παw(1− z)αw

)
+ 2πiαw

Γ(2hp)

Γ(hp)2
2F1(hp, hp, 1; e

−i2παw (1− z)αw)

)
. (2.11)

Expanding for small hw/c and z ≪ 1 leads to

FII(z) ∼ F0,II(z)

(
z − πihw

6c

αw

)hp (
1 + i tan (πhp)− 2π2iz1−2hp

Γ(2hp)

Γ(2− 2hp)Γ(hp)4 sin (2πhp)

)
.

This ends up being dominated by the last term in the third factor, and in fact grows at late times.

Even at early times (z near 1) the last term in (2.11) dominates over the other term in the third

factor for hp > 1. The second factor in (2.11) rapidly approaches a constant much smaller than 1.

The upshot is the identity block dominates for a finite period of time, however after

t∗ ≈
β

4π
log

(
c

hw

)
the higher weight intermediate states take over. This late time sum over intermediate states ap-

parently diverges when considered term by term. This would lead one to conclude the commutator

grows initially while dominated by the identity block, but then may again decrease at later times,

indicating a lack of true scrambling in the conformal field theory.

One possible way to avoid this conclusion is to demand an infinite tower of higher weight inter-

mediate primaries, such that the apparently divergent sum might be resummed to a finite answer.
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However in the following section we find contributions for hp ≫ c are actually suppressed. We con-

clude that even a sparse spectrum of intermediate primaries with weights 1 < hp ≪ c are sufficient

to destroy or drastically modify the onset of quantum chaos. In light of our previous discussion, this

may simply mean such smeared primaries are still not good representatives of generic states, and

instead one would need to consider commutators of much more general operators to see the correct

timescale for global thermalization, or quantum scrambling. Alternatively, it may happen that only

operators dual to black hole states efficiently scramble, and these must be reflected in a choice of

external operators that do not couple at all (or only very weakly) to higher weight primaries, such

that the identity block may dominate the out-of-time order correlators.

For conformal field theories with holographic anti-de Sitter gravity duals, the implication of

the higher intermediate channels is that the bulk effective field theory breaks down when it is

used to compute out-of-time-ordered correlators at finite time. On the other hand, there is no

indication of such a breakdown when time-ordered CFT correlators are computed (see also [12, 13]),

which correspond to the boundary S-matrix of the bulk theory. To see this we simply note that

as higher dimensional operators in CFT2 correspond to interactions of increasing mass scale in

AdS3, domination of all intermediate channels with dimension hp ≥ 1 means that there would be

a dual set of an infinite sequence of interactions in the gravitation theory in AdS3. If these high

scale interactions affect the infrared physics of the theory, then the standard decoupling theorems

of effective field theory such [14] break down.

Now the usual measurements we perform can be well-approximated by transition amplitudes,

built out of time-ordered correlators which may be computed as within effective field theory. It

is only the particular set of observables corresponding to out-of-time-order correlators, or norms

of commutators that exhibit this peculiar behavior. For the black hole information problem this

would seem to imply that contrary to expectations, commutators that measure limits on the causal

propagation of information are indeed observables sensitive to the ultra-violet structure of the theory,

as long hinted at in perturbative string theory computations [15, 16].

2.4 Intermediate Channels with hp ≫ c

So far we have only considered intermediate channels with fixed hp ≪ c. It is also instructive to

perform the same analysis for intermediate channels with hp ≫ c where the limit is hp → ∞ with

c/hp, hv/hp and hw/hp fixed and small. For this we consider equation (16) in [17],

F(z) = (16q)
hp− c

24 z
c
24−2hv (1− z) c

24−(hv+hw)θ3(q)
c
2−8(hv+hw)H(c, hp, hi, q) (2.12)

where the nome q = eiπτ is related to the cross-ratio z by

τ = i
K ′(z)

K(z)
= i

K(1− z)
K(z)
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where K(z) is the complete elliptic integral with parameter1 z. Here H is a function that is 1 +

O(1/hp) and

θ3(q) =

∞∑
n=−∞

qn
2

. (2.13)

Eq. (2.12) has a branch cut at z = 1 from the 1− z factor which will lead to the same analytic

behavior for the intermediate case hp ≪ c, which we have previously considered. To see this we

expand the nome q around z = 0 to obtain

q = eiπτ =
z

16
+
z2

32
+ · · · .

As θ3(q) is regular near q = 0, we see that on the principal sheet F(z) goes to zero as z → 0. Therefore

the heavy intermediate channels are perfectly suppressed on the first Riemann sheet. Crossing the

branch cut z = 1 from above, the complete elliptic function K(z) picks up an additional imaginary

part [18]:

lim
ϵ→0+

K(z + iϵ) = K(z) + 2iK(1− z) .

Analyticity implies that on the second Riemann sheet the nome is now

q = exp

[
− πK(1− z)
K(z) + 2iK(1− z)

]
= exp

− π
K(z)

K(1−z) + 2i

 .
To expand this expression near z = 0, we use

K(z)

K(1− z)
≈ π

4 log 2− log z
+O

(
z

log2 z

)
so that

q ≈ e
iπ
2 + π2

4 log z . (2.14)

We then need to expand (2.13) near q = i. The expansion near q = 1 is

|θ3(q)| ≈
∣∣∣∣ √π√

1− q

∣∣∣∣
but we can obtain the expansion near q = i by using the relation

|θ3(q)| =
∣∣∣∣ √π√

log q
θ3

(
e

π2

log q

)∣∣∣∣
and substituting in (2.14) to give θ3(q) near q = i as

|θ3(q)| ≈
∣∣∣∣√−2 log z√

π

∣∣∣∣ . (2.15)

Assembling the various factors, we find again a dramatic enhancement of the higher weight channel

on the second Riemann sheet arising from the behavior (2.15), compared to the behavior on the

principal sheet. However when we compare to the hp = 0 expression of the previous section, the

zc/24 factor of (2.12) dominates for small z so we conclude they do not dominate versus the identity

channel (again modulo restrictions on the operator couplings Cp of (A.2)).

1We clarify that in most mathematical literature, the complete elliptic integral K is defined with the modulus k
as the argument. Our z is related to k through z = k2. It is also common for many mathematicians to use the
symbol m for our z.



14

2.5 Conclusions

In this chapter we discussed the issue of smearing local operators in a thermal CFT and its connection

with quantum scrambling. We pointed out that the correct scrambling time should be identified with

operators that maximize the timescale of variation of the out-of-time ordered correlator, which may

occur well before the asymptotic late-time limit. We then examined a somewhat independent issue,

that the higher intermediate states with 0 < hp ≪ c can have large out-of-time ordered correlators.

We discussed the implications of this statement, which is that in the AdS3 gravity dual the UV

dynamics and IR dynamics are no longer decoupled when these observables are computed. This

lack of decoupling appears even when the usual time-ordered correlators, or transition amplitudes

satisfy the standard decoupling lore. When applied to scattering in AdS3 black hole backgrounds

this implies that the commutators that lead one to conclude information is lost semiclassically, are in

fact not computable without a full specification of the ultraviolet physics of the theory. The ordinary

bulk effective field theory does not predict its own demise when computing these observables.

As for the appearance of a scrambling time of the form (2.2) we have found a variant of this

expression (2.10), valid when the identity block dominates. The expression involves a term of the

form β/2π log c, but other significant terms are also present. If other intermediate primaries appear,

with conformal weights fixed in a large c limit, they will dominate the late-time behavior and may

completely spoil thermalization. It will be very interesting to extend the range of validity of these

expressions to determine whether there exist a class of 2d conformal field theories that may be

viewed as fast scramblers at finite temperature.



Chapter 3

Holographic Map for Cosmological

Horizons

We propose a holographic map between Einstein gravity coupled to matter in a de Sitter background

and large N quantum mechanics of a system of spins. Holography maps a spin model with a

finite dimensional Hilbert space defined on a version of the stretched horizon into bulk gravitational

dynamics. The full Hamiltonian of the spin model contains a non-local piece which generates chaotic

dynamics, widely conjectured to be a necessary part of quantum gravity, and a local piece which

recovers the perturbative spectrum in the bulk.

3.1 Introduction

Previous work has argued for a unitary, holographic description of black hole dynamics via certain

spin models [19, 20] defined on the stretched horizon [21] of the black hole. These spin models have

the common feature that non-local interactions generate chaotic dynamics, widely conjectured to be

an integral part of a full quantum mechanical description of gravity [5]. In this chapter we argue that

a similar approach works for the cosmological horizon in de Sitter spacetime, given that the static

patch metric has a similar form to the metric in Schwarzschild coordinates. To this end we will give

an explicit prescription to map perturbative bulk fields to a quantum mechanical operator defined

in the holographic spin model. This map will then allow us to construct a local Hamiltonian that

reproduces the classical energy of a perturbation around de Sitter spacetime. We argue that this

local Hamiltonian, together with the non-local long-range interaction necessary to generate chaotic

dynamics, can potentially be a viable description of de Sitter quantum gravity.

Before we begin, we will review relevant facts of the de Sitter space-time to establish our con-

vention of notations. We mostly follow the conventions in Ref. [22]. Throughout the chapter we

will restrict our discussion to (1 + 3)-dimensional space-time entirely, although the methodology

presented can in principle be applied to higher (or lower) dimensions. Our metric signatures are

15
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Figure 3.1: Penrose diagram for de-Sitter spacetime, where shaded region is covered by the static
coordinates. The stretched horizon (solid curve inside the static patch) is defined as a hypersurface
at fixed r.

always mostly positive, i.e. (−++ · · · ).
Static coordinates cover only one triangular region in the Penrose diagram (see Fig. 3.1)

ds2 = −(1− r2

ℓ2
) dt2 +

dr2

1− r2

ℓ2

+ r2 dΩ2 (3.1)

where dΩ2 = dθ2 + sin2 θ dφ2 is the line element on the unit 2-sphere S2 and ℓ is the radius of

curvature of the de Sitter spacetime.

3.2 Mode Functions in de-Sitter

3.2.1 Static Patch

Our goal is to construct a spin model which reproduces the bulk spectrum in a de Sitter background.

To proceed we first review some standard results concerning mode functions in static de Sitter. For

simplicity, we will treat the massless minimally coupled scalar, and follow the point of view of [23]

that with a cutoff to exclude the zero mode, the system can be quantized around the Bunch-Davies

(or Euclidean) vacuum state. Had we been interested in the system including the zero-mode, this

quantization preserving de Sitter isometries would be inadmissible [24]. This quantization of the

massless minimally coupled scalar around the Bunch-Davies vacuum is closely related to that of

perturbative gravitons, as explained in [25, 26]. The results may then be straightforwardly applied

to other bulk modes once this case is understood.

We begin by considering modes in the static patch (3.1). The equation of motion for the free

scalar field Φ(t, r, θ, ϕ) is

∂2tΦ

1− r2/ℓ2
− ∂r[r

2(1− r2/ℓ2)∂rΦ]
r2

− ∂θ(sin θ∂θΦ)

r2 sin θ
−

∂2φΦ

r2 sin2 θ
= 0 .

Separating variables, we have

Φωlm(t, r, θ, φ) = Aωle
−iωtfωl(r)Ylm(θ, φ) ,
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where fωl(r) satisfies

(1− r2/ℓ2)f ′′ωl(r) +
2(1− 2r2/ℓ2)

r
f ′ωl(r) +

(
ω2

1− r2/ℓ2
− l(l + 1)

r2

)
fωl(r) = 0 .

We pick the set of solutions that are regular at r = 0 and find

fωl(r) =
(r/ℓ)l

ℓ
(1− r2/ℓ2)iωℓ/2

2F1

(
l + iωℓ

2
,
l + iωℓ+ 3

2
; l +

3

2
;
r2

ℓ2

)
.

We fix the normalization constant Aωl by computing the Klein-Gordon norm. This is defined on a

spacelike surface Σ by

⟨f, g⟩ = −i
∫
Σ

dΣnλ (f∂λg
∗ − g∗∂λf)

where nλ is a timelike unit vector normal to Σ. Evaluating this on a constant t slice gives

⟨f, g⟩ = −i
∫

(f∂tg
⋆ − g⋆∂tf)

r2 dr sin θ dθ dφ

1− r2/ℓ2
. (3.2)

Computing the mode normalization then gives

⟨Φωlm,Φω′l′m′⟩ = AωlA
⋆
ω′l(ω + ω′)δll′δmm′

∫ ℓ

0

fωl(r)f
⋆
ω′l(r) r

2 dr

1− r2/ℓ2
.

Using the equation of motion for fωl(r) we have

[r2(1− r2/ℓ2)f ′ωl(r)]
′ f⋆ω′l(r) +

(
ω2r2

1− r2/ℓ2
− l(l + 1)

)
fωl(r)f

⋆
ω′l(r) = 0

and likewise

[r2(1− r2/ℓ2)f⋆′ω′l(r)]
′ fωl(r) +

(
ω′2r2

1− r2/ℓ2
− l(l + 1)

)
f⋆ω′l(r)fωl(r) = 0 .

Subtracting we have

(ω2 − ω′2)r2

1− r2/ℓ2
fωl(r)f

⋆
ω′l(r) = [r2(1− r2/ℓ2)f⋆′ω′l(r)]

′ fωl(r)− [r2(1− r2/ℓ2)f ′ωl(r)]
′ f⋆ω′l(r) ,

and integrating by parts, we have∫ ℓ

0

(ω2 − ω′2)r2

1− r2/ℓ2
fωl(r)f

⋆
ω′l(r) = r2(1− r2/ℓ2)f⋆′ω′l(r) fωl(r)− r2(1− r2/ℓ2)f ′ωl(r) f

⋆
ω′l(r)

∣∣∣ℓ
0
.

This gives∫ ℓ

0

r2 dr

1− r2/ℓ2
fωl(r)f

⋆
ω′l(r) =

ℓ2

ω2 − ω′2 lim
r→ℓ

(1− r2/ℓ2) [f⋆′ω′l(r) fωl(r)− f ′ωl(r) f
⋆
ω′l(r)] .

Using the hypergeometric identity near z = 1

2F1(a, b, c, z) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

+
Γ(c)Γ(a+ b− c)

Γ(a)Γ(b)
(1− z)c−a−b
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we can expand fωl(r) near r = ℓ to give

ℓfωl(r) ≈
Γ(l + 3

2 )Γ(−iℓω)
Γ
(
l−iωℓ

2

)
Γ
(
l−iωl+3

2

) (1− r2/ℓ2) iℓω
2 +

Γ(l + 3
2 )Γ(iℓω)

Γ
(
l+iωℓ

2

)
Γ
(
l+iωl+3

2

) (1− r2/ℓ2)− iℓω
2 .

Letting

Bωl =
Γ(l + 3

2 )Γ(iℓω)

Γ
(
l+iωℓ

2

)
Γ
(
l+iωl+3

2

)
we see that we have

ℓfωl(r) ≈ B⋆
ωl(1− r2/ℓ2)

iℓω
2 +Bωl(1− r2/ℓ2)−

iℓω
2

and

f ′ωl(r) ≈
−iω

1− r2/ℓ2
[
B⋆

ωl(1− r2/ℓ2)
iℓω
2 −Bωl(1− r2/ℓ2)−

iℓω
2

]
.

Multiplying fωl(r) and f ′ωl(r) and dropping terms that are rapidly oscillating as |ω − ω′| > 0 and

r → ℓ, we find that∫ ℓ

0

r2 dr

1− r2/ℓ2
fωl(r)f

⋆
ω′l(r) = lim

r→ℓ

2|Bωl|2

ω − ω′ sin

[
(ω − ω′) ℓ

2
log

(
1

1− r2/ℓ2

)]
(3.3)

Using

lim
C→∞

sinCx

x
= πδ(x)

we have ∫ ℓ

0

r2 dr

1− r2/ℓ2
fωl(r)f

⋆
ω′l(r) = 2π|Bωl|2δ(ω − ω′)

or

⟨Φωlm,Φω′l′m′⟩ = 4π|Aωl|2|Bωl|2δll′δmm′ωδ(ω − ω′) . (3.4)

If we normalize according to

⟨Φωlm,Φω′l′m′⟩ = δll′δmm′ωδ(ω − ω′) ,

we need to pick Aωl such that

|Aωl|2 =
1

4π|Bωl|2
.

3.2.2 Flat Slicing

Now let us consider the analogous problem for modes in the flat slicing. The metric takes the form

ds2 = −dτ2 + e2τ/ℓdx⃗2 = −dτ2 + e2τ/ℓ(dρ2 + ρ2dθ2 + ρ2 sin2 θdφ2)

where τ ∈ (−∞,+∞) and ρ ∈ (0,+∞). The wave equation for the massless minimally coupled

scalar is given by

∂2τϕ+
3

ℓ
∂τϕ− e−2τ/ℓ∆ϕ = 0

where ∆ϕ is the usual spatial Laplacian operator

∆ϕ = ∂2ρϕ+
2

ρ
∂ρϕ+

∂2θϕ

ρ2
+

∂θϕ

ρ2 tan θ
+

∂2φϕ

ρ2 sin2 θ
.
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Separating variables, we use the ansatz

ϕklm(τ, ρ, θ, φ) = Tk(τ)Rkl(ρ)Ylm(θ, φ)

where Tk(τ) satisfies

T ′′(τ) +
3

ℓ
T ′(τ) + k2e−2τ/ℓT (τ) = 0

and Rkl(ρ) satisfies

R′′(ρ) +
2

ρ
R′(ρ) +

(
k2 − l(l + 1)

ρ2

)
R(ρ) = 0 .

Assuming regularity at ρ = 0 we can solve for R(ρ)

Rkl(ρ) = Ckl jl(kρ)

where jl(x) is the spherical Bessel function of first kind jl(x) =
√

π
2xJl+ 1

2
(x). We will determine the

normalization constant Ckl later.

The equation for T (τ) can be solved to give

Tk(τ) = c1e
ikℓe−τ/ℓ

(
1− ikℓe−τ/ℓ

)
+ c2e

−ikℓe−τ/ℓ
(
1 + ikℓe−τ/ℓ

)
or, in terms of the conformal time η = −ℓe−τ/ℓ

Tk(τ) = c1e
−ikη (1 + ikη) + c2e

ikη (1− ikη) .

We assume Bunch-Davies vacuum and therefore pick the special solution

Tk(η) = e−ikη (1 + ikη)

and absorb the normalization constant into Ckl, which we will fix now. The mode functions are

normalized according to the Klein-Gordon norm

⟨f, g⟩ = −i
∫
Σ

(f∂µg
⋆ − g⋆∂µf)nµ

√
γ d3x .

Here Σ is a spacelike hypersurface with unit norm nµ and
√
γ is the spatial volume element. We

pick the τ = 0 timeslice in the flat slicing since the metric at τ = 0 is conveniently the Minkowski

metric. In addition, we have ∂τ = ∂η on the τ = 0 timeslice. We therefore have

⟨f, g⟩ = −i
∫
(f∂τg

⋆ − g⋆∂τf) ρ2 dρ sin θ dθ dφ .

We use this to fix the normalization factor Ckl. We have, for the ϕklm modes on τ = 0

∂τϕklm = −Ckl k
2ℓ eikℓjl(kρ)Ylm(θ, φ) .

Therefore

⟨ϕklm, ϕk′l′m′⟩ = iℓCklC
⋆
k′l′ δll′δmm′ei(k−k′)ℓ

∫
[(1− ikℓ)k′2 − (1 + ik′ℓ)k2]jl(kρ)jl(k

′ρ)ρ2 dρ .
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uv

∂t

Figure 3.2: Penrose diagram for the de-Sitter spacetime. Flat slicing modes cover the right upper
half of the diagram and are matched to static patch modes on the line u = 0. Positive frequency
modes in the Bunch-Davies vacuum are then analytic in the lower-half-complex v−plane.

Using the orthogonality of spherical Bessel functions∫ ∞

0

ρ2jl(uρ)jl(vρ) dρ =
π

2u2
δ(u− v)

we have

⟨ϕklm, ϕk′l′m′⟩ = ℓ3 πk |Ckl|2 δll′δmm′δ(kℓ− k′ℓ) .

We therefore find

Ckl =
1√
πkℓ

1

ℓ
,

and the full solution is therefore

ϕklm(τ, ρ, θ, φ) =
1

ℓ
√
πkℓ

e−ikη(1 + ikη) jl(kρ)Ylm(θ, φ) .

3.2.3 Matching Modes Across the Cosmological Horizon

Following [27], modes in the flat slicing may be viewed as modes entangled across the left and right

static patches. In Kruskal coordinates in the right static patch u = ex
−/ℓ and v = −e−x+/ℓ (other

choices of sign generate the other patches in static coordinates) where x± = t± r⋆ and

r⋆ =
ℓ

2
log

1 + r/ℓ

1− r/ℓ
≈ ℓ

2
log

2

1− r/ℓ

we have

Φωlm ≈ Aωl(B
⋆
ωl2

iωℓ|v|iωℓ +Bωl2
−iωℓ|u|−iωℓ)Ylm(θ, φ)

near the cosmological horizon.

We now define a mode function Φ+
ωlm which is non-zero on the right quadrant, and a Φ−

ωlm which

is non-zero on the left quadrant. We require that the linear combination

Φ̄ωlm = cΦ+
ωlm + dΦ−

ωlm
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be analytic in the lower half v−plane on the past horizon on the right (and the past horizon on

the left), i.e. the surface u = 0. On the right quadrant we can rewrite the function (−v)iωℓ =

(eiπv)iωℓ = e−πωℓviωℓ. Therefore, the linear combination Φ+
ωlm+e−πωℓΦ−

ωlm is analytic in the lower-

half-complex v−plane at u = 0 (see fig. 3.2) corresponding to a combination of positive frequency

flat-slicing modes. The properly normalized mode is

Φ̄ωlm =
1√

2 sinh(πωℓ)

(
eπωℓ/2Φ+

ωlm + e−πωℓ/2Φ−
ωlm

)
. (3.5)

This mode is analytic in the lower-half v-plane for either choice of sign for ω, so should be identified

with a linear combination of positive k flat-slicing modes.

We can now expand a quantum field operator Φ̂ in terms of normal modes

Φ̂ =

∫ ∞

0

dk
∑
lm

ϕklmaklm + h.c. (flat slicing)

=

∫ ∞

0

dω
∑
lm

Φ+
ωlmb

+
ωlm +Φ−

ωlmb
−†
ωlm + h.c. (static patches)

=

∫ ∞

−∞
dω
∑
lm

Φ̄ωlmcωlm + h.c. (entangled static patches) .

We define the Bunch-Davies vacuum |0⟩ to be annihilated by all aklm with k > 0

aklm|0⟩ = 0

which coincides with

cωlm |0⟩ = 0

for −∞ < ω < ∞. We similarly define the static patch vacuum |Ω⟩ to be annihilated by all b±ωlm

with ω > 0

b±ωlm|Ω⟩ = 0 .

From the relation we obtained between Φ± and Φ̄ we obtain the relations between b±ωlm and cωlm

cωlm =


1√

2 sinhπωℓ

(
eπωℓ/2b+ωlm + e−πωℓ/2b−†

ωlm

)
ω > 0

1√
2 sinhπωℓ

(
eπωℓ/2b+†

ωlm + e−πωℓ/2b−ωlm

)
ω < 0 .

As usual, the vacuum state |0⟩ becomes a thermal density matrix in the right static patch when the

modes b−ωlm are traced over.

We now need to compute the overlap of modes Φωlm with ϕωlm to construct the Bogoliubov

transformation. In order to perform the integrals, we need the coordinate transformation between

(t, r) and (η, ρ). We define null coordinates in the flat slicing

U =
η − ρ
2

V =
η + ρ

2

leading to the metric. In the flat slicing using the (η, ρ) coordinates the metric is

ds2 =
ℓ2

η2
(−dη2 + dρ2 + ρ2dΩ2)
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which in terms of (U, V ) coordinates becomes

ds2 =
ℓ2

(U + V )2
(−4dUdV + (V − U)2dΩ2) .

In the static patch, we define null coordinates (u, v)

u = ex
−/ℓ , v = −e−x+/ℓ

and one verifies that the metric is

ds2 =
ℓ2

(1− uv)2
(−4dudv + (1 + uv)2dΩ2) .

We see that the relation between (u, v) and (U, V ) is simply

U = − ℓ
u

V = ℓv

which gives

η = − ℓ
u
+ ℓv ρ =

ℓ

u
+ ℓv .

The flat slicing mode function therefore becomes

ϕklm =
1

ℓ

1√
πkℓ

eikℓ(
1
u−v)

[
1− ikℓ

(
1

u
− v
)]

sin(kℓ(v + 1/u)− lπ/2)
kℓ(v + 1/u)

Ylm(θ, φ)

where we have used the behavior of spherical Bessel function at infinity

lim
ρ→∞

jl(kρ) =
sin(kρ− lπ/2)

kρ
.

Near the past horizon on the left patch, u→ 0 with v fixed, the flat slice mode becomes

ϕklm =
1

ℓ

−i√
πkℓ

eikℓ(
1
u−v) sin(kℓ(v + 1/u)− lπ/2)Ylm(θ, φ) .

Using the identity sin z = (eiz − e−iz)/2i we can rewrite the flat slice mode function as

ϕklm =
1

ℓ

−1
2
√
πkℓ

eikℓ(
1
u−v)(i−leikℓ(v+1/u) − ile−ikℓ(v+1/u))Ylm(θ, φ)

=
1

ℓ

1

2
√
πkℓ

(ile−2ikℓv − i−le2ikℓ/u)Ylm(θ, φ) ∼ 1

ℓ

il

2
√
πkℓ

e−2ikℓvYlm(θ, φ) .

We have shown above that near the past horizon the static patch mode is

Φωlm = AωlB
⋆
ωl(−v)iωℓ2iωℓYlm(θ, φ) .

On the past horizon the Klein-Gordon norm is

⟨f, g⟩ = −iℓ2
∫

dΩdv (f∂vg
⋆ − g⋆∂vf) = iℓ2

∫ 0

−∞
dΩ

(
2

∫
g⋆∂vf dv − g⋆f

∣∣∣−∞

0

)
.

Since we have

∂vΦωlm = iωℓv−1Φωlm
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adding a small imaginary part to ω and k to dampen the oscillation of (−v)iωℓ and e−ikv we have,

since the boundary term vanishes,

⟨Φωlm, ϕklm⟩ =
(−i)l√
πkℓ

AωlB
⋆
ωl2

iωℓ

∫ +∞

0

e−2ikℓvviωℓ−1 dv

where we replaced v → −v. This can be evaluated to give

⟨Φωlm, ϕklm⟩ =
(−i)l√
πkℓ

AωlB
⋆
ωl(ikℓ)

−iωℓΓ(iωℓ) .

By choosing the phase of Aωl appropriately such that

AωlB
⋆
ωl =

1√
4π

we finally have

⟨Φωlm, ϕklm⟩ =
(−i)l√
kℓ

(ikℓ)−iωℓΓ(iωℓ)

2π
.

With the Bogoliubov transformation at hand, we can now map modes in the flat slicing to entangled

modes in the left and right static patch. These in turn define modes in the upper quadrant of the

static slicing by continuation.

3.3 Holographic Map

Our goal is to build a holographic version of the bulk theory that might be viewed as living on

the so-called “stretched horizon” [21]. The essence of the black hole membrane paradigm is that

to an external observer outside the horizon, the black hole horizon behaves more or less like a

hydrodynamic membrane with properties such as resistance and viscosity. Quantum mechanically,

the stretched horizon acts as a mirror [28] which scrambles and reflects information sent into it.

Our viewpoint in this chapter is that since the static patch of de-Sitter has essentially the same

mathematical form as the Schwarzschild metric, one ought to be able to construct a similar stretched

horizon theory for static de-Sitter. We further assume that the horizon entropy of de Sitter is to be

matched with the logarithm of the Hilbert space dimension. Thus, the stretched horizon theory will

be a finite dimensional quantum mechanical system.

Usually the stretched horizon is defined as the constant r surface such that the local temperature

measured by a fiducial observer (constant r) is the Planck temperature. When redshifted down to

r = 0, this will match the Hawking temperature. In other words, one usually defines r⋆ such that

1

2πℓp

√
1− r2⋆/ℓ2 = TH =

1

2πℓ
, (3.6)

where ℓp is the Planck length.

As it stands, the bulk Hilbert space is infinite dimensional, labeled by the oscillators cωlm where

ω ∈ R, and the angular momentum ranges up to infinity. Each oscillator mode creates a mode entan-

gled across both static patches, with a stress-energy tensor non-singular on the future cosmological

horizon on the right patch.
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As a first step, we can discretize the sphere in coordinate space. There are many possibilities for

such a discretization, and the details will not be too important for us, except to note that such a

discretization will produce an effective cutoff lmax on the angular momentum.

Likewise, it is necessary to discretize the frequency ω which can in turn be viewed as a radial

quantum number. This discretization may then be viewed as a kind of regulator for the radial

coordinate. In order to produce a useful effective field theory with such a cutoff we choose a finite

set of frequencies in the range
1

ℓpnUV
> |ω| ≥ π

ℓ log (ℓ/ℓp)
. (3.7)

For simplicity we can take the ω′s to be evenly spaced in this range, with spacing π/ℓ log (ℓ/ℓp).

This corresponds to nrad = 2ℓ log(ℓ/ℓp)/πℓpnUV radial points in the static patch. In particular, this

number is conserved with time. Here nUV > 1 is a factor introduced to parameterize the ultraviolet

cutoff. We will see momentarily why the log factor appears.

An issue we immediately face is regulating the continuum mode normalization (3.4) to the discrete

case. To do this we replace the upper limit on the radial integral in (3.2) by ℓ → ℓ − ϵ. Then the

result of the integral (3.3) may be replaced by∫ ℓ−ϵ

0

r2 dr

1− r2/ℓ2
fωl(r)f

⋆
ω′l(r) =

2|Bωl|2

ω − ω′ sin

[
(ω − ω′) ℓ

2
log

(
1

1− r2/ℓ2

)]∣∣∣∣
r=ℓ−ϵ

.

Keeping in mind ω − ω′ = πn/ℓ log (ℓ/ℓp) for some integer n we choose

log

(
1

1− r2/ℓ2

)∣∣∣∣
r=ℓ−ϵ

= 2 log (ℓ/ℓp) (3.8)

which fixes r∗ according to (3.6),∫ ℓ−ϵ

0

r2 dr

1− r2/ℓ2
fωl(r)f

⋆
ω′l(r) = 2ℓ log

(
ℓ

ℓp

)
|Bωl|2δω,ω′

up to rapidly oscillating terms. This unusual relation between a short distance cutoff and an infrared

cutoff is typical in holographic models.

Finally, each harmonic oscillator mode cωlm produces an infinite dimensional Hilbert space. To

regulate these Hilbert subspaces, we use the Holstein-Primakoff map [29] to replace cωlm by spin

operators, introducing the parameter smax ≫ 1

sωlm
+ =

√
2smax

√
1−

c†ωlmcωlm

2smax
cωlm, s

ωlm
− =

√
2smaxc

†
ωlm

√
1−

c†ωlmcωlm

2smax
, sωlm

z = s− c†ωlmcωlm .

For states near the ground state, we can approximate

√
1− c†ωlmcωlm

2smax
by 1.

This regularization of the Hilbert space then allows us to write the energy in the scalar field at

quadratic order as a spin model

H0 =
∑
{ω}

lmax∑
l=0

l∑
m=−l

ω
(
c†ωlmcωlm + cωlmc

†
ωlm

)
.
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The dimension of the Hilbert space, for large lmax is (2smax + 1)l
2
maxnrad = eSBH , identified with

the Bekenstein-Hawking entropy of the cosmological horizon SBH = πℓ2/ℓ2p ≡ N . If we follow the

arguments of [30], we identify

l2maxnrad log smax ∼ N

and a natural choice would be to scale nrad ∼ lmax ∼ N1/3, dropping subleading log factors for

simplicity in a large N limit. This leads to a short distance cutoff length of order ℓpN
1/6 in all

directions (and a choice nUV ∼ N1/6). We note if our present universe was replaced by a pure

de Sitter region with the same Hubble parameter, we would find N ≈ 10120 and ℓpN
1/6 would

correspond to a GeV UV cutoff.

So far, we have simply regulated the scalar field theory at the level of free field theory and

found a holographic dual that reproduces that. The holographic dual can be viewed as living on

an S2 with the discrete parameter ω labelling different variables at each point on the sphere. This

construction is guaranteed to reproduce the bulk correlators of free scalar field theory with this

particular regulator.

The ground state of the Hamiltonian corresponds to the Bunch-Davies vacuum state, and the

Hamiltonian is diagonal in modes that are entangled between the left and right “patches”. Tracing

over one set leads to an approximately thermal density matrix in the other, subject to the regulator

on mode number imposed by finite smax. The excitations of this model will lead to stress-energy

tensors regular on the cosmological horizon, avoiding the firewall conundrum.

In general, we also expect to have to add perturbative interactions to this model, which will

typically be suppressed by powers of N relative to the quadratic term. One might hope to follow a

construction paralleling HKLL [31, 32] to reproduce perturbative field theory in the bulk.

Such a theory might be satisfactory for de Sitter spacetime. Once the initial state corresponding

to Bunch-Davies is specified on the past horizon of the right static patch (and its continuation onto

the left static patch) it evolves according to the standard rules of quantum mechanics. The future

cosmological horizon would essentially behave like a remnant, becoming entangled with the degrees

of freedom in the left patch. A priori this poses no issues for the information problem, because the

cosmological horizon in de Sitter is eternal.

Motivated by the physics of black hole horizons, it is interesting to explore what happens when

this model is supplemented by an additional nonlocal term as studied in [19, 20, 33] which is thought

to generate chaotic dynamics over sufficiently long timescales. In the black hole case, the timescale

associated with quantum scrambling is linked to the timescale the horizon can retain quantum in-

formation, before emitting it to the region outside the black hole. In the de Sitter case, we view

the static patch as analogous to the black hole interior and are mostly interested in developing the

holographic map on timescales shorter than this scrambling time. We may then study the decoher-

ence of local observables built using the holographic map described above, when supplemented by

chaotic interactions.

The full Hamiltonian includes a non-local piece and a local piece, where the non-local piece is
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given by

Hnl =
∑
ijkl

Jijklsisjsksl (3.9)

Here the coupling Jijkl is drawn randomly from a Gaussian distribution with zero mean (tensor

indices are suppressed). We do not have in mind averaging over this coupling, but rather work

with a fixed set of Jijkl as needed to generate chaotic dynamics. We impose the condition that the

variance of the non-local Hamiltonian var(Hnl) = 1. This forces the width of the Gaussians to scale

like 1/N2, due to the following analysis

1 = ⟨H2
nl⟩ ∼ J2

〈∑
i1···i8

si1 · · · si8

〉
∼ J2N4 (3.10)

where in the last step we have used the fact that on average ⟨sisj⟩ = δij . We note this unusual

scaling with N is designed to reproduce the Bekenstein-Hawking entropy via microstate counting for

fixed N as opposed to the more conventional large N limit where
〈
H2

nl

〉
∼ N , which would widen

the spectrum to much larger energies.

Our proposal for the full Hamiltonian is then

H = H0 + THHnl (3.11)

and the chaotic term may then be treated as a small perturbation for short enough time intervals,

where it will shift energies at leading order by terms of order TH .

One may then study how local perturbations of the thermal state decohere when this term is

included. Following the analysis of [33] we expect the timescale of such decoherence to be

tdec = β logN (3.12)

This resembles the scrambling time, however the interpretation here is somewhat different. With

the scaling (3.10) the global scrambling time is expected to be

tscr = βN1/2 logN ≫ tdec

if the bounds derived in [7] happen to be saturated. However, the local decoherence time is the

quantity of most relevance in deciding when the holographic map derived above breaks down. A

similar breakdown of the bulk description via effective field theory in a black hole interior was noted

in [34, 19, 20].

Given that a local operator will evolve to a highly non-local operator in the time (3.12), rather

than simply undergoing the free propagation governed by the term H0, our holographic map based

on the mode functions (3.5) will break down after this timescale. In the case of applying this to

a pure de Sitter region with ℓ matched to our present cosmological horizon, this would imply a

breakdown in the local laws of physics after a timescale of order 4000 billion years due to quantum

gravity effects. It would be very interesting to devise experiments sensitive to this local decoherence.

While the shifts in energy levels are tiny, of order 10−33eV the nonlocal character of the decoherence

opens the door to more sensitive experiments.
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One might wonder whether such a holographic description is ruled out for primordial inflation. In

that case, one can try to embed “small” de Sitter models into a much larger Hilbert space, which is

needed to describe the late-time phase of cosmology. Holographic bounds with these considerations

in mind were considered in [35, 36]. The decoherence times in this case can be made much longer

than the timescale associated with primordial inflation.

It should also be noted that once a local basis of operators has decohered, for example in Heisen-

berg picture

cωlm(t) = eiHtcωlm(0)e−iHt

with t > tdec one may simply do a change of basis by the unitary transformation eiHtdec to return

to another local basis

c̃ωlm(t) = e−iHtdeccωlm(t)eiHtdec

therefore, in some basis, one always retains an approximately local description of spacetime physics.

This realizes the proposal of [34] in a concrete model, when adapted to de Sitter spacetime.

3.4 Conclusions

Now that we have a detailed proposal for the stretched horizon theory of the de Sitter cosmological

horizon, we can try to adapt the method to black holes. A key step in the development of the

holographic map was the assumption of regularity of the modes on the pole of the static patch. This

eliminated the non-normalizable modes and allowed us to make a one-one map from frequency/radial

quantum number space to mode functions (3.5). For black holes in asymptotically flat space, one

would need to perform a similar restriction, which might be accomplished by placing a mirror around

the black hole to prevent evaporation. In practice, as we have learned over the years, the best

substitute for this procedure is simply to introduce a negative cosmological constant which has the

same effect and can be handled much more precisely. Thus, we expect the present considerations will

apply largely unchanged to a large black hole in anti-de Sitter spacetime which does not evaporate.

In this way, we can use the present construction to derive a holographic map for the interior of such

a black hole. One might then hope to derive the spin model directly from the conformal field theory

description available in that case. Note here we have in mind realizing the black hole in a single

conformal field theory representing, perhaps, a large black hole formed by collapse, rather than the

tensor product conformal field theories describing wormholes.

Turning this argument around, we then expect the much more interesting case of the evaporating

black hole in asymptotically flat space, or a small black hole in asymptotically anti de Sitter space will

involve important extra ingredients. The coupling between this stretched horizon theory and some

larger holographic theory describing the asymptotic region will need to be specified. Nevertheless,

for timescales shorter than tdec we expect to be able to apply the considerations of the present

chapter, which is sufficient to extend the holographic map to black hole interiors.

In the case of anti-de Sitter/conformal field theory duality, it is often suggested one has control

of the holographic map all the way to the stretched horizon. In that case one has a fixed local
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basis extending from asymptotic infinity down to the stretched horizon. The present picture implies

the coupling between the exterior and the stretched horizon eventually become highly nonlocal,

contaminating the exterior physics with non-local effects. Indeed, nonlocal interactions akin to (3.9)

must emerge from the correspondence in a smooth way as one approaches the stretched horizon.

This has the profound consequence that nonlocal scrambling effects might be detected outside large

black holes, if sufficiently long timescales can be probed to overcome the TH suppression factor in

(3.11). Indeed, such effects are probed in current gravitational wave experiments [37]. For example,

for black hole mergers with masses of order a solar mass, one must probe around 100 light crossing

times to access the timescale (3.12). As these experiments become more precise it will be very

interesting to look for signs of violations of the equivalence principle. For example, one might look

for anomalies in the late time ringing profile following black hole merger.

Finally, we end with a comment on an interesting numerological coincidence of this holographic

model. We noted above, that if we replace our present cosmology with a de Sitter horizon with size

around 14 billion light years, an unacceptably small ultraviolet cutoff emerges on bulk effectively

field theory of about 1 GeV. This may simply be a signal that a more precise holographic model

would produce a bulk cutoff in a much more subtle way. However, for now, let us instead explore the

possibility that the current observable entropy S ≈ 1088 which arises largely from cosmic microwave

background photons, might be equated with a late-time de Sitter entropy. Interestingly, this predicts

the cosmic acceleration must increase versus the previous possibility, a feature also noted in the

Hubble tension experiments, and the ultraviolet cutoff that emerges is the more experimentally

interesting value of 100 TeV. This raises the possibility that holographic physics might appear in

collider experiments at experimentally accessible scales. Unfortunately, the model also predicts

the horizon size must shrink to of order 104 m to reach the late time de Sitter phase, so we are

presently far off from the phase, and it is not clear how much to trust the ultraviolet cutoff result.

Nevertheless, the model was designed so a freely falling observer will use a cutoff with fixed proper

spatial resolution, so there is reason to be optimistic.



Chapter 4

Conformal Wave Expansions for

Flat Space Amplitudes

The extended BMS algebra contains a conformal subgroup that acts on the celestial sphere as

SO(3, 1). It is of interest to perform mode expansions of free fields in Minkowski spacetime that

realize this symmetry in a simple way. In the present work we perform such a mode expansion

for massive scalar fields using the unitary principal series representations of SO(3, 1) with a view

to developing a holographic approach to gravity in asymptotically flat spacetime. These mode

expansions are also of use in studying holography in three-dimensional de Sitter spacetime.

4.1 Introduction

There has been considerable interest recently in constructing holographic theories between flat 4D

Minkowski spacetime and a 2D boundary celestial sphere conformal field theory [38, 39, 40, 41].

Central to this mission is the construction of conformally covariant wavefunctions that form unitary

representations of the SO(d, 1) group. These wavefunctions are defined on a d-dimensional de Sitter

spacetime dSd, on which SO(d, 1) acts naturally through an embedding of dSd as a submanifold of

a (d+ 1)-dimensional Minkowski spacetime.

As part of the program to realize the dS/CFT correspondence [42], numerous papers have previ-

ously constructed unitary principal series representations of the SO(2, 1) group on two-dimensional

de Sitter spacetimes [43, 44], as well as q-deformed versions of the principal series on the three-

dimensional de Sitter spacetime [45]. In this chapter we construct the unitary principal series

representation of the SO(3, 1) group on the three-dimensional de Sitter spacetime. We also compute

the uplifted version of these wavefunctions on the ambient four-dimensional Minkowski spacetime.

Finally, we comment on relevant previous work [46, 47, 48] and discuss how our results fit within the

program to develop holographic approaches to gravity in de Sitter and asymptotically Minkowski

spacetime.

29
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The sections are organized as follows: we first establish our coordinate systems and fix our

notations in section 4.2. We then construct massive scalar mode functions on both the three-

dimensional de Sitter spacetime dS3 and the four-dimensional Minkowski spacetime M4, in section 4.3

and 4.4, respectively. We then show in section 4.6 that these mode functions form a unitary principal

series representation of the SO(3, 1) group. We note that previous work [46, 47, 48] uses modes that

form non-unitary highest weight representations of SO(3, 1). Finally we comment in section 4.8

on how our mode functions can serve as a conformal basis to develop holographic formulations of

gravity in asymptotically de Sitter and Minkowski spacetimes.

4.2 Conformal Coordinates

Before we begin our discussion of the representation theory of SO(3, 1) in de Sitter and Minkowski

spacetimes, we would like to present the coordinate systems we employ and fix notation. A schematic

plot of the relevant hypersurfaces can be found in Fig. 4.1.

We start with the 4d flat Minkowski spacetime labeled by coordinates (x0, x1, x2, x3) with the

following metric

ds2 = −(dx0)2 + (dx1)2 + (dx2)2 + (dx3)2 .

We embed our 3D de Sitter spacetime as a hypersurface within the 4d Minkowski spacetime. To do

so we first switch to hyperbolic coordinates (t, ρ, θ, φ) with −∞ < t < ∞, ρ > 0, 0 ≤ θ < π and

0 ≤ φ < 2π, defined by

x0 = ρ sinh(t/ρ)

x1 = ρ cos θ cosh(t/ρ)

x2 = ρ sin θ cosφ cosh(t/ρ)

x3 = ρ sin θ sinφ cosh(t/ρ) . (4.1)

Note that these coordinates only cover the region of the Minkowski spacetime defined by points xµ

where x · x > 0. The metric then becomes

ds2 = −dt2 + 2tdρ dt

ρ
+

(
1− t2

ρ2

)
dρ2 + ρ2 cosh2

(
t

ρ

)(
dθ2 + sin2 θ dφ2

)
.

The d’Alembertian in this coordinate system looks rather complicated. We therefore perform the

following change of variables

η =
t

ρ

and the metric takes the following simpler form

ds2 = −ρ2dη2 + dρ2 + ρ2 cosh2 η
(
dθ2 + sin2 θ dφ2

)
.

A 3D de Sitter spacetime can then be embedded into this 4d Minkowski spacetime as a hyper-

surface of constant ρ = ℓ, where ℓ is the de Sitter length scale which we will set to unity in what
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x1
x2, x3

x0

← ρ = 1 hypersurface

↗
ρ = 0

hypersurface

i+

i−

i0

I+

I−

← ρ = 1

Figure 4.1: Minkowski spacetime may be divided up into radial (ρ) slices isometric to 3D de Sitter
spacetime as shown in the top panel. The bottom panel shows the Penrose diagram of Minkowski
spacetime. The shaded region is the region bounded by ρ = 0 and ρ = ∞. In particular, i± are
excluded from this region.
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follows. On the 3D de Sitter spacetime the induced metric is simply

ds2 = −dt2 + cosh2 t
(
dθ2 + sin2 θ dφ2

)
.

Through a stereographic projection we can parameterize the 2-sphere covered by coordinates (θ, φ)

with a complex variable z, and obtain the Fubini-Study metric on the 2-sphere:

dθ2 + sin2 θ dφ2 =
4dz dz̄

(1 + |z|2)2
.

This allows us to rewrite the 3D de Sitter metric as

ds2 = −dt2 + cosh2 t
4 dz dz̄

(1 + |z|2)2
(4.2)

and the 4d Minkowski metric in hyperbolic coordinates as

ds2 = −ρ2dη2 + dρ2 + ρ2 cosh2 η
4 dz dz̄

(1 + |z|2)2
.

4.3 3D de-Sitter Mode Functions

We start from the metric on the 3D de Sitter spacetime (4.2). The isometry group of the 3D de

Sitter spacetime is SO(3, 1) which has 6 generators with real coefficients. The first step in building

a unitary representation of SO(3, 1) on 3D de Sitter is to solve the scalar field equation with mass µ

(∆− µ2)ϕ(t, z, z̄) = 0

where the d’Alembertian is defined in general as

∆ϕ =
1√
|g|
∂i(g

ij
√
|g|∂jϕ) .

Here and in what follows we use Latin indices when we are referring to the 3D de Sitter subman-

ifold and use Greek indices when we are dealing with the ambient 4d Minkowski spacetime. The

d’Alembertian is computed to be

∆ϕ =
[
−∂2t − 2(tanh t)∂t + (sech2 t)(1 + |z|2)2∂z∂z̄

]
ϕ .

The massive scalar field equation therefore is(
− ∂2

∂t2
− 2 tanh t

∂

∂t
+ sech2t (1 + |z|2)2 ∂2

∂z∂z̄
− µ2

)
ϕ(t, z, z̄) = 0 .

We can perform separation of variables as usual and write a mode function as

ϕlm(t, z, z̄) = ϕl(t)Y
l
m(z, z̄)

where m is a j3 eigenvalue. The Y l
m are the standard spherical harmonics [49] in (z, z̄) coordinates.

They satisfy the eigenvalue equation

(1 + |z|2)2 ∂2

∂z∂z̄
Y l
m = −l(l + 1)Y l

m .
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Explicitly, we have

Y l
m(θ, φ) =

√
(2l + 1)(l −m)!

4π(l +m)!
Pm
l (cos θ)eimφ

where

Pm
l (x) =

(1 + x)m/2

(1− x)m/2

l∑
k=0

(
1−x
2

)k
(−l)k(l + 1)k

k! Γ(k −m+ 1)
.

The coordinate transformation linking (θ, φ) and (z, z̄) is

(sin θ eiφ, cos θ) =

(
2z

1 + |z|2
,
1− |z|2

1 + |z|2

)
.

It is easy to see that the spherical harmonics Y m
l (z, z̄) can be built out of homogeneous polynomials

of the following three variables

Fz =
2z

1 + |z|2
Fz̄ =

2z̄

1 + |z|2
Ft =

1− |z|2

1 + |z|2
.

We will later see that these three variables will appear in (4.10). One is then left to solve(
∂2

∂t2
+ 2 tanh t

∂

∂t
+ l(l + 1)sech2t+ µ2

)
ϕl(t) = 0 .

This has the following two linearly independent solutions

ϕl,1(t) = secht P

√
1−µ2

l (tanh t) , ϕl,2(t) = sechtQ

√
1−µ2

l (tanh t) (4.3)

where P and Q are the associated Legendre functions of first and second kind, respectively. We

expect to get a unitary representation corresponding to a general complex linear combination, one

of which will be the Euclidean vacuum (see Section 4.5 and Appendix B). Other combinations will

generate modes around an α-vacuum [50, 51, 52].

4.4 Uplifting onto 4D Minkowski

To uplift the 3D de Sitter mode functions onto the 4d Minkowski spacetime we consider the scalar

field equation in 4d with mass M

(□−M2)Φ(η, ρ, z, z̄) = 0 .

The d’Alembertian is computed to be

□ = − 1

ρ2
(∂2η + 2 tanh η ∂η) + 3

∂ρ
ρ

+ ∂2ρ +
sech2 η (1 + |z|2)2 ∂z∂z̄

ρ2
.

Separating variables, the mode functions can be written as

Φplm(η, ρ, z, z̄) = ϕpl(η)ψp(ρ)Y
l
m(z, z̄)
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where l = 0, 1, · · · , m = −l, · · · , l and the range of the real parameter p will be discussed later. We

find the differential equation for ϕpl to be identical to the 3D de Sitter modes, except that we replace

µ with a real parameter p,(
∂2η + 2(tanh η)∂η + l(l + 1) sech2 η + p2

)
ϕpl(η) = 0

which has solutions (4.3) with the replacement t→ η and µ→ p.

The differential equation for ψp therefore becomes(
∂2ρ +

3

ρ
∂ρ +

p2

ρ2
−M2

)
ψp(ρ) = 0 .

This has two independent solutions

ψp,1 =
I√

1−p2(Mρ)

ρ
, ψp,2 =

K√
1−p2(Mρ)

ρ
(4.4)

where Iα and Kα are modified Bessel functions of first and second kind, respectively.

4.5 Klein-Gordon Norm and Orthonormality Conditions

Before presenting the explicit form of our unitary principal series representation we would like to

first establish the orthonormalizability of the 4d Minkowski mode functions. The mode functions

are normalized with respect to the Klein-Gordon norm, the most general form of which is [53]

⟨f, g⟩ = −i
∫
Σ

dΣnλ(f∂λg
⋆ − g⋆∂λf) . (4.5)

Here Σ is a spacelike surface, nλ is a timelike unit vector field normal to Σ and dΣ is the volume

element in Σ. This norm is time-independent, and in principle can be evaluated on any Cauchy

slice. Here, for convenience we choose the η = η0 slice, where η0 is an arbitrary constant. On the

4d Minkowski spacetime with coordinate system (η, ρ, θ, φ) this then becomes

⟨f, g⟩ = −i
∫
ρ

∫
S2

(f∂ηg
⋆ − g⋆∂ηf)|η=η0 (cosh

2 η0) ρdρdΩ

where dΩ is the area element of the unit 2-sphere S2. Given that our mode functions are separable

Φplm(η, ρ, z, z̄) = ϕpl(η)ψp(ρ)Y
l
m(z, z̄) we can further evaluate this norm to obtain

⟨Φplm,Φp′l′m′⟩ =− i
(
ϕpl(η0)ϕ̇

⋆
p′l′(η0)− ϕ⋆p′l′(η0)ϕ̇pl(η0)

) (
cosh2 η0

)
×
∫ ∞

0

ψp(ρ)ψ
⋆
p′(ρ) ρdρ

∫
S2

Y l
m(z, z̄)Y ⋆l′

m′ (z, z̄) dΩ

where ϕ̇(η) = ∂ηϕ. The orthonormality of the spherical harmonics allows us to conclude that∫
S2

Y l
m(z, z̄)Y ⋆l′

m′ (z, z̄) dΩ = δll′δmm′ .



35

For the ρ integral, note that multiplying the differential equation satisfied by ψp with ψ⋆
p′ gives

ψ′′
pψ

⋆
p′ +

3

ρ
ψ′
pψ

⋆
p′ +

(
p2

ρ2
−M2

)
ψpψ

⋆
p′ = 0

where ψ′ = ∂ρψ. Likewise swapping ψp ↔ ψ∗
p′ and subtracting we have

−p
2 − p′2

ρ2
ψpψ

⋆
p′ = ψ′′

pψ
⋆
p′ − ψ⋆′′

p′ ψp +
3

ρ
ψ′
pψ

⋆
p′ −

3

ρ
ψ⋆′

p′ψp .

Integrating, we have

−(p2 − p′2)
∫ ∞

0

ψpψ
⋆
p′ ρdρ =

∫ ∞

0

dρ [ρ3(ψ′′
pψ

⋆
p′ − ψ⋆′′

p′ ψp) + 3ρ2(ψ′
pψ

⋆
p′ − ψ⋆′

p′ψp)] .

The integral on the right hand side can be integrated by parts to yield

−(p2 − p′2)
∫ ∞

0

ψpψ
⋆
p′ ρ dρ = [ρ3(ψ′

pψ
⋆
p′ − ψ⋆′

p′ψp)]
∣∣∣∞
0
. (4.6)

The modified Bessel functions have the following mirror symmetry

I⋆α(z) = Iα⋆(z⋆) K⋆
α(z) = Kα⋆(z⋆) .

At z = +∞, Iα(z) ∼ ez which increases exponentially while Kα(z) ∼ e−z which decreases ex-

ponentially. We therefore discard the ψp,1 set of solutions as these modes are not normalizable

and study the (4.4) solutions ψp,2. We begin by considering the case p2 > 1 and take the branch√
1− p2 = i

√
p2 − 1. Let us define α =

√
p2 − 1 and henceforth we will drop the 2 subscript on

ψp,2. Near z = 0, the expansion

Kν(z) = 2ν−1Γ(ν)z−ν + 2−ν−1Γ(−ν)zν + · · ·

allows us to evaluate the surface term to give

lim
ρ→0

ρ3
(
ψ′
pψ

∗
p′ − ψ∗′

p′ψp

)
=

lim
ρ→0

i(α+ α′)2−2
(
Γ(iα′)Γ(−iα)(Mρ/2)i(α−α′) − Γ(iα)Γ(−iα′)(Mρ/2)−i(α−α′)

)
(4.7)

treating the rapidly oscillating terms in α as vanishing in the sense of a distribution. For ρ → 0,

this is proportional to a sinc representation of the Dirac delta function

lim
ρ→0

ρ3
(
ψ′
pψ

∗
p′ − ψ∗′

p′ψp

)
= −αΓ(iα)Γ(−iα)

2
sin [(α− α′) log(Mρ/2)]

which gives ∫ ∞

0

ψpψ
⋆
p′ ρ dρ =

Γ(iα)Γ(−iα)
4

lim
C→∞

sin[C(α− α′)]

α− α′

where we have set C = log(Mρ/2). Using the following identity

lim
C→∞

sin(Cx)

x
= πδ(x)
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we then have∫ ∞

0

ψpψ
⋆
p′ ρdρ =

πΓ(iα)Γ(−iα)
4

δ(α− α′) =
π2

4p sinh
(
π
√
p2 − 1

)δ (p− p′) . (4.8)

For 0 ≤ p2 < 1, instead of oscillating terms in eq. 4.7 we have power-law divergences, and the mode

functions ψp in this case again are not normalizable.

To conclude, the normalizable radial mode functions arise from ψp,2 in (4.4) with p2 > 1. The

p-dependent prefactor in (4.8) may then be absorbed into the normalization of these functions. We

assume this has been done, and in the interest of notational clarity we will from now use ψp to

denote the normalized radial mode functions. The normalized radial mode functions in this case

will satisfy the following ∫ ∞

0

ψpψ
⋆
p′ ρdρ = δ(p− p′) . (4.9)

For the η dependence, we form the following linear combination of ϕpl,1 and ϕpl,2 to obtain

ϕpl =
iπ

2
ϕpl,1 + ϕpl,2

which, as we will show in Appendix B, are the (unnormalized) modes corresponding to the 4d

Minkowski vacuum. Using

∂Pµ
ν

∂z
=
νzPµ

ν (z)− (µ+ ν)Pµ
ν−1(z)

z2 − 1

∂Qµ
ν

∂z
=
νzQµ

ν (z)− (µ+ ν)Qµ
ν−1(z)

z2 − 1

and

Pµ
ν (0) =

π1/22µ

Γ
(
1−µ−ν

2

)
Γ
(
ν−µ
2 + 1

) Qµ
ν (0) = −

π3/22µ−1 tan π(µ+ν)
2

Γ
(
1−µ−ν

2

)
Γ
(
ν−µ
2 + 1

)
we can evaluate the η-dependent part of the Klein-Gordon norm to obtain

−i[ϕpl(η0)ϕ⋆
′

pl(η0)− ϕ⋆pl(η0)ϕ′pl(η0)](cosh
2 η0) = πe−π

√
p2−1

which does not depend on η0 due to conservation of the Klein-Gordon norm. We can therefore

normalize the modes ϕpl by replacing

ϕpl →
e

π
2

√
p2−1

π1/2
ϕpl .

In what follows we will assume that this has been done and in the interest of notational simplicity

we will use ϕpl to denote the normalized modes.

To summarize, for p2 > 1 we have constructed mode functions of the 4d Klein-Gordon equa-

tion corresponding to the Minkowski vacuum, which when restricted to the de Sitter slice ρ = 1

correspond to the Euclidean vacuum of the 3D de Sitter spacetime. These modes Φplm(η, ρ, z, z̄) =

ϕpl(η)ψp(ρ)Y
l
m(z, z̄) are normalized with respect to to the Klein-Gordon norm (4.5) with the follow-

ing orthonormality condition

⟨Φplm,Φp′l′m′⟩ = δ(p− p′)δll′δmm′ .

For 0 ≤ p2 < 1, the radial mode functions are not normalizable.
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4.6 Unitary Principal Series Representation

We are now in a position to build the unitary principal series representation of SO(3, 1) which acts

on the dS3/M4 mode functions. Since the action of SO(3, 1) on M4 leaves the radial coordinate

ρ invariant, the action is identical on both dS3 mode functions and on M4 mode functions. For

simplicity of presentation we will focus on dS3 modes, but all equations in this section carry over to

the M4 modes trivially.

On the past and future null infinities I± of the 3D de Sitter spacetime, the Killing vectors can

be written as conformal Killing vectors of the spatial 2-sphere

Ln = −zn+1 ∂

∂z
, L̄n = −z̄n+1 ∂

∂z̄

where n = 0,±1. However one should use caution in applying this formula. It is correct when

acting on the metric, or massless scalars, but as we will see there will be additional terms that must

be added depending on the class of functions or fields considered. General complex combinations

of these vectors will not preserve the desired reality conditions, so we will need to be careful to

construct the correct 6 independent generators that will appear with real coefficients.

To extend these into the bulk of de Sitter it is helpful to arrange them into an SO(3) corresponding

to the isometries of the spatial slices. With the convention g = exp(iθJ) we find the generators:

J1 =
i

2

(
L−1 + L1 + L̄−1 + L̄1

)
J2 =

1

2

(
L−1 − L1 − L̄−1 + L̄1

)
J3 = L0 − L̄0 .

These immediately extend into the bulk without time dependent contributions. This also allows us

to read off the conjugation condition to be imposed on the generators. Since the Jk are Hermitian

we require

L†
n = −L̄n, L̄†

n = −Ln .

The time-dependent Killing vectors take the form

K = F
∂

∂t
+

1

2
(1 + zz̄)

2
tanh t (∂z̄F )

∂

∂z
+

1

2
(1 + zz̄)

2
tanh t (∂zF )

∂

∂z̄

where F is one of the three solutions

Fz =
2z

1 + |z|2
Fz̄ =

2z̄

1 + |z|2
Ft =

1− |z|2

1 + |z|2
. (4.10)

At I+ these reduce to

K̃1 = L1 − L̄−1

K̃2 = L̄1 − L−1

K̃3 = L0 + L̄0
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when acting on the metric. It is convenient to assemble these into Hermitian linear combinations:

K1 =
1

2

(
L1 − L̄−1 − L̄1 + L−1

)
K2 =

i

2

(
L̄1 − L−1 + L1 − L̄−1

)
K3 = −i

(
L0 + L̄0

)
which at a general spacetime point become

K1 =
1

2

(
2(z − z̄)
1 + |z|2

∂

∂t
− tanh t

((
z2 + 1

) ∂
∂z
−
(
z̄2 + 1

) ∂
∂z̄

))
K2 =

i

2

(
2(z + z̄)

1 + |z|2
∂

∂t
− tanh t

((
z2 − 1

) ∂
∂z

+
(
z̄2 − 1

) ∂
∂z̄

))
K3 = −i

(
1− |z|2

1 + |z|2
∂

∂t
− tanh t

(
z
∂

∂z
+ z̄

∂

∂z̄

))
. (4.11)

Note the generators satisfy the canonical Lorentz algebra

[Ji, Jj ] = iϵijkJk

[Ji,Kj ] = iϵijkKk

[Ki,Kj ] = −iϵijkJk .

On the three-dimensional de Sitter mode functions (4.3) the generators (4.11) take the simplified

form

K1 =
1

2

(
2(z − z̄)
1 + |z|2

(2h+ − 2)−
((
z2 + 1

) ∂
∂z
−
(
z̄2 + 1

) ∂
∂z̄

))
K2 =

i

2

(
2(z + z̄)

1 + |z|2
(2h+ − 2)−

((
z2 − 1

) ∂
∂z

+
(
z̄2 − 1

) ∂
∂z̄

))
K3 = −i

(
1− |z|2

1 + |z|2
(2h+ − 2)−

(
z
∂

∂z
+ z̄

∂

∂z̄

))
(4.12)

where we define

2h± =
d− 1

2
±

√(
d− 1

2

)2

− µ2 = 1±
√
1− µ2 .

To check this we note that the group of rotations SO(3) acts straightforwardly in the basis (4.3).

The rotation generators also rotate the Ki amongst themselves, so we can focus on the action of say

K3 on the mode functions (4.3). It is then straightforward to check that

∂

∂t
ϕl=0 = 2(h+ − 1)ϕl=1

which holds for the solutions ϕl,1 and ϕl,2 of (4.3) independently and determines the prefactors that

appear in (4.12). Likewise, when acting on the four-dimensional Minkowski modes the generators

take the exact same expression with µ replaced by p.

To confirm the generators match the principal series we will use the representation of SO(3, 1) on

functions L2(S2). Note this differs from the more common representation on functions L2(C), which
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would be applicable to the flat slicing of de Sitter. Likewise there is a representation on L2(H2),

though we won’t need that here. The upshot of these different realizations of the principal series is

that the extra terms in (4.12) take completely different forms.

To realize the representation we consider the cone C3
+ embedded in 4d Minkowski spacetime,

where

x21 + x22 + x23 − x20 = 0 .

We then consider the slice through the cone where x0 = 1. This slice is an S2 which may be

parameterized by coordinates z above using the Fubini-Study metric. The cone maps into itself

under SO(3, 1). The principal series may be defined as functions on the slice that behave as [54]

(Tσ(g)f)(z) = α(z, g)σf

(
g−1 · z
α(z, g)

)
(4.13)

where g is a SO(3, 1) group element, and α(z, g) is defined to be the rescaling factor needed to return

g−1 · xµ to the slice x0 = 1. The action of SO(3, 1) on z is the usual fraction linear transformation,

but the factor α depends on which realization of the principal series we are considering. To write

the action of SL(2,C) on the Minkowski coordinates it is helpful to use the familiar representation

xµ =
1

2
Tr (Mσµ) , M =

(
x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

)
, σµ =

(
1, σi

)
where σi are the Pauli matrices. Then an SL(2,C) transformation acts as

M ′ = SMS† .

To rescale back to the slice x0 = 1 we rescale to

M̃ ′ =
M ′

1
2Tr (M

′)
.

Finally, the coordinates on the 2-sphere x0 = 1 are matched with the Fubini-Study coordinates via

x1 + ix2 =
2z

1 + |z|2

x1 − ix2 =
2z̄

1 + |z|2

x3 =
1− |z|2

1 + |z|2
.

From these equations we can read off the factor α and determine the action of the z coordinate. For

S =

(
a b

c d

)
,

the fractional linear transformation is

z′ =
dz + c

bz + a
.

Since we know the group of rotations acts in a straightforward way on the spherical harmonics,

it suffices to consider one of the boost generators to check the matching of the generators. To do
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this we Taylor expand (4.13) for a group element of the form g = exp(ik3ϵ). Plugging in the above

relations gives

K3 = −i
(
1− |z|2

1 + |z|2
σ −

(
z
∂

∂z
+ z̄

∂

∂z̄

))
.

We therefore identify the scalar field representation with a principal series representation where

σ = −2h−. We have σ = −1 + i
√
µ2 − 1 in the notation of [54]. We note the equivalence of the

representations under the replacement h+ → h− and 2h+ − 2 = −2h−. For the principal series,

the inner product is simply the usual integral over the 2-sphere in Fubini-Study coordinates which

matches the Klein-Gordon norm up to a constant factor. For 0 < µ2 < 1 we have the complementary

series representations and the above results extend straightforwardly to that case.

4.7 Relation to Previous Work

Here we show the mode functions computed in Ref. [47] form a non-unitary highest-weight represen-

tation, and therefore do not produce a unitary principal series representation of SO(3, 1). To do so

we first show that the generators of the special conformal transformations annihilate a mode function

corresponding to the highest weight of the representation. The mode functions (eq. 2.19 of [47]) are

parameterized by the tuple (∆, w⃗) where ∆ is in general a complex number and w⃗ = (wx, wy) ∈ R2.

These mode functions are

ϕ±∆(X
µ; w⃗) =

4π

(im)

(
√
−X2)∆−1

(−q(w⃗) ·X ∓ iϵ)∆
K∆−1(m

√
X2) . (4.14)

Here Xµ are the usual flat coordinates of the 4d Minkowski spacetime M4. The q
µ(w⃗) is the following

4-vector

qµ(w⃗) = (1 + |w⃗|2, 2w⃗, 1− |w⃗|2) .

The conformal group SO(3, 1) acts on the space of scalar functions defined on M4 × R2 by acting on

M4 with the usual Lorentz transformation and on R2 with the 2D conformal transformations (2D

translations, 2D rotations, dilatations and special conformal transformations):

ϕ∆(X
µ; w⃗)→ ϕ∆(Λ

µ
νX

ν ; w⃗′(w⃗)) .

Here Λµ
ν is the Lorentz transformation corresponding to the SO(3, 1) group element, and the w⃗′(w⃗)

is the conformal transformation corresponding to the SO(3, 1) element. For special conformal trans-

formation, it is

w⃗′ =
w⃗ + |w⃗|2⃗b

1 + 2⃗b · w⃗ + |⃗b|2|w⃗|2
.

These are labeled by a vector b⃗ ∈ R2.

Consider an infinitesimal group element near the identity

Λµ
ν = δµν + (δΛ)µν
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this has the corresponding infinitesimal transformation on R2

w⃗′ = w⃗ + δw⃗ .

In particular, for the special conformal transformation parameterized by an infinitesimal b⃗ we have

the infinitesimal transformation

w⃗′ = w⃗ − 2(w⃗ · b⃗)w⃗ + |w⃗|2⃗b .

Following the conventions of [47] this corresponds to the infinitesimal Lorentz transformation where

(δω)0i = (δω)i0 = (δω)3i = −(δω)i3 = bi

with all other components being zero. Here i = x, y labels the indices of R2. In other words we have
X ′0

X ′i

X ′3

 =


X0

Xi

X3

+


biX

i

bi(X0 −X3)

biX
i

 .
Taylor-expanding ϕ∆(Λ

µ
νX

ν ; w⃗′(w⃗)) and substituting the expressions for δω and δw⃗ above, we have

ϕ∆(Λ
µ
νX

ν ; w⃗′(w⃗)) = ϕ∆(X
µ + (δω)

µ
ν X

ν ; w⃗ + δw⃗)

= ϕ∆(X
ν ; w⃗) + (δω)

µ
ν X

ν

(
∂

∂Xµ
ϕ∆

)
+ δw⃗ ·

(
∂

∂w⃗
ϕ∆

)
= ϕ∆(X

ν ; w⃗) + biX
i

(
∂

∂X0
+

∂

∂X3

)
ϕ∆ + bi(X0 −X3)

(
∂

∂Xi
ϕ∆

)
+
(
−2(w⃗ · b⃗)w⃗ + |w⃗|2⃗b

)
·
(
∂

∂w⃗
ϕ∆

)
.

For infinitesimal b⃗ this evaluates to

δϕ∆ =
8π∆

im
b⃗ · w⃗

(√
−X2

)
∆−1

(−q(w⃗) ·X ∓ iϵ)∆
K∆−1

(
m
√
X2
)
. (4.15)

In particular, the special conformal transformations annihilate the mode functions when the weight

w⃗ = (0, 0). This implies [55] that the mode functions (4.14) form a highest-weight representation

of SO(3, 1), and since SO(3, 1) has only non-unitary highest-weight representations, these mode

functions cannot form a unitary principal series.

4.8 Discussion

The results of the previous sections lead to a proposal for a holographic mapping between the 3D

de Sitter modes and conformal operators on a two-sphere. Likewise, the construction may be lifted

to 4D Minkowski spacetime.
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4.8.1 Holographic Mapping Between 3D de-Sitter and a Euclidean 2-

Sphere

For the case of a flat slicing, it was possible to define a bulk-to-boundary map and its inverse map

[56] via a construction reminiscent of the LSZ reduction formula in asymptotically flat spacetime

[57]. That construction does not extend immediately to the case of the sphere slicing, but we will see

the Klein-Gordon inner product defined above can still be used to extract a natural set of operators

living on the 2-sphere.

We work with a scalar bulk field of mass µ

ϕ(t, z, z̄) =

∞∑
l=0

l∑
m=−l

almϕlm(t, z, z̄) + a†lmϕ
†
lm(t, z, z̄) (4.16)

where ϕlm is defined using the Euclidean vacuum modes (B.1) and alm and a†lm are standard cre-

ation/annihilation operators. Let us consider a late-time sphere at t = T and build the following

inner product using the Klein-Gordon inner product in 3D de Sitter spacetime

Olm = ⟨ϕlm(t), ϕ(t, z, z̄)⟩t=T

which identifies Olm = alm. Likewise one can define O†
lm = a†lm. One may view this mapping as a

holographic map, with l,m being dual variables to the coordinates on the 2-sphere z, z̄. The formula

(4.16) can then be viewed as the inverse mapping reconstructing the bulk field in terms of boundary

operators. The boundary operators will obey their usual commutation relations, and at the same

time will transform as a representation of the unitary principal series as described above. All the

above is established at the level of free field theory. Once interactions are included it seems difficult

to view the resulting boundary theory as any kind of conventional field theory [58].

4.8.2 Holographic Mapping Between Celestial Sphere and 4D Minkowski

This procedure can be extended to the 4D Minkowski case. However we will now have a continuous

spectrum of allowed conformal weights ∆ corresponding to the continuous spectrum of radial quan-

tum numbers p. For a scalar field we can use the orthogonality of the radial mode functions (4.9)

to project onto a particular p eigenvalue and then follow the procedure of the previous subsection

to build a boundary operator. The mode expansion of the bulk field is now

Φ(η, ρ, z, z̄) =

∞∑
l=0

l∑
m=−l

∫ ∞

1

dp
(
aplmΦplm(η, ρ, z, z̄) + a†plmΦ†

plm(η, ρ, z, z̄)
)

where aplm and a†plm are annihilation and creation operators. Again we can define an operator on

the celestial 2-sphere by constructing

O∆p,lm = ⟨Φplm(η, ρ, z, z̄),Φ(η, ρ, z, z̄)⟩ = aplm

where the operator transforms as a unitary principal series representation parameterized by ∆p.

Likewise one may define a conjugate operator O†
∆p,lm

= a†plm. We can therefore interpret this as a
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holographic map between the bulk 4D Minkowski spacetime and the boundary 2D celestial sphere.

One ends up with a continuous family of boundary operators labelled by the radial quantum number

p. As above, it is not clear how the construction extends to interacting theories.



Chapter 5

Conformal Wavefunctions for

Graviton Amplitudes

Building on the results of the previous chapter, it is of interest to study the representations of the

SO(3, 1) group associated with gravitons. To reduce the equation of motion to a Schrödinger-like

equation it is necessary to impose a non-covariant gauge condition. Using these solutions, leading-

order gauge invariant Weyl scalars are then computed and decomposed into families of unitary

principal series representations. An invertible holographic mapping is constructed between these

unitary principal series operators and massless spin-2 perturbations of flat spacetime.

5.1 Introduction

In the previous chapter, massive scalar fields in 4D Minkowski spacetime were decomposed into

modes on 3D de-Sitter spacetime slices where they form unitary principal series representations of

SO(3, 1). This study was motivated by the program of [46] where the goal is to formulate gravity

in asymptotically flat spacetime as a theory on the celestial sphere with conformal symmetry. In

this chapter we extend this construction to massless spin-2 particles, or gravitons, in 4D Minkowski

spacetime. To this end, we consider linearized gravitational waves living in flat 4D background

spacetime with the standard spherical coordinates. The background metric is simply

gµν = diag(−1, 1, r2, r2 sin2 θ)

Following the notations in [59], from now on indices a, b, c, . . . refer to the “orbit” spacetime labeled

by the coordinates (t, r), and i, j, k, . . . refer to the 2-sphere labeled by (θ, φ). In other words, we

write the background metric as

gµν dx
µdxν = gab dy

adyb + r2 dσ2

where gab = diag(−1, 1) and dσ2 = γij dz
idzj = dθ2 + sin2 θ dφ2.

44
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For Minkowski spacetime in four dimensions, the gravitational perturbations can be expanded

in terms of both the scalar and the vector spherical harmonics defined on the 2-sphere. These

are also known as the “even” and “odd” waves in [60], and will automatically have the desired

transformation properties under the rotation group SO(3). However, as we shall see, the specific

gauge conditions that we will choose in what follows are not Lorentz covariant, and therefore these

metric perturbations do not transform as tensors under the full SO(3, 1) group. To remedy this,

we consider the Newman-Penrose formalism [61] of general relativity and construct leading-order

gauge-invariant scalars known as the Weyl scalars. These scalars can then be mapped onto the

celestial sphere through a generalization of the method described in the previous work [62]. This

generalization involves performing a spectral decomposition into radial eigenvalues using the Meijer

K-transform [63, 64]. We therefore obtain an invertible holographic map between graviton fields

on the flat Minkowski background spacetime and conformal operators on the celestial sphere. We

stress that this procedure is defined for tree-level amplitudes and it remains to be seen whether an

interacting holographic theory can be defined independently of the four-dimensional gravitational

description.

5.2 Graviton Wavefunctions

5.2.1 Scalar Perturbations

Refs. [65, 66] present a general formalism which expresses the metric perturbation hµν in terms of

a master function ϕ. For the scalar perturbation, a gauge choice allows us to express the metric

perturbation hµν , expanded in terms of the spherical harmonics Ylm, as

hab = fabYlm, hai = 0, hij = f γijYlm (5.1)

where fab and f are functions that are related to a master function ϕ(t, r)

f =
l(l + 1)rϕ

2
+ r2∂rϕ

fab = ∂a∂b(rϕ)−
gab
2

□(rϕ)

= r∂a∂bϕ+ ∂ar ∂bϕ+ ∂br ∂aϕ−
gab
2

(r□ϕ+ 2∂rϕ) . (5.2)

Here ∂ar∂bϕ stands for (∂ar)(∂bϕ) and □ is the d’Alembertian on the orbit spacetime. The compo-

nents of fab are

ftt = frr = r∂2t ϕ+ ∂rϕ+
l(l + 1)

2r
ϕ

ftr = r∂t∂rϕ+ ∂tϕ .

The master function ϕ(t, r) satisfies the following master equation

□ϕ− l(l + 1)

r2
ϕ = 0
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which can be solved to yield a basis of mode functions

ϕωl(t, r) = e−iωt
√
r(c1Jl+ 1

2
(ωr) + c2Yl+ 1

2
(ωr))

for ω ̸= 0. Here Jn is the Bessel function of first kind and Yn is the Bessel function of second kind.

We demand that the mode functions be regular at the origin, and therefore discard the second set

of solutions. We therefore find the (unnormalized) modes for the master function

ϕωl(t, r) = e−iωt
√
rJl+ 1

2
(ωr) .

For ω ̸= 0 this agrees with the master equation found in Ref. [67].

For ω = 0 we have the special time-independent solution of the master equation

ϕ0l(t, r) = c1r
l+1 + c2r

−l .

Discarding solutions that are divergent at r →∞ we find the basis of functions for the ω = 0 modes

ϕ0l(t, r) = r−l .

Physically this represents a time-independent spacetime perturbation that is rotating at a constant

angular momentum (for l ̸= 0. For l = 0 the metric perturbation is zero), similar to the eternal Kerr

black hole which appears to a distant observer as having a total angular momentum. Substituting

the master function into eq. 5.1 we find the scalar metric perturbation for ω = 0

hµν = Ylm


l(l−1)

2 r−l−1 0 0 0

0 l(l−1)
2 r−l−1 0 0

0 0 l(l−1)
2 r1−l 0

0 0 0 l(l−1)
2 r1−l sin2 θ

 .

5.2.2 Vector Perturbations

We define the vector spherical harmonics as a vector field Y
(lm)
i on the unit 2-sphere satisfying

[∆2 + (l(l + 1)− 1)]Y
(lm)
i = 0

with DiY (lm)
i = 0. Here ∆2 and Di are the Laplace operator and the covariant derivative on the

unit 2-sphere, respectively. In terms of the scalar spherical harmonics Ylm we find

Y
(lm)
i (θ, φ) =

ϵij√
l(l + 1)

∂jYlm(θ, φ)

Here indices are raised and lowered using the metric γij on the unit 2-sphere, and ϵij is the Levi-

Civita tensor on the 2-sphere defined by ϵθφ =
√
|det γij | = sin θ. Given suitable gauge choice [60],

the metric perturbation can then be expanded in terms of Y
(lm)
i as follows

hab = 0, hai = faY
(lm)
i , hij = 0 (5.3)
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where fa is related to the master function ϕ(t, r) above via

fa = ϵab∂b(rϕ) .

Here ϵab is the Levi-Civita tensor on the two-dimensional orbit spacetime defined by ϵtr = +1. For

ω ̸= 0 this agrees with the so-called odd waves in Ref. [60]. For ω = 0 substituting the master

function ϕ = r−l into eq. 5.3 we find the metric perturbation

hµν =

√
l

l + 1
r−l−1


0 0 1

sin θ∂φYlm − sin θ ∂θYlm

0 0 0 0
1

sin θ∂φYlm 0 0 0

− sin θ ∂θYlm 0 0 0

 .

5.3 Klein-Gordon Inner Product

The metric perturbation expressions constructed above are yet to be normalized. Following [66] we

define the inner product between two metric perturbations hµν and h′µν as

⟨h, h′⟩ = −i
∫
Σ

dΣnλ(h
⋆
µνp

′λµν − h′µνp⋆λµν)

where Σ is a Cauchy surface and nλ is the future-directed unit vector field normal to Σ. Here pλµν

is the conjugate momentum current

pλµν = gλν∇κh
κν + gλν∇κh

κµ −∇λhµν + gµν(∇λh−∇κhλκ)−
gλν∇µh+ gλµ∇νh

2

Here all indices are raised and lowered with respect the the background metric gµν and ∇ is the

covariant derivative of the background metric.

5.3.1 Scalar Perturbations

For the scalar perturbation Ref. [66] eq. 88 has shown that for hωlm
µν and hω

′l′m′

µν , derived from the

master function ϕωl and ϕω′l′ via eq. 5.1 respectively, the conserved inner product is

⟨hωlm, hω
′l′m′
⟩ = −i

∫ +∞

0

dr δll′δmm′ J0

where the orbit spacetime current Ja is given by

Ja =
4

r
∂cr(f⋆abf ′bc − fabf ′⋆bc)− (f⋆bc∂af ′bc − f ′bc∂af⋆bc)

Here fab is related to the master function ϕωl and f ′ab is related to the master function ϕω′l′ via

eq. 5.2. Substituting eq. 5.2 and following the derivations in eqs. 90–100 and Appendix B of Ref. [66]

we find

J0 = − l(l − 1)(l + 1)(l + 2)

2
(ϕ⋆ωl∂tϕω′l′ − ϕω′l′∂tϕ

⋆
ωl) .
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For ϕωl = e−iωt
√
rJl+ 1

2
(ωr) we have

i (ϕ⋆ωl∂tϕω′l − ϕω′l∂tϕ
⋆
ωl)|t=0 = (ω + ω′)rJl+ 1

2
(rω)Jl+ 1

2
(rω′) .

Using ∫ ∞

0

rJα(ωr)Jα(ω
′r) dr =

δ(w − w′)

ω

we find

⟨hωlm, hω
′l′m′
⟩ = l(l − 1)(l + 1)(l + 2)δ(ω − ω′)δll′δmm′ .

We see that in order to normalize the metric perturbations to have

⟨hωlm, hω
′l′m′
⟩ = δ(ω − ω′)δll′δmm′

we will perform a change of variable hµν → [l(l−1)(l+1)(l+2)]−1/2hµν . In the interest of notational

clarity we will assume this has been done and will continue to use hµν to denote the normalized

scalar metric perturbation.

5.3.2 Vector Perturbations

For the vector perturbations Ref. [66] eq. A10 has shown that for hVµν and h′
V
µν given by master

functions ϕωlm and ϕω′l′m′ (via eq. 5.3) we have

⟨hV , h′V ⟩ = −i δll′δmm′(l − 1)(l + 2)

∫ +∞

0

dr (ϕ⋆ωl∂tϕω′l′ − ϕω′l′∂tϕ
⋆
ωl) .

Following the calculations of the previous section we find

⟨hV , h̃V ⟩ = 2(l − 1)(l + 2)δ(ω − ω′)δll′δmm′ .

We see that a change of variable hVµν → [2(l− 1)(l+2)]−1/2hµν will allow us to normalize the vector

metric perturbations to have

⟨(hV )ωlm, (hV )ω
′l′m′
⟩ = δ(ω − ω′)δll′δmm′ .

5.4 Gauge Invariant Observables

The solutions we have described above depend on the choice of gauge (5.1). Since our graviton

modes are expanded in terms of scalar or vector spherical harmonics, we expect that they transform

under the rotation group SO(3) in the usual way. Indeed, denoting (hS)ωlm
µν by |ωlm⟩, we find that

L3 |ωlm⟩ = m |ωlm⟩

and

(L1 ± iL2) |ωlm⟩ =
√
(l ∓m)(l ±m+ 1) |ωl,m± 1⟩
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where the rotation operators Li act on the graviton modes as

Lihµν = −i [ϵijkxj∂khµν + (ωij)µ
λhλν + (ωij)ν

λhµλ]

with

(ωµν)α
β = ηµαδ

β
ν − ηναδβµ .

However, since the gauge conditions (eqs. 5.1,5.3) for either the scalar and vector perturbations are

not Lorentz covariant, we do not expect that these graviton modes transform as representations of

the full Lorentz group SO(3, 1). Indeed, acting with the boost operators

Kihµν = −i [(x0∂i − xi∂0)hµν + (ω0i)µ
λhλν + (ω0i)ν

λhµλ]

does not produce the correct Lorentz algebra. In order to restore the correct Lorentz algebra, one

needs to perform additional gauge transformations after a boost to restore the gauge conditions

(eqs. 5.1,5.3). The exact gauge transformations required are non-trivial and do not have a closed

expression as far as we know.

Alternatively, one could consider the transverse-traceless gauge that is indeed Lorentz covariant

and rewrite our graviton modes in this gauge, and attempt to quantize such a theory with a procedure

similar to the Gupta-Bleuler formalism of electromagnetism. However this procedure does not

provide a complete gauge fixing, and one is still left with a Hilbert space containing zero-norm states.

Neither of these approaches will be completely satisfactory in producing a conformal description of

the graviton modes as gauge invariant operators on the celestial sphere.

In the context of AdS/CFT the usual procedure would be to adopt Fefferman-Graham coor-

dinates where one can simply identify components of the metric expansion around spatial infinity

with a boundary stress-energy tensor. The boundary stress-energy tensor then provides a complete

description of the boundary data for gravitational waves.

Finding an analogous set of variables in the case of asymptotically flat spacetime is a somewhat

more thorny problem. One approach is simply to choose a Bondi metric near null infinity [68, 69] and

describe the gravitational waves using the asymptotic variables that appear there. Another approach,

used in the numerical study of gravitational waves from time-dependent collapsing/colliding objects,

is to instead pick a distinguished tetrad and compute the so-called Weyl scalars (see for example

[70, 71]. An infinitesimal gauge transformation of the Riemann tensor is

δRα
µνβ = LξR

α
µνβ

where ξ parameterizes the diffeomorphism and Lξ is the Lie derivative. Since the Lie derivative is

linear in Rα
µνβ and linear in ξ this will vanish at leading order in ξ if the Riemann tensor is computed

at linear order in the perturbation around flat spacetime. So the Weyl scalars, which amount to

picking particular components of the Riemann tensor in this context, will be a set of gauge invariant

observables at leading order.

We are therefore led to the consideration of the so-called spin-coefficient formalism [72] of general

relativity, a special example of which is known as the Newman-Penrose formalism [61]. Here one
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picks a null tetrad satisfying

lµl
µ = nµn

µ = mµm
µ = m̄µm̄

µ = 0

normalized so that

lµn
µ = −1, mµm̄

µ = 1

with other cross contractions between two vectors vanishing. For our specific purpose we will pick

the limit of the Kinnersley tetrad [73]

lµ = (1, 1, 0, 0) , nµ =

(
1

2
,−1

2
, 0, 0

)
,

mµ =
1√
2r

(
0, 0, 1,

i

sin θ

)
, m̄µ =

1√
2r

(
0, 0, 1,− i

sin θ

)
. (5.4)

The five Weyl scalars Ψi for i = 0, . . . , 4 are built out of the Weyl tensor Cαβγδ of the full spacetime

as

Ψ0 = Cαβγδ l
αmβlγmδ (5.5)

Ψ1 = Cαβγδ l
αnβlγmδ (5.6)

Ψ2 = Cαβγδ l
αmβm̄γnδ (5.7)

Ψ3 = Cαβγδ l
αnβm̄γnδ (5.8)

Ψ4 = Cαβγδ n
αm̄βnγmδ . (5.9)

Here we expand Cαβγδ to first order in hµν . Since the full spacetime satisfies the vacuum Einstein

equation, we find that the Weyl tensor Cαβγδ is equal to the Riemann tensor Rαβγδ. The Weyl

scalars, gauge invariant under infinitesimal gauge transformations, may then be expressed in terms

of the graviton wavefunctions of the previous section. Our strategy will then be to decompose these

gauge invariant scalars into representations of the conformal group.

Note that for a particular value of l,m it would be possible to find modification of the tetrad, at

leading order in the perturbation, such as picking l along a principal null direction, that would make

some of the Weyl scalars vanish. However if make pick the tetrad independently of the perturbation,

all the Weyl scalars will typically be non-vanishing, and will provide a basis for gauge invariant

observables (at leading order).

A straightforward calculation leads to the expressions for the Weyl scalars evaluated on the

scalar and vector perturbations in appendices A and B respectively. These expressions involve

radial derivations of the master function ϕ(t, r) and angular derivatives of the spherical harmonics.

For us, the main point is that the Weyl scalars do not satisfy a simple wave equation in 4D spacetime.

In order to use the methods of [62] we next must perform a spectral decomposition in the radial

direction to allow us to use that basis functions as a complete basis for the Weyl scalars.
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5.5 Holographic Mapping to the Celestial Sphere

The Weyl scalars encode all the information of the gravitational perturbations. Our strategy will

be to proceed in two steps: first consider a fixed radius 3D de Sitter slice of flat spacetime, and

use the Plancherel (or completeness) theorem for the unitary principal series representations to

decompose a general function on such a slice into irreducible representations; next we allow for a

general radial variation of such functions, effectively decomposing a general solution into solutions

of the 4D massive scalar wave equations with a continuous spectrum of masses.

The starting point is the unitary principal series mode functions that we have computed in [62]

ΦpMlm(η, ρ, z, z̄) = ϕpl(η)ψpM (ρ)Y l
m(z, z̄)

where

ϕpl(η) = sech η

[
iπ

2
P

i
√

p2−1

l (tanh η) +Q
i
√

p2−1

l (tanh η)

]
and

ψpM (ρ) =
K

i
√

p2−1
(Mρ)

ρ
.

HereM is the 4D scalar mass, l,m are the usual angular momentum quantum numbers, and p labels

the unitary principal series representation and also behaves as a radial quantum number. Kν(x)

is the modified Bessel function of second kind, and (η, ρ, z, z̄) are the hyperbolic coordinates on

Minkowski spacetime with metric

ds2 = −ρ2dη2 + dρ2 + ρ2 cosh2 η
4 dz dz̄

(1 + |z|2)2
.

We will apply the main result of Ref. [62], which states that these modes ΦpMlm form a unitary

principal series representation of SO(3, 1). This allows us to apply the Plancherel theorem [74] and

map the Weyl scalars into sets of conformal operators defined on the celestial sphere. We now discuss

this procedure in detail.

To motivate the full 4D map, let us first consider the simpler case where one is to construct

a holographic map on the 3D de-Sitter slice (which we take to be the ρ = 1 hypersurface) of 4D

Minkowski. On the 3D de-Sitter slice, the mode functions ΦpMlm above reduce to the mode functions

ϕplm(η, z, z̄) = ϕpl(η)Ylm(z, z̄). We can then use these modes as basis for the analogue of Fourier

transform, and maps a scalar function f(η, z, z̄) into “Fourier” coefficients labeled by f̂(p, l,m)

f̂(p, l,m) =

∫ +∞

−∞
cosh2 η dη

∫
C

4dzdz̄

(1 + |z|2)2
ϕ̄pl(η) Ȳlm(z, z̄) f(η, z, z̄) .

The Plancherel theorem [74] guarantees that this map is unitary. Using eq. 10.40 of Ref. [74], we

find the inverse map

f(η, z, z̄) =

∫ ∞

1

2p tanh
(π
2

√
p2 − 1

)
dp
∑
lm

ϕpl(η)Ylm(z, z̄) f̂(p, l,m) .
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In particular, the integral measure of the inverse map follows from setting v =
√
p2 − 1 in the

expression v tanh(πv/2) dv of eq. 10.40 in Ref. [74], and multiplying it by two, since both p ∈ (1,+∞)

and p ∈ (−∞,−1) map to v ∈ (0,+∞).

In order to include the radial variation of the scalars, we note the fact that the following Meijer

K-transform of order ν, defined for a function f(x) as

f̂(y) =

∫ ∞

0

f(x)Kν(xy) (xy)
1/2 dx

has the following inverse transform

f(x) =
1

πi

∫ c+i∞

c−i∞
f̂(y)Iν(xy) (xy)

1/2 dy

where c is an arbitrary real number and Iν(x) is the modified Bessel function of the first kind. This

is developed in a series of papers [63, 64, 75, 76] and summarized in Chapter X of Ref. [77], which we

simply quote without going into further details of the proof. This gives us a unitary transformation

for the radial component, from which we obtain the full 4D forward and inverse map: given a scalar

function Ψ(η, ρ, z, z̄), we define the following analogue of the Fourier transform on four-dimensional

Minkowski spacetime

Ψ̂(p,M, l,m) =

∫ +∞

−∞
dη ϕ̄pl(η) cosh

2 η

∫ ∞

0

dρK
i
√

p2−1
(Mρ)(Mρ)1/2

∫
C

4dzdz̄

(1 + |z|2)2
Ȳlm(z, z̄)Ψ(η, ρ, z, z̄)

(5.10)

that maps any scalar function Ψ(η, ρ, z, z̄) to “Fourier” coefficients Ψ̂ labeled by (p,M, l,m), where

p > 1, M > 0, l ≥ 0, and −l ≤ m ≤ l. We note this ρ integral is indeed convergent. This

transformation is invertible, with the inverse map given by

Ψ(η, ρ, z, z̄) =
1

πi

∫ +∞

1

2p tanh
(π
2

√
p2 − 1

)
dp

∫ +i∞

−i∞
I
i
√

p2−1
(Mρ)(Mρ)1/2 dM

∞∑
l=0

l∑
m=−l

ϕpl(η)Ylm(z, z̄)Ψ̂(p,M, l,m) (5.11)

Here Iν(x) is the modified Bessel function of the first kind.

We are now in a position to apply the forward and inverse map described above to each of the

Weyl scalars of the gravitational modes computed earlier. This allows us to identify two families of

celestial sphere operators that encode the 5 complex Weyl scalars for each variety of perturbation

(scalar and vector) which we can label as Ψ̂S,α
pMlm and Ψ̂V,α

pMlm. Here S, V refer to scalar and vector,

and α = 0, · · · , 4 labels the 5 Weyl scalars. The l,m angular momentum space is conjugate to the

2-sphere coordinate space z, z̄ so in this sense we obtain a holographic mapping of the gravitational

modes to the celestial sphere.

These celestial sphere operators will automatically have the desired conformal transformation

properties as shown in [62]. We therefore find that the procedure described above allows us to build

a celestial sphere description of the gravitational modes living in the Minkowski bulk spacetime at

leading order. To further illustrate this point we summarize the flat spacetime holographic map that

we have constructed above in the following section.
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5.6 Discussion

What we have constructed above is a holographic map between gravitons in 4D Minkowski back-

ground and conformal operators in the 2D boundary of 4D Minkowski known as the celestial sphere.

The forward map, going from a metric perturbation gµν = ηµν + hµν in 4D to conformal operators

{Ψ̂α
pMlm} in 2D celestial sphere, is the following

1. Compute the Riemann tensor Rαβγδ to first order in hµν . Since the full spacetime satisfies the

vacuum Einstein equation, the Weyl tensor Cαβγδ is equal to the Riemann tensor Rαβγδ

2. From the Weyl tensor, compute the five Weyl scalars {Ψα} using eq. 5.4 and eqs. 5.5–5.9. Here

α = 0, . . . , 4.

3. Apply the forward map (eq. 5.10) to the five Weyl scalars, and obtain five conformal operators

{Ψ̂α
pMlm} on the celestial sphere, labeled by four quantum numbers p, M , l, and m.

Likewise, the inverse map, starting from the complete set of conformal operators {Ψ̂α
pMlm}, is to

apply eq. 5.11 to obtain the five (complex) Weyl scalars {Ψα(η, ρ, z, z̄)}. These five complex Weyl

scalars encode the ten independent components of the Weyl tensor, which fully specify the metric

perturbation hµν , up to coordinate (gauge) choices. In particular, one can apply the holographic

map above to the case of individual gravitational wave modes (there are two types, scalar and

vector perturbations, see eqs. 5.1–5.2 and eq. 5.3) and obtain 2D conformal operators that describe

4D gravitons in flat spacetime. The significance of all these formalisms developed in this chapter is

precisely to allow us to write down a simple procedure that holographically maps gravitons living

in flat 4D spacetime, to 2D conformal operators living on the celestial sphere.

We stress that this simple procedure amounts to using kinematic information to organize the

modes in a convenient way. With interactions included, one can still use this procedure to map bulk

dynamics to the celestial sphere. The important question then is whether the dynamics has any

useful description incorporating the conformal symmetry of the celestial sphere as in the program

advocated in [46]. In the case of AdS/CFT the analogous answer was the holographic theory was

simpler than the gravity theory, being a quantum field theory with conformal symmetry. In the case

of asymptotically flat spacetime it remains unclear whether the celestial sphere theory is a quantum

field theory. It remains a logical possibility that the 4D gravitational description will be the simplest

way to describe dynamics of the theory.
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Supplementary Materials for

Chapter 2

A.1 Correlators and Conformal Blocks

Conformal blocks are usually written in terms of 4-point functions after a global SL(2, C) conformal

transformation has sent generic points in the complex plane to the values 0, z, 1,∞. Here we briefly

unpack the relation between these conformal blocks and 4-point functions for general zi.

A canonical form for the 4-point function at general zi in the complex plane is [78]〈
4∏

i=1

Oi(zi)

〉
= f(z, z̄)

∏
i<j

z
−(hi+hj)+h/3
ij

∏
i<j

z̄−(h̄i+h̄j)+h̄/3 (A.1)

where zij = zi − zj , the cross-ratio z = z12z34/z13z24 and h =
∑

i hi. The conformal block on the

other hand is usually defined [79] for the special choice zi = 0, z, 1,∞. To define the correlator as

the point z4 moves to infinity we must rescale by a factor of z2hw
4

lim
z4→∞

z2hw
4 z̄2h̄v

4

〈
4∏

i=1

Oi(zi)

〉
=
∑
p

C12pC34pF(p, z)F̄(p, z̄) . (A.2)

Comparing the two formulae yields

lim
z4→∞

z2hw
4 z̄2h̄v

4

〈
4∏

i=1

Oi(zi)

〉∣∣∣∣
z1=0,z3=1,z2=z

= f(z, z̄) (1− z)h/3−h2−h3 zh/3−h1−h2

× (1− z̄)h̄/3−h̄2−h̄3 z̄h̄/3−h̄1−h̄2

=
∑
p

C12pC34pF(p, z)F̄(p, z̄) (A.3)

and we see the canonical form of the 4-point function involves a nontrivial rescaling of the conformal

block by a function of the cross-ratio.
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Later when we study the commutator of two operators, V and W as a function of time, it will

be convenient to factor out the norm of the operators. To accomplish this we compute

⟨V (z1)V (z2)W (z3)W (z4)⟩
⟨V (z1)V (z2)⟩ ⟨W (z3)W (z4)⟩

= z2hv z̄2h̄v

∑
p

C12pC34pF(p, z)F̄(p, z̄) (A.4)

using (A.1) and (A.3). Now the expression for general zi is a function only of the cross-ratios.

Finally we note that in performing a coordinate transformation to a different coordinate system,

each correlator of primaries transforms by〈∏
i

O(xi)

〉
=
∏
i

(
∂z

∂x

)hi

z=zi

(
∂z̄

∂x̄

)h̄i

z̄=z̄i

〈∏
i

O(zi)

〉

and these factors cancel in the expression (A.4).
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Supplementary Materials for

Chapter 4

B.1 Euclidean Vacuum

The closed form expression of the positive-frequency Euclidean modes has been computed in Ref. [80],

eq. 3.37, which we reproduce below in the interest of being self-contained. Translating the notations

of Ref. [80] to our notations, the time-dependent component of the (unnormalized) Euclidean modes

of the 3D de Sitter spacetime is

ϕEl (t) = (coshl t) e(l+1+i
√

µ2−1)t
2F1(l + 1, l + 1 + i

√
µ2 − 1; 2l + 2; 1 + e2t) . (B.1)

The identities [81] and [82] may be used provided we continue t to the complex plane. It is then

straightforward to verify that the linear combination of modes in (4.3)

ϕEl (t) ∝
iπ

2
ϕl,1(t) + ϕl,2(t)

are the (unnormalized) positive-frequency modes corresponding to the Euclidean vacuum of the 3D

de Sitter spacetime upon continuing t to real values. These when uplifted to the 4d Minkowski

spacetime will correspond to the Minkowski vacuum, since both are distinguished by the fact that

their Wightman function has a Hadamard singularity [83]. The normalization factor is determined

in Section 4.5.
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Supplementary Materials for

Chapter 5

C.1 Weyl Scalars for Scalar Perturbation

The Weyl scalars are evaluated at linear order for the scalar perturbation mode hωlm
µν defined above.

Here we use ϕ′ = ∂
∂rϕ.

Ψ0 =− [l2 + l − 2rω(rω + i)]ϕ+ 2r(1− irω)ϕ′

4r3

[√
(l −m)(l +m+ 1)(l +m+ 2)e−i2φY m+2

l

+ (m− 1)m tan2
(
θ

2

)
Y m
l − 2me−iφ tan

(
θ

2

)√
(l −m)(l +m+ 1)Y m+1

l

]

Ψ1 =
e−iφ

4
√
2r3

{(
l2 + l − 2

)
rϕ′ + 2r2(1− irω)ϕ′′ + i

[(
l2 + l + 2

)
rω + 2il(l + 1)− 2r3ω3 − 2ir2ω2

]
ϕ
}

[√
(l −m)(l +m+ 1)Y m+1

l −meiφ tan

(
θ

2

)
Y m
l

]
Ψ2 =− 1

8r3
[
2r3ϕ′′′ + l(l + 1)r2ϕ′′ − 2r

(
l2 + l − r2ω2

)
ϕ′ + l(l + 1)

(
r2ω2 + 2

)
ϕ
]
Y m
l

Ψ3 =
e−iφ

8
√
2r3

{[
i
(
l2 + l + 2

)
rω + 2l(l + 1)− 2ir3ω3 − 2r2ω2

]
ϕ−

(
l2 + l − 2

)
rϕ′ − 2r2(1 + irω)ϕ′′

}
[√

(l −m)(l +m+ 1)Y m+1
l +meiφ cot

(
θ

2

)
Y m
l

]
Ψ4 =− e−i2φ

16r3
{[
l2 + l − 2rω(rω − i)

]
ϕ+ 2r(1 + irω)ϕ′

}[√
(l −m)(l +m+ 1)(l +m+ 2)Y m+2

l

+ 2meiφ cot

(
θ

2

)√
(l −m)(l +m+ 1)Y m+1

l + (m− 1)me2iφ cot2
(
θ

2

)
Y m
l

]
.
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C.2 Weyl Scalars for Vector Perturbation

The Weyl scalars are evaluated at linear order for the vector perturbation mode hωlm
µν defined above.

Here we use ϕ′ = ∂
∂rϕ. For brevity of presentation we follow [60] and present the m = 0 modes. The

m ̸= 0 modes can always be obtained by acting with an SO(3) generator.

Ψ0 =

√
(l − 1)(l + 2)e−i2φ

2r2
[irϕ′′ + 2(rω + i)ϕ′ + ωϕ(2− irω)]Y 2

l

Ψ1 =− e−iφ

2
√
2r2

{
i
[(
r2ω2 − 2

)
ϕ′ + r2ϕ′′′ + (2− irω)rϕ′′

]
+ ωϕ(rω − 1 + i)(rω + 1 + i)

}
Y 1
l

Ψ2 =−
ie−i2φ

[
r2ϕ′′ + ϕ

(
r2ω2 − 2

)]
4r3

[√
(l − 1)(l + 2)Y 2

l + 2eiφ cot(θ)Y 1
l

]
Ψ3 =

e−iφ

4
√
2r2

{
i
[(
r2ω2 − 2

)
ϕ′ + r2ϕ′′′ + (2 + irω)rϕ′′

]
+ ωϕ[2 + rω(−rω + 2i)]

}
Y 1
l

Ψ4 =

√
(l − 1)(l + 2)e−i2φ

8r2
[irϕ′′ + (−2rω + 2i)ϕ′ − ωϕ(2 + irω)]Y 2

l .
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