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CHAPTER 1

Introduction

In real-world applications, predictive machine learning models often exhibit different
performance at test time compared to their original training time. This discrepancy can
arise from various factors, but in this study, we assume that the models for training and
testing are temporally independent and have changed over time. Specifically, we model
this phenomenon as a shift in the joint distribution between the target and explanatory

variables from training to testing.

This phenomenon is referred to by various terms in the literature, including concept
shift/drift [1HS], dataset shift/drift [6-8]], and model drift [9} [10]. For the purposes of
this study, we will adopt the term “model drift”, acknowledging that its usage may vary
across different contexts in the field. Letting X represent the feature random vector and
Y the response variable, model drift accounts for performance degradation by assuming
that the joint distribution p(X, Y') differs between training and testing. This change in
the joint distribution can arise from various sources: a shift in the posterior probability
distribution p(Y'|X), a shift in the input or feature data probability distribution p(X)
(covariate shift [6]), a shift in the prior probability distribution of the target labels p(Y),
a shift in the conditional probability distribution p(X|Y"), or a combination of the first
two or the last two, as p(X,Y) = p(X)p(Y|X) = p(Y)p(X]Y). Depending on the

application, we may focus on one of these aspects. Some of the terms mentioned earlier



are often reserved by certain authors for specific types of changes; for example, some

refer to “concept shift” exclusively when p(Y'|X') changes [6} 11} [12].

Drift detection is a fundamental component of research on model drift [[13} [14].
A common approach involves comparing data from two different time periods. This
typically entails assuming a probabilistic model for the data and applying a hypothesis
test to assess the statistical significance of any changes between the models. The focus
of the first chapter of this work is to detect model drift in a real-world research field:

brain-computer interfaces.

Brain-Computer Interfaces (BCls) translate neural signals into commands for assistive
technologies, primarily benefiting individuals with paralysis. High-performance BCls
rely on neural decoders calibrated during tasks like target-acquisition, where users are
instructed to reach specific targets on a screen. However, these decoders degrade over
time due to changes in the relationship between neural signals and intended movements
[10L [ 15H23]]. Therefore, to enhance performance, it is crucial to address the underlying
non-stationarity, i.e., the model drift in the joint distribution of neural signals and
kinematic intentions. In BCI literature, it is common to model the joint distribution of
the neural activity (X)) and the intended kinematics features (Y') via p(Y) and p(X|Y),
and then use Bayes rule to derive a predictive model p(Y'|X) [10, 26-30]. The first
chapter focuses on developing two p-values to detect model drift in the conditional
probability distribution of neural signals given intended movements (p(X|Y")) under a
linear Gaussian encoding model. To this end, the first chapter designs and analyzes two
p-values to detect model drift, specifically to assess statistically significant changes in
p(X|Y') under a linear Gaussian encoding model. The method is explicitly designed to

be invariant to changes in p(Y'), which is important in the application.

However, in real-world BCI applications, the primary concern shifts from only detect-
ing whether model drift has occurred, as discussed in the first chapter, to understanding
the severity of the drift—specifically, by quantifying how similar the new joint distri-

bution p(X,Y') is to the previous one [13]]. Distribution-based drift detection methods



can effectively measure the severity of model drift. These algorithms work by using a
distance function or metric to assess the dissimilarity between the distributions of the
two epochs of data [13]. Dasu et al. [31] employed an Information-Theoretic Approach
(ITA) for drift detection, utilizing relative entropy, also known as Kullback-Leibler
(KL) distance [32]], to measure the distribution shift between two sliding windows in a
multi-dimensional data stream, followed by bootstrap methods to establish the statistical
significance of these distances. Pun et al. [[10] conducted a similar approach, using
Gaussian Kullback-Leibler distance (GKLD) between the sliding windows of Principal
Component Analysis (PCA) transformations of neural data recorded from two BrainGate
participants. They demonstrated that GKLD strongly correlates with the performance of
the initially calibrated decoder. Since their method for addressing model drift focuses
on the input data probability distribution p(X ), their experimental results suggest that
performance degradation caused by model drift can be largely explained by differences
in the marginal distributions of neural activity (p(X)). In the second chapter of this work,
we further explore this by asking: 1) What is the relationship between the GKL distance
of p(X) and the different components of error? Is it always linear under various model
drift paradigms? 2) Can the high correlation that is observed in practice be a result of

the model noise itself, or is it solely due to model drift?

With the development of advanced Brain-Computer Interface (BCI) systems capable
of decoding multiple tasks, such as point-and-click or click-and-drag interfaces [33-39],
anew type of performance degradation has emerged. This degradation presumably occurs
due to interference between the primary task decoder and secondary task intentions,
resulting in unintended actions like accidental cursor movement during gesturing [28, 35,
40]]. We model this phenomenon as an example of model drift, where a system trained on
single-task data (e.g., movement) is later required to decode multiple tasks (e.g., cursor
movement and clicking). This scenario can be viewed as a covariate shift, where p(X)
changes due to alterations in the neural data, which is assumed to be affected by the
person’s motor intentions. Addressing this issue requires a novel approach, distinct from

multi-label or multi-output learning [41]], as training data typically includes separate



datasets for different tasks. The third chapter explores two strategies to mitigate this type
of model drift. The first involves a data-dependent regularization technique to penalize
dependencies between the primary task decoder and interfering tasks while maintaining
decoding accuracy. The second approach identifies a neural data subspace where the
primary task linear decoder is robust to any “anticipated” model drift, caused by potential

variations in the user’s secondary task intention.

In the final chapter, a different type of model change between training and test phases
is addressed, primarily involving measurement error [42, 43]]. Specifically, in covariate
measurement error, the true value of the covariate variable in the model may differ from
what is obtained through the data collection process. For instance, while the response
variable Y at test time needs to be predicted based on X, X is not observed during
training. Instead, a surrogate measurement X' is available along with Y. This scenario
is exemplified in NASA’s Global Ecosystem Dynamics Investigation (GEDI) research,
where the goal is to predict aboveground biomass density (AGBD) from spaceborne
lidar waveform features at the footprint level [44} 45]. However, since datasets with
actual on-orbit GEDI measurements (X) paired with AGBD (Y') are limited, model
calibration becomes challenging [45]46]. Due to the limited availability of such training
data, simulated waveforms from airborne lidar (X’) are used as a surrogate, resulting in
a training dataset with AGBD (Y) paired with these simulated waveform features, i.e.,
sample pairs of (X', Y") [47,48]. Additionally, a dataset with presumably co-located
sample pairs of (X', X) exists. Given the absence of a dataset containing all three
variables (Y, X, X'), the challenge is to determine the best method to predict Y from X
using only the training dataset of (X', Y") and the supplementary dataset of (X', X). To
address this challenge, we propose two models: The first model leverages a conditional
independence assumption where Y is conditionally independent of X given X', i.e.,
p(Y[X', X) = p(Y|X'), and uses a sequential estimation approach to estimate E[Y| X],
demonstrating improved performance over traditional methods that estimate E[Y'| X].
The second model incorporates a regularization term to penalize inconsistencies in the

predictor map based on the (X', X) dataset.



CHAPTER 2

A multiple hypothesis test to detect
encoding model drift in brain-computer

interfaces

2.1 Introduction

Brain-computer interfaces (BCls) hold significant promise for translating neural
population recordings into motor imagery actions, in both able-bodied non-human
primates [26l 49-54] and in tetraplegic humans [29, 38, |55H57]. This translation,
known as decoding, relies on static functional mapping between neural activities and
motor imagery parameters [15} 24, 58-60]. The decoder is learned through a calibration
process, which generates pairs of neural signals and motor imagery action signals (e.g.,
cursor velocity) through instructed targets. However, this mapping may not remain
static over time, as shown in [[15-25]. If a decoder trained on the initial mapping is
continuously used, its performance can deteriorate significantly. Studies have shown that
the performance of trained decoders indeed degrades over time due to various factors,
including temporal changes in neural tuning properties [61-64], plasticity [65-69], and

technical limitations of the recording device [22, [/0} [7/1]]. Therefore, it is crucial to



identify when the functional mapping has changed to address the potential need for

retraining the decoding model.

The functional mapping between the neural activity and motor intentions is mod-
eled by linear Gaussian model widely in the field [24, 26, 28H30]. To determine any
statistically significant alteration of this model, Kim et al. [24] developed a statis-
tical methodology to compare these linear Gaussian probabilistic encoding models
between two epochs. Their method involves measuring the Bhattacharyya distance and
Kullback-Liebler (KL) divergence between the likelihood of neural signals given identi-
cal distributions of a two-dimensional movement intention. They then use a hypothesis

test to identify if the distance is statistically significant.

In contrast to [24]], we propose two hypothesis tests with the null hypothesis that the
two probabilistic encoding models are the same. Our proposed tests are built on some
classical results for univariate response variable described in [[72-74]. This approach
avoids the assumption of identical kinematics distributions, which is addressed through
a separate statistical test in their work. We further solidify this by demonstrating the
validity of both tests in both scenarios: when the motor imagery variable distributions

are the same and when they differ. This validation is performed using synthetic datasets.

Furthermore, the model drift we identify here is not limited to changes in individual
neuron directional tuning, as seen in [63, 68, 75, [76]. Instead, it captures any statistically
significant variation in the entire encoding model which represents the ensemble response

distribution given the behavioral variables.

To assess the power of both tests under the alternative hypothesis, we employed vari-
ous quantitative model perturbations using simulation. These perturbations encompass
all different cases suggested in [17], including changes in the mean firing rate, preferred

direction, noise, modulation depth, and channel dropout.

The proposed multiple hypothesis test is then applied to two real-world data com-
prising pairs of neural signals and movement intentions collected from two individuals

with tetraplegia (T11 and T5) during a computer cursor control task using an iBCI. Both



individuals performed target acquisition tasks on a screen, allowing inference of their
motor imagery intentions. This enabled us to collect the necessary samples for applying

our hypothesis test.

The results suggest statistically significant model drifts in almost all session pairs,
except for consecutive sessions, for both participants. These findings are detailed in the
supplementary material (Supplementary Figure 3) of Pun et al. [[10]. Additionally, the
results align with observations of model drift in non-human primates reported by Kim et

al. [24].

2.2 Hypothesis test

Consider the multivariate regression model of X given Y = y described by
X=yA+b+7Z (2.1)

where X,b,Z € R4, ¢y € R, A € R and Z ~ Ny(0,%). The unknown
parameters are 6 = (A, b, 3). Let (y1, X1), ..., (yn, X,) be a collection of observations
from this regression model, where we assume that the corresponding 71, ..., Z,, are
independent and unobserved. Let £ = ¢ + 1. Concatenate the data into the n x k design
matrix Y and the n x d response matrix X. The j-th row of X is X and the j-th row of

Y is (1 y;). The classical unbiased estimators for § = ( f\) and X are
B=YTY)'Y'X

and
R R

o .
S=-——0  for R=(X-Y}) (X-Yp).

These are defined whenever Y Y is invertible and n > k.

Suppose that we have two independent datasetsﬂ from this model with possibly

'by independent datasets, we mean (Z1,. .., Z!,) is independent of (27, ..., Z!,,), in fact, we mean
conditional independence of X’ and X" given Y’ and Y.



different parameters:

(v, X1), ..., (v, X],) with parameters ¢’ = (A’,0/,%’) and (yy, X7),...,(

n'’

Z "
"y XTL” )

n

with parameters 6" = (A", 0", %"). We want to test the null hypothesis
HO : 9/ = 9//.

In the following, we will give two different valid p-values for H,. Recall that a p-value
pv is valid if P(pv < a) < a for all @ € [0, 1]. The first, pv,, is only valid under the
simplified model that > = c/,, a constant multiple of the identity matrix. The second,
pv, is valid for arbitrary 3, but has the disadvantage of not having power to detect
¥, # N fori # j.

Combine the two independent datasets into a single dataset (y1, X1), ..., (Yn, Xn)
forn = n’+n”. Construct B, f{, and ¥ as defined above. By analogy, construct B’ , R/ , S
and 3", R”, & for the original datasets (1}, X7), ..., (3., X’,) and (v, X7), ..., (4, X)),
respectively. We assume that all of these estimators are well-defined throughout, which
places restrictions on the amount of data and the structure of the design matrices. Let
Fy, 4,(y) denote the cumulative distribution function of an F'-distributed random variable
with degrees of freedom d; and ds, and let Gy, 4, = 1 — Fy, 4, be the corresponding
right tail probability. Fix positive constants A\; and \;; such that A\; + Ay + A3 = 1 and
SO Z;l:l Aij = 1. In the experiments below we use (A1, A2, A3) = (1/4,1/4,1/2),
Aij = 1/(4d), Xy; = 1/(4d), and \3; = 1/(2d).



Define

~

n—k TR

Ty, = . =
Sk Te(RY)
r_n—2k Tr(R) — Tr(R) — Tr(R”)
’ k Tr(R’) + Tr(R”)
pPvg = min {)‘Ile(n”—k),d(n’—k)(TE)a AglGd(n”—k),d(n’—k) (TE), A;lGdkyd(n_gk) (Tg), 1}
n —k :/R\:;/J .
szzn//_ki'ﬁ,“ (]:17 7d)
27
o R _R._R"
Tﬁaj = ! ’ JJ/\ ”/\ = (] = 17 Tt d)
k Rj; + R

.....

Theorem 1. Under the above modeling assumptions, pv, is a valid p-value for H,
whenever it is well-defined. Under the additional modeling assumption that 3. = cly,

pvy is a valid p-value for Hy whenever it is well-defined.

Proofs are in the Appendix and rely heavily on the classical results described, for

example, in [[72] for the special case of d = 1 (univariate response).

2.3 Numerical experiments

In this section, we corroborate our suggested p-values in Theorem|Ijon some examples

of both synthetic and real data.

2.3.1 Synthetic data
2.3.1.1 Setup

In order to check out the proposed tests performance, we synthesize two datasets

(v, X1)s -5 (Y, X)) and (v, X7), ..., (ys., X) in the following way.

First, y.’s are drawn from multivariate Gaussian distributions N;(m’,I") and y!’s

from N;(m”,I"), where [ is the dimension of y vectors. The same datasets of Y’ and



Y have been used throughout the study.

Now to synthesize X’s for each example, given Y, = vy} (V)" = v/ ), X! (X]) is
drawn from the multivariate regression model with parameters ¢’ (6”) as explained in
section (Note that to test pv,,, we set an additional assumption for ¢’ and 6” that 3/

and Y are both constant multiples of identical matrix).

In section[2.3.1.2] we check the power of the tests by finding the empirical probability
of rejection while varying alternatives. Then, in section[2.3.1.3] we depict the tests power
for a fixed perturbation level, by varying the sample size. Finally, in section we
argue that pv,, is not a p-value when the assumption of same and independent Gaussian
noise for each response dimension is not met. The number of Monte-Carlo simulation to

find the empirical probability of rejection we used for every case is M.

Throughout, we set [ = 2, M = 1000 and the significance level is 0.05.

2.3.1.2 Power of the tests for perturbing alternative

To verify validity of both tests pv, and pv,, as well as to check their performance
(type II error) when the null does not hold, we create varying alternative hypothesis, i.e.,
we perturb 6" from ¢ by a defined perturbation measure. In every figure throughout this
section, each point represents a specific perturbation, whose level is captured in x-axis,
while the y-axis shows the empirical power of the test in that perturbation level, using

significance level of 0.05.

Also, the left panel in every figure is for the same distribution of Y’ and Y, where

wesetm’ =m” =0and " = I = I. We also have n’ = 53 and n” = 47/

While for the right panel, distribution of Y’ and Y is different: m’ = [0, 0], m" =

[10,10], and IV = I, T = 31. Plus, n’ = 52 and n” = 48.

Also, wherever the parameter used for perturbation is ¢, we are using 100 equally

distanced values in [—0.5, 0.5] for .

n/ was drawn from Binomial(n, 3) where n = 100, and n” =n — n/.

10



1. pvy:

Here, we show the empirical power of the test pv, by varying the perturbation

level. Different paradigms of perturbation are captured in the following cases:

(I) Change of regression coefficients A’ while other parameters b’ and ¥’ are
fixed. This includes scaling, rotation, and an additional scenario in which
in which A” is chosen randomly in a varying Frobenius distance from A’.
Scaling is showed in Figure for d = 1, and in Figure for d = 4.
Rotation is covered in Figure [2.3] The last scenario is examined in Figure
[2.4 for 1-dimensional response case, and then in multidimensional cases of
figures [2.5|and [2.6| (d = 4 in both), two different fashions of choosing A” in
total Frobenius distance from A’ are presented. For description of each of
these methods in detail, refer to the figure captions. It is worth noting that, as
mentioned in section 1, A is the last [ rows of 3, and b is the first row.
Perturbation measure for all analysis of this case is the Frobenius distance

between A’ and A” (||A" — A”||F).

11
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Figure 2.1: pv, power for change of regression coefficients - 1 dimensional response: we
set B =[1,2,3]" (i.e., A’ =[2,3]" and ¥’ = 1). We also consider three different cases
for the variance ¥’ = ¥” € {0.1,0.5,1}, and we vary A as follows: A” = (1 +¢)A’
while " = b/ = 1.
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Figure 2.2: pv, power for change of regression coefficients - multidimensional response:
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are fixed (0 =" =[1 3 10 0]).
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Figure 2.3: pv, power for rotation of A - multidimensional: we have ' =

L5 oo 2010
3 5 6 8|,Y = , and A” is the rotated version of A’, i.e.,
10 0.5 5 1 L0 10

' 0 2 0 3

"= Cf)s(m) — sin(tm) A’, while 3] and b remain unchanged.
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Figure 2.4: pv, power when A” is randomly chosen in a distance r from A’ - 1 dimen-
sional response: As in Figure 2.1] we consider three different cases for the variance
¥ = %" € {0.1,0.5,1}, and we have ' = [1,2,3]". Then for each alternative, with
fixed > and b, we create 10 different randomly chosen A” on a sphere centered at A’
with radius r, where r takes 40 equally distanced values from O to 1.
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A" takes 10 randomly chosen matrices of Frobenius distance r from A’, while 3 and b
are being kept fixed (r take 20 equally distanced values between 0 and 2).
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Figure 2.6: pv, power when A” is randomly chosen in a Frobenius distance r from A’ -
multidimensional response: The setting is the same for Figure [2.5] with the difference
that each column of A” is located at the same distance from A’, while the total Frobenius
distance being kept as 7.

(Il) Change of intercept ¢’, while A" and ¥ being kept unchanged. This includes
scaling of the intercept and is covered in Figure 2.7/ for a case where d = 4.

Perturbation measure is ||V — b"|| .

17



1 K 09r
L]
08r . 08} $
S
]
08F .l d
; o
07t e Ny
@ 061 o
b [ ]
=06 (]
3 05t ¢
3 ' b )
= @
G505~ 8
c
2 04t 3
S04t '
Lo,
° 0.3 ."
031 ™ ]
L)
(]
° 02+ oy
02 @
ul ’ 01t M
Or. Il 1 Il Il 1 J Il L

I bl o™ bl

Figure 2.7: pv, power for change of intercept - multidimensional response: we have

L 20 1 ¢

=13 5 6 8|,and X = L 010 , X =Y and A’ = A”, but V' =
10 0.5 5 1 02 0 3

(14+t)b".

(IIT) Change of noise covariance parameter >’ while A’ and ¢’ remain un-
changed. This is about scaling of the noise covariance matrix >/, and it is
represented in Figure [2.8|for d = 1 and in Figure 2.9|for d = 4.
Perturbation measure in this case is the geodesic distance below (See, e.g.
[Z70):

(X% = Z log? (A (X/71e))] /2
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Figure 2.8: pv, power for change of noise - 1 dimensional response: we consider three
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where ¥/ = 1,and " = (1 4+ ¢)¥.
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A R
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(IV) Sequential removal of both regression coefficients and intercept associ-

ated with each response dimension while keeping ¥’ term unchanged. The
result of this analysis is covered in Figure 2.10] in which d = 50, and at each
perturbation level ¢, we change the regression coefficients and the intercept
associated with the first 7 dimensions to zero. See more details in the figure
caption.

Perturbation level is ¢ in this case.
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Figure 2.10: pv, power for dropping channels: we assume having a 50-dimensional
(d = 50) response matrix X, so we choose a random k x 50 matrix for 5" and a
random 50 x 50 symmetric positive-definite for 3>'. For the i’th alternative hypothesis
(1 =0,1,2,...,49), we create 5’ by changing the first i columns of 3’ to zero (Note
that i = 0 means 5’ = (§”).

2. pvy:

To investigate the performance of p-value pv,, we provide a case of scaling
regression coefficients while the other parameters are fixed in Figure [2.11] and
a case of scaling noise covariance matrix while the other parameters remain
unchanged in Figure The perturbation level in the former case is || A" — A”|| r,

and is d5(c’, ¢”) in the latter, where ¥’ = ¢/I; and X" = " I,;.
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Figure 2.11: pv,, power for change of regression coefficients - multidimensional response:
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d"=cdand b’ =V.

22



1 (71 1 Y1)
(1] (1]
AL B4
. 00
09} o 09} .
] L)
o* .
08+ 08+ .
[ ]
[ ] L]
0.7 j 0.7t f
¢ <
2 °
:_5: 061 [] 0.6 :.
3 1] [
4 ) s
805 P, 0.5 :
|5 ¢
2 [
Q
o4k . L [
904 i 0.4 v
[ ]
e kj
03+ & 03+ ;
F 4 N
02} j 02 #"
&
017 h’d 0.1f "’

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
dyle ) d,(c .c)

Figure 2.12: pv, power for change of noise covariance matrix - multidimensional
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response: we have ¥’ = I withd =1,'= |3 5 6 8], and we change ¥ as
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" = (14 t)c with fixed 5.

In all figures above, we can observe that the empirical cumulative distribution function
of both p-values pv,, and pv; at 0.05 is less than 0.05 when we have zero perturbation,
i.e., when the null hypothesis is true. This confirms that they are both valid p-values,
which is analytically proved in the appendix. Plus, all figures above indicate that both
tests are not too conservative, as they all start from close to our assigned significance
level 0.05. Furthermore, all figures demonstrate that both methods have good power, as
they converge to have zero empirical type Il error as perturbation increases, so they are
both capable of telling alternative and null hypothesis apart well. It is also worth noting
that from figures and [2.5] we can see that the lower the noise, the higher the power.
Additionally, whether the distribution of Y’ and Y are the same or different seems to
have no effect on validity of both tests, while we see that it might have effects on the

power. In fact, the more spread out Y and Y are, the less type II error is achieved.
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2.3.1.3 Power of the tests for changing sample size

In this section, we examine the power while we vary the sample size for both tests for a
fixed perturbation level. Sample size n takes values in {10, 20, 30, 40, 50, 60, 70, 80, 90, 100, 125, 150, 17
and the power of pv, and pv,, is respectively shown in Figures and for these
sample sizes. In both cases, Y, Y"” ~ N5(0, I). The results confirm the known fact that

the higher the sample size, the lower the type II error. See the figures caption for details.
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Figure 2.13: pv, power for change of sample size: weset ' = (3 5 6 8§,
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2.3.1.4 Power of pv, for unmet conditions

Lastly, to address the question as to whether the p-value pv,, is valid when the addi-
tional condition of > = ¢/ is not met, we examine the empirical rejection probability for
the same significance level 0.05 by using pv, for a general model, where the assumption
of ¥ = ¢/ for the model in (2.1)) does not hold. For the same setting of the left panels of
figures[2.2] (2.9), we show the performance of pv in figures below, and they
show that pv,, is not a p-value when the assumption of > = cI is not met, since for zero
perturbation, the empirical cdf of pv is not less than or equal to the significance level

anymore, which emphasizes the importance of using pv, for the general case.
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2.3.2 Real data
2.3.2.1 Setup

In this section, we present a brief overview of the experimental setup. For a compre-

hensive description, please refer to the methods section in [10]].

Two individuals with paralysis (T11 and T5) were enrolled in the BrainGate?2 pilot
clinical trial. Both had two microelectrode arrays with 96 channels implanted in the area
of the precentral gyrus that controls their dominant (left) hand/arm [S6]. Neural activity

data was extracted from the recordings in windows of 20 milliseconds with no overlap.

As for the neural features, for TS5, multi-unit threshold-crossing spike rates (RM S <
—3.5) per electrode were used. For T11, two types of features are used: both the spike

rate (same threshold) and power in the spike-band (250 — 5000 Hz) per electrode. Each
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individual neural feature was standardized for each electrode (channel) using a moving
window of 3 minutes. This technique, called z-scoring, was the same for both T11 and

TS.

T11 completed a closed-loop 2D point-and-click center-out-and-back task over 15
sessions spread across 4 months. TS, on the other hand, closed-loop 2D random target
selection task for 6 sessions over 28 days. Due to the nature of the center-out-and-back
target acquisition task, true labels (movement intention) (Y) can be inferred at every
timestep. These inferred labels, along with the neural recording X are used to find the

reported p-value in the next section.

2.3.2.2 Results

The compared data for the result below are each 60-second sliding window updated
every 10 seconds. The data of time bins from the first session (T11) or first two sessions
(T5) that have angular error < 4° was used to obtain the PCA transformation. Neural

features are projected to the top 5 PCs (after z-scoring).

T11

0.05

0.04

Day since first sessions
Day since first sessions

142

0 14 31 44 57 93 112 142 0 5 7 12 14 28
Day since first sessions Day since first sessions

Figure 2.17: Computed p-values (pv;) between pairs of kinematics-neural data from
time bins from sessions, for T11 and T5. Neural data is transformed to the top 5 PC’s,
extracted from time bins from the first session for T11 that have angular error < 4°, and
from the first two sessions for TS that have angular error < 4°

Our test results indicate statistically significant shifts in the probabilistic encoding

model of neural activity conditioned on the kinematics intention in nearly all compar-
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isons between sessions, except for sessions that were completed consecutively (shown

diagonally on a graph). This pattern held true for both participants in the study.

2.4 Conclusion

Pun et al. [10] introduced the MINDFUL (Measuring Instabilities in Neural Data for
Useful Long-Term iBCI) score to assess changes in decoder performance by measuring
the Kullback-Leibler divergence (KLD) between neural feature distributions across time
periods. However, this approach may not fully capture changes in the encoding model,
especially when movement intention is not fixed. To address this limitation, we proposed
two p-values to detect changes in the conditional distribution p(X|Y"), which better
reflects the underlying encoding process. Importantly, these p-values do not require

identical feature distributions (p(Y")) between conditions.

The p-value pv, demonstrated good power across different paradigms of probabilistic
functional mapping changes. However, its limitation lies in its inability to detect differ-
ences in covariances between error terms across different dimensions when ¥ and ¥/
are not diagonal. Specifically, if A’ = A” and ¥'jj = ¥"jj forall 1 < j < d, but there

exist 1 < j # 5/ < dsuch that ¥'jj' # ¥"47’, pv, would not reject the null hypothesis.

Our other proposed p-value, pv,, is only valid under specific assumptions and does
not appear to be robust to deviations from those assumptions. Consequently, pv,, is not
recommended for use unless the diagonal covariance term is believed to be of the form

cl.
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2.5 Appendix

Proof of Theorem 1}

To start, we first state some well-known lemmas related to the univaruate linear
regression model, which we will frequently use. Let X = y3’ + Z’ be the univariate
linear Gaussian regression model for a one-dimensional response variable X' given
Y’ =1/, where iy € R¥*, 3 € R**! and Z' ~ N(0,0"?). Let Y’ and X’ respectively
be the n’ x k (k < n') design matrix and n’ X 1 response matrix. We assume that
the corresponding 71, ..., Z/, are independent and unobserved. Let Z, be the n’ x 1
random vector [Z],..., Z’,]T. Now under the assumption of independence of Z;’s, as

well as assumption of homoscedasticity, the univariate model above can be written as

X =Y +27 2.2)

where Z' ~ N,,(0,0"*I,,). Now assuming Y’ has full rank (equivalently, Y'Y is

invertible), the unbiased estimator for 3 is 3/ = (YY) Y TX.

Lemma 2. In the univariate model described above and assuming Y has full rank k

(k < n), the following statements hold:

(a) The matrix S = I, — Y'(Y’ Ty’ )Y T is symmetric and idempotent with

Tr(S) =n' — k.
(b)LetZ! = X' —Y'B, then 7/ = SZ'.
(c) For the calculated residual sum of squares R (f{\’ = ZA’TZ\’), we have % ~ X2,
Proof. (a) It can be easily verified that S is symmetric. We also note that
S? =Ly = Y' (Y'Y )1, - Y'(YTY) 'Y
=L, —2Y'(Y'' Y)Y + Y YY) Y Y (YY) Ty

— , Y/(Y/TY/)—IYIT
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which shows that S is idempotent. As for the trace, we note that

Tr(S) = Tr(Ly)—Te(Y' (Y Y)Y ) = o/ —Te(Y T Y/(Y'TY) ™) = 0/ —Tr(I),) = n'—k

(b) Note that
Z\, _ X/ . Y/B\, _ X/ . Y/(Y/TY/)—lY/TX/ _ SX/ _ S(Y/ﬁ/ + Z/) — SZ/

The last equality holds as SY’S' = (I, — Y/(Y' 'Y 'Y'Y'S =Y'8 =Y =0

(c) This part is the immediate result of lemma 2.1 in Fisher[74], where M = S, while
using parts (a) and (b) here. Instead, one can refer to [78]] (Chapter 2, Corollary 6) for

the proof.

Now let us consider another univariate linear Gaussian model as below:

X/l — Yl/ /8” + Zl/ (2-3)

" x 1 given design matrix Y” of size n” x k,

for a response variable X" of size n
Z" ~ N, (0,0"1I,:) and k < n”". Now again, assuming Y” has full rank, the unbiased

estimator for 3" is 3" = (Y'Y Yy TX”.

X/
Now if we concatenate X’ and X" in X o, = and we also form the matrix
X//
Y 0 _
Y* = , then equations (2.2)) and (2.3) can be enclosed as
0 'Y'//
X/ Y/ﬁ/ Z/ 6/ Z/
Xcomb - - + =Y" + (24)
X// YI/ /8// Z/I /6// Z//

Now if Z" and Z” are independent, and if ¢/ = ¢” (which imposes homoscedasticity),
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Z/
then Z.omp = is distributed as N, ,»(0, 0”21,y ), hence we can use lemma 2
Z//
for model in (2.4) (Note that Y* is of full rank as well (its rank is 2k). Now since 2k <
n' + n"). Therefore, S* = Iy — Y*(Y* Y*)"Y*' is symmetric and idempotent

and Tr(S*) = n’ + n” — 2k, and we have the following result from lemma 2] part (b):

Xeomb — Y | = S Zcomp (25)
/8//
g b
(Note that = (Y Y)Y Xy = )-
/8// BW
Y/
Now Let Y oomp = , and assume that in models (2.2) and (2.3, we have
Y/l

[’ = " additional to the previous assumptions that Z' and Z” are independent and

o' = ¢”. Then the model in (2.4]) can be written as

Xcomb - Ycombﬁl + Zcomb (26)

and again since Y .o, is of full rank (rank k) and k£ < n’ + n”, if Z' and Z" are
independent and if 0’ = o” (thereby Zcomp ~ Ny (0,014 1)), we can use lemma

for model in (2.6), and conclude that Seomp = Lnrn — Yeoms (Y Y ecoms) 1Y

comb comb

—

is symmetric and idempotent and Tr(Scomp) = n' + n” — k. Moreover, let Seomp =

(Y Yeoms) YY) X omp be the new estimation of 3’ = 3" using the combined

comb comb

datasets, then by lemmapart (b), we have

Xcomb - Ycombﬁcomb = Scombzcomb (27)

We now have the following lemma:

Lemma 3. Under the assumptions that was made above, namely, 1) Y and Y" are
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both of full rank, 2) k < min{n’,n"}, 3) o’ = o", 4) B’ = p", and 5) Z' and Z" are

independent, we have the following results:

(a) Let 70 = X" —Y" 5’; and RV = ZWTZW, then
ﬁ'\/ + f{\// = (S*Zcomb)T(S*Zcomb)

, and R:&?” is distributed as X2, ,»_, (Note that this part does not require assumption

4).

(b) Let Rcomb = (Xcomb - Ycombﬁcomb)T(Xcomb - Ycombﬁcomb)- Then

—

R~ B~ B = (St~ ) Zams) (Seoms — 5 s

2. _R-R/' . ... .
, and Rc"mba# is distributed as xi-

R4R" R’  _R-R/ :
(c) R;f‘ and —omt— are independent.
(d) As a direct result of parts (a), (b) and (c), we have the statistic

n' +n" — 2k %—f{\/—l@
k R+ R”

be distributed as F'-distribution with degrees of freedom k and n' +n" — 2k.

Proof. (a) Now note that R’ + R” = (Xcomp — Y™ | __ )T (Xeomp — Y | ), sothe
B// /B//

result comes directly from lemma 2] parts (b) and (c).

Using equations and (2.7), parts (b), (c) and (d) are proved in the proof of

lemma 2.2 in Fisher[74]], where M = S ,, M* = S*, and it can be easily verified that
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I
SeompS™ = S*, using the fact that Y,,,,, = Y*A where A = g :
I

ScombS* - (In’—l—n” - Ycomb(Y;mbYcomb)_lYT )(In’-l—n” - Y* (Y*TY*)_lY*T)

comb
= Ly — Y AATY YA TATY* Ly — Y (Y Y)Y
= Lysnr — Y* (Y*TY*)—IY*T
— Y AATY YA TATY Y AATY Y A)TATY S Y (YY) Ty
= Ty — Y* (Y*TY*)le*T
Y AATY YA TATY Y AATY Y A)TTATY
= Lyinr — Y* (Y*TY*)le*T

g
(2.8)

]

Another approach to prove the same results above can be found in Chow|[73]], p595-

598.

We can now turn to the proof of theorem[I| which is for multivariate linear Gaussian

model described in section
We make frequent use of this basic result.

Lemma 4. If (pv, : i € I) are valid p-values for Hy and (\; : i € I) are positive

constants Wllh E ZAz < 1, then
V = min pv, A
p il p z/ i

is a valid p-value for H,.
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Proof. For each « € [0, 1],

This proves the lemma. []

Note 1: For any valid p-value pv, min{pv, 1} is also valid. Since for each o < 1,

P(min{pv,1} < a) =P(pv < a) < o, and for &« = 1, P(min{pv, 1} < o) < 1.

Note 2:

pv; = min {)\ﬁlpn/uk,nuk(TE,l), Mot Gk —k(Ts 1), Mgt Gron—2k(T1),
Mo For—iomw—k(T512)s Aoy Grr—i—1(Ts2), Mgy Grneon(Tp.2),

ey

M B er—1(Ts.4), Aoy G —kr—1(Ts.4), Agf Grn—ok(T5.4), 1}

These two notes, besides lemma [4] show that to prove that pv, is a valid p-value
for Hy, it is left to show that foreach j = 1,...,d, For—pp—i(Tx ;) Grr—k—k(Tx ),
and Gy, ,,—2x (T3 ;) are valid p-values for Hy. In fact, based on how Fy, 4, and G, 4, are
defined, it suffices to show that under the null hypothesis, T, ; is distributed as an /'
distribution with degrees of freedom n” — k and n’ — k, and and T} ; as F’ distribution

with degrees of freedom k£ and n — 2k for each j.

Furthermore, by lemma (4] and the first note above, to prove that pv,, is valid, we are

left to show that 7%, ~ F'(d(n" — k),d(n’ — k)) and T ~ F(dk,d(n — 2k)).
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Proof for T, ; :

Note that in the model in equation (2.1)) in section foreach j € [1,...,d] we
have the univariate model of j’th response variable, i.e., the 7’th column of X given Y

as below:

X<j> = Z/ﬁ<j> + Z<j> (2.9)

where the subscript < j > denotes the j’th column of a matrix or vector, and Z_ ;- ~
N,(0,%;,1) (In fact, homoscedasticity follows from the observations 7, . .., Z,, being
identically distributed, and non-diagonal O’s arise from the independence of observa-

tions).

Therefore, for dataset (yy, X7), ..., (4, X,,) we have XL, = Y'BL,_ + ZL
where Z” ;.

~ Ny (0,%7,1) for all 5.

~ Ny (0,%%,1) and for the other dataset, X7, = Y"p., + ZZ._ with

<j> <j> <j>
Z//

<j>

We also note that for each j, f{; ; defined in section is the residual sum of squares

associated to the univariate model above, i.e., f{;j = (XLo = Y'B ) (XLe —
O O Y D o NT
Y'Bjs'), as Bejs’ = B ;». By amalogy, R, = (X2, — Y"B.;.") (XL,. —

Y"B.;s"). Now since by the assumptions of section , Y’ and Y” both have full
R
2]17]77' ~ Xn/—k

rank and k& < min{n/,n"}, we can use lemmapart (c) to conclude that

and <% ~ x2,_,. Also as a result of the other assumption in section that two
73

datasets are conditionally independent given Y’ and Y” (i.e., p(X', X"|Y' V") =
p(X'|Y"p(X"|Y"), thus p(Z', Z") = p(Z")p(Z") ), therefore Z' and Z" are indepen-
dent, then f{; ; and f{;’ ; are independent by lemmaparts (b) and (c).

Now under Hy, we have 3;;/ = 3,;” for all j. Therefore, the desired result that

Ty, ; ~ For_jn— under Hy is derived.

Proof for T ; :
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As for T j, we note that f{jj defined in sectionis equal to (X~ —YB<]->)T (Xejs—
Y§<]~>), where X (Y) was the combined data of X’ and X” (Y’ and Y”), and /3 was esti-
mated from the datasets combined. In fact, this is coming from the combined univariate
model in (2.6)), and the ;j’th column of //8\ is Zi’\comb in (2.7). Under H, since B ;. = 2,
for all j, and as all other conditions of lemma [3 hold, we can use parts (b) and then (d),

to obtain the desired result that T ; ~ Fj, s 4,70k under Hy forall j = 1,... d.
This completes the proof that pv, is a valid p-value.

Remark 1. : Note that H is a strict subset of the set of model class distributions where
f' =" and X;;/ = X;;" for all j, and this is why this test does not have good power on

detection of cases where the mentioned conditions hold, but 3}, # ¥ for some i # j.

Now to prove the theorem for pv, we need the lemma below.

Lemma 5. : If ¥ is diagonal in the model (2.1)), then f{” and f{jj are independent for
alli #j€l,...,d.

Proof. As ﬁjj = (Xgjs — Y§<j>)T(X<]-> — Y3<j>), by lemmapart (b), to prove
independence of f{,, and f{jj, it suffices to show independence of Z ;. and Z_j,

which is true as they are uncorrelated (when Y is diagonal) and multivariate Gaussian

(Z<i> ~ Nn<07 EiiI))- [

Proof for Tx:

If 3/ = (", and we additionally have >’ = " = cI, then using the results we

. . R/, R
obtained in the part for 7% ; above, we have =2 ~ x2,_, and =2 ~ 2, , for all

j. Now by lemma ﬁ;l and ﬁ;] are independent for ¢ # j € [1,...,d|, therefore,
;. .

R R/,
Y9 =2 ~ X3 and analogously we have Y7, =2 ~ x3 .. As the two
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datasets are independent, so are R’ and R” , we have the desired result that
Zd ﬁ;/].
j=1 cd(n'' —k)

s R
j=1 cd(n'—k)

Ty =

is distributed as F'(d(n” — k), d(n' — k)).

Proof for T}:

Under the assumption that 5/ = (", and if we additionally have ¥/ = ", we

Y/
can write X = Y3 + Z where Z ~ N4(0,%’) for combined data Y = and
Y//
XI
X = . Then if ¥/ = ¥ = ¢I, using lemma (3} parts (a) and (b) we have these
X//

!’

R/ +R/, R, -R.-R"
results that ——2 ~ 2 and ———2—% ~ x7. Plus, from the same parts of that

c

lemma we also have
ﬁ;j + ﬁ;’j = (8" Zj>) (85" Z<j5)
Y 0

where S* = In . Y*(y*TY*)TY*T’ and Y* = , and
0 Y/l

ﬁjj - ﬁ;] + ﬁ;’/j = ((Scomp — S*)Z<j>)T((Scomb -5 2<55)

where S.omp = 1, — Y(YTY)TYT. Therefore, by the same argument as in the proof of
lemmal5] when ¥’ = %" (hence Z ~ N,4(0, X')) and it is diagonal, we have independence

of Z;~ and Z_;- foreachi # j € [1,...,d], which is followed by independence of

Rj;+Rj; and R);;+-R/;, as well as independence of R;; —Rj; + R}, and R;; —R/; +R..
d Rj-Rj-RJ, 2 d  RjARY, 2
Hence we have 7 | ——2— ~ g, and 5| == ~ g0 o
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Now, if we show that these two sums are independent, then

S, =
s Ry —R;;—Rj;
7=1 cdk

B/ /7
Zd Rj;tRj;
J=1 cd(n—2k)

Ts =

is distributed as F'(dk, d(n — 2k)).
Therefore, to complete the proof, we only need to prove the following lemma:

Lemma 6. Under H, and additional assumption that ¥’ = ¥" = cl, Z?Zl(l?{jj —

ﬁ;‘j - ﬁ;'j) and ijl(f{;j + ﬁ;-’j) are independent.

Proof. Let Z =2, 7L, ---Z!

L~]" be the concatenated random vector of columns

of Z. Under the assumption that >’ = ¥” = ¢I, we have Z ~ Ny, (0, cly,). Let S* and

Scomp be defined this way:
s O0l...10
Ojs<|--- 10
S* =
0|0 S*
- - dnxdn
Scomb O 0
O Scomb T O
Scomb =
0 0 e Scomb
L = dnxdn

d D) D) * * d D) ) D)
then Zj:l(R;j + R;'/j> = (S Z)T<S Z) and Zj:l(Rjj - R;’j - R},j) = <(Scomb -
T
S Z ) <(Scomb -8 *)Z) Therefore, to show the desired result, it suffices to show that
S*Z and (S.omp — S*) Z are independent. Note that both of these random vectors have

mean zero, so we have their covariance matrix below:

39



cov (S*Z, (Suoms — 3*)3) —E [S*Z((scomb - 5*)2) T}
—E [S*ZZT(SCOW, - 5*)1
— S'E [ZZT] (Soomp — S*)T
= cS*(Seomp — S*)"
= 8*Seomp — S*
=0
where the one before the last equality comes from S* and S, being symmetric and

idempotent as showed earlier, and from equation (2.8), all of which can be easily verified

that are extendable to the blocked matrices S* and S.o.p-

Now since $*Z and (S.omp — S*)Z are both multivariate Gaussian, we are done

showing their independence.
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CHAPTER 3

Model drift and its relationship to
decoding performance in

brain-computer interfaces

3.1 Introduction

Multiple studies have observed a persistent decline in BCI decoder performance after
initial calibration sessions [10, [15-20]. While the encoding model’s assumed stochastic
noise can introduce instantaneous decoding errors, such noise alone is insufficient
to explain the observed persistent reduction in average decoding performance over
time (lasting seconds or more). This observed instability likely arises from statistical
differences between the joint distributions of neural signals and motor intentions at
training and test times. Otherwise, the law of large numbers would ensure that any trained
decoder with sufficient training data should maintain its average training performance

for extended test time.

The previous chapter explored how the conditional distribution of neural ensemble
activity for a given motor intention (encoding model) can change over time. We de-

veloped a statistical methodology to detect these changes, and real-world data from
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two individuals with paralysis confirmed statistically significant alterations between

recordings from non-consecutive sessions.

A straightforward solution to address these model drifts might be to retrain the
decoder every time a change is detected by our multiple hypothesis test. However,
this approach is impractical in clinical settings for two key reasons. First, retraining
frequently disrupts user experience and can be burdensome. Second, our test, like many
existing methods [24, 75, [76], requires access to both the user’s neural recording and
their intended movements, which may not be readily available during free BCI use,
where the user controls a cursor or other interface without explicit cues for movements.

Consequently, the “true labe” (intended movement) cannot be reliably inferred.

However, the primary concern in BCI systems is maintaining good performance of
the initially trained decoder over time, even if the underlying encoding model changes. If
we can estimate performance based on a readily computable measure of model drift, we
can automatically trigger retraining before prediction errors become unacceptable. Pun et
al. [10] explored this concept with their proposed MINDFUL (Measuring Instabilities in
Neural Data for Useful Long-Term iBCI) score, which serves as a surrogate to measure
the changes in performance. The MINDFUL score calculates a statistical distance, which
is Kullback-Leibler divergence (KLD), between the marginal distribution of recorded
neural features in two different time periods. One period is the target epoch where we
want to predict performance, and the other is a reference epoch where the decoder’s
performance is known to be good. Pun et al. [10] showed a significant correlation
between this KLD, which measures the difference between the neural activity patterns
in these epochs, and the actual performance of the initially trained decoder at the target

epoch, measured by median angular error.

In fact, their experimental results suggest that the performance degradation caused by
model drift can be almost entirely explained by the difference in the marginal distributions
of neural activity. This real-world observation motivates the central question addressed

in this chapter: For a linear Gaussian encoding model, how does the Guassian Kullback-
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Leibler divergence (GKLD) between neural data from two different epochs vary with
changes in the distribution of prediction error components? We specifically address this

question under the assumption of the mathematically optimal decoding scheme.

The first upcoming section investigates the relationship between the GKLD of neural
data and the GKLD of the prediction error from the optimal decoder. We explore this
connection under various perturbation paradigms applied to the linear-Gaussian encoding
model, as outlined in [17]. Furthermore, we utilize simulations to explore the impact of
these perturbations on specific components of the prediction error, such as the angular

error or the [, norm of the error.

The second section focuses on a scenarios where no underlying encoding model drift
occurs. In such cases, the sole contributor to decoding errors is instantaneous noise. We
investigate how GKLD between the neural data given a particular angular error and the

neural data given small error changes with the magnitude of the angular error itself.

Building upon the previous sections, the third section explores the contributions
of both noise and model drift on GKLD. We analyze how GKLD behaves under the
influence of noise alone, model drift alone, and both factors acting simultaneously. This
comprehensive analysis provides a deeper understanding of how these factors interact

and ultimately affect decoding performance.

3.2 How neural distribution changes with error

3.2.1 The encoding model

Let E[X|Y] = AY + b be the linear regression encoding model of neural data given
kinematics, where X is the matrix of neural data of size d x 1, Y is movement intentions
of size [ x 1, A is the regression coefficients matrix of size d x [, and we assume a

multidimensional Gaussian noise Z for this model, i.e.,
X=AY +b+ 7 (3.1
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where Z is assumed to be independent of Y, and is distributed as Ny(0, >).

If Y is distributed as NV;(u, '), the distribution of X will be known, i.e., as Z = Uz
for some matrix U and a random vector 2 of iid standard normal random variables, any
linear combination of coordinates of random vector X will be normal, so it is multivariate
Gaussian, with

E[X]=AE[Y|+b+E[Z]=Au+10 (3.2)
And covariance matrix:

cov(X) = E[(X — E[X])(X — E[X])"]
— E[(X —E[X])(X T —E[X]T)]
= E[(A(Y =) + 2) (VT = ") AT+ 27))
=E[AY — ) (YT = u AT +E[A(Y — ) ZT ) +E[Z(YT —u")AT] +E[2Z7]

=AE[(Y =) (YT —uD)AT +04+0+ 3

= ATAT + X%
(3.3)

Therefore, X ~ Ng(Au+b, ATAT +33)

3.2.2 The optimal decoder

Lemma 7. Let X = AY + b+ Z, where Z has mean zero and cov(Z) = X, and
E[Y] = pand cov(Y') = T'. Then the optimal linear decoder (X ) minimizing the loss
function E[||Y — g(X)|[?] is

Y = g(X)=PX + (I — PA)u— Pb (3.4)

for P=TAT(ATAT + %)~

Proof can be found in the Appendix.
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Corollary 8. In case that E[Y] = 0,
Y =g(X)=TAT(ATAT + £) (X —b) (3.5)

And if additionally, cov(Y') = I, then the mapping g will only depend on the parameters

on conditional distribution of X given'Y, namely, A, b, and X..
Y = gapn(X) = Pax(X —b) (3.6)

where Pyy = AT(AAT + )71,

3.2.3 Analysis of change in error for using a wrong decoder

In the previous section, we showed that we can predict Y, represented by ?, as g(X),
where g(X) is the optimal decoder minimizing the mean squared prediction error. For all
analysis throughout this section, we assume that Y ~ N (0, I). Therefore, by corollary
we know that under this assumption, the map g4, x(X) = Pax(X — b) denotes the

optimal decoder for the model described in (3.1)), where P4z = AT(AAT + %)~ L.

Now we assume that the encoder has perturbed from its original version, and the new
encoder is modeled by another linear Gaussian parameterized by A, b, and . Let X
denote the neural data modeled by this new encoder, then E[X|Y] = AY + b, and we

have the Gaussian noise Z ~ N4(0,Y) as below:

X=AY +b+7 (3.7)

Now if we decode X using the decoder g4 5; designed based on the original model in
(3.1), then the estimated movement intention willbe Y = g4 55(X) = Pax(X —b) =
Pas(AY +b—b)+ PysZ.

It can also be easily verified that given Y, Y and Y are distributed as N (PaxAY, Py ZPX,z)
and N (P s(AY +b—b), PAsX P/ ;) respectively.
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3.2.3.1 Distribution of prediction error

The prediction error while using the correct optimal decoder is Y —Y,andisY — Y
if the underlying model has changed, but the neural data is still being decoded by the

same decoder g4 5. Hence,

-~

Y=Y = Pys(AY +b—b)+ PasZ—Y = (PysA—1)Y + Pys(b—b)+PasZ (3.8)

Again since 1) Y ~ N(0, I) and 2) Z = Uz for some matrix U and random vector Z
with iid standard normal random variable coordinates, it follows that Y —Y" is multivariate

Gaussian with mean vector and covariance matrix as below:

~

E[Y —Y] = Pax(b—0) (3.9)
and
cov(Y = V) = (PasA — I)(PasA—I)T + PyxSPays' (3.10)
And similarly:
E[Y —Y] =0 (3.11)
and
cov(Y —Y) = (PysA—I)(PysA—I)T + P4sSPas’ (3.12)

3.2.3.2 Change in Gaussian KL distances of errors with certain changes of encod-

ing model

3.2.3.2.1 Gaussian KL distance analysis As we discussed in the previous sec-
tion[3.2.3.1, Y — Y and Y — Y are both multivariate Gaussian, so we can find the
Kullback-Leibler divergence between two multivariate Gaussians of Ny (pg, %) and

Ni (1, %1) using the formula below:

1 det X
darcr (N (1o, Zo)[|N (11, %31)) = 2 (Tr(2f120>_k+(”1_“0)T21_1(“1_M0)+1n (det Z;) )

(3.13)
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We are interested to investigate how de g1, (X || X) changes with dg g (Y —Y| |}A/ -Y)
for different scenarios of perturbation of the encoding model, as suggested in [17] and
[L5]], listed as follows: base change, noise change, rotation of preferred direction, change

of amplitude, and dropping channels.

We are also interested in analysis of error in terms of angular error and the error norm.
Note that the distribution of angular error are not necessarily Gaussian, however, we still

use the formula (3.13)) to estimate the Gaussian KL divergence.

To address how much the Gaussian KL distance (GKLD) of distributions of error
norm changes with Gaussian KL distance of neural data, we simulate errors Y - Y
and, for each perturbation of the encoding model, the associated ? — Y as both their
distribution are known (section [@, then we compute the norms and then assuming
Gaussian, we find the Gaussian KL distance between the distribution of norms. Instead
of this Monte-Carlo approach, since the distribution of |[Y — Y||? is known by the
following lemma (see [78] for proof), we can use the analytical mean and variance as

well.

Lemma 9. Let Y is distributed as multivariate Gaussian with mean p and covari-
ance matrix .. Let X = PTAP be the orthogonal diagonalization of matrix ¥,
U= PXV2(Y — p), and b = PX"V2p, then U is distributed as multivariate Gaus-
sian with mean 0 and covariance matrix I, and ||Y||> = > \i(U; + b;)?, where

{1, -+, An} is the spectrum of matrix Y (the diagonal of A). Namely, ||Y||? is a linear

combination of independent non-central chi-squared variables, each with one degree of

freedom.

As for analysis of the angular error, we first simulate Y, make the evoked neural
data X by this original encoding model given Y , and then we find Y as a function of
X, using the optimal decoder found in section [3.2.2] Then for each perturbation, we
make the new evoked neural data X by this new encoding model given Y, followed
by computing % as a same function of X throug using the same decoder, and then we

compute the angles between Y and its both predictions (f/ and Y).
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To start with, it is worth writing down the Gaussian KL distance between the distribu-
tion of prediction errors Y — Y and Y — Y, i.e., daxr, Y —Y| |1A/ —Y') which is equal

to:
%{Tr (( (PA=1)(PA=1)T+ PEPT) _1< (PA—1)(PA-1) + PEPT)>

iy ((—P(E—b))T<(PA—f)(PA—I>T+PEPT)_I(_P(B_[)))>

det < (PA—I)(PA—1)T + PEPT> }

+ In — — = —
det ((PA—1) (PA-1)" +PSPT)
(3.14)

where P = Py 5.

And similarly, the Gaussian KL distance between neural data of the original encoder

X and the perturbed encoder X, i.e., dgx 1 (X||X) is given by:

— =T

Tr ((AAT L) NAA ¢ E)) S (D) T(AAT £ 5) (b 5))

. ( det(AAT + ) ))
det(A A" +5)

dex(X]|X) =

VRS

N NI = o -

~~

—~
Q
~

(3.15)

From here on, we fix [ = 3 and d = 20. For analysis of norm and angular error where
simulation is needed, the number used for Monte-Carlo simulation is 10°. Also, the
parameters of the original encoder (A, b, and X3) are chosen randomly in the beginning,
and then for each perturbation paradigm, we are changing one (or two in the case of

dropping channels) of parameters A, b, or 3J, while keeping the other parameters fixed.

1. Base Change Any linear perturbation of the base firing rates can be written as
b = tb+ (1 —t)b* for t changing from 1 to 0, where b is the d dimensional baseline

of the original model and b* is any vector of size d.

~

Lemma 10. With the linear perturbation of the baseline as above, dgx (Y —

Y||Y = Y) changes with dgc1(X||X) linearly.
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Proof. Letb, = t,b+ (1 —t,)b*, X, be the neural data for an encoder model with
parameters A, b, ¥, and Y, be the estimated kinematics as a function gapy of X,

where A, b, ¥ are parameters of the original model. For i # j € [0, 1] we have:

dext(Y; —Y|[Y —Y) —dexi(Ys — Y|V — V)
darp(X5|1X) — darn(Xi]]X)
(—Pas(b; — b)) My s(—Pax(b; — b))
(b— Ej)TNA,E(b — Z_JJ) —(b— l_)i)TNA,g(b — l_)z)
(=Pax(bi = b))"Mas(—=Pax(b — b))
(b=0;)TNax(b—1b;) = (b= b;)TNax(b—b) (3.16)
(1 —1;)*(Pax(b—0*))" My s(Pax(b—b"))
(1—=1)2(b—b)TNax(b—0) — (1 —t;)2(b—b*) TNax(b—b*)
(1= t:)*(Pas(b—b"))"Mas(Pax(b—b"))
(1—=1t)2(b—0)"TNax(b—0*) — (1 —t;)%2(b—b*) TNy x(b—b¥)
(Pas(b—b")"Mas(Pax(b—1"))
(b—b*)TNax(b—b)

where

Mys = (PysA —I)(PasA—1)" 4+ PysXPas’ )"

and

Nas = (AAT +2)71

both depend on A and ¥, which results in linear relation between dg (Y —Y||Y —

Y) and dgr (X || X) for a fixed original model parameterized by A, b, . O

This phenomena is also verified in the figure below, where b is changing from
b to some random b*. It is worth mentioning that no simulation is done for this
figure, as the distributions of neural data and error vectors is known (hence we

can directly use equations (3.14) and (3.13)). In the figures below, each point

corresponds to a certain t, € [0, 1], with 2 coordinate of dgrr,(X,||X) and y
coordinate of dgxr (Y, — Y||Ys — Y). t, takes 90 equally distanced values in
[0, 1]. Also, b* is chosen randomly. Computing the slope that we found in (3.16),

we obtain 1.8541, which is precisely the slope of figure below.
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Figure 3.1: How distribution of neural data changes with distribution of error, when
using the same decoder and while base changes. No Simulation.

As we discussed earlier, simulation is used to gain the Gaussian KL distance
between the angle and error norm. We represent the results below, where the plots
from left, respectively show the change of first, the Gaussian KL distance between
distributions of angular error, second, the change in the mean of angular error, and
third, the Gaussian KL distance of the error norm change with the Gaussian KL

distance of neural data, for the same perturbation of baseline as above.
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Figure 3.2: How distribution of neural data change with angle and error norm, when
using the same decoder and while base changes. Simulation used.

2. Noise Change Similar to the procedure that was applied to obtain figures[3.1] and
[3.2] we evaluated the Gaussian KL distances when the noise covariance matrix
%) of the original encoding model changes linearly, i.e., ¥ = ¢, + (1 — ¢,)%*,

where ¢, takes 90 equally-distanced values in [0, 1], and ¥* is a randomly chosen

symmetric positive definite matrix.
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Figure 3.3: How distribution of neural data changes with distribution of error, when
using the same decoder and while noise changes. No simulation
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Figure 3.4: How distribution of neural data change with angle and error norm when
using the same decoder and while noise changes. Simulation used.

3. Rotation of Preferred Direction
To explore how the rotation of preferred direction of neurons affect on the Gaus-
sian KL distances, we first show the result for the perturbation paradigm in

which the tuning of 5 neurons (out of 20) changes synchronously, i.e., A_;» =

cos(t) —sin(t)
<i> where 7 is the index of each of those 5 neurons and
sin(t)  cos(t)
B~ represents the j’th row of matrix B (¢ takes 90 equally-distanced values in

[0,0.9)):
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Figure 3.5: How distribution of neural data changes with distribution of error, when
using the same decoder and while tuning of 5 neurons change. No simulation.
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Figure 3.6: How distribution of neural data change with angle and error norm when
using the same decoder and while tuning of 5 neurons change. Simulation used.

Increasing the number of neurons whose preferred direction is being rotated, we

observed that the monotonic trend is still in place, unless we we change the tuning

S cos(t) —sin(t)
of all neurons by the same amount of rotation, i.e., A =

sin(t)  cos(t)
for t € [0, 0.9]. The results for this case are shown below:
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Figure 3.8: How distribution of neural data change with angle and error norm when
using the same decoder and while tuning of all neurons change. Simulation used.

This phenomena roots from the rotation invariance of the distribution of Y. In
fact, since Y ~ N;(0, I), thereby having spherically symmetrical distribution,
when we apply the rotation (by the same value) to all neurons, we maintain the
distribution of X unchanged. In other words, if the original encoding model is
X = AY + b+ Z as in (3.1)), and R is the rotation matrix, the new encoding
model turns to be X = ARY + b+ Z as baseline and noise parameters has not
changed. Now since the distribution of Y is invariant with respect to rotation, so
RY is equally distributed as Y, which results in same distribution of X and X.
This can be confirmed from figures [3.7|and [3.8|that K L(X, X) is almost zero for
any rotation of all neurons. As a second confirmation, we can see from equation
(3.15) that changing A to AR, that KL term turns to zero as R is an orthogonal

matrix (RRT = R"TR = I).
4. Change of Amplitude

57



Here we investigate the change the parameters of the original encoding model by

perturbing the amplitude of the tuning function of neurons (the modulation depth).

We set A = tA, for t taking equally-distanced values in [1, 2].

p = 0.99546
L
L ]
L]
L]
L ]
L ]
L ]
L ]
L ]
@
®
[ ]
L]
L ]
L]
L]
L]
L]
L]
L]
L]
L]
L]
L ]
-.
...
.I
L]
.I
&
..
1 | 1 | | | ]
0.2 0.4 06 0.8 1 1.2 1.4
KL(X,X)

Figure 3.9: How distribution of neural data changes with distribution of error, when
using the same decoder and while amplitude of all neurons change. No simulation.
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Figure 3.10: How distribution of neural data change with angle and error norm when
using the same decoder and while amplitude of all neurons change. Simulation used.

Performing change of amplitude on subsets of the collection of 20 neurons, we

observed the same monotonic trend as above.

5. Drop of Channels

To address the effect of channel removal on Gaussian KL distances, the new
perturbation paradigm we define consist of two different ways: (I) at each step
t (1 <t < 20), the t’th randomly chosen neuron is removed, i.e., the row of A
indexed by that neuron is changed to a vector of zeros, as well as the associated
element of vector b. In fact, that neuron is assumed to become silent. and (II) at
each step ¢t (1 <t < 20), the neuron with ¢’th lowest magnitude of tuning (i.e.,
the /?-norm of the associated row in A) becomes silent, by the same fashion as
in (I), namely, changing the associated row of A and b to zeros. In the former

method we silent the neurons in a cumulative way, while in the latter we silent
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them with substitution. figures [3.11 and [3.12] show the results of Gaussian KL
distance comparison for the first method, and figures [3.13]and [3.14] represent the

results for the second approach.
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Figure 3.11: How distribution of neural data changes with distribution of error, when
using the same decoder and while a new random neuron becomes silent at each step. No
simulation.
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Figure 3.12: How distribution of neural data change with angle and error norm when
using the same decoder and while a new random neuron becomes silent at each step.
Simulation used.
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Figure 3.13: How distribution of neural data changes with distribution of error, when
using the same decoder and while neurons becomes silent in order of least magnitude to
the highest. No simulation.
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Figure 3.14: How distribution of neural data change with angle and error norm when
using the same decoder and while neurons becomes silent in order of lowest magnitude
to the highest. Simulation used.

3.2.4 Analysis of change of distribution of neural data given angular

error in case of no model drift

In this section, we investigate the relation between the Gaussian KL distance of
neural data given certain angular errors, when decoded using the optimal decoder found
in section [3.2.2] The underlying probabilistic enconding model does not alter in this

case, to capture the mere effect of instantaneous noise in performance error.

Figure[3.15|demonstrates the Gaussian KL distance between the distribution of neural
data X and X|angular error = 6. For both figures, 6 changes from 0 to 180 degrees. Next,
in Figure we show the Gaussian KL distance between the conditional distribution
of X given good performance (angular error of zero) and conditional distribution of X

given other certain angular errors.
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Figure 3.16: How far P(X|angular error = 0) is from P(X|angular error = 6) in
Gaussian KL distance

3.2.5 Comparative analysis between the contribution of noise and

model drift on GKLD

A study by Pun et al. (2024) revealed a strong, linear correlation between the
Gaussian Kullback-Leibler divergence (GKLD) and decoding performance [10]. This
suggests that GKLD could be a useful metric for predicting performance. However, the

type of error causing the GKLD increase plays a crucial role.
Angular error (AE) can arise from two main sources:

1. Transient Noise: This refers to short-lived variations in the neural signal, typically
lasting less than a second. While it contributes to decoding errors, it doesn’t cause

persistent performance decline.

2. Model Drift: This describes gradual, long-lasting changes in the relationship
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between neural activity and intended movements. Unlike transient noise, model drift can

lead to a continuous decline in performance over time.

The distinction between these error types is crucial in clinical applications. If transient
noise dominates the GKLD-performance relationship, combining neural activity from
different time windows wouldn’t improve performance prediction. This is because
transient noise doesn’t persist across time bins. However, if model drift is the primary
cause, then analyzing consecutive time bins together might be informative. This is
because these bins would likely share similar error characteristics due to the underlying

drift.

To study how each noise and model drifts contributes to GKLD, This linear relation-

ship can be recreated in simulation using noise or using model drift or using both:

Consider the following linear regression encoding model for neural data given kine-

matics,

X =AY + Z. (3.17)

In this equation, X represents the matrix of neural features (size d x n), Y is the
movement intentions (size [ x n), and A denotes the regression coefficients (tuning)
matrix (size d x [). Here, we used d = 50, and [ = 2. We assume a multidimensional

Gaussian noise Z in this model, which is independent of Y and follows a distribution of

Nd((), 0'2]).

For this linear model, under the assumption that Y ~ N (0, I), the optimal decoder
E[Y|X]is Y = BX, where B = AT(AAT + ¢2I)~!. We denote AE = angle(Y,Y) as

the angle error of this estimation.

We generate synthetic data by considering two scenarios:

Case (I): No added model drifts:

We simulate neural features using the encoding model in (3.1]) for n = 10 timesteps
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for 50 simulated sessions. Throughout these sessions, the parameters of the model A
and o2 remain constant. This process yields the matrix X, representing neural features
of size d x 50n. After decoding X using the optimal decoder B = AT(AAT + o%1)7!,

we calculate the angle error for each time step across sessions.
Next, we estimated two conditional distributions:

1) The target distribution of neural features X conditioned on a specific angle error

range ) — 2° < AE < 0 + 2°, and,

2) The reference conditional distribution of neural features X given good perfor-

mance, where 0° < AE < 4°.

We compute the GKLD for varying angle errors 6 € {2°,6°,10°,--- | 178°}.

Case (II): Model drifts with tuning changes is added (to mimic figure 1b by Pun et
al. [I1O]]):

The process remains akin to the one in case (I), except for a daily alteration in the
parameter A of the encoding model. This parameter changes randomly each session day
from the original tuning matrix A (used to build the decoder B = AT (AAT +021)7Y) to
a newly chosen tuning matrix A*. This alteration is achieved using a linear combination
of the original matrix and the new tuning matrix: AA + (1 — X\)A*, where \ is uniformly
chosen at random from [0, 1]. Despite this daily change in the encoding model, the
neural features X across all days is still decoded using the same decoder 5, which was
specifically optimized for A = 0. (The other parameter of the encoding model (o)
remains unchanged daily). Similar to case (I), the GKLD between p(X|0° < AE < 4°)

and p(X|0 — 2° < AE < 0 + 2°) (both assumed Gaussian) for varying @ is calculated.

This procedure captures how the encoding model’s parameter changes affect the
distribution of neural features, even when decoded using an optimal decoder designed
for a stable parameter (A = 0). The GKLD is computed across different angle error
ranges (6) to assess the impact of these parameter variations. In contrast, in case

(I), where there is no change in the encoding model parameters, the GKLD is solely
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affected by the instantaneous noise present in the system. This distinction allows us to
discern how variations in the encoding model parameters specifically contribute to the
differences observed in the neural data distribution, separate from the impact of mere

noise fluctuations.
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Figure 3.17: A linear relationship between GKLD and angle error in simulated noise or
model drift. KL(p(X|0 < AE < 4),p(X|0 —2 < AE < 0 + 2)) changes with angle
error 6. (a-b) displayed case (I) where noise was applied without additional model drifts,
and (c-d) displayed case (II) where added model drifts (tuning changes) were applied.
In (a), (c), we use a low model noise (62 = 4), while in (b), (d), a higher model noise
(02 = 25) is applied. Pearson correlation coefficient was shown in each panel.

Both simulated noise and model drift result in a linear relationship between K L(p(X |0 <
AE < 4),p(X]0 —2 < AE < 0 + 2)) with 0. Additionally, a higher level of noise cor-
responds to increased angle error. The difference in coverage of angle errors is notable:
(c) spans the entire possible range (from 0° to 180°), while panel (a) only extends up to
110°. This discrepancy potentially underscores the contribution of model drifts to the

GKLD, surpassing mere noise effects
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3.3 Conclusion

The MINDFUL score proposed by Pun et al. [10] is based on their observation that
the Gaussian Kullback-Leibler divergence (KLD) of neural data correlates strongly with
angular error over time, as seen in two individuals with tetraplegia. In this chapter, we

investigated this relationship within the framework of linear Gaussian encoding models.

Our findings indicate that specific types of model drift can indeed generate the
observed linear relationship between KL divergence and angular error. However, other
model perturbations may not exhibit this pattern. This distinction is important for
determining when the MINDFUL score may be practically useful, and it offers insight

into the types of model drift that may occur in the motor cortex.

Furthermore, we demonstrated that this linear relationship between Gaussian KLD
and angular error can also arise independently of model drift, as a mere consequence of
noise. However, when model drift is present, the relationship remains linear but with a
greater range of angular error. This suggests that while MINDFUL can be a valuable tool,

its interpretation requires careful consideration of both model drift and noise factors.
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3.4 Appendix
Proof of Lemma [7:

Proof. Let the linear decoder minimizing the loss function of mean squared error E[||Y —

g(X)[Fbe Y = g(X) = PX +q.

Step 1: We first find the optimal ¢ for a fixed P:

¢ = argmin E[[|Y — (PX +q)|[’]
q

= argminE[||[Y — PAY — Pb— q — PZ|*]
! (3.18)
= argminE[||(I = PA)(Y — p) = PZ — (Pb+ q— (I = PA))|[’]

q

= argqmin E[[|( = PA)Y — ) — PZ — h(q)|["]

where h(q) = Pb+ q — (I — PA)u. We know that for any random vector Y with

E[||Y|?] < oo we have:

arg min E||Y — 7|1? = E[Y] (3.19)

t

And since E[(I — PA)(Y — u) — PZ] = 0, for any P, the optimal ¢ where ¢ =
arg min, E[|[(/ —PA)(Y —pu) — PZ — h(q)||?] is the root of h(q), i.e.,q = (I — PA)pu—

Pb. Hence, it is only remained to find the optimal P.

Step 2: Note that

P = argminmin(E[||Y — (PX +q)|]*])
P q
= argminE[||Y — PX — ((I — PA)p — Pb)|]*]
d (3.20)
=argminE[||(Y — p) — P(AY + b+ Z) + PAu + Pbl||?]
P

= arg;ninE[H(Y—pJ) — P(A(YY — )+ 2))|"]
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which means that to find the optimal P, it suffices to find it for centered Y and X,

i.e., X = AY + Z in the next step.

Step 3:

P= arg;ninE[HY — PX|]
= arg;nin E[Tr(Y — PX)(Y — PX)"]
= arg min ETr(YY' —YX'PT — PXYT + PXX'PT)]
= arg;nin ETr(YYT) = 2Tr(YX'PT) + Tr(PXX P

= argmin Tr(E[YY']) = 2Tr(E[Y X "P"]) + Tr(E[PXX " P"])

— argmin Tr(T') — 2 Tr(E[Y X "]PT) + Te(PE[XX "|PT)

= argmin Tr(T') — 2 Tr(E[YYTAT +YZT|PT)
R (3.21)

+Tr(PE[AYYTAT + AYZT + ZYTAT + ZZT|PT)

= argmin Tr(T') — 2 Tr((TAT)PT) + Tr(P(ATAT + X)PT)
P

= argmin Tr(I' — 2IATP" + PATATPT + PYP")
P

— arg min Tr(I' — 2P(AT A" + E)I/Q(AFAT + 2)—1/2AFT
P

+ P(ATAT + ©)Y2(ATAT + )1/2PT
+TAT(ATAT 4+ 2) " Y2(ATAT + £)~1/2A0T

—~TAT(ATAT +2)71ATT)

Let B = (AT'AT + %)'/2, and note that B = B, therefore:

P = argmin Tr(PBBT PT —2PBB'ATT +TATB !B~  AT'T)
P (3.22)
—Tr(TAT(AAT + )7'ATT — 1)
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As Tr(TAT(AAT + ¥)7LAT" —T') does not depend on P, we have

P =argminTr((PB -TA"'B ) (PB-TA"B™)")
P

= argmin ||[PB —TA"B7!||?
P

(3.23)
=TA"B™?
=TAT(ATAT +¥)7!
This completes the proof. ]

72



CHAPTER 4

Mitigating gesture interference in
brain-computer interfaces with

task-robust decoding models

4.1 Introduction

Brain-computer interfaces (BClIs) have the potential to enable individuals with severe
motor disabilities to restore their independence, by decoding their neural activity into

actionable commands [229, 38|, 149, 5557, [79]].

During the training phase of these decoders for computer cursor control tasks, explicit
calibration sessions are typically required. In these sessions, neural signals are recorded
simultaneously with the intended cursor velocity (movement) or alongside other motor

imagery (MI) tasks, such as various gestures, including clicks [29, 80-82]].

Recent progress in the field has enabled rapid point-and-click or click-and-drag which
resulted in better control of computer cursors [33H39]. However, achieving widespread
adoption as a reliable assistive platform requires further advancements of decoding
performance in such cases of multiple tasks, especially since the capability to decode

more types of MI actions is crucial for rehabilitation [83]].
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One of the challenges in achieving high performance in point-and-gesture BCls is
the interference between, for example, the decoded movement intention and the other
motor imaginary intentions (e.g. gestures). In other words, current decoding techniques
fail to separate information in the neural features effectively; resulting in unintended
cursor movement while gesturing or unintended gesturing during cursor movement [335]].
Similar contamination of one decoder by the intention of the other task has been observed

in prosthetic reach-and-grasp actions [28, 40]].

To mitigate this challenge in the context of point-and-click BCI, Dekleva et al. [35]
proposed using a new approach for click decoding that is based on transient neural

signals they observed at the onset and offset of a MI task.

In this paper, we introduce two methods aimed at mitigating interference during
concurrent movement and gesture in point-and-gesture BCI applications. Both our
proposed methods require two (potentially distinct) training datasets: one for the primary
task (e.g. movement) and another for the secondary MI task (e.g. gesture). This scenario
is common in current BCI point-and-gesture systems, where separate training sessions
for each decoder have yielded two separate datasets of neural signals/kinematics and
neural signals/gestures [27, 34]. However, during BCI use, both movement and gesture
are intended concurrently by the user and require simultaneous decoding. This highlights
a key challenge: the joint distribution of neural signals, movement, and gestures often
differs between training and BCI use time due to the fact that during training, only the
primary task (e.g. movement) was intended, whereas, during BCI use, both movement

and gestures are intended concurrently.

Our first method trains the primary task decoder (e.g., movement decoder) differently
by incorporating a regularization term into the cost function. This term penalizes statisti-
cal dependencies [84] between the decoded intention of the primary task and the other
(interfering) MI tasks (e.g., gesture) while ensuring sufficient decoding accuracy. As we
demonstrate in the results section, our method offers significantly improved robustness

to changes in the interfering task. Moreover, while the solution is potentially suboptimal
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compared to an ideal scenario with identical training and BCI use distributions of neural
data and both tasks, this method of leveraging the secondary task calibration dataset for
training the primary task decoder has significantly more predictive power than the case

of only using the primary task calibration dataset.

Our second method tackles interference by finding a specific subspace within the
neural data representation on which any linear decoder of the primary task (e.g. move-
ment) is robust to any “anticipated” change of the joint distribution of neural signals,
movement, and gestures, which is the potential variations of the user’s secondary task
(e.g. gestures) intention during BCI use. We achieve this by leveraging the dataset
containing paired neural activity and the secondary task information. The neural data is
then projected onto this subspace, effectively removing the “secondary task noise”. This
projected data can then be directly fed into an existing potentially non-linear decoder
of the primary task. Crucially, this approach avoids the need for retraining the decoder,
unlike the first method. It leverages the existing decoder’s capabilities while ensuring
any linearly decoded primary task remains uncorrelated with the secondary intentions,

thereby mitigating interference.

The first approach shares similarities with the field of fairness in machine learning
[85-87]. In fair regression, the researchers study the trade-off between the accuracy
of a predictor of a real-valued function such as salary, and its “fairness” concerning
demographic-sensitive characteristics like gender or race. A predictor satisfies the
constraint of “Statistical (Demographic) Parity” if the predicted output is independent of
the protected attribute [88-92]]. In the context of brain-computer interfaces (BCls), we
can analogously treat the interfering secondary task as the protected attribute that varies
during decoding, aiming to predict the primary task intention (akin to salary prediction)
from neural signals (candidate skills) while ideally having the primary task prediction
independent of the secondary MI intention (gender). Specifically, our first method draws
on the work of Perez et al. [93]], which employs the Hilbert-Schmidt Independence
Criterion (HSIC) to quantify independence [84]. However, unlike studies in fair machine

learning, there is typically limited or no training dataset combining multiple types of
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kinematics and other MI task intentions simultaneously in the BCI context. Additionally,
during BCI use, the user’s intended secondary task is also unknown, i.e., both primary and
secondary task intentions require real-time decoding solely from neural signals, while
some research studies on fairness in machine learning assume access to the protected

attribute at prediction time [94]].

4.2 Methods

4.2.1 Regularized decoder training

Let X = [X1, Xy, -, X4,] € R, Y = [V},Y,,---, Yy, ] € R and Z =
(21, Zy,-++ , Z4,] € R4 represent the random vectors of neural data, user’s intended
primary task (e.g. movement), and user’s intended secondary task (e.g. gestures) for a
single timestep respectively, and dy,dz < dx. We consider a scenario where existing
datasets from movement and gesture calibration sessions are available. These datasets

represent the relationship between neural activity and intended actions:

* Primary decoder calibration: The recorded neural signal during MI task calibration
is denoted by X € R™*9x  where each row represents a single timestep’s sample
of the random vector X . The corresponding intended task features are stored by
Y € R™4v_ p represents the number of timesteps in calibration sessions of the

task.

» Secondary decoder calibration: The recorded neural signal during the second task
calibration session is denoted by X’ € R™ *%x_ The corresponding intended task
features are represented by Z' € R” %%, n’ denotes the number of timesteps in

calibration sessions.

Throughout this section paper, to focus on core concepts, we consider a scenario
where the primary task to be decoded is movement, and the interfering secondary task
is gestures. It is important to emphasize, however, that these roles are interchangeable.

Therefore, our goal is to design a decoder that accurately translates neural signals into
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intended movements while minimizing any statistical dependence on other MI task
intentions. Our proposed approach to train a kinematics decoder is to find a function h

that attains:

hy = arg min E[L(Y, h(X))] + AD[h(X"), Z'] 4.1)

hec
Here, the function h defines a decoder, i.e., Y = h(X), and it is restricted to a
class of functions C. L represents a loss function to measure the discrepancy between
the predicted and ground-truth kinematics. Additionally, D represents any measure of

dependence between the decoded movementt (i.e., h(X")) and Z'.

The first term in the objective function in (4.1) measures the error of the prediction,
while the second term quantifies the dependence between this decoder with the user’s
gesture intention. The non-negative hyperparameter A controls the trade-off between

performance on movement decoding and unwanted influence by other intended actions.

Linear decoding techniques have been extensively applied for kinematics decoding
in BCI systems [28, 129, 35 136]. Here, when C is restricted to linear functions, (4.1)) can

be rewritten as the following regularized optimization problem:

(Ax,by) = argmin E[L(Y, XA+ b))] + AD[X'A + b, Z'] (4.2)
Ab
AGé{dX 2<dy
bERIXdY
A measure of dependence can be defined as D[h(X"), Z'] = ||cov (h(X"),Z') ||%,
where ||.|| represents the Frobenius norm [84]], and cov denotes the cross-covariance
matrix between the decoded movement i (X"’) and Z’. Note that the cross-covariance

of random vectors R € R™™ and W € R'*™ is the n x m matrix defined as follows:

cov(R, W) £ E[(R — E[R])T(W — E[W])].

If 1) D[h(X"), Z'] is as above, 2) the loss function L is the squared error L(Y,Y) =
Y — §A/||2 and 3) Yy is positive-definite, then the closed-form solution of (4.2) for A > 0

is as follows (see supplementary):
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Ay=Cx +Xx23z2x)  xy
(4.3)

by = py — px Ay

where Xy = cov(W, W), Sy = cov(W, R), and py = E[W] for row random
vectors W and R. For the derivation above and throughout the paper, we assume that

covariance matrices X, 2y, 2y, and Xz are finite-valued.

Remark 2. In (4.2), A\ = 0 corresponds to the optimal linear estimator (OLE). If
additionally (X, Y") is distributed as multivariate Gaussian, then the optimal decoder that

minimizes MSE loss among all (possibly non-linear) estimators is OLE, i.e., E[Y| X] =

XAy + by.

Remark 3. Linear Gaussian encoding model is widely used for encoding neural activity

given kinematics [10, 26-30]. It is described as below:

X|Y ~ Ny (YU +¢,%) (4.4)

where U € R¥*dx . ¢ RI*dx ig the baseline firing rate [17], and the additive

zero-mean Gaussian noise (distributed as Ny, (0, X)) is assumed independent of Y.

Then it is important to note that under such encoding model assumption, and an addi-
tional assumption of multivariate Gaussian distribution for Y, (X, Y") will be multivariate
Gaussian, and consequently, as stated in Remark [2] the optimal (possibly non-linear)

predictor is h(X) = X Ay + by (OLE).

Under the encoding model described in Remark 3] the optimal linear estimator (OLE)
would have been the optimal decoder in case of no distribution shift between movement
calibration time and the BCI use time. However, with a distribution shift that is caused
by the introduction of new MI tasks during BCI use, OLE will not necessarily remain
optimal. This is why, in the regularization term in (4.1)), the side dataset (X', Z’) is
leveraged to train the decoder to be invariant to the distribution changes brought by their

anticipated source, which is gesture intention.

78



Remark 4. Apart from linear decoders, we investigated more general decoder functions
represented by Y = f(XA+b,A,b). Note that in (4.2)), f(XA+b,A,b) = XA+ b.

For instance, we define

f(XA+b,A,b) £ argmin E[L(Y,y)| X A + b] (4.5)
Yy

When the loss L is the squared error loss, the defined decoder is f(X A + b, A,b) =
E[Y|X A -+ b. Also, when L is 0-1 loss function (L(Y,Y) = 1,_y) which can be used
for discrete Y, e.g., when the primary task Y to be decoded is gestures and the secondary

task Z is movement, f can be written as f(X A +0b, A,b) = argmax P(Y = y| X A + D).

For any function f, we define (Af, b]) as below:

(A, b)) £ argminE[L(Y, f(XA+b,A,b))] + Acov(X'A, Z) |2 (4.6)

(Ab)

All=1
This formulation aims to find a projection of neural data that contains sufficient
information to accurately decode Y, while penalizing projections that contain information

about Z’. For the case of discrete Y, the loss L is considered a 0-1 loss function

(L(Y, )/}) = 1,_3). See supplementary material for details.

4.2.1.1 Hyper-parameter tuning

Regularization is a common technique used to prevent overfitting in machine learning
models. In this work, however, we leverage it to address a more fundamental challenge:
distribution shift. This occurs when the underlying probability distributions governing
the neural features, movements, and gesture intentions differ between the training data
and the real-world use case (test data). This distinction is important because traditional
cross-validation techniques, which rely on splitting the training data, are no longer
suitable for hyperparameter tuning in this case. To address this challenge, we employ
a data-driven heuristic approach to select a hyperparameter for decoder training. This

approach is described in the steps below.
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1. Encoding model assumptions: We begin by assuming linear Gaussian encoding
models for both calibration datasets (cf. Remark 3)):

X=YU+e¢e for(X,Y)
4.7)

X' =2Z'V+¢e for(X',Z)

where € ~ N4, (0,%,) and € ~ N, (0,%.) are independent from Y and Z’

respectively.

2. Parameter estimation: We compute the maximum likelihood estimator (MLE)
of the encoding matrices (U and V') and noise covariances (2, and YJ./) from the

training datasets (X,Y) and (X', Z').

3. Hypothetical test distribution: We assume a hypothetical test distribution using

the following model:
X=pux+ Y —u)U+(Z = puz)V +6 (4.8)

Here, X represents the hypothetical test neural data, and § represents the noise
random vector that is drawn from a multivariate Gaussian distribution Ny, (0, X5),
where Y5 = %(i + Z/];) Note that U , XA/ i, and Z/]:/ respectively represent the

estimations of parameters U, V/, Y., and X, found in step 2.
This test distribution aids in hyperparameter tuning for decoder training, i.e., the
optimal hyperparameter A* is determined as:

N = argmin E[||Y — (X Ay + by)[]?] (4.9)

A>0

Here, A, and b, represent the solution to the regularized objective function intro-
duced in (4.2). (See equation (4.3)) for their analytical form). In fact, (4.9) can be

rewritten as below:

A= arg min Tr (nyM)\EXM)\EXY — szxM/\E)’(y) (410)

A>0
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where My, = (Sy + A\xizSzv) " S = U'SyU + VIS4V + 55, and
Yigy = (/jTEy. Note that Xy, Yy, Yy x, 2z, and Xz x, are the sample covari-
ance matrices, estimated from the training datasets (X,Y) and (X', Z’). See

supplementary (section [4.6.4.1) for details.

Remark 5. The simulated test data X with the additive model described above provides a
controlled environment for the purpose of hyper-parameter tuning. However, to assess the
effectiveness of this heuristic approach, we evaluated the predictive power of the decoder
defined by Ay~ and by- in more realistic scenarios for test data. In these scenarios, the test
data is now modeled by X = 11 + (Y — uy)(?+ sz(Z' — uz/)‘A/+ 550, where s and s
are scaling factors for the influence of Z’ and the simulated noise term § ~ %(i + 2/]:/),
respectively. We compared the prediction power of (A« by+) on these more realistic test
data, with (A,
(D).

mins Dhmin ) Where A, = arg miny o E[[|Y — (X Ay +by)|?] (see section

The results (see supplementary material) demonstrate that the performance of A,-
is sufficiently close to the optimal hyperparameter )\,,;, for varying sz and ss. This
suggests that the heuristic approach using the simulated test data X generalizes well to

more generic cases.

4.2.2 Interference-free decoding

In this section, we explore a novel strategy that allows the utilization of existing
BCI decoders on transformed neural data. This transformation ensures that any linearly
decoded kinematics becomes uncorrelated with gesture intentions. One might hope
that this approach will also benefit non-linear decoders by reducing the influence of
gestures on the movement decoding process. This might lead to increased robustness of
movement decoding in real-world BCI scenarios where users might exhibit variations in

gestures.
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4.2.2.1 Neural transformation

Lemma 11. Let X5 x: = cov(Z', X') be well-defined and finite-valued. The following

are equivalent properties of a matrix H (necessarily with dx rows):
(a) A satisfies ||cov(X'A, Z')||3% = 0 if and only if A = HB for some B.
(b) The column space of H is equal to the null space of Yz x.

If F'is a dx X dx symmetric positive-definite matrix and Y. 71 x' F'X. x1 7 is invertible,

then

H=F— FEX’Z/<EZ’X’FEX/Z’>712Z’X/F

satisfies (a) and (b).

From this lemma (see supplementary for proof), we see that any linear decoder B
applied on the transformed neural data under 7'(X’) = X’H will become uncorrelated
with gesture intention Z’. We can estimate H which satisfies the assumption in lemma
by leveraging the available dataset (X', Z’), and employing the sample covariance

matrix EZ’X’ .

4.2.2.2 Optimal linear estimator after transformation

We consider the following optimization problem :

argmin  E[||Y — (XA +0)|]?] (4.11)
(A,b)
llcov(X'A,Z")||2=0
We present a key theorem that characterizes the solutions to this optimization problem.
In part (c) of this theorem we show that under the conditions that both .7 x/ and X x
are both of full rank, the optimization problem has a unique solution. We explore two

additional cases in Corollaries 13| and [I4]in supplementary, where only one of those two

conditions holds.
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Theorem 12. Let Y x, Yy, X x/, and Y.z be well-defined and finite-valued.

(a) Let H € Rt be any matrix with column space equal to null(Xzx:). If
(B*,c*) € R x RYXY minimizes E[||Y — (X HB+c)||?] over (B, c¢), then (A*,b*) =
(HB*,c*) is a solution to (&.11).

(b) If Ao = limy_, o Ay and by, = limy_,, by exist, then (A, bso) is a solution to
@.11).

(¢c) If Xzx and X x are both of full rank, then (A.11)) has the following unique
closed-form solution

Aw =S¢ (I = Sx2(E2x S Ex2) 'S0 85") Exy @i

boo = My — ,UXAoo

See supplementary for the proof.

Remark 6. While our focus has been on linear decoders, the transformation 7" can also
benefit non-linear decoders. One may hope that by applying any existing non-linear
decoder function £ to the transformed data 7(X), the decoded movement Y = h(T'(X))
exhibits robustness to gesture intentions. In the scenario of a multivariate Gaussian
joint distribution underlying X and Z, this robustness is inherently guaranteed. This
guarantee arises from the observation that, in such cases, zero correlation between 7'(X)

and Z implies their independence. Consequently, h(7'(X)) and Z are also independent.

4.3 Related work

Previous work by Wodlinger et al. and Collinger et al. [28, 29] employed a decoder
that combines the Optimal Linear Estimator (OLE) with Ridge Regression. Ridge
regression employs a regularization term (|| A[*> = Tr(A"A)) to prevent overfitting.
In contrast, our proposed regularization term (section is |jcov (X'A, Z') ||3. =
Tr ((£2xA)T(X2x/A)) (see supplementary), which is l,-regularization after project-

ing A into a new direction defined by the covariance between Z’ and X’ from the side
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dataset (X', Z’), and it is a data-dependent regularization designed to make the decoder

less sensitive to variations in the secondary MI task.

Our work may be framed as a form of homogeneous-feature multi-task learning
(MTL) [95]. It simultaneously predicts both classification (gesture) and regression
(movement) tasks, thereby also qualifying as heterogeneous MTL as defined in [96].
Traditional MTL methods heavily rely on exploiting known or presumed relationships
among tasks [97]]. For example, in Alamgir [98]] and Panagopoulos [99] employed MTL
to leverage the shared information across subjects (each task corresponds to a subject),
in order to increase the cross-subject efficiency of a MI task classifier [97], or in general,
increase the generalization capability of the system [99]. In contrast, our approach does
not use shared information across tasks. Additionally, in some MTL methods like the one
proposed in [[100]], a regularization term is used that encourages orthogonality between
the subspace spanned by the primary task and the subspace spanned by the unrelated
secondary task. More specifically, if 7 =X B, x4, denotes the secondary task decoder,

their objective function (to be minimized over (A, B)) can be written as below:

E[IXA-Y|?| +E[IXB = Z|") + Ml[A, Bll31 + alAT Bl (4.13)

Here, the first regularization term is the /5 ;-norm of concatenated A and B, and
it is the standard MTL penalty [101-103] to leverage shared features between tasks.
The second regularization term (the squared Frobenius norm of AT B) encourages

orthogonality between decoders of unrelated tasks.

However, in our study, the decoders of gesture and movement (A and B) are trained

separately, and they are not imposed to be orthogonal.

The challenge of deviation between training and testing distributions has also been
studied in curriculum learning (CL) [106} [107]. However, the nature of the distribution
shift differs between our work and typical CL approaches. In curriculum learning, as
discussed in [108-110], the shift often arises from noisy or weak annotations within

the massive training data. In this approach, these corrupted low-confidence examples
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are typically included in the later stages of the curriculum in CL framework to improve
robustness. In [111], this CL approach is proposed to address distribution shifts caused
by inter-individual differences to improve the robustness of cross-subject BCIs. In
contrast, the discrepancy between test and train distribution in our study stems from
the absence of one task during calibration and its anticipated subsequent presence and

variation during use.

4.4 Results

In this section, we evaluate the performance of the proposed approaches in this study
(Section 4.2). We employ simulated datasets to comprehensively examine the decoders’

predictive power under various conditions.

To evaluate the performance of different decoders described in the methods section

across various test scenarios, we employ a relative version of the expected loss func-

E[|Y Y%

tion, which is =T

. This normalization has a key advantage: If we estimate the
movement variable (Y) by its mean (uy), the resulting relative MSE becomes 1. Conse-
quently, any decoder with a relative MSE exceeding 1 would be deemed ineffective. See

supplementary (section [4.6.3)) for details.

4.4.1 Subspace regimes in encoding models

As introduced in (4.7)), the linear-Gaussian encoding models we assume for calibra-

tion datasets are:
X=YU-+e for(X,Y)

X'=2'V+é for(X,Z)

Here, each entry in U is derived independently from standard normal distribution,

and each row is normalized to represent a unit vector.

This section first explores three distinct regimes for the subspaces U € R% *4x and
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V € R?%z*dx in the encoding models in (#.7). We assume jiy- = 0, iz = 0 for simplicity.
Fixing all parameters underlying the joint distribution of both training datasets, including

Yy, Xz, 2, 2 and the subspace U, we explore different scenarios for V':

1. Overlapping subspaces V = V, : In this case, the first min(dy, dy) rows of U
and V" are identical. This represents a scenario where the subspaces for movement

and gesture decoding overlap.

2. Orthogonal subspaces V = V;: Here, V] is chosen randomly and independently
from U. For sufficiently large dimensions dx, the law of large numbers suggests

that these subspaces are nearly orthogonal.

3. Intermediate subspaces V = V,: This case represents a spectrum between the

previous two extremes. Here, V,, = /1 — aV + y/aV; for 0 < a < 1.
In any case, each row of V' is normalized to represent a unit vector.

We consider a typical BCI use encoding model that incorporates both concurrent

movement and gesture intention:

Xtest — YtestU + Ztestv + 6test (414)

Here, Y, Z'! and €'**' are assumed independent, and €'*" ~ N, (0, X test).
Assuming a data-rich environment, we treat the parameters Yy test, 2 ytest and Ytest as
known. In other words, for dx = 300, dy = 2, and dy = 4, we assume Yytest —
Yy = lg,, and Ygwest = Yy = 1.51,, (test data covariance matches training data
covariance for movement and gesture). The noise covariance of calibration datasets are
assumed X, = Yo = 0.11;,, and for test, we assume that the noise covariance X tes: is
chosen such that the total “noise” variance remains constant across training and testing:
Tr(V,[ X geest Vo + Setest) = Tr(E,) for all 0 < o < 1. Note that from the standpoint of

movement decoding at test time, gesture intention is treated as noise.

The goal is to assess how leveraging the side dataset (X', Z’) can improve decoding

accuracy by understanding the potential characteristics of this total “noise” during testing.
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This knowledge helps prevent the decoder from being misled by noise that is aligned

with the signal of interest (Y").

Table {.T| reports the performance of two linear decoders on both training and test
data across different regimes of the subspace V' (represented by different 0 < o < 1
values). In this table, the first decoder, denoted by Ay, is the optimal linear decoder
trained solely on the main dataset (X, Y') and does not utilize the side dataset. The table
also includes results for the hypothetical optimal decoder AZ;?, which is the optimal

linear estimator for the test distribution described above in model (4.14)), for comparison.

Moreover, M SE™ %" refers to the relative mean squared error (MSE) of the corre-

sponding decoder applied on training dataset, i.e.,

arsgirein ) — ENIY = V[P _ Tr(ATExA - 24T Sxy +5y)
Tr(cov(Y)) Tr(3y)

where A can be any of the two decoders, while M S E** represents the relative MSE

on the test model as described in model @.14)), i.e.,

MSEteSt(A) o EI:HYte'St - }//tgtH2j| o Tl" (ATZXT(’SfA - 2ATEXtesthest ‘I— Zytest)
~ Tr(cov(Ytest)) Tr(Xytest)

here, A be any of the two decoders.

Note that since the subspace U and the distribution of (X, Y") remain constant across
all regimes, the Optimal Linear Estimator (OLE) and its M S E*"( A) are fixed for all
« values. However, varying V' through « changes the test data distribution, leading to

different M SE™*'( A) values, even though the used decoder A is fixed. In the last two

test

columns, however, the decoder A}

also changes, as the test distribution varies with a.

If MSE®(Ay) ~ MSE""(A), then no interference has occurred. In other
words, the simultaneous intention of a gesture at test time has not affected the perfor-
mance of the decoder trained solely on the movement dataset. On the other hand, if
MSE"(Ay) >> MSE""(Ap), then interference has occurred, meaning the OLE

trained on the movement calibration data would not perform well at test time when
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a gesture is simultaneously intended. In this case, by examining the performance of

the optimal decoder on the test data

improvement or if the inherent overlap in decoding subspaces cannot be mitigated by

Atest

opt

we can determine if there is potential for

any means.
Ay Alest
MSEtram MSEtest MSEtram MSEtest
a=0 0.09 1.31 0.39 0.61
a=1 0.09 0.08 0.09 0.07
a=04 0.09 0.81 0.22 0.23

Table 4.1: Decoding Performance Across Subspace Regimes

The analysis of Table @.1|reveals valuable insights:

* Overlapping Subspaces (o« = 0): When the movement and gesture subspaces
overlap, there is inherent confusion between these signals. Even with knowledge
of the test distribution, i.e., by employing A*¢, this fundamental limitation cannot

opt

be overcome entirely.

* Orthogonal Subspaces (o« = 1): In the opposite scenario where the subspaces
are entirely orthogonal, there is no interference between movement and gesture
signals. Therefore, the optimal linear estimator (OLE) using only the main dataset

(X,Y) is sufficient to achieve nearly optimal performance in the test data.

* Intermediate Regimes (0 < o < 1): Here, interference between movement and
gesture signals occurs. However, if we have access to the test distribution, there is
potential for improvement. This study focuses on this regime, leveraging the side
dataset (X', Z’) and our proposed approaches to mitigate this type of interference

and enhance decoding performance.

4.4.2 Comparison of decoders for intermediate subspaces

This section investigates how the proposed decoding methods (detailed in the Methods
section) can alleviate interference in the case of intermediate subspaces (0 < o < 1).

Table 4.2 summarizes the performance of different decoders across various BCI use
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scenarios and two training examples. Different decoders, training examples, and test

scenarios are described respectively in (I), (I), and (III) below.
(I) Decoders

To evaluate the performance of our proposed decoders, we compare them with

several alternatives:

* Optimal Linear Estimator (OLE): (A, by) from equation (4.3)) represents
the optimal linear decoder learned directly from the calibration dataset

(X,Y). This serves as a baseline for comparison.

* Tuned Regularized Decoder: (A,:,by-) described in section4.2.1.1|repre-
sents a decoder trained with a hyperparameter selected using our proposed
tuning method. This highlights the effectiveness of our hyperparameter

selection approach.

 Zero-Correlated Decoder: (A, b,,) from equation (4.12)) represents the
optimal linear decoder under the constraint of enforcing zero correlation
between the estimated movement and the gesture intention. This serves as
a reference point to understand the potential benefits of allowing correlated

estimates.

* Hypothetical Optimal Decoder: (AL, blo*") represents the optimal linear
decoder for the test distribution, assuming the unrealistic scenario where the
test data distribution is perfectly known. This provides a lower bound on the

achievable MSE.

b

* Minimum Test Prediction Error Regularized Decoder: (A, . .
represents the decoder trained using equation (4.2)) with the hyperparameter
A that minimizes the test-time prediction error. This provides a lower bound

on the achievable MSE using the proposed regularization.

* Minimum Test Prediction Error Ridge Regression Decoder: (A%min p*min)

minimizes the expected loss function at test time, where (A“, b*) represents
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(1)

the linear decoder trained with [, regularization (Ridge regression), i.e.,
(A%, 0%) = argmin 4 ;) E[L(Y, (XA 4 0)))] + | A||%. This investigates a
lower bound for achievable MSE of the regularization technique employed
by Wodlinger et al. and Collinger et al. [28| 29]. Additionally, it helps
distinguish the benefits gained from regularization in general from those

gained specifically by our approach.

It is important to note that the first three estimators above can be estimated solely

from the calibration datasets (X,Y') and (X', Z’) (The first one is estimated only

by (X,Y)). On the other hand, the remaining decoders require knowledge of the

actual distribution of the test data. As in practical settings, this information is often

unavailable, these latter decoders are included for comparative purposes.

Training examples

We evaluate the performance of the decoders under two different calibration

settings. For both examples, dx = 300, dy = 2, and dy = 4.

(A)

(B)

Ilustrative example: Data-rich environment: To begin, we introduce an
illustrative example that highlights the key principles of our approaches. This
example assumes a data-rich environment, where the joint distribution is
known for both datasets (X,Y) and (X', Z’), i.e., the mean and covariance
matrices required for determining the decoders Ay (0 < A < 00) in equations
@.3) and (@.12) are known. This simplified environment allows for a clear
demonstration of the relationships between different decoders and their
properties. The example used in the previous section (4.4.1)) for « = 0.4

employs the same underlying training parameters as in example (A) here.

Realistic Scenario: Inference from Calibration Data: In a more realis-
tic scenario, unlike the data-rich case, we do not have full knowledge of
the underlying neural encoding models. Instead, we start with simulated
synthetic calibration datasets (X,Y) and (X', Z’). From these datasets, we

estimate the covariance matrices necessary for computing the decoders A
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(for 0 < X\ < o0) and then apply these estimates in the analytic formulas to

obtain the solutions.

In this example, after generating each entry of U from a standard normal
distribution and normalizing each row to have unit length, we use an in-
termediate regime (o« = 0.4) to construct V. We then simulate Y and Z’
from Ny, (0,7) and N4, (0,1.57) with n = n’ = 105, respectively. After
simulating Y and Z’, we generate X and X' using the encoding models in

4.7), with X, = 0.3] and X = 0.21.

(ITIT) BCI use scenarios

Now for BCI use, the generic model we employ is X5t = Ytest[] 4 ztest]/ 4 etest,

where noise term €'*** is independent from Y**** and Z'*!, and it is drawn from a

multivariate Gaussian Ny, (0, Xcest). Y and Z'** are also assumed independent

in this model.

We assess the performance of different decoders in the following different test

scenarios:

(a)

(b)

Movement-only: This scenario represents a BCI use case where the user
solely intends to perform a specific movement task, identical to the task prac-
ticed during movement calibration. We model this as having joint distribution
of X, Y, and Z during BCI use coincides with the joint distribution observed
during movement calibration, i.e., Yytest = Xy, X,.., = 3¢, and 275 = ()

(as the user has exhibited no intentional gesture alongside the movement

during movement calibration).

Concurrent movement and gesture: This scenario reflects the situation
where the user intends to perform a movement while simultaneously engaging
in a specific gesture. This situation directly addresses the core question of
this study: how can we improve each decoder’s performance given that

calibration data might only capture movement or gesture individually. In this

91



case, Lytest = By, B, = 5(Ze + L), and Tyeesr = Ty,

€test

(c) Enhanced gesture influence: This scenario builds upon the previous one
by introducing an additional complication. Here, the user’s gesture intention
exerts a stronger influence on the neural signal during BCI use compared

to what was observed in the gesture calibration data. We model this by

Sytest = By, Ve, = 3(Be + Ber), and Syeesr = 5,5 for varying the
scaling factor sy € {1,2,---,10}. This case will be explored in section

For data-rich training (example (A)), the covariance matrices (Xy, 277, 2, 2er)
and subspace matrices U and V' used in the test models above correspond to the
true underlying parameters. In the more realistic scenario (example (B)), these

parameters are estimates obtained from the calibration datasets.

Example | BCluse | Ay | Ay | A | At | Ay, | A%
(A)

(a) 0.09 1 0.22 1 0.33 | 0.09 | 0.09 | 0.09
(b) 0.81 10241029 | 023 | 024 | 0.49
(a) 0.23 1034|060 | 023 | 023 | 0.23
(b) 0.76 | 0.41 | 0.56 | 0.40 | 0.41 | 0.54

(B)

Table 4.2: Comparison between predictive performance of different decoders.

The analysis of Table d.2]reveals several key findings:

* Performance under no distribution shift For both the data-rich example and the
more realistic high-dimensional scenario, performance degrades when there is no
intention of gesture (no distribution shift). This is expected, since in case of no
distribution shift, the optimal decoder at test time is the same as the OLE derived
from the movement training dataset, therefore, any regularization with A # 0

would introduce unnecessary penalty and results in performance degradation.

¢ Performance under interference However, when the user intends both movement
and gesture during BCI use (distribution shift), our proposed methods demonstrate

a substantial advantage. By leveraging information from the gesture calibration
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dataset (X', Z'), both the tuned regularization decoder (A,-, by~) and the uncor-
related approach (A, b) achieve significantly better performance compared
to relying solely on the OLE derived from the movement calibration data. No-
tably, regularization can nearly approach the level of optimal performance in
this scenario, as evidenced by the performance of the decoder associated with
(Ax,...,bx,...)» which closely matches the optimal decoder performance in the

column (A%, bles') (known only for evaluation purposes).

Comparison with /; Regularization The final column of Table |4.2|displays the
lowest achievable MSE using [, regularization (see Section |(I)| for details). Our
results demonstrate that in the scenario where the user intends both movement
and gesture (distribution shift), both of our proposed methods outperform [

regularization significantly.

4.4.3 Robustness of the uncorrelated decoder

Figure demonstrates the relative MSE of different decoders in the BCI test
scenario (c) for both examples (A) and (B). The test distribution is varied by the
scaling factor sy, which enhances the influence of gestures at test time. While
the hypothetical optimal decoder (A3, bies') performs slightly better when the
user’s gestures have minimal influence (low values of s in the scenario described
in Section[(c)), its performance degrades rapidly as the user’s gestures become
more influential during BCI use (represented by increasing values of sz). In
contrast, the uncorrelated decoder (A, b~ ) proposed in this study exhibits full
robustness, maintaining its predictive power even under this distribution shift

caused by stronger gesture influence. Notably, the best achievable decoder using

Iy regularization, (A%*min p*min) also shows limited robustness.
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Examplo ()

Relative MSE

Non-stationarlty attest distribution along Z subspace

(a) Relative MSE of decoders versus relative HSIC, for varying scaling factors sz and ss

Example (A) Example (8)

o
) /
o Ly
S
Non-sationary at tes distrbuton along Z subspace

(b) Figure zoomed in.

Figure 4.1: Comparison between different decoders in both examples, under enhanced
gesture influence scenario (varying scaling factor s, from 1 to 10)

4.5 Conclusion

In multi-task BCI systems, performance degradation often occurs when participants
engage in two simultaneous MI tasks. To address this challenge, we proposed two
approaches in this paper. The first approach involved incorporating a new calibration
method that includes a regularization term designed to penalize the statistical dependence
between the decoded primary task and the interfering secondary intention. The second
approach involved transforming the neural recording data into a subspace where any
linear decoder remains completely uncorrelated with the interfering task. This trans-

formation offers the added advantage of not requiring a new calibration session, as the
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transformed neural data can be fed directly into any pre-existing decoder during the
pre-processing step. Both methods demonstrated improved performance in synthetic
data when both tasks were simultaneously intended during testing, compared to using a

decoder trained solely on the primary task’s dataset.

Our methods offer a significant advantage: the interfering source, represented by 2,
can be any quantifiable noise source that affects the primary task decoder, as long as a
surrogate dataset is available. This flexibility means that Z is not limited to another task
intention, but can encompass various types of noise. Furthermore, we can show that in
the loss function of the first method, the Ordinary Least Squares Estimator (OLE) of Z
can be replaced by Z itself. This implies that if true labels for Z are unavailable, any

accurate decoder for Z can be substituted, expanding the applicability of our approach.

A more suitable approach could involve ensuring that the decoded primary task Y
and the intended secondary task are independent, a concept known as demographic
(or statistical) parity in the field of fairness in machine learning [88, 94]. Chzhen et
al. demonstrated that achieving this independence is feasible when the variable 7 is
available at prediction time [94]. However, a unique challenge in this study, as opposed
to the typical scenarios in the field of fairness in machine learning, is that the secondary

variable Z is not known at prediction time.

An alternative and potentially more effective penalty term for the first approach
could involve using the coefficient of determination (an extension of the correlation
coefficient) instead of covariance in (4.1]), as explored by [[112]. However, their non-
convex optimization algorithm also assumes that Z is available during prediction. A
limitation of our method is that the penalty term can be eliminated by converging A
to zero, an issue that would not arise if the coefficient of determination were used. To
address this limitation, one possible solution could be to constrain A in (4.2)) such that

| A||* = ¢ for a constant ¢, which could be a direction for future research.
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4.6 Supplementary material

4.6.1 Derivation of equation (4.3)

First, assume that E[X| = E[Y] = E[X'] = E[Z] = 0.

Let
A £ argminE[|| XA — Y||!] + M|cov(X'A4, Z')||% (4.15)
A
Note that
E[[XA-Y|* ] =E[Tr (XA-Y) (XA-Y))]
=E[Tr (ATX'XA) - Tr(A"X'Y) - Tr(Y ' XA) + Tr(Y'Y)]
=E[Tr (ATX'XA)] -ERT(ATXTY)] +E[Tr(YY)]
=Tr (E[ATX"XA] - 2E[A"X Y] +E[YY])
="Tr (ATZXA — ZATE)(Y + Ey)
(4.16)
And,
leov (XA, Z') |7 = | E[Z"" X" A]|%
= | E[Z"T X"]A|I%
(4.17)
= ||z xAll%
- Tl“ (ATZ;/XIEZIX/A)
Therefore,
AY = arg min (E[HXA —Y|*] + Acov (X'A, Z") H%)
A (4.18)

= argmin H,(A)
A

where Hy(A) = Tr (AT (Sx + A2} Xz x) A—2ATExy ), and we have (see
[1L13]], [114]):
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0
51D (A) = ((ZX FAS Lo Sax) + (Sx + Azg,x,zz/x,f) A—2%xy (4.19)

Y.x 1s assumed to be positive definite, therefore, since X x/z/>i7 x/ 1S positive-

semidefinite, the Hessian matrix %H A (A) = (2 x + )\E}, P X/) is symmetric

positive-definite for A > 0, and we have

A = (Zx + Axz28z2x)  Bxy (4.20)

Now in a general case where E[X| = ux, E[Y] = py, E[X'] = pxr and E[Z'] = py,

note that from the definition of A, and b, in (.2) in the main text, we have

(Ay,by) = arg min E[ (XA +b) — Y| + M[cov(X'A + b, Z')|1%
(4.) 4.21)

= argmin E[|[(XA +b) — Y||!] + \|lcov(X'A, Z')||%
(A.b)

Now if we define b% = arg min, (E[||(XA +b) — Y||*] + A||cov(X'A, Z")||%), then

Ay = argmin (E[ (XA +b%) — Y2 + Alcov(X'A, Z')[|2) (4.22)
A

But we have

b’ = arg min (E[||(XA +b) — Y||2] + AJcov(X'A, Z’)||%)
b
= argmin E[|[(XA + b) — Y|*]
b (4.23)
=E[Y — X A]

= MKy — puxA
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Therefore, in (4.22)), we have

Ay = argmin (E[| (XA + py — pxA) — Y|?] + A[cov(X'A, Z)||2)
A
= argmin(E[J|(X — )4 = (V = )|’ (4.24)

+ Mleov (X" — pux)A, Z' — pz) |I7)

which means that we are back in the case of (@.13)). Therefore, A, = A3, and this

completes the proof.

4.6.2 Proofs of section d.2.2]
4.6.2.1 Proof of lemma [11]

Lemma : Let ¥z x = cov(Z', X') be well-defined and finite-valued. The follow-

ing are equivalent properties of a matrix H (necessarily with dx rows):
(a) A satisfies ||cov(X'A, Z')||% = 0 if and only if A = H B for some B.
(b) The column space of H is equal to the null space of >/ x/.

If Flis adx x dx symmetric positive-definite matrix and X/ x/ 'Y x5z is invertible,

then

H=F—FSxip(SpxFEyiz) ' Sox F

satisfies (a) and (b).
Proof. Note: Let A; denote the ¢-th column of A, then from (.17)):
[cov(X'A, Z") || = Tr (ATS, v XzxrA)
dy
_ TvT ,
=Y AlS]xSox A 4.25)

=1

dy
=Y Tz Al
i=1

98



Therefore, |[cov(X'A, Z')||% = 0is equivalentto Xz x: A; = Oforalli € {1,--- ,dy}.
First:

(b) to (a): Let H be any matrix with column space equal to null(X 7 y). Then if A =
H B for some B, then each column of A will lie in null(X 7 /), hence ||cov(X' A, Z')||% =
0 from the note above. Conversely, if ||cov(X’A, Z')||% = 0, then again from the note,
each column of A must lie in the null space of the covariance matrix X x/, and as the

column space of H is null(X 2 x-), there exists some B such that A = HB.

(a) to (b): Let H satisfies the property in (a). We first show that for every v &€
null(X 7 ), v is in the column space of H. Let A; = v for every i. Then from the note,
|cov(X'A, Z")||% = 0, therefore, A = H B for some B, which means that v is in the
column space of H. On the other hand, for any u € R%x that is in the column space of
H, the matrix A such that A; = « for all ¢ can be written as H B for some B, therefore,

by the property in (a) and the note, u € null(X 7/ x/).
Second:

First note that for H = F — FEX’Z’(ZZ’X’FEX’Z/)_IZZ/X’F’ if A= HB, then

Yy A = 0because X, v H = 0, so one direction is trivial.

For the other direction, we need to show that |[cov(X'A, Z')||% = O only if A = HB

for some B. let us first assume that ' = I:

If |cov(X'A, Z')||% = 0, or equivalently (from the note), 37 x' A = 0, then A can
be written as A = (I — Sx12/(XzxXx12/) 2z x/)A. This completes the proof for

F=1

Now if ' is any symmetric positive-definite matrix, let us define X £ X'F'/2 Then
Y, % = Yz x FY2. From the already completed part of proof for F' = I, we know that

the matrix below:

H=1-%3,3,%%%,) Sye=1—FYSx(Spx Flxiz) g5 FY?
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has the property that ||cov(X A, Z')||% = 0 if and only if A = HB for some B.
Now if |[cov(X'A, Z')||% = 0, then |[cov(X F~1/2A, Z')||% = 0, which implies that
F-Y2A = HB for some B, thus

A=FVPHFYXFV2B) =(F — Fxi5(Spx FYxi2) 'Sy x F)B

for B = F~/2B, and this completes the proof.

4.6.2.2 Proof of Theorem [12|

The optimization problem (4.11]) in the main text was as below:

argmin  E[|Y — (XA + b)|?]
(A,b)
llcov(X'A,Z")||2.=0

Theorem[12} Let X x, Xy, Xx/, and Xz be well-defined and finite-valued.

(a) Let H € R¥*! be any matrix with column space equal to null(Xy x/). If
(B*,c*) € R4 x R4y minimizes E[||Y — (X HB+c)||?] over (B, ¢), then (A*, b*) =
(HB*, ") is a solution to (4.1T).

(b) If A, = limy_,o, Ay and by, = limy_,, by exist, then (A, by, ) is a solution to
@.11).
(c) If ¥z x and Xx are both of full rank, then (.T1)) has the following unique

closed-form solution
Aw =3¢ (I = Zx2(C2x S Ex2) ' S2xS%') Exy
boo = Uy — ,UXAoo

Proof. (a) Let G = {A € R&*d : |lcov(X'A, Z')||% = 0}. Then by lemma [11}
G = {HB : B € R™%}, So for each (4, b) such that A € G, we have A = HB for

some B, thus by the definition of (B*, ¢*) we have
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E[IlY = (XHB" + )] <E[IlY = (XHB +)|*] =E[IlY — (XA +0)|’]

which shows that (A*, b*) = (H B*, ¢*) minimizes E[||Y — (X A + b)||?] over (A, )
such that A € G.

(b) Now assume that A, = limy_,o, A, exists. Note that then, from (#.3) in the main
text, we have b, = 11y — px Aso also exists. We want to show that (A, by, ) minimizes

E[|Y — (XA + b)||?] over (A, b) such that A € G.

Let f(A,b) = E[|Y — (XA +b)|

2], and g(A) = ||cov(X'A, Z')||%. Then

(A, by) = argmin f(A4,b) + Ag(A)
(Ab)

for 0 < )\ < 0.

First we show that g(A.) = 0, or equivalently, A,, € G. Note that f and g are
both non-negative and continuous functions. Let S be any element in the non-empty
set G. For the sake of contradiction, we assume that g(A,) = limy_,,, g(A)) > 0.
Then there exists € > 0 such that lim,_,, g(A,) > e. Thus there exists M > 1 +
M such that VA > M, we have g(Ay) > eand f(Ax,bx) > f(Axo, b)) — €
(since limy o f(Ax,bx) = f(Ax, bso)). Therefore, VA > M we have

f(Sv O) — f(AOO7bOO>

€

F(AX bx) +Ag(Ax) > f(Aco, boo) =€+ (14

Je = f(5,0)+4(5)

which contradicts with the definition of (Ay, by).

Next, we note that for any (A, b) which minimizes ||cov(X'A, Z')||% = 0 over (A, b)

such that A € G, by definition of A, we have

S

FAB) = F(AB) + Ag(A) = f(Ay, br) + Ag(Ay)

for all A > 0.
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Therefore, f(A,b) — f(Ax,by) > Ag(Ay) for all A > 0, thus by taking limit of
both sides, we get f(fl, IN)) — f(As, boo) > limy o0 Ag(Ay), and since limy_,, Ag(A))
is non-negative, we conclude that f(A,b) > f(As, bss). We previously showed that
A € G, which implies that f(A,b) < f(As, bso). Therefore, f(A,b) = f(Aso, boo)-

So the proof is complete.
(c) For simplicity , let us assume that E[X| = E[Y]| = E[X'] = E[Z’] = 0. Extending

this derivation to the case of X and Y with non-zero mean is the same procedure as in

section 4.6.1} i.e., equations (4.21]), (4.22), (4.23) and (4.24). The optimization problem

in (4.T1) in the main text can be written as below:

argmin E[||Y — X A||*] = argmin E[||Y — X A|]?] (4.26)
EZ’X’A{':O Vi EZ/XA/AZO

Therefore, it is a constrained least squares (CLS) problem described in [[115], whose

solution (since > x and >4 x+ are assumed to have full rank in this case) is as below:

Ase = Agpt — S5 e (B S5 ) I 2rxr Ao
=Y %y — X (S X Y ) e N Sxy (4.27)

=3¢ (I = Sx2(82x 35 Sxz) ' Srx Sy ) Sxy

Note that A, is the optimal linear estimator (OLE) of unconstrained least squares,
which is 'Y xy in this case that Yy is nonsingular (See (#.3)). Therefore, the con-
strained optimization problem in (.11)) in the main text has a unique solution in this

case. L]

Corollary 13. If Y x is invertible, then (4.12) (in the main text) is a solution to the

optiomization problem (4.11)) (in the main text).

Proof. We show that if > x is invertible, then lim,_,., Ay and lim)_.., by exist and is
equal to (4.12), and therefore by theorem[12] (part (b)), it is a solution to the optimization

problem (4.11)) in the main text.
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limy ., Ay can be found using the Woodbury matrix identity for invertible matrices

A, B,and B! + CT A~!'C, which is as follows [116]:

(A+CBCT)y'=A1'—AlCcB P +CcTA IO cTAT! (4.28)

Let A=Yy, B= M\ for A\ >0and C' = X x . Then we have A invertible because
Y ¢ is assumed invertible in this case, and we also have B~ + C'T A~'C invertible,
because > 5/ X/E;E X'z 1 positive semidefinite, and B~ = %I is positive definite, thus
B~1+CT A~'C is positive definite. Therefore, using this identity to rewrite A in (4.20)

we have

1
Ay = <2X1 — EngX,Z,(X[ + EZ,X,EXlzx,Z,)lzz,X,2X1> Yxy (4.29)

Now since the matrix inverse is a continuous map, limit and inverse can interchange,

hence we have

1
lim Ay = lim (Exl - EJ}IEX'Z/(XI + EZ’X’EXIZX’Z’>_IEZ/X/EX1) Yxy

A—00 A—00
— (E;{l — 2)_(12)(,2/(EZ/X/E;(lX]X/ZI)7122/)(/2)_(1) Z]XY

(4.30)

which is (.12)) in the main text.

]

Corollary 14. If X,/ x: is of full rank, and there exists a matrix H € Rix*(dx—dz)
with column space equal to null(Xz ), such that H' ¥ x H is non-singular, then the

constrained optimization problem @.11)) has a solution below:

A = HH"SxH) 'H S xy
(4.31)

boo = ky — /JJXAoo

which is not necessarily unique, unless >.x is non-singular.
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Proof. In part (a) of the proof of theorem [2] we showed that if B* is the optimal
linear estimator (OLE) of Y given 7'(X) = X H, then H B* minimizes the optimization
problem in @T1). Since H 'Yy H is non-singular, B* has the unique form of B* =

E(_)}H)EXH,y, so we have

A*=HB" = HY g Yxny = H(H'SxH) ' H Sxy
(4.32)
b* = py — puxA”

minimizes E[||Y — T'(X)A + b||?] over (A, b) such that ||cov(X'A, Z')||% = 0.

This result could also be drawn from [115]], where the solution of this CLS with

constraint |[cov(X’A, Z")||% = 0, or equivalently 3,/ x: A = 0 is shown to have the form
R(R"SxR)'R"Sxy

given that RT Y xR is invertible. Here, R € R4x*(4x=d2) g the matrix such that
%, « R] is nonsingular, and R"X/,, = 0. Note that any R that satisfies these con-
ditions is a matrix H € R *(dx~d2) with column space equal to null(Xz /), with

H 'Yy H invertible. Therefore, it is the same result.

[l
Remark 7. In case (c) of Theorem[I2] which is the case of full rank assumption for X x
and Xz v, it is worth it to show that that the unique solution found in is the same

as (4.32)) for a H € R%x*(dx=d2) with column space equal to null(Xx+). This can be

the second proof for part (c), using the corollary (14| that only uses part (a).

We want to show the following equation

HH'SxH)'H" =5 — 28 x2 (S x X5 Sxz) Xy (4.33)

As X x is positive-definite, by multiplying both sides of (4.33) by Zip on the left

and right, we have

104



vuto)ytut=1-vwiv)y“tvr (4.34)

where U = Ei(/QH and V = E}l/ DY x'z. Note that since X x is invertible, so are

H'SxH and Xz X' Yxizr, as H € RX*(dx=d2) and ¥,y are both of full rank.

Now note that the left side of (4.34) is the orthogonal projection matrix onto the
column space of U, and the right hand side is the orthogonal projection matrix onto the
W+ where W is the column space of V, or equivalently, the null space of V' ". Therefore,

it remains to show that the the null space of VT is equal to the column space of U:

VU =SSy ?SYPH =S, H =0

On the other hand, if V"¢ = 0 for ¢ € R%X, then ¥ X/E;/ ¢ = 0, therefore, Z;/ e

1/2
/ ¢ = Hz for some

is in the null space of ¥/ x/, thus in the column space of H, i.e., ¥
z, hence ¢ = E}/QH z = Uz, which means that c is in the column space of U, which

completes the proof.

4.6.3 Relative loss for decoder training

Training the decoder A, may be done using this normalized objective function as

below:

E[lXA-YIP lcov (XA, Z") ||%

4.35
Tr(cov(Y)) (%) Tr(cov(X’)) Tr(cov(Z')) o

A%t = arg min
A

This choice offers invariance with respect to unit scaling and data repetition (will be

explored below). In fact we have

Tr(cov(Y))

At = A, where ¢ = y
(é) Tr(cov(X")) Tr(cov(Z"))

where A, is defined in (#.3) in the main text. We also have A"¢ = A..
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For any result shown in this study, when referring to A,, we are specifically referring

to A%, Furthermore, all mentions of MSE will be in their relative form.

4.6.3.1 Invariance with respect to unit scaling and orthogonal change of basis for

Z/

We first show that for each A > 0:

A (aX,aY,BX' ,vZ'R) = AN¥NX,Y, X', Z") Va,B8,v>0 and RR'=R'R=1

Note that for each A € R¥x*dv e have

EfllaXA—oY|’]  o?E[IXA-Y|*] _E[IXA-Y|]

Tr(cov(aY)) —  a2Tr(cov(Y)) —  Tr(cov(Y))

And

lcov (BX'A,vZ'R) ||% B9?||cov (X'A, Z'R) ||%
(j—)i) Tr(cov(BX")) Tr(cov(vZ'R)) < > [2~2 Tr(cov(X”)) Tr(cov(Z'R))
|RTcov (X'A,Z")||%
< ) Tr(cov(X')) Tr(RTcov(Z')R)
lcov (X" A, Z") |I%
<d—Y> Tr(cov(X')) Tr(RR cov(Z"))
(%)

lcov (X"A, Z") |I%
Tr(cov(X”)) Tr(cov(Z"))

Hence for each A > 0, the same objective is being minimized is both cases, which

proves the invariance.

4.6.3.2 Invariance with respect to data repetition

Let At(X,Y, X', Z') = A%, We need to show that for each A\ > 0 and Vn,m,[ €
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A?}"\el A?}“\el Agel
0 0 0
Agel (Xv e >X)7(Y> o 7Y)7(X,7 o 7X/>7(Z/7 e 72/) -
n " M h
oo 0
(4.36)

Here, the matrix on the right, which we denote by A*, is of size ndx x mdy (each block

is of size dx x dy).
Note that

m

E (X, XA = (Y, V)| mE[IXAF — V|2 _ E[ XA — V|2

Tr(cov((Y,---,Y))) m Tr(cov(Y)) Tr(cov(Y))
—_———
" (4.37)
Also,

leov((X/,- -, X') A*,(Z, -

(%) Te(cov((X', -+, X)) Tr(eov((Z', -+, Z)) (%

2|7 B ml||cov (X' A3, Z) ||
dx—n) 1 Tr(cov(X))l Tr(cov(Z7))

n

[cov (X'As, Z') |12
(g—;) Tr(cov(X”)) Tr(cov(Z"))

(4.38)
Now note that for any A € R"x*™dy the estimate (Y,/\,Y) (X, ,X)A
can be written as: ) ) " "
Al Ay |- | A,
olo|---10
(X, -, X) (4.39)
—| S :
00 ]| 0 |
for some matrices Ay, --- , A, of size dx X dy. Therefore, the optimization problem

over A € R"™™? o find A5 | (X,---, X),(Y,-




boils down to the optimization problem over block matrices of type in (4.39)). Therefore,

for all A > 0, the objective below:

l

E (X, XA V)P, dynfleov(X - X)ALZ, - 2))|;
Tr(cov((Y,---,Y))) dym Tr(cov((X', -+, X)) Tr(cov((Z',- -+, Z")))
~——— ~—— ﬁ,_/
is equal to
ST EIXA YIS oy (XA Z)
m Tr(cov(Y')) (g—g) 1 Tr(cov(X"))l Tr(cov(Z7))

UXAS ) lcov( X" A5, Z") |3,
Tr(cov(Y)) (%) Tr(cov(X')) Tr(cov(Z"))

and has the lower bound of E because of the

definition of Af\el , and since it achieves this lower bound at A = A* as we showed in

(4.37) and (@.38), proof of (4.36) is complete.

4.6.4 Effectiveness of hyper-parameter tuning (Remark |5

We consider example (B) from the results section, which uses a high-dimensional

realistic calibration setting.

Figure {4.2] presents the relative Mean Squared Error (MSE) with respect to the
relative covariance term for different values of scaling factors sz, ss € {0.5,2}. Each
plot shows the performance of various decoders (cf. section [(I)): 1) Optimal linear
estimator (OLE) decoder (Ay, by): represented by a dot marker, 2) Hypothetical optimal
decoder (A%, bis!): represented by a star marker, 3) Uncorrelated decoder (As, boo)
represented by a diamond marker, and 5) Regularized decoders (A,, b,) for varying
values of the hyper-parameter \, represented by lines. The red “x” marker on each plot

highlights the decoder associated with the tuned hyper-parameter A* (Ay«, by-). Figure

4.2b| provides a zoomed-in view of Figure [4.2]
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Figure 4.2: Hyper-parameter tuning effectiveness

As shown in the figures, for most settings where (s, s5) deviates from X, the perfor-
mance of the decoder using the tuned hyper-parameter \* closely approaches the mini-
mum achievable performance using regularization, which is denoted by (Ay, . , by, ) in

the results section. This observation validates the effectiveness of our heuristic approach
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for hyper-parameter tuning.

Remark 8. As evident from Figure the uncorrelated decoder exhibits strong robust-
ness to gesture variations. This aligns with its design principle: to minimize the influence
of secondary tasks (gestures) on the decoded primary task (movement). In other words,
for a constant noise scaling factor (s;5), changing the gesture scaling factor (sz) does
not affect the uncorrelated decoder’s mean squared error (MSE). This robustness can be

analytically shown:

Proof. In this simulation, both ¥ x and >4/ x/ are of full rank, therefore, from corollary
As = HH"SxH)'H Sy for H € R&x*(dx=d2) with column space equal to
null(X4 x/). Therefore, by equation (4.16), the MSE for A, can be written as below:

E[| X" Ay — V[]?] = Tr (AL S xrest Ay — 2AL Sxresty + Sy)
=Tr (SyxH(H 'SxH) "H' Sxwex H(H'SxH)""H' Sxy)
—2(SyxHH "SxH) "H  Sxresry ) + Tr(Sy)

(4.40)
Now note that from the model X' = YU + s, Z'V + s40, it follows that:
Sxtest = U Sy U + VI8V 4+ 8255 = U Sy U + sV g + 5255

, and

Yytesty = U ' Ny = Dyy

Therefore, for a fixed ss and a varying s, the last two traces in (4.40) are fixed, and

because of the property of H, the first trace can be written as below:

Tr (SyxH(H'SxH) "H' (UTSyU + s3%5)H(H 'SxH) 'H Sxy)

which is also fixed. OJ
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From this proof, we can see that not only does scaling the gesture influence leave the
MSE unchanged, but any change to the influence of the secondary task that falls within
the column space of Y/ x» will also produce the same MSE for the uncorrelated decoder.
It is important to note that in the context of Figure 4.2] both training models remained
unchanged. We only varied the scaling factors for the test model, which is why the
uncorrelated decoder matrix (A,) is the same across all examples in the figure. However,
any equivalent change in the user’s gestures during gesture calibration would also lead
to the same uncorrelated decoder matrix (A,), assuming all other characteristics of both
training models remain constant. This further reinforces this decoder’s robustness to

gesture variations during both training and test phase.

4.6.4.1 Derivation of (4.10)

For the feature-centered case where E[X| = E[Y] = 0 (for simplicity), the tuned

hyper-parameter \* in equation (4.9) in the main text boils down to

N = argmin E[||Y — (X Ay)|?] (4.41)

A>0

Let f(\) = E[||Y — (X A,)]|?]. Using equations (#.16)) and (#.20) we have
A* = argmin f(\)
A>0

= arg min E[HY - (XAA)HZ]
A>0

= argmin Tr (4] S5 Ay — 24{ S5y + ) (4.42)
A>0

= arg min Tr (nyM)\EXM)\EXY — QnyMAZXy)
A>0

= argmin g(M,)
A>0

where My = (Sx + A\Xx/2 X2 x/) " (which is symmetric), and
g(M)y) = Tr (Byx Ma\Xx M Exy — 28y x MyXgy)
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4.6.5 Derivations of remark 4]
We consider two cases for Y:
1. Y is continuous:

For this case, the loss function we consider is the squared error loss: L(}A/, Y)=

|Y = Y||> where Y = f(X A+ b, A,b). One can define f as below

F(XA+b,Ab) 2 E[Y|XA+0 (4.43)

Note that given the squared error loss, this definition makes sense as we have

argmin, E[L(h(XA+0),Y)] = E[Y|X A + 0] (4.44)

Now the definition of (AZ, b{) in in the main text becomes

(AL, b)) £ argminE[||Y — E[Y|XA +0][|?] + Mcov(X'A, Z')||%2  (4.45)
(A7b)

* Analytical equivalent objective function: The objective function in (4.43)
can be simplified to have a closed-form equivalent, which can be fed into an
optimizer to find (A, b]). To achieve this, we first need to find E[Y'| X A + b].
Note that under the linear Gaussian assumption we have already made for
X and Y (described in Remark [3|in the main text), Y and W = XA + b
are also jointly multivariate Gaussian, and their joint partitioned covariance

matrix Y and mean p maintains the form below:

Yyy | Yyw Yy YyxA

Y=

(4.46)

EW,Y EW,W ATEXY ATEXA
2pX2p
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and

= {uyuxAer} (4.47)

1x2p

Then we have (see [117] for details)

F(XA+b,AD) =E[Y|XA+
= py + (XA+b— (uxA+0)Sy Sy (448)

= Uy + (X — /.Lx)A(ATZXA)_lATEXY
The definition (4.43)) then becomes
(A],b]) = argminE[|[Y — E[Y|X A + b]||*] + A||cov(X'A, Z)||%

(A.b)

—arg rr;inE[HY — iy — (X — px)A(ATEx A) AT Sxy |17
Ab

+ Alleov(X'A, Z')|%
= (arg minE[J|(Y = piy) — (X = px) A(ATEx A) A Sy 1]
+ Aleov(X'4, Z) |7, b)

(4.49)

Here, b can be any real vector. For simplicity, we can assume that b{ = 0.
(4.49) shows that (A{, bJ;) is the same for zero-mean random vectors X

and Y. So we can simplify the expectation term for feature-centered case

E[L(f(XA+b,A,0),Y)] =E[]Y — XAATSxA)'ATS vy ||?] as below
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E[Tr((Y = XAATExA)TTATS ) T (Y — XAATEXxA)TTA T Sxy))]
= E[Tr(SyxA(ATExA)TATX TXA(ATSx A) AT S )
—2Tr(XAATSxA) A Sy Y) 4+ Te (YY)

= Tr(E[SyxA(ATExA)TATX TXA(ATSx A)TTATS ¢y ])
—2Tr(E[XA(ATSx A) ATy Y]) + Te(E[Y TY))

= Tr(ZyxA(ATEx A)TTATEx A(ATEx A) AT Syy)
—2Tr(A(ATSxA) A TSy Sy x) + Tr(Sy)

= Tr(ZyxA(ATSx A)TA T S xy)

—2Tr(SyxA(ATSxA) A S xy) + Tr(Zy)

= TI'(EY — ZYXA(ATZXA)ilATE)(y)
Therefore, by adding the penalty term in (4.17)), one can fed
Tr(Zy — By xA(ATSx A TTATS AT ) o B0k A) (4.50)

to an optimizer to find AZ, or solve the following equation [@51]) for D E[L(f(XA+
b, A,b),Y)] as below

2N A(ATEx A) TP AT S xy Sy x A(ATEx A) T 28 kv Sy x A(AT S A) 7!

(see [[113]). Therefore, adding the derivative of the covariance term, A’; 1S

the solution of the equation below

— 2N A(ATEx A) TP ATy By x A(AT S A) T
+ 2 xy Sy x A(ATEx A)

(4.51)
+ 2AE;/X/ZZ/X/A

=0

* Applying f on (A,b)’s derived from previous approaches: Figure
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shows the relative MSE of decoder ¥ = F(X AN+ by, Ay, by) for A €
[0,10] U {oo}, and ¥ = fF(X AL + blcst, Alest biest) for the setting of
example 1 (scenario of concurrent move and gesture at test time) from the
results section. For each specific (A, b), we also show the relative MSE of the
corresponding Y = X A + b. Note that for f(X A+ b, A,b) = E[Y|X A+ b
in this figure, we are not using (Af\c, bi) in (4.49), in other words, we neither
optimize nor find the solution of (.51)), rather, we employ already
computed (A, b)’s from different approaches (see section |(I)| of the main

text for their description), and for each (A, b), we find its corresponding

f(XA+b,Ab) =E[Y|XA+ 0] from (#.48).

Normalized MSE

Figure 4.3: Relative MSE versus ), for decoders Y = XA + band Y = E[Y|XA+ 1]
for different (A, b)’s, for test scenario of concurrent Y and Z of example 1.

Remark 9. Note that Figure 4.3| demonstrates a realistic scenario where the
training distribution (which is used to train any decoder, including E[Y| X A+
b] from equation (#.48)) is different from the test distribution, and the MSE’s
are shown for test data. This explains why Y = f(XA+ b, A, b) is not
performing better than Y = XA + b for a fixed (A,b). In fact, if there
was no distribution shift between train and test, then by equation (4.44),

f(XA+0b, A, b) would have had less MSE than X A + b for any A.
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Remark 10. As can be observed from the Figure we can show that for
both A € {Aw, Ao, ALt} we have X A = E[Y| X A]:

opt

(Al S5 A) Al Syy B2 (2 400 S B Sy ) T Sy x D5 Sy = 1

Note that Af;ftt is nothing but the same equality above, except every term is

from the test distribution. Also, by #32), (AL X x A, ) 1Al Yy is equal
to

(SyxHH"SxH) "H'SxH(H"SxH) ' H S xy) AL Sxy

= (SyxH(H"SxH) "H S xy) ' SyxH(H " SxH) ' H' Sxy

=1
Now since by (#.48), E[Y | X A] = XA(ATYxA)"'ATE xy, we are done.
2. Y is discrete:
For this case, the loss function we consider is L(EA/, Y)=1; 4y»> and we define f

as below:

f(XA+b Ab) = argmax, P(Y = y| XA + ) (4.52)

Given the squared error loss, this definition makes sense since E[L(h(X A +
b),Y)] = P(h(XA+0b) #Y) and, over h, it is minimized when h(X A + b) =
f(XA+0b, A, b) as above.

Therefore, the definition of (A, b/) in @) in the main text is as follows:

(AL, b)) £ argminP (Y # f(XA+b, A, b)) + A|cov(X'A, Z')||%  (4.53)
(A7b)

* Analytical equivalent objective function: For simplicity, we assume that
Y takes two values, i.e., Y € {m,n} C R™% and P(Y = n) = p. Note
that from the linear Gaussian encoding model assumption for the primary

calibration dataset X = YU + € (see Remark [3]in the main text), we have:
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XA+b|Y =m~ Ny (mUA+b, AT A)
(4.54)

XA+b|Y =n~ Ny (nUA+b,ATS A)

Then the first term in @33), i.e., P (Y # f(XA+0b, A,b)) can be simplified

as below:
P(f(XA+bAm)=n|Y =m)P(Y =m)
+P(f(XA+b,Ab)=m|Y =n)P(Y =n)
—(1=p)P(P(Y =n| XA+5) =P =m|XA+b)|Y =m)
+pP(P<Y=m|XA+b>2P(Y=n|XA+b)|yzn)
(4.55)

Let M =P (P(Y =n| XA+b) >P(Y =m|XA+b)|Y =m) and
N=P(PY=m|XA+b) >P(Y =n|XA+b)|Y = n). Using
#@.54) we have

1
M =P, (p Vet (AT, A)
exp( — %(w CUA — B)(ATEA) w —nUA—b)T) >
1
det (AT A)
exp( — %(w —mUA - b)(ATS A (w—mUA — b)T))

(4.56)

(1-p)

where W,,, ~ Ny, (mUA + b, AT A).

Let S = (ATS AL, ptyy = mUA + b, p1,, = nUA + b, then

M =P, (= 5 (0= 1) S — ) (0= 1) S — )T >

in(-—2))

]_ _
= Pw,, <2w(5u1 — Stt) + Sty — St < 2In( 5 p))

= 0, (2n(—2L) — S, + S

(4.57)
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where W, (t) represents the cdf of one-dimensional Gaussian distribution of

2W,,S(p,) — ) at point t. Note that 2W,,,S(p,) — p) ) is distributed as

Ny (2(mUA +0)S (1t — ), 4t — 1) S TATSAS (11, — 1))

or,

N (2(mUA+b)(ATSA)TTATU (n" —m")

A(n —m)UAATE A)TTATUT (0" —m?))

Similarly, N = 1 — \Ifn(an(%) — pmSi) + pnSp,) ) can be found, where
W, is the cdf of 2W,,S(u,) — p]) where W,, ~ Ny, (nUA + b, ATS A).
Therefore, (4.59) is found, and adding the covariance term in (4.17)), can be

fed to an optimizer to find (AJ, b]).

Applying f on (A,b)’s derived from previous approaches: Figure
shows the 0-1 loss for the decoder f(X Ay + by, Ay, by ) defined in
for varying A € [0,50] U {oco}, where (Ay,by)’s represent the linear de-

coder derived from (@.20), besides the 0-1 loss of the decoder f(X AL +

btest Atest btest

ot > Aol et ). We also defined another decoder as below:

g(XA+b,Ab)E argmin, ||y — (XA +0)|| (4.58)

And we include the performance of this decoder for the same (A, b)’s. The
example used for this figure is a data-rich environment where dx = 300,
dy = 2,dyz = 4, and Y takes two randomly chosen vectors each with

probability 0.5.
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Pt £ yiet)

Figure 4.4: Performance of two different non-linear decoders Y = f(XA+b, A D) and

-~

Y = g(XA+b, A, b) for continuous Y, applied on different (A, b)’s.
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CHAPTER S

Developing globally representative
GEDI waveform-to-biomass models

using crossover data

5.1 Introduction

NASA’s Earth System Science Pathfinder (ESSP) program includes the Global
Ecosystem Dynamics Investigation (GEDI), that was launched to the International
Space Station (ISS) in December 2018. One of GEDI’s three key goals is to quantify
the spatial distribution of aboveground carbon in Earth’s tropical and temperate forests.
Accurate estimation of GEDI footprint aboveground biomass density (AGBD) is crucial
for implementing forest conservation policies that mitigate climate change, such as
the United Nation’s Reduced Emissions from Deforestation and forest Degradation
(REDD+) program [44, [118-120], and reducing uncertainties in global carbon stocks
(45,121} 1122].

GEDI, a multi-beam laser altimeter, uses returned lidar waveforms to quantify the
vertical distribution of vegetation after geolocating them. This processing involves iden-

tifying the ground surface [123]. Subsequently, the footprint-level canopy height, canopy
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vertical profile and Relative Height (RH) energy metrics are calculated [[124,125]]. These
metrics are stored in the GEDIO2_A product and are then used, leveraging statistical
models, to estimate AGBD at the footprint level, resulting in the GEDIO4_A product
[45]. An ideal approach for estimating AGBD from GEDI data involves calibrating
models using a comprehensive dataset that includes both on-orbit GEDI measurements
and corresponding field estimates of AGBD. However, such datasets are often limited
in availability, making this approach challenging [45, 46]. To address this limitation,
researchers have leveraged simulated GEDI waveforms derived from discrete-return air-
borne lidar (ALS) data [47,48]]. These simulations, typically conducted over ecologically
significant forests with existing field measurements, provide a substitute for real GEDI
data and enable the development of globally representative models for AGBD prediction.
The most geographically comprehensive dataset of this type is the Forest Structure and
Biomass Database (FSBD) [46]]. This quality-filtered dataset contains 8,549 pairs of
height metrics derived from simulated GEDI waveforms, along with corresponding field

estimates of AGBD measured at a footprint size comparable to GEDI [126].

Numerous studies have employed height metrics derived from discrete-return airborne
lidar (ALS) to predict AGBD using various statistical models across diverse spatial
resolutions, scales, and ecosystems [[127-143]] (See [144] for a comprehensive review).
However, this approach introduces a key challenge: ensuring the transferability of models

developed using simulated GEDI waveforms to actual GEDI data.

To address this, we propose a methodology that leverages a large dataset of pre-
sumably co-located real and simulated GEDI RH metrics [145]. We will refer to this
dataset as the “crossove” dataset. This method assumes certain features for this dataset,
including co-location of real and simulated GEDI waveforms, and a temporal overlap
between on-orbit GEDI and ALS data collection to ensure unchanged forest structure.
From this, we can assume that any additional information provided by real GEDI at a
certain footprint beyond that contained in the simulated data is irrelevant for predicting

AGBD (Conditional Independence Assumption (CIA), see Methods section).
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We exploit this CIA to develop a novel sequential approach for AGBD prediction
that utilizes both the training data (FSBD) and the crossover dataset. In essence, we
build a model to predict AGBD from simulated GEDI waveforms using the training data.
We then apply this model to predict AGBD values for the simulated GEDI waveforms
in the crossover dataset, assuming negligible error in the first stage estimation. Finally,
we build a second model to map the actual GEDI waveforms in the crossover dataset to
the corresponding predicted AGBD values obtained from the first stage. This sequential
approach is mathematically justified, strengthening the foundation of our methodology

in the Methods section.

To address the potential limitations of the CIA underlying the sequential algorithm,
we propose a second approach (single-stage estimation). This approach focuses on
improving the transferability of models from simulated to real GEDI data by directly
optimizing for consistency in AGBD predictions across both datasets. By incorporating
consistency of footprint-level AGBD prediction on this crossover dataset alongside
accuracy on the FSBD calibration dataset, we can develop models that are more robust
to the transferability challenge. We demonstrate (see the Methods section) that under
specific model assumptions, the mean squared error (MSE) between predicted AGBD and
actual GEDI RH metrics can be decomposed into two components. The first component
is the MSSE of the AGBD predicted using the ALS data. The second component, which
we term the “consistency term”, represents the mean squared difference between the
AGBD values predicted from ALS and GEDI data. This theoretical result strengthens the
rationale for employing an objective function that combines the prediction error on the

FSBD data (using ALS) with the consistency term derived from the crossover dataset.

Previous studies using remote sensing data like lidar for biomass estimation often
focused on small geographic domains due to the spatial limitation of the data acquisition
[144]. Reported prediction accuracy of those studies that were conducted on larger areas,
such as regional, continental, pantropical or global is generally lower than local studies
(132,134} 1146, 14°/]]. Likewise, the results presented in this paper are averaged over the

globally comprehensive training dataset, acknowledging the potential trade-off between
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broader coverage and reduced accuracy.

5.2 Mathematical framework

This section formulates the main question this paper addresses and summarizes the
proposed solutions and underlying assumptions. Detailed methodologies are provided in

the Methods section.

For a specific footprint, let Y, X, and X’ denote the feature to be predicted (AGBD
in this case), the covariate features (e.g. RH metrics) of the real GEDI waveform used to
predict Y, and the corresponding covariate features of the simulated GEDI, respectively.
Here, X and X' belong to the same feature space (e.g., R%, where d is the number of

covariate features). The joint distribution between Y, X, and X’ is unknown.

The primary objective (producing the GEDIO4_A product) is to predict Y from X.
However, there is no available dataset comprising samples of (X, Y") that can be used as

a training dataset for this estimation. Instead, we have access to two datasets:
1. A dataset of paired observations of (X', Y") (training dataset).

2. A dataset of paired observations of (X, X’), where each pair is believed to corre-

spond to the same footprint (crossover dataset).

The primary question is whether these two datasets of (X', Y") and (X, X') samples
can help achieve the main goal: estimating Y from X. Specifically, the goal is to
minimize the mean squared loss E[h(X) — Y| over h, which is equivalent to learn
r(z) = E[Y|X = z]. Generally, the answer is no. However, under certain assumptions

outlined below, this goal can be achieved:

(I) Feature Equivalence (X = X’): Under this idealized scenario, the real and
simulated GEDI waveform metrics are identical for the same footprint (X = X”).
This implies that p(Y'|X) = p(Y'|X’), and the problem reduces to estimating
p(Y'|X") using only the training dataset. However, this assumption is unrealistic

due to factors such as sensor noise in real GEDI waveforms and uncertainties in
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(1I)

the extraction of RH metrics from real GEDI data compared to simulated data

[46, 48, 1148].

Posterior Mean Equivalence (E[Y | X = x| = E[Y|X' = z] for (almost) all z) :
One can relax the naive assumption of X = X’ by adopting a less restrictive one:
for (almost) all x € R%, E[Y|X = x| = E[Y|X’ = z|. This implies that while the
full conditional distributions might differ, their expected values coincide. In this

case, the problem reduces to estimating £[Y | X’ = z] on training data.
Special Cases:

* II-A Consider the following model:

Y =Xv+e
(5.1)
X=X +e

where 7y is a coefficient vector, € is a noise term with zero mean independent
of X, and e is a noise term with zero mean such that (e, €, X”) are mutually
independent. Under these assumptions, it can be shown that E[Y | X = z| =

xy = E[Y|X' = z] for all z.

¢ II-B For the following model

Y =g(ZA,9)
X =ZA+eAt (5.2)
X' =ZA+A*

where A is a projection operator, A" is its orthogonal complement, and
Z, €, € and ¢ are independent. This model implies that the information
relevant for predicting Y lies within a shared subspace defined by A, and the
differences between real and simulated GEDI waveforms, captured by ¢ and
¢, are orthogonal to this subspace. Consequently, E[Y'|X = z] = E[Y|X' =
x| = E[g(ZA, )| Z = x| for all x.
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(I10)

The assumption of perfect feature equivalence (I) or its weaker case, the posterior
mean equivalence in (II)) form the basis for a common approach in the field (see
[148]]) where models trained on simulated GEDI data X' are directly applied to
real GEDI data X. This traditional method relies solely on the training dataset.
We do not explore this approach further in this paper. Instead, we explore alter-
native assumptions and modelling strategies that allows for the integration of the

crossover dataset, outlined below:

Conditional Independence Assumption (CIA) (p(Y|X, X’) = p(Y|X’)): An
alternative way to relax the feature equivalence assumption in (I) is to assume that
Y and X are conditionally independent given X’ (note that X = X’ implies this
conditional independence). This assumption becomes plausible if we consider
that the real and simulated GEDI samples are indeed associated with the same
footprint and are recorded under similar conditions, such as the same time frame
or with an unchanged forest structure. Since real GEDI measurements are noisy
while simulated GEDI data are not, and the measured features in simulated GEDI
are more accurate, it is reasonable to assume that, given the simulated GEDI
data at a specific footprint, the addition of real GEDI waveform information does
not provide any further information necessary to predict AGBD. Therefore, the
Conditional Independence Assumption (CIA) holds under these circumstances. It
is important to note that the co-location assumption is essential for the validity of
CIA. If geo-location errors occur, the simulated GEDI data from a nearby footprint
would be insufficient to accurately predict AGBD at a specific footprint. In such
cases, the real GEDI waveform data from that exact footprint is also necessary,

highlighting the importance of precise co-location for the CIA to hold.

This is the underlying assumption of our first proposed method. We show that
the estimator of interest, (X) = E[Y|X], can be estimated by sequentially
optimizing these two components: 1) E[(Y — g(X’))?]: the mean squared error
(MSE) of predicting Y using Y = ¢(X') with the training dataset (X’,Y"), and
2) E[(g(X’) — r(X))?]: the mean squared difference (MSD) between g(X’) and
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r(X) in the crossover dataset.
We discuss the detailed methodology for learning this model in Section

e III-A: Consider the model below:

Y =g(X')+¢
(5.3)
X=X+e

where ¢ and e both have mean zero, ¢ is independent of X', and e is
independent of both X’ and ¢. This configuration represents a specific

instance of the CIA outlined in (III).

We show that under this model, finding the best linear estimator of Y from X,
that is, the linear estimator of E[Y'| X], can also be achieved by minimizing
the sum of E[(h(X") — Y)?] (MSE of the estimator on the training dataset
(X',Y)) and E[(h(X) — h(X"))?] (MSD between h(X') and i(X) in the
crossover dataset) over linear functions h (see (5.3) for details). Although
this model is a special case of the model described in (III), which implies
that the same sequential approach can be applied, its specific nature allows
for a simpler, single-stage procedure for estimating E[Y"| X|. This approach

will be discussed in detail in Section[5.3.3.2]

The result on estimating E[Y'| X| under this Conditional Independence Assumption
(CIA) aligns with the intuition that a good predictor should not only fit the training
data accurately but also demonstrate consistency between simulated and real GEDI

waveforms.
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5.3 Methods

5.3.1 Data

Unfortunately, there is not currently a readily available dataset that directly pairs real
GEDI waveforms with corresponding ground measurements of Aboveground Biomass

Density (AGBD) within each footprint area covered by a GEDI measurement.

This section details the two alternative datasets utilized in this study for model

development and evaluation.

5.3.1.1 Training data

The training dataset used in this study is the same as that utilized by Kellner et
al. for their model development [46]. This dataset comprises 8,549 pairs of simulated
GEDI (ALS)/AGBD samples, each supplemented with geographic information, includ-
ing indicators of world regions and dominant plant functional types (PFTs). Detailed
information on the construction of these paired samples is described in detail by Dun-
canson et al. [149]. In essence, the data comes from locations where both ground-based
tree measurements and airborne LiDAR surveys were conducted during the leaf-on
season. The LiDAR data, collected within two years of the ground measurements, was
used to simulate GEDI waveforms [48]. For each GEDI-sized footprint within these
locations, allometric equations were employed to estimate AGBD from the collected
tree characteristics [126l]. To ensure data quality, the collection of pairs of simulated
GEDI waveform, estimated AGBD underwent several data filters to remove potential
errors. This resulted in a final dataset of 8,549 reliable pairs representing forests across

all continents covered by GEDI. Hereafter, we denote this dataset as (X';, Y;), where

e X'; € RN*d represents a matrix whose i-th row contains features such as relative
heights and categorical descriptors like PFT and region (all described below) for

the i-th sample.

* Y, € RM*! ig the corresponding ground-estimated AGBD values.
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Here, d denotes the total number of selected features used as covariates in the prediction

of AGBD.

5.3.1.2 Crossover data

The crossover dataset consists of a substantial number of sample pairs (N, =
676, 950) where a simulated GEDI waveform (ALS) is paired with a corresponding
real GEDI waveform believed to correspond to approximately the same geographic
footprint. To construct this dataset, real GEDI waveform footprints are first geolocated.
Then, using the ALS data for that location, a simulated GEDI waveform is created to
match the real For a detailed explanation of how the crossover dataset is constructed,
please refer to [145]. Throughout this paper, we denote the crossover data as (X, X'.).

Here,

* X, € RVe*d represents a matrix where each row (indexed by i) contains the real

GEDI waveform measurements for the i-th footprint.

» X', € RNe*d represents a matrix containing the corresponding simulated GEDI

waveforms for the (presumably) same footprints.

d denotes the total number of features used for prediction.

5.3.2 Feature set

The predictor variables used to develop globally representative waveform-to-biomass
models include key characteristics from GEDI waveforms and geographic data. In
our study, we focus on features derived from a specific type of measurement within
the waveform called relative height (RH). Incorporating geographic information has
been shown to be crucial for developing globally representative models for AGBD
prediction [150, [151]]. Therefore, we include categorical features, such as world regions

and dominant plant functional types (PFTs), in our prediction algorithms.
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5.3.2.1 Relative heights

Relative height (RH) metrics provide information on how much energy is reflected
back from vegetation at different heights above the ground. RHm refers to the height
relative to ground elevation (in meters) at or below which m% of the total waveform

energy, presumably from vegetation, has been received.

Deriving RH metrics is simpler for simulated GEDI waveforms compared to real
GEDI data due to the absence of uncertainties in the ground-finding and the canopy
top-finding process, which affects the calculation of RH metrics for real data [148].
Additionally, real GEDI waveforms are affected by inherent background light and
electronic noise [48]]. In this study, the RH metrics used for both real and simulated

GEDI data are RHm with m € {10, 20, 30, 40, 50, 60, 70, 80, 90, 98}

5.3.2.2 Categorical features

Each sample pair in both the training and crossover datasets is linked to its corre-
sponding geographic region and PFT classification. The PFT strata include deciduous
broadleaf trees (DBT), evergreen broadleaf trees (EBT), evergreen needleleaf trees
(ENT), and grasses, shrubs, and woodlands (GSW). The geographic regions are Africa,
Australia-Oceania, Europe, North America, South America, and South Asia. Full details

of the stratification process and the boundaries used are available in [46].

These categorical features are one-hot encoded in our analysis. For a categorical
variable ordered from 1 to ¢, we assign ¢ — 1 binary features to our predictor variable,
with the 7’th (1 <7 < ¢ —1) feature being 1 if it belongs to the 7 th class, and 0 otherwise.
If all ¢t — 1 features are 0, the sample belongs to the tth class. Therefore, our GEDI
waveforms are augmented with (4 — 1) 4+ (6 — 1) = 8 features, in addition to the ten
RH metrics mentioned above. Thus, the total number of adopted features, d, is 18.
Each unique combination of PFT and region is referred to as a stratum. Given five PFT
categories and seven geographic regions, a total of 35 potential strata exist. However,

due to data availability, six of these strata are empty in the crossover dataset, and eleven
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are empty in the training dataset.

5.3.3 Methodology, using the co-Located crossover data

As described in Section we have access to datasets comprising ALS-AGBD
and real GEDI-ALS RH metrics, denoted as (X’;, Y;) and (X,, X'.), respectively. The
ultimate goal, reflected in the GEDIO4_A product, is to estimate AGBD from the real
GEDI RH metrics. Currently, there is no comprehensive dataset of real GEDI waveforms
paired with direct footprint-level measurements of AGBD for direct estimation purposes.
To address this gap, we propose two approaches using the crossover dataset (X., X'.) to
enhance the accuracy of AGBD estimation from real GEDI RH metrics. The sequential
approach is detailed in Section[5.3.3.1 where we learn the model described in (III) from
Section The second approach, introduced in Section [5.3.3.2] focuses on the model
described in III-A from Section[5.21

5.3.3.1 Learning for model (III), sequential estimation

Let X, X’ € R? denote the random row vectors of real GEDI and simulated GEDI
(ALS) data, respectively, where d represents the number of adopted features. Let Y be
the random variable representing GEDI footprint AGBD, which is the response variable

here.

* Conditional Independence Assumption (CIA): Our sequential approach relies
on a critical assumption: that the real and simulated GEDI and ALS data in the
crossover dataset are co-located and temporally aligned. In other words, each pair
of real and simulated GEDI data in this dataset is assumed to correspond to the
same footprint and forest structure. Real GEDI waveforms are inherently noisy,
and deriving their RH metrics involves additional uncertainties due to ground-
detection methods in real GEDI, which are not present in simulated GEDI [46]].
Therefore, assuming no geo-location error, we further posit that the AGBD (Y') and
the real GEDI waveform (X)) are conditionally independent given the simulated

GEDI waveform (X'), i.e., p(Y|X, X') = p(Y'|X’). In simpler terms, given the
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simulated GEDI RH matrix for a specific footprint, the value of the real GEDI
waveform at the same footprint does not provide additional information about the

AGBD at that location.
* Mathematical justification:

Lemma 15. Let g(z') £ E[Y|X' = 2'), and r(x) = E[Y|X = z]. IfE[|Y]] < o0,
andY and X are conditionally independent given X', then r(X) = E[g(X")| X].

Proof.
r(X) = E[v|x] 2 EEY X, X]1X] Z EE[Y|X]|X] = Elg(X)[X] (5.4)

Here, (**) directly results from the CIA. (*) follows from the tower property of
conditional expectation. This property states that if random variable Y is defined

on probability space (2, P, F) with E[|Y|] < 0o, and H C G C F, we have

E[E[Y|G]|H] = E[Y[H]

(See [152,[153]). In our case, by defining H = o(X) and G = o(X, X'), we can

apply the tower property to Equation (*) in equation (5.4).
]

Remark 11. Lemma demonstrates that any function capable of predicting g(X”)
from X can also be used to predict Y from X. Consequently, rather than relying
on the unavailable (X, Y) pairs, we can utilize (X, g(X’)) pairs. This principle

underlies the sequential estimation process described below.
* The sequential estimation process:

1. Estimating g(z’): We first estimate g(z') = E[Y| X’ = 2] using the training
dataset (X}, Yy). This estimator, denoted as g(z’), does not necessarily
need to be a linear function. A variety of machine learning models can be

employed for this estimation, including Linear Regression (LR), K-Nearest
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Neighbors (KNN) [154)], Random Forest (RF) [155], Extreme-gradient Boost-
ing (XGB) [[156], Artificial Neural Networks (ANN), and the previously
established method by Kellner et al. [46].

2. Estimating (z): In the second stage, the crossover dataset is used to create a
synthetic dataset of AGBD/real GEDI pairs. We form (g(X..), X.), where
9(X!) is a vector of size N, x 1 whose j’th entry is the value of g applied
to the j’th row of X.. Then, using this synthetic dataset, we estimate
E[g(X’)|X = z] and denote it by 7(x). This estimation can also be done
through various model architectures, such as linear regression, random forest,

k-nearest neighbors and extreme-gradient boosting as used in this paper.

Note that if (a) the estimation of g(z') = E[Y| X’ = 2/] in the first stage is accurate
(i.e., g(z') = g(2') = E[Y|X' = 2'] ), and (b) the estimation of E[g(X")| X = z]
in the second stage is also accurate (i.e., 7(z) ~ E[g(X')|X = x] ), then from
equation (5.4)), the final estimate 7'(x) would closely approximate the true condi-
tional expectation of AGBD given the real GEDI waveform (i.e., 7(z) =~ r(x)).
However, in practice, both stages involve estimation procedures that introduce
errors. The accuracy of the final AGBD estimate 7(x) is ultimately influenced by

the accumulation of errors from these estimation stages.

5.3.3.2 Specialized method for model III-A, single-stage estimation

Consider Model III-A (Equation (5.3)):

Y =g(X')+¢€

X=X'+e

where € is independent of X’ and has mean zero, and e is independent of X’ and €.
Under this model, expanding the squared error term when predicting AGBD using the

same linear function on real GEDI data (h(X)) reveals two key components:

1. Mean Squared Error (MSE): measures the accuracy of AGBD prediction from the
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training dataset.

2. Mean Squared Distance (MSD) or “consistency”: measures the difference between
AGBD predictions from real GEDI waveform and corresponding simulated GEDI

in the crossover dataset.

E [(h(X) = V)] =E [((A(X) = ¥) + (h(X) = h(X")))’]

= E[(h(X") = V) + (h(X) = h(X"))" 5

+ER2(R(X") = Y) (M(X) — h(X"))]

ZE[(h(X) = V)’ +E[(h(X) = h(X))]

(*) is because for a linear predictor function h we have:
E{((X") =Y) (h(X) — h(X"))] = E[(R(X") = Y) h(e)]

= E[(A(X") — g(X") =€) h(e)]
= E[(h(X') = g(X")) h(e)] — E[e'h(e 56

The first component, MSE, is the traditional loss function used in the field, justified
under assumptions (I) and (II) in Section[5.2] However, this derivation (3.5]) under Model
II1-A motivates using the sum of MSE and MSD as a loss function in general cases, even

when CIA fails.

Note that the vector X is always at the same spatio-temporal location as Y (by
definition, as Y is the AGBD for the vegetation imaged by X). If X" is not at the same
spatio-temporal location as Y, then X may carry information about Y not present in
X', causing CIA to fail. In such cases, the justification for the sequential approach’s
second stage becomes questionable. Nevertheless, the estimator i (z’) from the first

stage 1s still expected to be consistent across real and simulated GEDI data. Therefore,
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applying the same prediction function h(z’) to real GEDI data (X) is expected to yield
similar predictions, i.e., h(X’) ~ h(X). Thus, we can use the following loss function

for single-stage estimation with consistency enforcement:

b = argmin€ | (¥ - h(X')ﬂ VE [(h(X') — R(X))? (5.7)

Here, C represents the class of functions to which the AGBD predictor is restricted.

If C is the class of linear functions, i.e., when h(2’) = 2/8 for f € R}, the
optimization problem in equation (5.7) has the solution h*(z’) = 2/3*, where 5* is given

by:

5= (E[XTX + (X' - X)"(X' - X)]) E[XTY] (5.8)

Since the true underlying distributions are unknown, we replace the true expected
values in equation (5.8) with the sample means from the training and crossover datasets.

This yields:

-1
B= <X’Zx’t n %(X’C X)X — Xc)> (X’tT Yt> (5.9)

C

See the supplementary materials for details.

Remark 12. In the model II-A (5.1):

Y =Xv+e

X=X'+e

where e and € have mean zero, ¢ is independent of X and (e, ¢, X’) are mutually
independent. This model exhibits posterior mean equivalence, making the second term
in Equation (5.7)) unnecessary, and the crossover dataset would not be required for model

training. However, the assumption that e is independent of € is unrealistic.
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To understand why, consider that e represents the inherent noise from on-orbit (real)
waveforms. Since Y is not directly affected by these errors, the error term e must account
for all the real waveform-specific noise. Consequently, ¢ cannot be independent of e.

Due to this, we based this section on Model III-A instead.

Remark 13. The second term in equation can be interpreted as a regularization term.
In the context of a linear model, it penalizes functions that show large discrepancies
between predictions based on real and simulated GEDI data. This penalty is particularly
strong for GEDI features where the difference between real and simulated values is sub-
stantial. While our supplementary material explores L. regularization (which penalizes
all model coefficients equally), our experiments found it yielded equivalent results. This
suggests that the noise in the GEDI data might be isotropic, meaning it affects all features
similarly and no specific direction requires stronger penalization. The supplementary

material also details other loss functions explored in this study.

5.3.4 Evaluation of performance of the models
5.3.4.1 Performance metrics

Equation (5.5) motivates the combined use of MSE and MSD as evaluation criteria.
Integrating these two metrics ensures that our model not only performs well on the
training data but also maintains consistency between the real and simulated GEDI data.
This dual focus is crucial for achieving reliable and robust predictions in the presence of

measurement error.

For any two functions  and f from R to R, we define M SE), 2 E (Y - h(X’))Q}
and MSDy, ; £ E [(h(X") — f(X))Q] . Here, E represents the sample expected value.

* Sequential approach: To evaluate the sequential model, we consider the following

performance metric:

VMSE; + MSD; 7 (5.10)
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We also report each metric separately: RMSE; 2 /M SEgand RMSDg7 2
V/MSDg5.
Another performance metric we report is RM SEr = \/MSE:.

* single-stage approach: To evaluate the second method (see Section|5.3.3.2)), we

use the following performance metric:

VMSE; + MSD;; (5.11)

where () = 3 as defined in equation (5.9). We also report each metric RM S B
and RM S D ; separately.

Remark 14. Under the Conditional Independence Assumption (CIA) that underpins the
sequential method, the performance metric given in equation (5.10]) becomes equivalent
to the AGBD prediction error (measured by MSE) when using 7 if g = ¢. In fact, the
following lemma demonstrates that, under the CIA, the Mean Squared Error (MSE) of

any estimator 4 on X (including 7) is equivalent to the sum of M SE, and M.SD, j:

Lemma 16. If Y and X are conditionally independent given X', then for g(z') =

E[Y|X’' = 2'], and any prediction function h(x), we have
E[(Y — h(X))*] = E[(Y — g(X")*] + E[(9(X") = h(X))7] (5.12)
Proof. Note that
E[(Y — 1(X))*] = E[(Y = g(X") + g(X') = h(X))*]
= E[(Y — g(X"))’] + E[(9(X") — h(X))?]

(5.13)
+2E[(Y — g(X"))(9(X") — h(X))]

— MSE, + MSD,,

The last equation holds because
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E[(Y —g(X) (9(X") = h(X))] = E[E[(Y — g(X")) (9(X") = h(X)) [X"]]
= E[E[Y — g(X)[XTE[g(X) = h(X)|X"]]

— E[(g(X") - g(X")) E[g(X") — h(X)|X"]

(5.14)

The equation in (*) is because, given X', the random variables Y — ¢(X’) and

g(X') — h(X) are conditionally independent. O

5.3.4.2 Cross validation

To assess the performance of Model 1, which involves two stages, we use a k-fold

cross-validation, detailed as follows:

1. Partitioning the Training Dataset: The training dataset is randomly partitioned
into k subsets. Each sample pair is assigned to one of the k parts uniformly at

random.

2. Partitioning the Crossover Dataset: Similarly, the crossover dataset is randomly

partitioned into k parts, with each sample pair uniformly assigned.
3. Two-Stage Training: Foreach: € 1,... k:

* The first stage (estimating g(z’)) is conducted using all parts except the i’th

part of the training dataset (simulated GEDI/AGBD). Let us denote it by g;.

* The second stage (estimating r(z)) is conducted using all parts except the
i’th part of the crossover dataset. In other words, g; is applied on simulated
GEDI from all parts except the i’th, and then the estimation of 7(z), denoted
by 7; is derived from estimation E[g;(X")| X = ] on this training portion of

crossover dataset.

* After completing both stages, we predict AGBD using g;(X’) and 7;(X) on

the ¢ ’th part of the training dataset (depending on the adopted performance
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metric). We also find the predicted AGBD by g;(X’) on the simulate GEDI
on the ¢’th part of the crossover dataset, and 7;(.X') on the real GEDI of this

the same part. (See the MSD term in evaluation metric in (5.10))

4. Evaluation: After completion of the previous steps, we have predicted AGBD
values for every sample in the training dataset, each from its turn as the test part.
Similarly, we have predicted AGBD values for every pair in the crossover dataset.
This allows us to evaluate M S E), (defined in Section on every sample in

the training dataset and M S D),  on every sample in the crossover dataset.

The cross-validation process for the second model follows a similar procedure. The
first and second steps are the same as described previously for model 1. Then here,
for each ¢ € {1,...,k}, the model is trained by optimizing the loss in equation (5.7),
i.e., the first term in uses the training part (all parts except the ¢’th) of the training
dataset, and the second term in uses the training part (all parts except the ¢’th) of
the crossover dataset. Once the model is trained at each step ¢, it predicts AGBD on
the 7’th part of the training dataset and on both simulated GEDI and real GEDI data
from the ¢’th part of the crossover dataset. These predicted values for every sample in
both training and crossover datasets, all from g(z) = x@ are then used to evaluate the

performance metric described in (5.11)).

5.4 Related work

Our sequential approach shares conceptual similarities with studies in [[157-159]],
particularly the Generalized Hierarchical Model-Based Estimation (GHMB) method
proposed by Saarela et al [157]. However, their two-stage procedure is valid under the
conditional independence assumption, which is not articulated in their paper. Moreover,
GHMB relies solely on linear models estimated using generalized least squares (GLS)
for both stages. In contrast, our proposed algorithm leverages the flexibility of pre-
existing machine learning parametric or non-parametric models (e.g., random forests,

k-nearest neighbor regression, extreme-gradient boosting, artificial neural networks)
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during both stages. This allows us to potentially capture more complex relationships
between features and AGBD compared to using GLS throughout. On the other hand,

GHMB offers a more straightforward estimator of uncertainty.

5.5 Results

In the random partitioning phase of both datasets described in Section[5.3.4.2] we
chose k = 5. For each i € {1,2,3,4,5}, the training part of both datasets (all parts
except the ith one) included between 66 to 90 percent of every non-empty stratum. This
guarantees that for each 7, both training and test datasets contain representatives of
non-empty strata. We fixed this partition of both datasets and used it for every result

shown below to facilitate comparison.

5.5.1 Model 1: Sequential approach

This section presents the results obtained from our sequential model (Model 1) as
described in Section We explore various machine learning paradigms at each
stage to evaluate their effectiveness in predicting AGBD. We also include the Kellner23

algorithm for the first stage, as it was used to estimate g(z’).

For both stages, the algorightms of linear regression (LR), k-Nearest Neighbors
(kNN), Random Forest (RF), and XGBoost (XGB) were trained using the Python

libraries below respectively:
sklearn.linear model.LinearRegression
sklearn.neighbors.KNeighborsRegressor
sklearn.ensemble.RandomForestRegressor
xgboost .XGBRegressor

Using KNN for both stages, we used 20 neighbors as the hyperparameter. For RF,

we used 50 estimators and a maximum tree depth of 5. When using XGB, we set the
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learning rate to 0.1 and the number of trees (n_estimators) to 20 for the first stage

and 50 for the second.

For the Artificial Neural Network (ANN), we used a shallow ANN with an input
layer, three hidden layers, and an output layer. The number of neurons in the first,
second, and third layers were 32, 128, and 512, respectively. We set the maximum
epochs to 500, used rectified linear unit (ReLU) nonlinearities, and set the kernel
initializer as normal. The batch size used was 10, and the Python package employed was

keras.models.Sequential.

The tables below summarize different performance metrics for various combinations
of methods used in the first and second stages of the model. In Tables
and [5.4] each row represents the method used in the first stage, while each column is

associated with the approach taken at the second stage.

Table 5.1: Performance metric RM .S E; on training dataset for various ML techniques
taken at the first stage

Method | RMSEj;
Kellner23 117.79

LR 114.45
KNN 117.22
RF 110.86

XGB 110.73
ANN 116.03

Note: Table [5.T]compares the performance of various machine learning algorithms
when using the conventional approach in the field, which is to estimate E[Y'| X] by using
the dataset (X';, Y;). This approach assumes feature equivalence (X = X’) or posterior

mean equivalence (E[Y'|X = z| = E[Y| X’ = z]) as discussed in Section[5.2]

However, if the underlying assumption of Model 1 (CIA) holds, then according to

Remark the appropriate performance metric to consider is \/ MSE;+ MSDyy,
which is shown in Table[3.3]

For comparison, the last column of Tables and includes the case where

7 = g, meaning the crossover dataset is not used, and AGBD is predicted solely with the
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previously obtained g. This comparison helps explore the potential benefits of sequential

estimation over the conventional approach.

Table 5.2: Performance metric RM SDy7 on crossover dataset, for combination of
various ML schemes taken for both stages. Each row represents the approach taken to
estimate g, and each column is associated with the approach used for estimating r

LR | KNN | RF | XGB g
Kellner23 | 93.49 | 89.56 | 90.44 | 87.99 | 104.25
LR 71.83 | 69.10 | 72.69 | 67.25 | 76.21
KNN 56.53 | 52.34 | 54.65 | 51.68 | 58.64
RF 69.73 | 65.96 | 67.54 | 64.89 | 71.57
XGB 59.38 | 55.93 | 57.53 | 54.97 | 61.90
ANN 72.45 | 68.57 | 69.94 | 66.67 | 73.58

Table 5.3: Performance metric \/MSE; + MSD;; for combination of various ML
models used at both stages

LR KNN RF XGB g
Kellner23 | 150.38 | 147.97 | 148.51 | 147.02 | 157.30
LR 135.13 | 133.69 | 135.58 | 132.75 | 137.50
KNN 130.14 | 128.37 | 129.34 | 128.11 | 131.07
RF 130.97 | 129.00 | 129.82 | 128.46 | 131.96
XGB 125.65 | 124.06 | 124.79 | 123.63 | 126.86
ANN 136.79 | 134.78 | 135.48 | 133.82 | 137.39

Our results in Table [5.3] indicate that the other algorithms used in the first stage

outperform the Kellner23 algorithm.

Furthermore, under the conditional independence assumption (CIA), since the per-
formance metric of Table represents the MSE of 7 on real GEDI X (as shown in
Lemma|16]), comparing our sequential approach with the last column (which represents
the case without crossover data) reveals that our sequential estimation approach with
XGB for both stages significantly outperforms the Kellner algorithm without crossover
data. However, it’s important to note that the Kellner23 algorithm was specifically opti-
mized for a different cross-validation procedure known as geographic cross-validation.
This procedure is designed to enhance spatial generalization to domains outside the
geographic location of the training data (see [46] for details). In contrast, our evaluation

measures performance under regular cross-validation, as detailed in Section [5.3.4.2]
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Additionally, the loss function employed by Kellner23 is distinct, incorporating unit
transformations for both Aboveground Biomass Density (AGBD) and Relative Height

(RH) metrics [46]].

For each 7 derived from the two stages from various combinations of models, we
also report the RMSE for predicting AGBD on the training dataset, using the function 7
in table 5.4k

Table 5.4: Performance metric RM S Er

LR KNN RF XGB
Kellner23 | 135.53 | 127.52 | 123.09 | 124.69
LR 127.65 | 125.51 | 120.78 | 121.52
KNN 132.67 | 121.63 | 120.63 | 122.43
RF 140.67 | 124.96 | 122.81 | 121.54
XGB 141.83 | 125.77 | 126.96 | 124.82
ANN 136.20 | 130.85 | 125.59 | 123.55

A direct comparison between Tables and reveals that using g on simulated
GEDI waveforms typically yields slightly better performance than using 7. This outcome
is expected, as g is derived from g(z) = E[Y| X’ = 2']. However, it’s important to note
that 7 is explicitly tailored to better generalize to real GEDI data under the Conditional
Independence Assumption (CIA), as discussed in Remark [14] This emphasis on real-

world applicability is crucial for making accurate predictions of AGBD.

5.5.2 Single-stage model

For the single-stage approach, we employed the linear estimator g(z) = xg , where E
is obtained by optimizing the loss function defined in equation (5.7). Table|5.5| presents

the performance metrics for this model.

Table 5.5: Results for single-stage approach

RMSEg RMSD@@ \/MSEg—l-MSDg@
119.83 48.94 129.44

Table [5.5]indicates that single-stage approach outperforms the sequential estimation
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procedure with linear estimators for both stages, as evidenced by a lower combined score
(129.44 < 135.13), which is expected as the single-stage approach directly minimizes

this performance metric.

While Table [5.5] presents the performance of the linear estimator obtained by opti-
mizing the loss function in equation (5.7)), it is also valuable to explore the potential
benefits of non-linear estimators developed for Model 1 within the single-stage approach

framework. Specifically, we evaluated the performance of the 7 estimators developed in

Model 1 using the metrics RM SD; 7 and \/ MSE; 4+ MS Dy . Note that the RM S Er

values for these estimators are already shown in Table[5.4]

Table 5.6: RMSDE?

LR | KNN | RF | XGB
Kellner23 | 48.98 | 62.98 | 57.57 | 53.08
LR 50.56 | 57.69 | 50.78 | 47.52
KNN 42.88 | 46.79 | 43.45 | 42.35
RF 42.59 | 55.03 | 48.77 | 44.05
XGB 37.33 | 47.43 | 41.93 | 38.85
ANN 43.35 | 55.84 | 46.42 | 44.09

Table 5.7: /M SE; + MSDs7

LR KNN RF XGB
Kellner23 | 144.10 | 142.22 | 135.88 | 135.51
LR 137.29 | 138.13 | 120.99 | 130.48
KNN 139.42 | 130.31 | 120.80 | 129.54
RF 140.82 | 125.17 | 123.00 | 121.72
XGB 146.66 | 134.41 | 127.12 | 130.72
ANN 136.35 | 131.06 | 125.77 | 123.72

5.6 Conclusion

We introduced models that either require or do not require crossover data for estimat-
ing aboveground biomass density (AGBD) from real GEDI waveform characteristics.
Since models not needing crossover data have already been explored, we focused on

those that do. We proposed two estimation procedures utilizing crossover data, one based
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on a stronger assumption than the other, but both requiring co-location of the crossover

data. Future research will determine the most suitable approach.

The results in the last column of Table [5.3|suggest that, under the conditional inde-
pendence assumption, utilizing crossover data and sequential estimation with XGB for
both stages can substantially enhance the accuracy of AGBD estimation from real GEDI

using 7(z), outperforming the Kellner algorithm.

Moreover, although the single-stage approach offers the advantage of minimizing
prediction error and ensuring consistency between real and simulated GEDI data, it is
not yet clear whether there are specific situations where it would be preferable over the
sequential approach. The single-stage model is justified by the linear model with additive
noise as specified in equation (5.3) (assumption III-A), which is a specific instance of
the Conditional Independence Assumption (CIA). The sequential approach, however, is
already built on this CIA model. Therefore, no additional models beyond those covered
by this CIA have been identified that would necessitate a preference for the single-stage

method. Exploring this aspect could be a potential direction for future research.
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5.7 Supplementary material

5.7.1 Derivation of equation

Limited to the class of linear functions, equation (5.7) can be written as:

5" = argminE [(V — X'8)°] + E[(X' - X)8)7] (5.15)
B

To simplify, we expand the terms inside the expectations:

E|(v = X'8)°| + E[(X' = X)8)°| =E[(v - X'B) (v - X'B)] +
E[8" (X' - X) (X'~ X)f]
=EYTY -Y'XB-8"X"TY +8"XTX'8]
+ATE[(X' - X)) (X'~ X)] 8
=E[Y?] —2E[Y'X'8] + BTE[X'TX'] 3
+ATE[(X' - X)) (X'~ X)] 8
=E[Y?] —2E[YX]

+6TE [X,TX/—F(X/—X)T(X/—X)]B

Next, we take the gradient with respect to 5 and set it to zero to find the minimizer:

0
ap
= 2E[XTY]+2E[ XX+ (X' -X)' (X' - X)]| 8=

(E|or - x87] +E [(x' - x)8)])

=0
Solving for 3, we get:
B = (E[XTX + (X - X)T(X' - X)]) "E[XTY]

Since Hessian E [X'T X’ + (X’ — X)T (X' — X)] is positive-definite, we have de-

rived the estimator (3*.
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5.7.2 More on assumption II-A

If the underlying models are given by equations (5.1)), we have:

Y =Xv+e
(5.16)
X=X+e

where € is independent of both X and X', and ¢ is independent of X’ and e.

Note that

EY|X'] = E[Xv + €| X' = E[(X' + e)y + €| X'] = X'y + E[e|X']y + E[¢| X]

Since E[e|X'] = Ele] = 0 and E[¢| X'] = E[¢] = 0, we have:

E[Y|X'] = X'y

Remember that the ultimate goal is to estimate E[Y'|X], which is equivalent to
estimate  under this model, as E[Y|X] = X~. Since we showed that E[Y | X'] = X',
one can estimate y by estimating E[Y'| X'] instead. One way to achieve this is through

the ordinary linear estimator (OLS):

’Y/* — (E[X/TX/])—l E[X/TY]

Since Y = X'y + (ey+¢) and ey + ¢ will have mean zero and is uncorrelated with X”.
The error terms satisfy the requirements for least squares (zero mean, uncorrelated with
the independent variable X”), making OLS a reliable method for obtaining a consistent

estimator of Y.

In essence, the specific error structure allows us to leverage the readily available
simulated GEDI data (X”) to estimate the true relationship between the response variable

(Y) and the real GEDI (X).
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5.7.3 Other loss functions

When C is the class of linear functions in equation (5.7)) in the main text, we consider

other loss functions listed below.

1. In equation (5.7), one can consider penalizing the [s-norm of the coefficients to

prevent overfitting:

—

Bg\l) = argmin E [(Y — X’B)ﬂ +E [(Xlﬁ - Xﬂ)z + MBl%e (5.17)

BeRdxl

Here, ||B]I%c & Yicsy., 37> Where Syc represents the set of features that are
associated with the non-categorical features and not the offset. In more detail,
these are the features that are not associated with binary variables, and also not the

first coefficient (3;, which is associated with the offset.

2. Another loss function to consider is to optimize only the MSE on the training

dataset (X’;,Y,), adding the [, regularization to prevent overfitting:

—

32 = arg minE [(Y —X’ﬁﬂ B (5.18)

ﬁGRXm
3. The next loss function we investigated aims to prevent severe extrapolation errors
by ensuring that g(X) = X 3 is not extreme relative to the typical prediction g( X))

for the same categorical value.

—

89 = argminE [(Y _ X/B)Q] 4 AE [(Xﬂ _ uh(X)ﬂﬂ (5.19)

ﬁGRdX 1
Here, h(X) is the function that assigns the combination of categorical values to
which X belongs, and j; is the estimated mean of the subset of X'; that has the

combination of categorical values associated with 7.

4. The last loss to consider is as follows:

8D — arg minE [(Y _ X’5)2] +E [(X'ﬁ _ XB)Q] (5.20)

ﬁGRdXI
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In equations (5.17), (5.18)), (5.19), and (5.20)), the hyperparameter A can be deter-

mined by cross-validation on MSE+MSD. The steps are as follows:

(a) Data Partitioning: Randomly select a subset of both datasets (X';,Y;) and

(X, X’,.) for training purposes.

(b) Model Training: For different values of )\, find ﬁ/(\i) using the training subsets of
both datasets. Specifically, the training subset of the training dataset is used in the

MSE term, and the training part of the crossover dataset is used in the MSD term

—~\ 2
-r)

— —~\ 2
E (X ! ﬁf\z) - X 5&”) on the held-out part of the datasets. The first term is

in (5.17) and the second term in (5.19).

(c) Model Selection: Identify the A that minimizes E +

evaluated on the held-out part of the training dataset, and the second term is
evaluated on the held-out part of the crossover dataset. Denote this A as \*. The

—

selected model is now 6/(\? fori € {1,2,3,4}.

Figure illustrates the Root Mean Squared Error (RMSE) and the Root Mean
Squared Distance (RMSD) for each of the specified loss functions across different A
values. These models were trained on the randomly selected training portions of both
the training and crossover datasets and evaluated on the held-out test subsets. Note

that BYL) — /3 in equation (5.8) in the main text. The plot also displays the minimum

VMSE + MSD along each curve. These results are included in the table below, along

with the outcomes when the region indicator is incorporated as a predictor:

148



Table 5.8: Minimum /M SE + MSD through different loss functions

Estimated Coefficients VMSE + MSD
PFT augmented | PFT and region augmented
E 131.0915 127.9019
Y 130.9698 127.835
5 130.9119 127.8116
5 131.1461 128.8785
By 131.0915 127.9019

MSE and Consistency of different loss functions
I I

min: 1309119
lambda=1: 131.0915 min: 130.9698 7

RMSD
s
T

Figure 5.1: RMSE and RMSD for different loss functions for varying A

The results show that the performance of the loss function with [, regularization
(denoted by ﬁ/(\i) ) is not significantly better than the baseline loss function without
regularization (denoted by B). This suggests that /5 regularization might not be necessary

in this case.
There are two possible explanations for this observation:

» Large Dataset vs. Few Parameters: The dataset size (number of samples) is large
compared to the number of parameters estimated in the model. In such cases,
overfitting is less likely to be a major concern, and /5 regularization, which aims

to prevent overfitting by penalizing large parameter values, may not provide a

significant benefit.
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—

* Isotropic Noise: The similarity in performance between the B and 5/(\2) suggests
that the noise in the GEDI data may be isotropic, affecting all features uniformly,

indicating that no particular direction necessitates stronger penalization.

Furthermore, as evident from the table, incorporating the region indicator as a predic-
tor generally leads to a slight improvement in the minimum combined metric across all

loss functions.
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