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Abstract of “Hydrodynamics of active gels: interfacial instabilities, and two-dimensional
Couette flow in straight and annular channels” by Wan Luo, Ph.D., Brown University,

October 2023.

Using a minimal hydrodynamic model of active fluids in an isotropic phase, we study
the stability of a thin active gel film, and two-dimensional Couette flows in straight and
annular channels. Using a linear stability analysis of the active fluid film, we calculate the
growth rates of the modes assuming zero Frank elasticity. We show that activity-driven
instability occurs even in the presence of an interface. For sufficiently large activity, some
of the modes have an oscillatory character. Using theoretical and computational analyses of
active gels in straight and annular channels, we find that an externally imposed shear flow
can stabilize an extensile fluid that would be unstable to spontaneous flow in the absence of
shear flow, and destabilize a contractile fluid that would be stable against spontaneous flow
in the absence of shear flow. The gels are isotropic in the absence of externally- or activity-
driven shear, but develop nematic order that increases with increasing shear rate. We also
determine the possible flow states for a range of activities and shear rates using the finite
element method. For extensile gels, we find three kinds of nonlinear flow states in the range
of parameters we study: unidirectional, oscillatory and dancing flows, and we characterize
these states by the average volumetric flow rate and wall stress. For contractile gels, we
find only one kind of nonlinear state in the range of parameters studied: unidirectional flow.
For large values of activity, the unidirectional contractile flow develops a boundary layer.
Our analysis of annular channels shows how the curvature of the streamlines in the base

flow affects the transitions among flow states.
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Chapter 1

Introduction



1.1 Active matter

The defining property of an active fluid is that energy is added to the system at the small
length scales of the particles that make up the fluid, instead of at the large length scales
of the bounding walls or inlets of the system [6]. Commonly studied examples include
cytoplasm [7] or its reconstituted components [2, 8], collections of swimming microor-
ganisms [9], and model two-dimensional layers of cells [10]. The interplay of the en-
ergy injected at small scales and the interactions among the constituent particles lead to
nonequilibrium collective behavior, including spontaneous coherent flows [11-13]], sus-
tained oscillations [5, 6], active turbulence [14-H16]], and two-dimensional [2f] or three-
dimensional [17,/18] topological defects in active liquid crystalline fluids. These phenom-
ena suggest that active fluids may be used for novel microfluidics applications, including
fluids that pump themselves or mix themselves. Since these applications require a degree
of control over active fluids, recent investigations have studied how confinement of active

fluids affects flows and the formation of defects [5,/19-21].

1.1.1 Apolar active particle

One of the types of active matter we study is bundled microtubules driven by clusters
of kinesin molecular motors with depletion agent polyethylene glycol (PEG), shown in
Fig. It is an important kind of system for active matter study, since it has many
implications for biological physics, especially in understanding the behavior of cells [1, 2,
22]. Microtubules are small, rod-like, polar filaments of micron size. The microtubules are
stable by themselves, but when we place motor proteins among them that can transform
chemical fuel like ATP into energy, the motors will be able to walk along microtubules
since they are polar filaments. If we tie several motors together, they will be able to exert

forces on microtubules, resulting in activity of the microtubules. PEG is also introduced



into the system, to provide attractive interactions between microtubules (i.e. depletion

forces) which is driven by entropy.

Depletion Force g8

Kinesin Motor Cluster

Sliding Force

Q Depletion Force

Figure 1.1: Structure of one active particle in a typical apolar extensile active fluid. The
unit is composed of two microtubule filaments bundled by the depletion force with PEG.
The filaments are driven by kinesin motors to slide. Picture is reproduced from Ref. [1].

Sliding Force

These three components form an unit of the microtubule bundle in which the motor
clusters drive two filaments in the bundle to slide in opposite ways. In Fig. [I.1] the equal
and opposite sliding forces point away from the center of the bundle and thus the bundle
extends. Thus, this is called an extensile particle. For some other active matter (for exam-
ple, a contractile active system composed of actin filaments and myosin motors [23]), the
sliding forces point towards the center of the bundle (i.e., opposite to the shown in Fig. [I.T))
and the particle is contractile. The bundle in Fig. [I.1]is an apolar unit since the plus end of
the two filaments are on opposite ends. Our model is used to describe both extensile and

contractile apolar active matter.



1.1.2 Isotropic state

In the bulk of active matter, if the active particles are ordered and prefer to align in the same
direction as their neighbors (i.e. the local orientational direction), it is a nematic state (right
panel in Fig.[T.2). Otherwise, it is an isotropic state when the particles are disordered and

have no preferred direction of alignment (left panel in Fig. [I.2)). We focus on the isotropic

state in this work.

Figure 1.2: Experimental images of an extensile active gel (orientationally disordered state)
and an extensile active nematic (orientationally ordered state). The left panel comes from
Ref. [[1]] and the right panel comes from Ref. [2]].

By ‘active gel’ we mean a model liquid crystal which tends to the isotropic phase away
from boundaries with strong anchoring conditions and in the absence of shear flow. The
motionless, isotropic state of an unbounded two-dimensional active gel is unstable to spon-

taneous flow and nematic ordering above a critical activity .

1.1.3 Topological defects

Since activity breaks the local equilibrium of the material and results in orientational bend
and distortion, it may collectively generate a large-scale stable deformation of the orien-
tational order, namely a topological defect [26]. The winding number of the defect can

be characterized by tracking the orientation of the particle around a single point (i.e. blue



circle or green triangle in Fig.[I.3) along a counter-clock full rotation (red circles with ar-
rows in Fig. [[.3). If the direction of the particles rotates around the core of the defect by
7, the winding number (or the characteristic charge) of the defect is +1/2. Similarly, for
a —1/2 defect, the orientational direction of the particles rotates by —7 around the core of

the defect [3] . Fig.[I.4]shows experimental images of these two types of defects.

+1/2 -1/2

Figure 1.3: Two typical topological defects, i.e. comet-like (+1/2) and trefoil-like (—1/2)
defects, in two-dimensional active liquid crystals. Picture comes from Ref. [3]].

Figure 1.4: Fluorescence confocal microscopy image of 4+1/2 and —1/2 defects in a two-
dimensional nematic. Picture comes from Ref. [3]].



1.2 Motivation

1.2.1 Interfacial stability

The damping of a capillary wave on a flat interface between two passive viscous fluids
is well-understood [27]]. Likewise, theoretical studies of interfacial instabilities like the
Rayleigh-Plateau capillary instability and Rayleigh-Taylor interface instability have been
carried out for passive fluids [28] including complex fluids such as polymer solutions [29,
30] and liquid crystals [31,32]. Less work has been done on interfacial instabilities in
active fluids. Thus, it is natural to expect that the instabilities that occur in bulk active
fluids can destabilize an otherwise stable interface, or make an already unstable interface

more unstable.

1.2.2 Couette flow in channels

Recent numerical calculations and experimental work have identified the spontaneous flow
states in both active nematics [5,33]] and active gels [4.[34]] in straight channel with station-
ary walls.

In a two dimensional channel with no-torque anchoring conditions at the walls, the
critical activity for spontaneous flow increases as the channel width decreases [4], as shown
in Fig. Thus, confinement is stabilizing, as has been found in other related situations
[35]]. For a given value of the activity parameter, new flow states emerge as the channel
width increases, with the flow progressing through unidirectional, undulating (also known
as ‘oscillatory’ [5]]) and dancing flow states [4]], as shown in Fig. A similar sequence
of flow states is found for fixed channel width and increasing activity [4].

Our work is motivated by the experimental observation that imposed shear can pre-

vent [34] the spontaneous instability of a solution [13]] of microtubule bundles and kinesin
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Figure 1.5: Stability and flow states of 2d active gel in a straight channel with no-slip
boundary condition for velocity and Neumann boundary condition for alignment. Picture

comes from the SI of Ref. [4].

motors in the presence of the molecular fuel ATP. Instead of a motionless state, our base
state is the state of simple shear in which the flow field is given by the solution to the Stokes
equation for a straight or annular channel geometry. Working at fixed channel width, we
find that increasing the activity leads to a sequence of flow states which are reminiscent
of the ones seen in the case of no external shear, but with some important new elements.
For example, the imposed shear rate can be stabilizing in the same sense that confinement
is stabilizing: for an extensile active gel, we find that the critical activity for the imposed
simple shear flow to develop a spontaneous flow component increases with the imposed
shear rate. A similar result was established using linear stability analysis of a polar system
by Muhuri, Rao, and Ramaswamy [36]. Here we give a more systematic treatment of this
problem for the apolar case, revealing that the imposed shear also leads to oscillatory be-
havior in the unstable modes. For a contractile active gel, we find that shear is destabilizing.
Earlier work has also examined the rheology of an active nematics and gels, showing that

polar active particles have a nonmonotonic stress-strain relation at high activity [37], and



illuminating the nature of shear banding in apolar active gels [38]. Our work extends these

80U8|NgIN] 8AII0Y

=
B—

MO} MOJ} MO} 2ou|Ngn} aous|nguny
[BUOII2BIPIUN Aoie|19sQ Buioueqg aAoe pPasieaoT padojansp A|in4

investigations to the case of an annular channel, illustrating the role of the curvature of the

streamlines of the base flow.

directional, oscillatory, dancing, turbulent flows) of two-dimensional active nematics in a

Figure 1.6: Flow states (from top to bottom by increasing the strength of activity: uni-
motionless straight channel. Figure comes from Ref. [5]].



1.3 Scope of this work

Chapter 2] presents the minimal hydrodynamic models we used to describe active gels with
and without bounding surfaces. These models are constructed by adding activity to de
Gennes’ hydrodynamic model for the isotropic phase of a passive nematic. In chapter
we carry out a linear stability analysis of a thin active gel film confined by an flat interface.
Chapter 4| considers an active gel in a straight channel subject to a uniform shear flow
imposed by a moving plate. We first study its linear stability. In the stable region, the
linear rheology, orientational order, and the shear stress exerted by the active fluids on the
moving boundary are analytically calculated for the state of uniform shear. Then we turn
to the other flow states using the finite element method to characterize the flow transitions
for extensile and contractile fluids. In chapter [5| we turn to an annular channel and carry
out similar analytical and numerical studies to assess the effects of the curvature of the

boundaries.



Chapter 2

Hydrodynamic model of active gels

10



11
2.1 Minimal hydrodynamic model

We use a well-studied continuum hydrodynamic model of nematic liquid crystals [39-44]
to describe apolar microtubules, adding a term corresponding to non-equilibrium active

forces.

2.1.1 Order parameter

The orientational order of apolar active matter is described by a traceless, symmetric tensor—
the tensor order parameter that is used in the theory of nematic liquid crystals. For example

in two dimensions, the tensor order parameter is given by [45]
Qij :S(Zninj—ﬁ,-') (21)

where i, j = x,y in Cartesian coordinates or i, j = r, 0 in polar coordinates. The unit vector
n(x) is the director at position x and the scalar order parameter S represents the degree of
alignment, which is given by

S = (cos(29,)), (2.2)
where ¢, has been described in Fig. When S is 1, the system is totally nematic, i.e. all
particles align in the n(x) direction. When S is 0, the system is in a pure isotropic state.

Rod-like active particle

5 n(x)

Nematic director

Figure 2.1: Description of order parameter. n(x) is the nematic director. ¢, is the angle
between the active particle and the nematic director.
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2.1.2 Nematic free energy

The equilibrium state of the microtubule bundles is governed by a Landau-Ginzburg free

energy,
K A B C
Ty = /d’"x <§8in1<3in/< + EQijQij + gQiijkai + 1 (QijQij)2> 5 (2.3)

where repeated indices are summed over and m denotes the dimension of the system. The
single Frank elastic constant K penalizes gradients of Q;;. Since we focus on a low con-
centration isotropic phase, A will be positive to guarantee that the minimizing state is dis-

ordered (see Fig.[2.2).

3.5 1
3.0
2.51
2.01

S

5% 1.5 A
1.0
0.5 A

0.0_ . . . —

-1.00 -0.75 -0.50 -0.25 0.00 0.25 050 0.75 1.00

)

Figure 2.2: Relationship of the order parameter and nematic free energy in two dimensions
in which B = 0. Landau theory shows an isotropic state can be fulfilled only when A > 0,
where the minimum of the free energy density is at S = 0.

In the isotropic phase we consider, the term proportional to C can be neglected, as was

done in previous studies of two-dimensional and three-dimensional flow [4,[34].
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2.1.3 Governing equations

The rate of change R of the nematic order parameter Q relative to the local background

fluid is defined as

R=0Q+v-VQ—-Q-Q+Q-Q, (2.4)

where (V . VQ),’j = Vkainj and QQ = (VV — (VV)T)/Z [i.e. Ql'j = (8jvl~ — al-vj)/Z] is the
vorticity tensor. Then, the stress 6V and equation of motion for the nematic order parameter

Q are given by [41]]

6" =2nE+2uR —aQ, 2.5)

® — 2uE+ VR, (2.6)

where 1 is the shear viscosity, V is the rotational viscosity, & couples shear and nematic
alignment, E = (Vv+ (Vv)T)/2 is the strain rate tensor, ¢ is the molecular field defined as
®;; =—-0.%,/00;; , and a is the strength of the activity. A positive value of a corresponds
to extensile particles, and a negative value of a corresponds to contractile particles [46].
From eqn (2.6) we can see that for the case of small shear rate and steady state, the prin-
cipal axes of the order parameter align with the principal axes of the strain, with u < 0
corresponding to prolate particles and y > 0 corresponding oblate particles. For incom-
pressible flow, we also have

V.v=0. 2.7)

We disregard inertial effects because the Reynolds number of the typical active flows

we study is small. Thus, the force balance equation is given by

V.o =0, (2.8)
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with 0 = —pl+ ¢ where p is pressure and | is the identity matrix.
To summarize, eqns and [2.8] are the governing equations of our hydrodynamic

model of an active gel.

2.2 Linearized model with an interface

In this section, we introduce a model of an active nematic film with a flat interface; a linear
stability analysis of this system in the isotropic phase will be described in chapter (3| The
total free energy of an active isotropic nematic fluid with an interface is . = .%, + .%;,

where .%; is the energy of the interface, where i = x,y, z. The interfacial energy is given by

T = / ¥ds. (2.9)

where 7 is the interfacial tension and dS is the element of area.

2.2.1 Steady linearized equations

We assume Frank elasticity can be neglected as long as we are not too near the nematic
transition. For example, if we consider the stability of modes of wavenumber k for an
infinite two-dimensional active isotropic system with no boundaries [41], the effect of in-
cluding the Frank constant K is to replace A with A + Kk? in the growth rates. However, the
critical activity is independent of K even if K is nonzero. These results suggest it is safe to
disregard Frank elasticity in a film of thickness d when the correlation length \/K_/A <d.
Since we only study linear stability of the state with no order and no flow, we are justified in
disregarding terms of higher order than quadratic in the order parameter. Thus, ® ~ —AQ
and eqn takes the form

—AQ=2uE+vVvR. (2.10)
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Likewise, we ignore the higher order terms in R; thus, R ~ d;Q. Our linearized equations
are equivalent to the apolar case of the linearized equations of active matter that have ap-
peared previously [46-49]; also we absorb an additional allowed active term proportional
to Q in ® in eqn (2.6).

Assuming that v; and Q;; are proportional to exp(ft), where the real part of f is the

growth rate of the perturbations, we find using eqn (2.10)) that

Q:—Ai‘;vE. 2.11)
Using eqn (2.5)), the stress ¢ is given by
0" = 2Nk, (2.12)
where
Ner = Aﬂf;v {1—a+i—v<1—2v—‘§)} (2.13)
%};frl. (2.14)
Here, we have defined the dimensionless activity by o« = —apt /nA, and the relaxation times

by T = Vv/A and 7/ = 7[1 —2u?/(vn)]. The complex viscosity of eqn indicates
that the active fluid is viscoelastic, as emphasized by Hatwalne et al. [46]. The linear
viscoelasticity is described by Jeffrey’s model [S0L51].

In the passive case, the Onsager reciprocal relations [52] are obeyed and the positive
entropy production rate leads to the relation nv —2u? > 0. In our analysis of an active
film, we assume 1V —2u? > 0. Thus, the isotropic phase of an infinite active nematic

fluid is unstable against shear flow and local ordering [41] when o > 1. Note that in the
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oblate particle case of u > 0, the critical value of the activity a is positive, meaning that
significantly active contractile (puller) particles lead to instability. For the prolate particle
case of u < 0, the critical activity is negative, meaning that sufficiently active extensile
(pusher) particles lead to instability. Therefore, our results for prolate particles can be
applied to oblate particles by changing the particles from extensile to contractile, or vice
versa.

It is apparent from the above equation that the effective viscosity of the fluid negr de-
pends on the growth rate f8; in other words, the fluid behaves like a viscoelastic fluid due
to the presence of the nematic molecules. At the special value of dimensionless activity
a =2u’/vn = 1—1'/1, the effective viscosity N is independent of 3, and the fluid be-
haves like a Newtonian fluid with shear viscosity N = 1) — 2% /v. We will see below that
at this special value of the activity the growth rate is that of a passive fluid.

Then, the linearized eqn (2.8) can be simplified to

NetV2v—Vp = 0. (2.15)

The incompressibility condition is imposed by representing v as the curl of a stream func-
tion ¥ i.e. v=V x y. For simplicity, we choose the form of y such that V- v = 0. Taking

the curl of eqn (2.15) yields
Viy =0, (2.16)

where V*# is the square of the Laplacian operator in three dimensions. We solve the above
equation with the boundary conditions appropriate to the geometry at hand and calculate

the forces on the interface due to the fluid.
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2.2.2 Interfacial force balance

To describe the force per unit area acting on the surface, we need to parametrize the surface
as X(u',u?), with coordinates u' and u?. Given the free energy associated with the surface

[see eqn (2.9)], the force per unit area acting on the surface is given by [53]]
£ = 2yHn, (2.17)

where n is the outward normal. Note that our convention is that H is negative for a sphere
or a cylinder. Since we disregard the inertia of the surface, the force balance equation at

the flat surface reads

(O — O) +2YH = 0 (2.18)

(o, =0 )+dy = 0, (2.19)

where 05 = n' Gl-fnj and o,; = n/ 0;;, with the plus and minus denoting the stress exerted

on the interface from the n and —n sides, respectively.

2.3 Nonlinear model for Couette flow

We model a two-dimensional active gel in a channel with non-linearity in this section for
the study in chapters 4] and [5] Since we don’t have interface in these two problems, total

free energy is ¥ = .%,,.

2.3.1 Simplified nonlinear equations

In two dimensions there is no term cubic in Q;; (i.e. B = 0), and the isotropic-nematic

transition is continuous. Thus, ® = —AQ + KV?Q. To align our notation with the work
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of other authors, we replace i by —AV in our analysis of two-dimensional channel flow.
The shape parameter A is positive for prolate particles and negative for oblate particles. We
focus on needle-like particles (A = 1) in the active channel flow problems. Thus, eqns
and 2.8 become [4]

0 = —Vp+nVv—aV-Q (2.20)

0 = —v(Q+v-VQ+Q-Q-Q-Q) —AQ+KV?Q+2AVE (2.21)

In this minimal hydrodynamic model, passive backflow effects (i.e. the term corre-
sponding to R in eqn are neglected and the order parameter field Q only affects the
flow through the active stress —aQ. The active time scale which results from the competi-
tion between viscosity and activity is given by 1/|a|. From the dynamical equation for Q,
eqn (2.21), the relaxation time 7 for distortions of the liquid crystalline order away from
the equilibrium isotropic state is T = v/A (the same as in Sec . Likewise, \/m isa
correlation length for the liquid crystalline order, which we write in nondimensional form
as { = \/m /W, where W is the width of the channel. The factor Av characterizes the
flow birefringence of a passive (a = 0) liquid crystal [42]. When weak shear 7 < 1/7 is ap-
plied to a nematic liquid crystal in the isotropic state, the rods align such that AQ ~ 2AVE,

which implies that the scalar order parameter is proportional to the shear rate: S o< 7.

2.3.2 Dimensionless weak formulation

Since theoretical methods cannot fully solve the nonlinear governing equations, we employ
the finite element method (FEM). FEM, developed in the 1940s in the field of structural me-
chanics by Hrennikoff [54] and McHenry [55], is a popular numerical method for solving
partial difference equations in physical and engineering problems [56]. We choose FEM

mainly because it is flexible for complex geometries [56,57]] which will be very useful in
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our future work. For simplification in numerical calculation, we transform eqns [2.20]
and to a dimensionless form. We use the width of the channel W as the unit of length,
the relaxation time of the liquid crystal 7 as the unit of time and 7 as the unit of viscosity.
We also define the dimensionless activity &« = aA /1 (equal to the definition in Sec .

The dimensionless governing equations are then given by

0 — V.v (2.22)
0 — —Vp—i—Vzv—%V-Q, (2.23)
0 — —a,Q—v-VQ—Q-Q+Q-Q—Q+£2V2Q+A<2E>. (2.24)

Introducing the scalar test function p*, the vector test function v* and the tensor test
function Q*, the Green’s formulae with the symmetry of Q and the properties of the inner

product (:) are given by

/QAv-v*:—/QvV:vV*Jr/aQ%-v*, (2.25)
/QV2Q:Q*:—/S_2VQ:VQ*+/893—§:Q*, (2.26)
/QVp-V*:—/QpV-V*-i-/ann-V*, 2.27)
/Q(VQ)-V*z—/QQ:Vv*+/aQ(Q-n)-v*, (2.28)

where n is the normal vector.
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Thus, the weak form of the dimensionless eqns [2.22] [2.23| and [2.24] become

0 = / pV.v, (2.29)
Q
0 = /(—Vp+V2V—EV~Q)~V*
Q A
= /pV-v*—/ pv*-n—/Vv:Vv*-i—/ ﬁ-v*
Q 2Q Q 90 dn
04 * . *
- ([ @mw-v—[a:vv), (230)

0 = /Q<—8,Q—V~VQ—Q-Q+Q~Q—Q+€2V2Q—|—ZAE>:Q*. (2.31)

Here, we use a simple backward scheme to approximate the term 0,Q, and thus eqn [2.31]

becomes

0 = /(—Q_Qn—v-VQ—Q-Q+Q-Q—Q+2AE+£2V2Q> QF
Q At

= i/ (—Q+Q”+At<—v-VQ—Q-Q+Q-Q—Q+2AE)) Q
At Jo

+ 62(—/QVQ:VQ*+/89§—§:Q*), (2.32)

where Q" is the order parameter tensor at the previous time step and Q is at the current
time.

In the study of active matter, the commonly used boundary conditions of the orienta-
tional order include zero-torque [|11}34], parallel [6 19, 58] and normal [5,58] anchoring.
For simplicity, we choose a zero-torque boundary condition for Q (i.e. ‘g—g = 0) and no-slip

boundary condition for v (leading to v = 0) on the two walls of the channel, and thus eqns
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[2.30/and 2.321become

0 = /—pV-V*—i—/VVIV*—g/QZVV*, (2.33)
Q Q AJa

0 = /Q((1+At)Q—Q"—At(—v-VQ—Q-Q+Q-Q+27LE)>:Q*

+ Atf? /Q VQ: VQ*. (2.34)

To summarize, eqns [2.29] [2.33] and [2.34] are the weak formulation of the governing equa-

tions of two-dimensional active gels in a channel.



Chapter 3

Instability of a flat interface of active gels
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3.1 Introduction

In this chapter, we study the instability of a flat interface of an active gel. This work was
done in collaboration with Harsh Soni et al. [59]].

Theoretical research on active fluids with interfaces to date includes a study by Yang
and Wang [60] of the Rayleigh-Plateau capillary instability of a thread of active polar fluid
in the ordered state surrounded by a passive Newtonian fluid, a study by Whitfield and
Hawkins [61]] of the instability of an spherical droplet of active polar fluid in the ordered
state, and an analysis by Gao and Li [62] of a self-driven droplet of an active nematic fluid.
Recently, Maitra et al. [63]] explored the dynamics of an active membrane in an active
polar medium, Mietke et al. studied the instabilities of an active membrane in a passive
fluid [64]. Other recent work has examined the dynamics of the interface between an active
nematic phase and an isotropic phase [65,66]. Also, there some related experiment work.
For example, Patteson et al. [67] studied the propagation of active-passive interfaces in
bacterial swarms and V. Soni et al. [|68]] studied the surface dynamics of an active colloidal
chiral fluid.

Our work is distinct from the other theoretical work just mentioned on interfacial insta-
bilities in active fluids because we consider the active fluids to initially be in the isotropic
state instead of the ordered nematic state.

We close this section with estimates of the magnitudes of the pure liquid crystal relax-
ation time 7 and the characteristic time scales for a film with interfacial tension or bending
stiffness. A crude dimensional analysis estimate for 7 is to suppose vV =~ 1, and to take
A = kgT /{3, where kgT is thermal energy and / p 1s the length of the active particles. Us-
ing the viscosity of water,  ~ 107> N-s/m?, and ¢y~ 1um leads to T ~ 0.3s. But when
we consider the relaxation time of an active interfacial system, it is questionable to suppose

that A is determined by thermal energy. A and the liquid crystal relaxation rate may be
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much bigger. For a film of thickness d ~ 1 mm and for the surface tension of an active
droplet is 7~ 0.2 x 107 N/m [69], the characteristic surface-tension driven relaxation

time is 7, = Nd/y ~ 5s. We assume 7 ~ T;.

3.2 Linear stability analysis

In this section, we study an active fluid film of thickness d atop a solid substrate, with air
above the film (Fig. [3.1). As stated before, the Frank elastic constant has a small effect in
this geometry, which we also analytically proved in the paper [59]]. Thus, we only show the

case of zero Frank elastic constant in this section.

Figure 3.1: A film of an isotropic active nematic liquid fluid of depth d in its quiescent
state. The double headed arrows are the active nematic molecules. The bottom surface of
the film is in contact with a solid substrate. The top surface is free. The film is subject to a
small-amplitude perturbation of wavenumber k.

We consider an interface with constant uniform surface tension 7, and no bending stiff-
ness. A film of passive fluid is always stable to a sinusoidal perturbation, since the pertur-
bation increases the surface area. Thus, the instability we study in this section arises from
the activity of the fluid.

The surface, which lies in the zx plane in its unperturbed state, is subject to a transverse
perturbation which is the real part of 7 = £(t) exp(ikx), as shown in Fig. We assume
that € o< exp(p1).

The stream function is given by ¥ = yZ, with y a biharmonic function. For small
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deflections kh < 1, the kinematic condition takes the form

vy(y=0) = 9h, 3.1
where vy, = —d, Y. This condition, along with the conditions of zero tangential stress at the
interface,

Ox(y=0) =0, (3.2)
and vanishing flow at y = —d, leads to

i€ . inh k hk
v = P ]| oshkys SIRY| _ [hvcoshky o imiy L 33)
k F F
where
sinh2kd — 2kd
F = 34
cosh2kd + 2k*d*>+ 1’ 4)
- sinh2kd — 2kd
F = ——. 3.5
cosh2kd + 1 (3-5)

For small deflections the mean curvature is H ~ d2h/2, and the force balance equation
on the interface becomes

—Oyy|y—0 + Y9¢h = 0. (3.6)

The stress component Gy, can be found by calculating the pressure from the x-component of
the force balance equation (2.8). Once oy, is calculated, we use normal stress balance (3.6)

at y = 0 to obtain the characteristic equation

_ Yk
b= Y 7

In the passive Newtonian case with & = 0 and with no coupling between the fluid and
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the liquid crystalline degrees of freedom, i.e. u = 0, the growth rate has two branches
that cross, one corresponding to the negative growth rate of a Newtonian film [70], with

characteristic time scale 7, = nd/7,

Yk
~ —— kd>1 3.8
B oy K> (3.8)
yd3k*
~ - kd < 1 3.9
B 3y K< (3.9)
and one corresponding to the liquid crystalline relaxation rate, § = —1/7 = —A/v. When

U is nonzero and o = 0, the growth rate curves repel each other instead of crossing, as in
Fig.[3.2] upper left panel.

The active case is like the case of a passive viscoelastic fluid [[70]], for which the effective
shear viscosity depends on 3, and we must solve eqn for B as a function of k, which

yields

2
. a—1 kdFt a—1 kiFT\?> kdFt
= — — :i: - - '1
e == At 2 At 27, (3.10)

where F is given by eqn and 7/ = t[l —2u?/(vn)]. As the activity increases, the
splitting between the two growth rate curves decreases, until the value of o = 2u?/nv is
reached. At this special value of activity, M. is independent of 3, and the branches of the
growth rates cross as they do in the case of o = 0 and u = 0 (Fig. [3.2] upper right panel).
One of the branches corresponds to the decay rate of a viscous film, and the other (k-
independent) branch corresponds to the decay of the liquid crystal order parameter without
flow. As the activity increases further, the real branches collapse into one branch for a range
of wavevectors, and the imaginary parts of the growth rate become nonzero in this same
range (Fig. [3.2] lower left panel). The critical activity & = 1 corresponds to the point at
which the effective shear viscosity vanishes. When & > 1, one of the branches of the real

part of the growth rate becomes positive, and the system is unstable for sufficiently long
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kd kd

Figure 3.2: Real (blue) and imaginary (red dashed) parts of the dimensionless growth rate
B of an active film of thickness d as a function of dimensionless wavevector kd, in case
7/1, = 1, for various dimensionless activities: o = 0, corresponding to an interface of a
passive liquid crystal in the isotropic phase (upper left panel); o« = 0.2 (upper right panel),
corresponding to the value of activity for which the fluid behaves as a passive Newtonian
fluid and the liquid crystal degrees of freedom relax independently; & = 1 (lower left panel)
corresponding to the critical value of activity at which the system is marginally stable; and
o = 1.8, corresponding to an activity at which the system is unstable (lower right panel).
The case of 7'/t =1 —2u?/(vn) = 0.8 is shown.

wavelengths (Fig. lower right panel). The critical activity o (k) at which the mode & is

marginally stable is found by demanding that Re(f3) = 0:
1
ac(k):—l—ide(kd)r/Ts. (3.11)

Since 7/1; = (vY)/(nAd), interfacial tension tends to suppress the instability for nonzero

k. But we find even if 73 < 7, the longest wavelengths are always unstable for o« > 1. The
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Figure 3.3: Stability diagrams showing when an interface of an active film is unstable as a
function of dimensionless activity o and dimensionless wavenumber kd. It shows the case
of 7, = 7. The system is stable in the blue-shaded region, and unstable in the unshaded
region. The perturbations are oscillatory in the region between two dashed lines.
shapes of the real and imaginary parts of the growth rate curves for 7 > 7, and for 7 < 7
are qualitatively similar to the case of 73 ~ 7.

Note that the growth rate f always has an imaginary part when « is sufficiently near

o, (k); when a mode is unstable with a sufficiently small growth rate, it also propagates.

Propagating modes are found when ot < o < ory, where

1 1
o = 1+§de(kd)1/rsi\/Ede(kd)r’/rs. (3.12)

Also, there are no propagating modes without the interface, since o, — 0(_ o< \/m o< /7.

Figure [3.3] shows when the region of stability of the interface as a function of scaled
dimensionless wavenumber and dimensionless activity for the case of 7/7; = 1. The sys-
tem is always stable for o¢ < 1. Growing and decaying modes with a sufficiently small
growth rate [between the dashed lines in Fig. which are given by eqn (3.12)] are also

propagating. Adkins et al. have observed this active propagating waves in the experiments
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recently [71].

3.3 Conclusion

In this chapter we have studied the effect of activity on the stability of a flat interface. The
bulk instability of the active fluid, which is characterized by a vanishing effective shear
viscosity, leads to spontaneous shear flows that can destabilize an interface that would be
stable in absence of activity. In the linearized problems we have considered, we never
find activity to be stabilizing. Furthermore, we observed an oscillatory behavior at suitably
large activity, corresponding to propagating damped or growing modes. The presence of
propagating modes (damped or growing) at zero Reynolds number is qualitatively different
from the passive fluid case, where no propagation is seen at zero Reynolds number. The
propagating modes in our linear stability analysis may be the seed for propagating modes
at large amplitude, as seen in numerical calculations of active membranes [64].

We made several approximations in this work to make our calculation tractable. We ne-
glected Frank elasticity, which meant that the base state that we expanded about is uniform,
Q;; = 0, and we were able to eliminate Q;; by simply solving an algebraic equation and
lumping all the liquid-crystalline and active effects into the effective frequency-dependent
viscosity Negr(B). It would be interesting to generalize our calculations to fully explore
the role of Frank elasticity, since it has been shown that Frank elasticity (or equivalently
rotational diffusion in the work of Woodhouse and Goldstein) leads to spontaneous flow
even for undeformed confining surfaces [72]], and, as we showed in the long-wavelength
limit [59]], an infinite number of modes that are not present when Frank elasticity is disre-
garded.

A second major simplification is our neglect of the outer fluid. Because we neglected

the viscosity of the outer fluid, we only had to solve a quadratic equation to find the
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branches of the growth rate. Including the outer fluid, as has been done for the ordered
nematic case (65,66, is more realistic, and it will lead to a more complicated characteristic
equation, and more branches.

Finally, since shaken granular systems are an important example of active matter, and
because vibrations lead to stability of otherwise unstable interfaces [[73]], it would be inter-

esting to extend the ideas developed here to interfaces in shaken granular systems.



Chapter 4

Couette flow of active gels in a straight

channel

31



32
4.1 Introduction

In this chapter, we study the flow states of an active gel in a straight channel with moving
boundaries to see how an imposed shear affects the possible flow states and the transitions
among them. Let us begin by reviewing the linear stability analysis of an unbounded two-
dimensional active gel. An isotropic (Q = 0), motionless (v = 0) state is unstable to shear
flow and nematic ordering when the effective shear viscosity (e = N — aAT) vanishes,
which occurs for a critical activity a. = 11/(A7) [24,25]. The form of the effective shear
viscosity shows that extensile particles tend to reduce the shear viscosity, whereas contrac-
tile particles tend to increase it, in agreement with Hatwalne et al. [46]. In the unstable state
of the unconfined geometry, the pattern of alignment of the bundles follows a sine wave,
appearing like a bent filament, or like the nematic configuration of bend [45].

Next, let us consider an active gel confined to an infinite straight channel of width W
and subject to a steady uniform shear flow vo = (W —y)X as shown in Fig. We assume
no-slip boundary conditions on the channel walls for the velocity field, and Neumann con-
ditions, (d;Q jx = 0) or “zero-torque conditions” for the order parameter field on the walls.
Given the parallel planar channel walls and zero-torque boundary conditions, the nematic
order parameter is uniform and divergenceless for the imposed uniform shear flow. In our
hydrodynamic model, activity only appears in eqn (2.20), and thus, when activity is below

the critical value for the instability, the order parameter field is unaffected by the activity.
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Figure 4.1: The base state for the flow field and tensor order parameter field Q;; of an active
gel in a straight channel with the bottom wall moving at a fixed speed yW. The double-
headed arrows correspond to the director field n of the extensile apolar active bundles. The
tensor order parameter field is uniform throughout the channel because the flow is uniform
and because we impose Neumann boundary conditions on Q;;.

4.2 Start-up problem and linear stability analysis

Before considering the stability of simple shear flow, we solve the startup problem, assum-
ing an initially stationary isotropic gel with activity below the critical value (to be deduced
below). Since the Reynolds number is assumed to be small, the flow immediately assumes
its steady-state value vo. But the order parameter field attains its steady-state value only
after a time comparable to the liquid crystal relaxation time 7 [74]. Given the boundary
conditions on the order parameter, we may assume that Q is uniform in space. Since Q is
uniform, the divergence of the active stress vanishes and the flow remains simple shear as

the order-parameter field evolves. The order parameter equations (eqn (2.21))) reduce to

1
athx = _;Qxx_j/Qxy 4.1)

. 1 .
athy = '}/Qxx - ;Qxy - l’}/ 4.2)
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Assuming Q(r = 0) = 0, we find

On = Q)(C?C) [1 —e*’/fcos(}'/t)] —|—Q)(£)e*’/fsin(7/t) 4.3)
Oy = Q)(Cg) [l —e*’/fcos(}'/t)] —chg)e*’/f sin (1), 4.4)

where the steady-state order parameter tensor Qg is given by

)
0) Ayt
o = £ (4.5)
0 Ayt

The order parameter rises to its steady state, with oscillations that become apparent when
the shear rate is greater than the relaxation rate 1/7. These oscillations are reminiscent
of the oscillations observed [75] in the apparent viscosity during the startup flow of 8CB,
a director-tumbling nematogen [76]. In simple shear, the director of a tumbling nematic
makes a complete revolution, like a rod undergoing a Jeffery orbit in shear flow [76]. In
our case, as long as 7 is finite, the directors oscillate about their final steady state. Figure[d.2]
shows the director angle ¢ = arctan[Q,,/(S+ Q)] (measured counterclockwise from the

x-axis) as a function of time.
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Figure 4.2: Director angle ¢ as a function of time for various shear rates for the startup
problem of the liquid crystal order parameter in the case of steady simple shear. From top
to bottom, the shear rates are Y7 = 5 (green curve), Y7 = 1 (gold curve), and Y7 = 0.2 (blue
curve).

The steady-state scalar order parameter and the director angle are given by

g - A 4.7)

1+ 7212
¢ = —arctan ! .
VI+7PT 4+t

Equations (4.7) and (4.8) show that in steady state, the flow aligns the nematic director at

(4.8)

a nonzero angle with the horizontal streamlines, with a degree of order that increases with
increasing shear rate. At low shear rates, Y7 < 1, the bundles are oriented at an angle of
¢ = —m/4 with the streamlines, and the order is weak (S < 1). At high shear rates, the
bundles tend to align parallel to the streamlines, and S ~ A. For needle-like particles, with
A = 1, the order is strong in the limit of high shear rate. The shear stress on the moving
plate in the stable region is

O o aAT
Oow = —MNY any '}/( Tl+1+}.,21_2)7 a <dec. 4.9)

From eqn (4.9), it is easy to see the wall shear stress increases linearly with activity but the
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dependence on the imposed shear is not linear when the activity is below the critical value.

To analyze the stability of the base configuration with flow rate vp and tensor order
parameter Qq, we consider a perturbation that is independent of x. A more general assump-
tion would be to suppose the perturbation depends on both x and y, but here we forbid
x-dependence to simplify the analysis. Thus, v=vy+v; and Q = Qo+ Q; , with the

perturbations

Vi = wsin(nmy/W)exp (Br)X, (4.10)
Qxx Qxy

Q = cos(nmy/W)exp (Bt), (4.11)
Qxy _Qxx

where vy, 2y, and 2,, are constants, n is a nonzero positive integer, and 3 is the growth

rate of the perturbation. With these assumptions, the x component of the force equation

eqn (2.20) implies

W
y, = 20 4.12)
nmn
Using eqn (4.12)) in the linearized equations for Q yields
B — 1 14 n>Kn? N Aa
S AW? 2n(1+9212)
Aa 2 Aat/n
———| —7*(1 . 4.13
\/[2n(1+72f2)} A1) @

There are two modes. In the limit of a passive fluid, @ = 0, the modes collapse to a single
mode corresponding to oscillations of the order parameter as it decays to its equilibrium
value S = 0: B = —1/7[1 + 2K /(AW?)] +1i7. Note the similarity between these damped
oscillations and the damped oscillations in the startup problem, eqns (#.3) and #.4). A

nonzero activity makes the two modes distinct. In the limit of zero shear rate, B_ is negative
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and independent of activity even if @ # 0, and corresponds to the decay of the scalar order
parameter of a passive isotropic nematic when it is perturbed from the isotropic value § = 0.
The other mode corresponds to the spontaneous flow and ordering of an active isotropic
nematic when a > a. = [1 + 72K /(AW?)|n/(A7). Note that the confining channel walls
raise the critical activity above the previously quoted critical value for unbounded space.

The elastic constant K only enters the growth rate if the channel width is finite.
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Figure 4.3: Linear stability analysis results for a two-dimensional active gel in a straight
channel of width W subject to a shear flow with rate . The Frank elasticity is small:
K = 0.01AW?. Simple shear flow is stable against perturbations in the shaded blue region,
and the perturbations are oscillatory in the region between two dashed lines.

In general, the critical activity for instability depends on the shear rate, and is found by
determining when Re(f3;) = 0 for n = 1. The modes are oscillatory when the square root

in eqn (#.13)) is imaginary, or when a_ < a < a, where

aizzl’z—’7(1+72r2) <)‘/fj:\/l+}'/272>. (4.14)
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When a_ < a < ay, the critical curve Re[f4(n = 1)] = 0 in the J-a plane is given by

a1e =245 (14 27%) (1+ 2262, (4.15)

AT
where /¢ is the dimensionless correlation length defined in the previous section. When
a < a- ora > ay, the growth rate is purely real, and the critical curve B, (n=1) =0 is

given by

ﬂ(1+72f2) [(1+7f2£2)2+'}7272]
T

21+ 2C 7o) (4-16)

aze =

Note that as. > 0 for v/1+ 7202 > 71, and ase < 0 for /1 + w22 < y1.

The stability boundaries are plotted in Fig. 4.3|for the case of £ = 0 (zero Frank elastic-
ity). The region of oscillatory growth rates, a_ < a < a4, is the region between the dashed
lines. The stable region is the shaded blue region between the solid blue curves, whereas
the unstable regions are the white regions. Note that the upper stability boundary is given
by aj. in the oscillatory region, and a;. in the non-oscillatory region. The lower stability
boundary lies wholly in the non-oscillatory region, and is therefore given by aj.. Since
the upper stability boundary near 7 = O increases with shear rate, our results are in agree-
ment with Muhuri et al. [36], who found that shear counteracts the instability for extensile
particles. Surprisingly, we also find that shear can be destablilizing for contractile active

particles if the magnitude of the activity is large enough.

4.3 Nonlinear spontaneous flows

The linear analysis of the previous section predicts that simple shear flow with uniform
nematic order is stable as long as the activity and externally imposed shear rate lie in the
shaded region of Fig. However, there may be transitions to flow states that are not

captured by linear stability analysis, and furthermore, the linear equations cannot describe
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the fully-developed flow states. Thus, we explore the activity-induced flow states and the
transitions between them by numerically solving the full nonlinear equations, eqns [2.7
@ and @ We use the open source finite element software FEniCS [77-79] to solve
the work formulation eqns [2.29] [2.33| and [2.34] We characterize the flow states by the

spontaneous volumetric flow rate as well as the wall shear stress.

The system is initialized with a small value of the nematic order parameter S, appropri-
ate for an isotropic state. For sufficiently small values of the external shear, the direction of
the activity-induced flow for a > a. depends on the configuration of the nematic order. We
can achieve positive flow—flow in the same direction the bottom wall moves—or negative
flow—Aflow against the direction the bottom wall moves—by imposing appropriate initial
conditions on the directors. These conditions will be described below for the extensile and
contractile cases. The initial director fields also have small random fluctuations. Because
we are neglecting inertial effects, we do not need to initialize the velocity field, which is

determined from eqns[2.29] [2.33|and [2.34]

Instead of attempting to simulate a very long channel, we use periodic boundary condi-

tions on the left and right boundaries of the channel. The length L of the channel is chosen
to be five times the width W; we found this length to be the longest channel length we
could simulate in a reasonable amount of computing time. Since the variables change more
significantly near the top and bottom boundaries, we mesh the channel with gradually finer
elements from the centre-line to the boundaries, as Fig. shows.

We focus on situations in which the width W of the channel is large compared to the
correlation length \/K_/A of the liquid crystal. Therefore, our simulations are carried out
with a small value of the Frank elasticity, K/A = 0.01W2 (i.e. £=0.1). In our numerical
calculations, W is the unit of length, 7 is the unit of time, and 71/7 is the unit of pressure.

We restrict our simulations to the case of needle-like particles, A = 1.
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Figure 4.4: Numerical mesh for the straight channel. Panel (a) is the mesh for the whole
calculation region. In panel (b) we zoom in the rectangular region bounded by the blue
dashed lines in panel (a).

4.3.1 Extensile fluids

For extensile fluids, we find three types of flow states when the activity is above the critical
value a.: unidirectional, oscillatory, and dancing. These states are similar to three of the
states found by Samui et al. [S]], who studied an active nematic fluid confined to a channel
in the absence of external shear. These authors also found an active turbulent state at high
activity, which we do not explore here. The unidirectional flow is steady, consisting of
a superposition of spontaneous flow component and simple shear flow component. The
oscillatory flow is unsteady, with a pattern of flow and order that translates at a constant
velocity along the channel, which makes the spatially-averaged wall stress constant in time.
The dancing flow is truly unsteady, with a spatially-averaged wall stress that oscillates in
time. These states will be described in more detail below. Fig.[4.5|shows the phase diagram
for flow states for dimensionless activity in the range 0 < o < 2.5 and shear rate in the
range 0 < 77 < 1. To get positive spontaneous flow, we imposed initial conditions with

the directors converging to the right, as in Fig. [4.6b. To get negative spontaneous flow, we



41

S
RERLENTEIEY

Figure 4.5: Numerically determined flow states for extensile fluids with £ =0.1 and A = 1
in a straight channel. See the text for an explanation of how the flow states were deter-
mined. The blue shaded region and the dashed line indicate the linearly stable states and
the boundary for oscillatory modes, respectively, for ¢ = 0.1 (compare with Fig. d.3). The
location of the transitions is generally insensitive to whether the initial splay of the nematic
directors converges to the right (as in Fig. 4.6b) or the left (as in Fig. 4.6d). Note that
depending on the noise in the initial conditions, some of states at higher o can either be
dancing or oscillatory-like states; an example is shown in the appendix.

imposed initial conditions with the directors converging to the left, as in Fig. [4.6d. We ran
each simulation until either all transients died out, or t = 6007, whichever came first. The
final state could either be a steady state or a state with regular periodic behaviour. Then we
classified the states as follows. The simple shear and unidirectional flow states generally
emerge at times ¢t < 6007. Both states are steady with negligible y-component of velocity,
and these two flow states are easily distinguished since simple shear has the standard linear
flow profile v, = y(W —y), whereas unidirectional flow has a spontaneous flow component
added to the linear flow. If there is a nonzero y-component of the velocity at the end of the

simulation, we check for oscillations in the average wall stress, Gy = [3 dxGyy (x,y = 0) /L,

for times in the range 5507-6007. Negligible oscillation in the average wall stress implies
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Figure 4.6: Steady states of spontaneous flow and nematic order for dimensionless activity
o = 1.5 and dimensionless shear rate Y7 = 0.2 (the bottom wall moves to the right, and the
top wall is stationary). In the velocity field plots (panels (a) and (c)), colors denote flow
speed, and arrows denote the direction of the flow. In the order parameter field (panels (b)
and (d)), colors denote the scalar order parameter and lines denote the director field. Note
that the leftward spontaneous flow in (c) is not sufficient to reverse the net flow near the
moving wall, but leads to negative net flow near the stationary wall.

an oscillatory flow state, while non-negligible values imply a dancing state. Most of the
points shown in Fig. .5 reached a steady or regular periodic state by ¢t = 6007, or came
very close to doing so. But a few cases near transitions between flow states needed much
longer to fully develop.

The limit of stability for the simple shear flow states in the Fig. [4.5]is the boundary
between the region with black crosses and the regions with other symbols. We observe

that the numerical limit of stability for simple shear flow matches very well with the pre-

diction of linear stability analysis (filled blue region), but only for the transition from the
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Figure 4.7: The spatially-averaged wall stress on the bottom wall of a straight channel,
normalized by the passive wall stress. Because the average stress depends somewhat on the
spatial period of the oscillatory and dancing flow states, only the results for one representa-
tive period are shown. For dancing flow states, the spatially-averaged wall stress oscillates
in time, and the square symbols show the time-averaged value of the wall shear stress.
simple shear to unidirectional flow, 77 < 0.3. The disagreement between the linear stability
boundary and the transition from simple shear flow to oscillatory flow may be due to our
neglect of the possibility that the perturbation could depend on x as well as y. In the region
of simple shear flow (black crosses in Fig. [4.5), our numerical results show that the wall
stress decreases with activity, in agreement with eqn [4.9] Figure[d.7]shows the numerically
computed wall stress, normalized by the passive (viscous) stress. When the flow state is
simple shear, activity reduces the total wall stress in proportion to the activity, in accord
with the general understanding that extensile particles with activity reduces the effective
viscosity [46].

Unidirectional flow. When the externally imposed shear is in the range 0 < 77 <

0.3, and the dimensionless activity is in a relatively narrow band near @ ~ 1 (Fig. 4.5),

activity creates a steady unidirectional flow along the x-axis (Fig.[.6). The activity-induced
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Figure 4.8: Spontaneous component of velocity profiles in dimensionless units for unidi-
rectional flow at different rates of externally imposed shear. For each value of the shear
rate, there are two branches, with the upper branch corresponding to the positive sponta-
neous flow, and the lower branch corresponding to the negative spontaneous flow.
component spontaneously breaks the left-right symmetry of the channel, with the actual
direction of the active flow component determined not by the imposed external shear but
instead by the initial conditions of the directors, as described above. Since the total shear
rate vanishes at the value of y at which the flow rate has an extremum, the scalar parameter
vanishes at this same value of y (Fig.[d.6). Figure [4.8|shows the flow profile subtracting off
the imposed shear flow for fixed activity and various values of ¥ for both the left-moving
and right-moving spontaneous flows. It indicates that the spontaneous active component
of the flow depends on 7; in other words, the total flow is not simply a superposition of
the passive shear flow v, = 7(W —y) and the spontaneous flow at zero externally imposed
shear.

To better characterize these flows, we subtract the passive volumetric flow rate from

the total volumetric flow rate to get the dimensionless activity-induced volumetric flow rate
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Figure 4.9: Dimensionless activity-driven volumetric flow rate versus dimensionless ac-
tivity in a straight channel. The symbols denote the flow states and the colors denote the
externally imposed shear rate. The wavelength for all nonzero activity-driven flow rate
cases shown in the figure are SW /4.

(per unit channel width),

, - w w2\ T
qactlve = g — gPsive = ( /O dyvy — Y )

> ) 4.17)

shown in Fig. 4.9 This quantity serves as an order parameter describing the transitions
among the various flow states. Figure shows that the activity-driven flow rate has the
same magnitude for the left-moving and right-moving flows, and also that the amplitude of
the unidirectional flows increases as the activity increases.

Examining Fig. for the case of y7 = 0.2 reveals that reduction of the normalized
wall stress with increasing activity ceases at the onset of the unidirectional flow, and the
normalized wall stress at y = O starts to increase slightly as activity increases further. The
active component of the wall stress at y = 0 in the unidirectional flow has the opposite sign

compared to that of the simple shear flow, as can be seen from the opposite orientation of
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Figure 4.10: Examples of the unsteady oscillatory flow state at + = 6007. Panels (a), (b),
(c) and (d) show the flow patterns and order parameter fields corresponding to positive and
negative spontaneous flows for small external shear rate. Panels (e) and (f) show a case
with larger shear rate. At this shear rate, we only observe positive spontaneous flow.
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the directors near the wall y = 0 in Fig. #.6b and Fig. 4.1} Also, the active component of
the flow changes the sign of the flow gradient near the wall, as can be seen from Fig.
These two effects together lead to the rise in the normalized wall stress at the onset of
unidirectional flow.

Oscillatory flow. Our phase diagram of flow states shows that for y7 < 0.3, there is
a transition with increasing activity from the unidirectional flow states to two-dimensional
oscillatory flows (Fig. [4.10). When 7 2 0.3, the simple shear states transition directly to
two-dimensional oscillatory flows as activity increases. Although the oscillatory flow states
are unsteady, with the velocity and order parameter taking the form of a traveling wave, the
flow pattern and order parameter configuration rigidly translate in the x direction with wave
speed vr. In other words, in the frame moving relative to the channel walls with speed v,
the streamlines meander in space but are steady. Likewise, the configuration of the order
parameter tensor is steady in this frame. Because we use periodic boundary conditions,
the flow field and orientational order parameter must have period in x equal to the channel
length L. But these fields could also have a shorter period, which must evenly divide the
total channel length. Since we use a channel length L = 5W, the possible wavelengths for
a periodic configuration are SW, 5W /2, SW /3, .... Different wavelengths are selected in
the dynamical final state depending on the initial nematic directors, as well as the value
of the activity and the imposed shear. Because it is difficult to determine the relationship
between the random fluctuations imposed on the initial directors and the wavelength that
is finally selected, we did not make a systematic study of all the possible wavelengths. It
is natural to worry that the steady translation of the flow field and order parameter pattern
could be an artifact of the periodic boundary conditions. In Sec. we study an annular
geometry as a single domain without the need for periodic boundary conditions. Since we
also observe an oscillatory flow state with constant angular wave speed in that situation, we

are confident the constant wave speed vz we see in the straight channel is not an artifact of
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the period boundary conditions.

We measured the volumetric flux for times in the range t = 550-6007, which is when
the system is generally in its final dynamically stable state. In the final state, the volu-
metric flow rate and wall shear stress of the oscillatory flows are constant. For small ex-
ternally imposed shear (e.g. y7 < 0.2 in Fig. 4.5), the spontaneous activity-induced flows
can be either positive or negative, depending on the form of the splay in the initial condi-
tions for nematic order, as for the unidirectional flows. See Figs. 4.10a—d (movies are in
the appendix). For positive spontaneous flow, the streamlines undulate, but the externally
imposed shear breaks the up-down symmetry of the waves with respect to the horizontal
centerline of the channel. The velocity at the valleys of the waves is higher than at the
peaks. For negative spontaneous flow, since the activity-induced flow is opposite to the
direction of the externally imposed shear flow, the flow more easily forms circular stream-
lines. Thus, for ¥ # 0, the absolute value of the activity-driven flux of negative spontaneous
flows is slightly smaller than the flux for the positive spontaneous flows, as can be seen by
looking very closely at Fig.

The direction of the spontaneous flow not only determines the shape of the streamlines,
but also determines the direction of translation of the total flow pattern, including the pas-
sive viscous flow. For positive spontaneous flow, the total flow pattern translates in the +x
direction, while for the negative spontaneous flow case, it translates in the —x direction.
The activity-driven volumetric flow rate is nonzero but generally decreases with increasing
activity as shown in Fig. 4.9] Figure shows that the wave speed vt pattern is faster
than the flux, and the difference between these two quantities decreases with the growth of

the activity.
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Figure 4.11: Wave speed vr of the flow pattern relative to the average dimensionless flow
rate for the oscillatory flow state with various (small) externally imposed shear rates.

We now turn to larger externally imposed shear (e.g. 77 > 0.3 in Fig.[4.5)). In this case,
only the positive spontaneous flow appears; the symmetry is broken by the flow imposed
by the external shear. The activity-driven volumetric flow rate is zero because the imposed
shear rate is large enough to close the streamlines. Interestingly, our numerical results
indicate that the wave speed is equal to the average volumetric flow rate of simple shear,
VT = }/W / 2.

Because v, begins to oscillates in the oscillatory flow state, we measure the frequency
fv of this oscillation in the time range 480 < ¢ < 6007. From Fig. 4.12h, we observe
that f, hardly depends on activity by numerically solving nonlinear equations when the
externally shear rate is large enough. In this range, for the same wavelength, f, increases
approximately linearly with increasing external shear rate (approximately consistent with
the results of the linear stability analysis). Additionally, in our simulations we found that
in the numerical results, the longer the wavelength, the slower the rate of increase of the

oscillation frequency f,. Fig. shows a zoomed in region of the cases subject to a
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small external shear flow. It indicates that f, depends on activity and for one specific set
of values of the activity and 7 there also exist two different frequencies corresponding to

different initial conditions of the alignment, when 7 is small.
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Figure 4.12: Frequency f, of the oscillation of v, for oscillatory flows in the straight chan-
nel. Symbols are f, in the time range 480 <t < 6007. Different symbols denote the
different wavelengths of the flow pattern waves. In panel (b) we zoom in the rectangular
region at low external shear rate in panel (a) bounded by dashed lines.

Dancing flow. At higher activity, the flow field and tensor order parameter field become
unsteady in any frame, and we find states (Fig. 4.13} movies are in the appendix) analogous
to the dancing flows found by Shendruk et al. [80] and Samui et al. [5] in their study of
active nematic flow in a two-dimensional channel. The volumetric flow rate of dancing flow
is still constant with time. Additionally, in the range we study (o < 2.5), when activity is
large enough to dynamically close all streamlines for the part of the flow that is activity-
driven, the total flux is the same as in the passive case. As in the case of the oscillatory
flows, sometimes we find multiple states at the same values of parameters. For example,
noise in the initial conditions may cause the system to exhibit oscillatory-like states in the
region of the phase diagram where dancing flows are also found.

Given a director configuration i = cos@X + sin@y, we may define the topological
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Figure 4.13: Snapshot of a representative unsteady dancing flow state at r = 599.87. In
the velocity field plots, colors denote flow speed, and arrows denote flow direction. In the
order parameter field, colors denote the scalar order parameter, and lines denote directors.
charge inside a closed loop by computing [d¢ = 27m around the loop, where m is the
charge. Applying this definition to the configuration in Fig. F.I3p may be problem-
atic because the order parameter S vanishes not just in small cores but in extended two-
dimensional regions. If the loop drawn to encircle a potential topological defect crosses a
region where S vanishes, the angle ¢ and the topological charge are ill-defined. Neverthe-
less, we can simply look at the director configuration of dancing flow and see that there are
parts of the configuration around the regions of small S near the center of the channel that
closely approximate the director field of +1/2 defects. The +1/2 defects appear in pairs,
and the two defect cores move with undulations of the flow in opposite directions leading
to the pairs exchanging partners with the pair to the immediate left and immediate right,
consistent with the Ceilidh dance observed by Shendruk and Samui [5]].

The spatially averaged shear stress imposed by the active flow on the moving wall also
oscillates in time. The average wall shear stress no longer decreases linearly with activity in
the spontaneous flow region. Fig. [4.14] shows the oscillation frequency f; of the spatially-
averaged wall shear on the moving plate for all cases with wavelength equal to 5W /4. Panel

(a) shows that f increases almost linearly with the growth of activity, and panel (b) shows
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that f; decreases with external shear.

-e- yr=0.0 yt=03 -e- yt=0.6 yt=0.8
-e- yr=0.1 yt=04 -e&- yt=07 -6- y1=0.9
-6- y1=02 -&- y1=05 a=22 =6- a=2.3 =-6- a=2.4 -6- a=2.5
B C "€ ~o -,
05251 (a) 4 5 0.5251 (b) 6.
2% -
7 ’ SS
0.5004 wavelength=5W/4 ;’;’/,:/D 0.500{ wavelength=5W/4 AN
22 RePid 0 hcl
0.475 A S0t 04759 &==8--w.__4 N
/5’15'/” e ~~ﬂ'~~e Q
~ 0.450 4 /552"16,,/// ~ 0.450 4 \-_&\ \\\
“9 222,07 & o b Y ©
0.425 A 4250577 7 0.425 A ~
,’g://,/, O==O--o_o__ o
0.400 A Lsoel . 0.400 O-w._
4% g - &\
¢ 7 7’ ~
03751 %27 @ 0.375 ©
22,7
0.350 A ’g/ 0.350
220 225 230 235 240 245 250 0.0 0.2 0.4 0.6 0.8
a VT

Figure 4.14: Oscillation frequency f; of the the wall shear stress of dancing flows in the
time range 350 < < 6007 in the straight channel. For clarity, the figure only shows the
results for wavelengths equal to 5W /4. Panel (a) shows the dependence on activity and
panel (b) shows the dependence on external shear rate.

4.3.2 Contractile fluids

Negative activity corresponds to contractile particles. When the activity is sufficiently neg-
ative and the shear rate is large enough, y7 > /1 + 722 , we observe unidirectional flow
states in our finite-element calculations. The stability boundary that we find in our numer-

ical calculations is consistent with the results of our linear stability analysis (Fig.d.15)).
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Figure 4.15: Flow states for contractile particles in a straight channel with £ = 0.1. As in
Fig.[.5] the blue shaded region is linearly stable, and the modes of the linearized equations
are damped but oscillatory above the dashed line. The finite element results are insensitive
to the initial conditions of the director field.

As in the extensile case, we get both positive and negative flows, depending on whether
the initial configuration of the directors bends downward as in Fig. 4.16p, or upward as in
Fig. @]d After transients have died out, the active component of the volumetric flow rate
is equal in magnitude for the positive and negative flows, and the amplitude of the flow rate

increases as the magnitude of the activity increases.
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Positive spontaneous flow

—16

1 = 1.8, «

Figure 4.16: An example of the velocity and order parameter fields of positive and negative
spontaneous flow for contractile particles. In the velocity field plots (a) and (c), colors
denote the flow speed, and arrows denote flow direction. In the order parameter field plots
(b) and (d), colors denote the scalar order parameter, and lines denote the directors.

It is well-known that contractile elongated particles in a shear flow enhance the shear
viscosity [46]. Thus, the wall stress (normalized by passive stress) increases linearly with
the magnitude of the activity when the flow is simple shear, according to eqn[4.9] When the
flow transitions to unidirectional flow, we also find that the normalized wall stress increases
linearly with the magnitude of the activity, however with a slightly smaller absolute value
of slope. The figures showing the dependence of the active component of flow rate and the

dependence of the normalized wall stress on activity are in Fig. and Fig. {.18]
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Figure 4.17: Activity-driven volumetric flow rate in contractile fluids in the straight chan-
nel. Symbols denote the flow state and colors denote the external shear rates. The plot
shows results for the two kinds of initial conditions of the director field with a positive and
negative x component.
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Figure 4.18: The average wall stress imposed by the active flow on the bottom plates of
the straight channel 6y as a function of dimensionless activity o for contractile fluids. The
dashed lines are extended lines of simple shear flow. They are plotted for comparing the
different slopes of simple shear flow and unidirectional flows. The results in the figure are
insensitive to the two kinds of initial conditions for the director field, i.e., +x splay-like
alignment.



56

When the magnitude of the activity becomes large, we observe a boundary layer in the
flow velocity. Since we found only steady-state unidirectional flow states for contractile
activity, it is computationally more efficient to reduce the governing partial differential
equations to ordinary differential equations [see eqns (4.19H4.22)) below] and solve them
using the bvpSc solver of MATLAB [81]]. Figure 4.19] shows the active component of
the flow for the positive and negative spontaneous flows of contractile gels. When the
absolute value of the activity is large, we observe that the spontaneous component of the
flow approaches simple shear flow, with a boundary layer of dimensionless thickness /g

near one of the walls, which we define as the displacement boundary layer thickness [82]

Jo! dy (?oy — (v — VEaSSive)>

I3 dyoy

ls , (4.18)

where Jp = d(vy — vﬁ?aSSive) /dy at y = 0 for positive spontaneous flow. The boundary layer
thickness is the same for positive and negative spontaneous flow. Figure {.19] shows that
the peak flow speed of the active component is higher and the boundary layer is thinner for
larger magnitudes of the activity. From Fig. we find that (5 o |0t — 0|®, where { is

close to —0.5, but its magnitude increases with 7.
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Figure 4.19: Active component of the velocity profile in dimensionless units for contractile
particles in the unidirectional flow state, for Y7 = 2.0 and various activities. The upper
branches correspond to positive spontaneous flow, and the lower branches correspond to
negative spontaneous flow. The boundary layer thickness is denoted by /.
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Figure 4.20: Log-log plot of dimensionless boundary layer thickness /5 vs. @ — &, for
various shear rates (legend). These results indicate that £5 o |0t — 0|, where { gradually
changes from —0.44 to —0.56 with increasing y7.
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4.3.3 Weakly nonlinear analysis for y = 0.

To conclude this section, we turn to a weakly nonlinear analysis of the spontaneous steady
unidirectional flow near the transition from the motionless isotropic state [83]. We continue
to assume A = 1 and only consider the case of zero shear rate, ¥ = 0. Assuming that the
velocity field, order parameter tensor, and pressure depend only on the coordinate y, the

dimensionless governing equations are

Wi—aQ, =0 (4.19)

—p+aQ., = 0 (4.20)
POl — Qu+Vi0y = 0 (4.21)
(O — Oy —ViQu+Ve = 0 (4.22)

with no-slip boundary conditions v,(0) = v,(1) = 0 and no-torque (Neumann) boundary
conditions Q;;(0) = Q;;(1) = 0. The prime denotes a derivative with respect to y. We
already saw in Sec. 4.2 that the motionless, distorted state at zero imposed shear rate is
unstable when & > o, where o = (1 + m2¢?) is the dimensionless critical activity. Here
we study the spontaneous flow and weak ordering for a = o, + 0 @, with d @ > 0. Assuming

the balance Oy, &~ VO, in eqn 1| suggests that to leading order, v, = 0(8a'/?), Oy =
0(8a'/?), and O, = O(8a). Thus, we expand in powers of Soc'/2:

Ve = Sal/zvj(cl)+3av§2)+6a3/zv§3)+... (4.23)

0; = 6020+ 8007 + 82320 + ... (4.24)
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At 0(8a'/?), we find the steady versions of the linearized equations we used in Sec.

to solve for the growth rate,

v)(cl)//_aCQ)(C;)’ B (4.25)
Pt o — o 420
2ol)" -0y +" = o 4.27)

The Neumann boundary conditions on Q;; together with eqn (4.26]) imply that Q,(olc) (y) =0.

Integrating eqn (4.25) yields v)(cl)/ — OCCQ)(C;) = o), where 6(1) is a constant. Eliminating

v)(CI) from eqn 1| leads to

oW 1 (0 —1)0l) = —o1), (4.28)

To get a solution for QS) that satisfies the Neumann boundary conditions, we must have

)

(
Oxy cl cos(x/a y/ ) o1
o

o —1’

(4.29)

= (C]COSTy — (4.30)

Using eqn (4.25) and the no-slip boundary conditions implies ¢(") = 0 and v(!) = (¢; 0. /&) sin ry.
Note that to leading order, v and Q,y are &(5a'/?), but Oy, is at most &(S ). At the next

order, the equations are

W (1472208 = o 4.31)
20"+ 0P P = 0 (4.32)

20"+ 02 = (14722 cos? my, (4.33)
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with solutions

22
2 _ o l+7m cos2my
e = a T M igaee (339
0% = cycosmy (4.35)
1+ w2
W = 6 Ginny, (4.36)
where c¢; is a constant.
To determine ¢, we must expand to &(803/?):
W (1422208 = —cimsin(ny) 4.37)
3
EZQS)H — QS) +y3r = c%Co [(E + 47t2£2> COSTTY
1
+ 5cos 37ry} , (4.38)
where Co = (14 20?)?/[2(1 +47>¢?)]. Integrating eqn (4.37) yields
v = (1472208 + ¢ cosmy+ 6, (4.39)

where the constant 6 appears in the expansion of the stress, 6 = v, — 00Qyy = Sal2e) 4
So.c@ 4+ 8a’3/263) + ... The solutions we have already found at lower order imply that
o) = 6@ = 0. The no-slip boundary conditions on v)(f) also imply that o) = 0. Thus,

the stress vanishes not only at the critical value of the activity, but also as « is increased

above ¢.. Our numerical computations give the same result just above the critical activity.

Using eqn li to eliminate v(®) from eqn |i yields

EZQS)N + nzézQ)(;) = Cicosmy+Cycos3my, (4.40)
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where

(14 m202)2(3+872(2)

C - 441
! 4(1+4m202) “l (441
63(1 + 7’:252)2
C i S 4.42
2 41+ 4m202) (4.42)

To find c¢;, we use the Fredholm alternative [84]], which implies that the right-hand
side of eqn (4.40) must be orthogonal to the solution of the corresponding homogeneous

equation. Thus, C; =0, and

280 (1+4720?) cos2my 3
o = 22 ) 4 0(8a? 4.4
Q % 3+87r2€2( 1+47r£2)+ (8a77) (443)
2802 [ (1+4r202)
Oy = =+ o R cosy+ O(Sat) (4.44)
28! [(1+4m202)
= i : 4.4
v - 3 8n20 siny + O'(6o) (4.45)

where the two signs for v, and Q,, correspond to the two different spontaneous directions
of flow, and the corresponding orientation of the directors. These analytical solutions agree
well with our numerical solutions for the spontaneous unidirectional flow state with activity

just above the critical activity.

4.4 Conclusion

In this chapter we theoretically and computationally studied active gels in a two-dimensional
straight channel subject to an externally imposed shear. The gels are orientationally dis-
ordered when there is no externally- or activity-driven shear, but have nematic order that
increases with shear rate. Using the finite element method, we determined the possible

flow states for a range of activities and external shear rates. A linear stability analysis of
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an unconfined gel in a straight channel showed that an externally imposed shear flow can
stabilize an extensile fluid that would be unstable when ¥ = 0, and destabilize a contractile
fluid that would be stable when 7 = 0. These results are in rough agreement with the stabil-
ity boundaries between the base shear flow state and the nonlinear flow states that we find
numerically for a confined active gel. For extensile fluids, we found three kinds of nonlin-
ear flow states in the range of 0 < o < 2.5 and 0 < 77 < 1: unidirectional flows, oscillatory
flows, and dancing flows. To highlight the activity-driven spontaneous component of the
nonlinear flows, we characterized these states by the average volumetric flow rate and the
wall stress. But for contractile fluids, we only found the linear shear flow and a nonlinear
unidirectional flow in the range of 0 < o < —16 and 0 < yt < 2.4. A boundary layer was

observed in unidirectional contractile flow when activity is negatively large enough.



Chapter 5

Couette flow of active gels in an annular

channel
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5.1 Introduction

In our work on the straight channel, we saw that simple shear flow led to a spatially uni-
form order parameter field Q when the activity is less than a critical value. Uniform Q
leads to zero active force on the fluid. In contrast, if the shear rate in the base flow is
spatially nonuniform, the alignment and degree of ordering of the directors will also be
spatially nonuniform, leading to an active force. This situation arises in the case of curved
boundaries—as in an annular channel—for any nonzero value of the activity, no matter how
small. Previous theoretical studies involving curved boundaries have focused on the case
of motionless walls. For example, Woodhouse and Goldstein found spontaneous circular
flow of a biological active suspensions in a circular chamber [11]], and Norton et al. showed
that the nature of topological defects in the director field is determined by the flow rather
than the director anchoring conditions at the wall of a circular chamber [19]].

In this chapter, we introduce curvature by considering the flow states of a two-dimensional
active gel in the Taylor-Couette geometry of an annular channel between two concentric cir-
cular boundaries of radius R and R+ W. We impose external shear by rotating the inner
boundary with steady angular frequency , leaving the outer boundary stationary. Stokes

flow in this geometry is given by [85]]

2 2
oR [(R-i—W) _r}7 5.1)

T RTwWW | -

where r is the radial polar coordinate. The second term of eqn (5.1) corresponds to rigid
body rotation and does not lead to any strain rate, but the first term leads to a nonuniform
strain rate, and thus induces a nonuniform order parameter field and an active force on the

fluid for any nonzero value of the activity.
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5.2 Nonlinear spontaneous flows

To study the nonlinear flow states of active flows in the annular channel, we again employ

the finite element software FEniCS to solve eqns|2.29} 2.33|and[2.34, We set £/ =0.1,A =1

and R/W = 1. Fig displays our numerical mesh of an annular channel with irregular

triangles.
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Figure 5.1: Numerical mesh for the annular channel. Panel (a) shows the mesh for the
whole channel and panel (b) is a magnified view of the rectangular region in (a).

5.2.1 Extensile fluids

We begin our discussion of the flow states in the annulus with extensile active gels, a > 0.
As in the case of the straight channel, we give the initial director field some splay to in-
duce counterclockwise or clockwise spontaneous flow, with the flow direction depending
on the sense of the splay. For example, splay with the rods converging as we move counter-
clockwise around the annulus (Fig. [5.2ld) leads to counterclockwise active flow (Fig.[5.2k).
For the activities we used, we find the same kinds of active flow states as in the straight

channel: Couette-like states which have no radial component of flow and are the analogs of
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the unidirectional states in the straight channel (Figs. [5.2h—d), oscillatory states (Figs.[5.2
and f), and dancing states (Figs. and h). We run the simulations until ¢t = 6007, and
characterize the flow states as we did in the case of the straight channel (Sec. {.3). For
the Couette-like flows, we distinguish two flow states by checking whether the maximum
velocity is at the moving wall or in the interior of the annulus. If the flow is fastest on the
wall, we label it a “Couette-like 1 flow state; otherwise the label is “Couette-like 2”. If the
transverse component of the velocity v, is nonnegligible, we check whether the torque ex-
erted by the total flow on the inner boundary oscillates during the time interval 5507-6007.
If it oscillates, then the state is dancing, otherwise it is oscillatory. There are a few flow
states near transitions that need a longer time to equilibrate. We also find multiple solutions
for particular values of w7 and « for the oscillatory and dancing flows.

Figure shows flow transitions in the annular channel in range of 0 < o < 2.5 and
0 < yt < 1. The transition from Couette-like to oscillatory flow states is relatively robust,
with the transition states showing little dependence on the initial conditions. However,
comparing with the case of the straight channel, the states observed in the transition from
oscillatory to dancing flow are more sensitive to the choice of initial conditions, specifically,
the random seed used to initialized directors, as well as the rotational sense of the director
splay. The phase boundary between the oscillatory and dancing states can vary by one or

two symbols on the phase diagram Fig. [5.3]as the initial conditions are changed.
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Figure 5.2: Examples of spontaneous flow states of an active gel in an annular channel for
o7 = 0.2. In the velocity field plots (a, c, e and g), colors denote flow speed and arrows
denote flow direction. In the order parameter field plots (b, d, f and h), colors denote the
scalar order parameter and lines denote the directors.
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Figure 5.3: Flow states for extensile fluids in an annular channel with / = 0.1 and R/W = 1.
The Couette states at @ = 0 are states of zero flow and zero order.

In the case of a straight channel, our numerical calculations always yielded the Newto-
nian simple shear state solution as long as the magnitude of the activity was small enough.
The situation is different for the annular channel: our numerical calculations only yield the
Newtonian Couette flow state solution (eqn (5.1I))) when the activity vanishes. As empha-
sized earlier, any nonzero value of activity leads to active force and an active component of
the flow because the order parameter field is nonuniform for nonzero wall rotation speed
®. Green et al. examined a similar phenomena for active nematics in which a surface
of nonvanishing Gaussian curvature generates a spontaneous flow at arbitrarily low val-
ues of the activity parameter [86]]. As long as @7 is sufficiently small, the flow profile
varies continuously between the Couette, Couette-like 1, and Couette-like 2 states as the
activity increases (Fig.[5.4). Note that the flow velocity increases with activity for a given
imposed rotation rate, as expected because extensile activity reduces the effective shear
viscosity [46]. Also, the change from the Newtonian Couette flow profile is small as long

as the activity is modest, o < 0.9 (Fig.[5.4), which we examine in Sec.[5.3
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Figure 5.4: Velocity profiles in dimensionless units for the extensile case of Couette (0t =
0), Couette-like 1 (¢ = 0.3, 0.6 and 0.9) and Couette-like 2 (v = 1.2 and 1.5) flow states,
for w7 =0.2.

The oscillatory flow in an annular channel (Figs. [5.2¢ and f; movies are in appendix) is
similar to the oscillatory flow in a straight channel. The flow and order parameter patterns
are steady in a frame that rotates at constant speed, and the average volumetric flow rate
([ drvg /W) is constant in time. Since we solve the equations in the annular domain without
applying periodic boundary conditions, and still see steady rotation of the flow pattern and
order parameter pattern, we can be confident that the constant wave speed we saw in the
case of the oscillatory flows in the straight channel is not an artifact of the periodic boundary
condition.

In the dancing state, the flow and order parameter patterns periodically change in time,
similar to the case of the straight channel. Unlike the straight channel, the volumetric flow
rate of the dancing flow state (Figs.[5.2}g and h; movies are in appendix) in the annular case
is not constant in time. This time dependence arises because the difference in curvatures

of the inner and outer boundaries of the annulus breaks the reflection symmetry of the
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boundaries of the straight channel that relates the dancing flow at the top wall to the dancing
flow at the bottom wall. Also, as in the straight channel, we observe moving pairs of +1/2
defect-like patterns with an exchange of partners in the annular dancing flow. In the straight
channel, the defect pairs are mirror images of each other (see Figld.13b), but in the annulus,
the different curvatures of the two boundaries spoils this symmetry.

Figure [5.5] shows the active component of the average flow rate (defined as before as
the average flow rate of the total flow minus the average flow rate of the a = 0 case) for the
various flow states we studied in the annular channel. For the case of zero applied shear
(ot = 0), there are positive and negative spontaneous flows when the activity exceeds a
critical value. But for @t # 0, the flow rate has no bifurcation: it continuously increases
from zero as the activity increases from zero. Another striking difference with the straight
channel is that for nonzero rotation rates of the inner curved wall, we only observe positive
spontaneous flows (Fig. [5.5), even when we attempt to reverse the direction of flow by
altering the initial conditions of the directors. This rectification arises because in the curved
channel, the non-uniform alignment of the directors arising from the applied shear leads to
spontaneous flow with the same rotation sense as the rotating wall. Furthermore, since the
wave translation direction corresponds to the direction of the spontaneous component of the
flow, the oscillatory flow patterns all translate in the +6 direction when w7 # 0. Another
difference from the straight channel case is that the active contribution to the average flow

rate does not disappear in the annular channel for larger shear rate.
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Figure 5.5: Active component of the volumetric flow rate for extensile fluids in dimension-
less units of vgT/W as a function of activity in the annular channel. The symbols denote
the flow states and the colors denote the externally imposed dimensionless shear rate. For
the dancing flows, the square symbols show the average value of the oscillation of the vol-
umetric flow rate.

Figure [5.6] shows the torque exerted by the active fluid on the inner boundary, normal-
ized by the wall torque in the passive case. The relation of the wall torque to the activity is
very similar to the relation of the wall stress to the activity in the straight channel case, i.e.
the normalized wall torque decreases with increasing activity for the Couette-like 1 flow
state.

The change in slope in the active-flow rate vs. o curve in Fig. [5.5] or the normalized
wall torque vs. « in Fig.[5.6]indicates the transition from the Couette-like flow state to the
oscillatory flow state. As noted earlier, sometimes our numerical approach finds oscillatory
patterns of different wavelengths for the same values of the parameters, which would likely
result in values of the volumetric flow rate and wall torque different from those shown in
Fig.[5.5]and Fig.[5.6] Some of the variation in the normalized torque in the oscillatory and

dancing flow regimes in Fig.[5.6|arises from abrupt changes in wavelength as ¢ was varied.
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Figure 5.6: The torque imposed by the active flow of an extensile fluid on the rotating disk
normalized by the passive torque. For the dancing flows, the square symbols denote the

average value of the oscillation of the torque.

We compare the wall torque and wall stress of annular and straight channels in Fig.

to show the effect of curvature on the wall stress as a function of external shear in the range

of 0 < a < 1. The normalized wall torque and wall stress are close to each other for small

external shear rate and both increase with external shear rate, but the increase is larger in the

annular channel, i.e. normalized wall torque is closer in value to the passive case. Thus, the

curvature of the channel reduces the effect of activity on the wall with increasing external

shear.
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Figure 5.7: Comparison of the normalized torque on the inner boundary of the annulus as
a function of the dimensionless frequency of rotation of the inner disk and the normalized
wall stress on the bottom wall of the straight channel as a function of the dimensionless
shear rate.

5.2.2 Contractile fluids

We studied contractile active fluids in a two-dimensional annulus with the parameters in
the range —16 < oo < 0 and 0 < w7 <2.4. When a < 0, we only found Couette-like
states with no radial component of the flow. Since contractile activity is effectively shear
thickening [46], the effect of the activity is always to reduce the flow relative to Newtonian
Couette flow (Fig.[5.8). As in the extensile case, the direction that the active component of
the flow travels around the annulus is independent of the initial conditions, but unlike the
extensile case, the active component of flow is negative (against the direction imposed by
the externally applied shear). The magnitude of the negative flow is always less than the
magnitude of the externally imposed Couette flow; therefore, the total flow never reverses.
In this sense, the contractile annular flows are Couette-like 1 states rather than Couette-like

2 states.
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Velocity profiles in dimensionless units for Couette flow (o¢ = 0) and the
contractile Couette-like 1 (¢ < 0) flows states, for @t = 2.4.
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Figure 5.9: Activity-induced flux for contractile fluids in dimensionless units of vgT/W as
a function of activity in the annular channel. The plot shows results for the two kinds of

initial conditions of the director field with a positive and negative 6 component.
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Figs. [5.9]and [5.10]respectively show the steady-state of activity-driven volumetric flow
rate and wall torque imposed by the active flow on the inner disk of the annular channel in
contractile fluids. In accord with the effective shear-thickening of contractile active fluids,
the total torque on the inner boundary is always greater than the hydrodynamic torque in

Couette flow.
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Figure 5.10: The wall torque of different active flows normalized by the passive flow in
contractile fluids in the annular channel. The results in the figure are insensitive to the two
kinds of initial conditions for the director field, i.e., clockwise and counterclockwise splay-
like alignment.

5.3 Linear analysis of curvature at low shear rate

In this section we study the limit in which the flow in the annular channel is slow enough
that the induced order is small, S < 1. For slow enough flow, it is valid to neglect the
nonlinear terms in eqn (2.21)). On the one hand, this analysis offers a theoretical explanation

of some of the observations in Sec. [5.2} on the other hand, it gives some insight into the
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role of the curvature of the boundaries, which we did not vary in the previous section. For
convenience, here we restate the modified Stokes equation (eqn (2.20)) in dimensionless

form, along with the dimensionless form of the steady linearized equation for Q:

0 = —Vp+V2V—%V-Q (5.2)
0 = —Q+*V2Q+2AE, (5.3)

As in our numerical calculations, we use the width W of the channel as the unit of length.
Since we seek to study the Couette-like flow state, we assume v = ve(r)é. Note that this
flow is incompressible. We also suppose that p, Q,, and Q,¢ are functions of radius only.
With these assumptions, the rr component of eqn (5.3)) is homogeneous, which together
with the Neumann boundary conditions d,Q,, = 0 at r = R/W and r = R/W + 1 implies
QO+ = 0. Since the radial component of the modified Stokes equation (eqn with Q,, =
0 implies that the pressure gradient vanishes, we take p = 0.

To solve for the velocity and order parameter fields, we take the divergence of eqn (5.3

and combine with eqn (5.2) with p =0 to find

v? (v2 — %) v=0, (5.4)

where £2 = /2 /(1 — ). To focus our attention on the Couette-like states only, we restrict

our analysis to & < 1 in this section. Thus,

vg=cir+cy/r+c3li(r/&) 4+ caKi(r/&), (5.5)
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where the ¢; are constants to be determined, and 7 (x) and K (x) are modified Bessel func-

tions. Inserting the velocity field eqn (5.5)) into the r6 component of eqn (5.3),

! 1 / 4 /
0=12 (Q’,e +-0lg— r—ere) — 00+ (vh—22), (5.6)
yields
1 4
¢ (Q’,’e +-0rp r—ere> —Qro
A2
= E |:Cr—§€—6‘3]2(r/§)—|—C4K2(V/§):| , (5.7)
which has general solution
Q0 = csh(r/0)+ceKa(r/t) —2c20/r
A A
C3ﬁ]g(l‘/§)+04ﬁ[(2(7‘/5). (5.8)

Inserting this solution into the modified Stokes equation [eqn (5.2)] shows that c5 = ¢ = 0.
The rest of the integration constants are determined by the no-slip boundary conditions on
the (dimensionless) velocity, vg(R/W) = wTR/W and vg(R/W + 1) = 0, and the Neumann
boundary conditions on the order parameter field Q...(R/W) = Q,.(R/W +1) = 0. The
complete formulas are too complicated to display, but we plot the velocity in Fig. for
various ratios of R/W for a representative contractile case (top panel) and extensile case
(bottom panel). In both cases, the flow velocity approaches a linear profile as R/W becomes
large, as expected, since in that limit the curvature of the annulus becomes unimportant,
and the flow approaches simple shear flow. For the contractile case, Fig.[5.1Th, the velocity
profile is close to the Newtonian result, with the agreement between the two cases getting

better as R/W increases. For the extensile case, the velocity curves for different values
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of R/W get closer to each other as o increases, becoming very close to the linear profile
around o = 0.885. Above this value of activity, the order of the curves reverses, with the
linear curve lying below all the other curves. When o gets very close to unity and R/W is
small, the maximum velocity is not at the wall, i.e. the flow continuously changes from the

Couette-like 1 state to the Couette-like 2 state [Fig.[5.11p].
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Figure 5.11: Analytical results for flow velocity of the Couette-like 1 state in an annular
channel with weak order for £ = 0.1, A = 1, and various values of R/W for (a) a contractile
fluid with o« = —0.9 and (b) an extensile fluid with & = 0.99. The dashed lines in the panel
(a) show the results for Newtonian flows (&« = 0) for comparison.
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Figure shows the total torque M = 2R?0,¢ on the circle r = R as a function of
R/W . Note that the limit of a straight channel is almost obtained when R becomes compara-
ble to W. The torque for a contractile fluid is higher than the passive value since contractile
fluids effectively increase the shear viscosity. Likewise, the torque for an extensile fluid is
less than the passive value since extensile fluids are shear thinning. The torque approaches
the passive value when R < W. Note that since we use W as the unit of length, the limit
R < W corresponds to making the inner cylinder of vanishing thickness. When R < /,
the term £2V2Q dominates eqn , and therefore Q — 0. In this limit, the active force

vanishes, and flow is Couette flow.

201 a=-00999 |
e Of a=-05 |
£2 _
2 Lok a=0 1
=
: r a=0.>5 1
0.5? B
I a=0999 -
0-0 ,_\ L L L L Il L L L L Il L L L L Il L 1 L L \_
0.0 0.5 1.0 1.5 2.0

R/W

Figure 5.12: Dependence of normalized wall torque on R/W for different o from linear
analysis at low shear with / = 0.1 and A = 1. The colors denote different activities.

It is informative to find the velocity and the order parameter field in the limit R > W,
where the curvature of the annulus is small. Rather than taking the limit of the formulas
used to make Figs.[5.1Tand[5.12] it is simplest to solve the equations directly using regular

perturbation theory in powers of W /R. Reinstating the dimensions and writing r = R +y,
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we find

yy oy y
enl3)- 20y
ve @ w) 2 %

202@W [1—cosh[(1—2y/W)/&]
Rl [ cosh[1/ (28 } 69
0 B _7L(1)‘L'R
re — W
AT sinh [(1—2y/W)/&]
+ T{‘WW‘”“@ cosh1) (28)] } 10

The first terms of eqns (5.9) and (5.10) correspond to the velocity and order parameter field,
respectively, of a straight channel with an infinitesimal imposed shear rate Y = @R/W. The
remaining terms are the corrections due to the nonzero curvature of the annular channel.
Unlike our weakly analysis of the active flow in the straight channel (Sec. #.3.3), which
had spontaneous flow in either direction, here we see that the component of flow driven
by the activity has a definite sign, and is the same direction as externally imposed flow for

extensile fluids.

5.4 Conclusion

In this chapter, we studied the flow states of an active gel in an annulus subject to external
shear and found flow states similar to those of the straight channel, but with the following
differences: (1) Couette flow of active gels in annular channel is a thresholdless active flow;
(2) we only observe positive spontaneous flow for extensile fluids, but negative spontaneous
flow for contractile fluids; (3) the average volumetric flow rate of the annular case is un-
steady for the dancing flow state; (4) increasing the curvature of the streamlines weakens

the dependence of the wall stress on activity.
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6.1 Summary

In this thesis, we modeled active gels using a hydrodynamic theory of an active nematic lig-
uid crystal and studied interfacial instabilities, and two-dimensional Couette flow in straight

and annular channels in the presence of external shear.

6.1.1 Interfacial instability

We studied the linear stability of a film of active isotropic fluid on a rigid substrate by cal-
culating the growth rate of sinusoidal modes of deformation of the interface. There are two
distinct branches of growth rates; at long wavelength, one corresponds to the deformation
of the interface, and one corresponds to the evolution of the liquid crystalline degrees of
freedom. For this geometry, a sufficiently large activity leads to instability. Activity also
leads to propagating damped or growing modes.

A more complete and realistic analysis of the interfacial stability of active gels should
include Frank elasticity and the presence of a fluid on the opposite side of the interface.

Also, it would be of interest to study interfacial instabilities in shaken granular systems.

6.1.2 Couette flow in channels

We investigated the stability and flow states of the active gel confined in a channel subject
to a external shear. An externally imposed shear flow can stabilize an extensile fluid that
would be unstable to spontaneous flow when there is no external shear flow, and destabilize
a contractile fluid that would be stable against spontaneous flow when there is no external
shear flow. In accordance with previous simulations [4, 5] carried out in the absence of
external shear, we found three kinds of nonlinear flow states in the range of parameters we

studied: unidirectional flows, oscillatory flows, and dancing flows for extensile fluids. The
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unidirectional flow observed in the straight channel can have a spontaneous active compo-
nent which is either positive—in the same direction as the moving wall—or negative—in
the opposite direction of the moving wall. The oscillatory flow states also have two pos-
sible directions for the spontaneous active component when the externally imposed shear
rate is small. For greater imposed shear rates, the spontaneous flow direction will be the
same as the moving wall. For contractile gels, we only observe unidirectional flow states
in the range of parameters that we studied. These unidirectional flows can have positive or
negative spontaneous active components. In the analysis of the the wall stress caused by
the active flow on the moving boundary, the extensile flow helps the motion of the moving
boundary, while the contractile flow resists the motion. Moreover, the external shear flow
can weaken this effect of activity on the motion.

Our analysis of the effect of the curvature of the annular boundaries showed that there
are three main differences between the flows states for the straight channel and the annular
channel. First in the annular channel, there is no critical activity for the system to be stable
against the spontaneous flow given a nonzero external shear. Second, we only observed
one direction of spontaneous flow: positive for extensile gels, but negative for contractile
gels. Last, the average volumetric flow rate of the annular case oscillates with time for the
dancing flow state, while it is steady in the straight channel. Also, we found that increasing
the curvature of the boundaries decreases the effect of activity on the wall stress.

Our work on Couette flows also suggests several future directions of theoretical and
computational study. An obvious extension is to carry out the analysis in three dimensions,
allowing both the directors and velocity vectors to point out of the plane and vary in both
directions across the channel. Also, with possible comparisons with experiment in mind,
it would be natural to study the effect of aligning flows induced by a pressure difference,
i.e., a Poiseuille-like flow. It should be easier experimentally to impose a pressure gradient

rather than a moving boundary.
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We also have some additional suggestions for experimental work. Kun-Ta Wu’s group
has made pioneering efforts to solve some difficulties in experiments studying active flow
in a circular geometry with rotating boundaries [87]. It would be interesting for experi-
mentalists to measure the spontaneous flow rate and orientational order parameter in this
geometry and compare these results with those from our computational work. In addition,
experimental determination of active matter material parameters, such as the relaxation
time and viscosity, would enable more detailed comparison of theoretical and computa-

tional results with those of experiment.
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Movies of unsteady flow states in both the straight and annular channel cases can be

found in the ancillary files of the arXiv address: https://arxiv.org/abs/2307.12910.

7.1 Straight channel

7.1.1 Oscillatory flow state

A movie of the velocity field for positive spontaneous flow (Fig. #.10p) is shown in the
Movie S1: stra-posi-osci-U.gif. Note that in the title of the movie 7 is time in units of 7, a
is activity in units of n7/(7A), and u0 is moving velocity of the bottom plate of the straight
channel (i.e. W in the main text) in units of W /7. The director and scalar order parameter
fields for positive spontaneous flow (Fig.[#.10p) are shown in the Movie S2: stra-posi-osci-
Q.gif.

The velocity field for negative spontaneous flow (Fig..10k) is shown in the Movie S3: stra-
negt-osci- U.gif. The director and scalar order parameter fields for negative spontaneous

flow (Fig.4.10d) are shown in the Movie S4: stra-negt-osci-Q.gif.

7.1.2 Oscillatory-like flow state

An example of a dynamical final state for oscillatory-like flow with =0 and oo = 2.3. The
flow pattern is not perfectly periodic in the horizontal direction. A movie of the velocity
field is shown in the Movie S5: stra-oscilike-U.gif. A movie of the director and scalar order

parameter fields is shown in the Movie S6: stra-oscilike-Q.gif.


https://arxiv.org/abs/2307.12910
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7.1.3 Dancing flow state

Movies for the example of the dancing flow state shown in Fig. 1.13] A movie of the ve-
locity field is shown in the Movie S7: stra-danc-U.gif. A movie of the director and scalar

order parameter fields is shown in the Movie S8: stra-danc-Q.gif.

7.2 Annular channel

7.2.1 Oscillatory flow state

A movie of the velocity field for positive spontaneous flow (Fig. [5.2f) is shown in the
Movie S9: annu-osci-U.gif. Note that in the title of the movie ¢ is time in units of 7, a
is activity in units of n/(7A), and @ is rotation frequency of the inner boundary of the
annular channel in units of 1/7.

The director and scalar order parameter fields for positive spontaneous flow (Fig. [5.2f) are

shown in the Movie S10: annu-osci-Q.gif.

7.2.2 Dancing flow state

A movie of the velocity field of the dancing flow state (Fig. [5.2)g) is shown in the Movie
S11: annu-danc-U.gif. Director and scalar order parameter fields of the dancing flow state

(Fig.[5.2h) are shown in the Movie S12: annu-danc-Q.gif.
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