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Abstract of “Magnetic and structural properties of 5d osmate double perovskites

probed by nuclear magnetic resonance”, by Rong Cong, Ph.D., Brown University,

May 2022.

The combined effect of electronic correlation and strong spin-orbit-coupling(SOC) can

give rise to a variety of exotic quantum phases. Double perovskites provide a simple struc-

ture to study the spin-orbit-lattice entangled states. In this thesis, focusing on the 5d osmate

double perovskite system, we conduct a combination of work including theoretical model

simulation, first-principle calculation, and nuclear magnetic resonance experiments to un-

derstand the fundamental physical properties of this material system. For 5d Mott insulator

Ba2NaOsO6, by conducting spin-spin relaxation measurements and applying quadrupolar

noise spectroscopy, we addressed a long-standing missing entropy problem. We found that

quadrupolar noise with a Lorentzian distribution persists up to a high temperature above

its structural transition, indicating quadrupolar domains which account for the missing en-

tropy in the system. Also by carrying out a classical Monte Carlo simulation using 4 sites

per unit cell for a 5d1 double perovskite model with strong SOC, we found that the non-

zero quadrupolar moment Q3z2−r2 arises due to additional symmetry breaking that was not

captured in earlier mean-field treatment with 2 sites per unit cell, showing consistency with

the two non-zero quadrupolar moments proposed in the quadrupolar phase of Ba2MgReO6.

Furthermore, we improved the earlier point charge approximation calculation on the elec-

tric field gradient of Ba2NaOsO6 and we identified the local orthorhombic structural distor-

tion for Na-O octahedra in Ba2NaOsO6 of around 0.01Å. Our first principle calculation on

Ba2NaOsO6 also found the existence of a staggered orbital ordering pattern accompanying

its canted ferromagnetic order, which is characterized by the different selective occupation

of d orbitals on the two-sublattice Os ions.

Besides Ba2NaOsO6, we have also conducted comprehensive NMR measurements on

its isostructural, isovalent compound Ba2LiOsO6. We found that the metamagnetic transi-
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tion at 5.75T is possibly a spin-flop transition and the ground magnetic state is more likely

to be a 3D antiferromagnet. Electron doping effect on 5d1 Ba2NaOsO6 has also been stud-

ied on powder compounds Ba2NaxCa1−xOsO6 (0 < x ≤ 1). We found that all the doped

samples remain as magnetic insulators despite the added electrons. Powder spectrum sim-

ulation indicates that similar to the Ba2NaOsO6 case, a ”broken local point symmetry”

phase with orthorhombic symmetry occurs above magnetic transition for all doped sam-

ples. Under the collinear two sublattices canted AFM model, the ground magnetic states

evolve from canted FM state to collinear AFM state with the increase of doping electrons.

Whether there is multipolar ordering in these samples needs further study using comple-

mentary techniques in the future.
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CHAPTER 1

Introduction

The combined influence of electron correlation and spin-orbit coupling in the heavy

transition metal compounds with 4d and 5d elements have received particular research in-

terest recently due to the emergent quantum phases that are predicted to arise in these

systems, such as multipolar charge order, spin liquid, Weyl semimetal, topological insu-

lator, and semimetal, and axion insulator, etc [1]. As shown in Fig.1.1, when the on-site

Coulomb repulsion U and spin-orbit coupling strength λ are both relatively small compared

to the hopping integral t, we get traditional metal or band insulators. If we increase U, we

will enter into the Mott insulator region, where traditional correlated materials have been

mainly studied on the 3d transition metal compounds. On the other hand, increasing λ

can induce band gap closure and inversion, resulting in topological insulator or semimetal,

which are mainly studied in solids with heavy s- and p- electron elements. Then in the

large λ/t and weak to intermediate correlated region, materials with non-trivial topology,

such as axion insulator, Weyl semimetal, and topological Mott insulator, appear, which

are mainly studied in the pyrochlore iridates system. Further increasing U will lead to the

strongly correlated region where potential spin liquid materials are explored in the 4d/5d

honeycomb iridates and quadrupolar or multipolar ordering materials are mainly studied in

the 4d/5d double perovskites system. The large atomic number Z of 4d/5d materials en-

ables large spin-orbit-coupling (λ ∝ Z4) and the large ionic distance of double perovskites

gives a small hopping integral t and large on-site Coulomb repulsion U (due to smaller

carrier density thus a larger screening distance), making the system more correlated. The

Mott-Hubbard model as shown in Equ.1.1 is the most widely used theoretical model in de-

scribing the above materials systems, where ciα is the annihilation operator for an electron

in orbital α at site i and niα=c†iαciα is the corresponding occupation number[1].
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Figure 1.1: Sketch of a generic phase diagram for electronic materials, in terms of the
interaction strength U/t and SOC λ/t reprinted from Ref [1].

H =
∑
i,j,α,β

tij,αβc
†
iαcjβ + h.c.+ λ

∑
i

L⃗i · S⃗i + U
∑
i,α

niα(niα − 1) (1.1)

Strongly correlated materials with quadrupolar and multipolar ordering have been mainly

studied earlier in the f-electron system[2, 3]. In recent years, many barium based 5d1 and

5d2 materials have been studied[4]. For 5d1 materials, successive symmetry breakings

with possible quadrupolar phase have been found in Ba2MgOsO6[5–9]. High magnetic

field induced phase transition has been found in Ba2CaReO6[10]. Three successive phases

with possible quadrupole order has been proposed for Ba2CdReO6[11] and a canted fer-

romagnetic ordering is suggested for Ba2ZnReO6[12]. For 5d2 materials, recent exper-

iments[13] and theoretical calculations[14–17] have shown that Ba2MOsO6 (M=Zn, Ca,

Mg) hold possible ferro-octupolar order or antiferro-qudrupolar order[18], and no orbital

or magnetic ordering down to 0.47K has been found for Ba2CdOsO6 from any type of tech-

nique[19]. In this thesis, focusing on the central theme of understanding the exotic phases

in 5d osmate double perovskite with strong spin-orbit-coupling (SOC), we conduct a com-
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bination of work from simulation of theoretical models to first-principle calculation and

NMR experiments on 5d1 and doped 5d1 compounds. Our results allow us to address many

interesting questions in this field, such as the existence of both the ferro- and antiferro-

quadrupolar moments in the proposed quadrupolar phase of Ba2MgReO6[6], the nature of

non-zero electric field gradient in the broken-local-point symmetry phase of Ba2NaOsO6

(section 5.2), the existence of orbital / quadrupolar ordering in the presence of canted ferro-

magnetic order of Ba2NaOsO6 (section 5.3), the long-standing mystery of missing entropy

in Ba2NaOsO6 (section 6.1), the possible spin-flop transition in Ba2LiOsO6 (section 6.2),

and the structural and magnetic phases in the doped 5d1 compounds Ba2NaxCa1−xOsO6 (0

< x ≤ 1) (section 6.3).

The thesis is organized as follows. The theoretical background about the 5d transition

metal compounds is presented in Chapter 2. We introduce the concepts that are essential

to understanding the 5d osmate double perovskite system, such as crystal field splitting,

Jahn-Teller effect, orbital and quadrupolar ordering, etc. We also present a summary of

the earlier study on the 5d1 double perovskite Ba2NaOsO6 and Ba2LiOsO6. The latter

part of this chapter is devoted to the theory of the application of the nuclear magnetic

resonance (NMR) technique in solid, especially for magnetic insulators. We discuss the

electron-nucleus interaction, concentrating mainly on the hyperfine interaction and electric-

quadrupolar interaction in solid. We have taken the example of Ba2NaOsO6, which is one

of the main materials we study in this thesis, to illustrate the different contributions to the

hyperfine interaction and the calculation of the symmetry of hyperfine tensor. We also

discuss the NMR shift and spectrum shape under different magnetic orders and the spin-

lattice relaxation rate T−1
1 for localized and itinerate electronic systems.

Having set up the theoretical background for the 5d osmate double perovskite system

and the NMR theory on solid, we focus on discussing the experimental aspects of the NMR

technique, which is the main probe we have been using to investigate the 5d compounds.

The NMR technique is considered to be invented by Isidor Isaac Rabi in 1944 [20] and
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five Nobel prizes (in physics, chemistry, and physiology or medicine) have been given

to breakthroughs of NMR related techniques along with its long history of development.

Nowadays, NMR remains a useful and sensitive tool and has broad application in almost

all areas of modern physical science. It has also shown potential application in quantum

information science and technologies based on the manipulation of a single and an ensem-

ble of nuclear spins. In Chapter 3 we introduce the commonly used NMR sequence, such

as free induction decay (FID) and spin-echo as well as typical NMR measurements of the

spectrum, spin-lattice relaxation rate T−1
1 and spin-spin relaxation rate T−1

2 . Hardware for

NMR setups and their related calculation are discussed at the end of this chapter.

In Chapter 4-6, we present the theoretical, computational, and experimental projects

relating to 5d osmate double perovskite compounds respectively, forming a coherent and

comprehensive study. In Chapter 7, we study a separate compound, the mixed-valence

insulator SmB6, expanding the application of the NMR technique to itinerate electron sys-

tems beyond magnetic insulators. The main findings for each project are summarized in

Chapter 8 in order of significance. Future applications of these findings are also discussed.
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CHAPTER 2

Theoretical Background

2.1 The 5d osmate double perovskite system

2.1.1 Introduction

Splitting of d electron states in a cubic field

The Hamiltonian of a d electron of transition metal ions in an undistorted perovskite

structure can be written as[21]

Hd(r⃗) = H ion(r⃗) +
6∑

j=1

V oxy(r⃗ − R⃗j) (2.1)

where H ion(r⃗) is the ionic Hamiltonian and V oxy(r⃗ − R⃗j) is the electrostatic potential of

the surrounding six oxygen ions. In 5d transition metal compounds, the second crystal

field term can actually be comparable to (or larger than) the exchange splitting that giv-

ing rise to the Hunds rule. The solution of Equ.2.1 described by the spherical harmonics

Y m
l (θ, ϕ) ∼ Pm

l (cosθ)eimϕ needs also to satisfy symmetry considerations when the ion

is put into the cubic environment, corresponding to the octahedral group. The character

table of the octahedral group is shown in Table 2.1. Table 2.2 shows the character table of

the representations of octahedral group using s-,p-,d- and f- atomic orbitals as basis. From

these two tables, we can see that

Γd = E ⊕ T2 (2.2)

meaning that the fivefold degeneracy of the d orbital states are splitted to a doublet eg and

triplet t2g levels (g denotes even function in German). Thus the wave functions for the d

states can be written as
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basis E 8C3 3C2 6C2’ 6C4

A1 Γ1 {x2+y2+z2} 1 1 1 1 1
A2 Γ2 {xyz} 1 1 1 -1 -1
E Γ3 {x2-y2,3z2-r2} 2 -1 2 0 0
T1 Γ4 {x,y,z} 3 0 -1 -1 1
T2 Γ5 {xy,yz,zx} 3 0 -1 1 -1

Table 2.1: Character table of the octahedra group O, reprint from Ref [21]

l E 8C3 3C2 6C2’ 6C4

Γs 0 1 1 1 1 1
Γp 1 3 0 -1 -1 1
Γd 2 5 -1 1 1 -1
Γf 3 7 1 -1 -1 -1

Table 2.2: Character table of the representations of octahedral group using s-,p-,d- and f-
atomic orbitals as basis, reprint from Ref [21]

d3z2−r2 = Y 0
2 (2.3)

dx2−y2 =
1√
2
(Y 2

2 + Y −2
2 ) (2.4)

for the twofold degenerate eg states and

dyz = − 1

i
√
2
(Y 1

2 + Y −1
2 ) (2.5)

dzx = − 1

i
√
2
(Y 1

2 − Y −1
2 ) (2.6)

dxy =
1

i
√
2
(Y 2

2 − Y −2
2 ) (2.7)

for the threefold t2g states. In this case, when the crystal field splitting is larger than the

spin-orbit coupling, which is valid for the 5d electron system, complete or partial orbital

quenching might happen. The complete orbital quenching happens when electrons are

occupying only the eg states since both the d3z2−r2 and the dx2−y2 states have averaged

⟨Lz⟩ = 0, having no contribution to the orbital magnetic moment. Partial orbital quenching
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happens when the t2g states are partially filled since the dyz and dzx states can be rearranged

to become the eigenstates of ml (Y 1
2 and Y −1

2 ), which contributes non-zero orbital angular

momentum in the presence of external field while dxy has ⟨ml⟩ = 0. In fact, the partially

quenched angular momentum in t2g-states L(t2g) can be considered as a ”pseudo angular

momentum” with L⃗(t2g) = −L⃗(p)[21], with effective angular momentum eigenvalue of

leff = −1. The origin of the orbital quenching is that the presence of a crystal field lowers

the symmetry of the system and induces further splitting of the energy levels. And if the

split energy levels are no longer the eigenstates of ml, no further Zeeman splitting will

happen under an external magnetic field, causing quenching of orbital angular momentum.

Jahn-Teller effect and orbital ordering

Apart from quenching of orbital angular momentum, another phenomenon that is com-

mon in the d electron system is the Jahn-Teller effect. The Jahn-Teller theorem states that

if the symmetry of the crystal field is so high that the ground state of an ion is predicted

to be orbitally degenerate then it will be energetically preferable for the crystal to distort

in such a way that the orbital degeneracy is lifted[22]. The appearance of the distortion is

the Jahn-Teller effect[23]. In d electron systems with orbital degeneracy, the cooperative

Jahn-Teller effect[24] among a large amount of isolated Jahn-Teller centers, which induce

a structural transition is also accompanied by the occupation of particular orbitals at each

site, called orbital ordering. The relation between the Jahn-Teller effect and orbital ordering

is a ”chicken-and-egg problem”[24], which means that they always occur together.

Fig.2.1 shows the d energy level splitting for the case when the Jahn-Teller energy

is larger than spin orbit coupling (a) and vice versa (b). In 5d system, the crystal field

energy ∆CF > 2eV, Columb repulsion U=1.5∼2eV, Hunds coupling JH ∼0.5eV, spin orbit

coupling λ ∼0.5eV and the Jahn-Teller energy EJT (t2g)=0.2∼0.3 eV. So the ground state

for the 5d1 system is a j=3
2

quartet. Also because of the large extent of the 4d and 5d

electrons, the electric quadrupole moment can not be ignored[25]. The quadrupole moment
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Figure 2.1: Energy level splitting for 5d1 electrons (a) weak SOC case (b) strong SOC case.

measures what is loosely call the orbital character of the states. The quadrupole moment

tensor are defined as[21]

⟨ϕ′|Qij|ϕ⟩ = e

∫
dr⃗ϕ′(r⃗)(3xixj − r2δij)ϕ(r⃗) (2.8)

For the 3d electronic states, the orbital state is well defined. However, in the case of

strong SOC, the quadrupole moment has both the spin and charge contributions. And the

quadrupolar ordering refers to the non-vanishing quadrupole moments. Orbital ordering is

usually replaced by quadrupolar ordering since the orbital states under strong SOC might

be not well defined.

Osmate 5d1 double perovskite

Magnetic Mott insulators with strong spin-orbit coupling [26–30] has long been a prime

focus of strongly correlated materials research because of the complex interplay among

their spin, orbital, and charge degrees of freedom. Earlier studies on the 3d system have

revealed the dominant importance of electronic correlation due to the large Coulomb inter-

action while the spin-orbit coupling (SOC) is of minor consideration and is treated pertur-

batively[1, 25, 31]. It is usually in the 4f system such as lanthanides that the strong SOC

becomes competitive with the exchange interaction and even the crystal field[25]. While

3d systems have been studied intensively[32] much less is known about 4d and 5d systems,
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in which the more delocalized d electrons, weaker correlations, and larger spin-orbit cou-

pling (SOC) effects compete to give rise to rich magnetic and electronic phases, including

multipolar magnetic ordering, SOC assisted Mott insulators, and topological insulators [1,

25, 31, 33, 34].

The competition between electron correlation and spin orbit coupling (SOC) present in

materials containing 4 and 5d transition metals is an especially fruitful tension predicted

to lead to the emergence of a plethora of exotic quantum phases, including quantum spin

liquids, Weyl semimetals, Axion insulators, and phases with exotic magnetic orders [1, 25–

30, 33, 35–37]. There has been an active quest to develop microscopic theoretical models

to describe such systems with comparably strong correlations and SOC to enable the pre-

diction of their emergent quantum properties [25, 26, 33, 35, 36]. For example, Chen et al.

[25] have constructed a projected strong SOC model which avoids the direct treatment of

the spin-orbit coupling term λΣl⃗ · S⃗ by projecting the spin and orbital operators to the total

magnetic ground state j=3/2. Ishizuka et al.[36], on the other hand, has used an effective

S=1/2 description without consideration of the orbital operator. Romhanyi et al[37]. intro-

duced a spin-orbital model with explicit consideration of the SOC term and focusing on the

discussion of the ground state only. In strong Mott insulators, mean-field theories predict

strong SOC to partially lift the degeneracy of total angular momentum eigenstates by entan-

gling orbital and spin degrees of freedom to produce highly nontrivial anisotropic exchange

interactions [25, 33, 35, 37]. These unusual interactions are anticipated to promote quantum

fluctuations that generate such novel quantum phases as an unconventional antiferromagnet

with dominant magnetic octuple and quadrupole moments and a noncollinear ferromagnet

whose magnetization points along the [110] axis and possesses a two-sublattice structure.

Because their SOC and electron correlations are of comparable magnitude[1], 5d dou-

ble perovskites with chemical formula A2BB’O6, where B’ are magnetic ions and B are

non-magnetic ions have received particular attention due to its frustrated FCC lattice[25,

33, 36], and are ideal materials for testing these predictions. In 5d1 transition metal oxides
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Figure 2.2: Characterization of Ba2NaOsO6, reprint from Ref [39] (a) Infrared reflectivity
(b) Magnetization and susceptiblity (c) Anisotropy (d) Specific heat

with strong spin-orbit coupling, the lower energy t2g triplet can be regarded as a pseudospin

operator Leff = -1, which gives rise to the ground state Jeff = 3
2

quartet together with S = 1
2

[26, 38]. Experiments on Os compounds such as Ba2MOsO6 where M is Na or Li have

shown that while the former orders ferromagnetically with an easy axis [110], the latter or-

ders antiferromagnetically, indicating the subtle difference in the exchange interactions in

the two systems[39, 40]. We will give a more detailed discussion of the physical properties

of these two compounds in the following two subsections.

2.1.2 Ba2NaOsO6

Ba2NaOsO6(BNOO) is an fcc double perovskite with unpaired 5d1 Os magnetic ion

forming Os-O and Na-O octahedral alternatively as shown in Fig.2.3(b). It is characterized
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as a Mott insulator from infrared reflectivity (Fig.2.2(a)) with U∼3.3eV. Magnetization

measurements show a ferromagnetic transition at about 8K but with a negative curie Weiss

temperature and an effective magnetic moment of 0.6µB, which is much smaller than the

pure spin case of 1.7µB (2
√
s(s+ 1), s=1

2
) as shown in Fig. 2.2(b) and (c). The magnetic

easy axis is along [110] which can not be explained by standard Landau theory with cubic

anisotropy (Fig.2.2(c)). Also, while the ground state is a j=3/2 quartet, the magnetic entropy

is Rln2 (Fig.2.2(d)). The missing entropy had been a long-standing mystery. In Chapter 6

section 6.1, we used the spin-spin relaxation curve with quadrupolar spectroscopy to ad-

dress the issue and provide details of the development of the BLPS phase. Recent NMR

experiments on Ba2NaOsO6 revealed a canted ferromagnetic ground state and an interme-

diate temperature ”breaking local point symmetry” (BLPS) state [41–45] (Fig. 2.3(a),(c)),

which is first compared to the time-reversal invariant magnetic quadrupolar state from the

mean-field calculation of Chen’s model. However, in Chen’s model, the existence of the

four-spin and six-spin interactions in terms of the effective spin moment j⃗ may increase

quantum effects from experience[25]. To deal with the issue, more quantitative numeri-

cal methods should be applied, such as direct diagonalization, efficient Monte Carlo, etc.

Chapter 4 presents the result of a classical Monte Carlo simulation as a numerical calcula-

tion on this model to explore if the experimental feature could be reproduced by applying

the straightforward classical approximation and how fluctuations are essential to capture

the correct physics. Besides, the BLPS phase precedes the formation of long-range mag-

netic order, which at sufficiently low temperatures, coexists with the two-sublattice cFM

order, with a net magnetic moment of ≈ 0.2µB per osmium atom along the [110] direction.

Several questions that remain are whether is the actual displacement of oxygen ions or the

redistribution of electronic charge that gives rise to the BLPS phase and if the cFM order

at low temperatures implies the existence of complex orbital/quadrupolar order. Chapter

5 has addressed both questions using first-principle calculations. Similar successive sym-

metry breaking has also been recently found in another 5d1 compound Ba2MgReO6 [5,
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Figure 2.3: NMR experiment on Ba2NaOsO6 (a) NMR spectrum of Ba2NaOsO6 showing
successive symmetry breaking, adapted from Ref [41] (inset adapted from Ref [42]) (b)
Crystal structural of Ba2NaOsO6, adapted from Ref [44] (c) The canted FM structure with
spins staggered by 67 degree relative to [110] axis in Ba2NaOsO6, reprint from Ref [41]

.

6].

2.1.3 Ba2LiOsO6

Ba2LiOsO6 (BLOO) is an isostructural and isovalent compound of BNOO. Suscepti-

bility experiment [40] carried out on this compound has shown an AFM transition at 8K

with an effective magnetic moment of µeff ≈ 0.7µB (Fig.2.4(a)), which is much smaller

than the spin only value, indicating the presence of strong SOC [37]. Muon spin relaxation

measurements also reveal a spin-flip transition in the applied magnetic field in the vicinity

of 5.5 T at 2 K [46] (Fig.2.4(c)), and no other magnetic transition up to 45T (Fig.2.4(b)).

It has revealed that the internal field is a static but spatially-disordered spontaneous field

(Fig.2.4 (d)).
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Figure 2.4: Characetization of Ba2LiOsO6 (a) Magnetic susceptiblity (b) Magnetization
shows no other magnetic transition up to 45T (c) The matemagnetic transition at 5.5T (d)
Asymmetry from muon spin relaxation measurements show magnetic transition happens at
around 8K ((a) is reprinted from Ref [40], (b)-(d) are reprinted from Ref [46]).

2.2 Application of NMR in magnetic materials

2.2.1 Electron-nucleus interactions

Hyperfine interaction

The electron-nucleus interaction mainly consists of two terms, the hyperfine interaction

Hhf and the electric quadrupolar interaction HQ. The Hamiltonian of hyperfine interaction

can be written as

Hhf = 2µB

[ l⃗

r3
− s⃗

r3
+ 3

(s⃗ · r⃗)r⃗
r5

+
8π

3
s⃗δ(r⃗)

]
· µ⃗N = H⃗hf · µ⃗N (2.9)

where the first term is the orbital angular momentum of an electron with the nucleus’s mag-

netic moment µ⃗N . The second and third terms comprise the dipolar part of the hyperfine
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Figure 2.5: Hyperfine interactions in Ba2NaOsO6.

interaction HD = D · ⟨S⃗⟩, which D is the dipolar tensor. The third term is the Fermi contact

hyperfine term and is only non-zero for the case of s electron, which has a non-vanishing

wave function probability at the atom’s original point. This can be seen from the δ(r⃗) in

the expression. The Fermi contact term is usually the larger and dominant term in the hy-

perfine interaction since the dipolar term is proportional to r−3 and decays quickly when

the measured nuclei site is sitting away from the electrons. The Fermi contact term can be

further divided into two parts HA = (Atransfer + Aonsite) · ⟨S⃗⟩, where the first transferred

contact term describes the interaction of electrons’ wave function of a specific atom with a

nucleus of another atom mediated through intermediate overlapping wave functions, while

the second on-site contact term describes the direct overlapping of electron’s s wave func-

tion with the nucleus cite of the same atom. The Atransfer and Aon−site correspond to the

transferred and on-site contact hyperfine tensors.

Fig.2.5 illustrates the different contributions of hyperfine interactions mentioned above

taking the case of Ba2NaOsO6 as an example. The black dotted lines in a circle represent

the s orbit for Na 3s, O 3s, and Os 6s electrons. The black solid lobes represent the O 2p

and Os 5d electrons. Dipolar hyperfine coupling D between the Os 5d electrons with the Na
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Figure 2.6: Hyperfine coupling tensors in Ba2NaOsO6. B1, B2 represent the Os atoms
along y axis, C1, C2 represent the Os atoms along x axis and D1, D2 represent the Os
atoms along z axis.

and Os nuclei are represented respectively by the orange dashed lines. The Fermi contact

hyperfine interaction of Na 3s and Os 6s electron with the Na and Os nuclei respectively

are represented by the pink dotted line. The Os 5d electron has on-site contact hyperfine

interaction through the Os 6s electron with the Os nucleus represented by Aon−site tensor

and the solid green line. It also has the transferred contact hyperfine interaction on the Na

nucleus mediated by the overlapping of wave function among the O 2p, O 3s, O 2p, and

then Na 3s electrons, represented by Atransfer tensor and the red solid line. In the NMR

experiment when we measure the 23Na nuclei to probe the behavior of the 5d electron of

Os ion, the main contribution of hyperfine interaction comes from the transferred hyper-

fine interaction mediated by oxygen’s p orbitals with a minor contribution from the direct

dipolar coupling of Os 5d to the Na nuclei.

As we can see from Equ. 2.9, the complexity of the anisotropy of hyperfine interaction

is usually encoded in the form of the corresponding hyperfine coupling tensor K = D+A.

The form of K can be constrained based on symmetry considerations [47]. Fig.2.6 illus-

trates the Na-Os octehedra where the hyperfine interaction is represented by the hyperfine

tensor K between each Os atom, labelled by B1 to D2, with the Na nucleus. Consider the
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case when the site symmetry at the Na nucleus is orthorhombic so there are three mirror

planes x = 0, y = 0 and z = 0. We can write the hyperfine tensor K(B1), K(C1) and K(D1)

with the most general form first as

K(B1) =


K

(B1)
11 K

(B1)
12 K

(B1)
13

K
(B1)
21 K

(B1)
22 K

(B1)
23

K
(B1)
31 K

(B1)
32 K

(B1)
33

 , K(C1) =


K

(C1)
11 K

(C1)
12 K

(C1)
13

K
(C1)
21 K

(C1)
22 K

(C1)
23

K
(C1)
31 K

(C1)
32 K

(C1)
33

 , (2.10)

K(D1) =


K

(D1)
11 K

(D1)
12 K

(D1)
13

K
(D1)
21 K

(D1)
22 K

(D1)
23

K
(D1)
31 K

(D1)
32 K

(D1)
33

 (2.11)

The mirror reflection matrix about x=0, y=0 and z=0 three planes can be written as

R(x = 0) =


−1 0 0

0 1 0

0 0 1

 ,R(y = 0) =


1 0 0

0 −1 0

0 0 1

 ,R(z = 0) =


1 0 0

0 1 0

0 0 −1


(2.12)

Then we can apply the mirror reflection transformation first about the x=0 plane and we

will have K(B2) = RT (x = 0)K(B1)R(x = 0), K(C1) = RT (x = 0)K(C1)R(x = 0),

K(D1) = RT (x = 0)K(D1)R(x = 0). Here K(B1) becomes K(B2) after mirror reflection

while K(C1) and K(D1) remain the same. Combining the mirror reflection along y=0 and

z=0, we have K(D1) = RT (y = 0)K(D1)R(y = 0) and K(D2) = RT (z = 0)K(D1)R(z = 0).

This yield the form of K(D1) and K(D2) to be

K(D1) = K(D2) =


K

(D)
11

K
(D)
22

K
(D)
33

 (2.13)
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Similarly, we can obtain the form for the other tensors to be

K(C1) = K(C2) =


K

(C)
11

K
(C)
22

K
(C)
33

 ,K(B1) = K(B2) =


K

(B)
11

K
(B)
22

K
(B)
33


(2.14)

So the local magnetic field at the Na nucleus site can be calculated to be

⟨H(Na)
loc ⟩ = K(B1) · ⟨ ⃗S(B1)⟩+K(B2) · ⟨ ⃗S(B2)⟩+K(C1) · ⟨ ⃗S(C1)⟩+K(C2) · ⟨ ⃗S(C2)⟩ (2.15)

+K(D1) · ⟨ ⃗S(D1)⟩+K(D2) · ⟨ ⃗S(D2)⟩ (2.16)

To simplify the description of hyperfine interaction on the Na nucleus site, sometimes we

can take the hyperfine tensor at Na site K to be an averaged value of K(B1) to K(D2). Also,

we see that in this case when we only consider the orthorhombic site symmetry, all the

hyperfine tensors should be in diagonal form. However, the deduced hyperfine tensor at

Na sites has an off-diagonal term and a different symmetry [41]. This implies the effect of

spin-orbit coupling that has produced anisotropy which is not be able to take into account

by the symmetry considerations mentioned above.

Electric quadrupolar interaction

The electric quadrupolar interaction comes from the electrostatic interactions H =∫
ρn(r⃗)V (r⃗)dr⃗, where ρn(r⃗) is the charge density of nuclei and V (r⃗) is the electrostatic

potential created by the electrons surrounding the nucleus, which can be written as

V (r⃗) = V (0) +
∑
j

xj

(
∂V

∂xj

)
r=0

+
∑
i,j

xixj

(
∂2V

∂xi∂xj

)
r=0

+ ... (2.17)
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If the electronic charge distribution of nuclei is spherical symmetric or is a spheroidicity

with axial symmetry, the electric dipole moment is both zero. However, for the latter

case, the electric quadrupole moment is non-zero. The electric quadrupole moment can be

written as

Qij =

∫
ρn(r)

(
xixj −

r2

3

)
dr =

eQ

6I(2I − 1)

(3
2
(IiIj + IjIi)− δijI(I + 1)

)
(2.18)

and the Hamiltonian for electric quadrupolar interaction can be written as

HQ =
∑
i,j

VijQij =
e2qQ

4I(2I − 1)

(
3I2Z − I(I + 1) +

η

2

(
I2+ + I2−

))
(2.19)

where Vij represents the third term in Equ.2.17 and is the electric field gradient (EFG)

tensor, and eq is usually written as the largest absolute eigenvalue of the EFG parameters

as eq ≡ VZZ . The electric quadrupolar interaction is only non-zero for I > 1
2
. This

is because the shift of evergy level due to electric qudarupolar interaction in the NMR

can be written as ∆E(1) = ⟨m|HQ|m⟩ to the first order perturbation. And the electric

quadrupolar moment Qij as shown in Equ. 2.18 can be regarded as a rank-2 tensor T2. So

⟨1
2
|Q|1

2
⟩ = ⟨1

2
|T2|12⟩ = 0 and ⟨n|Q|n⟩ = ⟨n|T2|n⟩ ≠ 0(n ≥ 1) based on the Wigner-Eckart

theorem and the corresponding Clebsch-Gordan coefficients [48]. Similarly analysis can

be applied to the electric octupolar moments, meaning that the electric octupolar moment

is non-zero when nuclei spin I ≥ 3
2

and so on.

The EFG tensor Vij , which is more commonly written as ∇E⃗, is a symmetric (∇×E⃗ =

0) and traceless (∇ · E⃗ = 0) tensor. Three eigenvalues are |VZZ | ≥ |VY Y | ≥ |VXX |. The

asymmetry factor η is defined as η = (VXX − VY Y )/VZZ and is naturally within 0 and

1 based relationship among the three eigenvalues. The eigenvectors have three principal

18



axes. So after diagonolization as shown as

∇E⃗ =


−VZZ(1− η)/2 0 0

0 −VZZ(1 + η)/2 0

0 0 VZZ

 (2.20)

there are five irreducible elements that includes all the information of the electronic envi-

ronment around the nuclei.Z usually refers to the z axis in the principle coordinate system

of EFG.

By calculating the first order perturbation energy level beyond the Zeeman interaction,

we can get the expression for quadrupolar splitting as

δq =
1

2
νq(3cos

2θ − 1 + ηsin2θcos2ϕ) (2.21)

and the θ and ϕ here represent the relative angle of the external magnetic field in the EFG

coordinate system, and νQ ≡ 3e2qQ
2hI(2I−1)

. Fig.2.7 shows the example of the case for I = 3
2

and η = 0, where the quadrupolar interaction split the original Zeeman energy levels and

gives a triplet with different quadrupolar splitting value when θ = 0 (Fig.2.7(a), (c)) and

θ = π
2

(Fig.2.7(b), (d)). We need to note that the satellite peaks cross with the central peak

when θ changes from 0 to π
2
. The angle when all the three peaks overlap with each other can

be determined from Equ.2.21 to be about θ = 55 degree. So the NMR EFG parameters can

be determined by measuring the rotation pattern of the spectrum. Chapter 5 section 5.2 has

discussed more details about determining EFG parameters for the Ba2NaOsO6 case from

the rotation measurements. For a formal derivation and more complicated cases including

the second order electric quadrupolar interaction, one can refer to Ref [49–51]
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Figure 2.7: Energy level splitting and NMR spectrum due to electric quadrupolar interac-
tion for I = 3

2
and η = 0. A, B and C correspond to the three peaks. Adapted from Ref

[52].

2.2.2 NMR Shift

In the linear response limit, the NMR shift is usually expressed as

K(%) =
ω − ω0

ω0

=
H −H0

H0

∼ Hloc

H0

∼ K⟨S⟩
⟨S⟩/χ

∼ Kχ (2.22)

where ω0 and H0 are the natural frequency and external magnetic field, Hloc represents the

local magnetic field, K is the hyperfine coupling tensor and χ is the local susceptibility.

The Hamiltonian of a nucleus in the external magnetic field can be written as

Hnuclei = HN +Hdia +Hnn +Hhf +HQ (2.23)

= HN +Hdia +Hnn + 2µB

[ l⃗

r3
− s⃗

r3
+ 3

(s⃗ · r⃗)r⃗
r5

+
8π

3
s⃗δ(r⃗)

]
· µ⃗N +HQ

(2.24)
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where HN = H⃗0 · µ⃗N is the interaction between an isolated nucleus magnetic moment

with external magnetic field. The diamagnetic term Hdia = e2

mc2
A⃗0(r⃗) · A⃗N(r⃗) is the in-

teraction between magnetic vector potential of the nucleus moment and external magnetic

field. And the interaction between two nuclei’s magnetic vector potential is written as

Hnn = e2

2mc2

[
A⃗N(r⃗)

]2, where A⃗N = µ⃗N×r⃗
r3

and A⃗0 =
1
2
(H⃗0 × r⃗).

The first term HN gives the reference natural frequency of the nucleus and the third

term Hnn usually contributes to line broadening due to the nuclei dipole-dipole interac-

tion [53]. The quadrupolar interaction term HQ induces line splitting to the first order

perturbation as we discussed earlier. The second term Hdia induces the diamagnetic shift

Kdia and the first term of the orbital contribution from hyperfine interaction ∝ l⃗
r3

induces

the orbital shift Korb. Respectively, they give rise to the diamagnetic susceptibility χdia

and the Van-Vleck susceptibility χνν , which are both temperature independent, based on

Equ.2.22. Together they can be considered as the temperature independent chemical shift

part Kchemical = Kdia +Korb. The remaining spin contribution part in the hyperfine inter-

action gives rise to the temperature dependent shift Kspin(T ) and thus χspin(T ). It can be

further divided to the dipolar part Kdipolar from the dipolar interaction as discussed earlier

and the fermi contact part Kcontact + Kcore, where Kcore represents the core polariztion

as shown in Fig.2.5. Therefore the full expression for the NMR shift and the deduced

susceptibility can be written as

K = Kchemical +Kspin(T ) (2.25)

= (Kdia +Korb) + (Kdipolar +Kcontact +Kcore) (2.26)

χ = χdia + χνν + χspin(T ) (2.27)

For condensed matter NMR, the chemical shift Kchemical is usually much smaller than

the spin shift Kspin, so it can be neglected in most cases. Besides as we discussed earlier
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Figure 2.8: NMR spectrum and shift for different magnetic orders. (a) Ferromagnetic order
with easy axis along external field direction (b) Antiferromagnetic order with staggered
magnetization along external field direction (c) Antiferromagnetic order with staggered
magnetization perpendicular to external field direction (d) Canted ferromagntic order (e)
1D Helimagnetic order (f) 2D Helimagnetic order. Adapted from Ref [54].

the main contribution to the Kspin is the Kcontact through either the transferred or on-site

hyperfine tensors Atransfer or Aon−site. We also need to note that the term Knight shift

is originally proposed by Walted D. Knight [55] to describe the shift induced by the in-

teraction of the conduction electrons in metal with the nuclei spin[49]. From our earlier

discussion, this shift should belong to Kcontact since the conduction electrons s wave func-

tion has a non-zero value at the nuclei site. However, the term Knight shift in contemporary

condensed matter NMR research can be used interchangeably with NMR shift, only to be

distinguished with chemical shit, and can be referred to all the contributions to the shift

from the spin part of the hyperfine interaction. So for magnetic insulators, such as the ones

being studied in this thesis in Chapter 6, it is also common to use Knight shift for describing

the NMR results. For magnetic insulators in general, Fig. 2.8 illustrates the NMR spec-

trum and shift for several common magnetic orders. The frequency shift can be obtained
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by investigating the local magnetic field at the nuclei site shown as

⟨H⃗loc⟩ =
∑
i

Ai · ⟨S⃗i⟩ (2.28)

and the frequency shift is

ω = γN |H⃗loc + H⃗0| = γN

√
H2

0 +H2
loc + 2H0Hloccosθ (2.29)

This shows that depending on the projection of local magnetic moments along the external

field direction, different magnetic orders can be determined from the NMR spectrum. For

itinerate electron system, such as metal with s conduction electron, the hyperfine interaction

can be written as

Hhf = γNℏI⃗ ·
(8π
3
γeS⃗ℏδ(r)

)
(2.30)

and the Pauli susceptibility is

χs =
1

2
(γeℏ)2N(EF ) (2.31)

So the Knight shift is calculated to be

K =
4π

3
|ϕF (0)|2(γeℏ)2N(EF ) ∼ N(EF ) (2.32)

proportional to the density of states N(EF ). Application of Knight shift in itinerate electron

system can be found in Chapter 7.

2.2.3 Spin-lattice relaxation rate

While the NMR shift is an extremely useful observable to detect local static magnetic

susceptibility of the sample, the dynamic susceptibility is probed by the spin-lattice relax-
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ation rate 1/T1, where T1 is the spin-lattice relaxation time. In general, spin-lattice relax-

ation rate 1/T1 probes the fluctuations and low energy excitations of the ”lattice”. These can

include such as scattering of conduction electrons on the fermi surface, magnons, phonons,

etc. which will induce the stimulated emission between nuclei energy levels. Spin lattice

relaxation rate 1/T1 is proportional to the transition probability WωN
, which in magnetic

insulators with fluctuating local magnetic field from local magnetic moments, can be cal-

culated as [56]

1

T1

∼ WωN
∼
∫ ∞

−∞
exp(iωN t)⟨{h−(t), h+(t)}⟩dt (2.33)

where h−(t) and h+(t) represents fluctuation fields on xy plane and can be written as

h⃗ =
∑

i Ai ·S⃗i, and ωN =
En−En′

ℏ is the resonance frequency. After Fourier transformation,

the fluctuation field h⃗, hyperfine coupling tensor Aq and the local magnetic moment S⃗q can

be written as

h⃗ =
∑
i

Aq · S⃗q (2.34)

Aq =
∑
j

Aj exp(iq⃗ · r⃗j) (2.35)

S⃗q =
1

N

∑
j

S⃗jexp(−iq⃗ · r⃗j) (2.36)

So the spin-lattice relaxation rate in the reciprocal space is written as [56]

1

T1

∼
∑

q∈1st.B.Z

|Aq|2
∫ ∞

−∞
⟨{S−

q , S
+
−q}⟩exp(iωN t)dt ∼ T

∑
q∈1st.B.Z

|Aq|2
Imχ(q, ωN)

ωN

(2.37)

∼ T
∑

q∈1st.B.Z

|Aq|2S(q, ωN) (2.38)
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showing that 1/T1 is expressed by the spin-spin correlation function of magnetic moment

and measures the ωN component of the imaginary part of dynamic susceptibility χ(q, ωN)

and S(q, ωN) corresponds to the dynamical structure factor that is measured by neutron

scattering. In magnetic insulators, long-range magnetic order transition is often accom-

panied by a divergence of 1/T1 due to critical slowing down, when the correlation length

blows up. Since the correlation function follows exponential and power law respectively for

gapful and gapless excitations respectively, 1/T1 follows the same temperature dependence

of ∼ exp(−∆/kBT ) for gapful excitations and ∼ Tα for gapless excitations. Application

of 1/T1 in studying magnetic insulator can be found in Chapter 6 section 6.2. A maximum

value of 1/T1 can also be found when the fluctuation frequency of the excitation in the sam-

ple matches the Larmor frequency ωN in NMR measurements. This is referred to as the

BPP theory proposed by Nicolaas Bloembergen, Edward Mills Purcell, and Robert Pound

[57]. The fluctuation is assumed to follow a thermally activated behavior of τc = τ0e
Ea
kBT ,

where τc is a measure of time between two successive ”fluctuations” and Ea is the activation

energy. The spin-spin correlation can then be expressed as

Gαα(τ) = ⟨Sα(t)Sα(t+ τ)⟩t = ⟨S2
α⟩exp(−|τ |/τc) (2.39)

meaning that the chances of not experiencing a ”fluctuation” in time t decrease exponen-

tially. So 1/T1 can thus be written as

1

T1

∝
∫ ∞

−∞
⟨Sα(t)Sα(t+ τ)⟩texp(−iωNτ)dτ ∝ τc

1 + ωNτ 2c
(2.40)

where 1/T1 reaches a maximum when ωNτc = 1. This BPP related 1/T1 peak has been

observed in all the 5d1 charge doped samples, same as the ones used for NMR measure-

ments in Chapter 6 section 6.3. Details of the analysis on these 1/T1 peaks can be found in

Ref [58]. The occurrence of this BPP peak has also been related to the formation of small

polarons in these doped samples[59].
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For a general fermi system, the transition probability WωN
is calculated based on the

scattering of conduction electrons around fermi level. So the 1/T1 is expressed as [60]

1

T1

∼ WωN
∼ T

∫ (df(ω)
dω

)
N(ω)2 ∼ T × [N(ω ∼ kBT )]

2 (2.41)

where the square to the density of states at N(ω)2 comes from the initial and final states of

the scattering process. For fermi liquid, only electrons around the fermi level contribute to

the scattering process, so 1/T1 is proportional to N(EF )
2 as

1

T1

∝ TN(EF )
2 (2.42)

For s electron, the above equation can be calculated to be

1

T1

=
64π3

9
γ2
eγ

2
nℏ3|ϕF (0)|4N(EF )

2kbT (2.43)

Combining Equ.2.32 one can obtain the Korringa relation

T1TK
2 = αS0 = α

(
ℏ

4πkB

(γe
γn

)2)
(2.44)

where α = 1. The parameter is usually referred to as the Korringa constant or Korringa

product. It is a constant for the Fermi liquid system and is equal to 1 for normal metal. It

indicates the presence of ferromagnetic correlation at q⃗ = 0 when α < 1 and antiferromag-

netic correlation at q⃗ ̸= 0 when α > 1. Similar relations also hold for p and d electrons.

Application of Korringa relation in studying itinerates electron systems can be found in

Chapter 7. We need to note that NMR is sensitive to low energy excitations, meaning that

the fluctuation rate that NMR is sensitive to is between 10−2 to 106 Hz. As a compari-

son, other techniques’ detection bandwidth for fluctuation rate is about 10 to 104 Hz for

AC susceptibility, 104 to 1012 Hz for muon spin resonance, and 108 to 1013 Hz for neutron

26



scattering [61]. So high-frequency fluctuation detected by neutron scattering, such as local

dynamic structural distortion, might not be able to be observed in NMR when it is beyond

NMR’s bandwidth.
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CHAPTER 3

Experimental Techniques

3.1 Pulsed NMR measurements

3.1.1 Free induction decay

The simplest NMR sequence is free induction decay (FID). In the classical picture, in

the presence of a static external magnetic field H⃗0, the nuclear spins will precess with angu-

lar velocity ω⃗ = γH⃗0 along the field direction in the laboratory frame, which is the Larmor

precession. In the rotational frame that is rotating at the Larmor frequency ω⃗, the nuclear

spin is static. If we only plot the projection of nuclei spin magnetization |Mz(0)| along

the field direction z, we can represent this case in Fig.3.1 (a). In the quantum picture, for

the simplest two-level system, the situation represents a favorable occupation on the lower

energy state (exaggeratedly displayed in Fig. 3.1 (a)), although the difference between the

occupation of the lower and higher energy levels are tiny. For example, for 1H at 1T and

4.2K, the lower energy state has 50.003% of nuclei[62]. At time t=t1, an oscillating mag-

netic field H1(t) is applied perpendicular to the static external field H⃗0, this is achieved by

driving current through a coil. The amplitude of voltage after the amplifier applying to the

coil is at the order of Vp=102−3V (before the amplifier, the RF gated out voltage is ∼ 1V).

An estimation of the amplitude of H⃗1 can be found in the subsection 3.2.2. The square

pulse from t=t1 to t=t2 V (t1 < t < t2) ∼ Vpsin(ωpt) in Fig.3.1 (d) represents a 90 degree

(π/2) pulse that rotate the magnetization |Mz(0)| to |Mx(t2)| in the classical picture, while

saturating the two energy levels in the quantum picture as shown in Fig. 3.1 (b). Typical

90 degree (π/2) pulse is about 0.5 to 10 µs. After t2, in the classical picture, |Mx(t2)| starts

to dephase on the xy plane while also starts to relax back along z direction. As shown in

Fig. 3.1 (c), in the laboratory frame, the orange and blue arrows of |Mx(t)| represent the
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Figure 3.1: Illustration of free induction decay in the laboratory frame. (a) t < t1, nuclear
magnetization projection |Mz(0)| aligns with external magnetic field (the lower energy state
is favorably occupied). (b) During the RF pulse on period t1 < t < t2, |Mz(0)| is rotated
to |Mx(t2)| (energy levels are saturated). (c) t > t2, dephasing of transverse magnetization
|Mx(t)| is picked up by coil. The arrow indicates the transverse relaxation time T ∗

2 .

different dephasing speeds due to external field inhomogeneity and spin-spin interactions.

The changing magnetization on xy plane is then picked up by the same coil inducing an

oscillating voltage in the coil of V (t > t2) ∼ d
dt
Mx(t) ∼ Vs(t)sin(ωst), where the initial

amplitude Vs(t2) ∼ 10−6V. The amplitude Vs(t) then decays with time constant T∗
2, which

represents the transverse relaxation time, as Vs(t) ∼ Mx(t) ∼ Mx(t2) · e
− t

T∗
2 . The trans-

verse relaxation is accompanied by the longitudinal relaxation, which is characterized by a

time constant T1. In the quantum picture, it is described by the stimulated emission process

of the two-level system[53].

3.1.2 Spin echo

Although the FID is the simplest pulse sequence, it has the problem that the transverse

spin-spin relaxation time T2∗ is affected by external field inhomogeneity, which can be writ-

ten as 1/T ∗
2
∼= 1/(2T1) + 1/T ′

2 + γ∆H0[63]. The first term comes from the uncertainty of
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Figure 3.2: Illustration of spin echo in the laboratory frame. (a) The FID process (b) The
180-degree pulse in the classical picture flips the spins by 180 degrees along x’ axis (c)
Spin dephasing on x′y′ plane after the 180-degree pulse (d) A spin echo is formed at the
time τ after the 180-degree pulse.

Zeeman energy levels, the second term comes from the spin-spin dipolar process, which is

also the dominant term for typical solids, and the last term comes from field inhomogene-

ity. To get rid of the effect of the last term, a spin-echo sequence can be used. As shown

in Fig.3.2, after time τ=t3-t2 (τ < T ∗
2 ) of the FID sequence (Fig. 3.2 (a)), a 180 degree (π)

pulse is applied through the coil from time t=t3 to t=t4. In the classical picture, the applica-

tion of the π pulse continues to rotate the nuclei transverse magnetization |Mx(t)| by 180

degrees as shown in the solid orange and blue arrows in Fig. 3.2(b). At the time after t=t4,

the transverse magnetization continues to dephase on the xy plane. In the laboratory frame,

the direction of dephasing keeps the same before and after the π pulse. For example, in Fig.

3.2 (b) and (c), the direction of dephasing for the nuclei spin in orange is along z⃗ while that

is along -z⃗ for the nuclei spin in blue. So after time τ , the second dephasing period after the

π pulse will bring all the transverse magnetization together along -y⃗ direction, forming an

echo as shown in Fig. 3.2 (d). Since the difference in dephasing due to external magnetic
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Figure 3.3: Illustration of field and frequency sweep spectrum. (a) Different parts of a
spectrum can be represented by different effective γ values in the presence of Zeeman
interaction. (b) Field sweep spectrum (c) Frequency sweep spectrum (d) The field indepen-
dent quadrupolar interaction for nuclei spin I = 3

2
.

field inhomogeneity is canceled during the two dephasing period before and after the π

pulse, only intrinsic origins contribute to the echo signal.

3.1.3 Frequency sweep and field sweep

There are two ways to obtain the NMR spectrum, by fixing the magnetic field and

sweep frequency and fixing the frequency and sweeping the magnetic field, which is related

by ω = γH . Fig. 3.3 shows the difference between these two ways in the presence of

Zeeman interaction and quadrupolar interaction. Fig.3.3 (a)-(c) show the case for Zeeman

interaction. As one can see in Fig. 3.3 (b) and (c), if different parts of a spectrum are

represented by different γ values, although the field and frequency sweep contain the same

information, the spectrum is reversed. Fig.3.3 (d) illustrates the case for nuclei spin I=3
2

with quadrupolar interaction. Since the quadrupolar interaction is field independent, the

quadrupolar splitting is also field-independent. In the region where the Zeeman interaction

is comparable with or smaller than the quadrupolar interaction, Hz ⩽ HQ, the situation

can be complicated. One can see that in some cases there might be only two quadrupolar

peaks for I = 3
2
, including the case for nuclear quadrupolar resonance (NQR). This is the

intrinsic number of peaks a sample might have that does not relate to its relative orientation

(EFG parameters including principle axes etc.) with the external field.
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Figure 3.4: Illustration of T1 and T2 measurement sequence. (a) Saturation recovery se-
qunce for T1 measurement. Pulse 1 is saturation pulse(s) ans pulse 2 and 3 represent detec-
tion pulses. (b) T2 measurement sequence.

3.1.4 Measurements of T1 and T2

The T1 values in this thesis were mainly taken by saturation recovery. The saturation

recovery sequence of T1 usually consists of two parts. The first part is to saturate all the

energy levels, which is represented by pulse 1 in Fig.3.4 (a). It can be a single 90 degree

(π/2) pulse or a comb of pulses that separated by time τ (5T2 < τ < T1). For the first

case, one needs to wait for time TR > 5T1 between each scan to make sure that all spins

will relax back to their thermal equilibrium state before applying the next π/2 pulse. In

real experiments, it is common that a single π/2 might not be able to saturate all the energy

levels. In this case, a comb of pulses usually works much better in ”killing the signal”

and the waiting time TR does not need to be larger than 5T1. The time τ and the comb

pulse length are both very important parameters to tune to ”kill the signal”. The downside

is it usually causes temporary heating during the comb pulses are on, which can be the

main issue for low-temperature measurements. The second part is to detect the signal

after relaxation, which is represented as pulses 2 and 3 in Fig.3.4 (a). This part can be

either an FID or a spin/solid echo. For nuclei spin I=1
2

or I> 1
2

but vanishing quadrupolar

fluctuation, the saturation recovery T1 curve is M(t) = M(∞)(1−exp− t
T1
). The situation

is more complicated for other cases and derivation of the spin-lattice relaxation curves can

be found in Ref.[64] given different initial conditions for nuclei spins after a π/2 pulse or

comb pulses. Other T1 measurement sequences include inversion recovery[63], progressive

recovery[65], etc.

Fig.3.4(b) shows the simplest T2 measurement sequence, which includes a spin/solid
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echo. The waiting time between each scan should be larger than 5T1. The second table is

to make sure the signal will appear at the same position in time for all the values in the time

table. The T2 curve is usually fitted to either an exponential M(2τ) = M(∞)(1−exp− 2τ
T2
),

or a Gaussian decay M(2τ) = M(∞)(1 − exp−( 2τ
T2
)2), where τ is the time between two

pulses. For exponential decay in general, distribution of the relaxation time in the sample

can be taken phenomenologically by a stretched exponent α<1 as M(t) = M(∞)(1 −

exp−( t
T1/2

)α) [66]. Other T2 measurement sequences such as CPMG can be found in

Ref.[63].

3.2 NMR Equipment

In this subsection, we will describe the NMR equipment used for the NMR experiments

conducted in this thesis. All the NMR experiments have been done either at Brown Uni-

versity or at the National High Magnetic field. At Brown University, two superconducting

magnets up to 7T and 10T have been used. The 7T magnet is equipped with a variable tem-

perature insert (VTI) (continuous flow cryostat) that can go down to 4.2K. The 10T magnet

is equipped with a dilution refrigerator that can go down to 50mK. The NMR spectrometer

we used is Magres2000 designed and constructed by Dr. Arneil Reyes at the National High

Magnetic Field Laboratory (NHMFL).

3.2.1 Data acquisition

Fig.3.5 shows the schematic of the NMR setup for pulsed NMR measurements. The red

lines and components represent power transmission and the green lines and components

represent power reception. The transmission and reception ”traffic” is separated by the

duplexer, which connects to the probe when the pulse is on and switches to the receiver

when the pulse is off. Details of the construction of the duplexer can be found in Ref[67].

The pre-amplifier on the reception line has a very low noise figure, which means that the

pre-amplifier itself does not introduce noise in the signal chain. The power amplifier on
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Figure 3.5: Schematic of NMR setup, adapted from Ref [68]. The red lines represents
powder transmission and the green lines represents power reception.

the transmission line has a higher noise figure and is used to amplify the input power. The

signal after the pre-amplifier is further amplified in the Magres2000.

The signal coming from the probe is separated into real and imaginary parts by quadra-

ture detection, which allows the detection of both the x and y components of the mag-

netization without two orthogonal coils. This is achieved by feeding the receiver refer-

ence frequency into two mixers that differ in phase by 90 degrees. The outcoming sig-

nals from the two mixers are then orthogonal to each other. An illustration of quadrature

detection is shown in Fig.3.6. The time-domain signal is converted to spectrum in the

frequency domain as shown in Fig. 3.7. The Fourier transform can be represented by∫∞
0

M(t)exp(iωt)dt = χ′(ω) + iχ′′(ω). Here M(t)exp(iωt) consists of both the real and

imaginary parts of the magnetization signal in the time domain and χ′(ω) and χ′′(ω) repre-

sents the absorption and dispersion spectrum in the frequency domain. The transmission

bandwidth in the frequency domain is determined by the pulse length. Since the Fourier

transform of a square pulse signal is a sinc function, the frequency window is usually taken
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Figure 3.6: Illustration of quadruature detection, adpated from Ref. [69].

Figure 3.7: Singal in time and freqency domain

as the full width of half maximum of the sinc function’s main peak, which is approximate

to be 1
τ
× 0.6, where τ is the pulse length.

During data acquisition, one might come across the ring-down effect that does not com-

pletely die out when the data acquisition starts, which should be excluded from the real sig-

nal. The ring-down can come from two origins, ring-down from the circuit and ring-down

from other mechanical parts. Ring-down from the circuit can be improved by reducing

the quality factor Q of the RLC circuit with the cost of reduced sensitivity in the selective

frequency. In a RLC circuit, Q = 1
R

√
L
CT

= ωresL
R

, and the current in the circuit decays

as I ∝ I0e
−R

L
t = I0e

−ω0
Q

t with the time constant τ = Q
ω0

. So reducing Q will reduce the

time constant to eliminate the duration of ring-down. The typical Q value is kept between

20-and 30. Ring-down from the mechanical part comes from the fact that under a relatively

high magnetic field if there is a large current going through the coil, due to the Lorentz

force, the coil might move and induce a ring-down effect. The moving wire causes a mov-
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Figure 3.8: Illustration of probe and circuits.

ing current which induces a changing magnetic field. This magnetic field will generate its

current that in the end be picked up by the coil. So a larger magnetic field makes it easier

to have this ring-down effect from mechanical parts. The Lorentz force experienced by the

coil is similar to the force that it experiences during a magnet quenching which causes it

to move, except that in the latter case the Lorentz force is induced by eddy current while

in the former case, it is induced by the driving current. To eliminate the mechanical ring-

down effect, one may immerse the coil completely inside epoxy to make it rigid and fix

its position to reduce the possibility of it moving. This will also help with preventing the

arcing effect.
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3.2.2 Probe, circuit and coil

Fig. 3.8 shows a probe used for measurement at Brown University which is constructed

by Erick Garcia. The RF signal is fed into a coaxial cable with 50Ω impedance. The single-

axis goniometer is made of Polychlorotrifluoroethylene(Kel-f) which has a low coefficient

of thermal expansion. There are two configurations for the RLC circuit as shown in Fig.3.8

(c) and (d). The tuning capacitor CT is used to tune the RLC circuit to the desired resonance

frequency while the matching capacitor CM is used to match the circuit to 50Ω impedance

for optimal absorption. The NMR coil is usually hand-made using copper or silver wires

and should fit the dimension of the sample perfectly. The filling factor represents the ratio

of the volume of the sample with the volume that the coil encompasses. The oscillation

magnetic field H1 generated by the coil can be from 10-100 Gs. An estimation can be

deduced from the 90-degree pulse length. In the classical picture, the tipping angle ϕ =

ωτ90 = γH1τ = π
2
. Considering a typical 90 degree pulse of 5µs and a gyromagnetic ratio

of γ/2π = 10MHz · T−1. The corresponding H1 field will be 50 Gs. The coil can be

immersed in epoxy to minimize arcing. Arcing can happen between any parts that have

a voltage breakdown during pulsing. Severe arcing inducing flashing electric spark can

be seen especially in a helium gas environment. Once the position of arcing is located,

a solder mask can help for insulating the surface. The signal to noise (S/N) of the NMR

experiment depends on many factors. For example, the NMR signal is proportional to

the number of scans N and the noise obeys Poisson distribution (∝
√
N ), so signal to

noise S/N ∝
√
N . Also since M ∝ 1

T
based on Curie Weiss law, the S/N ∝ T− 3

2 . And

since the larger the external magnetic field (resonance frequency), the larger the population

difference (with the Boltzman factor e−
ℏω
T ), and the amplifier’s efficiency is proportional to

ω, S/N is proportional to ω2 (or ω
3
2 ).
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CHAPTER 4

Monte Carlo Simulation on the 5d1 Double Pervskite Model with Strong Spin Oribt

Coupling

4.1 Introduction

In this chapter, we will study a microscopic model for d1 double perovskites mag-

netic Mott insulator with strong spin-orbit coupling and multipolar spin interactions[25] by

Monte Carlo simulation. The study[70, 71] is inspired by an NMR experiment on a typical

magnetic Mott insulator Ba2NaOsO6 which has revealed exotic quantum phases[41]. Our

model and approach are different from Ishizuka’s model[36] in the sense that both the spin

and orbital operators in the Hamiltonian are projected to the total j basis. It also differs

from Chen’s treatment[25] since j is regarded as a classical vector and 4 sites per unit

cell instead of 2 sites are considered in our case. By magnetic annealing, we obtained the

low-temperature phase diagram involving both spin and orbital degrees of freedom. The

low-temperature ground states consist of a ferromagnetic 4-sublattice (FM 4-sub) with two-

sublattice orbital ordering and an antiferromagnetic 4-sublattice (AFM 4-sub) with uniform

orbital ordering. The finite temperature states consist of the aforementioned AFM 4-sub

and a quadrupolar state. We compared the phase diagram obtained here with two mean-field

calculations and we found that the coplanar FM[110] state found in mean-field calculation

can not be reproduced under a classical basis because of the constraint of single occupation

and strong SOC for the 5d1 system. This reveals that, unlike the AFM 4-sub state, the

coplanar FM[110] is a unique quantum state that does not have a classical correspondence.

Also, we found that contrary to the mean-field phase diagram, the intermediate tempera-

ture quadrupolar state is only supported when the electric-electric quadrupolar interaction

V is large, resulting in the phase diagram a large region that has a single transition from a
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high-temperature paramagnetic state to a low-temperature ferromagnetic state. We attribute

this melting of the quadrupolar state to the thermal fluctuation at finite temperature in the

Monte Carlo simulation that is not included in the mean-field calculation, which tends to

favor more ordered states. Also contrary to the single non-zero quadrupolar moment found

in mean-field calculation[25], we found there are two non-zero quadrupolar moments in the

quadrupolar state, where the ferroic quadrupolar moment Q3z2−r2 comes from additional

symmetry breaking that is not captured in the mean-field treatment with 2 cites per unit

cell. This is consistent with the recent experimental results on the local structural distortion

on Ba2MgReO6[6] and was not obtained by earlier mean-field calculation[25].

This chapter is organized as follows. First, we will introduce the microscopic model

and our classical sampling approach under the constraint of a 5d1 double perovskite with

strong SOC. And then to better understand the low temperature and finite temperature phase

diagram, we will first discuss the magnetic and orbital states of the model when there is

only a single non-zero coupling constant. We will then also show how the system evolves

from a ferromagnetic state to the quadrupolar ordered state. After that, we will present the

low and finite-temperature phase diagrams, focusing on a comparison with two other mean-

field calculation results [25, 33]. And in the end, we will discuss our findings emphasizing

the two non-zero quadrupolar moments due to additional symmetry breaking that shows

consistency with experiments but was not earlier obtained by the corresponding mean-field

calculation.

4.2 Model

The microscopic model we studied in this Chapter is adapted from Ref [25]. It contains

four exchange interaction terms calculated from second order perturbation. The Hamil-

tonian is written as H=Hex−1+Hex−2+Hquad+Hso. The first term is the nearest-neighbor

antiferromagntic exchange, which is introduced for the electron virtual transfer through
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oxygen p orbitals and it is written as

Hex−1 = HXY
ex−1 +HY Z

ex−1 +HXZ
ex−1 (4.1)

where HXY
ex−1 = J

∑
⟨ij⟩∈XY

(
Si,xy · Sj,xy − 1

4
ni,xynj,xy

)
Here operators Si,xy and ni ,xy represents the spin and occupation number on xy orbital

for site i respectively. The second term is the nearest-neighbor ferromagnetic exchange due

to spin transfer through orthogonal orbitals in the exchange path and it is written as

Hex−2 = HXY
ex−2 +HY Z

ex−2 +HXZ
ex−2 (4.2)

where

HXY
ex−2 = −J ′

∑
⟨ij⟩∈XY

[
Si,xy · (Sj,yz + Sj,xz + ⟨i ↔ j⟩] + 3J ′

2

∑
⟨ij⟩

ni,xynj,xy (4.3)

The third term is the electric quadrupole-quadrupole interaction. It is written as

Hquad = HXY
quad +HY Z

quad +HXZ
quad (4.4)

and

HXY
quad =

∑
⟨ij⟩∈XY

[
− 4V

3
(ni,xz − ni,yz)(nj,xz − nj,yz) +

9V

4
ni,xynj,xy

]
(4.5)

This term is considered because the 4d and 5d electrons carry electric quadrupole moment.

And since these d electrons are extended, their mutual interaction could be large and can

not be ignored. The last term is the on-site SOC. Detailed origin and specific form of these

interactions can also be found in Ref [25]. The total Hamiltonian needs to be projected to

the total effective moment j=3/2 quadruplets. Here we listed the following projection on

the xy plane of the orbitally resolved spin operator Si,xy and occupation number ni ,xy . This

relationship can be checked by using the projection operator and acting the spin operators
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on the total j = 3/2 basis[25].

S̃x
i,xy =

1

4
jxi − 1

3
jzi j

x
i j

z
i (4.6)

S̃y
i,xy =

1

4
jxi − 1

3
jzi j

y
i j

z
i (4.7)

S̃z
i,xy =

1

4
jxi − 1

3
jzi j

z
i j

z
i (4.8)

ñi,xy =
3

4
− 1

3
(jzi )

2 (4.9)

Then in the projection basis, the Hamiltonian can be written as H̃ = H̃ex−1 + H̃ex−2 +

H̃quad1. Although neither ji nor Si follow SU(2) algebra, the Hamiltonian has a hidden

SU(2) symmetry and an approximate continuous symmetry[25].

The Monte Carlo simulation is based on standard Metropolis algorithm on the magnetic

ions of a double peroskite structure, which is a fcc lattice with four distinct sites in a unit

cell. The unit vector connecting nearest neighbor sites are r:

r =
(
± 1√

2
,± 1√

2
, 0
)
,
(
± 1√

2
, 0,± 1√

2

)
,
(
0,± 1√

2
,± 1√

2

)
(4.10)

The total effective magnetic moment j is treated as a classical vector with length j=
√

3
2
× 5

2
=

√
15
2

. The single occupancy condition for the d1 system requires that[25]

ñi,xy + ñi,yz + ñi,zx = 1 (4.11)

and

0 ≤ ñi,xy, ñi,yz, ñi,zx ≤ 1 (4.12)
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Figure 4.1: Sampling region (a) 4π solid angle (b) sampling region reduced to a subspace
of 4π solid angle under strong SOC limit for 5d1 electron system, the directions that are
forbidden for the spins to take are indicated by the red arrows.

The total effective magnetic moment j is then restricted in the available solid angle space

as shown in the Figure 4.1. The forbidden directions that are indicated by red arrows can

be regarded as a ”more quantum” region that is not accessible on a classical basis. Since

the coplanar canted FM[110] state has spins pointing in the vicinity of the [100] direction,

which resides in the forbidden regions as shown in Fig.4.1, the FM ground state is found to

be the FM 4-sub instead of the coplanar canted FM[110] state. This indicates that unlike the

AFM 4-sub that are both found using quantum basis by mean-field calculation and classical

basis using classical Monte Carlo, the coplanar canted FM[110] is a unique quantum state

for 5d1 system that does not have a classical correspondence. In the following section,

we will first study the magnetic and orbital states when there is only a single non-zero

parameter in the model.

4.3 Characterization of the system with single non-zero parameters

4.3.1 J1=1, J2=0, V =0

The pure antiferromagnetic coupling exchange J1 only case has the same magnetic and

orbital states as that described for the AFM 4-sub in the main text, so only additional char-

acterization will be mentioned here. To study the anisotropy of the staggered magnetization
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on xy plane[36], we calculate (m
(xy)
stg )2 = (mx

stg)
2 + (my

stg)
2 where

(mα
stg)

2 =

〈
1

N2

((∑
R

(−1)
√
2Rαj

(α)
R δ1,k

)2
+
(∑

R

(−1)
√
2Rαj

(β)
R δ−1,k

)2)〉
(4.13)

with α and β = x, y and k = (−1)
√
2Rz . The sum over R is for all the atoms in the system.

As shown in Fig. 4.2 , the temperature dependence of (m
(xy)
stg )2 shows a first order like

transition at Tc ≈ 0.4, close to that of the orbital ordering transition. The tipping angle θ

away from the crystalline axis is 45 degree. To show this pattern, we calculate

ϕ =

〈∑
R

cos(4θR)

〉
(4.14)

where tanθR = SR
(y)/SR

(x). ϕ will approach -1 as the spins points to the diagonal direc-

tions on xy plane. Fig 4.2(d) shows that the transition also happens at around Tc ≈ 0.4.

Fig 4.2(e) shows the temperature evolution of inverse susceptibility, where χ∥ = χzz,χ⊥ =

1
2
(χxx + χyy) and χ = 1

3
(χxx + χyy + χzz) with χαα calculated as

χαα =
N

T

(〈(
j
(α)
R

)2〉
−
〈(

j
(α)
R

)〉2
)

(4.15)

The green 1/χ⊥ shows antiferromagnetic transition on xy plane, while the blue 1/χ∥ cor-

responds to the Ising type fluctuation along z axis. The inset shows the deviation of 1/χ

and 1/χ∥ from the paramagnetic linear behavior below Tc. Correlation function Gαα(r) is

obtained by

Gαα(r) =

〈
j(α)(r) · j(α)(0)

〉
(4.16)

Fig 4.2(g) shows that below the transition temperature Tc, the system has antiferromag-

netic correlation for the transverse components (i.e. on the xy plane). This is because the

transverse correlation function shows oscillating behavior with the increase of the distance

from the origin. The non-decaying oscillation behavior also indicates the strong long-range

antiferromagnetic correlation and its absolute convergence within the finite system sizes
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studied. However, as shown in Fig 4.2(f), the longitudinal correlation function decays to 0

when r is increased from the origin point. This suggests that there is no magnetic order for

the longitudinal component. The z component of the spins are fluctuating randomly in the

system while they are ordered antiferromagnetically for x and y components.

4.3.2 J1=0, J2=1, V =0

The pure ferromagnetic coupling exchange J2 only case has the same magnetic and

orbital states as that described for the FM 4-sub in the main text, so only additional char-

acterization will be mentioned here.In this case, the temperature dependence of the order

parameter j (Fig 4.3 (d)) shows a second order like phase transition, where j is calculated

as

j =

〈√∑
α

(
1

N

∑
R

j
(α)
R )2

〉
(4.17)

and α = x, y, z is the α component of net magnetization j. The temperature dependence

of (m(xy)
stg )2, also calculated from Equ. (4.13) (Fig. 4.3 (e)), shows the second order like

phase transition at the temperature Tc ≈ 0.8, same as that for the orbital ordering and

ferromagnetic transition. Fig. 4.3 (f) shows the temperature evolution of inverse suscep-

tibility calculated from Equ. 4.15. The inset shows deviation of Curie-Weiss behavior

of the inverse powder susceptibility 1/χ around the ferromagnetic transition, indicating a

small but negative Curie-Weiss temperature. This behavior has recently been seen in both

Ba2NaOsO6[39] and Ba2MgReO6[5], where their ferromagnetic behavior coexist with a

negative Curie-Weiss temperature. Fig. 4.3(h) shows the transverse long-range antiferro-

magnetic ordering on the xy plane, the same as the correlation function discussed for the

AFM 4-sub state of the purely J1 case. On the other hand, the longitudinal correlation

function as shown in Fig. 4.3(g) reveals the long-range ferromagnetic order, which barely

decays within the range of the studied system.
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Figure 4.2: Spin and orbital order for the ground state of J1 only case. (a) and (b) shows the
uniform orbital ordering with z axis distinguished from x and y. The electron occupancy
nxy vanishes at zero temperature. (b) also shows that spin moments form antiparrallel pairs
on the same layer and is 90 degree apart between planes, making angle (2n+ 1)π/4 (with
n=0,...,3), which are characterized by (m

(xy)
stg )2 in (c) and ϕ in (d). (e) shows the inverse

susceptiblity 1/χ∥(blue), 1/χ⊥(green) and 1/χ(orange). The inset shows deviation from
the linear paramagnetic behavior. (f)(g) Longitudinal (z) and transverse (x/y) correlation
functions below Tc, showing that the system only has long range antiferromagnetic ordering
on xy plane.
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Figure 4.3: Spin and orbital order for the ground state of J2 only case. (a) and (b) shows the
temperature dependence orbital occupation number of the two sublattice on the dyz, dzx and
dxy orbits, corresponding to the lower and upper layer in (c), where size of orbits are plotted
according to the electron occupacy. The spin orientations looking from the direction of total
magnetization is also shown in (c), indicating the two sublattice sites form antiparallel pairs
on each plane and are staggered by 90 degree. (d) and (e) shows temperature dependence of
order parameters for the magnetic order of this state. (f) Inverse susceptibility 1/χ∥ (blue),
1/χ⊥ (green) and powder susceptibility 1/χ (orange). The inset shows the region close to
the ferromagnetic transition, 1/χ indicates a small but negative Curie-Weiss temperature.
Longitudinal (z) (g) and transverse (x/y) (h) correlation functions below Tc shows the
ferromagnetic correlation along z direction and antiferromagnetic correlation on xy plane.
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Moment Symmetry Operator
Dipole Γ4 Mx = jx

My = jy

M z = jz

Quadrupole Γ3 Q3z2 = [3(jz)2 − j2]/
√
3

Qx2−y2 = (jx)2 − (jy)2

Γ5 Qxy = jxjy/2
Qyz = jyjz/2
Qxy = jzjx/2

Table 4.1: Multipole moments in a cubic group. Bar represents sum of permutations. e.g.
jxjy = jxjy + jyjx. Adapted from Ref [25] and Ref [72].

4.3.3 J1=0,J2=0,V =1

The purely quadrupolar V only case shares the same magnetic and orbital properties

as that described for the intermediate temperature quadrupolar state in the main text, so

only additional characterization will be mentioned here. To study its magnetic properties,

we calculate the three dipole operators and the five quadrupole operators of this state. As

shown in Table 4.1, the components of magnetic multipoles can be decomposed into irre-

ducible representations of the cubic group, which characterizes the symmetry of the ideal

double perovskite structure[25]. While all the dipole moments vanished for this state, the

quadrupole operators ⟨Q3z2

i ⟩ and ⟨Qx2−y2

i ⟩ for the four sublattices A, B, C, and D are non

zero as shown by Fig, 4.4(d). The transverse and longitudinal inverse susceptibility de-

viates oppositely from the linear paramagnetic behavior below Tc, resulting in a perfectly

linear powder inverse susceptibility shown in Fig. 4.4 (e). Both longitudinal and transverse

correlation functions show that there is no long-range magnetic order below the orbital

ordering temperature Tc, as seen in Fig 4.4 (f).

4.3.4 Evolution from ferromagnetic to quadrupolar state

The In this subsection, we show how the system evolves from a magnetically ordered

state to a nonmagnetic quadrupolar state by studying the ground state when V/J1 goes from
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Figure 4.4: Spin and orbital order of the ground state for the V only case. (a) and (b) are
the electron occupancy of the two sublattices corresponding to the lower and upper layers
of (c). (c) also shows the spin moments orientation from the symmetry breaking axis z.
(d) shows the temperature dependence of magnetic multipoles. The blue symbol represents
⟨Q3z2

A +Q3z2

B +Q3z2

C +Q3z2

D ⟩/4, the orange symbol represents ⟨(Qx2−y2

A +Qx2−y2

B )−(Qx2−y2

C +

Qx2−y2

D )⟩/4, the green, red and purple symbols represent ⟨Qxy
A + Qxy

B + Qxy
C + Qxy

D ⟩/4,
⟨Qyz

A +Qyz
B +Qxy

C +Qxy
D ⟩/4 and ⟨Qzx

A +Qzx
B +Qxy

C +Qxy
D ⟩/4 respectively. (e) shows the

inverse susceptibility 1/χ∥(blue), 1/χ⊥(green) and 1/χ(orange). (f) Correlation functions
show that there is no long-range magnetic order below Tc.
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0 to infinity (J2 is set to 0 here). The magnetic ground state along the V/J1 line evolves

with the increase of fluctuation and symmetry from the FM 4-sub to FM 4-sub(b), FM 4-

sub(c) (will be described later), and in the end, the non-magnetic quadrupolar state. We

characterize each state by three order parameters: the staggered magnetization on xy plane

for two neighboring planes (A and B) as Mxy
stg(A) and Mxy

stg(B), and the net magnetization

along z axis as Mz. The staggered magnetization has the same expression as Equ.4.13

while k only takes 1 for plane A and only -1 for plane B. The net magnetization has the

expression of Equ.4.17 while α takes only the z component. Figure 4.5 shows the tem-

perature dependence of the three order parameters when V/J1 is equal to 1, 1.5, 3, and

10, which corresponds to the FM 4-sub, FM 4-sub(b), FM 4-sub(c), and the non-magnetic

quadrupolar state. We see that for the FM 4-sub state, all the three order parameters

are non-zero at the ordered state, then for the FM 4-sub(b) state, the staggered magneti-

zation on one plane vanishes while the other two order parameters remain. For the FM

4-sub(c) state, both staggered magnetization on two planes (A and B) vanish, and for the

quadrupolar case, all the three magnetization order parameters vanish. The corresponding

spin direction alignments for each state are also attached to the inset. We see that with

the increase of V/J1, the fluctuation of spins on each layer is increased and the staggered

magnetization on the xy plane vanishes from only a single layer (FM 4-sub(b)) to both

layers (FM 4-sub(c). This process is also shown from the correlation functions Gxx, Gyy

and Gzz. Fig 4.6 shows the correlation functions for different V/J1 values. When V/J1=1,

the ground state is still the FM 4-sub state with transverse antiferromagnetic correlation

and longitudinal ferromagnetic correlation. When V/J1 is increased to 1.5, one of the

transverse correlations quickly decays while the other one still holds. This comes from

the fluctuation of spin alignments on a particular layer, as shown in the illustration of spin

alignments in Figure 4.5 (b), while on the neighboring layer, the spins still form antiparallel

pairs. This ground state is labeled as FM 4-sub(b). Then when V/J1 reaches around 3, both

transverse correlation functions start to quickly decay and the spin on both layers fluctuates
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Figure 4.5: Temperature evolution of staggered magnetization on xy plane for two neigh-
boring layers Mxy

stg(A) (blue) and Mxy
stg(B) (orange), and the net magnetization along z axis

Mz (green) for J2=0 and V/J1 is equal to 1(a), 1.5(b), 3(c) and 10(d). As the increase
of V/J1, M

xy
stg(A), M

xy
stg(B) and Mz vanishes one by one, leading to the FM[100](b) (b),

FM[100](c) (c) and the quadrupolar state (d).

(as shown in Figure 4.5(c)). However, the system still has the non-zero longitudinal mag-

netization as shown in the ferromagnetic correlation function. This ground state is labeled

as FM 4-sub(c). At the end, when V/J1 is 10, the system approaches the purely V case and

the quadrupolar state with vanishing magnetic dipolar moment becomes the ground state.

The correlation functions Gxx, Gyy and Gzz decay to zero when r is larger than zero, indi-

cating no long-range magnetic order. Additionally, Fig. 4.7 reveals the increasing region

for the quadrupolar state, which is characterized by the dipolar and multipolar magnetic

moments, as V/J1 is increasing.

4.4 Low and intermediate temperature states

The ground state phase diagram contains the FM 4-sub and the AFM 4-sub. When V/J1

and J2/J1 are small, the ground state is an AFM 4-sub state with Ising type fluctuation and
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Figure 4.6: Correlation functions for the ground state when J2=0 and (a)V/J1=1
(FM[100]), (b)V/J1=1.5 (FM[100](b)), (c)V/J1=3 (FM[100](c)) and (d)V/J1=10
(quadrupolar state). Transverse and longitudinal spin fluctuation increase with the in-
crease of V/J1 leading to the quadrupolar state when V/J1 approaches infinity. N=4×123

and V =1 are used here.

uniform orbital ordering. The electron occupancy on yz and zx are same while that on xy

orbital is minimized (Fig 4.8 (b)), which can be expressed as

ñi,xy =
1

3
− δñi,z

ñi,yz = ñi,zx =
1

3
+ δñi,z

(4.18)

This was understood as the distinguished z axis lifts the degeneracy of t2g triplet, favoring

higher occupancy of xz and yz orbitals[25]. The zero temperature limit of the electron

occupancy are (⟨ñi,yz⟩, ⟨ñi,zx⟩, ⟨ñi,xy⟩) = (1/2, 1/2, 0), consistent with that of the mean

field results[25]. The total magnetization vanishes with Ising type fluctuation along z axis.
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Figure 4.7: Temperature evolution of magnetic dipolar and quadrupolar moments when
J2=0 and V/J1 is equal to 1(a), 1.25(b), 1.5(c) and 4(d). The blue symbol represents
⟨Q3z2

A +Q3z2

B +Q3z2

C +Q3z2

D ⟩/4, the orange symbol represents ⟨(Qx2−y2

A +Qx2−y2

B )−(Qx2−y2

C +

Qx2−y2

D )⟩/4, the green, red and purple symbols represent ⟨Qxy
A + Qxy

B + Qxy
C + Qxy

D ⟩/4,
⟨Qyz

A + Qyz
B + Qyz

C + Qyz
D ⟩/4 and ⟨Qzx

A + Qzx
B + Qzx

C + Qzx
D ⟩/4 respectively. The dipole

moments operators ⟨jxA+jxB+jxC+jxD⟩/4, ⟨jyA+jyB+jxC+jxD⟩/4 and ⟨jzA+jzB+jxC+jxD⟩/4
are represented by brown, pink and grey symbols respectively. As the increase of V/J1, the
quadrupolar state region, where there are vanishing dipolar moments but non-vanishing
quadrupolar moments, enlarges to a broader temperature range and will eventually end up
as the ground state when V ≫ J1. V =1 is used here.

The spins on the same layer form antiparallel pairs while staggered by 90 degree on neigh-

boring layers as shown in Fig 4.8(b) (m⃗stag ∥ ⟨110⟩), same as the orbital pattern found in

Ref. [33]. The characterization of this anisotropy and other quantities have been discussed

in the last section.

When V/J1 and J2/J1 are increased, the ground state is a FM 4-sub state with a two sub-

lattice orbital ordering stacking along the direction of magnetization. Suppose symmetry

breaking picks up the magnetization along +z , then for the A sublattice, the dzx orbital has

the highest electron occupancy nzx followed by nyz while it is reversed for the B sublattice.
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Figure 4.8: Magnetic and orbital states for (a) FM 4-sub (b) AFM 4-sub and (c) quadrupolar
state. The first column shows the directions of spin residing on each corner of the tetrahe-
dra. The dotted multiple lines mean that the spins are fluctuating between those directions.
The second column shows the spin directions on the xy plane looking along the z direction.
The spins residing on the same layer are connected diagonally. The third column illustrates
the orbital occupation on each site, nxy in green, nyz in yellow, and nzx in red. The size of
the lobes represents their relative values qualitatively.

This can be expressed as

ñi,xy =
1

3
− δñi,z

ñi,yz =
1

3
± δñi,x

ñi,zx =
1

3
+ δñi,z ∓ δñi,x

(4.19)

In both sublattices, xy orbital has the lowest electron occupancy, which is a direct con-

sequence of Eq.4.9. This orbital pattern with the onset of ferromagnetism is also found in

Ref.[33]. The intuitive physical origin they provide is that this staggered orbital pattern re-

duced the electron overlap on neighboring layers while allowing the electrons to hop from

the yellow orbital on the upper layer of Fig 4.8(a) to the less occupied yellow orbital in the

layer above or below it (similarly for the red orbitals), which causes the ferromagnetism

more energetically favorable[33]. The total magnetization aligns with one of the crystalline

axis (m⃗ ∥ ⟨100⟩) and on the plane perpendicular to magnetization, spins on each plane form

antiparallel pairs and are staggered by 90 degrees between neighboring layers, as shown in
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Fig 4.8(a). This is also the case as found for the FM state in Ref[33]. The tipping angle θ

away from the crystalline axis is about 10 to 15 degrees. Details of the characterization of

this state have been discussed in the last section.

4.5 Finite temperature phase diagram

The finite-temperature phase diagram is shown in Fig.4.11(b). The phase diagram con-

sists of four regions. In Region I, the ground state is AFM 4-sub lattice. Region II, III, and

IV have FM 4-sub lattice as ground state and Region II supports an intermediate temper-

ature quadrupolar state and Region III supports an intermediate temperature AFM 4-sub

state while Region IV has a single transition from PM to FM 4-sub state. Fig. 4.9 show

the evolution of the orbital order parameter nij (ij are xy,yz or zx) and net magnetization

order parameter m for representative cases at each region. The intermediate temperature

magnetic quadrupolar state has vanished net magnetization (m⃗ = 0) with one principal axis

(denote by z ) distinguished from the other two (denoted by x, y) as shown in Fig. 4.8(c).

The two sublattices orbital ordering has either the highest electron occupancy on zx or yz

orbitals with the lowest electron occupancy on yz or zx, as shown in the lower and upper

layer of Fig. 4.8(c). This orbital order can also be expressed by Equ. 4.19 and its tem-

perature evolution can be seen from Fig.4.9(b). For the spin order, the spin moments on

the same layer point along with one of the equivalent principal axes with the spins on the

neighboring layers points along the other perpendicular axis (Fig. 4.8(c)). And for the spin

on each site, the four available directions that the spin can point to are equivalent and there

is no pattern or symmetry for the four spins in a single unit cell. These indicate that the

fourfold (C4) rotations about the x, y, and z axes are broken as well as the combination of

the C4 rotation along the z axis and a translation exchanging the A and B sublattices. The

latter remains a symmetry for the quadrupolar state in Ref.[chen2010exotic] which con-

siders 2 sites in a unit cell, resulting in the vanishing quadrupolar moment ⟨
∑

iQ
x2−y2

i ⟩/n.

In this Monte Carlo work with 4 sites per unit cell, all the dipole magnetic operators vanish
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Figure 4.9: Temperature evolution of magnetic and orbital ordering parameters for each
region in the finite temperature phase diagram Fig.4.11 (b). (a) Region I (J2=0.4, V=0.1 )
(b) Region II (J2=0.1, V=2 ) (c) Region III (J2=0.6,V=0.2) (d) Region IV (J2=0.5,V=0.5).
The gray shade indicates the range of transition temperatures. J1=1 for all cases.

for the quadrupolar state and there are two non-zero quadrupolar moments ⟨
∑

iQ
3z2

i ⟩/n and

⟨
∑

iQ
x2−y2

i ⟩/n. Definitions of dipolar and multipolar moments can be found in Table 4.1.

The magnetic quadrupolar moments can also be expressed by orbital occupation operators

ñi and Equ.4.20 shows their relationship[25].

ñi,yz =
1

3
+

1

6
√
3
Q3z2

i − 1

6
Qx2−y2

i ,

ñi,xz =
1

3
+

1

6
√
3
Q3z2

i +
1

6
Qx2−y2

i ,

ñi,xy =
1

3
− 1

3
√
3
Q3z2

i ,

(4.20)

For Region II and III that have successive transitions, Fig.4.13 show the transition tem-

peratures at different values of electric quadrupolar interaction V . We see that in Region
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Figure 4.10: Successive transition temperatures for Region II (a) and III (b). The error bars
come from slight temperature differences for Monte Carlo simulation for different number
of sizes, as can be seen from Fig.4.9. The grey shade is guide to the eye. J1=1.

II, the magnetic and quadrupolar transition temperatures Tc and To are both linearly pro-

portional to the ferromagnetic exchange coupling J2 but with different slopes. The slope

is independent of the value of V , as well as the magnetic transition temperature Tc. On

the contrary for Region III, the values of the intermediate temperature transition Tc2 (from

PM to AFM) are V independent and linearly proportional to J2 with the same slope but the

lower temperature transition temperature Tc1 varies for different V . This V –dependence

of Tc1 rises because the underlying quadruple orders of the two magnetic structures (FM

4–sub below Tc1 and AFN 4–sub between Tc1 and Tc2) differ significantly, as shown in

Fig. 4.9 (c). The corresponding energetics carried by V become evident in determining the

transition temperature Tc1, as compared to being irrelevant in determining Tc2 where the

key driver of magnetic transition is the exchange coupling strength J2.

We can compare the phase diagram of the current Monte Carlo simulation with two

mean-field calculations on the same system as shown in Table I. Both Chen’s work and this

work used the projected Hamiltonian and are in the strong spin-orbit coupling limit while

Chen’s work is done on the j=3/2 multiplets with 2 sites for unit cell and this work is done

on the classical vector j basis with the number of sites in the simulation goes from 63 × 4

to 123 × 4. Zhang’s work is done in the range of finite spin-orbit coupling and the spin
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Chen (2010) MC simulation Zhang(2021)

Hamiltonian P3/2H(J1, J2, V,η)P3/2 P3/2H(J1, J2, V,η)P3/2
H’(λ,Jse, V, η) = H(J1, J2, V, η)

+HAFM ′(Jse, η)
SOC λ → ∞ λ → ∞ λ finite
Basis of Hamiltonian j=3/2 multiplets |j| =

√
15/2 classical vector s=1/2, leff=-1

Method mean field classical Monte Carlo mean field
Number of sites/(unit cell) 2 (63, 83, 103, 123)× 4 4

Low temperature ground states
FM[110]

AFM 2-sub
FM 4-sub

AFM 4-sub
Canted FM
AFM 4-sub

Intermediate temperature states
Quadrupolar
AFM 2-sub

Quadrupolar
AFM 4-sub Quadrupolar

Table 4.2: Comparison of the current Monte Carlo simulation with two mean field calcula-
tions using similar models

and orbital quantum numbers s and l are considered independently. All three works found

FM and AFM ground states and an intermediate temperature quadrupolar state. Chen’s

work and the current work also have a region (Region III) that supports the AFM state as

an intermediate temperature state, which is not present in Zhang’s work. This is probably

because the Hamiltonian in Zhang’s work included an extra AFM term that is not present in

the other two works. The main difference in this work is that the coplanar canted FM[110]

ground state is found to be an FM 4-sub state. This is because the coplanar canted FM state

is prohibited on the classical basis. This is because the strong SOC limit combined with

the single occupancy condition for the 5d1 system restricted the available sampling space

to a subspace of 4π solid angle. And the directions of j for the coplanar canted FM state

falls outside of this subspace. Instead, an FM 4-sub state is obtained as the ground state.

This means that unlike the AFM 4-sub ground state (which is found to be the AFM 2-sub

in Chen’s work since 2 sites per unit cell are used), the coplanar canted FM [110] state is a

unique quantum state that does not have a correspondence in classical basis.

The finite-temperature phase diagram is shown in Figure. 4.11(b) on top of the low-

temperature phase diagram. Direct comparison of the phase diagram with Chen’s and

Zhang’s work are also shown in (a) and (c). The label I, II, and III represent the three

corresponding phase diagram region found in the current work and Chen’s work. The solid

and dotted lines represent the corresponding finite temperature phase boundaries. As shown

in Figure 4.11(b), the region I has a single transition from paramagnetic state to AFM 4-
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Figure 4.11: Comparison of the phase diagram of the current Monte Carlo simulation (b) to
two mean field calculation results from Ref.[25] in (a) and Ref [33] in (c). Corresponding
phases among different works are labelled by the same letter. The three dots represent
equivalent parameters among the three phase diagrams. For the green dot, in (a) it is located
at J2/J1=0.2, V/J1=0.1; in (b) it is located at J2/J1=0.4, V/J1=0.2; in (c) it is located at
JSE/λ=0.01, V/λ=0.01. For the red dot, in (a) it is located at J2/J1=0.3, V/J1=0.3; in (b)
it is located at J2/J1=0.6, V/J1=0.6; in (c) it is located at JSE/λ=0.025, JSE/λ=0.025. For
the orange dot, in (a) it is located at J2/J1=0.4, V/J1=0.05; in (b) it is located at J2/J1=0.8,
V/J1=0.1; in (c) it is located at JSE/λ=0.01, JSE/λ=0.06. For (a) and (b), J1=1.

sub state. In region II, the system has an intermediate temperature quadrupolar state and

the low-temperature FM 4-sub state. In region III, the system first has a transition from

the paramagnetic state to the AFM 4-sub state and then has a transition to the FM 4-sub

state at a lower temperature. We see that compared to Chen’s work, the current work has a

new region IV where there is only a single transition from paramagnetic state to FM 4-sub

state. To further study the details of this difference, we have plotted the temperature evo-

lution of the dipolar and quadrupolar moment operators for three representative points on

the phase diagram, each falls into the different regions on the phase diagram respectively.

A comparison of these temperature evolutions of moments is shown in Figure. 4.13.

We see that on the first column, which corresponds to the green dot on the region I,

the Monte Carlo simulation from the current work (Figure.4.13(b)) has a reduced value on

the quadrupolar moments ⟨
∑

iQ
3z2

i ⟩/n (where n is the total number of sublattices) than the

mean-field results (Figure. 4.13(a)), indicating the influence of thermal fluctuation con-
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sidered in the Monte Carlo simulation, since mean-field calculation would favor a more

ordered state with a larger value of order parameter. In the second column, the tempera-

ture evolution reflects the successive transitions from PM to AFM, and from AFM to FM

state in Figure 4.13(d) and (e). The difference in their absolute values of the dipolar and

quadrupolar moments comes from the fact that the FM state is found to be the coplanar

canted ferromagnetic state while the Monte Carlo obtained the FM 4-sub lattice due to

classical restrictions mentioned above. In the third column, we see that in the temperature

region where the sublattice-averaged staggered quadrupolar moments ⟨
∑

i Q
x2−y2

i ⟩/n start

to become non-zero in the intermediate temperature region on Figure 4.13(d), the Monte

Carlo simulation results obtained vanishing staggered quadrupolar moments while the on-

set of the magnetic transition happens at around the same temperature as in the mean-field

calculation. This intermediate temperature region with vanishing staggered quadrupolar

moments in Monte Carlo simulation reveals the melted quadrupolar ordered region when

the electric quadrupolar interaction V is not large enough. When V is large, as shown

in Figure 4.13 (b), the Monte Carlo simulation also obtains the intermediate temperature

quadrupolar phase.

We note that the third row with Figure 4.13 (c),(f), and (i) are plotted with kBT/V as

the x-axis, which can not completely correspond to the x-axis used for the other two works.

Nevertheless, one can see that the sublattice-averaged quadrupolar parameter ⟨
∑

iQ
3z2

i ⟩/n

is consistent with (a) and (b). The difference between those in (f) compared with (d) and (e)

comes from the fact that Ref.[33] does not have a phase diagram region that has successive

transitions from PM to AFM to FM as mentioned earlier probably due to the small differ-

ences in the AFM Hamiltonian[33]. So Figure 4.13 (f) reflects the transition from PM to

quadrupolar to canted FM ordered state. In Figure 4.13 (i), one can see that the quadrupolar

state has two non-vanishing quadrupolar moments ⟨
∑

i Q
3z2

i ⟩/n and ⟨
∑

i Q
x2−y2

i ⟩/n, which

is different from what is shown in (g). This is because (i) is carried out in the finite SOC

case with 4 sites per unit cell while (g) is in the infinite SOC case with 2 sites per unit cell.
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Taking the infinite SOC limit in (i) will lead to two non-vanishing quadrupolar moments

(see Ref [33] Appendix F). However, in the Monte Carlo simulation with an infinite SOC

limit and 4 sites per unit cell, the quadrupolar order is characterized by two non-vanishing

quadrupolar moments (see Figure 4.4 and Figure 4.7). The non-zero ferroic quadrupolar

moment ⟨
∑

iQ
3z2

i ⟩/n comes from the additional symmetry breaking that is not captured

in the earlier mean-field treatment with 2 sites per unit cell. Fig.4.12 shows the spatial

distribution of effective moment j in the quadrupolar state for the purely quadrupolar V=1

case. As shown in the subplot (a), the vectors jA, jB and jC , jD point to four different

directions respectively. Moreover, to see if there is any certain pattern in a single unit cell,

we plot the spatial distribution of vector jA for all the unit cells when it is pointing to the

same quadrant as shown in Fig.4.12 (b). We then plot the spatial distribution of the other

three j vectors in those unit cells as (c), (d), and (e). We see that when jA lies in a certain

quadrant, the other three vectors jB, jC and jD can lie in any of the four quadrants and

there is not a certain pattern followed by a single unit cell. And the C4 rotation about z axis

with a translation of A and B sublattice, which remains as a symmetry for the quadrupolar

state found in Ref.[25] using 2 sites per unit cell, is broken here, giving rise to the non-zero

quadrupolar moment ⟨
∑

i Q
3z2

i ⟩/n. The two non-zero quadrupolar order parameters have

also been found experimentally in Ba2MgReO6[6].

4.6 Summary and Discussion

In summary in this chapter, we carried out a classical Monte Carlo simulation of a pro-

jected strong SOC model for a 5d1 double perovskite system. We found that in this system

the coplanar canted FM[110] state is a unique quantum state that does not have a corre-

spondence on a classical basis. And by comparison with the mean-field phase diagram,

we found that thermal fluctuation, which is included in Monte Carlo simulation but not in

the finite temperature mean-field, plays an important role in determining the size of the

region with the intermediate temperature quadrupolar state. The intermediate temperature
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Figure 4.12: (a) The spatial distribution of total effective spin j⃗ when the original points
of all the vectors j⃗ are placed in the same original point (x,y,z)=(0,0,0). (b) Spatial distri-
bution of j⃗A in the unit cells when it lies on a certain quadrant. The corresponding spatial
distribution of j⃗B, j⃗C and j⃗D are shown in (c), (d) and (e). The calculation results are pre-
sented for the J1=J2=0, V=1 case with number of sites 4×123. The label jA, jB, jC and jD
represent the four sites in a unit cell.

quadrupolar region is reduced to the large V parameter region while the other quadrupo-

lar region in the mean-field approximation melt, probably due to thermal fluctuation. The

quadrupolar transition temperature To is linearly proportional to the J2/J1 and V/J1 while

the lower temperature magnetic transition temperature Tc is independent of V .

The result can find a direct application on real materials such as the 5d1 double per-

ovskite compounds Ba2MOsO6 with M=Na, Li, and Ba2MgReO6[5]. The broken local

point symmetry phase found from the NMR experiment for Ba2NaOsO6 and the interme-

diate temperature phase found in the specific heat measurement of Ba2MgReO6 can both

be related to the intermediate temperature quadrupolar state here. Specifically, as we men-

tioned earlier, in the region II in Fig.4.11 where the system supports a quadrupolar state,

there are always two non zero quadrupolar moments ⟨
∑

iQ
x2−y2

i ⟩/n and ⟨
∑

iQ
3z2

i ⟩/n

with ⟨
∑

iQ
x2−y2

i ⟩/n larger than ⟨
∑

i Q
3z2

i ⟩/n. We note that this result is not due to the

sampling restriction as discussed in section 4.2, since the restriction is only applied to

the magnetic moment j and not the orbital moments n which are directly related to the

quadrupolar moments as shown in Table 4.1. This means that n can take all the possible

values same as that in the mean-field calculation.
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Figure 4.13: Temperature evolution of dipolar and quadrupolar moments for the selective
points in Figure 4.11. Subplots (a),(b), and (c) on the first column correspond to the green
point, which represents the region I in Figure 4.11 (a) and (b). Subplots (d), (e), and (f)
on the second column corresponds to the orange point, which represents the region III in
Figure 4.11 (a) and (b). Subplots (g),(h), and (i) on the third column corresponds to the red
point, which represents the region II in Figure 4.11 (a) and (b). And subplots (a) (d) and (g)
on the first line are the result adapted from Ref. [25]. Subplots (b), (e), and (h) on the sec-
ond line are results obtained from the current work. Subplots (c), (f) and (i) on the third line
are subplots obtained from Ref [33]. The blue symbol represents the sublattice-averaged
quadrupolar moments ⟨

∑
i Q

3z2

i ⟩/n (where n is the total number of sublattices), the orange
symbol represents the sublattice-averaged dipolar moment ⟨

∑
i ji⟩/n and the green symbol

represents the sublattice-averaged staggered quadrupolar moments ⟨
∑

iQ
x2−y2

i ⟩/n. In sub-
plot (h), the temperature region defined by the dotted line indicates the melted quadrupolar
region that has a vanishing staggered quadrupolar moment.

Experimentally, this has also been observed in Ba2MgReO6 with ⟨
∑

i Q
x2−y2

i ⟩ being

the dominant quadrupolar moment, consistent with our calculation. This reflects that con-
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sidering 4 sites per unit cell is essential to obtain the quadrupolar state that can be matched

with experimental results. For the AFM case, experimentally Ba2LiOsO6 is characterized

as an antiferromagnet, although the details of its magnetic order have not been revealed.

It also displays a metamagnetic transition at around 5.5T. It would be interesting to look

at whether Ba2LiOsO6 can be described by the AFM state found here. The magnetic and

structural properties below and after the transition field is currently being investigated by

NMR. To provide a more quantitative and comprehensive understanding of the magnetic

and orbital ordering in the Mott insulators with strong SOC, theoretical spin-orbit models

that can deal with large quantum fluctuations should be required, with the implementa-

tion of more quantitative numerical calculations, such as quantum Monte Carlo, which is

currently underway.
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CHAPTER 5

First Principles Calculation on Magnetic Mott insulator Ba2NaOsO6

5.1 Introduction

In the last chapter, we have discussed the theoretical model to describe the 5d1 double

perovskite with strong SOC. In this chapter, we will focus on the example of Ba2NaOsO6

and apply first principles calculation to study the electric field gradient and its magnetic

and orbital ordering pattern that has been detected in the NMR experiments[41, 42]. The

first principles calculation consists of two parts. The first part is focused on the calculation

of the electric field gradient tensor.

As has recently been illuminated via nuclear magnetic resonance (NMR) experiments,

Ba2NaOsO6 undergoes multiple phase transitions to states that exhibit exotic order with

decreasing temperature (T )[41, 42]. At high temperatures, Ba2NaOsO6 is a paramagnet

(PM) with perfect fcc cubic symmetry and no oxygen octahedral distortion, as sometimes

occurs in other transition metal oxides. Cubic symmetry, along with the lattice constant and

the Oxygen Wyckoff position, uniquely fixes the high temperature, undistorted structure.

Upon lowering the temperature (e.g., below 13 K at 15 T), local octahedral distortion,

identified as broken local point symmetry (BLPS) [41], onsets while the global symmetry

of the unit cell remains cubic. This BLPS phase precedes the formation of long-range

magnetic order. At even lower temperatures, below ∼ 10K, local orthorhombic octahedral

distortion is found to coexist with two-sublattice canted ferromagnetic (cFM) order [41,

43]. This transition into the magnetically ordered state is thought to be a tetrahedral to

orthorhombic transition. One hypothesis is that the formation of orbital order, caused by

purely electronic Coulomb interactions within the Os 5d orbitals, drives this structural,

Jahn-Teller type transition [73, 74]. Interestingly, similar successive symmetry breaking
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has been recently observed in Ba2MgReO6, another fcc 5d1 j = 3/2 double perovskite

with a small ferromagnetic moment (0.3 µB) along the [110] easy axis [5].

To identify the exact local structural distortion pattern, previous work in Ref. [43] uti-

lized a point charge approximation combined with eight different structural distortions

(Models A- F2 in the following, see Figures 5.2) to simulate the EFG tensor. However,

this approach does not allow one to distinguish whether displacements of the actual ions or

distortions of the ion charge density are responsible for the appearance of the finite EFG

at the Na site [43, 75]. Moreover, this method neglects crucial physics when approximat-

ing the EFG, which calls conclusions derived from it into question. First, using the point

charge approximation, it is not clear how to assign charge to the different ions. Second,

calculations of electric potentials within finite boxes are never fully converged. Third, the

formation of bonds will also influence the local potential. Lastly, Ba2NaOsO6 is a Mott

insulator with strong spin-orbit coupling and the interplay between spin and charge may

also influence the local potential.

To remedy the aforementioned problems, in section 5.2, we apply DFT+U and hybrid

DFT to study the 5d1 strongly spin-orbit coupled transition metal oxide Ba2NaOsO6 in

its double perovskite structure, highlighting how computational methods can be combined

with NMR data to elucidate the structural distortion and/or charge density patterns in the

low-temperature phase of this material. This direct consideration of the observed structural

distortions distinguishes this calculation from all previous first principles calculations [76–

78]. We find that, within our DFT calculations, the orthorhombic local distortions embod-

ied by models characterized by the dominant displacement of oxygen ions along the cubic

axes of the perovskite reference unit cell [43] (Models A, B, and F2) for certain distortion

values are possible candidates for the BLPS phase, with Model A best matching the NMR

data, consistent with findings in Ref. [43].

The second part of the first principles calculation section 5.3 focuses on the magnetic

and orbital ordering of Ba2NaOsO6. In this calculation, we found a two-sublattice orbital
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ordering pattern that coexists with cFM order in BNOO, as revealed by DFT+U calcula-

tions. Evidence for this order is apparent in BNOO’s selective occupancy of the t2g orbitals

and spin density distribution. More specifically, the staggered orbital pattern is manifest in

BNOO’s partial density of states and band structure, which possesses a distinct t2g orbital

contribution along high symmetry lines. This staggered orbital pattern is not found in the

FM[110] phase. The results of this first principles calculation paint a coherent picture of

the coexistence of cFM order with staggered orbital ordering in the ground state of BNOO.

Therefore, the staggered orbital order discovered here validates the previous proposal that

the two-sublattice magnetic structure, which defines the cFM order in BNOO, is the very

manifestation of staggered quadrupolar order with distinct orbital polarization on the two-

sublattices [25, 41]. Furthermore, our results affirm that multipolar spin interactions are an

essential ingredient of quantum theories of magnetism in SOC materials.

5.2 Electric Field Gradient Calculation on Ba2NaOsO6

5.2.1 Deducing the electric field gradient tensor from NMR

As mentioned in the introduction chapter of the thesis, our NMR measurements es-

tablished that upon lowering the temperature, a local octahedral distortion, identified as a

broken local point symmetry (BLPS) [41], onsets while the global symmetry of the unit

cell remains cubic. Such local symmetry breaking that preserves global cubic symmetry

is possible in materials such as Ba2NaOsO6, due to their double perovskite structure [79].

The appearance of BLPS is evident from the observation of a finite EFG in our NMR data.

Most generally, a finite EFG at the Na site implies the appearance of a non-spherical local

electronic charge distribution. Regardless of the exact physical origin of a non-spherical

electronic charge distribution, based upon the analysis of the rotation data in three different

planes, we established that only local orthorhombic distortions are responsible for the lo-

cal cubic symmetry breaking in the low temperature magnetically ordered phase [41, 43].

Therefore, here, we carry out detailed first principles calculations of the properties of the
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EFG tensor and compare these with experimental parameters extracted from our NMR ex-

periments to identify the correct atomic model of the structural distortions responsible for

the local cubic symmetry breaking we observe.

The orthorhombic distortion engenders a single, structurally equivalent Na NMR site

[43]. What is known about this distortion is that it creates an electric field gradient (EFG)

due to the charge density, as well as magnetic transfer hyperfine fields due to exchange

coupling, at the 23Na sites. Without a distortion, the EFG tensor at the 23Na site would be

traceless and zero for a cubic structure. The Na nuclei possess a finite quadrupole moment,

owing to their large nuclear spin (I = 3
2
). The quadrupolar electric potential of the charge

distortion couples to the nuclear quadrupole to split the nuclear spin multiplet. Moreover, it

is a significant advantage that the 23Na sites are away from the magnetic moment carrying

Os sites. This is because the super-exchange between Os ions is mediated via oxygen

orbitals and the transfer-hyperfine interaction between Na nuclei and magnetic moments

allows one to see such an effect [41] NMR at the 23Na sites can thus be a sensitive local

probe of the charge distortion and the magnetic ordering at the osmium sites.

As alluded to above, the NMR spectrum of asymmetric nuclei with finite quadrupole

moments undergoes a splitting when there is a non-zero electric field gradient (EFG) at the

nuclear site being studied.[43] The EFG is formally characterized by the EFG tensor, ∇E,

which is a symmetric (∇ × E = 0) and traceless (∇̇E = 0) rank-2 tensor[50]. All of

the information present in an EFG tensor is contained within its eigenvalues, Vxx, Vyy, and

Vzz, and their corresponding eigenvectors after diagonalization. The eigenvalues are named

according to the common convention |Vzz| > |Vyy| > |Vxx|. The asymmetry parameter η is

defined as η = (Vxx − Vyy)/Vzz such that 0 < η < 1, by definition. The eigenvectors, also

called the principal axes, define a right-handed, rectangular EFG coordinate system OXY Z

that does not necessarily align with that defined by the crystalline axes (a, b, c), Oabc. We

note that since the diagonalization of a rank 2 tensor only determines the orientation of the

principal axes but not their relative signs, the positive direction of the corresponding EFG

67



Figure 5.1: The mean peak-to-peak splitting (δq) between any two adjacent peaks of the
quadrupole split Na spectra in the BLPS phase as a function of the angle between the [100]
crystal axis and the applied magnetic field (H). The blue dots denote the measured angular
dependence of the splitting when the sample is rotated in the (001) plane in a 4.5 T applied
field at 5 K. The solid line is the calculated angular dependence using EFG parameters
obtained from Model A, Case 3 (Model A.3), as described in the text.

coordinate axes remains undetermined. This uncertainty, however, may be eliminated by

comparing it to experimental results.

In NMR spectra, the splitting (δq), corresponding to the frequency difference between

adjacent quadrupole satellite transitions, can be written in terms of the EFG tensor param-

eters as

δq =

∣∣∣∣12νQ(3 cos2 θ − 1 + η sin2 θ cos 2ϕ)

∣∣∣∣ , (5.1)

where νQ = eQVzz/(2h) with eQ the nuclear quadrupole moment and h Planck’s constant.

The angle θ is the angle between the applied field H and Vzz, and ϕ is the standard azimuthal

angle of a spherical coordinate system defined by OXY Z . As only the magnitude of νQ

affects the triplet splitting in NMR experiments (see Appendix A of Ref. [43]), in this

calculation we treat both positive and negative νQ values as identical.

Following a similar analysis to that detailed in Ref. [43], in which different possibilities

for the relative alignment between the coordinate systems defined by the crystalline axes

Oabc and those of the EFG OXY Z were considered, we obtained two possibilities for the
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EFG parameters (η, νQ, and the principal axes) consistent with our observations. For the

first possibility, the principal axes of the EFG tensor are Vzz||c, Vyy||a, and Vxx||b, νQ ≈

±199 kHz, and η ≈ 0.88. For the second possibility, Vzz||a, Vyy||c, and Vxx||b, νQ ≈

±192 kHz, and η ≈ 1. Both sets of these EFG parameters successfully reproduce the

experimental rotation pattern in the (001) plane depicted in Fig. 5.1, as well as those in

the (010) and (11̄0) planes, described in detail in Ref. [43]. In a material with global

cubic symmetry, the crystalline axes can be distinguished as a result of a weak symmetry-

breaking field that favors one direction over the others. We deduce that a source of such a

symmetry-breaking field is provided by the strain from the way the sample was mounted

on the flat platform, which was always parallel to the specific face of the crystal. Given

the similar η and νQ values we obtained for these two cases, we can conclude that NMR

experiments[41, 43] have shown that the principal axis, Vzz, of the EFG tensor, either aligns

with the a or c crystalline axes with η close to 1 and νQ ≈ ±190 − 200 kHz, and that the

principal axes of the EFG must align with the cubic axes of the perovskite reference unit

cell. We, therefore, compare these parameters with the average values of the calculated

EFG parameters in the following sections.

5.2.2 Computational Approach

To perform the calculations that follow, we used the Vienna Ab initio Simulation Pack-

age (VASP), complex version 5.4.1/.4, plane-wave basis DFT code [80–83]. The exchange-

correlation functionals employed were the Generalized-Gradient Approximation PW91

[84] and Perdew-Burke-Ernzerhof (PBE) [85] functionals, both supplemented with two-

component spin-orbit coupling. We used 500 eV as the plane wave basis cutoff energy and

we sampled the Brillouin zone using an 8 × 8 × 8 k-point grid. The criterion for stopping

the DFT self-consistency cycle is a 10−5 eV difference between successive total energies.

To facilitate the convergence of the k-space charge density, we smooth our Fermi functions

by allowing fractional occupations of frontier orbitals in our self-consistent calculations
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using the Methfessel-Paxton (MP) smearing technique [86].

In DFT+U calculations, two tunable parameters, U and J are employed. U describes

the screened-Coulomb density-density interaction acting on the Os 5d orbitals and J is

the Hund’s interaction that favors maximizing Sz
total [87]. In all of the calculations that

follow, we set U = 3.3 eV and J = 0.5 eV based upon measurements from Ref. [39]

and then tested that the calculated EFG parameters are insensitive to the precise values of

3.3 < U < 5.0 eV for fixed J = 0.5 eV and 0.5 < J < 1.0 eV for fixed U = 3.3 eV.

As demonstrated in Table 5.1, we find that our EFG results are largely invariant over this

wide range of U and J values, justifying our use of the DFT+U method for studying this

problem.

Case No. U (eV) J (eV) νQ (kHz) η gap (eV)
1 3.3 0.5 194 0.866 0.06
2 4.0 0.5 194 0.873 0.244
3 4.5 0.5 193 0.863 0.388
4 5.0 0.5 190 0.852 0.556
5 3.3 0.6 191 0.819 0.04
Experiment 195± 5 ≈ 1

Table 5.1: The variation of EFG parameters νQ, η and gap with U and J for Model A.3
with GGA+SOC+U using the PP6 pseudopotential.

To increase the computational efficiency of our simulations, we employed projector

augmented wave (PAW) [88, 89] pseudopotentials (PPs) in both our DFT+U and hybrid

functional calculations. We tested six different types of PPs labeled PP1: Basv+Na+Os+

O, PP2: Basv+Napv+Ospv+Os, PP3: Basv+Napv+Os+O, PP4: Basv+Na+Ospv +O, PP5:

Basv+Na+Os+Os, and PP6: Basv+Na+Ospv+Os. The subscripts pv and sv indicate that p

and s semi-core orbitals are also included in the valence electron set, and s indicates that

the PP is softer than the standard version. It is generally expected that including more

valence electrons explicitly will give rise to more accurate results. For EFG calculations,

this implies that high-quality PAW basis sets are typically required, which indicates that

semi-core electrons are important. Indeed, we found that explicitly including p and 5d

electrons on the Os atom, as embodied in the PP6 pseudopotential, is key to reproducing
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experimental EFG parameters. We, therefore, used this pseudopotential throughout this

calculation.

BNOO belongs to the space-group Fm3̄m and has an fcc primitive cell. When con-

sidering distortions that give rise to two magnetically distinct Na sites with cFM order, we

must use a more complicated cubic unit cell with lattice constant 8.287 Å comprised of

four primitive cells to calculate the EFG tensor, which consists of a total of 40 atoms.

In addition to the DFT+U method, we also used the PBE0[90] functional to calculate

the EFG tensor of representative BLPS structures. For PBE0, 25% of the DFT exchange

energy is replaced with the exact Hartree-Fock (HF) exchange energy, which is expected to

better capture the long-range behavior of the exchange potential vx and to provide a check

on our DFT+U results. For computational expediency, a single fcc primitive cell with an

FM Os moment was used in all of the more expensive hybrid calculations. We note that,

while hybrid DFT may serve as a check on DFT+U results, hybrid DFT is also not a purely

ab initio method due to the percentage of HF exchange energy that has to be tuned in the

functional.

The general outline for the calculations we performed is described in the following.

We first carried out single self-consistent or ‘static’ calculations with GGA+SOC+U with

fixed structures for the models labeled A-F2 (see Fig. 5.2), most of which were previously

considered within the point-charge approximation in Ref. [43]. In these calculations, the

magnitude of the distortion is varied by hand. Non-collinear, cFM initial magnetic mo-

ments are imposed for the two osmium sublattices in the directions determined in Ref.

[41]. In most cases, the converged magnetic moments (orbital plus spin) continue to point

along the cFM directions. For certain models, namely A, B, and F2, we obtain EFG param-

eters similar to those observed in the experiment. For these, we perform tests with SOC

and U to determine their effects. We also performed hybrid DFT calculations to check the

robustness of the DFT+U results for these models, except for Model B, which cannot be

realized in the fcc primitive cell. The EFG tensor in our DFT+U calculation is given by the
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Figure 5.2: Illustration of the different models of lattice distortion discussed in the text.
(a) Model A: uniform compression (left) or elongation (right), (b) Model B: two-sublattice
compression and elongation, (c) Model C: rotation in the ab plane, (d) Model C2: elonga-
tion of Model C along the c axis, (e) Model D: tilt distortion, (f) Model E: rotation plus
tilt distortion, (g) Model F: GdFeO3-type distortion, and (h) Model F2: Model A type dis-
tortion applied to Model F. Blue arrows indicate elongation, compression, or rotation, and
green arrows indicate tilt distortion on a particular plane. Na atoms are depicted in yellow,
Os atoms in gray, and O atoms in red.

gradient of the electric fields or the second partial derivatives of the scalar potential at the

Na nuclear site. It is obtained from the DFT charge density as a post-processing step by

solving Poisson’s equation for the scalar potential.

We performed our DFT+U calculations on all of the model distorted structures depicted

in Fig. 5.2 that were proposed in Ref. [43]. These distorted structures include: I. Identical
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orthorhombic distortions on both Na sites in the unit cell such that both Na sites remain

structurally equivalent (A); II. Different and opposite orthorhombic distortions on the two

Na sites leading to structurally inequivalent Na sites (B); III. Pure rotational distortion in

the (a, b)-plane which keeps the Os-O and Na-O bond lengths unchanged, but deforms the

Os-O-Os angles (C); IV. C type distortion plus elongation of the Os-O bond along the z

axis (C2); V. Tilt distortion of the Os-O bond of the α axis on the β-plane. α can represent

a, b, or c, while β can represent (a,b), (a,c), or (b,c) (D); VI. Rotational distortion in the

(a,b)-plane and tilt distortion in the (a,c)-plane (E); VII. GdFeO3 type [91] distortion with

rigid octahedra (F); and GdFeO3 type distortion with flexible octahedra (F2).

5.2.3 Static Calculations

Given one of the structures that follow, we calculate its EFG using VASP. Results are

shown in the tables below. The meaning of the calculated quantities is consistent with the

definitions established in Sec. 5.2.1. That is, for all of the tables in this section, Vzz indi-

cates the direction in the coordinate system OXY Z that aligns with the principal EFG axis

corresponding to the leading eigenvalue, η represents the asymmetry factor, and νQ repre-

sents the electric quadrupolar splitting parameter, i.e. , the maximum frequency difference

between adjacent quadrupole satellite transitions. We define the distortion as a percentage

relative to the Na-O distance, 2.274 Å, of the undistorted bond. Here, we also define the

elongation deformation as positive and the compression deformation as negative.

Undistorted Case In this case, the structure is given by the experimentally-determined,

high-temperature cubic structure without any distortion. The U value of 3.3 eV is taken

from Ref. erickson2007FM. We found that, without SOC, there is no splitting (νQ = 0)

and Vzz, Vyy, and Vxx are all zero so that η and the principal axis are undetermined. This

is consistent with the fact that, for a perfect cubic structure, the EFG is zero. Including

SOC and imposing the two sub-lattice cFM order described in Ref. [41] results in EFG
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parameters that are no longer zero, but far too small to account for the desired 190-200 kHz

splitting seen in our NMR experiments.

Method Vzz η νQ (kHz)
GGA n/a n/a 0
GGA+U n/a n/a 0
GGA+SOC a 0.813 -0.5
GGA+SOC+U a 0.302 -25
Experiment a/c ≈ 1 195± 5

Table 5.2: EFG parameters for the undistorted structure using different methods.

To determine the origin of the non-zero EFG parameters, we considered the models of

local distortion proposed in Ref. [43]. The initial magnetic moments were set as indicated

in Ref. [41], where the staggered moments alternate symmetrically about the [110] axis

from neighboring layer to neighboring layer along the c-axis. In the tables that follow,

the simulation results for each of the four different Na atoms in the unit cell are given in

separate rows for each set of conditions.

I. Model A In Model A, the Na-O bonds of the Na-O octahedra are either uniformly

compressed or elongated along the original cubic axes of the perovskite reference unit cell.

We found that orthorhombic distortions elongated along the a axis by 0.53% to 0.55% and

compressed along the c axis by the same percentage while leaving the b axis untouched can

produce the desired EFG parameters, as shown for Models A.2 and A.3 (where the 2 and

3 denote models with different A-type distortion percentages) in Table 5.3 and Figure 5.1.

The four Na sites have slightly different values of η and νQ. The difference in splitting is

about 20 kHz, which is smaller than the linewidth of the individual satellite transition in the

23Na triplet NMR spectrum,[41] indicating that the broadening of the NMR spectra lines

in the triplet can be attributed to slight differences in the electric field gradient at the four

Na sites. Nevertheless, the assumption made earlier that the four Na atoms share the same

EFG parameters still holds given the small magnitude of this difference and the fact that

the NMR spectrum only reflects averages over the sites.
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Case No. δa δb δc Vzz η νQ(kHz)
1 -0.60% 0% 0.60% -a 0.984 213

-a 0.981 213
-a 0.828 230
-a 0.830 230

2 -0.54% 0% 0.55% c 1 -190
c 0.991 -190.5
a 0.818 209.5
a 0.813 209.5

3 -0.525% 0% 0.52% a 0.981 183
a 0.991 183
a 0.795 202
a 0.790 203

Experiment a/c ≈ 1 195± 5

Table 5.3: Static calculation results for the EFG parameters of Model A using
GGA+SOC+U. δa, δb, and δc indicate distortions of the Na-O bond along the a, b, and
c axes in the crystalline coordinate system, respectively. Positive distortions indicate com-
pression and negative distortions indicate elongation. Bold denotes those distortions with
EFG parameters that best match the experiment.

To analyze the influence of SOC and magnetic ordering on the EFG parameters, which

could not be accounted for in earlier point charge approximation calculations,[43] we cal-

culated Vzz, η, and νQ for Model A.3 with and without SOC and non-collinear (ncl) cFM

magnetization, as given in Table 5.4.

We found that, without SOC and cFM order, the four Na atoms have the same values of

η and νQ. With cFM order only, the four Na atoms have different EFG parameters, all with

larger splittings than observed. With SOC and cFM order, there are two distinct electronic

environments as evidenced by the two sets of EFG parameters for the four Na atoms as

shown in the first through fourth lines in Table 5.4. Thus, we can conclude that the Model

A local lattice distortion itself gives rise to non-zero EFG parameters at the Na sites and that

the combination of cFM and SOC produce two-sublattice EFG parameters that account for

the line broadening of the NMR peaks, corresponding to the individual satellite transition

within the quadrupole split 23Na triplet [41]. Even though SOC and cFM order induce a

distinct two-sublattice EFG tensor, its effect on the NMR observables is secondary as it
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Method Vzz η νQ (kHz)
GGA+SOC+cFM+U a 0.981 183

a 0.991 183
a 0.795 202
a 0.790 203

GGA+cFM+U c 0.950 -211
a 0.852 205
-a 0.905 217
a 0.768 209

GGA+U c 0.984 186
c 0.984 186
c 0.984 186
c 0.984 186

Experiment a/c ≈ 1 195± 5

Table 5.4: Static calculation EFG parameters for Model A with -0.525% distortion along
the a axis, 0% distortion along the b axis, and 0.52% along the c axis (Model A.3) using
different simulation methods. cFM stands for the canted ferromagnetic ordering as deduced
in Ref. [41].

only affects the line broadening and not the quadrupole satellite line splitting. Therefore,

the observed EFG parameters are overwhelmingly determined by the magnitude of the

Jahn-Teller-type lattice distortion.

II. Model B In Model B, two inequivalent Na sites emerge from two different local

octahedral distortions. Based on the Model A results, we tested different ratios of local

distortions. We found that, while certain cases (such as Model B.2 in Table 5.5) produce a

splitting value that matches the experiment, the asymmetry factor η does not match as well

as that obtained from Model A. The best distortion found still roughly has the same ratios

of distortion for the two distinct Na sites, which indicates that the uniform orthorhombic

local octahedral distortion is more likely than the two-sublattice distortion to represent the

BLPS phase[41] in BNOO.

III. Model C Model C describes the rotation of the O atoms in the (a,b)-plane. This

rotation may also be accompanied by a length change in the Na-O bond along the c axis,

in which case we distinguish this variant as Model C2. Static calculations of Models C
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Case No. δa δb δc Vzz η νQ (kHz)
1 -0.53% 0% 0.55% c 0.974 -189.5

c 0.982 -188.5
-0.55% 0% 0.53% c 0.778 209.5

a 0.783 209.5
2 -0.56% 0% 0.56% -a 0.740 183

-a 0.725 183
0.56% 0% -0.56% a 0.853 -200

a 0.847 -200
3 -0.52% 0% 0.52% a 0.768 165.5

a 0.760 166.5
0.52% 0% -0.52% a 0.913 -182.5

a 0.911 -182
Experiment a/c ≈ 1 195± 5

Table 5.5: Static calculation EFG parameters for Model B using GGA+SOC+U. The two
different rows under each case condition represent the two sublattices.

and C2 produce very different νQ and η values for the four Na atoms. This is inconsistent

with the observed quadrupolar splitting since there are only three peaks in the spectrum

with a linewidth smaller than 50 kHz. Calculations yield a difference between νQ values

that are much larger than 50 kHz, which is in striking disagreement with experiment[41].

Moreover, the absolute values of η and νQ significantly differ from those observed experi-

mentally. Typical examples are presented in Table 5.6.

IV. Model D In Model D, we considered tilt distortion in the (a,c)-plane as described

in Ref. [41]. In addition, we also considered the tilt distortion of oxygen atoms residing

on different axes tilted along the (a,b) and (b,c) planes. We found that, in all of these tilted

distortion cases, the principal axes are not aligned with any of the crystalline axes. Instead,

they are closer to the diagonal direction, which is labelled as “≈ dia” in Table 5.7. Model

D EFG parameters are also significantly different from those obtained via NMR.

V. Model E In Model E, rotational distortions in the (a,b)-plane and tilt distortions in

the (a,c)-plane are made. The point charge approximation[43] finds that a tilt angle of θ

≈ 8.5◦ and a rotational angle of ϕ ≈ 12◦ can produce EFG parameters that match NMR

77



Case No. ϕ δc Vzz η νQ(kHz)
1 5◦ 0% c 0.970 87

≈(a,b) dia 0.692 453
c 0.441 50
c 0.586 56

2 5◦ 1% c 0.545 -172
≈(-a,b) dia 0.277 517

c 0.277 517
c 0.150 -209

Experiment a/c ≈ 1 195± 5

Table 5.6: Static calculation EFG parameters for Models C and C2 using GGA+SOC+U.
“≈ dia” means that the principal axes align more closely with the diagonal direction rather
than with any crystalline axis.

experiments. Nevertheless, our DFT+U calculations conflict with these earlier predictions.

In fact, much as with Model D, our DFT+U simulations find that the principal axes for

Model E also deviate from the crystalline coordinate axes and therefore disagree with ex-

periments. This discrepancy may stem from difficulties converging the electric potential

within a finite box in our original point charge approximation calculations. Representative

data is presented in Table 5.8.

VI. Model F Model F possesses a GdFeO3-type distortion, which is common within

perovskite oxides.[91] We found that, again, the Model F principal axes align along with

diagonal directions, in disagreement with experimental observations. We also considered

the flexible octahedra Model F2, which supplements the Model F GdFeO3-type distortion

with Model A-type elongations and compressions. We found that when the additional

Model A type distortion is taken as -0.525%, 0%, and 0.52% along the a, b, and c axes

respectively, which is the distortion that best matches experiments, Model F2 also produces

experimentally-plausible EFG parameters. This is consistent with the notion that the main

source of the observed non-zero EFG is from Model A distortions.

To summarize, from static calculations of Models A-F2, we found that Model A, com-

prising a local distortion of the Na octahedra with Na-O bond elongation along the a axis
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Case No. Axis Plane ϕ Vzz η νQ(kHz)
1 c (a,c) 8.5◦ ≈(a,c) dia 0.789 359

≈(a,c) dia 0.788 359
≈(a,c) dia 0.791 359
≈(a,c) dia 0.790 359

2 c (a,c) 5◦ ≈(a,c) dia 0.842 222
≈(a,c) dia 0.842 222
≈(a,c) dia 0.800 218
≈(a,c) dia 0.800 218

3 a (a,c) 5◦ ≈(-a,c) dia 0.848 214
≈(-a,c) dia 0.848 214
≈(-a,c) dia 0.807 218
≈(-a,c) dia 0.807 218

4 a (a,b) 3◦ ≈ (-a,-b) dia 0.962 130
≈(-a,-b) dia 0.962 130
≈(-a,-b) dia 0.964 130
≈(-a,-b) dia 0.964 130

5 c (a,c) 3◦ ≈(a,c) dia 0.921 134
≈(a,c) dia 0.921 134
≈(a,c) dia 0.794 137
≈(a,c) dia 0.794 137

6 a (a,b) 1◦ ≈(a,b) dia 0.569 58
≈(a,b) dia 0.569 58
≈(-a,-b) dia 0.572 58
≈(-a,-b) dia 0.572 58

7 b (a,b) 4.25◦ ≈(-a,-b) dia 0.899 181
≈(-a,-b) dia 0.899 181
≈(-a,-b) dia 0.900 181
≈(-a,-b) dia 0.900 181

8 b (b,c) 4.25◦ ≈(-b,c) dia 0.809 188
≈(-b,c) dia 0.809 188
≈(-b,c) dia 0.872 183
≈ (-b,c) dia 0.872 183

9 c (b,c) 4.25◦ ≈(-b,c) dia 0.802 188
≈(-b,c) dia 0.802 188
≈(-b,c) dia 0.864 186
≈(-b,c) dia 0.864 186

Experiment a/c ≈ 1 195± 5

Table 5.7: Static calculation EFG parameters for Model D using GGA+SOC+U. “Axis”
labels the axis along which the oxygen atoms reside that is tilted and “Plane” labels the
plane along which they are tilted. Angle ϕ is the tilt angle.
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Case No. θ ϕ Vzz η νQ (kHz)
1 5◦ 10◦ ≈(a,c) dia 0.515 480

≈[1̄11] dia 0.897 621
≈(-a,-c) dia 0.570 483
≈(-a,-c) dia 0.562 484

2 8.5◦ 12◦ ≈ (a,c) dia 0.376 493
≈ (a,c) dia 0.376 493
≈ (a,c) dia 0.371 494
≈ (a,c) dia 0.371 494

3 7.8◦ 15◦ ≈ (a,c) dia 0.249 547
≈ (a,c) dia 0.249 547
≈ (a,c) dia 0.245 548
≈ (a,c) dia 0.245 548

Experiment a/c ≈ 1 195± 5

Table 5.8: Static calculation EFG parameters for Model E using GGA+SOC+U. θ and ϕ
denote the tilt and rotation angles.

and compression along the c axis of about 0.52%, can best account for the EFG parameters

obtained from NMR experiments. This orthorhombic distortion, which involves the three

axes of the octahedra, a→a+δ, b→b-δ, and c→c, corresponds to a static Q2 distortion mode

[24]. In the presence of weak SOC, the Q2 and Q3 distortion modes lead to the splitting of

both the t2g and eg levels. While the former mode gives rise to an orthorhombic local sym-

metry, the latter induces tetragonal local symmetry. Therefore, the Model A orthorhombic

distortion corresponds to the Q2 distortion mode that splits the t2g levels into three singlets

if the Jahn-Teller energy dominates [24]. The conjecture that Model A corresponds best to

the Q2 mode is supported by examining the physical origin of the asymmetry parameter

η ≈ 1. Since η is defined as (Vxx-Vyy)/Vzz and the sum of these three components must

be zero, η ≈ 1 implies that the smallest component of the EFG must be close to zero while

the other two components must be equal in magnitude and opposite in direction, which,

given that the principal axes of the EFG coincide with those of the crystal, intuitively leads

to the Q2 mode described above. In systems without strong spin-orbit coupling, such as 3d

systems, the Jahn-Teller energy dominates over SOC. In this case, the d level will be split

by the orthorhombic Q2 distortion into three singlets (|dxy⟩, |dyz⟩, and |dxz⟩). In systems
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Vzz η νQ(kHz)
F ≈ (-a,-b) dia 0.359 22

≈ (-a,-b) dia 0.349 23
≈ [111] dia 0.340 15
≈ [111] dia 0.346 15

F2 c 0.954 186
c 0.954 186
-a 0.948 191
-a 0.948 191

Experiment a/c ≈ 1 195± 5

Table 5.9: Static calculation EFG parameters for Models F and F2 using GGA+SOC+U.
The data for Model F is shown for an a−a−a− of 5 degrees using Glazer’s notation.[91]
Model F2 supplements Model F with Model A-type distortions.

with strong SOC, where the d level splitting is dominated by the spin-orbit coupling, it is

unclear if and how the degeneracy of the energy levels will be lifted by the crystal field.

The analysis of the magnetic entropy measurements in BNOO in Ref. [39] implied that the

j = 3
2

quartet is lifted to two Kramer doublets. Here, our EFG calculations reveal that there

is a Q2 mode static distortion in the low-temperature BLPS phase. This structural distor-

tion is concomitant with the decrease of the degeneracy of the j quartet, which leads us to

suggest that this is a Jahn-Teller type structural distortion, in the sense that, instead of the

orbital degeneracy in the weak SOC case, here, in the strong SOC case, it is a degeneracy of

the total effective moment j that is lifted to reduce the total energy of the system. However,

we cannot provide proof of this hypothesis since a systematic theoretical framework for the

description of the spin-orbit channels in the strong SOC case is lacking.

5.2.4 EFG Tensor Predictions’ Sensitivity to Distinct Magnetic Orders

In the following subsections, we will investigate the sensitivity of the EFG tensor for

the Model A.3 distortion to the presumed underlying magnetic structure.

As described in the preceding subsections, the experimental EFG parameters are over-

whelmingly determined by the magnitude of the Jahn-Teller-type lattice distortion. In com-

parison, SOC and magnetic order are of secondary importance (see Table 5.4) as they only
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affect the linewidth, and not the splitting, in the leading order. However, we tested the

robustness of this conclusion to the assumed magnetic order.

In general, the DFT+U method can produce multiple meta-stable solutions that reside

in local energy minima [92, 93]. For this reason, when we polarize our initial magnetic mo-

ments along with the cFM or FM[110] directions, we usually find that the final moments

converge in approximately the same directions as the initial ones. The magnetic moments

do not continuously change direction by much during the self-consistency cycle. How-

ever, a comparison of total energies of converged solutions, each with different moment

directions, can reveal the polarizations’ preferred easy-axes or planes (magnetic anisotropy

energy or MAE). The MAE difference is expected to be on the order of tens of meV in the

absence of SOC, or in the same order as the DFT precision. Therefore, the spins can rotate

almost without energy cost in the absence of SOC.

Model A.3, PBE + SOC + U, FM[110]

Atoms Vxx Vyy Vzz νQ (kHz) η Vzz axis
Na1 -0.799 -0.087 0.886 128 0.803 a
Na3 -0.799 -0.087 0.886 128 0.803 a
Experiment 195± 5 ≈ 1 a/c

Table 5.10: EFG parameters (Vxx, Vyy, and Vzz are in units of V/Å2) calculated using
PBE+SOC+U (Gap = 0.33 eV) for Model A.3.

Model B.2, PBE + SOC + U, FM[110]

Atoms Vxx Vyy Vzz νQ (kHz) η Vzz axis
2 Na1 -0.753 -0.144 0.896 130 0.679 a
Na3 0.962 0.063 -1.025 150 0.877 a
Experiment 195± 5 ≈ 1 a/c

Table 5.11: EFG parameters (Vxx, Vyy, and Vzz are in units of V/Å2) calculated using
PBE+SOC+U (Gap = 0.31 eV) for Model B.2.

To make contact with the results of Refs. [76–78], which found that the single sublattice

FM110 was the energetically favored easy-plane using an onsite hybrid functional based

on PBE, we performed static calculations with FM110 for the BLPS and undistorted cubic

structures, both using GGA+SOC+U and PBE+SOC+U. Corresponding PBE+SOC+U re-
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sults are shown in Table 5.10 and Table 5.11. The EFG tensor using PBE+SOC+U turns

out to be smaller by a factor of a third compared with that produced using GGA+SOC+U.

FM110 νQ(kHz) η Vzz

A 185 0.853 a
B Os1 190 0.750 a
B Os2 -213 0.899 a
F2 Os -210 0.893 c
Cubic Os 58 0.62 [110]
Experiment 195± 5 ≈ 1 a/c

Table 5.12: Face-centered cubic FM110 EFG parameters from GGA+SOC+U. The similar-
ity of these EFG tensors to those for the cubic cell cFM in Tables 5.3, 5.5, and 5.9 indicates
that the EFG is insensitive to the precise nature of the magnetic order.

As tabulated in Table 5.12, the EFG tensors for the representative BLPS models in the

FM110 phase are similar to the cFM phase tensors, including the principal axes. Thus, as

far as the EFG is concerned, the type of magnetic order in the presence of SOC does not lead

to an appreciable modification of the charge density compared to that for the paramagnetic

phase.

5.2.5 EFG Tensor Predictions Using Different Density Functionals

To check that our EFG parameters are indeed independent of the functional approxima-

tions employed, we present the EFG tensor obtained with the PBE0 hybrid functional for

representative BLPS structures in the fcc primitive cell. The set magnetic order is FM001,

and no SOC is considered, as calculations with the inclusion of SOC exceeded our compu-

tational resources. As presented in Table 5.13, we find that Model A.3’s splitting parameter,

νQ, is larger than that observed in experiments and the asymmetry factor η is reduced to

half of its measured value.

To see if other distortion ratios are more consistent with the experiment, we explored

another four types of Model A distortions labeled as A.3.1 to A.3.4, representing elonga-

tion and compression along the a and c axes of 0.4%, 0.6%, 0.65%, and 0.7% (in abso-

lute magnitude) of the Na-O bond length. We see that as the distortion increases, both
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the splitting and asymmetry factors increase, which is in disagreement with the experi-

mentally determined values. Model F2 using the PBE0 hybrid functional produces an η

value that matches the experiment, yet a splitting much smaller than the measured value of

190-200 kHz, which may merit further study. Regardless of the reduced asymmetry fac-

tor obtained from Model A type distortions, however, we always obtain a larger gap using

PBE0. As a matter of fact, using the GGA+SOC+U method, the gap obtained for Model

A.3 with U = 3.3 eV is 0.06 eV. Due to the neglect of SOC in our hybrid calculations,

we cannot ascribe gap enhancement to the PBE0 functional alone. We additionally also

calculated the EFG tensor of Model A.3 with the hybrid functional HSE06 and found that

it gave the same EFG tensor as PBE0, while the gap was reduced to 0.3 eV.

fcc νQ (kHz) η Vzz gap (eV)
A.3 260 0.460 -a 1.0
A.3.1 233 0.396 -a 1.0
A.3.2 275 0.521 -a 1.28
A.3.3 293 0.594 a 1.30
A.3.4 304 0.596 -a 1.30
F2 138 0.882 c 0.0
Experiment 195± 5 ≈ 1 a/c

Table 5.13: EFG tensor for the fcc structures using the hybrid functional PBE0 for different
distortions of Models A and F2.

5.2.6 Summary

In this section, we carried out DFT+U calculations on the magnetic Mott insulator

Ba2NaOsO6, which has strong spin-orbit coupling. This numerical calculation is inspired

by recent NMR experiments on the material showing that it exhibited a broken local point

symmetry (BLPS) phase followed by an exotic canted ferromagnetic order. Since earlier

studies using the point charge approximation[43] were unable to distinguish between actual

ion displacement and charge density deformations, the nature of the BLPS phase remained

unclear. In this calculation, with the input of EFG parameters obtained from NMR experi-

ments, we were able to explicitly show that the main source of the non-zero EFG parameters
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observed in NMR experiments is an orthorhombic local distortion (corresponding to a Q2

distortion mode) of the Na-O octahedra, and thus of the Os-O octahedra as well, since the

volume of the crystal is unchanged.

This insensitivity to the type of magnetic order found in this calculation here is consis-

tent with the recently observed non-magnetic origin of a thermodynamic phase transition

preceding the magnetic transition [94]. We establish that the distortion of the octahedra

is ≈ 0.01 Å, which is of the same order of magnitude as the static component (0.008 Å)

of a dynamical Jahn-Teller deformation computed in a recent ab initio calculation of the

spin-orbital-lattice entangled states in cubic d1 double perovskites[95].

Moving forward, it would be worthwhile to more thoroughly investigate the cFM order

observed in this calculation using other functionals or methods more adept at handling

strong correlation to eliminate any ambiguities that stem from our specific computational

treatment. Another future direction would be the ab initio calculation of the NMR hyperfine

tensor, which captures the electron-nuclear spin-spin interaction at the sodium site. We

expect that the understanding of the interplay between spin, orbital, and lattice degrees of

freedom in the 5d1 magnetic Mott insulator forged in this calculation will be of crucial

importance for understanding experiments on related transition metal compounds, such as

Ba2LiOsO6 and BaCaOsO6, already underway.

5.3 Magnetic and Orbital Ordering calculation on Ba2NaOsO6

5.3.1 Computational Approach

All of the following computations were performed using the Vienna Ab initio Simula-

tion Package (VASP), complex version 5.4.1/.4, plane-wave basis DFT code [80–83] with

the Generalized-Gradient Approximation (GGA) PW91 [84] functional and two-component

spin-orbit coupling. We used 500 eV as the plane wave basis cutoff energy and we sampled

the Brillouin zone using a 10 × 10 × 5 k-point grid. The criterion for stopping the DFT

self-consistency cycle was a 10−5 eV difference between successive total energies. Two
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tunable parameters, U and J were employed. U describes the screened-Coulomb density-

density interaction acting on the Os 5d orbitals and J is the Hund’s interaction that favors

maximizing Sz
total [87]. In this work, we set U = 3.3 eV and J = 0.5 eV based upon

measurements from Ref. 12 and calculations in Ref. 21. We note that these parameters

are similar in magnitude to those of the SOC contributions we observe in the simulations

presented below, which are between 1-2 eV. This is in line with previous assertions that the

SOC and Coulomb interactions in 5d perovskites are similar in magnitude. projector aug-

mented wave (PAW) [88, 89] pseudopotentials (PPs) that include the p semi-core orbitals

of the Os atom, which are essential for obtaining the observed electric field gradient (EFG)

parameters [44, 96], were employed to increase the computational efficiency. A monoclinic

unit cell with P2 symmetry is required to realize cFM order. The lattice structure with BLPS

characterized by the orthorhombic Q2 distortion mode that was identified as being in the

best agreement with NMR findings and referred to as Model A.3 in Ref. [44]was imposed.

The general outline of the calculations we performed is described in the following.

We first carried out single self-consistent or ‘static’ calculations with GGA+SOC+U with

a fixed BLPS structure for Model A, representing the orthorhombic Q2 distortion mode.

Then, a magnetic order with [110] easy axes, as dictated by experimental findings [39, 41],

is imposed on the osmium lattices. Typically, we found that the final moments converged

in nearly the same directions as the initial ones. Specifically, two types of such initial

order are considered: (a) simple FM order with spins pointing along the [110] direction;

and, (b)non-collinear, cFM order in which initial magnetic moments are imposed on the

two osmium sublattices in the directions determined in Ref.[41]. We used the Methfessel-

Paxton (MP) smearing technique [86] to facilitate charge density convergence. For the

density of states and band structure calculations, we employed the tetrahedron smearing

with Blöchl corrections [97] and Gaussian methods, respectively.
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|S⃗| ϕ(S) |L⃗| ϕ(L) M ϕ(M)

cFM
Os1 0.55 -41.56 0.44 90+46.29 0.12 -34
Os2 0.55 90+28.73 0.43 -31.07 0.11 110
FM110
Os 0.83 45 0.52 225 0.31 45

Table 5.14: cFM and FM110 magnetic moments for the imposed representative BLPS
structure using GGA+SOC+U. The angles, ϕ, are in degrees and measured anti-clockwise
with respect to the +x axis. The magnitudes of spin, orbital, and total moments are denoted
by |S⃗|, |L⃗|, and |M⃗ |, in units of µB, respectively. The small net magnetic moment is due
to the anti-aligment of S⃗ and L⃗eff in the Jeff = 3

2
state. As of now, the FM110 state has not

been experimentally identified in a 5d double perovskite.

5.3.2 Orbital Ordering With Imposed Magnetic CFM and FM110 Orders

In this subsection, we present our results for the orbital order, band structure, and den-

sity of states of BNOO when we impose magnetic order with [110] easy axes and the local

orthorhombic distortion that best-matched experiments [44]. In Table 5.14, we summarize

the converged orbital and spin magnetic moments. In BNOO, M = 2S + Leff = 0, since

the t2g level can be regarded as a pseudospin with Leff = −1. The magnitude of the spin

moment, |S⃗|, is in the vicinity of ≈ 0.5µB, while the orbital moment, |L⃗|, is ≈ 0.4µB.

These values are reduced from their purely local moment limit due to hybridization with

neighboring atoms, and, in the case of L⃗, by quenching caused by the distorted crystal

field. For imposed cFM order, we find that the relative angle ϕ within the two sublattices

is in agreement with our NMR findings in Ref. 12. Indeed, first principles calculations,

performed outside of our group, taking into account multipolar spin interactions found that

the reported canted angle of ≈ 67◦ corresponds to the global energy minimum [98].

Next, we will explore the nature of the orbital ordering. Previous first principles works

hinted at the presence of orbital order in BNOO but did not fully elucidate its nature [77].

Since we imposed cFM order and SOC, we were able to obtain a more exotic orbital order

than a uniform ferro-order. We report below evidence for a type of layered, anti-ferro-

orbital-order (AFOO) that has been shown to arise in the mean-field treatment of multipolar
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Heisenberg models with SOC [33].

First, we analyze the nature of the orbital order by computing the spin density. The spin

density is a continuous vector field of the electronic spin, and can point in non-collinear

directions. Its operators are the product of the electrons’ density and their spin-projection

operators, such as ∆z(r⃗) =
∑

i δ(r⃗i− r⃗)Sz
i . The spin densities are given by the expectation

value,

⟨∆z(r⃗)⟩ = Tr[ρd∆
z(r⃗)] , (5.2)

where ρd is the 5d-shell single-particle density matrix obtained from DFT+U calculations.

In Fig. 5.3, the ⟨∆x,y,z(r⃗)⟩, obtained via GGA+SOC+U calculations, are displayed for two

distinct Os sublattices. The results illustrate that the spins are indeed localized about the

Os atoms, and that there is a noticeable imbalance in the distribution of the n↑ and n↓ spin

densities, which manifests in their difference, ⟨∆z(r⃗)⟩ ≡ n↑(r⃗) − n↓(r⃗). The difference

in the spatial distribution between the two sublattice spin densities is indicative of the or-

bital ordering. The net spin moments are obtained by integrating the spin density over the

volume of a sphere enclosing the Os atoms.

In Fig. 5.3, it is visually clear that: I. The Sx (top) and Sy (center) spin density compo-

nents are overwhelming of a single sign, which gives rise to net moments in the (a, b) plane;

and II. The signs of Sx and Sy between the two sublattices are reversed, indicating that the

sublattice spins are canted symmetrically about the [110] direction and the angle between

them exceeds 90◦. In contrast, for Sz (bottom), both signs of Sz contribute equally, so that

the net Sz ≈ 0 after integrating over the sphere. In Fig. 5.4, we plot the total Sx-component

of the spin density over two sublattices for both types of imposed magnetic order. It is ev-

ident that the staggered orbital pattern only arises when cFM order is imposed. Therefore,

we demonstrate that the staggered orbital order can solely coexist with cFM order.

We note also that in Figs. 5.3 and 5.4 there is non-negligible spin density on the O

atoms of the OsO6 octahedra. It is usually thought that atoms with closed shells, like O in

stoichiometric compounds, possess negligible spin densities. This is an unexpected feature
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Sublattice 1 Sublattice 2

Sx

Sy

Sz

Figure 5.3: Contour plots of the spin density on two distinct sublattices of the BLPS
structure (Model A.3 in Ref. [44]) from GGA+SOC+U calculations. The Sx (top row), Sy

(center row), and Sz (bottom row) components of the spin density on a single Os octahedron
from sublattice 1 (left column) and sublattice 2 (right column) are plotted. The different
colors denote the signs of the Sx,y,z projections. The isovalues are blue for positive Sx,y,z,
0.001, and yellow for negative Sx,y,z, −0.001. On the top left, the negative Sx density is
sandwiched between the lobes of the positive Sx densities on the Os atom, and vice-versa
for the Os atom on the top right. On the top left, four of the O atoms have a cloverleaf
spin density pattern with alternating positive and negative Sx densities, while on the top
right, only the two axial O atoms have this pattern. The other O atoms in the top two OsO6

octahedra have spin densities that are uniformly polarized.

in BNOO that has been previously noted in Ref. [77] and is due to the stronger 5d-2p

hybridization, which results in OsO6 cluster orbitals. The spin imbalance is a quantity

associated with the cluster rather than the individual atoms, which is why we see the spin

densities on the O atoms.

For non-collinear systems, the orbital character of each osmium’s 5d manifold can be

further decomposed into the Cartesian components of the spin magnetization: ⟨Si⟩ ≡ Mi,
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Figure 5.4: Two views of the Sx-component of the spin density for imposed FM order and
an orthorhombic Q2 distortion (Model A.3 in Ref. 21) on both sublattices as viewed along
the -a and -c directions. This component shows only the Sx-projection of the spin vector
field. The isovalues are blue, positive Sx: 0.001, and yellow, negative Sx: -0.001.

i = x, y, z. Since the spins lie in the (xy) plane and the Mz component is zero for both

sublattices, we only plotted Mx, My, and the total PDOS for the two sublattices. We see in

Fig. 5.5 that, firstly, for both sublattices, only the t2g orbitals have an appreciable density

of states consistent with the fact that the calculated d occupation at the Os sites is ⟨nd⟩ < 6.

Secondly, below the band gap, the dyz orbital has the same occupation on both sublattices,

while the dxy orbital is occupied on one sublattice and the dzx orbital on the other. This

pattern in which certain d orbitals are preferentially occupied at different sites deviates

from the case without orbital ordering, in which each of the dxy, dyz, and dzx orbitals have

the same occupancies on both Os sites, as shown in Ref. 27. These orbital occupations

are consistent with mean-field predictions of the occupancy of the Os d orbitals at zero

temperature, which also predicts a staggered pattern [33]. This staggered pattern arises

from BNOO’s distinctive blend of cFM order with strong SOC.

To study this ordering in greater depth, we can compute the occupation matrices, which

after diagonalization, yield the occupation number (ON) eigenvalues and corresponding

natural orbital (NO) eigenvectors. For a given Os atom, the 5d spin-orbitals have unequal

amplitudes in each NO, as expected for the AFOO. The NOs also all have different occupa-

tion numbers. Regardless of their precise occupations, the unequal spin-orbital superposi-
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Figure 5.5: The partial density of states (PDOS) for spin decomposed parts of the Q2
orthorhombic distortion (Model A.3 in Ref. 21) for the Os atom in each sublattice, Os1,
and Os2.

tions in the NOs endow the Os with a net non-zero spin and orbital moment. We moreover

note that, due to 5d-2p hybridization, there is a significant charge transfer from O to Os,

such that the charge on the 5d shell of Osmium is ⟨nd⟩ ≈ 5-6, which is very different from

the nominal heptavalent 5d1 filling from simple valence counting. Furthermore, the ten

NOs are fractionally occupied with the largest ON close to ⟨n1⟩ ≈ 1.0 and the other nine

NOs having occupations ranging from 0.37 − 0.56. For the NO, |1⟩, with the occupation

⟨n1⟩ ≈ 1.0, the coefficients of the eg orbitals are an order of magnitude smaller than those

for the t2g orbitals.

In Fig. 5.6, we plot the band structures of the two sublattice Os atoms along with the

high symmetry directions of the monoclinic cell, with the total partial characters of the Os

5d bands color-coded proportional to their squared-amplitude contributions to the Kohn-

Sham eigenvectors, the so-called fat-bands. The total partial character is the root of the sum

91



0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.0

0.1

0.2

0.3

0.4

X1 R ΓΓ X2M2M1 X1 R ΓΓ X2M2M1X1 R ΓΓ X2M2M1X1 R ΓΓ X2M2M1

X1 R ΓX2M2M1 X1 R ΓΓ X2M2M1 X1 R ΓΓ X2M2M1 X1 R ΓΓ X2M2M1

total

total

E 
(e

V)

-0.4

-0.4

0.0

0.2

0.4

0.6

E 
(e

V)

-0.4

-0.4

0.0

0.2

0.4

0.6

E 
(e

V)

-0.4

-0.4

0.0

0.2

0.4

0.6

E 
(e

V)

-0.4

-0.4

0.0

0.2

0.4

0.6

E 
(e

V)

-0.4

-0.4

0.0

0.2

0.4

0.6

E 
(e

V)

-0.4

-0.4

0.0

0.2

0.4

0.6

E 
(e

V)

-0.4

-0.4

0.0

0.2

0.4

0.6

E 
(e

V)

-0.4

-0.4

0.0

0.2

0.4

0.6

Os1 Os1 Os1 Os1

Os2 Os2 Os2 Os2

dxy

dxy

dyz

dyz

dzx

dzx

Γ

Figure 5.6: The band structures of the two sublattice Os atoms near the Fermi level with
5d partial characters for the Q2 orthorhombic distortion (Model A.3 in Ref. [44]): Os1
sublattice (top), Os2 sublattice (bottom). The projection of each 5d orbital onto the Kohn-
Sham bands is represented by the color shading. The color bar on the left shows the color
scaling for the partial characters of the t2g orbitals, while the color bar on the right shows the
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√
M2
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z .

We plot the partial characters of the spin projections of Mx and My in the Supplemental In-

formation Figs. 3 and 4, but not Mz because it is two orders of magnitude smaller than the

other two. For both Os atoms along with these high symmetry directions, only t2g orbitals

are occupied, consistent with ⟨nd⟩ < 6. The t2g and eg are irreducible representations of

perfect cubic, octahedral, or tetrahedral symmetry. Because these symmetries are broken

in the structure with Q2 distortion, there are no pure t2g or eg orbitals, nor a ∆(eg − t2g)

energy splitting, and there will be a small mixing between the two sets of orbitals.

We see that for both sublattices, below the band gap, the dyz orbital is most heavily

occupied (as denoted by the brighter green color), especially along the X1-M2 direction,

while the dxy and dzx orbitals are less occupied. However, around the Γ point, the dxy

orbital obviously has the largest occupancy. We point out that here the d orbital character

contribution is only for the selected high symmetry directions. Thus, it can not be directly

compared with the PDOS result. Nevertheless, the different orbital character contributions
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reflected in the color can also be observed for all three t2g orbitals, especially along the

X2-Γ line. We can also see that the dispersions are largest along the X1-M2 and X1-Γ

paths, while the bands are flatter from M2 to R. The band gap is indirect and ≈ 0.06 eV in

magnitude.

Finally, we have computed the gaps for the imposed cFM phase. We found that the

gaps for the cFM phase with the DFT+U parameters of U = 3.3 eV and J = 0.5 eV are

finite but too small to be considered Mott insulating gaps. However, we find that the gap

opens dramatically as we raise U to 5.0 eV.In fact, even a “small” increase to U = 4.0 eV is

sufficient to open the gap to Egap = 0.244 eV. This indicates that the true value of U for the

osmium 5d shell in BNOO could plausibly approach 4.0 eV, but not exceed it. Previously,

it was found that LDA+U with U = 4 eV > W was insufficient to open a gap [76]. Here,

we demonstrated that GGA+SOC+U is sufficient to open a gap for U ≈ 4.0 eV.

5.3.3 Summary

In this section, we carried out DFT+U calculations on the magnetic Mott insulator

Ba2NaOsO6, which has strong spin-orbit coupling. This numerical work is inspired by the

recent NMR results revealing that this material exhibited a broken local point symmetry

(BLPS) phase followed by a two-sublattice exotic canted ferromagnetic order (cFM). The

local symmetry is broken by the orthorhombic Q2 distortion mode [44]. The question we

addressed here is whether this distortion is accompanied by the emergence of orbital order.

It was previously proposed that the two-sublattice magnetic structure, revealed by NMR,

is the very manifestation of staggered quadrupolar order with distinct orbital polarization

on the two sublattices arising from multipolar exchange interactions [25, 41]. Moreover, it

was indicated via a different mean-field formalism that the anisotropic interactions result

in orbital order that stabilizes exotic magnetic order [33]. Therefore, distinct mean-field

approaches [25, 33] with a common ingredient of anisotropic exchange interactions imply

that exotic magnetic order, such as the cFM reported in Ref. 12, is accompanied/driven by
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an orbital order.

Motivated by the cFM order detected in NMR experiments, here we investigated Ba2Na-

OsO6’s orbital ordering pattern from first principles. We found two-sublattice orbital or-

dering, illustrated by the spin density plots, within the alternating planes in which the total

magnetic moment resides. An auxiliary signature of the orbital ordering is revealed by

the occupancies of the t2g orbitals in the density of states and band structures. This first-

principles work demonstrates that this two-sublattice orbital ordering mainly arises from

cFM order and strong SOC. Moving forward, it would be worthwhile to more thoroughly

investigate the cFM order observed in this work using other functionals or methods more

adept at handling strong correlation to eliminate any ambiguities that stem from our specific

computational treatment.
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CHAPTER 6

NMR study on 5d1 and doped 5d1 magnetic Mott insulators

6.1 Ba2NaOsO6

6.1.1 Spin-spin relaxation rate T−1
2

The NMR spectrum and spin-lattice relaxation rate T−1
1 have been very-well studied in

[99] and [68], and the nature of structural and magnetic transition have also been discussed

in Chapter 4 and Chapter 5. In this section, we will focus on understanding the spin-spin

relaxation rate T−1
2 for the single crystal Ba2NaOsO6. We show that the long-standing

missing entropy problem in this material is due to the existence of different domains in the

sample, which has different quadrupolar noise ωQ but an average of ⟨ωQ⟩ = 0 up to room

temperature.

It has been known for a long time that in the case of quadrupolar splitting, the ampli-

tude of the spin-echo oscillates as a function of the spacing τ between the two pulses and

with the period of δ−1
q , where δq is the quadrupolar splitting between adjacent peaks[100].

Fig.6.1 shows the oscillation behavior in Ba2NaOsO6 at 5.13K and 7T. The oscillation is

fitted by[101]

I(2τ) =
I(0)

2

(
10η2 − 12η + 18

8η2 + 24
+

2η2 + 12η + 18

8η2 + 24
cos
(
2
√
9 + 3η2ωQ

(
2τ
)
+ ϕ

))
+ C (6.1)

where η is the asymmetry factor of EFG parameters, ωQ is the quadrupolar frequency and

Γ characterized the Lorentzian distribution of ωQ as g(ω) = 1
2π

Γ
(ω−ω0)2+(Γ/2)2

[101], and ϕ

is a phase factor to account for the finite pulse length used in experiment compared with

the instant pulse used in the simulation. At this temperature below magnetic transition, the

NMR spectrum has clear quadrupolar splitting of δq ≈190kHz, and the measurements were

done at the central line.
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Figure 6.1: Spin-echo amplitude vs. pulses spacing at different pulse lengths for single
crystal Ba2NaOsO6 at 5.13K and 7T. The fitting has the asymmetry factor η = 1 (as derived
from section 5.2.1). The fitted 2ωQ corresponds to the quadrupolar splitting.

Above the magnetic and structural transition (10K) temperature, there is no discernible

line splitting. However, the T2 decay curve shows ”plateau” behavior as shown in Fig.6.2

and Fig.6.3. The ”oscillation” happens as a function of τ in logarithmic scale compared to

the oscillation that happens as a function of τ in linear scale when there is clear quadrupolar

splitting. Based on the calculation from Ref [101], all the T2 decay are fitted with

I(2τ) =
I(0)

2

(
10η2 − 12η + 18

8η2 + 24
+

2η2 + 12η + 18

8η2 + 24
e−3Γ

(
2τ
))

e
−
(

2τ
T2

)α
(6.2)

where η and Γ are the same parameters as shown in Equ. 6.1 and the stretched exponential

decay, with stretched exponent α and spin lattice relaxation time T2, is added to describe

the decaying process. We note that there is no ωQ in Equ.6.2 since ωQ corresponds to the

averaged value and ⟨ωQ⟩ = 0 in this model, resulting in cos(6ωQτ) = 1 and is then omitted

in Equ.6.2. The fitting results of these parameters are shown in Fig.6.4. We see that the

asymmetry factor η, which is constraint to be within 0 and 1 based on its physical definition,
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Figure 6.2: The spin-spin relaxation decay curve measured by spin-echo from 11.04K to
20.2K. Measurements were done on the single peak and fitted by Equ.6.2 with the asym-
metry factor η constraint to be within 0 and 1.

starts to increase from about 17K. This is also associated with the divergence of Γ, which

characterizes the Lorentizen distribution g(ω). We see that the value of Γ remains finite

up to 50K, which are also reflected by the ”plateau” behavior on the T2 decay curve. The

spin-spin relaxation rate T−1
2 also diverges approaching the structural transition temperature

and the stretched exponent going from 1 to 2, representing the decaying process from an

exponential decay to a Gaussian decay with the increase of temperature.

To further demonstrate the reliability of the model, we can also compare the T2 decay

curve at different pulse conditions with the theoretical simulation and the results are shown

in Fig.6.5. We can see from (a) and (b) that the position of ”plateau” on the decay curve is
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Figure 6.3: The spin-spin relaxation decay curve measured by spin-echo from 22.24K
to 51.22K. Measurements were done on the single peak and fitted by Equ.6.2 with the
asymmetry factor η constraint to be within 0 and 1.

lowered when the pulse condition deviates from the best π/2 pulse. This can be quantified

as [101]

I(2τ, θ) ∝
(
C(θ) + A(θ)e−3Γ(2τ) +B(θ)e−(3/2)Γ(2τ)

)
e
−( 2τ

T2
)α (6.3)

where θ is the tipping angle. Since simulation in Ref.[101] has showed that A(θ) and C(θ)

have almost same θ dependence when the tipping angle is changing from 60 to 90 degree

and the θ dependences are also symmetric about 90 degree pulse, we have used A(θ) =

C(θ) in Equ.6.3 in fitting Fig.6.5 (a) and (b). The results are shown in Fig.6.5 (c). We
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Figure 6.4: Fitted parameters as function of temperature (a) Asymmetry factor η (b)
Lorentizan distribution Γ, 2Γ and the corresponding spectrum full width at half maximum
(FWHM) (c) spin-spin relaxation rate T2 (d) Stretched exponent α.

see that the fitted parameters match well with the simulation results, providing additional

validation for the model we are using to describe the ”plateau” in T2 decay. Therefore,

we argue that since the T2 decay curve above structural transition has been well fitted by

our model considering a quadrupolar interaction with a non-zero Lorentzian distribution

of Γ to at least 50K, there are domains with different ωQ values with a zero mean at these

higher temperatures above the structural transition. This is why the accumulated entropy

only recovers up to Rln2 as shown in Fig.2.2(d) and the domains with different quadrupolar

noise ωQ are where the missing entropy lie. Having both positive and negative ωQ (∼ V ZZ)

means that the principal axes of EFG relative to a fixed coordinate are different in these

domains. However, due to the less sensitive high-temperature results, we still can not

pinpoint if or where there is a temperature that the domains disappear based on the analysis

above. That said, we show in a separate measurement below that these domains highly

possibly remain up to room temperature.
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Figure 6.5: The spin-spin relaxation decay at 26.02K (a) and 87.5K (b). The curves are
fitted with Equ. 6.3 with A(θ) = C(θ). (c) Fitted parameters A(θ) and C(θ) comparing
with simulation results show good compatibility.

Figure 6.6: Optimal pulse strength calibration at room temperature (a) and 84K (b). (c)
The ratio between optimal pulse strength of single crystal Ba2NaOsO6 and NaCl showing
reducing value below 1 with the increase of pulse lengths, indicating quadrupolar noise
filtered out at long pulse lengths.

Fig.6.6 shows an optimal pulse condition experiment to see whether the optimal pulse

condition changes when the pulse lengths are increasing. As mentioned in section 3.2.1, the

frequency window of a certain square pulse is inverse proportional to the pulse length. So

increasing the NMR pulse length will restrict the available excitation range in the frequency

domain and can be used to irradiate selective regions in the NMR spectrum. For I=3/2

nuclei with quadrupolar splitting, the optimal pulse strength to irradiate the central line is

only half of that to irradiate all lines[63], so by increasing the pulse lengths, if there is any

quadrupolar noise, the optimal pulse strength will decrease. Otherwise, the optimal pulse

strength should stay at 1 and keeps the same value with the increase in pulse length. In
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experiments, the pulse strength depends both on the pulse lengths and the attenuation level

of the output voltage and can be characterized as

H1τ = 10
Tx

20dB × τpulse (6.4)

with an arbitrary unit. The H1 represents the excitation oscillating magnetic field and τ is

the pulse length in µs, Tx is the attenuation of the output voltage and can take values such as

-1dB, -2dB, etc. Calibration of the attenuators and the linearity of the RF power amplifier

need to be carried out before applying this approach on the single crystal Ba2NaOsO6.

Here we take NaCl single crystal (which is a perfect fcc without any quadrupolar effect)

as the reference sample and measured the optimal pulse strength by varying the level of

attenuation at a constant pulse length, respectively at room temperature and 84K due to their

different T1 values. The same measurements were done on the single crystal Ba2NaOsO6

and the optimal pulse condition was adjusted based on the corresponding calibrated NaCl

results at a certain attenuation level. The vertical dotted line in Fig.6.6(a) and (b) indicates

the optimal pulse strength H1τ90 for Ba2NaOsO6 single crystal after NaCl calibration at

room temperature and 84K respectively. We can see the shift of the optimal pulse condition

to a smaller value with the increase in pulse lengths. And we plot the ratio of the optimal

pulse strength H1τ90 between single crystal Ba2NaOsO6 and NaCl, we see from Fig.6.6 (c)

that with the increase of pulse lengths, the ratio drops below 1 and drops more profoundly

for the 84K case. This indicates the presence of quadrupolar noise at both 84K and room

temperature, providing additional evidence for the argument we make earlier.

6.1.2 Broken local point symmetry phase

The above study will have potential application in studying a possible ”spin-nematic”

(quadrupolar) phase when the system just enters into the ”broken local point symmetry”

phase and no clear quadrupolar splitting has yet developed. Fig.6.7 and Fig. 6.8 show the
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Figure 6.7: NMR spectrum at 4T (a) Temperature dependence (b) Angle dependence, mea-
sured at the temperature corresponds to the blue curve at (a). NMR spectrum at 33T
(c)Temperature dependence (d) Angle dependence, measured at the temperature corre-
sponds to the blue curve at (c).

angle dependence measurements at the temperature close to the possible ”spin-nematic”

phase temperatures from 4T to 33T. One can see that the behavior at low field and high field

are quite different, and at the magic angle position of 4T, the spectrum shows as a bump

without any discernable peak. The multi-modal quadrupolar spectroscopy as discussed in

the above section might be applied to address questions such as what are the quadrupolar

interaction parameters in this situation and the nature of the possible ”spin-nematic” phase.

6.2 Ba2LiOsO6

We have reviewed the earlier experiments on Ba2LiOsO6 in Chapter 2 section 2.1.3. In

the following subsection, we will present the NMR results of Ba2LiOsO6[102, 103], which

differs from its isostructural isovalent compound Ba2NaOsO6, indicating the sensitivity of

the magnetic ground state to the delicate change of interactions strength in the osmate 5d1

double perovskite system. Fig.6.9 shows the single crystal field cooled (FC) susceptibility

at low field (0.5T) and high field (9T) along the three high symmetry axes [001], [110] and

[111]. We see that the susceptibility measurements show a magnetic transition happens at

102



Figure 6.8: NMR spectrum at 17T (a) Temperature dependence. Angle dependence mea-
sured at the temperatures correspond to the blue curves at (a) for 12K (b) 12.75K (c) and
13K (d).

around 5K. This is a little different from the earlier experiment carried on powder [40] as

shown in Fig. 2.4 (a), which reveals the cusp like AFM transition at 8K. However, our

results are consistent with the most recent characterization of double perovskite containing

5d1 transition metal ions [12], which shows that the susceptibility of Ba2LiOsO6 does not

have a clear cusp at 5K and the FC and zero field-cooled (ZFC) has minimum divergence.

One possible reason is that since both here and Ref. [12] were using single crystal and the

AFM staggered direction is not aligned with any of the measurements, while was picked

up by the powder measurements.

Given the high-temperature NMR shift and the susceptibility values, we can obtain the

Clogston-Jaccarino plot with temperature as an implicit parameter, as shown in Fig.6.10.

The hyperfine tensor constant and the temperature-independent shift can be extracted from

the slope and interception values of a linear fit. Details of the derivation can be found in

Ref [99]. We can then obtain that the hyperfine coupling tensor constant A = 0.185T/µB

103



Figure 6.9: Field cooled susceptibility (a) and inverse susceptibility (b) for Ba2LiOsO6 with
applied external magnetic field below and above the metamagnetic transition and for field
direction along three high symmetry axes measured by vibrating sample magnetometer
(VSM).

and the NMR orbital shift is 0.0408%. 1 The hyperfine coupling tensor value is much

smaller than that in Ba2NaOsO6, which is ∼ 0.46(T/muB)[99]. Furthermore, the electric

quadrupole moment for Ba2LiOsO6 (oblate) is also 1
3

of that of Ba2NaOsO6 (prolate). This

means that even if the physics happens at the 5d1 Os site in Ba2LiOsO6 is of the same

magnitude as that in Ba2NaOsO6, NMR on Li for Ba2LiOsO6 is less sensitive than NMR

on Na for Ba2NaOsO6 regarding both the hyperfine interaction and the electric quadrupolar

interaction.

6.2.1 NMR spectrum

Fig. 6.11 shows the NMR spectrum below (3.3T) and above (13T) the metamagnetic

transition at 5.75T. The corresponding shift obtained by peak position and first moment

are shown in Fig.6.12. We can see that albeit the AFM order it is supposed to be at low

temperatures, no discernible spectrum splitting has been observed. The high field spec-

trum develops an obvious unsymmetric shape while the low field spectrum is symmetric

1We need to note that if we express the hyperfine tensor in unit of T/µB = 10kOe/µB , then the unitless
shift K(%) will have unit of [kOe

µB
] · [ emu

mole·Oe ]. 1 emu=1.078×1020µB and 1 mole=NA=6.02×1023. So
[K] = [0.18] and the hyperfine tensor constant is the slope value divided by 0.18, which equals to 0.185T/µB .
Hyperfine tensor unit is usually reported as T/µB or kOe/µB .
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Figure 6.10: Clogston-Jaccarino plot for Ba2LiOsO6

down to the lowest temperature. The shift analysis has shown that below the metamagnetic

transition, there is a cusp at the magnetic transition temperature TN while above the meta-

magnetic transition, the shift keeps almost constant with a gradual increase in magnitude.

For a typical 3D antiferromagnet, susceptibility perpendicular to external magnetic field χ⊥

is larger than the susceptibility parallel to external magnetic field χ∥, with the former show-

ing a constant value below TN and the latter shows a cusp at TN [104]. Since the Knight

shift is proportional to the local susceptibility χlocal, the different behavior of shift below

and above the metamagnetic transition suggests that the transition should be a first-order

spin-flop transition [104].

This spin-flop transition can also be seen from the sudden change of spectrum shape

and the discontinuity in the linewidth as shown in Fig.6.13. Fig.6.13(a) is at 4.3K. We can

see that the spectrum undergoes a sudden change of shape from almost symmetric to un-

symmetric when crossing the spin-flop transition from 5.75T to 6T. To make a comparison

with the case of Ba2NaOsO6, the 6T spectrum has been fitted by a second magnetic shoul-

der peak and a triplet of quadrupolar splitting peaks to show the how multiple peaks can
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Figure 6.11: NMR spectrum of Ba2LiOsO6 below (a) and above (b) metamagnetic transi-
tion field 5.75T.

Figure 6.12: Shift (a) and inverse shift (b) obtained by peak position and first moment of
spectrum for Ba2LiOsO6 at the magnetic field below (3.3T) and above (13T) the metam-
agnetic transition field (5.75T). The actual shift value is negative, the shift K shown here is
the absolute value.

be resolved in this case. Fig.6.13 (b) shows that the full width at half maximum (FWHM)

experiences a sudden jump going from 5.75T to 6T. The experimental FWHM value and

the FWHM value extracted from spectrum fitting with Gaussian, Lorentzian, and Voigt

functions have all been shown in Fig.6.13 (b). We can fit the FWHM magnetic field in the

region out of the vicinity of the metamagnetic transition (the red points in Fig.6.13(c)) with
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Figure 6.13: Spectrum shape and linewidth analysis for Ba2LiOsO6 (a) Spectrum changes
from symmetric to unsymmetric shape at the metamagnetic transition field 5.75T (b)
FWHM undergoes a sudden jump at the metamagnetic transition field (c) Fitting the
FWHM vs. field in the range our of the transition region (d) The decreasing FWHM scaled
by field below the metamagnetic transition field.

a linear function. Then we can get Fig. 6.13(d) divided by the slope of the line. We see that

when the FWHM is scaled by field, what happens at the spin-flop transition is a gradual

decrease of scaled FWHM before the on-site of this first-order transition. There are two

possibilities for the decrease of scaled FWHM. One is due to possible motional narrowing,

where the increased fluctuation of magnetic moments before the spin-flop transition causes

a reduced distribution of time-averaged local magnetic field as experienced at the nuclei

sites, resulting in a reduced linewidth. The second possibility is that before the on-site

spin-flop transition, the antiparallel arranged spins with the staggered direction along the

external field direction have already started to tilt away from the field direction, resulting in

a reduced staggered local field along the external field direction, which is what is reflected

by the linewidth. Currently, there is no further evidence to show which possibility is the
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more probable one.

6.2.2 Spin-lattice relaxation rate T−1
1 and spin-spin relaxation rate T−1

2

Fig.6.14 shows the spin-lattice relaxation rate results for Ba2LiOsO6. The T1 values

are extracted from stretched exponential decay. As seen in the inset of Fig.6.14, the spin-

lattice relaxation rate 1/T1 has a divergence behavior at the magnetic transition temperature

TN with a high-temperature shoulder at around 100K. The spin-lattice relaxation rate 1/T1

below the magnetic transition can be fitted with the Raman (two-magnon, one in and one

out of the scattering) process [105]

T−1
1 ∝ TD−1exp

− ∆
kBT (6.5)

where D is the dimension of the system. Constraint fitting with D=2 and D=3 indicates

that the system is compatible with a 3D case as shown in Fig.6.14 (a). Fig. 6.14 (b)

illustrates the temperature dependence of the stretched exponent α, which indicates the

development of distribution of T1 starting from around 20K, consistent with the onset of

1/T1 peak, where 1/T1 starts to increase. The field dependence and angle dependence

of 1/T1 below magnetic transition are shown in Fig.6.14 (c) and (d), where the stronger

magnetic field freezes magnetic fluctuation and suppresses 1/T1[106], and the angle de-

pendence measurements show oscillation behavior as expected for the antiferromagnetic

case with Raman relaxation process [107]. Fig.6.15 shows the spin-spin relaxation rate

1/T2 below and above the metamagnetic transition field 5.75T. The spin-spin relaxation

time T2 is extracted from stretched exponential decay. The behavior below and above the

spin-flop transition is very different for these two scenarios. We also need to note that the

T2 decay curve can be very sensitive to the pulse sequence (such as 90-90 or 90-180 echos)

and the pulse lengths. Further theoretical work needs to be done to understand better the

T−1
2 behavior in this sample. We have consistently observed a bump above the magnetic
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Figure 6.14: Spin lattice relaxation rate T−1
1 for Ba2LiOsO6 (a) Low temperature fitting

on T−1
1 with Raman process (the inset shows the T−1

1 in the full temperature range). (b)
Stretched exponents at differeent magnetic fields correspond to (a). (c) Field dependence
of T−1

1 at the magnetic transition temperature TN . (d) Angle dependence of T−1
1 below

magnetic transition.

transition, especially obvious for the case above spin-flop transition as shown in Fig.6.15

(b), which might be related to orbital fluctuations.

6.3 Ba2NaxCa1−xOsO6

6.3.1 Introduction

In this subsection, we will extend the study from 5d1 material to doped 5d1 compounds

to explore the effect of charge doping on the double perovskite Ba2NaOsO6. We will fo-

cus on understanding the structural and magnetic transitions from the NMR spectrum on
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Figure 6.15: Spin-spin relaxation rate T−1
2 for Ba2LiOsO6 below (a) and above (b) metam-

agnetic transition at 5.75T.

a series of charge doping compounds of Ba2NaxCa1−xOsO6 through the Na+/Ca++ partial

substitution for 0 < x ≤ 1. We find that all the doped samples remain magnetic insula-

tors despite the added electrons. Moreover, similar to Ba2NaOsO6, before the onset of

magnetic ordering, there is an intermediate temperature region with orthorhombic electric

field gradient (EFG) symmetry, indicating a breaking local point symmetry (BLPS) phase.

For the low-temperature magnetic state, the ferromagnetic moment component is almost

completely suppressed when x ≥0.125. Under the canted AFM model for Ba2NaOsO6,

the staggered angle is around 86(1) degrees for 0.125≤ x ≤0.9, implying a collinear

AFM state. The Jahn-Teller type structural transition indicates the existence of possible

quadrupolar moments. However, our current NMR experiments (with also complemen-

tary µsR measurements[108]) are not able to distinguish multipolar orders. Whether there

are multipolar orders when the system evolves from a cAFM 5d1 Ba2NaOsO6 to a ferro-

octupolar 5d2 Ba2CaOsO6 needs further experimental evidence. In the following subsec-

tions, we will first describe the powder NMR spectrum fitting for the intermediate temper-

ature ”BLPS” phase and then present a powder NMR spectrum simulation that is based on

the canted AFM model used to describe the Ca0% Ba2NaOsO6[41].

110



6.3.2 Powder NMR spectrum fitting for intermediate temperature ”BLPS” phase

The series of 5d1 charge doping samples Ba2NaxCa1−xOsO6 (0 < x ≤ 1) has been mea-

sured by µsR and NMR[108, 109]. The magnetic transition temperatures Tm have been de-

termined from zero-field muon spin relaxation as the onset (5%) of magnetization volume.

Bifurcations of the NMR spectrum’s first moment and peak positions have been observed in

all the doping samples, suggesting that the spectrum starts to develop unsymmetry above

the magnetic transition temperature TN , which is determined from the bifurcation point

from 1/|K| (K is the Knight shift) plot in NMR measurement. The intermediate tempera-

ture range refers to the temperature range of Tm < T < Tn.

The powder spectrum fitting is based on the code in Ref [110]. The fitting param-

eters are manually adjusted based on the following constraints for three different sym-

metries of EFG as shown below in Table 6.1. Fig.6.16 shows the best fitting results for

Symmetry Vzz η Hyperfine shift(%)

Cubic =0 =0 Kx=Ky=Kz

Tetragonal ̸=0 =0 Kx=Ky

Orthorhombic ̸=0 ̸=0

Table 6.1: The EFG and hyperfine shift under the cubic, tetragonal and orthorhombic sym-
metry

the three symmetries at the intermediate temperature region for the doping samples from

Ca0% to Ca50% at 11T. The difference between the data spectrum (blue solid line) and

the fitted spectrum (red filled shape) is characterized by the deviation σ as calculated by

σ =
√∑

i(fi−gi)2

n
, where f is the fitted spectrum and g is the data spectrum. The fitted

spectrum f is generated with the same range and the same number of frequency points n as

the data spectrum g. For all the Ca doping concentrations, the orthorhombic case has the

smallest deviation σ (Fig.6.17), suggesting the orthorhombic structural distortion. Another

independent powder spectrum simulation for these intermediate temperature spectrums has

also confirmed the result[111].
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Cubic Tetragonal Orthorhombic

Ca0% (9K)

Ca12.5% (12K)

Ca25% (15K)

Ca37.5% (20K)

Ca50% (25K)

Figure 6.16: Powder NMR spectrum fitting for doping concentration from Ca0% to Ca50%
at intermediate temperature under cubic, tetragonal and orthorhombic symmetries with an
external field at 11T. The blue solid line is the data spectrum and the pink shade is the
simulated spectrum.
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Figure 6.17: Deviation σ for the fitting shown in Fig.6.16 showing the structural distortion
is most compatible with the orthorhombic symmetry
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6.3.3 Powder NMR spectrum simulation for low temperature magnetic state based on

colinear canted AFM model

Simulation model Powder spectrum simulation based on a two sublattice canted an-

tiferromagnetic order model of Ba2NaOsO6 single crystal was performed to study how

doping might change the spin staggered arrangement. This simulation is constructed by us-

ing a two sublattice spin staggered pattern (similar to the one used for Ba2NaOsO6(BNOO)

single crystal, refer to Ref.[41]) and calculating the local field distribution at two distinct

Na sites when the sample is oriented at an arbitrary angle relative to the external field di-

rection according to Hloc =
∑

i A · S⃗i, where A is the hyperfine coupling tensor (in T/µB)

and S⃗i is the local spin moments (in µB). The local fields (in T) generated by quadrupolar

effects are then added using fixed EFG parameters obtained from intermediate temperature

spectrum fittings. The combined local fields are then plotted in a histogram and then con-

voluted with a Gaussian function to get the final simulated spectrum (in MHz) to compare

with the data.

One can see that from the way this spectrum simulation is constructed, several factors

are very important to get the correct results, such as what is the spin arrangement and

net/effective moment when the field is at an arbitrary angle relative to the sample, the

hyperfine tensor values, etc. Below we discuss in detail how these factors are considered in

the simulation.

Spin staggered pattern The spin directions for this simulation are based on the BNOO

single crystal’s inplane canted AFM [110] pattern[41]. Sublattices A and B are staggered

by approximately 67 degrees relative to the easy axis [110] on two neighboring layers. And

based on the diagonal rotation pattern of BNOO, the two sublattices of spins rotate with the

field direction on the same plane while keeping the same staggered angles when the field

direction is rotated from [110] to [001].

Extending to the powder cases, the field dependence of the spin sublattice directions is

assumed to be the same as in the case for BNOO single crystal for the all 4π solid angle, not
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only when the field direction is along with the diagonal rotation directions but also when

the field is rotated on the xy plane. This means that the staggered spins keep the same

staggered angle relative to the field direction when they are placed in different orientations

relative to the external field.

Field dependence of net moment from BNOO single crystal

There is very important information that is needed to be able to fit the diagonal rotation

pattern of averaged field and staggered field for BNOO in Ref[41]. This is the field depen-

dence of net moment on single-crystal BNOO, refer to Figure 3 on Ref[39]. Since we don’t

have this information for the doped powder sample though, the same angle dependence

of net moment is used for all the doped powder samples based on their effective moment

values, which will be described in the next paragraph.

Effective moment values

For the BNOO single crystal, the effective moment is 0.6µB. The same is obtained

for the BNOO powder sample. So the effective moment for all the doped samples in the

simulation is taken as the effective moments obtained from susceptibility measurement.

These effective moments are used in combination with the field dependence of the net

moment as described in the paragraph above.

Hyperfine tensor

The initial values for the diagonal components of the hyperfine coupling tensor are set

based on the values obtained from Clogston-Jaccarino plots for all the doping concentra-

tionsFor the off-diagonal values, the symmetry of the tensor is taken as the one obtained

for BNOO single crystal in Ref [41]. The tensor form is A=


aa ab ac

−ab bb bc

ac bc cc

 .

Quadrupolar effect

The quadrupolar effect is added to the two distinct Na sites after obtaining their local

field from Hloc =
∑

iA · S⃗i. The EFG parameters and principle axes are fixed, taken

from the values fromthe intermediate temperature results. The corresponding local fields
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generated from quadrupolar splitting is written as δq = 1
2
νQ(3cos

2θ − 1 + ηsin2θcos2ϕ),

where θ and ϕ describes the orientation of external field relative to the EFG principal axes.

These quadrupolar local fields are combined with the local field generated from hyperfine

interactions to obtain the local field histogram in the unit of MHz.

Results Fig. 6.18 shows the optimization results for all doping concentrations. The

optimization solver used in Python is “Nelder-Mead”. All the spectrums are first manually

tuned to the closest match to the data spectrum with fixed parameters as mentioned above.

In the plots below, the histograms are plotted in blue and the orange line represents the

generated spectrum after being convoluted with a Gaussian function. Both simulated (in

orange) and data spectrum (in green) are normalized by amplitude.

Simulation results with the comparison with data are shown in Fig.6.19. The simulation

results show that staggered angle changes from ∼68 degree to nearly 90 degree AFM cases

with the increasing Ca doping. This can explain the doping dependence on the Knight

shift. (The staggered angle determined the first moment of the spectrum.) As we can see

for the Ca90%, the Gaussian blur increased a lot for the Ca90% spectrum to be able to fit its

large linewidth. However, the calculated local field distribution as plotted in the histogram

does not increase a lot. This indicates that there might be other sources to be counted for

the large linewidth at Ca90%, especially considering the Ca100% has been claimed to have

octupolar order rather than Neel order. The physics for Ca90% might also be different from

the current two sublattices staggered spin model.

Since the current model treats the effective moments of all the doping samples as fixed

input parameters, the current calculated Knight shift, and linewidth from the simulated

spectrum are compatible with their effective moments. The decrease of Knight shift from

Ca0% to Ca12.5% is because of the staggered angle changes from ∼67 degree to ∼85

degree. And the decrease of linewidth from Ca0% to Ca 25% can be accounted for by the

decrease of the off-diagonal components for their hyperfine coupling tensor, even though
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Ca 0% 11T 1.4K

(a) (b) (c)

(d) (e) (f )

Ca 12.5% 11T 1.4K Ca 25% 11T 1.4K

Ca 37.5% 11T 1.4K Ca 50% 11T 1.4K Ca 90% 11T 1.4K

Figure 6.18: 23Na powder NMR spectra simulation results for Ba2Na(1−x)CaxOsO6. Spec-
tra shown at H = 11 T in the low temperature magnetic phase for (a) x = 0, (b) x = 0.125,
(c) x = 0.25, (c) x = 0.375,(c) x = 0.50,and (d) x = 0.90. Green lines represent measured
NMR spectra, blue lines represent simulated histogram and orange lines represent fitted
spectra. The simulation fit parameters of these NMR spectra are displayed in Supplemen-
tary Table 6.2.

the effective moments are increasing in this region. Above Ca25% doping, the off-diagonal

components are about constant up to Ca90%, and the increase of linewidth in this region

comes from the increase of the effective moments.

While completing the thesis, we have been aware of many recent theoretical studies on

the 5d2 compounds[15–18, 112], claiming ferro-octupolar or antifero-quadrupolar order-

ing for the materials like Ba2CaOsO6. We note that our current NMR study on the 5d1

electron-doped powder is not able to determine the multipolar ordering. That being said,

based on the fact that all the doped powder samples have shown orthorhombic local dis-

tortions at intermediate temperatures, there should be quadrupolar moments existing in the

compounds. This is probably due to strain in the lattice caused by partially replacing Na+

with Ca2+ ions.
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Figure 6.19: Evolution of staggered magnetization as a function of doping.(a) Schematic
of the system spin model. Different colors of the arrows denote different spin environments
at the Os sites. The two planes with distinctly oriented moments from sub-lattice A and B
are shown in different shades. (b) Schematic of the staggered spin arrangement in the XY
plane. (c) Simulated and measured NMR spectra linewidth and Knight shift at T = 1.4
K and H = 11 T. (d) Simulated staggered moment evolution with doping in the magnetic
state. The Gaussian blur of simulated spectra is shown in the inset. (e) Simulated staggered
angle evolution with doping in the magnetic state.

6.3.4 Summary

In summary, we studied the effect of electron doping on 5d1 Mott insulator Ba2NaOsO6

by µsR and NMR spectroscopy on powder compounds Ba2Na(1−x)CaxOsO6 (0≤x≤0.9).

For all doping samples, no insulator to metal transition has been observed and all samples

remain as magnetic insulators. We found that the ferromagnetic moment component in

Ba2NaOsO6 is suppressed by doping[108, 113, 114]. Based on the two sublattices stag-

gered model for Ba2NaOsO6, we found the magnetic ground state of doping samples

(0.125≤x≤0.9) can be modeled by a collinear AFM case with staggered angle around

86(1) degree. Moreover, we found that similar to the 5d1 Ba2NaOsO6 case, there are in-

termediate temperature orthorhombic structural distortions for all doping samples. The

structural and magnetic phase transition temperatures increase monotonically with doping.

While preparing for this thesis, we have been aware of many recent theoretical papers on

the multipolar ordering for 5d2 Mott insulators, we need to note that the current NMR

powder experiments are not able to directly probe multipolar ordering. The fact that there
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Ca % T (K) ϕstg
◦ σ (MHz) A(T/µB)

0 1.4 69.8 0.19

 0.39 −0.11 −0.14
0.11 0.37 0.15
−0.14 0.15 0.37



12.5 1.4 85.6 0.25

 0.50 −0.05 −0.09
0.05 0.43 0.04
−0.09 0.04 0.47



25 4.2 87.7 0.16

 0.39 −0.04 −0.04
0.04 0.28 0.05
−0.04 0.05 0.36



37.5 1.4 87.5 0.23

 0.35 −0.03 −0.04
0.03 0.30 0.04
−0.04 0.04 0.33



50 1.4 88.4 0.27

 0.58 −0.03 −0.03
0.03 0.50 0.05
−0.03 0.05 0.51



90 1.4 87.7 0.51

 0.36 −0.03 −0.04
0.03 0.33 0.05
−0.04 0.05 0.33



Table 6.2: 23Na powder NMR spectra simulation fitting results. ϕstg represents the stag-
gered angle of the two sublattice spins relative to the external field direction. σ represents
the Gaussian blur. A is the hyperfine coupling tensor.

are orthorhombic structural distortions in these doped samples indicates the possible exis-

tence of quadrupolar moments. The associated Jahn-Teller type of local distortion might

be induced by strain in the lattice when replacing Na+ with Ca2+ ions. However, whether

there are ferro-quadrupolar ordering ground states or other multipolar ordering in the doped

samples when the system evolves from a cAFM 5d1 Ba2NaOsO6 to a ferro-octupolar 5d2
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Ba2CaOsO6 is still unclear and need to be studied further by future experiments, such as

synchronized x-ray spectroscopy. Nevertheless, by investigating the doping effect on the

evolution of the magnetic and structural phases, this work started a new path in the current

research of understanding the complex interplay of magnetic, structural, and lattice degree

of freedom for the interesting 5d1 and 5d2 Mott insulator system.
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CHAPTER 7

NMR study on mixed valence insulator SmB6

In this chapter, we will focus on a completely different materials system other than

the double perovskite magnetic Mott insulator that we have been studying in the previous

several chapters. We will describe the NMR study on a mixed-valence insulator SmB6.

Owing to strong electronic correlations, SmB6 is a Kondo insulator that has been studied

for several decades[115] and has more recently been proposed to be a topological Kondo

insulator[116]. Recent magnetic torque measurements on pristine floating-zone grown sin-

gle crystals of SmB6 found bulk quantum oscillations despite the bulk electrical insulating

behavior[117], suggesting the surprising existence of a bulk Fermi surface in this uncon-

ventional insulator. We have conducted NMR measurements on the same high-quality

floating zone grown single crystals of SmB6 below 1K and for magnetic fields up to 18T

for two inequivalent boron sites B1 and B2. For all magnetic fields below 18T, the Knight

shift remains constant below 1K, showing behavior akin to a bulk metal, despite the bulk

electric insulating character of the material. The spin-lattice relaxation rate 1/T1 indicates

the existence of localized fermion density of states at low fields while showing constant be-

havior above 6.6T. The anisotropy of the spin-lattice relaxation rate is suppressed with the

increase of the magnetic field and disappears when approaching 18T. The Korringa con-

stant indicates the presence of antiferromagnetic correlations to ferromagnetic correlation

with an increase in the magnetic field. We found that with the physical constraints that

need to be considered for the two inequivalent boron sites, our data can not be explained

by the in-gap state model[118], which implies the possibility of the existence of a neutral

bulk Fermi surface.
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7.1 Introduction

Samarium hexaboride has been studied for several decades and it is initially character-

ized as a Kondo insulator[115]. Kondo insulator describes a group of materials that opens

a small band gap at low temperature due to the hybridization of localized electrons with

conduction electrons. In SmB6, the 5-10 meV band gap is opened because of the localized

4f and itinerate 5d electrons hybridization and strong correlation. In recent years theoreti-

cal works propose that it might be a topological Kondo insulator[116], having an insulating

bulk and a conduction surface state that is protected by the crystal point symmetry. Ev-

idence for this topological surface states have been observed by ARPES[119], tunneling

spectra[120] and quantum oscillations[121]. However, there are still some mysteries about

this material. Especially on the observation of quantum oscillation on magnetic torque[117]

coming from the bulk and also some inconsistent and conflicting results for this material

based on different growing methods. To explain mainly the quantum oscillation in the

bulk along with other properties such as specific heat and thermal conductivity, a lot of

theoretical works have been done.

These theoretical works can mainly be divided into two groups. One is trying to explain

the bulk quantum oscillation from the extrinsic origin, such as in-gap states induced by

disorder[122], lattice defects[123], donors and acceptors’ impurities[124], isolated local

magnetic moment[125] or topological non magnetic impurities[126], etc. The other group

is trying to look into some possible intrinsic origin, such as itinerate electrons coupled

to the flat band in the absence of a fermi surface[127], ”Skyrme insulator” with Majorana

fermi surface[128], Boson exciton with a small gap and finite-Q dispersion minimum[129],

neutral quasiparticles in the bulk that forms the fermi surface[130], and Majorana fermi

band that breaks gauge symmetry[131], etc. To address whether the quantum oscillation

comes from extrinsic or intrinsic origins, in this chapter we have used NMR to study the

unconventional fermi surface in the bulk using the same sample that the bulk quantum
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oscillation has been observed[117].

There have been three prior studies of using NMR in studying the single crystal of

SmB6, two of them using samples flux-grown samples[118, 132], the other one uses float-

ing zone grown sample [133]. While the high temperature (above 15K) NMR spin-lattice

relaxation rate follows the gap excitation behavior and is field independent, which shows

consistency among the three studies, the low temperature (below 15K) 1/T1 differs based on

different growing methods. For flux-grown samples, there is an anomaly local maximum

on 1/T1 at low field, which is attributed to the fluctuation of ”remagnetized” Sm3+ ions near

Sm-site vacancies in Ref.[132], and by the presence of the in-gap state in Ref.[118]. For

floating zone grown sample[133], an increase of 1/T1 with the decrease of temperature was

observed from 6K to 10K followed by a constant 1/T1 down to 4.2K. This indicates the ex-

istence of some low-energy magnetic excitation that is not a local moment associated with

magnetic impurities. In this study[134], our NMR spin-lattice relaxation rate is compatible

with the earlier floating zone grown sample above 4.2K (See Fig.7.6(b)) and beyond that,

we extend the measurement done the 60mK lowest and up to 18T. We also measured the

1/T1 for two inequivalent boron sites showing anisotropy of this fluctuation is suppressed

by the magnetic field.

7.2 Methods

7.2.1 Sample preparation

High-quality single crystals of were grown using the floating zone method, as described

elsewhere [117]. NMR measurements were performed for a single crystal with a volume

of approximately 1 mm3. The quality of the sample was confirmed by the sharpness of 11B

and the clean baseline of NMR spectra. The sample was both zero-field and field-cooled.

We did not detect any influence of the samples cooling history on the NMR spectra. Nev-

ertheless, for consistency, all results presented in the thesis were obtained in field-cooled

conditions. The sample was mounted on the c plane, with an external field parallel to the c
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Figure 7.1: Floating-zone-grown single crystal sample SmB6 mounted on the dilution
refrigerator at Brown University.

axis. For measurements at Brown University, the sample was mounted to a GaAs/Sapphire

substrate, with four thermal insulation spacers made of Vespel in a pyramid shape that

is higher than the thickness of the sample and attached to both sides of the substrate as

shown in Fig.7.1. This is to make sure that even in the case that the solenoid coil around

accidentally moves, it will only have contact with the Vespel spacer and will not have con-

tact directly with the sample so that the sample will not be heated up from pulsing. The

solenoid coil also had a cross-sectional area significantly larger than that of the sample

with substrate and Vespel spacer. Then the substrate is clamped by a copper sample holder

that is thermally anchored to the cold finger to ensure that the sample will have the sample

temperature with the cold finger.

7.2.2 NMR measurements

The measurements were done at Brown University for magnetic fields up to 10 T and at

the NHMFL in Tallahassee, FL at higher fields. In both laboratories, high homogeneity su-

perconducting magnets were used. The temperature control was provided by 4He variable

temperature insert. The NMR data were recorded using a state-of-the-art laboratory-made
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Figure 7.2: Temperature dependence of the NMR rate (T1)−1. (a) (T1)−1 for site B1
in solid symbol and site B2 in hollow symbol. The inset shows the spectrum of the two
triplets. (b) (T1T)−1 for site B1. The straight lines indicate constant metallic behavior.
Higher temperatures (>1K) data are only shown for 6.6T for both (a) and (b).

NMR spectrometer. The spectra were obtained, at each given value of the applied field,

from the sum of spin-echo Fourier transforms recorded at constant frequency intervals. We

used a standard spin-echo sequence (π/2 − τ − π). The shape of the spectra presented in

the manuscript is independent of the duration of time interval τ . Since nuclear spin I of

11B equals 3/2 and both B sites (B1 and B2) are in non-cubic environments, three distinct

quadrupolar satellite lines are observed per site [49]. The shift was obtained from the fre-

quency of the central transition using a gyromagnetic ratio of 11γ = 13.6552 MHz/T. The

same gyromagnetic ratio was used for all frequency to field-scale conversions.

7.3 Results

7.3.1 NMR spectrum

The NMR spectrum of 11B is illustrated in the inset of Fig.7.2. With the external applied

magnetic field, the boron sites have two inequivalent sites B1 and B2. B1 are boron sites

that are along the applied field direction while B2 is on the plane that is perpendicular to the

external field direction. Firstly we found that for all the magnetic fields from 5T to 18T, the
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Figure 7.3: Selective stretched and non-stretched fits. (a) B1 (b) B2

Knight shift below 1K is constant (see Fig.7.6(a)), indicating metallic behavior. As for the

field dependence, there is a slight increase of the Knight shift with the increase of magnetic

field as shown in Fig.7.5(b).

7.3.2 Spin lattice relaxation rate 1/T1

The NMR spin-lattice relaxation rate was measured on the −1
2
↔ −3

2
transition on both

boron sites using a series of comb pulses as saturation pulses. The T1 values are obtained

by fitting the saturation recovery curve to the standard recovery profile for the satellite of

nuclei with I = 3
2

using the comb pulses saturation method and assuming purely magnetic

relaxation as shown below.

M(t)

M(∞)
= C1

(
1− C2

( 3
10

e
−( t

T1
)a
+

1

2
e
−( 3t

T1
)a
+

1

5
e
−( 6t

T1
)a)) (7.1)

T1 value is extracted from this formula with the stretched exponent α set to 1. This is

justified by comparing fittings using stretched and non-stretched equations for both sites

at 5T and 18T. The best fits all come from the non-stretched fits, indicating that there are

no inhomogeneous/glassy features for the sample. Selective fittings as an example can be

found in Fig.7.3 Using purely quadrupolar relaxation or mixed magnetic and quadrupolar
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Figure 7.4: Temperature dependence of the NMR rate ((T1T )
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−1 is constant
below 1K for both site B1 (a) and site B2 (b) above 6.6T. (c) an (d) show the enhancement
peak for site B1 and site B2 below 5.5T.

relaxation gives the same temperature dependence on the spin-lattice relaxation rate.

Below 1K, for both B1 and B2 sites, the 1/T1 decreases linearly in temperature above

6.6T (Fig.7.2(a)), which can be seen more clearly from the 1/(T1T) plot in Fig.7.2(b), show-

ing the constant behavior, indicating a metallic Fermi surface. Below 6.6T though, we have

observed a local enhancement of the density of states as shown in the bump in 1/(T1T). Also

if we look at the 1/(T1T) versus the magnetic field, we can see that the B2 sites which are

in the plane perpendicular to the external magnetic field experience a higher density of

states but the anisotropy between these two sites is suppressed by the increase of magnetic
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field (Fig.7.5(a)). We can also look in more detail at the local enhancement of density of

states happening in the low field region. We see for both sites, the enhancement happens at

around 500mK (Fig.7.4). Combining the shift and 1/T1T result we can look at the Korringa

product in Fig.7.5(c)and (d).

According to Korringa relation T1(
∆H
H

)2 = ℏ
4πkT

γ2
e

γ2
n

, where ∆H
H

is the Knight shift K,

γe is the electron gyromagnetic ratio, γn is the nuclear gyromagnetic ratio, the Korringa

product is defined as κ = 1
K2T1T

. So the reciprocal of Korringa constant for non interacting

Fermi gas is κ−1
0 = ℏ

4πk
γ2
e

γ2
n

. Plug in the values, γe = 1.760859644 × 1011rad/(s · T ) (or

γe
2π

= 28024.95164MHz/T ), γn = 8.5798152×107rad/(s·T ) (or γn
2π

= 13.6552MHz/T )
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for 11B according to NMR periodic table. Then

κ−1
0 =

ℏ
4πk

( γe
2π
)2

(γn
2π
)2

=
1.05× 10−34

4π × 1.38× 10−23
(
28024.95164

13.6552
)2 = 2.55× 10−6s ·K (7.2)

For the calculation of κ, the Knight shift K is taken as the shift between the central peak

and the natural frequency position for the two 11 B sites. Since the quadrupolar splitting is

roughly the same in the range of fields we studied, this shift value K is also the shift for the

rightmost satellite, on which the T1 measurements are taken.

We see that for fields above 6.6T the Korringa ratio is constant, indicating a metallic

fermi surface state. The absolute value of the Korringa ratio decreases with increasing

magnetic field, going from favoring antiferromagnetic fluctuation to favoring ferromagnetic
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fluctuation. Due to a much smaller Knight shift for the B2 sites, the Korringa product for

B2 sites is much larger than that for B1, which is also associated with a very large error

bar. These results can be found in the supplement Fig.7.6(c) and (d).

7.4 Discussion

The enhancement of 1/T1 at low magnetic fields has earlier been discussed in terms of

an in-gap state model[118]. Since we have measured both the B1 and B2 sites, there are

extra physical constraints that need to be satisfied. Firstly, the position of the band edges

for the conduction and in-gap state bands should be the same although they might be field

dependent. Secondly, the area of the conduction and in-gap state bands, which represents

the total density of states, should be field independent although they might differ between

the two boron sites. Upon applying these constraints to our fitting of the 1/T1 temperature

dependence, we found that the in-gap state model is not able to describe our data, especially

for the local enhancement of the density of states at low fields. We, therefore, suggest that

the bulk metallic surface state is coming from other intrinsic origins beyond the in-gap state

model.
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CHAPTER 8

Conclusion

In this thesis, through a comprehensive effort on theoretical model simulation, first

principle calculation, and NMR experiments, we have gained valuable new understandings

of the 5d osmate double perovskite system. In particular, we answered some very interest-

ing questions related to the 5d1 double perovskite Mott insulator Ba2NaOsO6 and we will

summarize our findings for each project as below.

One significant contribution we have made is about the origin of the missing entropy

in the single crystal Ba2NaOsO6. Chapter 6 section 6.1 showed that we have observed

oscillation-like ”plateau” behavior in the spin-spin relaxation rate T−1
2 measurement using

standard spin-echo sequence above the structural transition temperature of Ba2NaOsO6.

Unlike the well-known oscillation of spin-echo amplitude as a function of the spacing be-

tween the 90 and 180 pulses τ in linear scale in the presence of clear quadrupolar splitting,

we have observed a ”plateau” in the T2 decay profile when τ is put in logarithmic scale. And

based on the simulation of multi-modal quantum spectroscopy to characterize quadrupo-

lar noise, we found that the ”plateau” decay curves fit well with the model when there

is a non-zero Lorentzian distribution g(ω) of quadrupolar noise with the average value of

⟨ωQ⟩ = 0. The width of the Lorentzian distribution Γ shows divergent behavior, and the

asymmetry factor η becomes non-zero and keeps increasing toward 1 when the system is

approaching structural transition temperature. The non-zero distribution Γ persists up to at

least 50K, above which the thermal effect starts to set in and causes level mixing between

the Sz=3
2

and Sz=1
2

states, preventing an accurate extraction of the η value from the fitting

above this temperature. The results indicate that there are domains in Ba2NaOsO6 with

different Lorentzian distributions of ωQ above the structural transition and that is where

the remaining entropy lies. Details of the dynamics of these quadrupolar domains can be
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further studied by the CPMG sequence.

Another interesting physics we have learned is from the first-principle calculation of

the electric field gradient tensor in Ba2NaOsO6 shown in Chapter 5 section 5.2, and the

Monte Carlo simulation on the 5d1 double perovskite model with strong spin-orbit cou-

pling in Chapter 4. In the EFG calculation project, we found that the strong spin-orbit-

coupling is not large enough to induce the non-zero electric field gradient value that is

obtained from NMR measurements. Instead, the actual displacement of oxygen atoms in

the Na-O octahedra is needed to produce the measured EFG parameters. In particular, the

distortion involves elongation and compression of the oxygen atoms along crystal axis a

and c for ≈ 0.01Å (0.53%-0.55% of the Na-O bond length) respectively while the oxygen

atom along the b axis remains at the non-distorted position. This is a Q2 type of distor-

tion of the Na-O octahedra and corresponds to the antiferro-quadrupolar moment Qx2−y2 .

For another 5d1 compound Ba2MgReO6, synchrotron x-ray experiments found that in the

proposed quadrupolar phase, the Re-O octahedra distortion can be decomposed into a

linear combination of the two normal modes of an octahedron Q3 and Q2. These two

modes couple to the two quadrupolar moments Q3z2−r2 and Qx2−y2 respectively. And these

two quadrupolar moments form the two-dimensional group Γ3(Qx2−y2 , Q3z2−r2) which is

analogous to the eg orbital of 3d electron. However, mean-field calculation on the 5d1

model with strong spin-orbit-coupling only shows a single non-zero quadrupolar moment

Qx2−y2 in the quadrupolar ordering state. To reconcile the discrepancy between experi-

ment and theory, we carried out a classical Monte Carlo simulation on the same model.

We found that in the pure quadrupolar case when only the coupling constant of the elec-

tric quadrupolar interaction term is non-zero, the quadrupolar state is characterized by two

non-zero quadrupolar moments Q3z2−r2 and Qx2−y2 . This also happens when there are

non-zero magnetic coupling constants and the quadrupolar state occurs at the intermediate

temperature region, which is consistent with the experiment on Ba2MgReO6. While for

the mean-field treatment considering 2 sites per unit cell, the combination of C4 rotation
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about the z axis and a translation exchanging A and B sublattices remains a symmetry for

the quadrupolar state, this symmetry is broken in the Monte Carlo simulation considering 4

sites per unit cell. And this additional symmetry breaking gives rise to the non-zero ferroic

quadrupolar moment Q3z2−r2 observed in experiments. From this Monte Carlo simulation,

we also showed that the coplanar canted FM[110] state is a unique quantum state that does

not have a correspondence on a classical basis. Our first-principle calculation on the mag-

netic and orbital order for Ba2NaOsO6 is presented in Chapter 5 section 5.3. Here we found

that the staggered orbital ordering coexists with the cFM order. This is characterized by

two sublattice spin densities and different selective occupations of d orbitals for the two

sublattice Os ions. Furthermore, our results affirm that multipolar spin interactions are an

essential ingredient of quantum theories of magnetism in SOC materials.

Besides Ba2NaOsO6, we have also studied its isostructural isovalent compound Ba2Li-

OsO6 in Chapter 6 section 6.2. We found that although characterized by susceptibility mea-

surements as an antiferromagnet, the NMR spectrum does not show any splitting below its

magnetic transition temperature and only significant line broadening has been observed.

The spectrum shape has a sudden change from symmetric to unsymmetric while crossing

the metamagnetic transition field Hc=5.75T. The linewidth scaled by magnetic field has a

sudden jump right at the transition field Hc, indicating a first-order transition. It also shows

a gradual decrease when the field is increasing and approaching Hc, possibly related to

motional narrowing of the spectrum. The shift and first moment in the ordered state below

and above Hc shows that the metamagnetic transition is a possible spin-flop transition. The

fitting of the spin-lattice relaxation rate T−1
1 indicates that the ordered state is more likely to

be a 3D antiferromagnet. The spin-spin relaxation rate T−1
2 shows enhancement above mag-

netic transition temperature 5K, which might be related to orbital fluctuation and requires

further study in the future. In Chapter 6 section 6.3 we study the electron doping effect on

5d1 compound Ba2NaOsO6. We carried out NMR and µsR experiment on powder sample

Ba2NaxCa1−xOsO6 (0≤x≤1) and constructed the magnetic and structural phase diagram
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as a function of doping. We found that albeit with added electrons, all samples remain as

magnetic insulators, indicating the existence of a charge trapping mechanism which has

been shown recently by DFT calculation to be the possible formation of small polarons,

which are quasiparticles that couple excess charge with lattice vibration[135]. This leads

to a localized charge distribution around Os ion sites for the Ca12.5% compound. The

NMR spectrum develops an unsymmetric shape at temperatures above magnetic transition,

which based on powder spectrum simulation is due to a similar ”broken local point sym-

metry” phase with orthorhombic EFG symmetry. The spectrum at the low-temperature

magnetic phase has been simulated based on a collinear two-sublattice AFM model and we

found that the staggered angle goes from 67 degrees to close to 90 degrees relative to the

easy axis [110] with the increase of Ca doping, which indicates that under this model, the

system goes from a canted ferromagnetic order to a collinear AFM order with Ca doping.

That said, we can not exclude the existence of possible ferro-quadrupolar ordering or other

multipolar ordering in these doped samples, and it still needs further experiments, such

as synchronized x-ray spectroscopy, to study in more detail. In the end, in Chapter 7, we

report the spin-lattice relaxation rate measurement on mixed-valence insulator SmB6. We

have conducted NMR measurements on high-quality floating-zone grown single-crystal

SmB6 below 1K and up to 18T for two structurally distinct boron sites. Our highly re-

solved NMR spectrum and non-stretched recovery fits have demonstrated a high-quality

clean sample, excluding our observation of impurities effects. Our high-temperature re-

sults above 1K are consistent with the earlier results on floating-zone grown SmB6. Below

1K, we have observed constant Knight shift and 1/ (T1T) behavior above 5.5T, indicating

a metallic Fermi surface. Our result is not compatible with the in-gap state model and a

new theory is needed to understand the unconventional fermi surface. In conclusion, fo-

cusing on the 5d osmate double perovskite system, this thesis has provided a valuable new

understanding of the fundamental properties of these transition metal compounds, which

also promotes the development of the NMR quadrupolar noise spectroscopy with possible
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future application in other material system.
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65. Mitrovi ć, V. F., Sigmund, E. E. & Halperin, W. P. Progressive saturation NMR

relaxation. Phys. Rev. B 64, 024520 (2 June 2001).

66. Johnston, D. Stretched exponential relaxation arising from a continuous sum of ex-

ponential decays. Physical Review B 74, 184430 (2006).

67. Vesna, F. M. Nuclear Magnetic Resonance Study of the Onset of Superconductiv-

ity and Low Energy Excitations in High Temperature Superconductors PhD thesis

(Northwestern University, 2001).

68. Liu, W. NMR Study of Materials with Significant Spin-Orbit Coupling and Trans-

parent Oxide Films PhD thesis (Brown University, 2018).

69. Keeler, J. Understanding NMR spectroscopy (John Wiley & Sons, 2011).

70. Cong, R., Marston, J. & Mitrovic, V. Monte Carlo simulation of a strong SOC model

for d1 double perovskite. Bulletin of the American Physical Society 65 (2020).

71. Cong, R. & Mitrovic, V. Monte Carlo simulation of a strong SOC model for d1

double perovskite. Bulletin of the American Physical Society (2021).

72. Shiina, R., Sakai, O., Shiba, H. & Thalmeier, P. Interplay of Field-Induced Multi-

poles in CeB6. Journal of the Physical Society of Japan 67, 941–949 (1998).

73. Kugel, K. I. & Khomski, D. I. The Jahn-Teller effect and magnetism: transition metal

compounds. Soviet Physics Uspekhi 25, 231 (1982).

74. Khomskii, D. I. Role of Orbitals in the Physics of Correlated Electron Systems.

Physica Scripta 72, CC8 (2005).
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