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Summary

This dissertation aims to develop several statistical methods for learning the manifold and topology structures
of data, provide the corresponding theoretical foundations, and apply the proposed methods to medical imaging.
Specifically, this dissertation is concerned with manifold learning, brain networks, and topological data analysis.

The concepts of manifolds and topology were proposed in pure mathematics to investigate geometry from local
and global viewpoints, respectively. With the development of mathematical statistics and the advances in statistical
applications to high-dimensional data, medical imaging analysis, and neural science, the concepts of manifolds and
topology gradually entered — perhaps are still entering — statistics.

Manifold learning refers to a collection of methods detecting low-dimensional and potentially nonlinear geometric
structures from high-dimensional data. The detected geometric structures are required to be continuous and
hopefully have some smoothness. Topological data analysis is a collection of statistical methods that find structures
of data using algebraic topology. One of the simplest structures in algebraic topology is simplicial complexes. One-
dimensional simplicial complexes are graphs. Brain networks are modeled as graphs, and estimating brain networks
can be boiled down to learning the topology in brain science data. Therefore, the theme of this dissertation may
also be “manifold and topology learning.”

In Chapter 1 — Principal Manifold Estimation via Model Complexity Selection, we propose a framework of
principal manifolds to model high-dimensional data. This framework is based on Sobolev spaces and designed to
model data of any intrinsic dimension. It includes principal component analysis and principal curve algorithm as
special cases. A Sobolev embedding theorem guarantees the regularity of the proposed principal manifolds, and
the theory of reproducing kernel Hilbert spaces provides an approach to the estimation of principal manifolds.
We propose a novel method for model complexity selection to avoid overfitting, eliminate the effects of outliers,
and improve the computation speed. Additionally, we propose a method for identifying the interiors of circle-like
curves and cylinder /ball-like surfaces. The proposed approach is compared to existing methods by simulations and
applied to estimate tumor surfaces and interiors in a lung cancer study.

In Chapter 2 — Population-level Task-evoked Functional Connectivity, we estimate brain networks using func-
tional magnetic resonance imaging (fMRI) data. FMRI is a non-invasive and in-vivo imaging technique essential
for measuring brain activity. Functional connectivity is used to study associations between brain regions either at
rest or while study subjects perform tasks. In this paper, we propose a rigorous definition of task-evoked functional
connectivity at the population level (ptFC). Importantly, our proposed ptFC is interpretable in the context of
task-fMRI studies. An algorithm for estimating ptFC is provided. We present the performance of the proposed
algorithm compared to existing functional connectivity estimation approaches using simulations. Lastly, we apply
the proposed framework to estimate task-evoked functional connectivity in a motor-task study from the Human
Connectome Project. We show that the proposed algorithm identifies associations regions of the brain related to

the performance of motor tasks as expected. performance of motor tasks as expected.



In Chapter 3 — Randomness and Statistical Inference of Shapes via the Smooth Euler Characteristic Transform,
we provide the mathematical foundations for the randomness of shapes and the distributions of smooth Euler
characteristic transform. Based on these foundations, we propose an approach for testing hypotheses on random
shapes. Simulation studies are provided to support our mathematical derivations and show the performance of our
proposed hypothesis testing framework. Our discussions connect the following fields: algebraic and computational
topology, probability theory and stochastic processes, Sobolev spaces and functional analysis, statistical inference,
and medical imaging.

One potential future research direction is “global manifold learning” — a collection of methods combining
manifold learning and topological data analysis. The Chern-Gauss-Bonnet formula y(M) = (2# Sy PE(Y) (see
Chern (1944)) illustrates the spirit of this research direction. The Euler characteristic x(M) of manifold M on the
left-hand side of the formula is an estimand in topological data analysis; the curvature form €2 on the right-hand
side of the formula presents the local structures of manifold M, which can be estimated using manifold learning.
Therefore, it is natural and automatic to intertwine manifold learning with topological data analysis and develop
global manifold learning. Most of the existing manifold learning approaches, including the one in Chapter 1 of
this dissertation, essentially investigate local coordinate charts of differential manifolds. Parallel with the evolution
of differential geometry in the twentieth century — going from local differential geometry to global differential

geometry, the manifold learning theory in statistics should also go in this direction.
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Chapter 1

Principal Manifold Estimation via Model

Complexity Selection

1.1 Introduction

Manifold learning is a method for modeling high-dimensional data, assuming that data are from a low-dimensional
manifold and corrupted by high-dimensional noise. The dimension of the low-dimensional manifold is called the
intrinsic dimension of data. There are two primary components of manifold learning: (i) parameterization -
uncovering a low-dimensional description of high-dimensional data; (ii) embedding - finding a map relating the low-
dimensional description and high-dimensional data. The two components are entangled with each other. Based on
a given parameterization, embedding becomes a statistical fitting problem. In turn, projecting data to the image
of an embedding map results in a parameterization (e.g., Yue et al. (2016)). In this paper, we propose a framework
and estimation approach combining these two components. Specifically, our proposed approach constructs an
embedding map from a “partial” parameterization and obtains a full parameterization from this embedding map.

We define principal manifolds as minima of a functional equipped with a regularity penalty term derived as a semi-

e A version of this chapter appeared in Meng and Eloyan (2021b).

e Author contributions: Kun Meng developed the theoretical framework of this chapter, proved the theorems, and conducted
the simulation studies and the tumor data application. Ani Eloyan supervised this chapter. Kun Meng and Ani Eloyan wrote
the version Meng and Eloyan (2021b). We — Kun Meng and Ani Eloyan — want to thank Dr. Matthew T. Harrison for his
comments that improved the readability of this chapter and Dr. Chen Yue for providing the R function of the PS algorithm.
Last but not least, we would like to thank the editorial team and anonymous referees of the Journal of the Royal Statistical
Society, Series B (Statistical Methodology), for their insightful comments that significantly improved the quality of this chapter.

e Abbreviations: CT, computed tomography; HS, Hastie and Stuetzle (1989); iid, identically and independently distributed;
KDE, kernel density estimate; KLD, Kullback-Leibler divergence; MSD, mean squared distance; PME, principal manifold
estimate; PS, principal surface estimate by Yue et al. (2016); PCA, principal component analysis; PDF, probability density
function; SD, standard deviation.



norm on a Sobolev space. A Sobolev embedding theorem implies the differentiability of our proposed manifolds.
The novel framework of principal manifolds allows the intrinsic dimension of data to be any positive integer.
The linear principal component analysis (PCA, Jolliffe (2002)) and principal curve algorithm (Hastie and Stuetzle
(1989)) are special cases of this framework. We provide topological and functional analysis arguments giving
mathematical foundations of our proposed principal manifold framework. To avoid overfitting and preserve the
curvatures of underlying manifolds, we propose a model complexity selection method. Additionally, this method
drastically reduces the computational cost and eliminates the effects of outliers. Based on this method and the
theory of reproducing kernel Hilbert spaces, we propose an algorithm to estimate principal manifolds efficiently.
Additionally, motivated by a problem in radiation therapy for lung cancer patients, we propose a method for
identifying interiors of circle-like curves and cylinder/ball-like surfaces.

Throughout this paper, we use the following notations: (i) d and D, with d < D, denote the dimensions of
intrinsic manifolds and the spaces into which these manifolds are embedded, respectively. (i) ||z|jrs = (3°F_, #2)/?
for all € R? and all positive integers ¢. (iii) Let ¢1,¢2 € {d,D}, k € {1,2,--- ,00}, and I be a subset of R%,
Ck(l — R%2) denotes the collection of I — R% maps whose components have up to k" continuous classical
derivatives. For simplicity, C* (I) = C*(I — R!) and C = C°. (iv) 6, is the point mass at z (see Section 6.9 of
Rudin (1991)). (v) L? and || - ||z, p € [1,00], denote Lebesgue spaces and their norms (see Chapter 2 of Adams
and Fournier (2003)).

A considerable amount of work has been done for parameterization and embedding tasks. ISOMAP (Tenen-
baum et al. (2000)), locally linear embedding (Roweis and Saul (2000)), and Laplacian eigenmaps (Belkin and
Niyogi (2003)) constructed parameterizations of high-dimensional data. Hastie and Stuetzle (1989) (hereafter HS)

proposed a principal curve framework and algorithm for the embedding task. HS defined principal curves as follows.

Definition 1.1.1. (Part I) Let I C R be a closed and possibly infinite interval. Suppose a map f : I — RP satisfies
the conditions (referred to as HS conditions throughout this paper): (i) f € C°(I — RP); (i) ||f'(t)||lgp = 1 for
allt € I, i.e., f is arc-length parameterized; (iii) f does not self intersect, i.e. t1 # to implies f(t1) # f(t2); (iv)

f{t:f(t)eB} dt < oo for any finite ball B in RP. Then 7y : RP — I is defined as follows and called the projection

index with respect to f.
mr(x) = sup {t el:flz— f(t)|lgp = tl/réfj |z — f(t’)|lRD} , forallz € RP. (1.1.1)

(Part II) Suppose X is a continuous random D-vector with finite second moments. Principal curves of X are all

maps f: I — RP satisfying HS conditions and the self-consistency defined as
E(X|mp(X) =1t) = f(2). (1.1.2)

The projection index 7y is well-defined under HS conditions. However, HS conditions are restrictive due to the
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following reasons: 1) condition (ii) requires principal curves to be arc-length parameterized, while the arc-length
parameterization is not generalizable to higher dimensions; 2) condition (iii) rules out many curves in applications,
e.g., a handwritten “8” in handwriting recognition; 3) condition (iv) is not straightforward to verify. Furthermore,
the HS principal curve framework has a model bias (see Section 6 of Hastie and Stuetzle (1989)).

To remove the model bias in the HS principal curve framework, Tibshirani (1992) proposed a new principal
curve framework based on a mixture model and self-consistency (1.1.2). HS showed that curves satisfying (1.1.2) are
critical points of the mean squared distance (MSD) functional Dx (f) =E||X — f (7;(X ))H%D However, Duchamp
et al. (1996) showed that these critical points may be saddle points, i.e., there may exist adjacent curves with
smaller MSD than that of curves satisfying (1.1.2). This saddle issue was a flaw of the frameworks based on
(1.1.2). Gerber and Whitaker (2013) explained the saddle issue from the “orthogonal/along” variation trade-off
viewpoint and discussed the challenges stemming from this issue in model complexity selection. To remove the
saddle issue, Gerber and Whitaker (2013) avoided using MSD Dx (f) and proposed a new functional Qx(w) =
E {[]E(X|7r(X)) ~X

]T % ’t:W(X)E(XhT(X) = t)} modeling the parameterization maps 7 : R? — I. This functional

penalizes the non-orthogonality between fitting error E(X|r(X)) — X and curve tangent <% ’t:ﬁ(x)]E(th(X) =1).
Principal curves, which satisfy (1.1.2), correspond to the minima of Qx(w). However, the use of Dx(f) for
measuring the discrepancy between data X and fitted f(7¢(X)) is of interest due to the interpretability of Dx (f).
Another approach to removing the saddle issue, while using Dx (f), is to avoid self-consistency and define principal
curves by minimizing MSD with a length constraint or a regularity penalty. Kégl et al. (2000) defined principal
curves as the minima argming{Dx (f) : f € BV([a,b]), V(f) < L}, where L > 0 is pre-defined and BV ([a,b])
is the collection of functions f on [a,b] with finite total variation V.’(f) < oo. However, functions in BV ([a, b])
are not necessarily everywhere differentiable. Indeed, the algorithm proposed by Kégl et al. (2000) fits data by
polygonal lines, which are only piecewise differentiable. In many applications, we expect globally differentiable
curves. Additionally, the Kégl et al. (2000) framework is only defined for curves, i.e., the intrinsic dimension d = 1.

Smola et al. (2001) proposed the reqularized principal manifold framework, where regularized estimates of principal

manifolds are minimizers of the following form.

arg min {E X — f (7 (X))o + AIPSI% } (1.13)

where .7 is a collection of functions and P is an operator mapping f into an inner product space 7. Smola et al.
(2001) (Example 7) showed that the Kégl et al. (2000) definition of principal curves is essentially the special case
of (1.1.3), where P = % and J# = L?, i.e., the penalty term in (1.1.3) is || f'[|2. = f: |l f'|I2dt (the derivative f’ is
defined only almost everywhere with respect to the Lebesgue measure, rather than exactly everywhere). However,

the regularized principal manifold approach defined by Smola et al. (2001) has several limitations. The problem

of selection of the tuning parameter A\, and more generally, model complexity to avoid overfitting and preserve
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intrinsic curvatures remains unresolved, as well as a definition of the projecting operator P that would correspond
to the tuning parameter selection. HS shows that 7y is well-defined under the restrictive HS conditions and when
the intrinsic dimension d = 1, however, there is no discussion of assumptions on the collection .# by Smola et al.
(2001) such that the resulting 7y is well-defined. The function spaces ## and % compatible with P and 7y are
not defined. Our proposed principal manifold estimation approach addresses these limitations.

The paper is organized as follows. In Section 1.2, we propose a condition for defining the projection indices ¢
associated with maps f : R? — RP where d is allowed to be any positive integer. This proposed condition is less
restrictive and easier to verify than HS conditions. In Section 1.3, based on this condition and function spaces of
Sobolev type, we define principal manifolds by minimizing MSD equipped with a total squared curvature penalty.
This definition solves the differentiability problem in Kégl et al. (2000). In Section 1.4, we present the outline of
our proposed principal manifold estimation algorithm by briefly describing its main steps. Details of these steps
are provided in Sections 1.5 and 1.6. Motivated by Eloyan and Ghosh (2011), we propose a data reduction method
in Section 1.5. We then present the PME algorithm in Section 1.6. A simulation study comparing the performance
of the PME algorithm to some existing manifold learning methods is presented in Section 1.7. In Section 1.8, we
propose a method for identifying the interiors of circle-like curves and cylinder/ball-like surfaces. The performance
of the proposed method for estimating lung cancer tumor surfaces and interiors using computed tomography (CT)

data is presented in Section 1.9.

1.2 Manifolds and Projection Indices

Before defining principal manifolds, we introduce concepts of manifolds and projection indices.

Definition 1.2.1. Let f € C(R? — RP), then the image of f, i.e., M;l = {f(t) : t € R}, is called a d-dimensional
manifold determined by f, where f is called an embedding map and R? is called the parameter space. Furthermore,
f is called a homeomorphism if its inverse f~! : M}l — RY exists and is continuous. Here, the continuity of f~*

is associated with the subspace topology of M]”cl, i.e., the topology {UﬂM}l : U is an open subset of RP}.

In applications, R? is the space containing latent parameterizations {ti}{zl of observed data {z; le c RP.

The projection index 7 in (1.1.1) is well-defined under HS conditions when d = 1. We generalize 7¢ for all
intrinsic dimensions d under a less stringent condition. Intuitively, the projection index of x to M}i is a parameter
t such that f(¢) is closest to a (left panel of Figure 1.1). However, there might be more than one ¢ such that
|z — f()|lrp = infyepa |2 — f(t)||rp =: dist(x, f), resulting in ambiguity in choosing ¢ as shown in the right panel
of Figure 1.1. To remove this ambiguity, we introduce the following function space.

C (R? > RD) = {f eCRISRY): Tim  [f(t)len = oo} :

It ga—
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X {(cost,sint) :0 <t <nx}

1

The tangent of M] at f (rr(x))

x* =(0,0)

f(7r(x))

/ /"
(=, —t): t>n) {(1,) 1 ¢t <0}

Figure 1.1: The left panel illustrates projection indices for d = 1. In the right panel, x* is at the center of a
semicircle. Af(z*) = [0, 7] is compact, 7¢(2*) = m and ||z* — f(t1)||gp= ||z* — f(t2)||rp= ||z* — f (7f(z*)) ||rp =
dist(z*, f) with t; # t5. All the points in {(0,y) : ¥y < 0} (the red line) are ambiguity points.

In applications, this function space is not restrictive. Since a data set with finite sample size is always bounded, we
are concerned with fitting functions in that bounded domain. Therefore the behavior of a Co map as ||t||ge — o0
does not limit the applications of this framework. This approach is similar to focusing on the segment of a simple
linear regression line within the range of an observed independent variable, even though the fitted line is unbounded.

Based on these notations, we have the following theorem.

Theorem 1.2.1. If f € Coo(R? — RP), then the d-dimensional set
Ap(@) = {t e Rt ||z — f(t)|lgp = dist(z, [)}

is nonempty and compact for all x € RP.

The proof of Theorem 1.2.1 is in the Appendix. The condition f € C, (R — RP) is necessary for Theorem

1.2.1 to hold as shown by the following example. Let f(t) = (ﬁr—;t,O)T ¢ Co(R! — R?) and o = (—1,0)7, then

infier || f(t) — x||gz = infier \% + 1| = 1. However, |% + 1| > 1 for all ¢, then we have Af(z) = . We propose

a generalized definition of 7y as follows. Theorem 1.2.1 guarantees that generalized 7y is well-defined.

Definition 1.2.2. Let f € Co(R? — RP). (i) If As(z) contains more than one element, then x is called an

ambiguity point of f. (i) For any x € RY, the projection index 7 (x) is defined as ms(x) = (t],t5, -+ ,t3), where

t1 = max {t1 : (t1,t2, - ,tq) € As(x)},

ts =max {t; : (], sty ta) € Ap(n) ), 5 =2,3,-- ,d. (1.2.1)

The compactness of Ay(z) implies ms(x) € Ay(z). The projection index in (1.2.1) is a generalization of the

13



projection index defined in (1.1.1). Therefore, we use the same notation 7y to denote both projection indices.
In defining the projection index (1.2.1), we replace the restrictive HS conditions with the less stringent condition
f € O (R4 — RP) and allow d to be any positive integer. When d = 1, if f € Cy, and f satisfies HS conditions,
the projection index in (1.2.1) is the same as that in (1.1.1). The following theorem, whose proof is in Appendix,

implies that 7;(X) is a random d-vector if X is a random D-vector.

Theorem 1.2.2. If f € Coo(R? — RP), then (i) 7y is measurable, and (ii) {r;(z) : * € B} is bounded when
B C RP is compact. Furthermore, if f has no ambiguity point in an open set U C RP and is a homeomorphism,

then (iii) 7¢ is continuous on U.

1.3 Principal Manifolds

For a random D-vector X, its first d linear principal components are equivalent to the d-dimensional hyperplane
defined by argmingc o E|| X — Iy, (X)H%D, where % is the collection of all d-dimensional hyperplanes in R” and
IT;,(X) is the projection of X to the hyperplane L. We propose a principal manifold framework generalizing PCA,
replacing . with a Sobolev space. In the sequel, all derivatives are generalized derivatives defined on 2'(R?),
where 2'(R?) is the collection of generalized functions on R?. Definitions of 2/(R?%) and generalized derivatives
are provided in Chapter 6 of Rudin (1991). The only exception is that the derivatives referred to in the definition
of the function space C*(R? — RP) are still understood in the classical sense. Generalized derivatives, also called
“derivatives of distributions,” apply to all locally integrable functions that may not be classically differentiable.

They free us from smoothness assumptions in theoretical arguments.

1.3.1 Sobolev Spaces

We introduce the following function spaces of Sobolev type.

VL2 (RY) = {f € Z'(RY) : |[V®?f||gaxa € L*(RY)},
H? (RY) = {f € L*R") : |V fllga , [V®*fllpaxa € L* (R},
VL2 (Q) = {fla: f € V ®?L*RY)},

H*(Q) = {flo: f € H*RY},

where Q is any open subset of R? with a smooth boundary, f|o denotes the restriction of f to Q, and

e V[ denotes the vector-valued function ¢ (gTJZ(t)’ g—tf;(t), e é%(t))T =: Vf(t), i.e., the gradient of f, and
|V f||za denotes the scalar-valued function ¢ — ||V f(t)[|ge = (30, 2L (1)2)1/2,
e V®2f denotes the matrix-valued function ¢ (%(ﬁ))1<i,j<d, i.e., the Hessian matrix of f; ||[V®2f||gaxa
101 SUNAS
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denotes the scalar-valued function t +— ||[V®2f(t)||gaxe = (ijzl 8?23’; (t)[2)1/2.
5 10lj

o [V/lze € L2(RY) and | V2 f||pa € L2(R?) denote |V f|[32pa) = fpa Simy |5 (0)2dE < 00 and [VE2f(|2, ) =

Jga Z?’j:l |a?i2e£j (t)|?dt < oo, respectively.
e V®?2 is an abbreviation of the tensor product V@ V = (#;tj)iﬁi,jﬁd’
Section 1.5 of Duchon (1977) implies the following result.
Lemma 1.3.1. If Q is bounded, then V-%2L2(Q) = H*(Q).

If two functions are equal to each other almost everywhere with respect to the Lebesgue measure on R?, we identify

them as the same function. Then we have the following regularity theorem.
Theorem 1.3.1. V-®2L*(R?) c CK(RY), for k <2— 4.

Proof. Let f € V™®2L2(RY) and 2 be any open ball in R? Lemma 1.3.1 implies f|Q € H?(Q). A Sobolev
embedding theorem (Theorem 7.25 of Rudin (1991)) implies f|q € C*(Q) for k < 2 — 4. Then the result follows

as (2 is arbitrary. O

For simplicity, define V-®2L%(R? — RP) = {f(t) = (f1(t), f2(t),--- , fp@®)T : f € V"®2L2(R?) for all | =
1,2,---,D}, and Cou V™ %2L2 = Co,u NV ®2LE(R? — RP) = C (R? — RP)N V- 22L2(R? — RD).

)

1.3.2 Definition of Principal Manifolds

As mentioned in Section 1.1, a problem of the model in Kégl et al. (2000), which is equivalent to (1.1.3) with
IPfllse = |If Iz, is that the fitted f is not necessarily differentiable exactly everywhere. The main reason for
this limitation is that the regularization from ||’ ||%2 may not provide enough penalty on the non-smoothness
of f. We propose principal manifolds with higher regularity by replacing f’ with the second derivative f”.
When d = 1 and f is arc-length parameterized, | f”(¢)||grp is the curvature of f at ¢ (Chapter 1.5 of Do Carmo
(2016)). Additionally, [ | f”(t)||Z5dt is usually called the “total squared curvature” of f (e.g., Enomoto and

Okura (2013)) and coincides with the penalty term of the cubic smoothing spline framework. For surfaces

Flti,ta) = (filty,t2), - fo(ts,t2))7, the penalty 7 [oa 37, afjg;j (t)]2dt in the thin plate spline frame-
work measures the roughness of surfaces M% (see Koenker and Mizera (2004)). For a general intrinsic dimension
d > 1 and the map f(t) = (f1(t), f2(t), - ,fD(t))T with t € RY, we generalize these two penalty terms to
IV a0y = S IVl gty = S Jo S [t ()2t T the sequel, we apply V22|, 0, to

measure the roughness of M 4. We broaden the use of the name “total squared curvature” defined for curves and

call its high-dimensional generalization ||V®2f||? 12(R4) total squared curvature as well. The tolerance of large total
squared curvature increases the complexity and decreases the stability of fitted manifolds. Therefore, we penalize
fitted manifolds with large total squared curvature. These considerations motivate us to define principal manifolds

as follows.
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Definition 1.3.1. Let X be a random D-vector associated with the probability measure or density function P
such that X has compact support supp(P) and finite second moments. Let f,g € Coo NV~ ®2L2(R? — RP) and

A € [0, 00], we define the following functionals

K)\,]P’(fvg) :EHX_f(ﬂ-g(X))H]?{D +/\Hv®2f’|iz(ﬂ§d)v IC/\,IP’(f) :IC)\JP’(faf)' (1'3'1)

A manifold M¢. determined by f* is called a principal manifold for X (or P) with the tuning parameter X if
* in K ’ 1.3.2
i =arg min Kip(f) (1.3.2)

zesupp(P)

where F (P) = {f €Cu NV ?LHRY 5 RP) 1 sup |14 () ||ga = 1} .

Since A above is allowed to be 0o, we adopt the convention co x 0 = 0 as limy_,o0 (A x 0) = 0. Then Koo p(f) < 00
only if [V®?f|| 2gay = 0. Suppose f5 is derived, then 7y (X) gives a d-dimensional parameterization of X.
Theorem 1.2.2 (iii) implies the continuity of ms; (X') under some conditions on f5. The constraint sup{||7s(z)|ga :
x € supp(P)} = 1 is well-defined (see Theorem 1.2.2 (ii)) and restricts the parameterizations {7¢(z) : « € supp(P)}
exactly in the unit ball {¢+ € R? : ||#||ga < 1}. This restriction is an analog of the arc-length parameterization in the
scenario d = 1. Additionally, Theorem 1.3.1 implies the regularity of principal manifolds, i.e., f} € Ck(R? — RP)
for k < max{2 — %, 1}. The definition above is a special case of the regularized principal manifolds (1.1.3) defined
by Smola et al. (2001), where P = V%2 2 = L?(RY), and . = Z(P).

Motivated by the “projection-adaptation” algorithm in Section 5 of Smola et al. (2001), we apply its iterative

fashion to estimate principal manifolds. Specifically, we estimate fy = argminc zp) K p(f) using
foy) = argmfin {Kop (f fne1)) 1 f €CnNV L2 (RY 5 RP)}, n=1,2,---, A>0. (1.3.3)

Suppose (1.3.3) stops when n = n*, and we obtain f,-) € Coo NV ®?L2(R? — RP). Then an estimate of
argminge z(py A p(f) is given by E(t) = f(n=)(kt) with & = sup{|[7y., (z)||re : © € supp(P)} < oo (see Theorem
1.2.2 (ii)), and E € 7 (P). Computing 7y, (X) in Ky p(f, f(n)) implicitly corresponds to the “projection” step
discussed in Section 1.2, where our results guarantee that 7z, (X) is well-defined. Minimizing Kx p(f, f(n)) With
respect to f corresponds to the “adaptation” step. Since f(,) € Coo ) V~®2L2 for all n, Theorem 1.3.1 guarantees
the regularity of f(,,) for all n. The iteration (1.3.3) usually approximates local minima. Hence, successful imple-
mentation of the iteration depends on the choice of the starting values. An initialization strategy with a partial

implementation of ISOMARP is illustrated in Section 1.7.
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1.3.3 Two Special Cases

In this subsection, we discuss two extreme special cases of the tuning parameter A\: A = co and A = 0. We show
that these two cases imply linear PCA and the HS principal curve algorithm, respectively. Besides, we discuss
potential issues that may arise when using these two extreme cases in applications, leading to the consideration of

other values of A in our proposed framework. The following theorem establishes the fact that A = oo implies linear

PCA.

Theorem 1.3.2. Suppose X is a random D-vector with finite second moments, vi,va,--+ ,Vp and e1,es, - ,€p
are eigenvectors and eigenvalues of the covariance matrix of X, respectively. v; corresponds to e; and ey > -+ >
eq > eqy1 > -+ > ep. Then the principal manifold for X with tuning parameter A\ = oo is the linear manifold

{EX + Z?:l oV oy € Rl}.

Its proof is in the Appendix. Theorem 1.3.2 implies that a large A shrinks principal manifolds towards PCA.
However, if the underlying manifolds are nonlinear, the linear manifolds with zero curvature are not satisfactory
estimators.

When A = 0, the estimation of principal manifolds may result in overfitting. For example, let P be the empirical
distribution %Zi]:l Sz, for the data {z;}/_,. For any f € C®(R? — RP) satisfying {x;}]_, C M}i, i.e., f passes
through every data point, sup; ||7¢(z;)||[ge = 1, and f(¢) is equal to an affine function when |[|t||g« > M for a
sufficiently large M > 0, we have Ko p(f) = 0. Then M? is a principal manifold for P and overfits the data {z;}!_;.
Additionally, A = 0 results in self-consistency (1.1.2), potentially resulting in the saddle issue discussed in Section

1. Specifically, the HS principal curve algorithm is of the following form.
f(n) :THSf(n—l)v where THSf(n—l)(t) :E(X|7Tf(n71)(X) :t) y = 172a"' . (134)

If f(n) converges to f, then (1.3.4) implies (1.1.2). The following theorem implies that (1.3.4) is a special case of

(1.3.3) with A = 0.

Theorem 1.3.3. If fi,—1) and Tusfin-1) € Cxo NV~®2L2, then
Tirs fn-n) = argmin {Kop (£ fu-n) ] € Coo [\ V-2L2}.

Proof. Let ./ be the collection of measurable R* — R? maps. We have inf{KCoz(f, f(n—1)) : f € Coc NV~ ®2L?} >
inf{E||X — f(mf, ., (X)Igo : f € A} = EI|X — E(X|ms,_, X))go = EIX = Tus fn) (75, (X))zn- Then
Tasfin-1) € Coo NV ®2L2(RY — RP) implies the desired result. O

It is important to consider the case when )\ is positive but very close to 0. In this case, the total squared

curvature |\V®2fj\‘||2LQ(Rd) of f{ = argmingc zp) Ky p(f) may be unreasonably large. The large value of the total
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squared curvature may result in numerical issues when performing optimization procedures. When \ > 0, similar to
the penalty of the ridge regression, |[V®2f; H%Z(Rd) is bounded by a positive Uy, a number that depends on A. As A
decreases, the bound U, tends to increase. Therefore, in some cases, we may have limsup,_, || V®? f3 ||%2(]Rd) = o0.
We call this phenomenon “curvature singularity at A = 0” throughout this paper. If the curvature singularity at
A = 0 holds, a fitted manifold M;l; may have high roughness and be unstable for sufficiently small values of A.
Results in this subsection imply that A = oo may mask the underlying curvature of the function, A = 0 may result

in overfitting or the saddle issue, and small values of A may result in the curvature singularity at A = 0.

1.4 A New Approach to Principal Manifold Estimation

We present the outline of our proposed novel principal manifold estimation (PME) algorithm, briefly describing its
three main steps - reduction, fitting, and tuning. This algorithm addresses two problems in the framework described
in Section 1.3: (i) the choice of A € (0,00), and (ii) the reduction of the computational burden in implementing
iteration (1.3.3) and elimination of effects of outliers. In image analysis applications, the size of data is usually very
large, resulting in computational burden when applying manifold learning algorithms. One approach to addressing
computational burden is subsampling, e.g., Yue et al. (2016). While leading to faster computation, subsampling
may result in removing important sections of a given data set. Our proposed PME algorithm solves these two

problems simultaneously.

H K k] E \\
- - - - \
Reduction Fitting Tuning
3 —_—c —_ 2 —_— 3
Step 1 Step 2 Step 3
31 Data {x;}, 3 {H; }j,\i] R 3 $
(a) (b) (d)

Figure 1.2: (a) Data {z;}/_; (gray). (b) Each dot (orange) denotes a p;. (c) Estimated A (red curves) are
associated with different A > 0. The straight line (green and dashed) is associated with A — oo and is an
approximation of the first principal component. (d) Using {z;}._,, we choose the optimal \* and draw the
corresponding fy« (red curve).

A step-by-step visualization of the proposed algorithm is in Figure 1.2. In the first stage, the sample size [
of the data {z;}/_, from P is reduced to obtain a collection of points {y;}_, with a smaller size N, where each
w; is associated with a weight 6; satisfying Zjvzl 6; = 1, such that {uj}évzl preserve the geometric features of
the underlying manifold and are less noisy than the original sample {z;}!_;. Then Kyox(f) = Ej\;l 0;llpn; —
£ ()2 + ATV |24 gy approximates Kap(f) ~ + 51 flai — £y (@)][2o + AIVE2F| 22 o) (see Theorem

1.5.3 in Section 1.5.3), where Ky 5 (f) is the functional in (1.3.1) associated with the probability measure Qn =
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Z;'V=1 0;0,,;. This stage results in the reduction of computational burden and elimination of effects of outliers
(see Figure 1.3 (c) and (d)). In the second stage of this approach, for a preselected set of tuning parameters
A > 0, we estimate j/";\ = argminy K, On (f). The collection of estimated functions {j/’;\} A>0 prevents the curvature

singularity at A = 0. Finally, in the third stage, we choose an optimal tuning parameter A* that preserves the

N

geometric structure in the data while avoiding overfitting {y;};2;. The following theorem implies that {f,\} A0

prevents the curvature singularity at A = 0, i.e, limsup,_,, ||V®2]?)\||2LQ(RG¢) < 0.

Theorem 1.4.1. For all A > 0, let f = argming{K, 5 (f) : f € Z(Qn)} with Qn = Z;V:1 0;0,,. Then we

have the bound

sup { V523 [22qa A > 0}

< lnf{”V@Qinz(Rd) : f € Cg.(éj]\f)) and f(ﬂ-f(:u’J)) = Hyj fO’I”j = 1a2a e aN} = UN < 00.

Proof. Wy ={f € Z(Qn) : f(my(p)) = pj for j=1,2,--- N} # @ implies Uy < oo. If supy HV®2]?,\H%2(W) >
Ux, there exist A > 0 and f € Wy such that HV®2J?,"\H%2(W) > ||V®2f~||%2(Rd). Then IC;\@N(]?) = 5\HV®2f||2L2(Rd) <

K5 6 (f;\)7 which contradicts the definition of j?;\ =argming. z 5. K5 5, (f)- O

1.5 Step 1: Data Reduction

The reduction step of the PME algorithm is motivated by the data generating mechanism in manifold learning
tasks. In this Section, we show that the distribution of the data {xi}{zl can be approximated by a probability
measure of the form @N = Zf;l 0j0,,, a convex combination of the point masses d,,. We propose the high

dimensional mizture density estimation (HDMDE) algorithm for the estimation of x5, 6, and N in @N.

1.5.1 Motivation and Estimation of Mixture Density Parameters

In manifold learning, we assume that the D-dimensional data {z;}/_, are realizations from a d-dimensional latent
manifold, corrupted by D-dimensional noise. Each x; is generated in two stages - the latent data stage and the noise
corruption stage. In the latent data stage, a latent random D-vector T is generated from a probability measure Q*,
where Q* is supported on a d-dimensional manifold. Then in the noise corruption stage, given T' = ¢, the data point
z; is generated from a probability density function (PDF) ¢ (- —t) with [ 2y (z)dz =0 € RP. Then the distribution
generating z; is the PDF p(z) = ¢« Q*(x) = [ (x —t)Q*(dt), where * denotes the convolution operation. We may
estimate the latent probability measure Q* by maximizing the nonparametric likelihood £(Q) = HiI:l Y xQ(z;) in
Q € 2, where 2 denotes the collection of probability measures supported on d-dimensional manifolds. Theorem
3.1 of Lindsay (1983) implies that there exists a unique probability measure of the form @ N = Zjvzl 0;6,, with

N < I achieving supge o £(Q). For example, in Figure 1.2 (d), the gray dots denote data x;, the red curve denotes
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the support of the latent variable T (the probability measure @*), and the large orange dots illustrate the point
masses J,; in @N.

Substituting the true @* with the maximizer @N, we estimate the distribution generating x; by the PDF
RS @N (z) = Zjvzl 0;¢(x — pj;). To estimate 1, 6;, and N, we use a mixture density estimation approach. For any
o > 0, denote () = =51 (£). For any fixed positive integer N, let {u; n}7_, be a collection of points in RY
depending on N, let Oy = (615,02 n,- - ,9N7N)T be in the probability simplex Oy = {0y : 0; v > 0, Zj\;l O;n =

1}, and let o be a positive number such that limy_, . on = 0. We construct the following mixture density

N N
PN (E]ON) = Vor * Qn (@) =Y 0 Noy (z — ptjn), where Qn =Y 0 N6y, - (1.5.1)
=1

j=1

We estimate p; n, On, on, and N such that py(z|0y) approximates the true PDF p(x) generating data {x;}!_;.

Assuming that the number of mixture components NV is fixed, various approaches may be implemented for the
estimation of mixture parameters p; n, 0, 5, and on. A common approach for estimating these parameters is
based on the EM algorithm (Dempster et al. (1977)). However, this approach can be too computationally intensive
in our setting. We propose a high-dimensional generalization of the mixture density estimation algorithm proposed
by Eloyan and Ghosh (2011), where the estimation of p; v and on is performed in a computationally efficient
manner for a given IV and the estimation of the mixture weights 6; n is then conducted using the EM algorithm.
Estimation of y; y: Partition {x;}._; to N clusters by k-means clustering. Let {uij};-V:l be the centers of the
N clusters.

Estimation of ox: Let {a:jJ}lL:jl be x; in j" cluster. We estimate o by

1 N 1 Lj 1/2
oN = 2
IN = Dx N Z fj Z ”‘r],l M],N”]RD
Jj=1 =1
If {x;.}2, are iid Np(ujn,03Ipxp) for j =1,2,--- | N, then 6% is an unbiased estimator of 0%

Estimation of 6; y: Assuming that {z;}/_; is a random sample from the PDF

N
pn(@lON) =D 0; NYoy (z — ) ~ p(a),
j=1
we estimate 0; y by likelihood maximization. In practice, the sample mean is used as an unbiased estimate of

Epy (X|0n). Therefore, we apply the constraint [,, zpy(z|0n)de = T = %Zle x; and estimate 6; y achieving

the likelihood maximization using a constrained EM algorithm. The detailed derivation of this procedure is in

20



Appendix. The proposed approach results in the following equation for updating the estimate of §; x.

I (k—1)
(o _ Zim1 vy (o87)
0;n = ot n , j=1,2,--- Nand k=1,2,---, where (1.5.2)
1 2 Mg, N
2 2
I k—1 I k—1
pP1,p2) = arg min - Hj,N — )
! preropaer? | | S\ pyt ph N =\ mtoiun 7 o

0N X V5, (v —

145,N)

w;j (On) =

2

If sup {\GJ(]CN) - 9§f€]:,71)| :j=12--- N } is smaller than a predetermined threshold, then the iteration (1.

N
=1

00N X Yz (Ti — pjr N)

=

5.2)

k* k") (k" k* . .
stops, and 91(\, ) = (95 N),Gé N), e ,95\, 1\),)T is an estimate of 0.
81 . . —
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Figure 1.3: (a) The red 3/4 circle is the underlying manifold of interest, the data cloud (gray) is generated from
the X in (b), applying k-means clustering with N = 3 results in three large centers (orange); the 3 centers lie
completely inside the circle and do not give a good representation of the red circle. This issue stems from the
nonzero curvature: For each tangent (green) of the circle, data are unevenly distributed on its two sides. Cluster
centers are “dragged” to the side with more data points. This issue disappears when N is sufficiently large so
that |[pn(-|0n) — pllL1mp) = 0. (b) Small dots (gray) are random samples from X. The support of T' is the solid
curve (red). We apply Algorithm 1 to these gray dots with input Ny = 10, = 0.05,¢ = 0.001. The large dots
(orange) denote the estimated ; x in the Qn = Z;\le 0j,N0u, ~- (c) Set Ng = 10, for random samples with size
T ranging from 1000 to 10000, the estimated N are shown by dots (blue). The curve (pink) shows the trend of N
as the sample size T increases. (d) Ilustration of the influence of outliers on Qn as I increases. For each I, the
influence of outliers is measured by the quantity 6, /g_out and shown by a dot (green). The gray curve shows the
corresponding trend.

1.5.2 Estimation of the Number of Mixture Components

In this subsection, we propose an iterative hypothesis testing procedure to choose the number of mixture components
N. If N is too small, @ ~ in (1.5.1) may not capture geometric features of data x;. A detailed example of the “small
N” issue is presented in Figure 1.3 (a). On the other hand, an unreasonably large N may result in computational
burden and redundant model complexity. Motivated by the following theorem, we choose N by investigating the
L'-distance between py(-|fx) = ¢ * Qu in (1.5.1) and the PDF p generating data z;. The diameter of a set U in

RP is defined by diam(U) = sup{||x1 — z2||gp : 71,22 € U}.
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Theorem 1.5.1. Suppose p is a PDF with compact support supp(p) = {x : p(x) # 0} and p € LY(RP) for some
1<g<oo, My = {Mj,N}évzl C supp(p), and dy,on > 0 for all positive integers N. If (i) the triplet (dn,on, 1)
satisfies

im oy = lim dy = 0; (1.5.3)

=1
N —o0 N —o0

N <Sup {W"N(' —Y) = Youllpawo) : lYller < dN})

(i) there exists a partition of the compact set supp(p), i.e., supp(p) = U;V:1 Aj N with A; n(Ajn = 0 when i # j,
such that Aj N (Y Mn = {pjn} and sup{diam(A;n) : j = 1,2,--- ,N} < dn for all large positive integers N;
then there exists a sequence {On}n with O € On such that imy e lpn (+|0n) = Pl ooy = 0, where py (-0n) is

defined by (1.5.1).

The proof of Theorem 1.5.1 is in Appendix. In applications, observed data are always in a bounded domain. Thus
the assumption on p is not restrictive. The triplet satisfying (1.5.3) exists, e.g., ¢ is any PDF, oy = N~ and
dy = N—(a1te2) then this triplet satisfies (1.5.3) when ¢ = 1, where o and «ay are allowed to be any positive
numbers. Herein, we set ¢ to be the standard Gaussian kernel (27)~/2 exp{—||z|25/2}. Condition (ii) essentially
requires My to be dense in supp(p) as N — co. Since we estimate the knots p; n as centers of the N k-means
clusters of the data {z;}/_; ~iia p, My = {u; N}}_, tends to be dense in supp(p) as the number of clusters
increases. Therefore, condition (ii) is realistic. Since all PDFs are in L!(RP), we are only interested in the special
case of Theorem 1.5.1 where ¢ = 1.

The limit limy o [[pn(-|0n) — pllor@ry = 0 implies limy oo [[pn+1(-[0n+1) — PN(|ON)||L1wry = 0. If we

further assume p € L>(RP), then we have the following limit motivating the proposed method of selecting N.

IEp {pn+1 (X|On41) — Py (X[ON)H < [Pl Loe o) [[PN4+1(1ON+1) = PN CION) 11 g0y = 0, as N — o0,

where X ~ p. This limit implies E, {py+1 (X|0n4+1) — pnv (X|0n)} = 0 when N is sufficiently large. Therefore, we

choose a sufficiently large IV by testing the following hypothesis.

Ho : Ep {pn+1(X[0n41) —pn(X[On)} =0 vs  Ho:Ep {pn1(X[0n41) — py(X|0n)} #0, (1.5.4)

where [, is the expectation associated with the PDF p. Since p and 6 are unknown, we use ZI,N = % 2521 32 to
test the hypothesis (1.5.4), where @N = §N (X1, Xs,--+,X71) is an estimator of 8 computed from the iid sample

X; and 32 = pN+1(Xi|§N+1) — pN(XZ-\é\N). We apply the following theorem to perform an asymptotic test of

Theorem 1.5.2. Suppose é\n is an estimator of the true 6, € ©,, such that (?n =0, + op(I’l/Q), where n €
{N,N + 1}, N is fized, and ¢» € L=(RP). Denote A; = pn1(XilOnt1) — pn(XilON), pan = E,Aq, §?N =
%Zij:l 312 — (Arn)? and §I7N = 1/§?N. Then ﬁxlg\_ﬂ — N(0,1) in distribution as I — co.

’ I,N
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Theorem 1.5.2 can be derived directly from the central limit theorem and Slutsky’s theorem, hence its proof is

omitted. Since we are interested in testing the hypothesis Hp : pa,nv = 0 as shown in (1.5.4), we define the statistic

Zin = \ﬁ% From Theorem 1.5.2, under Hy, we have Z; y ~ N(0,1) approximately when I is large. We
I,N

choose N by

N =N, =inf{N:|Z;n| <2_ajpand Ng <N <11},

where Ny denotes a predetermined lower bound for N, z;_ /s is the 1 — a/2 quantile of N (0, 1), and o = 0.05 is
chosen for testing (1.5.4). Figure 1.3 (c) shows that the estimated N tends to be much smaller than I. In both
the method proposed above and the counterpart in Eloyan and Ghosh (2011), the number of mixture components
N is chosen by measuring the dissimilarity between pyy1(:|0n+1) and py(-|0n). Eloyan and Ghosh (2011) applies
Kullback-Leibler divergence (KLD) while we apply L'-norm. We choose L!-norm because we found in simulations

that L'-norm captures the geometric features of p better than KLD.

1.5.3 The High-Dimensional Mixture Density Estimation (HDMDE) Algorithm

By iteratively combining the procedures for the estimation of mixture weights ¢; y, mixture element means p; v,
and the number of mixture components N presented in Sections 1.5.1 and 1.5.2, we propose the HDMDE algorithm
in Algorithm 1 to estimate @N = Z;\le 0, N0u; - In this Section, we use simulation studies to illustrate that
HDMDE results in a substantial reduction in computation speed and elimination of the effects of outliers. In

addition, we present a proof-of-concept simulation study showing that the density estimated by HDMDE can

approximate the true density better than the kernel density estimate (KDE) in terms of minimizing the L!-distance.

Algorithm 1 HDMDE
Input: (i) Data points {z;}!_; in RP, (ii) a positive integer Ny < I — 1, and (iii) ¢, @ € (0,1).

=1 -

Output: N, {'UJ}NE‘V:D On = (b1, --§N7N)T7 and opn. Then we have

N
Qn = 0;n0;n and py (\@v) =gy * Qn

j=1

1: N < Ny and formally Z; n < 2 X 21_q/2-

2: Estimate pj v and oy using the k-means clustering.

3: Apply the iteration (1.5.2) and get a sequence {@;)}k Set O = g(J\I,C ) with
E* = min{k : sup @kﬁl) - é\jka,‘ < e} .

p : ;

4: Compute pN(xi|§N) = Z;\;l @-,N X Yo (2 — pj,w) for all 4.

5. while |Z; | > 2142 and N < I -1, do

6: N < N +1, repeat the steps 2, 3, 4, and compute Z1 n.

7: end while

When the sample size I of data {z;}/_, is large, manifold fitting can be computationally expensive. One advan-
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tage of using HDMDE in PME is the comparatively small computational burden in estimating .}/c; = argming K AOn (f)-
We conduct simulation studies to compare the magnitudes of estimated N and sample size I empirically and show
that N is much smaller than I. Figure 1.3 (b,c) provides an illustrative comparison between N and I by simulations.
For each I ranging from 1000 to 10000, we generate I — 10 points close to a 3/4 part of a unit circle as presented
in Figure 1.3 (b) and 10 outliers from N5(0,0.1215.5). We estimate a @N by HDMDE for each simulated sample.
In Figure 1.3 (b), we show one simulation example with I = 5000 by gray points and the estimated {u;, N}év:1 by
large orange dots. Figure 1.3 (¢) illustrates the estimated N versus I and shows that N are much smaller than I.

Another advantage of HDMDE is that the effect of outliers on @ ~ is negligible. As a result, when we fit a
manifold by f,\ = argminy IC/\@N( f), the result is robust to outliers. Specifically, if the node pj/ n is closer to
outliers than to the main part of the data cloud, the associated weight 6;/ x is small. In each of the simulations in
Figure 1.3, only one node defined as fi,,: is located in the outlier cluster, i.e., in {z : ||z||gz < 0.3}. We denote the
weight associated with oyt by 0out, and denote the average of other weights ﬁ > jtout 0; N by 0_out. The ratio
0out /g,out measures the influence of po,; compared to that of other u; n. The lower this ratio, the more negligible
the effect of outliers on estimation of @ ~. Figure 1.3 (d) shows that 0, /g,out is small and decreases drastically
as the sample size I increases. Hence, the point p,,; representing 10 outliers has a negligible effect on @ ~ and this
effect decreases as I increases.

An important property of HDMDE is its performance in approximating the true PDF p in terms of minimizing
the L'-distance. We compare HDMDE with KDE in terms of approximating p and then use this property of
HDMDE to justify the reduction from Ky ,(f) to IC/\!@N (f) in PME. To apply KDE in a simulation example,
we implement the R function kde in the package ks using default parameter values provided in the package.
Let pramde(-]X) and prge(-|X) denote the PDFs estimated by applying HDMDE and KDE, respectively, to data
X = {X;}._, ~iia p. The difference between the performances of HDMDE and KDE is measured by ||pgae (-] X) —
Pl @y = [|Phamde (|1 X) = pllL1mpy =: T (X). Let p be the PDF of the random vector X in Figure 1.3 (b) (without
the 10 outliers). Using this PDF p as an example, we generate 500 realizations of X from p with I = 1000
and estimate the mean EJ(X) and variance VJ(X) using the sample mean and sample variance. Then we
compute the Wald 95%-confidence interval EJ (X) & 1.96,/V7(X) ~ (0.018,0.130). This interval shows that, on
average, HDMDE performs better than KDE in the L'-approximation of the density p in this example. Using this
property of HDMDE, we provide the following result showing that minimizing /Cy ,(f) is approximately equivalent

to minimizing K, 5 (f).

Theorem 1.5.3. Suppose (i) p and ¢ are PDFs with bounded support; (ii) {@N = Zjvzl 05, N0, n } =1 S0l
isfies {p; N}y C supp(p) for all N, and limy o0 [[t0oy * Qn — plliray = 0 for a sequence {on}F—; with
limy oo on = 0; (iii) f € Coo NV~ ®2L? is a homeomorphism and has no ambiguity point in a neighborhood of
supp(p). If there exists {pu;}32, C RP so that imy o0 p1j N = p; and > i1 (Sup s 05,80) < 00, we have the

limit imy .00 Ky 5, (f) = Kxp(f) for A €0, 00].
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The proof of Theorem 1.5.3 is in Appendix. Although the Gaussian kernel 1 does not have a bounded support,
most of its mass is in a bounded domain, e.g., the Gaussian kernel in R? satisfies ¢(x) < 10722 when ||z||gs > 10.

In Theorem 1.5.3, condition (ii) can be implied by Theorem 1.5.1, and condition (iii) is related to Theorem 1.2.2.

1.6 Step 2: Fitting, Step 3: Tuning, Model Complexity Selection

In this Section, we propose the details of Step 2 (fitting) and Step 3 (tuning) of our proposed PME algorithm
illustrated in Figure 1.2. To fit fy = arg miny Ky 5 (f) in Step 2 of the PME algorithm, we apply the iteration
(1.3.3) with P = Qn, i.c., finr1) = argming {ch@N(f, foy) 1 f=(f1.fo, -+, fp)T € Co NV ®2LAR? — RD)}
with

D
)\QN f f(n) Z ZHJN|/~LJNI fl (Wf(n) (NJJ N))|2+)\Hv®2fl’|i2(Rd) , (161)

=1 | j=1

where g5, is the I*h

component of the D-vector p; n, and [ denotes a vector component index. Define the
following notations: (i) If v is an even integer, 7, (t) = [|t[|}.log (||t[|ge) when [[t[|ga # O and 7,(t) = 0 when
[t||ga = 0; otherwise, n, () = ||t||4a. (ii) Polyi[t] is the linear space of polynomials on R* with degree < 1 and has
a linear basis {pk}d+1 The following theorem implies that the minimizer of ]C/\,@N('v Joy) in Coo N V9212 is of

a spline form.

Theorem 1.6.1. Suppose f(,) € Coo(R?* — RP), d < 3, and each polynomial in Poly[t] is uniquely determined

by its values on C = {my, (pjn)}

N.y. Then a minimizer of Ky oy (s fny) within Cog NV~ ®2L2(R? — RP) is of

the following form.

d+1

St Z sj0 X Mama (8= re (5,8)) + D ana X pi(t),
k=1

1,2,--,D, (1.6.2)

with the constraint Zjvzl S50 X D (Wf(n) (Nj,N)) =0 foralk=1,2,---,d+1andl=1,2,---,D.

Proof of Theorem 1.6.1 is in Appendix. The reason for the dimension restriction d < 3 is that V=®2L2(R?) is a
reproducing kernel Hilbert space only if d < 3 (see Wahba (1990), Chapter 2.4). For the purpose of visualization,
the intrinsic dimension d < 3 is not restrictive. When d = 1, (1.6.2) is a cubic smoothing spline. When d = 2,
(1.6.2) is a thin plate spline. From Theorem 1.6.1 and the calculation strategy in Chapter 2 of Wahba (1990), it
follows that minimizing (1.6.1) in Cy (| V~®2L? is equivalent to obtaining the minimizers

2 2
arg min {HW1/2 ( — Es; — Tozl)HRN + A HEl/ZslHRN cs1 € RN, o e R and T7 s, = O}

(s1,01)

forl=1,2,---,D, where
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T is an N x (d + 1) matrix whose (4,7)" element is Pi (T, (1i,N));

T T T .
o = (1N, B2, Ny s NN, u = (g, o0, s ay1g)t st = (81,820,000 ,8n,) for I=1,2,--- D

E is an N x N matrix whose (i, 7)™ element is n4_q (75, (1ti,n) = 75, (145,8));

W =diag(01 n,02.n, - ,0n.N).

Using the Lagrange multiplier method, we can obtain these minimizers by solving the following linear equations.

2EWE +2)\E 2EWT T) [ s 2EW
XTTWE  2T7TWT O || o | = |2T7Wy |, 1=1,2,---,D, (1.6.3)
TT 0 0/ \my 0

where m; are Lagrange multipliers. The coefficient matrix in (1.6.3) is symmetric, has many zero elements, and of
order N+2d+2. Since N is moderate in most applications (see Figure 1.3 (c)), solving (1.6.3) is not computationally
expensive.

As detailed in (1.6.1), we use Qn to estimate J?,\ for each A > 0. This procedure shrinks the collection of
candidate functions from Cs (VV~®2L? to the one-parameter family {fx}xso. Theorem 1.4.1 shows that this
approach prevents curvature singularity at A = 0. Then we choose an optimal element J/‘:\ in {f,\} A>0 by using the
observed data {z;}/_, to tune the family { f)\} x>0. Specifically, we choose f. which minimizes the MSD D(f»)

associated with {z;}/_,, i..,

2

(i)

In applications, higher values of the tuning parameter A\ reduce the effect of corrupting noise. The reduction from

(1.6.4)

A>0 RD

\* = arg min {D(J/”:\)} , where D( fA }XI: ’

{x:}_ to Q ~ reduces the corrupting noise and, hence, the corresponding ) is expected to be small. Therefore,
the estimated optimal A* tends to be small. Figure 1.4 illustrates the relationships between log A, log A\*, and MSD
D(f)-

Determining the pair (N, \*) by HDMDE and (1.6.4) completes our model complexity selection procedure
and, hence, the PME algorithm. The PME algorithm presented in Algorithm 2 encapsulates the procedures
presented in Sections 1.5 and 1.6. The R code for performing estimation using Algorithm 2 is available at https:
//github.com/KMengBrown/Principal-Manifold-Estimation.git. While a rigorous proof of the convergence of
Algorithm 2 is outside of the scope of this paper, the algorithm converged in almost all of the simulation studies

conducted.
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Figure 1.4: Points (colored) in Case I are 1000 realizations of X with (X|T =t) ~ N3(¢,0.115x3), 7 ~ Unif(-1,1),
T = (r,72,7%)T. The points (gray) in Case II are 1000 realizations of X with (X|T = t) ~ N3(t,0.05I3x3),
T1,To ~iq Unif(=1,1), T = (11,79, + 72)T. Using Algorithm 2, we fit the points in Case I and Case II,
respectively. With tuning parameters A = e* k = —15,—14,--- ,5, we plot MSD versus log A as above. The
(green) dash lines indicate optimal tuning parameters. For Case II, the reason why the smallest A is chosen
is that the corresponding reduced points p; y (with associated weights 6, n) have almost no information of the
3-dimensional corrupting noise N (¢,0.05I3x3).

1.7 Simulations

We compare the PME algorithm to existing methods for simulated data in the following three scenarios with
dimension pairs (d =1,D =2), (d=1,D = 3), and (d = 2, D = 3). Simulation analyses in this section are imple-
mented in the R software (R Core Team (2019)). In the implementation of PME (Algorithm 2), we set its inputs
as follows: Ay = exp(g) for g = —15,—14,---,5, Ny = 20 x D, a = 0.05, ¢ = 0.001, ¢* = 0, itr values are given
in Tables 1.1 and 1.2. For the first two dimension pairs, we compare PME to two methods: (i) The HS principal
curve algorithm using the R function principal_curve in package princurve (version 2.1.4). Three smoother
options - smooth_spline, lowess, and periodic_lowess - are provided in this R function. In each simulation, we
apply all the three smoothers and apply the one producing the smallest MSD D(f) = %25:1 le; — f (ﬂ'f(xi))H%D.
(ii) ISOMAP: Parameterize the I data points {x;}{_;, by {t;}{_; using ISOMAP and then fit a map f/,m.p =
argming {3 S |z — f(t) 120 + NVE fl 2@y - f € VT¥2L2(R" — RP)}, where A\* is chosen to be the

optimal tuning parameter obtained in the corresponding PME fit to make the comparison fair. The minimizer

*
isomap

is achieved by cubic smoothing splines (Duchon (1977)). For (d = 2, D = 3), we compare PME to two
methods: (i) the principal surface (PS) algorithm introduced by Yue et al. (2016), where the optimal number of
basis functions in PS is obtained by the new cross-validation method proposed by Yue et al. (2016), using the R
function for PS provided by the first author of Yue et al. (2016); (ii) ISOMAP: Conducted as described above for its
counterpart with d = 1, except we apply thin plate splines to achieve the corresponding minimizer (Duchon (1977)).
For all scenarios, the performance measurement of a fitted f is the MSD D(f). Although we apply ISOMAP to
the parameterization step of PME, the implementation of PME has an important advantage compared to solely

applying ISOMAP. When directly applying ISOMAP to the observed data, we use the full set of I data points for
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Algorithm 2 PME Algorithm:
Input: (i) Data points {z;}/_, in RP; (ii) a positive integer Ny < I —1; (iii) o, ¢, €* € (0,1); (iv) candidate tuning
parameters {)\g}ngl; (iv) itr > 1, which is the maximum number of iterations allowed.
Output: (i) Analytic formula of f* : R? — RP determining the fitted manifold M%.; (ii) optimal tuning parameter
A*.
1: Apply HDMDE (Algorithm 1) with input ({z;}_;, No,€, ) and obtain N, {,uij};»V:l, and {t‘)j,N}évzl.
Parameterization: Apply ISOMAP to parameterize the reduced collection {; N}§V:1 by the d-dimensional

N

parameters {tj}é-vzl. Formally set ms . (ujn) < t; for j=1,2,--- N.

3: forallg=1,2,--- ,G do
4 X< Ay and obtain fq by solving (1.6.3).
. N

5: £+ 2xe , 1 and D@N (f(l)) — Zj:l 9j7N||:uj,N - f(l)(ﬂ-f(l)(uﬁN))H]%{D'

6: while £ > ¢* and n < itr, do

7 Compute f(,, 41y from f(,,y by solving (1.6.3) and
al 2

D@N (frn41) < ZHJ}N ||,Mj,N = fnt (ﬂ-f<n+1) (:U’JHN)) ||]RD :

j=1

8: €« [Py, (fn+1)) = Pg,, (fm)l/Pg,, (f(m)] and n <= n +1.

9: end while

10: fg — f(n)

11: end for

12: £ < max{[|rs (2i)|[ga:i=1,2,--- I}, where

I
. )1

13 f*(t) = fg*(mt), where the analytic formula of f* is from (1.6.2), and A* = Ag-.

xi—fg(wj?g(xi))H;D g=1,2,--- 7G}.

parameterization, while within PME we apply ISOMAP to parameterize the reduced set {1, N}j-\f:1 in the process
of iteration. Since ISOMAP is computationally expensive for high-dimensional data, and the sample size I tends
to be much larger than N (see Figure 1.3 (c)), directly applying ISOMAP to the full observed data is much more
time consuming than applying the PME approach. As shown by our simulation studies, this gain in reduction of
computation time is accompanied by similar performance of PME as compared to ISOMAP.

Visualizations of the estimation results for some curves and surfaces are presented in Figures 1.5 and 1.6. When
(d =1,D = 2), we generate data under four settings in Figure 1.5 and apply all corresponding methods for each
of the four cases; when (d = 1,D = 3) or (d = 2,D = 3), we generate data using the three different data cloud
scenarios in Figure 1.6 and apply all corresponding methods in each of all the three cases. For each method in
each case, we run 100 simulations with simulated data sets of size I = 1000 and summarize the simulation results
in Tables 1.1 and 1.2, where the mean and standard deviation (sd) of the 100 simulated MSD in each case for
each method are presented. The column “itr” in these tables shows the number of iterations conducted for each
algorithm. Column groups (a) (b) (c¢) (d) in Table 1.1 correspond to the panels (a) (b) (c¢) (d) in Figure 1.5,
respectively. Column groups (a) (b) in Table 1.2 correspond to the panels (a) (b) in Figure 1.6, respectively. The
column group (c) in Table 1.2 corresponds to the row (c), i.e., the lower panels, of Figure 1.6. Except for ISOMAP,

all methods take less than ten minutes to run in each simulation in all cases on a PC with a 2.6 GHz Intel Core
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i5 processor and 8 GB 1600 MHz DDR3 memory. In all our simulations, when d = 1, PME and HS take a similar
amount of time to run; when d = 2, PME and PS take a similar amount of time to run. Further optimization of

authors’ R code should make the proposed PME algorithm more efficient.

Table 1.1: MSD comparison: d = 1 and D = 2. (The unit of mean and sd is 1073, and the lowest mean in each
column is in bold.)

(a) (b) (c) (d)
Methods  itr mean  sd itr  mean sd itr  mean sd itr  mean sd
PME 20 5.995  0.4082 100 40.77 1.682 10 10.09 0.6029 5 23.66  1.082
HS 300 28.33  8.690 200 351.8 8.702 100 12.96  0.4344 5 24.21  1.120
ISOMAP 0 5.712 0.3297 0 40.97  1.802 0 10.12  0.4171 0 23.50 0.8739
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Figure 1.5: TIllustration of simulation settings. In each setting, data (in gray) are generated as follows: (a) a 1/4
part of one slice of a CT data set presented in Section 1.9 is used with added Gaussian noise; (b) realizations of X
with (X|T =t) ~ Na(t,0.2l5x2), T = (7,sin7)? and 7 ~ Unif(—3m,3m); (c) realizations of the X in Figure 1.3 (b)
(without the 10 outliers); (d) realizations of X with (X|T =t) ~ Na(t,0.1515x3), T = (7,cos7)T and 7 ~ N(0,1).

Table 1.2: MSD comparison: d = 1,2 and D = 3. (The unit of mean and sd is 1073, and the lowest mean in each
column is in bold.)

d=1 (a) (b) d=2 (c)

Methods itr  mean sd itr mean  sd Methods itr  mean sd
PME 100 18.58 0.6023 100 5.320 0.2115 PME 10 2.522  0.1138
HS 200 21.23  0.6294 500 88.03  0.7479 PS 10 2.520 0.1137
ISOMAP 0 19.52  0.6163 0 5.214 0.1661 ISOMAP 0 2.496 0.1103

Simulation results: (i) For (d = 1, D = 2), Figure 1.5 (a) (b) show that PME performs much better than HS.
Figure 1.5 (¢) (d) show that PME performs slightly better than HS. ISOMAP and PME perform similarly well in
all four cases. The difference between them is visible only near the tails of data clouds. (ii) For (d = 1,D = 3),
Figure 1.6 (a) shows that the three methods perform similarly well. Figure 1.6 (b) shows that PME and ISOMAP
perform similarly well, and both of them perform much better than HS. (iii) For (d = 2,D = 3), Figure 1.6
(c) shows that PME, PS, and ISOMAP perform equally well. Tables 1.1 and 1.2 support these conclusions. In
conclusion, PME performs either significantly or marginally better than HS, and PME is not inferior to ISOMAP.

However, ISOMAP is extremely time consuming in all scenarios compared to other methods. If we increase the
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Figure 1.6: In each case, X are generated as follows: (a) using the same approach as Case I in Figure 1.4; (b) (X|T =
t) ~ N3(t,0.05I3x3), T = (7,cos T,sin )T, 7 ~ Unif(r/2,6m); the three lower panels share the same data (gray),
where (X|T =t) ~ N3(t,0.05I3%3), 71,72 ~iiq Unif(—1,1), and T = (7, %(7—2 +V3(t¢ +12)), %(712 +72 —3)T.

size of simulated data sets, applying ISOMAP becomes infeasible.

1.8 Interior Identification

In this Section, we propose an algorithm to identify the interiors of circle-like curves (d = 1,D = 2) and
cylinder /ball-like surfaces (d = 2,D = 3). Examples of such curves and surfaces are presented in Figure 1.7.
In many applications, the target is not the surface of an object, but its interior. For example, radiation therapists
may be interested in identifying the interior of a tumor, which contains malignant cells. We propose an interior
identification method based on PME.

Let M? denote a circle-like curve (d = 1) or cylinder/ball-like surface (d = 2) contained in a domain & ¢ R?,
e.g., the punched sphere in Figure 1.7 (b) is contained in a cube. The main idea of the interior identification
approach is as follows: Stage 1, we decompose £ into several potentially overlapping subsets, i.e., &€ = Ule E[s],
where E[s] are subsets of &; Stage 2, we identify the interior of each piece M? (" E[s]; Stage 3, we “glue” the

piecewise interior identification results of all M® () E[s] using the 10-nearest neighborhood classifier and obtain
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the interior estimation of M = Ule(M M E[s]). In Stage 2, we assume that, for each index s, there exists an
fs : RY — RP such that MY E[s] = M}iﬂE[s], where the manifold MJ‘?i is defined by Definition 1.2.1 and
estimated using PME.

We first propose the interior identification approach for each piece M}lﬂE, where f : R? — RP and E is a

sub-domain of £. Let 7 (¢) denote a normal vector of M }i at point f(t). For example,

T
n(t) = <—Cg;(t), (le(t)) when d =1 and D = 2, and

— Of2 0fs  Ofs 0fs Ofs0fi  0f1 0fs 8fidf Of2df1\"
_ (229 918002 OJs0N 9 OJs G OT2  GI200) Gy g — 9 and D = 3.
m(t) (6t1 Dty Ot Oty Oh Oty Ot Oty O Oty Of 0, ) Vhend=2and D=3

Computing ﬁ)(t) is possible since we have the analytic formula (1.6.2). For a fixed ¢ € RP,

Orit(&, f) = sgn { [ (mp(€)) — & 7 (7€)}

is called the orientation of £ with respect to f, where sgn(-) is the sign function. Let ¢* be a predetermined point
indicating the interior side of M}i N E. It is called the reference point. Then all the points in F sharing the same
orientation with ¢* are identified as interior points, i.e., the interior part of M{ (N E is estimated by Z (f,c¢*) N E,
where Z (f,c*) = {{¢ € RP : Orit(¢, f) x Orit(c*, f) > 0}. A geometric illustration is presented in Figure 1.7 (a).

A (af (Xint) n (nr ("))

f (nf (Xint?u :

@ (b)

Figure 1.7: (a) An illustration of n(m¢(-)), f(ms(-)), and the reference point c*. (b) A simulation example, where
10000 data points are from (sin7; x cosTo,sin7y X sin o, cos )T, with 71 ~ Unif(n/4,37/4), 70 ~ Unif(0,2m).
There is no 3-dimensional corrupting noise in these data. The colored points indicate the &; identified as interior of
the punched sphere. To illustrate the boundaries of the cubes E[k], we omit all interior &; outside of £ = Uizl E[k].

Secondly, we explain the interior identification approach for the entire M? by an example - fitting the I = 10000
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data points {z;}/_, in Figure 1.7 (b) (gray points). These data points are simulated from a punched sphere, which
is the M? of interest. The reference point ¢* = (0,0,0)7 is the centroid of the sphere. The points to be identified
are grid-points ¢;, such as the colored points in Figure 1.7 (b). In this example, we show constructions of the
domain € and its subsets E[s]. We identify the grid-points {; interior of this punched sphere using the following
procedure.

Step 1: For each 3-dimensional vector z; = (i1, %i2,7i3)T where x; ; denotes the I component of z;, let (¢;,7;)T
be the polar coordinate of the 2-dimensional vector (z;1,2;2)T and ¢; be the corresponding angle component.
Partition {z;}!_, into 8 subsets by Z[k] = {x; : (k_Tl)ﬂ < ¢ < B} fork=1,2,---,8.

Step 2: Define the cubes E[k] = H?Zl infy, ez (k) @15 SUP,, ez T | for all k. Then & = U2:1 E[k] contains all
x;.

Step 3: Fit an f; to data in Z[8](J Z[1] and an fj to data in Z[k — 1]|J Z[k] for all k =2,3,--- ,8 using PME.
Step 4: For each k, define z} = #%m(zzieZ[k] x;) € R3, where #Z[k] denotes the number of elements in Z[k].
Step 5: All grid-points &; ¢ £ are identified as exterior. For each §; € £, compute k = argming—1 5. g{||§; —
xi|lgz}. Since both fi and fi41 fit data in Z[k], there are three possible scenarios:

(i) & € Z(fr, ) NI (frtr,c¥), ie., & is identified as interior by both fi and fi41, then ; is identified as interior
and labeled by “int”;

(i) & ¢ Z (fr, ) UZ (feg1,c"), i.e., & is identified as exterior by both fi, and fiy1, then ¢; is identified as exterior
and labeled by “ext”;

(iii) &; satisfies neither the previous two scenarios, then we identify §; by applying 10-nearest neighborhood classifier
to the labeled training set {(&g, laby) : & € E[k] and &, satisfies scenario (i) or (ii)} , where lab, € {“int”, “ext”} is
the label of &,.

The performance of this interior identification procedure is shown in Figure 1.7 (b). Since we know the true
punched sphere generating data, the true interior/exterior labels of grid-points §; € £ = Ui:l E[k] with respect
to this punched sphere are known. The identification error rate - the proportion of incorrectly estimated labels
- is less than 0.1%. In the illustrative example in Figure 1.7, we automatically and evenly divide data x; into
eight subcollections. In general, depending on the shape of the observed data, we may need to divide data into
more/fewer subcollections. Additionally, an uneven division might be suitable for some data sets. For example, we
may conduct a finer division in a region containing a large number of data points than in a region containing only
a few data points. Determining the number of subcollections and division precision in individual regions is left for
future research. Additionally, future research may extend our proposed methods for identifying the interiors of a

more general set of manifolds.
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Figure 1.8: The black points in column (a) denote the CT data of two tumors. The colored points in column (b)
denote the points to be identified. The colored points in column (c,d) denote the points identified as interior of the
tumors. The last two columns show different angles of the tumors.

1.9 Analysis of Lung Cancer Tumor Data

In this section, we consider tumor surface estimation using computed tomography (CT) scans collected from patients
with lung cancer and the identification of tumor interior in the context of radiation therapy. We analyzed two
tumor data sets from a publicly available database collected for 422 patients with non-small cell lung cancer at the
MAASTRO Clinic (Maastricht, The Netherlands) and available at http://www.cancerimagingarchive.net/.
Spiral CT scans of the thoracic region with a 3mm slice thickness are obtained for each study participant. In
addition, the masks of the tumor hand segmented by a radiologist are provided in the database. The hand
segmentation result is a collection of voxels (3-dimensional counterparts of pixels) in 3-dimensional space marked
by the radiologist as points on the surface of the tumor. The details on imaging parameters are available on the
website, the references provided therein, and are not repeated in this section. The vertices of the tumors for the
two participants are presented in Figure 1.8 (a). Given that we only have a collection of points on the tumor’s
surface, it is necessary to estimate the surface of the tumor fitted to the manually selected vertices on the surface
of the tumor. In addition to estimating the tumor surface, it may be of interest to identify the interior area of
the tumor. For example, in radiation therapy, ionizing radiation is used to control or kill cancer cells. To avoid
harming healthy tissue with unnecessary doses of radiation, identifying the interior region of a tumor is important.

Since the shape of the tumors is similar to a punched sphere, we apply the same procedures as in the example in
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Section 1.8 to identify the interior part of these tumors.
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Figure 1.9: Left: a single slice from the CT data for one subject (presented in the upper panels of Figure 1.8).
Right: a single slice from the CT data for another subject (presented in the lower panels of Figure 1.8).

The interior identification result is in Figure 1.8. Visually, the proposed method can properly identify interior
points. We also use a simple approach to identify tumor interior points given the surface voxels and obtain a rough
estimate of the validity of our proposed method. By its nature, the CT data is a collection of grid points in a
3D box B = [X1, Xy] x Y, Yy] x [Z1, Zy] along with the intensities of all voxels in this grid. Let X* = {{f}j
be the collection of 3D data points in the k' slice of the CT scan (all k here indicate the k' slice). All the
points in X* share the same Z-coordinate z* € [Zr, Zy]. To identify the interior of the tumor in the rectangle
(X1, Xu] x [Y1, Y] x {2¥}, e.g., the rectangles in Figure 1.9, we use a linear interpolation to connect consecutive
points 5;»“ and 55? t1- As a result, we obtain a piecewise linear and closed curve Ci. The curve Cj, (the blue curves
in Figure 1.9) roughly indicates the boundary of the tumor in this slice. For any z* € [X1, Xy], let {91,712, -}
be the intersection of the line segment {z*} x [Yz,Yy] and Cy (the blue dots in Figure 1.9). The points on line

segments of the form

U {AnQH (=N e, 1]}
l

are identified as the tumor’s interior. These line segments are the solid red ones in Figure 1.9.

Finally, for each of the 50 x 50 x #{zx} grid points (#{zx} denotes the number of slices), we compare the labels
given by the rough approximation approach in the preceding paragraph and the PME based interior identification
method, respectively. For the two tumor data sets in Figure 1.8, 97.1% of the grid points are given the same
labels by these two methods for subject 1 (top panel) and 95.4% for subject 2 (lower panel). Hence, we conclude
that these two methods perform similarly in these two examples. However, the rough approximation method has
major shortcomings. If the number of points identified by the hand segmentation is small, the line segments in the

rough approach will result in a poor estimate of the tumor surface, leading to poor interior/exterior classification
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performance. Additionally, any outlier surface voxels will potentially have significant negative effects on the rough
classifier, while the PME approach is robust to the effects of outliers. Even though the rough approach has these
limitations, we considered comparing it to our proposed approach as we have no gold standard classifier to illustrate

the performance of our algorithm.

1.10 Conclusions and Discussion

In this paper, we propose a framework of principal manifolds for arbitrary intrinsic dimensions using Sobolev spaces.
A Sobolev embedding theorem guarantees the regularity of principal manifolds. To reduce the computational cost
and the effects of outliers, and to select model complexity, we propose the HDMDE algorithm motivated by Eloyan
and Ghosh (2011). Future work may evaluate the performance of HDMDE as a density estimation technique in
high-dimensional settings. Based on HDMDE, we develop the PME algorithm to estimate the newly proposed
principal manifolds with intrinsic dimensions d < 3. We use simulations to compare PME to existing methods for
scenarios with dimension pairs (d = 1,D = 2), (d = 1,D = 3), and (d = 2, D = 3). These simulations illustrate that
PME performs better than HS in many scenarios in the sense of minimizing MSD, ISOMAP is too computationally
expensive compared to PME, and PME is not inferior to PS. However, PS is only defined for d = 2. Additionally,
PS does not provide an explicit and simple formula of the map f : R — RP defining estimated M}i, while we
obtain such a formula using PME. We apply PME to radiation therapy by identifying the interiors of tumors,
which are targets of ionizing radiation.

HS principal curves, which apply to data in Euclidean spaces, have been generalized to data on Riemannian
manifolds (e.g., Hauberg (2015) and Kim et al. (2020)). In the meantime, PCA has been generalized to geodesics
in Wasserstein spaces (e.g., Boissard et al. (2015) and Seguy and Cuturi (2015)). Future work may investigate
the generalization of our proposed framework, for which the HS principal curve algorithm and PCA are special
cases, to counterparts on Riemannian manifolds and in Wasserstein spaces. Kirov and Slepcev (2017) introduced
a multiple penalized principal curve framework permitting a fitted 1-dimensional structure to consist of several
disconnected curves. Our proposed framework may be generalized to fit a high-dimensional structure consisting of

several disconnected components.

35



1.11 Appendix

Proof of Theorem 1.2.1: Since ||f(t)||gp — 00 as ||t||ge — 00, there exists M > 0 such that ||z — f(t)||gp > 1+
dist(x, f) if ||t||ge > M. Then dist(z, f) = inf{||z — f(t)||gp : t € B4(0, M)}, where By(0, M) = {t € R% : ||t||pe <
M?}. The compactness of B4(0, M) implies that there exists t* € By(0, M) so that dist(z, f) = ||z — f(t*)||gp, then

Ay (z) is nonempty. We have
Agp(a) = {t € Ba(0,M) : ||& = f(t)llgp < dist(x, f)} = Ba(0, M) (") f ™" (Bp (x,dist(z, f))) .

where Bp(z, dist(z, f)) = {2’ € RP : |z — 2'||gp < dist(z, f)} is compact, and f~! (Bp(z,dist(z, f))) is closed as
[ is continuous. Since B4(0, M) is bounded and closed, Ay (z) is compact. O
Proof of Theorem 1.2.2 (i) can be proved following the method used to prove Theorem 4.1 in Hastie (1984).
(il) ¢(x) = dist(x, f), then ¢ € C(B) and m* = max,ep ¢(z) < oco. Let ((t) = infyep ||z — f(t)||rp, then
C(t) > [[f(t)|lrp — sup,ep [|x||gp — 00 as ||t||[ge — oo. IM > 0 so that ((t) > m™ if ||t||ge > M. For all z € B,
dist(z, f) < m* < {(t) < [|lx — f(t)||gp if |[t][ga > M, which implies {t : |[t||ga > M} N [U,c5Ar(2)] = 0. Then
{rp(x) - x € BY C {t: [|t|lpe < M}. (iii) Let Il = fom; : R — M{. Since f has no ambiguity point on U,
Theorem 1.3 of Dudek and Holly (1994) implies that II is continuous on U. Since f~! is continuous, 7y = f~1 oIl

is continuous on U. O

Proof of Theorem 1.3.2: That Koo p(f) < oo only if ||V®2f| = 0 implies the generalized (not classical)

|L2(Rd)

derivatives a‘fgij =0,forl <45 <dandl = 1,2,---,D, almost everywhere. From Lemma 1.3.1 and the
Corollary 3.32 of Adams and Fournier (2003), f equals an affine function almost everywhere. The continuity of
f implies that f equals this affine function exactly everywhere. Then f (7;(X)) is the projection of X to some
hyperplane. Therefore, inf e #p) Koo p(f) = infeez aerp E|X — (I = C)a — CX |25, where & = {C € RP*P .
C? = CT = C,rank(C) = d} is the collection of projection matrices of rank d. Then inf re 7 p) Koo,p(f) is equal
to inf{E ||(I - C)(X —a)||f§D :C € P,a € RP} = inf{tr[I — CUDUT(I — C)T] + ||I - C) (EX —a)||D2QD :
a € RP,C € 2}, where U = (vy,vs,--- ,vp) and D = diag(ey,ea, -+ ,ep). The minimum is achieved by the
minimizer (C*,a*), where C* is the projection matrix to the subspace {Zle aw; : a; € R} and a* satisfies
(I — C*)(EX — a*) = 0. Then the minimizer hyperplane is {(I — C*)a* +C*x : z € RP} = {EX + Zj:l ;v
a; € R} O
Derivation of (1.5.2): Let {Z;}/_; define independent latent random variables taking values in {1,2,---, N},
such that (X;|0n, Z; = z;) ~ Y5y (x; — ps;,v) dz; and (Z;]0n) ~ t‘)th(Z;V:l 0j(dz;)) for i =1,2,--- , 1. In other
words, the latent variable Z; indicates the class membership of the " observation in the mixture. Then we
have (X;,Z)|0n ~ 6., nVsy (i — psy,N)[dzs X Zjvzl 3;(dz;)] and P(Z; = j|On, Xi = ;) = w;;(0n). The com-

plete likelihood of {(X;, Zi)}f:1 with respect to the product measure Hle{dxi X Zjvzl 0j(dz)} is Le(On|z, 2) =
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]_[1.121 0., N X Y5y (x5 — pz; N). For a fixed 955) € Oy, in the E-step of EM algorithm, we construct

Q (6w16%)) = E (log Le (01X, 2) |X = 2,04

= ii {wm (G(k)) log (V5 (x5 — pzy,N)) + wij (955)) log Hj,N} .

=1 j=1

We implement the constraints fRD ap(x|dn)dx =T and Z;vzl 0; n =1 and obtain the Lagrangian

N N
Qp (ow168) = @ (0n16%) + o1 [ 1=D 0w | + 08 (7= bivmsw
j=1 j=1

for p; € R, py € RP. Taking derivatives of Qp(0N|9§\];)), we obtain

) 1
Q _ NZ“’U( )_pl p3hjn = 0 for all j and

00;n b

N
6Qp 6QP

=1-— 0; v =0, =7 — 0; NN = 0.
op1 ; N 0p2 ; INERN

]

The resulting equations for estimating 0; y are

= S (V) S (Eh (W)Y g (B (o)

) HjN =T
p1+ 3 g N =\ mteiuiN =\ ol !
for all j, whose solution is given by (1.5.2). |
Proof of Theorem 1.5.1: Define the weights ; y = fA w)dp, then fRD p(p)dp = 1 implies that Oy is in the

probability simplex O . By Minkowski’s inequality (Theorem 2.9 of Adams and Fournier (2003)), we have

IN

”pN ('|9N) _p”Lq(RD) Z/ H%N : NJ,N M)) - %NHLq(RD)p(M)dM + ||¢UN *Pp _pHLq(RD)

= IN+IIN

Since p and p; v are in A; y and diam(A; n) < dy, we have Iy < sup{||[Vgy (-—y) —Yox | La@p) : [|yllzr < dn} — 0
as N — oo. Applying Minkowski’s inequality again, we have Iy < [op [[p(- — onp) — pllary(u)dp. Then the
continuity of translations p — p(- — y) with respect to Li-topology and the dominant convergence theorem imply
limy oo I Iy = 0. O
Proof of Theorem 1.5.3: Since p and v are compactly supported, {u; N} _, C supp(p) for all N, and

limps 0 on = 0, there exists a compact B containing the support of p, ¥s (-—p5,n), and py (-|0n) = Zévzl 0; NVoy (-—
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w;n) for all N, and f has no ambiguity point in B. Then |Kx py (f) — KCxp(f)| < Hy + Iy, where

In = low (16n) = Pl oy X sup 12 = 1 (m (@)

N
e a;l <N'S;’%)>j 9ij/> * (Hiy + i)

Hioe = [ o= £ (r5(@0 1o (s = ) B )] < 2 sup o = £ ()
B z€EB

Hj*ﬁv = ’/ |l — f (ﬁf(m))||]2RD [(5“]“ (dx) =0y, (dm)]’ <2xsup|ax—f (Wf(x))”%]; , forall N.
B z€B

pn(-|0n) — p in L' implies limy oo Iy = 0. One can show limy o0 F (g (- — piN)) = lmy o0 F(dy, ) =
F(6,;), where F denotes Fourier transform. Since the Fourier transform of a probability is the characteristic
function of this probability, Levy continuity theorem implies that the probability measure ¢, (- — u;, v )dx converges
to d,, weakly and d,, , converges to d,, weakly as N — oo. Theorem 1.2.2 implies the continuity of ||z —
f(ms(@)||25 in B, and Portmanteau theorem implies Hin,Hy — 0as N — oo for all j. Then dominated

convergence theorem implies limy_, oo Hy = 0. O

Lemma 1.11.1. (Theorem /4 bis of Duchon (1977)) Suppose d < 3. Let C be a finite subset of R? such that every
polynomial in Polyi[t] is uniquely determined by its values on C. Then there exists exactly one function of the
form o(t) = > cosena—a(t — c) + p(t) taking prescribed values on C, where p € Polyi[t] and )" . scq(c) =0 for
all ¢ € Poly,[t]. Moreover, if y is another function taking the same prescribed values on C, one has |[V®2c| 2 <

VO] 2.
Proof of Theorem 1.6.1: Lemma 1.11.1 implies that g* = argminjcy-e272 K, On (f, fny) is of the form (1.6.2).

Theorem 1.3.1, d < 3, and the form of (1.6.2) imply g* € Co (V~®2L2. Hence,

g* = arg ICA,@N (.fa f(n)) = f(n+1)'

min
FEC NV-®2L2
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Chapter 2

Population-level Task-evoked Functional

Connectivity

2.1 Introduction

Functional magnetic resonance imaging (fMRI) is a non-invasive brain imaging technique used to estimate both
brain regional activity and interactions between brain regions due to its ability to detect neuronal activity in the
entire brain simultaneously. In fMRI studies, brain signals are measured on 3D volume elements (vozels) during a
certain period of time, and each signal is observed at discrete time points. For example, if an fMRI study lasts for
20 minutes and data are collected at every 2 seconds, that is, the time between successive brain scans referred to as
repetition time (TR, denoted as A hereafter) is 2 seconds, then we obtain observations at 900 time points. It is often
of interest to investigate neuronal activity. However, since neuronal activity occurs in milliseconds, it is impossible
to directly observe it using fMRI technology. It is implicitly captured by blood-ozygenation level-dependent (BOLD)
signals. When neuronal activity in a brain area occurs, it is followed by localized changes in metabolism, where
the corresponding local oxygen consumption increases, and then oxygen-rich blood flows to this area. This process

results in an increase in oxyhemoglobin and a decrease in deoxyhemoglobin. The BOLD signal value at each time

e A version of this chapter appeared in Meng and Eloyan (2021a).

e Author contributions: Kun Meng developed the theoretical framework of this chapter, proved the theorems, and conducted
the simulation studies and the HCP data application. Ani Eloyan supervised this chapter. Kun Meng and Ani Eloyan wrote
version Meng and Eloyan (2021a). We — Kun Meng and Ani Eloyan — want to thank Dr. Matthew T. Harrison for his comment
on the interpretation of our proposed ptFC, and this comment improved the interpretation of our model.

e Abbreviations: BOLD, blood-oxygenation level-dependent; DC, dynamic connectivity; fMRI, functional magnetic resonance
imaging; FC, functional connectivity; HCP, Human Connectome Project; HRF, hemodynamic response function; ptFC, task-
evoked functional connectivity at the population level; ptFCE, ptFC estimation; ROI, region of interest; SLR, subject-wise linear
regression; WSMZ, weakly stationary with mean zero.
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point is the difference between the oxyhemoglobin and deoxyhemoglobin levels. The signal consisting of BOLD
values across all time points measures the localized metabolic activity influenced by the local brain vasculature,
and it indirectly measures the localized neuronal activity. FMRI captures BOLD signals while study subjects are
either resting (resting-state fMRI) or performing tasks (task-fMRI).

Our brains are networks that can be expressed as graphs. Dependencies between activation in any two regions
of the brain are referred to as functional connectivity (FC, Cribben and Fiecas (2016)). These dependencies have
been widely studied, and several approaches are proposed for estimation of FC, especially at rest. Task-evoked FC
is fundamentally different from resting-state FC. Lynch et al. (2018) show that existing estimates of task-evoked FC
cannot explain differences between FC at rest and during a task. While brain FC in an individual subject is often
of interest, referred to as subject-level FC, population-level estimates of FC have been proposed in the literature
and used for obtaining more robust subject-level FC estimates (e.g., see Mejia et al. (2018)). To overcome the
limitations of existing task-evoked FC estimation approaches when investigating population-level FC, we propose
a novel definition of population-level task-evoked FC (ptFC). This definition is based on a correlation of subject-
specific random effects capturing task-evoked neuronal activity. Importantly, our proposed ptFC framework takes
into account the complex biological processes of the brain response to task stimuli that many existing estimators
ignore.

We are interested in modeling neuronal activity and BOLD signals of a set of subjects w from a population of
interest. At each time point ¢, we denote by Y (w;t) the BOLD signal value at the k" node of w’s brain. The word
“node” herein refers to either a voxel or a region of interest (ROI). Aggregated BOLD signals at a macro-area level
are often of interest. That is, for each subject, BOLD signals are spatially averaged within pre-selected ROI and
the resulting ROI-specific signals are analyzed. The BOLD signals for subject w are represented by a K-vector-
valued function {Y (w;t) = (Yi(w;t), -+, Yi(w;t))" |t € T} on T, where T is the collection of time indices and
K is the number of nodes. Furthermore, we assume that 7 is a compact subset of R. In this paper, we model
three types of signals in task-fMRI studies: (i) stimulus signals denoted by N(t) representing the experimental
designs of tasks, (ii) task-evoked neuronal activity signals at the k'™ node ®y[w; N(t)] stemming solely from the
task stimulus N(t), where the “stimulus-to-activity” maps ®ylw;e] : N(t) — Dylw; N(¢)] depend on subjects w,
and (iii) observed BOLD signals Yy (w;t) = ¥y {w; &y, [w; N(¢)]} that are associated with the task-evoked neuronal
activity ®@plw; N(t)], where the “activity-to-BOLD” maps Wi{w;e} : ®pw; N(t)] — Yi(w;t) are w-dependent.
In (i) and (iii), map ®[w;e] characterizes how neurons at the £‘" node of w react to stimulus N(¢), and map
U {w; @} describes how neuronal activity ®;[w; N (t)] induces BOLD signal Yy (w;t). We are interested in modeling
D [w; N(t)]. However, only BOLD signals Yy (w;t) are observable. The goal of many fMRI studies, including our
work, is to recover ®j[w;e] by analyzing Yj(w;t). In Section 2.2, we provide nonparametric models for ®j[w; e]
and Uy{w;e}.

Theoretically, time ¢ is continuous and 7 = [0, t*], where t* < co denotes the end of experiment. In applications,
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we obtain data only at discrete and finite time points in 7 = {TA}L_,, where A is the predetermined TR and T
indicates that BOLD signals are observed at 7'+ 1 time points. A BOLD signal at the k** node of subject w in
task-fMRI consists of three components: (i) Py(w;t) denotes the one evoked solely by the experimental task N(t),
(ii) Qx(w;t) denotes the one stemming from spontaneous brain activity, e.g., the activity coordinating respiration
and heartbeat, and the neuronal activity responding to stimuli that we are not of interest, and (iii) random error
ex(w;t). We assume that these components have an additive structure, and observed BOLD signals Yy (w;t) are of

the following form.

Yi(w;t) = Pr(w;t) + Qr(w;t) + ep(w;t), k=1,2,--- K, t€T, (2.1.1)

where Py (w;t) are called task-evoked terms. Py(w;t) are of primary interest and identifiable under some probabilistic
conditions. The proof of identifiability of Py (w;t) is in Appendix C. Model (2.1.1) is equivalent to many existing
approaches for modeling BOLD signals in task-fMRI (e.g., Joel et al. (2011), Zhang et al. (2013), and Warnick
et al. (2018)). The relationship between (2.1.1) and these approaches is discussed in Appendix A. Similar to these
existing methods, we assume no interaction between Pj(w;t) and Qg(w;t) in (2.1.1). Inclusion of an interaction
between these terms is discussed in Appendix H.

We implement our proposed methods to estimate functional connectivity in a study investigating the human
motor system. To investigate motor FC, we use a cohort of subjects from a task-evoked fMRI study publicly
available at the Human Connectome Project (HCP). The block-design motor task used in this study is adapted
from experiments by Buckner et al. (2011) and Yeo et al. (2011), while details on the HCP implementation are
in Barch et al. (2013). During the experiment, the subjects are asked to perform five tasks when presented with
a cue: tap left/right fingers, squeeze left/right toes, and move their tongue. BOLD signals Yy (w;t) are collected
from 308 participants, and each BOLD signal is obtained with A = 0.72 (seconds). Each experiment lasts for
about 204 seconds, i.e., T = 283. We focus on the brain functional connectivity for the task of squeezing right
toes. The onsets of these task blocks vary across subjects. Nevertheless, the corresponding onsets of any two
participants differ in less than 0.1 seconds (< A). Therefore, we assume that all subjects share the same stimulus
signal N (t) = 1(g6.5,08.5)(t) + 1[162,174) (1)-

In statistical analysis of task-fMRI data {Y (w;t)}+e7 in (2.1.1), two topics are primarily of interest: (i) identifi-
cation of nodes presenting task-evoked neuronal activity, i.e., the indices k such that P (w;t) # 0, and (ii) detection
of task-evoked associations between brain nodes. General linear models (GLM, Friston et al. (1994)) are commonly
implemented to detect task-evoked nodes (Lindquist et al. (2008)). GLM is conducted at an individual node level
and is not informative for investigating associations between nodes. Associations between nodes captured by BOLD
signals characterize FC (Friston et al. (1993)). FC observed during a task experiment tends to be different from

that observed in a resting-state experiment (Lowe et al. (2000)). The difference between task-fMRI and resting-
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state fMRI is presented by the task-evoked terms Py (w;t). In this paper, we investigate the associations between
{Py(w;t)HE |, instead of those between BOLD signals {Y(w;t)}< |, corresponding to FC stemming solely from
the task of interest N(t).

A considerable amount of work has been done to define and estimate FC. For example, Friston et al. (1993)
defines FC as the temporal Pearson correlation between a pair of BOLD signals across time. Following this
approach, one may measure task-evoked FC between Py(w;t) and Pj(w;t) by the absolute value of the Pearson

correlation as follows

‘ S P (w;t) x P (w; t)u(dt)
VI IPE @i a(dt) x [ 1Py (D) ()

|corr(w; Py, Py (2.1.2)

where P} (w;t) = P (w;t) — ﬁ J7 Prr(w; s)p(ds) for k" € {k,1}; if T = [0,T*], then p(dt) = dt; it T = {TA}]_,,
then p(dt) is the counting measure ) __, ;A (dt), where d.a is the point mass at 7A. There are many other
approaches to defining and estimating FC, e.g., coherence analysis (Miiller et al. (2001)) and beta-series regression
(Rissman et al. (2004)) are widely used in FC studies. These approaches have several limitations discussed in
Section 2.2.2 that are addressed by our proposed approach.

This paper is organized as follows. Section 2.2 proposes models for task-evoked neuronal activity and BOLD
signals, respectively; based on these models, we propose a rigorous and interpretable definition of ptFC. Section 2.3
presents an algorithm for estimating ptFC. We compare the performance of our proposed algorithm with existing
approaches using simulations in Section 2.4. In Section 2.5, we apply the proposed approach to estimate the ptFC

during a motor task using the publicly available HCP data set. Section 2.6 concludes the paper.

2.2 Population-level Task-evoked Funtional Connectivity (ptFC)

We first propose models for neuronal activity and BOLD signals at individual nodes. Using these models, we
provide the definition of ptFC. Lastly, we list advantages of ptFC compared to existing approaches. Hereafter, (2
denotes a study population of interest, i.e., the collection of subjects of interest. €2 is discrete and finite. Let P
define a study-dependent probability on 2. Then (£2,2%,P) is a probability space, where 2 is the power set of (2.
E denotes the expectation with respect to P. In the HCP experiment described in Section 2.1, € represents the
population of healthy adults. FMRI data are collected for each subject w in a sample of size n = 308 drawn from
according to the underlying distribution P. We estimate P by empirical distribution % > 0w. The expectation and

correlation with respect to this empirical distribution are the sample average and sample correlation, respectively.
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2.2.1 Definition of ptFC

Let hy(t) denote the hemodynamic response function (HRF, Lindquist et al. (2008)) at the k*" node corresponding
to the task of interest N(¢) and shared by all subjects w € Q. For each w € €, the GLM approach essentially

models the task-evoked terms in (2.1.1) by

Pp(w;t) = Br(w) X (N *hg) (t—tor), t€T, wel, k=1,2,--- K. (2.2.1)

where S (w) is a GLM regression coefficient representing the subject-specific random effects, ¢g is the latency
shared by all subjects as the reaction of the k" node to N(t) at time ¢ is not instantaneous, and * denotes
convolution. Specifically, this is a GLM with response { P (w; t) };e7 and independent variable {(Ns*hy)(t—to k) }reT-
The error term of the GLM is absorbed by {e;(w; t)}+e7 in (2.1.1). Task-evoked terms Py (w;t) in (2.2.1) model the
neuronal activity evoked by task N(t), and the subject-specific i (w) measures the magnitude of this component.
Visualizations of (2.2.1) are in Web Figure 2.9. Theoretically, latency depends on subject w. However, in most
studies, the latency is much shorter than the corresponding TR A, and the difference between the latency times of
any two subjects is negligible. Therefore, we model the latency as t¢ ;, shared by all subjects. With model (2.2.1),

we represent the model (2.1.1) for BOLD signals as follows.

Yi(wst) = Br(w) x (N * hy) (t —tor) + Re(wit), te€T, k=1,--- | K, wel, (2.2.2)

where Ry (w;t) = Qr(w;t) + ex(w;t) are referred to as reference terms for succinctness.

Task-evoked terms Py (w;t) = Br(w) X (Nshy)(t—tok) = [{Br(w) X N(- —tox)} * hy] (t) correspond to neuronal
activity evoked by N (t), where hy represent metabolism and vasculature and do not characterize neuronal activity.
Therefore, we model neuronal activity signals ®j[w; N(t)] responding to N(¢) as Six(w) x N(t — tox). Using
model (2.2.2), the “stimulus-to-activity” map ®[w;e] and “activity-to-BOLD” map ¥;{w;e} in Section 2.1 are
Wy (w5 o} 5 By s N(O] > {Brloos N} (6) + Qulwi ) + enlwit) = Yic(wi 1) and

Dy [w; 0] : N(t) — Bk(w) x N (t — tO,k) . (223)

FC is anticipated to characterize the mechanism of neuronal activity rather than metabolism or vasculature.
Therefore, task-evoked FC is defined using task-evoked neuronal activity signals ®j[w; N (¢)]. In model (2.2.3) of
O [w; N(t)], tasks N(t) are fully determined by experimental designs. Additionally, latency to  can be viewed as
a parameter of HRF hy since task-evoked terms can be expressed as {[Br(w) X NJ * [h(- — tox)]}(t). Therefore,
task-evoked FC is expected to be determined by S (w). Since S(w), for k = 1,--- | K, measure the magnitude of
the neuronal activity evoked by task N(¢), nodes k and [ are functionally connected at the population level during

the task if one of the following scenarios holds: (i) for subjects with strong reaction to N () at their £*" nodes, their
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I*" nodes’ reaction to N(t) is strong as well and vice versa; (ii) for subjects with strong reaction to N(t) at their
Kkt nodes, their I** nodes’ reaction to N(t) is weak and vice versa, i.e., either positively or negatively correlated.
Therefore, we make the following assumptions on the distribution of Si(w) across (2,P): (1) if there exists a
functional connection evoked by N (t) between nodes k and [, the corresponding Sy (w) and S;(w) are approximately
linearly associated; (2) each variance VG, = E (B,%) — (]Eﬁk)2 > 0, i.e., random variable 8 (w) is not deterministic,
where Ef} = [, {Bk(w)}"P(dw) for v = 1,2. Since corr (B, fi) = %\/‘%@m measures the linear correlation
between Si(w) and G;(w), we define ptFCs as follows.

Definition 2.2.1. For each subject w € Q, the task-evoked BOLD signals {Yy(w;t)}H< | are of form (2.2.2). The

ptFC between the k'™ and 1" nodes is defined as |corr(B, Br)|-

An advantage of ptFC is its scale-invariance. Since S (w)(Nxhy) = ffi“:; [(c2IN)#(c2hy)], the scale of B (w) changes
if the scale of hy or N(t) changes. But |corr(SBk, ;)| is invariant to the transform Sy (w) — B (w), for k' € {k,1}
and any ¢ # 0. Furthermore, using this scale-invariance, we show in Appendix C that ptFC is identifiable under
some probabilistic conditions. Additionally, |corr(Bk, ;)| is invariant to the transform Sy (w) — Bi(w) + ¢ for
k" € {k,l} and any ¢ € R, hence we may assume EfSy, = 0 for k¥’ € {k,l} in Section 2.3.

Interpretation of §i(w): Each signal @y [w; N(t)] = Bix(w) x N (t — o) describes the neuronal activity evoked
by task N(t), excluding effects of local vasculature or metabolism. If the k' node of w does not react to task N (t),
then 3y (w) = 0. For given N(t) and hy, the magnitude of |3, (w)| indicates the strength of the reaction in £*" node
of w to N(t).

Interpretation of |corr(Bk,;)|: The pair {8k(w), Bi(w)}wen quantifies the magnitude of neuronal activity in
response to N(t) for nodes k and [. These two nodes have functional connectivity evoked by N(t) if {8k(w)}wen
and {f;(w)}ueq are linearly associated across (2,P). More explicitly, a perfectly linear relationship between
{Br(w)}wea and {Bi(w)}uecq implies strongest functional connectivity between nodes k and [ evoked by N ().
Finally, |corr (B, 81)| quantifies the strength of N (¢)-induced connectivity.

The proposed framework for estimation of population-level FC results in interpretable quantification of FC
based on a more realistic model of task-evoked neuronal activity relationships between brain nodes compared with
the existing methods discussed in Section 2.2.2. The Pearson correlation approach defines FC between two brain
nodes by the correlation defined on time index space T (see equation (2.1.2)). In contrast, ptFC in Definition 2.2.1
is of a correlation form defined on the population space 2. Although the T-correlation and 2-correlation forms
are different from the mathematical perspective, they model the same brain activity mechanism. Therefore, the
correlations are comparable.

Recently, there is an emerging consensus in the literature suggesting that brain networks undergo temporal
fluctuations corresponding to experimental tasks. Dynamic connectivity (DC) is a collection of approaches investi-
gating these fluctuations. Although ptFC in Definition 2.2.1 does not change over time, the ptFC framework can

be directly incorporated to obtain sliding-window based DC estimates (Hutchison et al. (2013)). Specifically, for
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a preselected window of time, BOLD signals are extracted for that time interval, and ptFC is estimated using the
algorithm proposed in this paper. Next, the window is shifted in time for a certain number of time points, and
ptFC is estimated for BOLD signals within the time interval of the same length as in the first step for the shifted

time interval. As a result, we obtain a sequence of ptFCs illustrating the dynamic structure of FC.

2.2.2 Advantages of ptFC

In this subsection, we present advantages of ptFC in Definition 2.2.1 compared to existing approaches. We first
discuss the limitations of Pearson correlation approach (2.1.2) using model (2.2.1). Plugging (2.2.1) into (2.1.2),

we obtain the following association between Py (w;t) and P;(w;t).

: (2.2.4)

|corr<w;Pk,Pz>—i /T or(t) x Gu(E)u(dt) / \/ /T 680 () /T ()] u(dt)

where ¢y (t) = N * hy(t — to ) — ﬁ J7 N * hyr (s — to g )p(ds) for k' € {k,1}. (2.2.4) reveals the following
limitations of Pearson correlation approach (2.1.2).

Only nuisance parameters: Based on the reasoning in Section 2.2.1, task-evoked neuronal activity is modeled
by Bk(w). Hence, it is counterintuitive that (2.2.4) does not depend on fj(w) and depends only on the nuisance
parameters N (t) and hy(t) when considering neuronal activity. For example, if the k" node does not react to
N(t), then the task-evoked term Sy (w) x (N * hy)(t —to k) is expected to be zero, i.e., Bi(w) = 0, and there should
be no task-evoked interaction between the k' and other nodes. However, (2.2.4) can still be very large as the
non-reaction information presented by Bi(w) = 0 vanishes. In contrast with (2.2.4), Definition 2.2.1 is based on
{(Be(w), Bi(w))|w € 2}

Variation in latency: ¢, may vary across nodes, e.g., see Miezin et al. (2000) for investigation of the left and
right visual and motor cortices and the corresponding difference between response onsets. If ¢y, # %o, for example
tox < tog, then it is likely that node k reacts to task N(¢) first, and then the neuronal activity at node k causes
that at node . Because of this potential causality represented by o < %o, it is natural to expect that nodes
k and [ are likely functionally connected. However, measurement (2.2.4) can be very small if ¢oj # to; and may
not reveal the true interaction between neuronal activity of two nodes. An example of this issue is illustrated in
Appendix F. Since our proposed ptFCs do not involve latency, the variation in latency does not influence ptFCs
in Definition 2.2.1.

Variation in HRFs: HRFs can heavily vary across brain nodes (Miezin et al. (2000)). Since task-evoked FC is
not expected to depend on HRF's, variation of HRFs in different brain regions should not influence task-evoked
FC. However, (2.2.4) can be small if hy, # h; as illustrated in Web Figure 2.9 (¢). Given that ptFCs do not involve
HRFs, they are invariant to the variation in HRFs across brain nodes.

Coherence analysis for FC is not influenced by any of the issues discussed above. In this approach, FC between
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BOLD signals Yi(w;t) and Y;(w; ) is measured by the coherence evaluating the extent of the linear time-invariant
relationship between these two signals via Fourier frequencies. However, there is no guarantee that two BOLD
signals are linear time-invariant if the corresponding two nodes are functionally connected. Last but not least, the
Pearson correlation and coherence analysis approaches are designed to measure FC evoked by all stimuli - both the
tasks of interest and nuisance stimuli. Hence, they are not interpretable from the task-evoked FC viewpoint. On
the contrary, beta-series regression and ptFCs are designed to measure the FC evoked by an experiment’s specific
task of interest. Additionally, our simulation studies in Section 2.4 show that beta-series regression performs worse

than our proposed ptFC approach in many cases.

2.3 ptFC Estimation (ptFCE) Algorithm

Since BOLD signals are observed at discrete and finite time points, we assume 7 = {rA}1_, and t = T7A for
7€{0,1,---,T}. To estimate |corr(B, 3;)|, one needs the task-evoked terms Py (w;t). However, these terms are
not observed in most applications. In Section 2.3.1, we propose an estimator defined as Ry (w;t) for Ry(w;t). As
a result, we can obtain estimators for task-evoked terms as P (w;t) := YVi(w;t) — Ry, (w;t). Suppose hy and to
are known, then a straightforward approach to estimate |corr(Bg, 8;)| is the subject-wise linear regression (SLR)
as follows: For each fixed w, we regress { Py (w; 7A)}_y on {(N * h)(TA — to )}, without intercept, and the
ordinary least squares estimator for subject-dependent coefficient 8y (w) is denoted as S (w); then |corr(By, )] is
estimated by the absolute value of the sample correlation between S (w) and f3;(w) across all w. However, the SLR
approach is not robust to the violation of assumptions in the model (2.2.2) and leads to worse performance of this
approach compared to our proposed method as we present in Section 2.4 using simulations.

To obtain a better estimator of ptFC, in this section, we propose the ptFCE algorithm based on the Fourier
transform and the AMUSE algorithm (Tong et al. (1991)). First, we provide notations for the Fourier transform.

For any function f: 7 — R, we extend f as follows to be a periodic function on {7'A};/¢z.
f(r'A) = f(rA), 7'=7(modT+1) for7=0,1,---,7T and all 7’ € Z. (2.3.1)

Hereafter, all functions on T are implicitly extended using (2.3.1) to be periodic functions on {7'A}, cz. Convo-

lution
1 T

(N i) (7) 1= 7g D N A (= 7)A), for 7 =01, T,
T'=0

We define the Fourier transform of f as ]?(f) = T%rl Zf:o f(TA)e2mETA) for € € R. f(ﬁ) is a periodic function

with period 1/A. Throughout this paper, (/3 denotes the Fourier transform. Additionally, we assume ES; =
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ERy(t) = 0, for all k and ¢, motivated by the centralization
Yi(w;t) = BYy(t) = {Be(w) — EBk} (N * by )(t — to,k) + {Ri(w;t) — ERk (1)}

Using {Br(w) — EBi} and {Ri(w;t) — ERk(t)} as Br(w) and Ry (w;t), respectively, we model the demeaned signals
Yi(w;t) — EY%(t). Because of the invariance corr(Bg, 81) = corr((Br — EBk), (8i — EB;)), the assumption Ef; = 0
does not prevent the detection of ptFC |corr (B, B1)|-

Our proposed ptFC depends on neither latency ¢gj nor reference terms Ry(w;t). We note that, applying
periodic extension (2.3.1) to (N *hy), one may verify that the two stochastic processes (N *hy)(t —to,r —U(w)) and
(N xhy)(t—U(w)), where the random variable U : Q — T is uniformly distributed on 7, are identically distributed.
Then (N *hy)(t—U(w)), and hence the distribution of (N *hy)(t —tor —U(w)), does not depend on £y ;. Therefore,
we investigate the time-shifted signals Yy (w;t — U(w)) = Br(w)(N * hy) (t —tor — U(w)) + Ry (w;t — U(w)), for
k=1,---, K. Based on the discussion above, the distributions of Y} (w;t — U(w)) do not depend on tg . Then, we
consider the autocovariance E{Y;(t — U)Y;(t + s — U)} when estimating |corr(Bk, 5i)|, where s = sA with s € Z.
Additionally, |corr(Bk, 81)| depends only on task-evoked terms {Yj(w;t — U(w)) — Rx(w;t — U(w))} (see (2.2.2)).
Hence, we investigate the autocovariance difference E{Y,(t —U)Y;(t+s—U)} —E{Ry(t —U)Ri(t+s—U)}. If
U(w), {Br(w)}H,, and {Rg(w;t)|t € T}HE, are independent, Web Theorem 2.B.1 implies that this difference

depends only on s, rather than ¢t. Therefore, we denote it as follows.
Au(s) =E{Y:t-0U)Y,(t+s—-U)} —E{Ry(t - U)R(t+s-U)}, kil=1--- K. (2.3.2)

We propose the following for £ € R

Cr(€) = 1 Au(©)] / /| Ak () Au(©)|

by incorporating a normalization multiplier in (2.3.2). Web Theorem 2.B.1 implies the following representation of

ptFC.

Cra(§) = [corr(Be, Bi)|, for £ € R. (2.3.3)

The representation (2.3.3) motivates the ptFCE algorithm. Instead of estimating |corr (B, 5;)|, we propose esti-
mating Cg;(€). The main steps of our proposed ptFCE algorithm provide estimation of factors A (s) of Cy;(§), for
kle{l,--- K}

BOLD signals Yj(w;t) are observed in experiments, and U(w) is an auxiliary variable artificially generated in

our estimation procedure (step 1 of Algorithm 3). Hence, the first term of (2.3.2) can be estimated using the
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method of moments. However, the reference signals Ry (w;t) implicitly contained in Yj(w;t) = Py(w;t) + Ri(w;t)

are not observable. Section 2.3.1 provides the estimation of Ry (w;t).

2.3.1 The Estimation of Reference Signals

In this subsection, we derive an approximation Ry(w;t) ~ Ry (w;t) from observed Yy (w;t). We start by introducing
the following concept: a stochastic process G(w;t) = (Gi(w;t), -+ ,Gx(w;t))T is called weakly stationary with
mean zero (WSMZ) if EGy(t) = 0, for all t € T, and E{G(t)G;(t + s)} depends only on s, rather than ¢, for all
kle{l,--- K}

First, we note that Cy := E{(N * hy)(t — tox — U)} is a constant depending on neither ¢ nor ¢g ;. Define
stochastic processes Ji(w;t) = Br(w){(N * hg)(t —tor — U(w)) — Ci}, for k = 1,--- K. For each fixed k, one
can verify that scalar-valued stochastic process Ji(w;t) is WSMZ conditioning on S, then E {Ji(t)Ji(t + )| Bk }

depends only on s. The following theorem gives the foundation for the estimation of reference terms Ry (w;t).

Theorem 2.3.1. For each k € {1,--- , K}, suppose that BOLD signals Yj,(w;t) are of form (2.2.2), the scalar-
valued stochastic process { Ry (w;t)}rer is WSMZ, and the random variable U : Q — T is uniformly distributed.
Additionally, for each k, Br(w), {Rk(w;t) ter, and U(w) are independent, and there exist t* € T and B* € R so

that E{Jﬁs{t}ift(;zjéz)i%’ijﬁ*} # E{Rk%{_gk)gf%)_;;_w}. If nonsingular matriz A = (a;j)1<q,j<2 and stochastic process

(8(wit) = (s1(wit), s2(ws ) ey satisfy (i) given fu(w) = B, s(wit) is WSMZ, (ii) sa(wstr) and sa(w;ta)
are uncorrelated for t1,ta € T, (iii) E{sl]é?;ll((tt)‘_gglgffﬂ*} # ]E{SQ]&);;(%‘_;ZLZE}ZB*} , and A(s1(w;t), sa(w;t))T =
(Yi(w;t —U(w)) = B*Cly (N % hi,) (t —to . — U(w)) — Cx)T fort € T then there exist a non-singular diagonal matriz

A and a permutation matriz P, such that

1 1 Lot Jr(w; t)
=AA"' P and = PAs(w;t), forallt e T. (2.3.4)
1 Ri(wit— U(w))

Theorem 2.3.1 herein is a straightforward result of the Theorem 2 in Tong et al. (1991). For each fixed k and w
with setting 8* = B (w), the pair (A,s(w;t)) in Theorem 2.3.1 is derived by the AMUSE algorithm with 2D signal

{(ilwst = U@) = B°Cl (N * hi) (¢t = Uw) = C0)}_

as its input. However, coefficient 8* = B (w) is unknown. Since Efy, = 0, we ignore §;C} and apply the following

vector-valued signal as input of the AMUSE algorithm.
{(Yk(w;t — U(W)), (N # i) (t —to ) — Uw)) — Ci)T [t € T} . (2.3.5)
The choice of latency to and HRFs hy in (2.3.5) is of importance. In our implementation of (2.3.5) in HCP
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analysis, we choose to = 0, for all k, based on the following considerations: (i) latency times are usually much
smaller than their corresponding experimental time units A (e.g., see Zhang et al. (2013) (p 138)); (ii) latency o
can be incorporated into the corresponding HRF hy, as its parameter, i.e., we view hi(- — to ) as an HRF, then
the choice of ty 5 is equivalent to the choice of corresponding HRF; (iii) The HCP data are from a block design;
if latency to ; are much shorter than the length of task blocks, ¢y ; are negligible. Additionally, we choose hj in
(2.3.5) to be the canonical HRF (the R function canonicalHRF with default parameters in package neuRosim), for
all k£, in our analysis of the HCP data, since in block-design experiments, the influence of biased HRFs on the
ptFCE algorithm is moderate as we illustrate using simulations in Section 2.4; this holds even if the support of
biased HRFs is longer than task blocks. Finally, ¢o 5 and hj can be estimated using data-adaptive approaches, e.g.,
the spline-based method by Zhang et al. (2013). In general, given an algorithm for estimating ¢ » and hy, one may
simply use the estimated ¢§°% and hg® as input in (2.3.5). Since the distribution of U(w) is known, constants Cj,

can be estimated. To approximately recover Ry (w;t) from (A, s(w;t)), we show the following result.

Theorem 2.3.2. For each k € {1,--- ,K} and w € Q, suppose the pair (A,s(w;t)) satisfies (2.5.4). Then there

exists i’ € {1,2} such that ayy sy (w;t) = Ji(w;t).

The proof of Theorem 2.3.2 is in Appendix B. The index ¢’ in Theorem 2.3.2 can be computed as
i’ = argmax {corr(s;(w;t), (N * hy,)(t — to g — U(w;)) — Ck), across t|i =1,2}.
i

The AMUSE algorithm and Theorem 2.3.2 recover Jy(w;t) = Bi(w)(N * hg)(t —tox —U(w)) — Bi(w)Ci. Again, we
ignore By (w)Cy as Efy, = 0, that is, Jy(w; t) &~ Br(w)(N*hg)(w;t—to x—U(w)). Then we estimate Ry (w;t—U(w)) by
Ri(w;t—U(w)) := Yi(w;t—U(w)) — Ji(w; t) = Ry (w;t—U(w)), for all k and w. In applications, U(w) are artificially
generated and known. Then we have the approximation Ry (w;t) ~ Ry (w;t). We conclude the derivation of Ry (w; t)
from Y (w;t) as follows: Step 1, each observed signal Yj(w;t) provides input (2.3.5) for the AMUSE algorithm;
Step 2, the AMUSE algorithm computes (4, s(w;t)); Step 3, Theorem 2.3.2 indicates Ji(w;t) = a1 84 (w;t); Step

4, compute Ry (w;t) using Ji(w;t) and the artificially generated U (w).
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2.3.2 The Estimator for Cy;({) and The ptFCE Algorithm

With observed signals {Yi (w;t)|k’ = k,1}"_, and the signals { Ry (w; t)|k’ = k,1}"_, derived from {Y (w;t)|k’ =

k,1}7_,, we propose the following estimator for Cy;(§) = |corr(Bk, B1)|.

Czlst,n (é— . est n ‘ /\/’ est, n est n(g)

A" (s) = Y(s) — R(s),

, forall £ € R, where

2.3.6
Y(s):= 7y > [ Z{Yk wit—U ))Yl(w;f‘*‘S—U(w))}] ; 239

te{rA}T_

R(s) :== b Z li{f?k(w;tfU((,u))]%l((,u;tJrsfU(w))}
T+1 n

te{rA}T_,

est,n

The periodicity property of the Fourier transform implies that C,;"" (£) is a periodic function of £ with period 1/A.
Web Lemma 2.B.1 implies that (2.3.6) is well-defined for all £ € [0,1/A] except for at most finitely many points &
such that A*eSt(ﬁ) /ff\“(f) =0.

Alet"(s) has a method of moments form except Ry, in (2.3.2) is replaced with the estimated Rj. This has an
effect on the consistency of Cf;7"" (€) as an estimator for Cy; (€) and results in the asymptotic bias | lim,, o Cpy"" (€) —
Cri(€)|- The bias can be small for properly chosen . Specifically, we derive a formula of the bias as a function of £
and choose ¢ that minimizes the bias. Since Ry (w;t) approximates Ry (w;t), we model the difference Wy (w;t) :=
Ri(w;t) — Ri(w;t) as random noise and assume that W(w;t) := (Wy(w;t), -, Wik (w;t))7 satisfies (1) W(w;t;)
is independent of W (w;ts) if t1 # to, (ii) W(w;t) is WSMZ, and (iii) Xy := E[Wy(¢)W;(¢)] for ¢ € T. Because of
Yr < VEpe 2y and ES, = EB; = 0, under the assumptions on W (w;t), Web Theorem 2.B.2 implies

M 27i&(to,k—to,1)
‘Ew B feome]©

IE(BrS1)]

lim C&59" (&) ~ = orr (B,
R BB BopE )
almost surely at frequencies £ such that
S /1T + DIN©R(©P] 20, S /1T +1)N @) ~ 0. (2.3.7)

The £ resulting in sufficiently large |ﬁk(§)| and |}Azl(§)| satisfying (2.3.7) reduces the estimation bias. From the signal
processing perspective, large mk (€)] and |}\Ll(f)| filter out the random noise in Wy (w;t), and HRF's act as band-pass
filters (typically 0 —0.15 Hz, Aguirre et al. (1997)). Hence, we are interested in £ € (0,0.15). Therefore, motivated
by (2.3.7), |corr (B, £i)| is approximated by the median of Czls (&) across € € (0,0.15), since the median is more
stable than mean. One typical curve of {C;""(€)|¢ € R} is in Figure 2.1. The estimator Cp;""(€) in (2.3.6) and

the choice of £ complete the estimation of Cy;(§) = |corr(BrB;)|- The estimation procedure is concluded in the
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ptFCE algorithm (Algorithm 3).

Algorithm 3 ptFCE Algorithm
Input: (i) Task-fMRI BOLD signals {(Yy(w;TA), Y;(w; TA))}L_, for sampled subjects w € {1,--- ,n}; (ii) repeti-
tion time A; (iii) the stimulus signal {N(7A)}1_; (iv) latency to g = 7o 1A with some 79 v € Z for k' € {k, [},
and their default values are to i = 0 for ¥’ € {k,l}; (v) HRF hy for k' € {k,l}. The default HRF's are hy, = h; =
the R function canonicalHRF with its default parameters.
Output: An estimation of the ptFC |corr(Bx, 8;)| between the k* and [*" nodes.
1: Generate i.i.d. {U(w)}"_; from the uniform distribution on 7 = {TA}T_,.
2: For each w € {1,--- ,n} and k¥’ € {k,l}, apply the AMUSE algorithm to input (2.3.5) and obtain estimated
reference signals { Ry (w; 7A)}_,.
3: Compute the estimator C{;"™(£) in (2.3.6) and the median of {C{7""(€)|¢ € (0,0.15)}. The median is the
output of this algorithm.

2.4 Simulations

When comparing methods for FC estimation, direct comparisons of methods are difficult as the estimates are
defined on different scales (Cisler et al. (2014)). In the context of FC analysis, we may compare the methods by
measuring their accuracy in correctly identifying the relative values of FC among pairs of nodes estimated by each
approach, i.e., the performance of the algorithm in terms of detecting underlying “weak vs. strong” patterns instead
of the estimated values. Specifically, suppose we investigate two pairs of nodes. The connectivity between one pair
is weak while the connectivity between another pair is strong; we are interested in whether the estimated value for
the weak connectivity is smaller than that of the strong connectivity. Therefore, in this section, we only compare
ptFCE with other approaches in detecting underlying “weak vs. strong” patterns. Simulation studies showing the
performance of ptFCE in terms of estimation bias and variance are presented in Appendix D. For the comparative
analysis, we use synthetic data generated by two different mechanisms designed to mimic the properties of HCP
motor data. We design the simulations by using non-canonical HRF's in generating synthetic data to illustrate the
robustness of our algorithm that uses the canonical HRF as input. We show that the algorithm can still detect
underlying task-evoked FC patterns.

We compare the ptFCE algorithm with the following methods: beta-series regression, naive Pearson correlation,
task Pearson correlation, coherence analysis using two data-generating mechanisms such that the first is based on
model (2.2.2) for defining ptFCs, while the second is motivated by Pearson correlations. We use the second data
generating mechanism to illustrate the comparable performance of our proposed approach with others even when
the data generating mechanism is not compatible with the ptFC framework.

Mechanism 1: Step 1, generate coefficients (81 (w), B2(w), Bs(w))” ~ Ns (0, (0ij)1<i j<3) for w =1,--- ,n. As-
sume p;; = |0i;/\/Tu055l, for (i,5) € {(1,2),(2,3)} are the true underlying ptFCs between nodes 1 and 2 and
between nodes 2 and 3, respectively. Step 2, generate reference signals { Ry (w; TA) = Qpr (w; TA) +exr (w; TA) M,
for all w and k' € {1,2,3}, where the 3nT noise values {ep (w;TA)K = 1,2,3;w =1,--+ ,n;7 =0,--+ , T} ~4a
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Figure 2.1: To generate this figure, we first generate synthetic BOLD signals using the Mechanism 0 in Appendix
E with sample size n = 308 and underlying p = 0.25 (presented by the black dashed line). Then we apply
our proposed ptFCE algorithm to the synthetic BOLD signals generated by Mechanism 0. The solid blue curve
presents the estimator CzlSt’n@ ) as a function of Fourier frequencies £ € (0, i), and the solid orange curve presents

{c,jft’”(g)\g € (0,0.15)} for taking the desired median. The unreasonably large value part of this orange curve
motivates us to implement the median instead of the mean of {Cy;""™(£)|¢ € (0,0.15)}. The dotted red line presents
the median of Cﬁft’"(f) across £ € (0,0.15), i.e., the output of the ptFCE algorithm for the synthetic BOLD signals.

N(0,V). Step 3, compute synthetic BOLD signals {Yj/ (w; TA)|k' =1,2,3}1_ forw =1,--- ,n, by Vi (w;TA) =
9000 + ﬁk’ (w) X (N * hk/) (TA) + Ry (w; TA) Y(w; t) = {Yk/ (w; TA)}zlzl.

Mechanism 2: Step 1, for each w € {1,--- ,n}, generate independent normal vectors
{e(w; TA) = (e1(w; TA), ea(w; TA), e3(w; TA) T,

where e(w; TA) ~ N3(0,2,45x) if N(7A) =1, and e(w; TA) ~ N3(0,Eresting) if N(7A) = 0; matrices X451 and

3

Yresting share the same diagonals, the off-diagonal elements of ¥,¢4ting are 0, and {Qij}i, =1 denote the correlations

deduced from covariance matrix Xqs. Step 2, compute Vi (w; 7A) = Nxhy (TA)—FZ?:l Njshy ;(TA)+ep (TA),
for k' € {1,2,3}, where the tasks {N;(t)}j_, are nuisance tasks, and {hs ;(t)}j_; are the corresponding HRFs.

Jj=1

Step 3, repeat Steps 1 and 2 forallw =1,--- ,n.
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Details of Mechanisms 1 and 2 are in Appendix E. In Mechanism 2, the zero off-diagonal elements of X, ¢gting
indicate no task-evoked connectivity when the task of interest is absent. When N(7A) = 1, the correlation ;;
in ¥;,5, measures the connectivity between nodes i and j evoked by task N(7A) = 1. We are interested in
estimating the connectivity between nodes 1,2 and nodes 2,3. With the synthetic signals {Y (w;¢)}/'_; generated
by Mechanisms 1 or 2, the existing methods are implemented as follows.

Naive Pearson correlation: For each subject w and underlying p;; or o¢;;, compute the Pearson correlation

between {V;(w;7A)}_ and {Y;(w;7A)}L_, across all 7 and denote the absolute value of this correlation by

Ana

and 7

snaiveCorr Let [)n_aiveCorr

~natveCorrin
pij,w 1j,mean of { j

welorr denote the mean and median, respectively, P [

median 1 across all

w.
Task Pearson correlation: For each w and underlying p;; or g;;, compute the Pearson correlation between

{Yi(w;TA)|N(tA) = 1} and {Y;(w;7A)|N(tA) = 1} across 7 such that N(7A) = 1 and denote its absolute

staskCorr

taskCorrin
pij,mean

17,w

staskCorr

value by p;5%) . Compute the mean and median of {p —; across w and denote them by and

staskCorr

P35 median> Tespectively.

~betaS sbetaS )

Details of implementing the beta-series regression and coherence analysis to obtain estimates (577 mean: P} median

and (ﬁ%%wn, ﬁ%%edmn) are presented in Appendix G.

Let (p12, p23) = (012, 023) = (0.4, 0.6), indicating weak (0.4) or strong (0.6) connectivity between the two node
pairs. We use sample sizes n = 50 and 308 to illustrate the performance in different sample sizes, where 308 is the
size of the HCP data set. PtFCs estimated by the ptFCE algorithm are denoted by (pi2, p23). For each simulated
data set, applying all FC estimation methods, we obtain estimates {(p;, ﬁ?jﬁ‘,‘lgam e vﬁg%edmn)“ < j}?,j:r For
each method, we evaluate whether it can identify the “weak vs. strong” pattern. For example, our proposed
ptFCE algorithm is effective if p12 < p23. We repeat this procedure 500 times. The rates of correct identification
of the connectivity patterns across 500 simulations are presented in Table 2.1. When synthetic BOLD signals
are from the mechanism compatible with the definition of ptFCs - Mechanism 1, our ptFCE algorithm performs
overwhelmingly better than other methods. If the synthetic signals are from the mechanism motivated by Pearson
correlations - Mechanism 2, our proposed algorithm still provides a good identification rate and is better than
the coherence analysis. Importantly, it is unlikely that the true data generating process in task-fMRI follows the
second data generating process. Mechanism 2 implies the effect of task disappears as soon as the task is absent.
However, it is known that there is a delay in brain response associated with time needed by brain vasculature to
respond to the decrease in oxygen (Lindquist et al. (2008)). Even in this unrealistic scenario, our proposed method
is comparable with others. Naive Pearson correlation and coherence analysis are designed to measure FC evoked
by both the task of interest and nuisance tasks. In contrast, beta-series regression, task Pearson correlations, and
ptFCE are developed for quantifying FC evoked by specific tasks of interest. Hence, only beta-series regression,

task Pearson correlations, and ptFCE algorithms are useful when estimating task-evoked FC. Additionally, task

Pearson correlation model assumes that the effect of task of interest disappears immediately when the task is
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Table 2.1: Identification rates p := n'/n of different methods for the “weak vs strong” pattern, where n’ is the
numer of correct identifications among all n = 500 synthetic samples. The correct identification rates in the table
are presented in 95%-confidence interval form p =+ 29975 - v/D(1 — p)/n, where zg.975 ~ 1.96 is the 0.975-quantile of
the standard normal distribution N (0, 1).

Rates (n = 50) Rates (n = 308)
Methods Mech. 1 Mech. 2 Mech. 1 Mech. 2
ptFCE S28(£105)%  6T.A(L13.00%  99.8(X05)%  S8.4(X2.9)%
SLR 66.4(£13.1)%  56.8(£13.7)%  S4.8(£3.6)%  63.4(x5.4)%
naive Pearson (mean) 58.2(+13.71)% 93.8(+6.7)% 69.0(£5.2)% 100(+0)%
naive Pearson (median) 55.6(£13.8)% 88.0(£9.0)% 62.2(£5.4)% 100(£0)%
task Pearson (mean) AT.6(£13.8)%  100(+0)% 48.6(£5.6)%  100(+0)%
task Pearson (median) 47.8(+13.8)% 100(£0)% 50.6(£5.6)% 100(£0)%
beta-series (mean) 49.4(£13.9)% 96.6(+5.0)% 48.8(+5.6)% 100(£0)%
beta-series (median) 48.2(+13.9)% 97.8(+4.1)% 47.6(+5.6)% 100(+0)%
coherence (mean) 51.0(£13.9)% 55.8(£13.8)% 60.8(£5.5)% 72.0(£5.0)%
coherence (median) 51.6(+13.6)% 57.6(+13.7)% 58.8(+5.5)% 68.0(£5.2)%

absent. Hence, because of the delay in brain response, task Pearson correlations may be biased. Lastly, Table
2.1 shows that ptFCE performs better than the beta-series regression for data from Mechanism 1. In addition,
we compare the SLR approach introduced in the beginning of Section 2.3 with the ptFCE algorithm. When the
synthetic data are generated from Mechanism 1, although SLR performs overwhelmingly better than the existing
methods, it is inferior to the ptFCE algorithm. When the synthetic data are generated from Mechanism 2, which
violates the assumptions in model (2.2.2), SLR is hardly better than a random guess.

PtFCE is computationally efficient and scalable. On a PC with 2.4 GHz 8-Core Intel Core i9 processor,

the approximate computational time of ptFCE is 3.5 seconds for 50 subjects and 11.5 seconds for 1000 subjects.

2.5 Analysis of HCP Motor Data

In this section, we present estimation of FC in a task-evoked functional MRI study using data from HCP. For
comparison, we apply the ptFCE algorithm and existing methods to measure FC in the database of 308 subjects
from HCP performing motor tasks. A detailed description of the HCP data is provided in Section 2.1. We model
squeezing right toes as the task of interest. Before the estimation step, we compute region-specific time courses
using the AAL atlas (Tzourio-Mazoyer et al. (2002)) that consists of 120 brain regions. For each region, we extract
the voxel-specific time series in that region and compute their spatial average for each time point. As a result, we
obtain 120 time courses corresponding to 120 regions of interest. We select the left precentral gyrus (PreCG.L) as
the seed region since it is located in the primary motor cortex and the motions of the right toes are associated
with the left brain. We measure FC induced by N(¢) at a population level between the seed region and other

regions using the following five approaches: the ptFCE algorithm, naive and task Pearson correlations, beta-series

naiveCorr staskCorr sbetaS
i1j,mean pzy,mean ’ ng,mean’

and p&ot tend to

regression, and coherence analysis. In Section 2.4, the means p i omean
;

perform better than the corresponding medians. Hence, we show only the mean results in data analysis. Because
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of numerical issues, we omit regions CB7.L, CB7.R, and CB10.L and investigate the rest of the 117 regions. The
detailed procedures of applying these approaches are described in Section 2.4.

Suppose X,.;, for r = 1,---,116 and j = 1,---,5, are the estimated FC values between PreCG.L and other
116 regions computed using the referred five approaches indexed by j. Since these approaches use different scales,
X, ;—min{X, ;}1;°

r/=1 . .
T P S LY P S L for all r and j, to enable comparisons. The

we standardize the estimates by Xr(j.t) =
standardized versions of the estimates are presented in Figure 2.2. To quantify the agreement between estimation
approaches implemented in this study, we use 0.5 as the threshold for standardized Xr(j.t) to determine whether the

node r is connected to PreCG.L according to method j. Specifically, if X (st) 0.5, then method j estimates that

st
7.
region r is functionally connected to PreCG.L. Define 1(X7n(’sjt) > 0.5) =: 9, ;. As a result of applying each method
Jj, we obtain the connectivity pattern {uJ,;}115. Agreement between methods j; and jo, for all ji,jo = 1,--- ,5,
is measured by Cohen’s kappa statistic denoted as r, j, (Cohen (1960)) using classification results {9, ;, } 116 and
{9,5, 115, The k;, j, along with p-values testing the null hypothesis indicating that the extent of agreement
between each pair of methods is the same as random (x;, j, = 0) are presented in Table 2.2. Using a = 0.05
and implementing multiple comparisons correction, we find that all methods have significant agreement with each
other.

The postcentral gyrus (PoCG.L) region is identified by all five methods as the region with strongest functional
connectivity with the seed region. The estimated ptFCs indicate that the neuronal activity of the left precentral
gyrus and that of left postcentral gyrus corresponding to squeezing right toes are highly correlated (either negatively
or positively). Magnitudes of the neuronal activity corresponding to the task of interest in these two regions tend
to be linearly dependent across the entire population. In addition to modeling advantages of our proposed ptFC
approach described in Section 2.2.2, we obtain differences between the estimates of ptFCE and those of competitor
methods. We identify high connectivity between several regions and the seed region that are missed by competitor
methods. Specifically, we obtain high task-evoked FC between the seed region and left/right thalamus (passing
motor signals to the cerebral cortex), left/right paracentral lobule (motor nerve supply to the lower extremities),
left superior temporal gyrus (containing the auditory cortex), and left Heschl gyrus (in the area of primary auditory
cortex). These regions are related to the motor function or auditory cortex and can add to the existing results on
functional connectivity between the precentral gyrus and the rest of the brain.

To further visualize ptFCs induced by the task of interest, we apply MNI space coordinates of the 117 re-
gions from the AAL atlas, where three-dimensional coordinates are obtained from aal2.120 dataset in R package
brainGraph. The regions are depicted by their MNI coordinates in Figure 2.3. Grayscale shade of edges connecting
each region to the seed region illustrates estimated ptFC between the corresponding region and the seed region
(Figure 2.3, left panel), while the edges in the right panel of Figure 2.3 present the 30 highest ptFC values. Figure
2.3 shows that most of the large estimated ptFC values are in the left brain. This is expected, since it is known that

behaviors of extremities are functionally associated with contralateral brain regions (Nieuwenhuys et al. (2014)).
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Figure 2.2: Illustration of estimation results from five FC estimation methods. The horizontal axis indicates the
116 regions compared to PreCG.L. The abbreviations of region names are provided in the data set aal2.120 in
the R package brainGraph. The vertical axis presents the standardized connectivity measurements ij-t) between
each region and the seed region PreCG.R. The red dotted horizontal line indicates the threshold 0.5 implemented
for determining the connected/nonconnected relationships between PreCG.L and other regions.
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Figure 2.3: Each dot denotes a region from the AAL atlas, located using its corresponding MNI coordinates. The
abbreviated region names are given next to each dot. We apply the ptFCE algorithm to estimate the ptFCs between
region PreCG.L and each of the rest 116 regions. In the left panel, we use grayscale coloring of the edges to indicate
the magnitude of ptFC between the corresponding two vertices; specifically, the larger a ptFC, the darker the line
segment connecting the corresponding region pair. In the right panel, the presented blue line segments indicate
the 30 largest ptFCs estimated by the ptFCE algorithm among all 116 regions.

2.6 Conclusions

In this paper, we propose a rigorous random-effects type model for task-evoked BOLD signals in fMRI studies.
Based on this model, we define a measurement, ptFC, of task-evoked FC at a population level. We discuss
shortcomings of several existing methods for evaluating task-evoked population-level FC that are addressed by
our proposed framework. Thorough theoretical results on the properties of our proposed estimation procedure are
presented. We develop the ptFCE algorithm for estimating ptFC and show that it is computationally efficient.

The superior performance of our proposed ptFCE algorithm when data are generated using a block-design task

Table 2.2: The Kappa statistics between each pair of methods are computed using the R function Kappa.test in
package fmsb. The p-value of a Kappa statistic is presented in the parentheses below the statistic.

Methods ptFCE naive Persn task Persn beta series coherence
ptFCE * 0.696 0.503 0.260 0.277
(< 0.0001) (< 0.0001) (0.00636) (0.00402)
naive Persn | * 0.732 0.391 0.367
(< 0.0001) (0.00022) (0.00051)
task Persn | x * * 0.478 0.497
(< 0.0001) (< 0.0001)
beta series * * * * 0.961
(< 0.0001)
coherence * * * * *
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fMRI data-generating mechanism is illustrated using simulation studies. We use ptFCE to estimate ptFCs in
a motor-task data set publicly available from HCP. PtFCE results in similar FC patterns with the widely used
existing methods. Additionally, ptFCE provides FC discoveries of connections between nodes not identified by
existing methods. Extensions of our proposed work can include development of a subject-level task-evoked FC
definition and estimation procedure, as well as considerations on the inclusion of interaction terms Py (w;t)Qx(w;t)

(see Appendix H).

Data Availability Statement

The data supporting the findings in Section 2.5 are publicly available on the HCP website:
https://protocols.humanconnectome.org/HCP/3T/task-fMRI-protocol-details.html (Barch et al. (2013)).

The R code for simulation studies and data analyses is available at

https://github.com/KMengBrown/Population-level-Task-evoked-Functional-Connectivity.git.
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Appendix

2.A Relationship between the proposed BOLD signal model and some
existing models

In this paper, we implement the following model for observed task-fMRI BOLD signals Y (w;t), for w € ©Q and
ke{l,--- ,K}.

Yi(w;t) = Pe(w;t) + Qr(w;t) + ex(w;t), with (2.A.1)

Pk(w;t) = Bk(w) x N * hk(t —t07k)7

where Py (w;t) denotes the BOLD signal component stemming solely from the task N(t) of interest, Q(w;t) denotes
spontaneous neuronal activity component and neuronal activity responding to nuisance tasks, and e (w; t) is random
error. Additionally, ¢y, denotes the population shared latency and is usually smaller than the experimental unit,
e.g., see Zhang et al. (2013) (p 138). The HRF shared by the whole population is hg(t). Here, we explore three
existing models for BOLD signals. We show that these models are special cases of our proposed BOLD signal
model (2.A.1).

Example 1: Using the notations in our paper, the BOLD signal model implemented by Zhang et al. (2013) can

be represented as follows.
Vi (w;t) = Xp(w; )T d(w) + Zﬁkﬁ (Ny * hi ) (8) + € (wst), (2.A.2)

where N, (t) are task stimulus signals, hy, (t) are corresponding HRFs, and X}, (w;t)?d(w) characterizes the BOLD
signal components stemming from other known sources, e.g., respiration and heartbeat. The BOLD signal model
proposed by Zhang et al. (2013) includes participant-dependent latency times. These latency times are essentially
modeled as zero, since the values are usually much smaller than the corresponding experimental time unit.

Suppose we are interested in the first experimental task Nj(t). Define the following.

Br(w) == Bra(w), N(t):=N1(t), Pr(w;t) = Br(w) x (N *hg) (2), (2.A.3)

Qrlw;t) == Xp(w;t)” +25M (N, % hy,) (t).

Then (2.A.2) is equivalent to the model (2.A.1) with latency to , = 0, and there is no interaction term Py (w; t)Qx (w; t).

Example 2: Using the notations in our paper, the BOLD signal model implemented by Warnick et al. (2018) is
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represented as follows (see the equations (1) and (2) in Warnick et al. (2018)).
r
Yi(wit) = pg(w) + Zﬁkﬁ(w) X (Ny * hig ) (t) + €x(w;t), (2.A.4)
y=1

where N, (t) are task stimulus signals, hy (t) are corresponding HRFs, € (w; t) are random error, and ju (w) present
the baseline. Suppose we are interested in task Nj(t). We apply the transform (2.A.3) and define Qg (w;t) =
(W) + Z};:z Br,y(w) X (Ny * hy~) (t). Then model (2.A.4) is equivalent to our proposed model (2.A.1) with
latency o5 = 0, without an interaction term Py (w;t)Qp(w;t).

Example 3: Motivated by the independent component analysis framework, Joel et al. (2011) implemented the
following model for task-fMRI BOLD signals.

Vie(w3t) =My 1o(w) {Bem (W) x N 5 hig(t) + Bim (@) tm () }
+ My g (@) {Bro (@) X N hi(8) + Bio (@) 0 (1)}

+ My (w) B (w)y(w; ), (2.A.5)

where M.y ; is the spatial mask at the k" node for visual cortex (M, 1), motor cortex (M,, ) or the whole brain
(My), N(t) is stimulus signal corresponding to the task of interest, hy(t) is an HRF, ¢(y is the intrinsic activity of
the corresponding cortex, v(w;t) presents random noise, and By, (w), Bim (W), Brw(w), Biv (W), Bp(w) are the weights
of motor task, intrinsic motor activity, visual task, intrinsic visual activity and noise, respectively.

Since the task of interest in the HCP data is a motor task, we define the following notations.

Br(w) 1= M (W) X Bem (W),
Qu(w) = Mo k(W) Bim (@)t (8) + Mo 1o(w) {Bro (W) X N # hie(8) + Biv(w)eo(t)}

ek (wit) = My(w)By(w)y(w;t).

Using the notations above, model (2.A.5) is the same as model (2.A.1) with latency ¢o; = 0, and there is no

interaction term Py (w;t)Qg(w;t).

2.B Lemmas, Theorems, and Their Proofs

In this section, we provide proofs of theorems and lemmas presented in our paper. Throughout this section, the

time index collection 7~ denotes {TA}I_,, and (2 is a discrete and finite set.

~

Lemma 2.B.1. If f : T — R is not constant zero, its Fourier transform f(£) has at most finitely many zero points

~

- £ € R such that f(€) =0 - in any compact subset of R.
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Proof. Define the complex function ®;(z) := ﬁzfzo f(rA)e ?™("2) for all z = n +if € C. Since it is
straightforward that ®(z) satisfies the Cauchy-Riemann equation %@f(z) = 0, where % = %(a% + ia%) is a
Wirtinger derivative, the Looman-Menchoff theorem implies that ®;(z) is a holomorphic function. Then the zero
points of ®;(z) are isolated, i.e., every zero point has a neighbourhood that does not contain any other zero point

~

(Theorem 3.7 of Conway (1973)). Therefore, f(£§) = ®;(i§) implies the desired result. O

Theorem 2.B.1. Suppose signals {Yi(w;t)|t € T, forw € Q, are defined as in (2.A.1), Efy, = ERy(t) = 0, and
to,k = To,k A with some 1o, € Z for allk =1,2,--- K andt € T. Let the random variable U : @ — T be uniformly
distributed on T. Furthermore, we assume that U(w), {Br(w)}H,, and {Rg(w;t)|t € TH, are independent.
Then, the autocovariance differences Agi(s) == E{Yy,(t —U)Yi(t+s—U)} —E{Rp(t —U)R;(t+s—U)} depend

only on s, the Fourier transforms of A(s) are

2

Awi(§) = E (By) x ’Z\Af(f)‘ B (€)hy (€)e2miok—to.)E,

Furthermore, we have the following representation.

Cri(§) == \ﬁkl(§)|/\/ ‘A\kk(g)ﬁll(f) = |corr (Bk, B1)|, for all £ € R.

Proof. The independence between U (w), {Bk(w)}E_;, and {Rg(w;t)[t € T}HE | implies

E[Vi(t — U)Yi(t + s — U)] — E[Ry(t — U)Ry(t + s — U)]

= E(ﬁkﬂl) x E [(N * hk)(t — t()’k — U) X (N * hl)(t +s— tO,l - U)]
T
Z {(N * hi) (T — 7o —w)A) X (N *hy) ((s+ 7ok — T00) A+ (T — 7o — w)A) }

u=0

T—(7—70,1)
:E(ﬂkﬂl)XTil S {(N i) (~uB) x (N ) (5 4+ 70 — 7002 —vA) |

v=—(T—"To,k)

=E(BiB1) x [N * hy(—=)] * [N * ] (s + (to,x — t041)) s (2.B.1)

=E(BrB1) x

1
T+1

which only depends on s and does not depend on t. Here, the last equality follows from the periodic extension and

the definition of convolution. Then, we have the following Fourier transform,

Awi(§) = E(BrBr) x m(m)(f)e%i(to,k—tw)s
2=

= E(Brfr) x ‘N(g)‘ hu (€) Ty (€)™ (toe—to.)E

for all £ € R, which implies Cg;(§) = |corr (B, 5;)| for all £ € R. a
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Lemma 2.B.2. The vector-valued stochastic process Z(w;t) = {(Z1(w;t), Zo(w;it), -+, Zr (w; )T hieT is defined
on probability space (2,22, P) and is weakly stationary with mean zero, U : Q — T is uniformly distributed,
and U(w) and Z(w;t) are independent. Then the vector-valued stochastic process Z(w;t — U(w)) = {(Z1(w;t —
Uw)), Za(wit — U(W)), -, Zr(wit — Uw)))T hier is weakly stationary with mean zero as well. Additionally,

E[Zp(t —U)Z,(t + s —U)| = E[Zx(0)Z,(s)], for all k,1=1,2,--- | K.

Proof. Let 1 be the probability measure on T associated with the uniform random variable U : Q@ — T, i.e.,
p=PoU™", then we have E{Zy(t — U)} = [ E{Z(t — U)|U = u}p(du). The independence between U and Z
implies E{Zy(t —U)|U = u} = E{Z(t —u)} = 0 for all ¢, which results in E{Z,(t—U)} = 0 for all t € T. Similarly,

we have
E{Zi(t-U)Zi(t+s—-U)} = /T]E{Zk(t —U)Z(t+s—U)|U = u} p(du)
- /TJE{Zk(t—u)Zst — u)} (du)
= | Bz} pian)
=E{Z:(0)Z:(s)},
This completes the proof of the desired result. O

Theorem 2.B.2. Suppose we have the following random vectors and stochastic processes.
o B :={(Br(w), Bi(w))}] are n i.i.d. random vectors.
~ ~ n
e R = {(Rk(w;t), Rl(w;t)> It € T} are n i.i.d. stochastic processes.
w=1

o W = {(Wy(w;t), Wi(w;t)) |t € T}._, aren i.i.d. stochastic processes satisfying (i) random vectors (Wi (w;t1), Wi(w; t1))
and (Wi (w; t2), Wi(w; t2)) are independent wheneverty # ta, (ii) the stochastic process {(Wi(w;t), Wi(w; b)) |t €

T} is weakly stationary with mean zero, and (iii) Xk = E{Wi ()W, (t)} for allt € T.

The collections B,R,20 are independent. Furthermore, we have the following task-fMRI BOLD signals.'
Y (w; t) = Bk’ (w) X N x hy (t — tO,k’) + ]%k/(w; t) + Wy (w; t),

for k' € {k,1} andw =1,--- ,n. We define the following estimator for Cg;(£).

i

f: Observed task-fMRI BOLD signals are Yy, (w;t) = Bi(w) X N * hy(t —to, i) + R (w; t), where Ry (w;t) are true reference signals.
However, the true reference signals are not observable in applications and should be estimated by Ry, (w3 t) using the AMUSE algorithm.
The corresponding estimation bias Ry (w;t) — Ry (w;t) is denoted by Wi (w;t). Hence, we have Y (w;t) = Bi(w) X N * hy(t —tox) +
Rk(w; t) + Wi (w;t), which is just a representation of Yy (w;t) = Br(w) X N « hy(t —to ) + Ri(w;t).

szt,n(é- . est, n est n(é-) , fOT‘ allf c R,
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where hat (/3 denotes the Fourier transform and

n

FRIOESEES'S [jl S Wi (w3t~ U@)) Yilwit + 5~ U()))

te{rA}T_,

w=1

1

T+1

3\*—‘

[ Z{Rk wit —U(w ))Rl(w;t—i—s—U(w))}] .
te{rA}T_, w=1

Then we have the following asymptotic behavior of Cgs"™(€) as n — oo.

‘ (5;@)% 2rit(ion—to.) 4 Sy
§ T+1)|N A (e
P{ lim Ci"(€) = [ ©m ] (D[N [ (@R ()]

n—oo
E(52 D 7 S E(B? — Zu
\/< () + <T+1>|N<s>hk(§>2> ( W)+ (T+1>|N<£>hz<€>|2)

Proof. For each pair (s,t) € T2, the strong law of large numbers implies that there exists N ; € 29 depending on

=1. (2.B.2)

the pair (s,t) such that P(N;:) = 0 and

3\1—‘

f:[{yk (wit — Ulw ))Yl(w;HS—U(w))}—{Rk(w;t—U(w))Rl(w;Hs—U(w))H

SEY({E-UYi(t+s—U)) —E {Rk(t DRt + s — U)} — Dyt s),

in @ — N, as n — oo. Then we have

1

est,n _
Jim A () = g > Dults) (2.B.3)
te{ra}T_,

for all s € T in @ — N, where N := |, ;7 Ns. The limit (2.3B.3) implies the following in Q — .

1 .

estn T est,n 2mi€s

o AT =ty 2 AT
se{ra}f_,

- L Z lim {AeSt g )} e2mits

n—o0
se{rA}T_,

1 1 .
= — D (t 2mi€s
T+1 > T+1 > Dults)e

te{ra}T_, se{rA}T_,

for all £ € R. In the derivation above, we change the order of summation and limit as the summation contains only

finitely many terms. Since 77 . (,ayr_ Pri(t, s)e*™* is the Fourier transform of Dy(t, s) with respect to s,
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repeating the calculation strategy in (2.B.1), we have

m Z Dkl(t,5)62m55 _ (Bkﬂl MGQME(tO,kftOJ) + - EkQZ . _
se{rAa}T_, (T+1) ‘N(g)’ ‘hk(f)hz(ﬁ)

)

which does not depend on t. Then we have

>

nh_}rr;OA“t"(f) E(Br6:) Me%ﬂf(to,k—to,l)_i_ — Zkzl — (2.B.4)
@) @ +1) [N [u@hie)]

for all € € R in Q — N. The limit (2.B.4) implies

hm Aestn ‘/\/

‘ (/Bkﬁ )|E¢(£)62ﬂ'i£(t0,k_t0,l)

lim C7o™(€) =

n—oo

lim Aest ,n >< hm Aest n(g)‘

n— oo

- e
GIG] (THD)|N ()] [Pk (&) (9)]
E( 32 §kkA E(32 ?zzA
\/( (B) + <T+1>|N<§>hk(§>|2> ( (B + (T+1)|N(£)hz(f)2)

for all £ € R in Q — N. Since P(V) =P (Us,teTNs,t) <Y ier P(NVsi) = 0, the desired result (2.8.2) follows. O

Proof of Theorem 2 in the manuscript: In the following equation provided in Theorem 1, P is a permutation

matrix and A is a diagonal matrix.

=AN'PL (2.B.5)

Then equation (2.B.5) implies 5* = Bi(w) = a1/ /az; for some ¢ € {1,2} and as; = 0 when j # /. Furthermore,
the pair (A, S(w;t)) also satisfies the following equation, which is provided in Theorem 1 as well.

s _[1 1 Ji(w;t) _ Vi(wst = U(w)) — B*Cy ’ (2.B.6)

s2(w;t) 0 Ry (w;t — U(w)) (N s hy)(t —tor — U(w)) — Cy

1
/3*
and equation (2.B.6) implies agysi(w;t) = (N * hy)(t — tor — U(w)) — Ck. Therefore, we have

Q14

ayi 8y (w;t) = X a2 8 (wit) = Br(w) X {(N xh)(t —tor — U(w)) — Cr} = Ji(w;t).

Q24
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2.C The Identifiability of Task-evoked Terms

Let U : Q@ — T be a uniformly distributed random variable. Identifying the task-evoked terms Pj(w;t) from
Yi(w;t) = Pg(w;t) + Ri(w;t) is equivalent to identifying Py (w;t — U(w)) from Yi(w;t — U(w)) given the auxiliary
random variable U(w), which we can assumed to be known as it is artificially generated. Our proposed BOLD
signal model Yy(w;t — U(w)) = Py(w;t — U(w)) + Rx(w;t — U(w)) can be represented in the following “mixing”
form.

10 Py(w;t — U(w))

Yi (wit —U(w)) = , (2.C.1)
0 1 Ry (w;t —U(w))

where the identity matrix mixes the source signals Py (w;t — U(w)) and Rg(w;t — U(w)).

In this section, we provide the identifiability of the task-evoked terms Py (w;t — U(w)) = Bi(w)N * hy(t —tor —
U(w)) as well as reference terms Ry (w;t — U(w)) in (2.C.1), up to deterministic coefficients, among the family of
mixing forms defined as follows.

s1(w;t) s1(w;t)

M = JA € R?*? such that Y} (w;t —U(w)) = A ) (2.C.2)
so(w;t) s2(w; t)

where all matrices A are deterministic 2-by-2 matrices mixing source signals si(w;t) and so(w;t). Specifically,
we will show that, under some probabilistic conditions, all the stochastic signals (s1(w;?), s2(w;t)) in (2.C.2) are
proportional to (Py(w;t — U(w)), Rk(w;t — U(w))) or (Rk(w;t — U(w)), Pr(w;t — U(w))). Then the task-evoked
terms Py(w;t — U(w)) are identifiable in M in the following sense: there exist ¢/ € {1,2} and A # 0 such that
sir(wit) = APg(w;t — U(w)) = {A\Bk(w)}N * hy(t — tor — U(w)) for all ¢ € T. Since the deterministic coefficient A
is canceled out in computing corr(Bg, 8;), the identifiability of Py (w;t) up to a deterministic coefficient implies the
exact identifiability of ptFC |corr(Bk, B1)|-

The following theorem implies the identifiability of Py (w;t) and provides a formal foundation for the discussion

above.

Theorem 2.C.1. Let U : Q@ — T be uniformly distributed. Suppose U(w), Br(w), and {Rg(w;t)|[t € T} are

independent, and Ry (w;t) is WSMZ. Furthermore, we assume that there exists a t* € T such that

E{P.(t — U)Pu(t — t* — U)}
E{Py(t—U)}*

E{Ri(t — U)Ru(t — t* — U)}

7 E{Ri(t—U)}

If there exists a WSMZ stochastic process (s1(w;t), sa(w;t)) such that {s1(w;t) e and {s2(w;t) }reT are uncorre-
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lated,

E {s1(t)s1(t — t*)}
E {s1(t)}*

E {s2(t)sa(t — t*)}
E {ss(t)}?

v

, and

s1(w;t)

s2(w;t)

Yi(w;t —U(w)) = Py(w;t — U(w)) + Rp(w;t —U(w)) = A
for some deterministic 2-by-2 matriz A, then there exists a permutation matriz P and a non-singular diagonal
matriz A such that

Pelwit=U@) _  (silin)] (2.C.3)

R (w;t — U(w)) so(w;t)

Remark: (i) Our discussion of identifiability presented at the beginning of this section is based on (2.C.3). (ii)
Since Ef, = ERy(t) = 0 for all ¢, we have E{Py(t1)Ri(t2)} = 0 for all ¢1,t2 € T, i.e., Py(w;t1) and Ry(w;te) are
uncorrelated. (iii) One can verify that Py (w;t—U(w)) = Br(w)N xhi(t —to,r —U(w)) is WSMZ. (iv) Since Ry (w;t)
is WSMZ, Lemma 2.B.2 in the preceding section shows that Ry (w;t — U(w)) is WSMZ as well.

Based on these remarks, Theorem 2.C.1 is a straightforward result following from the Theorem 2 of Tong et al.

(1991).

2.D The Performance of ptFCE in Estimating ptFCs

In this section, we analyze the performance of the ptFCE algorithm in terms of estimation bias and variance from
both theoretical and simulational perspectives.

We first provide the estimation bias mechanism of the ptFCE algorithm motivated by

‘E(ﬂkﬂl) |%k(f)El(§) e2mi&(to,k—to,1) pY)

(O ()] + (T+D)|N©)|* | (@i (8)] ’ .

P{ lim Cotm(E) =
n o0

ED) + — 2 ) (BB + — 20,

\/< (ﬁ’“)+<T+1)|N(5)hk<e>|2>( (ﬂ’)+<T+1>|N<5>hz(€>2)

which is from Web Theorem 2.B.2. Because the quantities in

: (2.D.1)

St /[T + DINEREP] 20, S /(T + DINEmEP] ~0.

are not exactly zeros, the asymptotic estimation bias

[E(BeS1)]
E(B2)E(B7)

lim €7 (€) — Cu(6)| =

. est,n .
00 nhjrolo Cri " (6)
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always exists. We further model that approximation residual Wy (w;t) = Ry (w;t) — Ry (w;t) at different nodes
are independent, implying ¥x; = 0 in (2.D.1). Then the following inequality, as a result of (2.D.1), indicates that

our ptFCE algorithm tends to underestimate ptFC.

lim C"™(€) =as. E)
Sik D ¥ |
\/<E(5£) + <T+1>JV<5>7L<€>I> (E(ﬁf) + <T+1>|N<s>ﬁl<5>|2>
IE(Bx )] = |corr (B, B1)|. (2.D.2)

= JEDEGD)

Furthermore, the larger the variance of the noise € (w;t) in
Yi(wit) = Bi(w) x (N *hg) (t —tor) + Ri(w;t), t€T, k=1,--- K, weQ,

the less accurate is the approximation Ry (w;t) ~ ka(w;t) and the larger ¥, and Xy in the inequality (2.D.2).
Hence, the larger the variance of noise ep(w;t), the larger the underestimation bias. The formula above also
indicates that the larger the underlying ptFC, the larger the underestimation bias. Subsequent simulations confirm
all the conclusions on bias presented herein. We also show that the underestimation bias is moderate in general in
terms of estimating ptFCs.

We present the performance of ptFCE in estimating ptFC by investigating estimation bias and variance using

simulated data. Specifically, suppose the true ptFC in our simulation mechanism is p, and the estimated ptFC from
this algorithm is p, then we investigate bias p— p and the variance of p. We implement the following data-generating
mechanism, compatible with the definition of ptFC. The main steps of this mechanism are the following, while the
details are provided in Appendix E.
Mechanism 0: Step 1, we generate random coefficients (8;(w), B2(w))” ~ N5 (0, (ij)i<ij<2) forw=1,---,n,
and p := |o12/4/011022] is the true underlying ptFC between synthetic nodes 1 and 2. Step 2, we generate
reference signals {Ry/(w;TA) = Qp(w;TA) + e (w3 TA) M for w = 1,-++ ,n and k' € {1,2}, where the 2nT
noise values {ep (w;TA)K' = 1,250 = 1,-+- ;n;7 = 0,--- , T} ~ug N(0,V). Step 3, we compute the signals
{Yir(w; TA) K = 1,2} forw=1,--- ,n, by Vi (w; 7A) = 9000 + By (w) X (N * hyr) (TA) + Ry (w; TA).

We investigate sample sizes n € {50, 100, 308,1000}, where 308 is the sample size of the HCP dataset used to
obtain the results in our paper. We apply the ptFCE algorithm to estimate the underlying p from synthetic signals.
The corresponding estimate is denoted by p. For each p € {0.25,0.5,0.75}, we repeat this procedure 500 times.
The resulting estimates p are summarized in Web Table 2.3 and Web Figure 2.4.

Additionally, we investigate the influence of random noise {€p (w;TA)}gr rw ~iia N(0,V) on the ptFCE al-
gorithm. Specifically, we fix sample size n = 308; for each A € [0.5,5], we conduct the 500-run simulation

study described above except we change the random noise to {ex (w; TA)}p 7w ~iia N(0,AV). For each A and
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Table 2.3: The summaries of the estimated p in different underlying ptFC p scenarios. The percentage in the
parenthesis after each mean shows the corresponding relative bias (p — p)/p, where the minus signs indicate
underestimation.

p=0.25 p=0.5 p=0.75
mean sd mean sd mean sd
n = 50 0.255 2%) 0.120 0.456 (—8.8%) 0.114 0.670 (—10.7%) 0.081
n = 100 0.246 —1.6%) 0.093 0.460 (—8%) 0.079 0.671 (-10.5%) 0.055
n = 308 0.248 (-0.8%) 0.055  0.457 (-8.6%) 0.047  0.670 (-10.7%) 0.030
n=1000  0.246 (- 0.028 0462 (-7.6%) 0.026  0.675 (-10%)  0.018
ptFC = 0.25 PtFC = 0.5 ptFC = 0.75
i HE==
I e I R S S I
< E Bl < L1V " < RS
\ - s ° v 1 i © °
. _8 ' ; s
o [  E— =1 o E 5 o
e T ' — o ' ° =}
T+ -
n=I50 n=: 00 n=;08 n=1I000 n=I50 n=: 00 n=;08 n=1I000 n=I50 n=1I 00 n=;OS n=1I000

Figure 2.4: The boxplots summarizing the estimated p in different underlying ptFC p and different sample sizes n
scenarios.

simulation run 7, the estimated ptFC between synthetic nodes is denoted as ﬁ(/\r)

, then we obtain 500 curves
{ﬁ(;)|)\ € [0.5,5]}599 presented in Web Figure 2.5.

As expected from the theoretical analysis of the bias mechanism, our proposed ptFCE algorithm tends to
underestimate true ptFCs, see Web Table 2.3 and Web Figures 2.4 and 2.5. But Web Table 2.3 shows that the bias
is moderate. Simulations also confirm other conclusions on estimation bias presented in the theoretical analysis

above. Additionally, Web Figure 2.3 shows that the magnitude of noise €, (w;t) does not influence the variance of

the ptFCE estimates. The increase in sample size reduces estimation variance.

2.E Data-generating Mechanisms for Simulations

In this section, we provide the details of Mechanisms 0, 1, and 2 for generating synthetic signals in simulation studies
in our paper. To mimic the HCP data of interest, we apply the following parameters in the two data-generating

mechanisms.

o Repeatition time A = 0.72 (seconds)
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Figure 2.5: The red, orange, and green curves present the collections {ﬁ(;)|)\ € [0.5,5]
r=1Px

underlying ptFC p = 0.25,0.5,0.75. The three blue solid curves present the mean curves {5—(1)0 >
in the three underlying ptFC scenarios, and the three black dotted lines present the three underlying ptFC.

69



e Number of observation time points T' = 283.
e The task of interest (squeezing right toes) is presented by the stimulus signal N(t) = 1[g6.5,08.5)(t) +
162,174 (1)

e The tasks that are not of interest are presented by stimulus signals N; (t) = 1[71.35,83.35) () +1[177.125,189.125) (1),

Ny (t) = 111,23) (t) +11116.63,128.63) (), Ns(t) = 1126.13,38.13) () +1[146.88,158.88) (t), and Ny(t) = 1(56.26,68.26) (t) +
1131.75,143.75) (t). They correspond to the tasks of squeezing left toes, squeezing left /right fingers, and moving

tongue.

e HRF functions hj and ﬁkm for k € {1,3} and v € {1,2,3,4}, are the double-gamma variate functions
implemented in the R function canonicalHRF with parameters al= 4, a2= 10, bl= 0.8, b2= 0.8, c= 0.4;
HRF functions ho and 71277, for v € {1,2,3,4}, are the same function with parameters al= 8, a2= 14, b1=1,
b2= 1, c= 0.3. It is important to emphasize that none of the HRFs herein is canonical. The curves of all

HRF functions used in our simulations studies are presented in Web Figure 2.6.

2.E.1 Mechanism 0

This mechanism is based on the task-fMRI BOLD signal model proposed in our paper. Specifically, we implement

the following model to generate synthetic data.

4
Yir (w;t) = 9000 + Bir x N * hy (t) + {Z Brr (W) x N, Bkw(t)} + ep (w; t), (2.E.1)
y=1
where t € T = {7A}_, and ¥’ € {1,2}.

We generate signals {(Y7(w;7A), Ya(w; 7A) M, for w =1, -+, n, by the following steps.

e Step 1: Generate bivariate normal random vectors (5; (w),ﬂg(w))T ~iid N ((O,O)T, (O’ij)lgid‘gg) for w =

1,---,n, where p := |012//011022| is the true underlying ptFC, and

011 :2, 0’22:3, 012 = P X 4/011022. (2.E.2)

e Step 2: For each v € {1,2,3,4}, generate bivariate normal random vector

B, (w) 0 2 0.3x+v2x3

~i..d. N2 ) )

Ba2,~(w) 0 0.3 x+2x3 3

for w = 1,---,n. The four collections {(Blﬁ(w),ﬁgﬂ(w))T}n , for v € {1,2,3,4}, are independently
w=1

generated.
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Figure 2.6: The black solid curve presents the canonical HRF (the R function canonicalHRF with default param-
eters). The blue dashed curve presents the R function canonicalHRF with parameters al= 4, a2= 10, bl= 0.8,
b2= 0.8, c= 0.4. The red dotted curve presents the R function canonicalHRF with parameters al= 8, a2= 14,
bi=1,b2=1, c=0.3.

e Step 3: For each fixed w € {1,--- ,n}, generate (white) noise as follows.
e1(w; TA) 0 (30 o
~i.i.d. N2 ) ,forr=0,---,T.
e2(w; TA) 0 0 30

The n collections {(e1(w; TA), €2(w; TA))}fZO, for w € {1,--- ,n}, are independently generated.

e Step 4: Compute the signals {(Y;(w;TA), Ya(w; TA) M, for w =1,--- ,n, by model (2.E.1).

A pair of simulated {(Y;(w;TA), Ya(w; 7A)}L_, using Mechanisms 0 is presented in Web Figure 2.7.
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Figure 2.7: Left panels present signals generated for node 1, and right panels present signals generated for node 2.
The underlying ptFCs for pairs in the upper, middle, and lower rows are 0.25, 0.5, and 0.75, respectively.
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2.E.2 Mechanism 1

Mechanism 1 is very similar to Mechanism 0 and is based on (2.E.1) as well, except for k' € {1,2,3}. We generate

signals {(Y1(w;TA), Ya(w; 7A), Ya(w; TA)}L_,, for w = 1,- -+, n, using the following steps.

e Step 1: Generate normal random vectors (81 (w), B2(w), B3(w))” ~ii.a. Ns (0, (0ij)1<ij<3) forw=1,--- n,

where

2 P12 X V2 %X 3 0
(Uij)1§i7j§3 = | pi2xv2x3 3 P23 X V2 x3 |, (2.E.3)
0 P23 X V2 %3 2

and p;; = |0y;//Fii0,;| for (i,7) € {(1,2),(2,3)} are the true underlying ptFCs.

e Step 2: For each v € {1,2,3,4}, generate bivariate normal random vector

By (w) 0 2 0.3 x vZx3 0
Boy(w) | ~iid. Ns | 10],]03x+/2x3 3 0.3xv2x3] |-
B3, (w) 0 0 0.3 x+v2x3 2
for w =1, ,n. The four collections {(B81,4(w), B2,5(w), B3,~4(w))}"_,, for v € {1,2,3,4}, are independently
generated.
e Step 3: For each fixed w € {1,--- ,n}, generate (white) noise as follows.

€1(w; TA) 0 30 0 O
ea(w;TA) | ~iia. N3 [ [0 0 30 0 , for7=0,---,T.
e3(w; TA) 0 0 0 30

The n collections {(e1(w;TA), €a(w; TA), 63(W;TA))}Z:0, for w e {1, -+ ,n}, are independently generated.

e Step 4: Compute the signals {(Y7(w;TA), Ya(w; 7A), Y3(w; 7A)}_,, for w =1, ,n, by model (2.E.1).

2.E.3 Mechanism 2
This mechanism is motivated by the Pearson correlation approach and implemented by the following steps.

e Step 1: For each fixed w € {1,---,n}, we independently generate (e1(w;TA), ea(w;TA), e2(w;TA))T, for

Te€{l,---,T}, using the following distributions:
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(i) If N(7A) =1, we apply

€1(w; TA) 0 30 0% 30 0
ea(w;TA) | ~Na | J0of.]ex30 30 ox30]f]: (2.E.4)
e3(w;TA) 0 0 o x 30 30

if N(7A) =0, we implement

€1(w; TA) 0 30 0 0
ea(w;TA) | ~ N3 0,0 30 0
e3(w; TA) 0 0 0 30

The n collections {(e1(w;TA), ea(w; TA), €3(w; TA))}Z;O, for w e {1,--- ,n}, are independently generated.

e Step 2: Compute the signals {(Y;(w;TA), Ya(w; 7A), Y3(w; 7A)}_, for w = 1,--- ,n, by the following.

4
Yk/(w; t) = 9000 + N * hk/(t) + {Z N’Y * ilk-/ﬁ(t)} + ek/(w; t), (2E5)
y=1

where t € T = {TA}!_, and ¥’ € {1,2,3}.

Simulated {(Y1(w;TA), Ya(w; TA), Y3(w; 7A)}_ ) using Mechanisms 1 and 2, are presented in Web Figure 2.8.

2.F Limitations of the Pearson correlation approach

Web Figure 2.9 illustrates the limitations of the Pearson correlation approach defined as follows in terms of the

influence of latency /HRF variance and noise.

. (2.F.1)

|corr(Pe, P)| = ’/7_¢k(t) x ¢z(t)u(dt)/\/[r|¢k(t)l2u(dt) X /T|¢z(t)|2u(dt)

2.G Details of Beta-series Regression and Coherence Analysis

Beta-series regression: We apply the procedure described in Chapter 9.2 of Ashby (2019) to estimate task-
evoked FC using beta-series regression, except we ignore the “nuisance term” therein. For each subject w and
underlying p;; or ¢;; with ¢ < j, we apply beta-series regression to signals {Y;(w; 7A), Y, (w; TA) T, estimate the

FC evoked by the task of interest N(¢), and denote the estimated quantity by ﬁi?j,ﬁls . Then we compute the mean

~betaS

}i_y across all w = 1,--- ,n and denote them by p2¢%e>  and pbetas

~betaS
pij,median‘

and median of {557
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Figure 2.8: Signals generated for nodes 1, 2, and 3 using Mechanism 2.

Coherence analysis: For each w and p;; or g;;, compute the coherence between signals {Y;(w;7A)}; and
{Y;(w;7A)}, by the R function coh in package seewave. The coherence is a function coh;;.,(§) of . Since

HRF's act as band-pass filters (0 — 0.15 Hz, Aguirre et al. (1997)), compute the median of coh;j ., (§) across all

Coh

¢ €(0,0.15) and denote it by 49", The mean and median of {p{5*}7_, across all w are denoted by p$%% ., and

17,w * ij,w Jw=1

~Coh

Pijomedian> Tespectively.

2.H Future Research

An interesting extension of our proposed model is the inclusion of an interaction term between the Pj(w;t) and
Qr(w;t) in model Yy (w;t) = Py(w;t)+Qr(w; t) +€x(w; ). In order to experimentally validate whether the inclusion
of such an interaction term would be biologically relevant, novel experimental designs would be needed. Particularly,

we may consider an experiment where the subjects are at rest for a certain period during the scanning session
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Figure 2.9: An example illustrating the limitations of the Pearson correlation approach in (2.F.1). Let N(t) =
an:l 1(20m—10,20m](t) be the stimulus signal of a block design, 7 = [0,80], and hj be the canonicalHRF function
with default parameters in the R package neuRosim. hy is illustrated by the solid blue curve in (b). Panel (a)
shows the influence of the variation in latency on (2.F.1), where h;(t) = hi(t + 3), i.e., tox, = —3; the task-evoked
terms at the k' and [*" nodes are presented by blue and red curves, respectively. In (b), h; is replaced by the
canonicalHRF function with parameters al = 10,a2 = 15,b1 = b2 = 0.9, c = 0.35, and presented by the dashed
red curve. Panel (c) shows the influence of variation in HRF on (2.F.1), and the task-evoked terms at the k*"
and I*" nodes are presented by blue and red curves, respectively, where h; is defined in (b) as the red curve.
Panel (d) is a noise-contaminated version of (c), i.e., curves of Py(t) + €x(¢) (blue) and Py(t) + €(t) (red) with
€x(t), €1(t) ~iia N(0,0.1) for each ¢t. Panel (d) shows that random noise can further influence (2.F.1). In panels
(a,c,d), the presented |corr(Py, P;)| is computed by (2.F.1).

followed by the performance of the task. Using this design, we may obtain estimates of P, and ) considering
the model with and without an interaction term and discuss the biological relevance of the results. Future work
may investigate this issue and develop theoretical conditions for the identifiability of terms in a model with an
interaction term and estimation algorithms.

In many applications, task-evoked FC at the subject level instead of the population level is of interest. In
our subsequent research, we will propose a framework parallel to the ptFC one at the subject level. Additionally,
implementing the persistent homology (PH) framework to FC estimates is an effective way of circumventing the
choice of threshold for FC measurements, e.g., see Lee et al. (2001). Applying the PH approach to our proposed

ptFCs is left for future research as well.

76



Chapter 3

Randomness and Statistical Inference of
Shapes via the Smooth Euler Character-

istic Transform

3.1 Introduction

The quantification of shapes has become an important research direction in both the applied and theoretical sci-
ences. It has brought advances to many fields including network analysis (Lee et al., 2011), geometric morphometrics
(Boyer et al., 2011; Gao et al., 2019), biophysics and structural biology (Wang et al., 2021), and radiomics (i.e.,
the field that aims to correlate clinical imaging features and genomic assays) (Crawford et al., 2020). If shapes are
considered random, then their corresponding quantitative summaries are also random — implying such summaries
of random shapes are statistics. The statistical inference of shapes based on these quantitative summaries has been
of particular interest (e.g., the derivation of confidence sets by Fasy et al. (2014) and a framework for hypothesis

testing by Robinson and Turner (2017)).

e A version of this chapter appeared in Meng et al. (2022a).

e Author contributions: Kun Meng developed the theoretical framework of this chapter, proved the theorems, and conducted
simulation studies. Ani Eloyan and Lorin Crawford supervised this chapter. Kun Meng, Lorin Crawford, and Ani Eloyan wrote
version Meng et al. (2022a). We — Kun Meng, Lorin Crawford, and Ani Eloyan — want to thank Dr. Matthew T. Harrison for
the suggestion to implement the permutation test. This suggestion greatly improved the quality of this chapter.

e Abbreviations: ECT, Euler characteristic transform; ECC, Euler characteristic curve; GBM, glioblastoma multiforme; HCP,
homotopy critical point; i.i.d., independent and identically distributed; LECT, lifted Euler characteristic transform; PD, persis-
tent diagram; PHT, persistent homology transform; PECT, primitive Euler characteristic transform; RKHS, reproducing kernel
Hilbert space; RCLL, right continuous with left limits; SECT, smooth Euler characteristic transform; TDA, Topological data
analysis.
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3.1.1 Overview of Topological Data Analysis

Topological data analysis (TDA) presents a collection of statistical methods that quantitatively summarize the
shapes represented in data using computational topology (Edelsbrunner and Harer, 2010). One common statistical
invariant in TDA is the persistent diagram (PD) (Edelsbrunner et al., 2000)). When equipped with the p-th Wasser-
stein distance for 1 < p < oo, the collection of PDs denoted as Z is a Polish space (Mileyko et al., 2011); hence,
probability measures can be applied, and the randomness of shapes can be potentially represented using the prob-
ability measures on 2. However, a single PD does not preserve all relevant information of a shape (Crawford et al.,
2020). Using the Euler calculus, Ghrist et al. (2018) (Corollary 6 therein) showed that the persistent homology
transform (PHT) (Turner et al., 2014b), motivated by integral geometry and differential topology, concisely summa-
rizes information within shapes. The PHT takes values in C(S~1; 2%) = {all continuous maps F : S?~! — 24},
where S%~! denotes the sphere {z € R? : ||z|| = 1} and ¢ is the d-fold Cartesian product of Z (see Lemma 2.1
and Definition 2.1 of Turner et al. (2014b)). Since & is not a vector space and the distances on 2 (e.g., the p-th
Wasserstein and bottleneck distances (Cohen-Steiner et al., 2007)) are very abstract, many fundamental concepts in
classical statistics are not easy to implement with summaries resulting from the PHT. For example, the definition of
moments corresponding to probability measures on & (e.g., means and variances) is highly nontrivial (see Mileyko
et al. (2011) and Turner et al. (2014a)). The difficulty in defining these properties prevents the applications of
PHT-based statistical inference methods in C(S4~1; 29).

The smooth Euler characteristic transform (SECT) proposed by Crawford et al. (2020) provides an alternative
summary statistic for shapes. The SECT not only preserves the information of shapes of interest (see Corollary
6 of Ghrist et al. (2018)), but it also represents shapes using univariate continuous functions instead of PDs.
Specifically, values of the SECT are maps from the sphere S%~! to a separable Banach space — the collection of
real-valued continuous functions on a compact interval, say C([0,T]) = B for some T > 0 (values of T will be
given in Eq. (3.2.1)). That is, for any shape K, its SECT, denoted as SECT(K) = {SECT(K)(v)},esa-1, is in
B = {all maps f : S®~1 — B}; specifically, SECT(K)(v) € B for each v € S¢~1. Therefore, the randomness
of shapes K is represented via the SECT by a collection of B-valued random variables. The probability theory
on separable Banach spaces has been better developed than on &. Specifically, a B-valued random variable is a
stochastic process with its paths in B (we will further show in Section 3.2.1 that B herein can be replaced with a
reproducing kernel Hilbert space (RKHS)), and the theory of stochastic processes has been developed for nearly
a century. Many mathematical tools are available for building the foundations of the randomness and statistical
inference of shapes.

The work from Crawford et al. (2020) applied the SECT to magnetic resonance images taken from tumors
of a cohort of glioblastoma multiforme (GBM) patients. Using summary statistics derived from the SECT as
predictors of the Gaussian process regression, the authors showed that the SECT has the power to predict clinical

outcomes better than existing tumor shape quantification approaches and common molecular assays. The relative
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performance of the SECT in the GBM study represents a promising future for the utility of SECT in medical imaging
and more general statistical applications investigating shapes. Similarly, Wang et al. (2021) applied derivatives of
the Euler characteristic transform as predictors of statistical models for subimage analysis which is related to the
task of variable selection and seeks to identify physical features that are most important for differentiating between
two classes of shapes. In both Crawford et al. (2020) and Wang et al. (2021), the shapes were implemented as the

predictors of regressions, and the randomness of these predictors was ignored.

3.1.2 Overview of Contributions

In this paper, we model the distributions of shapes via the SECT using RKHS-valued random fields and provide
the corresponding foundations using tools in algebraic and computational topology, Sobolev spaces, and functional
analysis. In contrast to work like Crawford et al. (2020) and Wang et al. (2021), we model realizations from the
SECT as the responses of an RKHS-valued random field rather than as input variables or predictors. Modeling
the distributions of shapes helps answer the following statistical inference question: Is the difference between two
groups of shapes significant or just random? Based on the foundations of the randomness of shapes, we propose
an approach for testing hypotheses on random shapes and answer this statistical inference question.

Using the homotopy theory and PDs, we first propose a general collection of shapes on which the SECT is well-
defined. Then, we show that, for each shape in this collection, its SECT is in C'(S?~1; H) = {all continuous maps F :
S4=1 — H}, where H = HZ ([0, T]) is not only a Sobolev space (see Chapter 8.3 of Brezis (2011)) but also an RKHST.
We further construct a probability space to model the distributions of shapes. This probability space makes SECT
an H-valued random field indexed by S?~!' with continuous paths, which is equivalent to that SECT being a
C(S?1;H)-valued random variable. Additionally, the restriction of the SECT to any point on S?~! is a real-valued
stochastic process with paths in 4. Based on the proposed probability space, we provide an assumption on the
moments of the SECT and define the form of its mean and covariance. Using a Sobolev embedding result and
functional analysis arguments, we show some properties of the mean and covariance for the SECT. These properties
allow us to develop the Karhunen—Loeve expansion of the SECT, which is the key tool for our proposed hypothesis
testing framework.

Traditionally, the statistical inference of shapes in TDA is conducted in persistent diagram space &, which
is not suitable for exponential family-based distributions and requires any corresponding statistical inference to
be highly nonparametric. For example, Fasy et al. (2014) used subsampling, and Robinson and Turner (2017)

applied permutation tests. The PHT-based statistical inference in C(S%'; 29) is even more difficult. With the

t: Strictly speaking, the functions in Sobolev space H are defined on the open interval (0,7T) instead of the closed interval [0, T] (see
Chapter 8.2 of Brezis (2011)). Hence, the rigorous notation of # should be H{ ((0,7)). However, Theorem 8.8 of Brezis (2011) indicates
that each function in H}((0,T)) can be uniquely represented by a continuous function defined on [0, 7], which implies that functions
in H}((0,T)) can be viewed as defined on the closed interval [0,7]. Therefore, to implement the boundary values on 9(0,T) = {0, T},
we use the notation H{([0,7]) throughout this paper to indicate that all functions in H are viewed as defined on [0,T]. The same
reasoning is applied for the space I/Vol’p([O7 T]) implemented later in this paper (see Theorem 8.8 and the Remark 8 after Proposition
8.3 in Brezis (2011)).

79



Karhunen—Loeve expansion of the SECT and the central limit theorem, some hypotheses on the distributions of
shapes can be tested using the normal distribution-based methods (e.g., the adaptive Neyman test (Fan, 1996) and
the x2-test). We will provide the details of these methods in Section 3.4.

One can use a morphology example from Turner et al. (2014b) to illustrate a potential application of SECT-
based hypothesis testing. The study of variation of complex traits and phenotypes is fundamental to understanding
hypotheses in evolutionary biology. Suppose we observe heel bones from two groups of primates (i.e., heel bones
{Ki(j )}?:1 are from the j-th group for j € {1,2}). For each group j, suppose the underlying distribution of
statistics {SEC’T(Ki(j)) n_is PU) and PU) is a probability meansure on space C(S%~';H). Then, assessing the
evolutionary biological question of “whether the two groups of primates are of different species” may be boiled
down to testing the hypotheses Hy: “P() and P® have the same mean” vs. Hy: “PM and P do not have
the same mean” (the rigorous definition of “the mean of P@” and the rigorous version of the hypotheses will be

provided in Section 3.3.2 and Eq. (3.4.1), respectively, of this paper).

3.1.3 Relevant Notation and Paper Organization

Throughout this paper, a “shape” refers to a triangulable subset of R? defined as follows.

Definition 3.1.1. (i) Let K be a subset of R%. If there exists a finite simplicial complex S such that the corre-
sponding polygon |S| = |J,cg s is homeomorphic to K, we say K is triangulable. (ii) Let 3 denote the collection

of all triangulable subsets of R?.

The definitions of simplicial complexes and triangulable spaces can be found in Munkres (2018). The triangula-
bility assumption is standard in the TDA literature (e.g., Cohen-Steiner et al. (2010) and Turner et al. (2014b)).

Throughout this paper, we apply the following:

i) All the linear spaces are defined with respect to field R. For any normed space V, let || - ||y denote its norm.

Let ||z|| denote the Euclidean norm if x is a finite-dimensional vector.

ii) Let X be a compact metric space equipped with metric dx and let V denote a normed space. C(X;V) is the
collection of all continuous maps from X to V. Furthermore, C(X;V) is a normed space equipped with the

norm

”f”C(X;V) = sup || f(z)|v-
rzeX

The Hélder space C%2(X;V) is defined as

{fGC(X;V)

s (Hf<>—f<y>n> § OO},
z,yeX, x#y dX(iLU y)
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Here, C%2 (X;V) is a normed space equipped with the norm

£l ey = Il + sup (W“ﬂ‘ﬂwh>.

z,y€X, r#Y dX(l‘» y)

Obviously, C%z2 (X;V) c C(X;V). For simplicity, we denote C(X) = C(X;R) and C%2 (X) = C%2 (X;R)
(see Chapter 5.1 of Evans (2010)). For a given T' > 0 (see Eq. (3.2.1)), we denote the separable Banach space
C([0,T7]) as B.

iii) All derivatives implemented in this paper are weak derivatives (defined in Chapter 5.2.1 of Evans (2010)).
The inner product of H = H{ ([0, T]), where H is a separable Hilbert space (see Chapter 8.3 of Brezis (2011)),

is defined as

<ﬁmH=A £(t)g ()t

Unless otherwise stated, the inner product (-,-) denotes (-, )3 for simplicity.

iv) Suppose (X,dx) is a metric space. HB(X) and H(dx) denote the Borel algebra generated by the metric

topology corresponding to dx.

The following inequalities are also useful for deriving many results presented in this paper

1fls < 171 < Crllflla, forall f € H, (3.1.1)

c® 5 ([0,1]) =

where Cr is a constant depending only on T'. The first inequality in Eq. (3.1.1) results from the definition of || - ||5

and || - ||C while the second inequality is from Evans (2010) (Theorem 5 of Chapter 5.6). Eq. (3.1.1) further

3 (0,7])

implies the following embeddings
HL(0,T)) =H c C*2(]0,T)) c B = C([0,T)). (3.1.2)

The algebraic topology concepts referred to in this paper (e.g., Betti numbers, homology groups, and homotopy
equivalence) can be found in Hatcher (2002) and Munkres (2018).

We organize this paper as follows. In Section 3.2, we provide a collection of shapes and show that the SECT is
well defined for elements in this collection. Additionally, we provide several properties of the SECT using Sobolev
and Holder spaces. These properties will be necessary, in later sections, for developing the probability theory of
both the SECT and SECT-based hypothesis testing. In Section 3.3, we construct a probability space for modeling
the distributions of shapes. Based on this probability space, we model the SECT as a C(S?!; H)-valued random
variable. Then, we define the mean and covariance of the SECT. In Section 3.4, we propose the Karhunen—Loeve

expansion of the SECT based on the mean and covariance defined in Section 3.3, and this expansion leads to
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a normal distribution-based statistic for testing hypotheses on the distributions of shapes. In Section 3.5, we
provide simulation studies showing the performance of the proposed hypothesis testing approach. In Section 3.6,
we conclude this paper and propose several relevant topics for future research. The Appendix in the Supplementary
Material (Meng et al., 2022b) provides the necessary mathematical tools for this paper. To avoid distraction from

the main flow of the paper, unless otherwise stated, the proof of each theorem is in the Appendix. .

3.2 The Smooth Euler Characteristic Transform of Shapes

In this section, we give the background on the smooth Euler characteristic transform (SECT) and propose corre-

sponding mathematical foundations under the assumption that shapes are deterministic.

3.2.1 The Definition of Smooth Euler Characteristic Transform

We assume K C B(0, R) = {x € R?: ||z|| < R} which denotes a closed ball centered at the origin with some radius

R > 0. For each direction v € S¥~!, we define a collection of sublevel sets of K by
Ky e {reKlxr-v<t—R}, foralltel0,T], whereT =2R. (3.2.1)

We then have the following Euler characteristic curve (ECC) in direction v

d—1
X7 (K) " the Euler characteristic of K} = x(KY) Z FLB(KY), (3.2.2)
k=0
for ¢t € [0,T], where By (K}) is the k-th Betti number of K. The Euler characteristic transform (ECT) defined as
ECT(K) : 841 — ZIOT s {x¥(K)}ieo,r) was first proposed by Turner et al. (2014b) as an alternative to the

PHT. Based on the ECT, Crawford et al. (2020) further proposed the SECT as follows

SECT(K): $*' 5RO v SECT(K)(v) = {SECT(K)(v; )} 017 »
(3.2.3)
where SECT(K)(v; )def/ dT——/ X2(K

In order for the integrals in Eq. (3.2.3) to be well-defined, we need to introduce additional conditions. We first

propose the following concept motivated by Cohen-Steiner et al. (2007).

Definition 3.2.1. Suppose K € /3 and K C B(0,R). (i) If K. is not homotopy equivalent to K}._5 for any
§ >0, we call t* € [0, T] a homotopy critical point (HCP) of K in direction v. (i) If K has finite HCPs in every

direction v € S¥1, we call K tame.

Because the Euler characteristic is homotopy invariant, for each v € S471, the ECC x¥(K) is a step function of

t with finite discontinuities, and hence measurable, if K is tame. These discontinuities are the HCPs of K in
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direction v. We may refine the definition of the ECC {x} (K)}cjo,r] in Eq. (3.2.2) as follows: for a tame K € .7,
define x7 (K) = x(K/) if ¢ is not an HCP in direction v, and x¥(K) = limy ¢4 x% (K) if ¢ is an HCP in direction
v. Under these conditions, {x}(K)}ep,r is a right continuous with left limits (RCLL) function and has finite
discontinuities. We can define k-th Betti number curves {8k (K})}efo,r) to be RCLL functions of ¢ € [0, 7] in the
same way. To investigate SECT(K) across shapes K, especially the distribution of SECT(K) across K, we need
the following condition (needed in the proofs of several theorems in this paper) for tame shapes K ¢ B(0, R) to

restrict our attention to a specific subset of .%;

M
— 24
= (3:2.4)

sup [ sup (#{5 € Dgm, (K; ¢,) | pers(§) > 0})] <

ke{0,- ,d—1} lvesd—1

where Dgm, (K; ¢,) is a PD, pers(§) is the persistence of the homology feature &, #{-} denotes the cardinality of
a multiset, and M > 0 is allowed to be any sufficiently large fixed number. To avoid distraction from the main
flow of the paper, we save the details of condition (3.2.4) and the definitions of Dgm, (K ¢,) and pers(§) for the
Appendix 3.A. A heuristic interpretation of condition (3.2.4) is that there exists a uniform upper bound for the
numbers of nontrivial homology features of shape K across all levels ¢ and directions v (see Theorem 3.2.1 below).
This condition is usually satisfied in medical imaging studies (e.g., a tumor has finitely many connected components
and cavities across all levels and directions). Condition (3.2.4) is needed in the proofs of several theorems in this

paper, particularly Theorem 3.2.3. Throughout this paper, we focus on shapes in the following collection

M {K € #y|K C B(0,R), K is tame and satisfies condition (3.2.4) with fixed M > 0} .

Before Appendix 3.A, we only need the following boundedness derived from condition (3.2.4).

Theorem 3.2.1. For any K € yé\f[d, we have the following bounds:
(i) sup, cga—1 [SUpogth (supke{o’...’d,l} ﬁk(K{’))} < M/d, and

(i1) sup, a1 (supo<i<r XY (K)|) < M.

The tameness of K and boundedness of x7(K) in Theorem 3.2.1 guarantee that, for each fixed direction
v € S an ECC Xl(’.)(K) is a measurable and bounded function. Therefore, the integrals in Eq. (3.2.3) are well
defined Lebesgue integrals. Since {x}(K)}ico,r) € L'([0,T]), SECT(K)(v) is absolutely continuous on [0,T].

Furthermore, we have the following regularity result of the Sobolev type on SECT(K)(v) defined in Eq. (3.2.3).

Theorem 3.2.2. For any K € Yfgd and v € S, we have the following:
(i) Function {fot XY (K)dT}iepo,m) has its first-order weak derivative {x}(K)}ico,1);
(it) SECT(K)(v) € Wy([0,1)) C B for all p € [1,00).

Here, W ? ([0, T]) is a Sobolev space defined by the following (see the Theorem 8.12 of Brezis (2011) for this specific
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definition)
W ([0, 1)) = { £ € LP([0,T)) | weak derivative f' exists, f € L?([0,T]), and f(0) = £(T) = o}

The special case when p = 2 in Theorem 3.2.2 is of importance, as H = H([0,T]) = W, 2([0,T]) is the RKHS

reproduced by the following kernel
t
k(s,t) = min{s,t} — %, for all s,t € [0,T], (3.2.5)

which is the covariance function of the Brownion bridge on [0,7] (see Example 4.9 of Lifshits (2012)). The
relationship between H and x(s,t) from the RKHS perspective implies that (x(t,), f) = f(¢) for all f € H and
t € [0,T]. This result plays an important role later in this paper. The case when p = 2 in Theorem 3.2.2 indicates
that SECT(3";) C #5'"" = {all maps F : S9! — H}, which is enhanced by the following theorem.

Theorem 3.2.3. For each K € Ylg/fd, we have the following:
(i) There exists a constant Ch1.r,a depending only on M, R, and d such that the following two inequalities hold for

any two directions vy,vy € S471,

(/

|SECT(5) (1) = SECT(K)ws)||, < Cig - V/Tvr = vall + s = vl

1/2
2
NI = 2 ()| dv> < Cirma- Vi =il (3.2.6)

(ii) SECT(K) € C%2 (S 1 7), where S is equipped with the geodesic distance dga—1 .

(iii) The constant Cp in Eq. (3.1.1) provides the following inequality

‘SEC’T(K)(:/l; t1) — SECT(K)(vs; tg)‘

(3.2.7)
< Cr {ISECT 1) - Vit = ol + Cip - Vv = vall + o1 = 2P}

for all vy,vs € S and ty,ty € [0,T), which implies that (v,t) — SECT(K)(v;t), as a function on S¥~1 x [0,T],

belongs to C%= (S41 x [0, T]; R).

Theorem 3.2.3 (i) is a counterpart of the Lemma 2.1 in Turner et al. (2014b) and is derived using “bottleneck
stability” (see Cohen-Steiner et al. (2007)). Additionally, Theorem 3.2.3 (i) is implemented in the proof of Theorem
3.2.3 (ii) and will be used in Section 3.2.3. Furthermore, Theorem 3.2.3 (i) guarantees that SECT(S3";) C

CO3(S41H) C (S H) € H5 . As a result, Eq. (3.2.3) defines the following map

SECT : S}, — C(S* 1), K {SECT(K)(1)},ega1 = SECT(K). (3.2.8)
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Theorem 3.2.3 (iii) will be implemented in the mathematical foundation of the hypothesis testing in Section 3.4
(specifically, see Theorems 3.3.4 and 3.4.1).
Corollary 6 of Ghrist et al. (2018) implies the following result, which shows that the map in Eq. (3.2.8) preserves

all the information of shapes K € y]%,dw
Theorem 3.2.4. The map SECT defined in Eq. (3.2.8) is invertible for all dimensions d.

Together with Eq. (3.2.8), Theorem 3.2.4 enables us to view each shape K € .}, as SECT(K) which is an
element of C(S?"!;#). This viewpoint will help us characterize the randomness of shapes K € yf;{\fd using
probability measures on the separable Banach space C(S?~1; H).

If the shapes of interest are represented as triangular meshes, their ECC defined in Eq. (3.2.2) can easily be
computed (e.g., Section 2 of Wang et al. (2021)). The SECT is then derived directly from the computed ECC
(see Eq. (3.2.3)). In Appendix 3.B, we briefly introduce an approach for approximating the ECC of shapes in
R? in scenarios where the triangular mesh representation of shapes is not available, which in turn provides a
corresponding approximation to SECT. This approach applies Cech complexes and the nerve theorem (see Chapter
IIT of Edelsbrunner and Harer (2010)), which are implemented in all proof-of-concept examples and simulations
throughout this paper. In addition, an approach was studied in Niyogi et al. (2008) for finding the Betti numbers
of submanifolds of Euclidean spaces from random point clouds. For the case where a point cloud is drawn near a
submanifold, this approach can be applied to estimate the SECT of the submanifold. The application of Niyogi
et al. (2008) to SECT is left for future research.

3.2.2 Proof-of-Concept Simulation Examples I: Deterministic Shapes

In this subsection, we compute the SECT of two simulated shapes K1) and K2 of dimension d = 2. These shapes

are defined as the following and presented in Figures 3.1(a) and (g), respectively:

KU = {m c R?

1
inf |lz—y| < }, where j € {1,2}, (3.2.9)
yESW) 5

2 9 2 6 14
S(l):{<5+cost,sint> gﬁtﬁ;}U{<—5+cost,sint> ;gtg;},

2 2 6 14
5(2):{<5+Cost,sint> 0§t§277}U{<—5 +cost,sint> ;gtg;}

We compute SECT(KW)(v;t) across direction v € S! and sublevel set ¢ € [0,3] with T = 3. For the following

visualization, we identify each direction v € S! through the parametrization v = (cos, sin9) with ¥ € [0, 27).

e The surfaces of the bivariate maps (¥9,t) — SECT(KW)(v;t), for j € {1,2}, are presented in Figures 3.1(b),
(¢), (h), and (i).
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e The curves of the univariate maps t — SECT(K ) ((1,0)7;t), for j € {1,2}, are presented by the black
solid lines in Figures 3.1(d) and (j); while the curves of the univariate maps t — SECT(K)) ((0,1)7;t), for

j € {1,2}, are presented by the black solid lines in Figures 3.1(e) and (k).

e Lastly, the curves of the univariate maps ¥ — SECT(K 1)) ((cos¥,sin¥)T; 3), for j € {1,2}, are presented
by the black solid lines in Figures 3.1(f) and (1).

These figures illustrate the continuity of (v,t) — SECT(KW)(v;t) stated in Theorem 3.2.3 (iii). Specifically,
the curves and surfaces in these figures look not as rough as the path of Brownian motions, while they are not
differentiable everywhere. With probability one, paths of a Brownian motion are not locally €z -continuous (see
Remark 22.4 of Klenke (2013)). Hence, based on Figure 3.1, the regularity of (v,t) — SECT(KW)(v;t) is likely
to be better than that of Brownian motion paths, but worse than continuously differentiable functions. Therefore,
Figure 3.1 supports the CO>%—continuity in Theorem 3.1.

The invertibility in Theorem 3.2.4 indicates that all information of K and K is stored in the surfaces
presented by Figures 3.1(b), (c), (h), and (i). The red dashed curves in Figures 3.1(j), (k), and (1) are the
counterparts of K(!) (see the curves in Figures 3.1(d), (e), and (f)). The discrepancy between the solid black and
dashed red curves illustrates the SECT’s ability to distinguish shapes. Simulation studies in Section 3.5 will further

confirm the ability of SECT in distinguishing shapes.

3.2.3 The Primitive Euler Characteristic Transform of Shapes

In this work, we also introduce another topological invariant — the primitive Euler characteristic transform (PECT)
— which is related to SECT and will play an important role in defining a distance function on Y}é\{d. The PECT

is defined as follows

def

PECT : 3"y — C(S" “yHpu), K~ PECT(K) = {PECT(K)()},ecsa-1,

(3.2.10)

t
where PECT(K)(v) % { / X:(K)dT} :
0 te[0,T]

and Hpy {f € L?([0,T)) | weak derivative f’ exists, f' € L%([0,T]), and x(0) = 0} is a separable Hilbert space

equipped with the inner product (f, )4z, = fOT f'()g' (t)dt. In addition, Hpps is the RKHS generated by the
covariance function (s,t) — min{s,t} of the Brownian motion on [0,7]. The inequality in Eq. (3.2.6), together

with the weak derivative of PECT(K)(v) being {x} (K)}:eo,r] (see Theorem 3.2.2), implies that

|PECT(K) (1) = PECT(K) (1) 30y, < Chr g V11 — vall.

86



15

1.0

0.5
1

-15 -10 -0.5 0.0 05 1.0 15

(d) (e) ()

0.5
1
0.5
1
0.5
1

0.0 0.5 1.0 15 2.0 25 3.0 0.0 0.5 1.0 15 2.0 25 3.0 0 1 2 3 4 5 6

(9) (h) (i)

-1.0 -0.5 0.0 0.5 1.0 15
1 1 1 1

-15
1

-15 -10 -0.5 0.0 05 1.0 15

1.0
1
1.0
1

0.0
1
0.0
1

T T T T T T T
0.0 0.5 1.0 15 2.0 25 3.0 0.0 0.5 1.0 15 2.0 25 3.0 0 1 2 3 4 5 6

Figure 3.1: Visualizations of SECT(K ) for j € {1,2}, where K() and K® are defined in Eq. (3.2.9). Panels
(b) and (c) present the same surface from different angles. Similarly, panels (h) and (i) present the same surface.
The similarity between the curves in the panel (j) partially indicates that SECT in only one direction does not
preserve all the geometric information of a shape.
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Therefore, we have the PECT(K) € C(S*';Hpn) in Eq. (3.2.10). PECT relates to SECT via the following

equation.
SECT(K)(v;t) = PECT(K)(v;t) — %PECT(K)(Z/; t), (3.2.11)

for all v € S¥=1 and ¢ € [0,7]. Additionally, Theorem 3.2.4, together with Eq. (3.2.11), implies that the PECT in
Eq. (3.2.10) is invertible.

3.3 Random Shapes and Probabilistic Distributions over the SECT

In Section 3.2, shapes K were viewed as deterministic. From this section onward, we investigate the randomness of
shapes. Suppose now that Ygfd is equipped with a o-algebra .# and that a distribution of shapes K across ygfd
can be represented by a probability measure P = P(dK) on .#. Then, (%A, % ,P) is a probability space, and it

is the underlying probability space of interest.

3.3.1 Formulation of the SECT as a Random Variable

For each direction v € S¢~! and level ¢ € [0,T], the integer-valued map x : K +— x?(K) is defined on fé\ffd. We

need the following assumption on the measurability of x%.

Assumption 1. For each fized v € S%=1 and t € [0,T)], the map
X{ o (Lra F) = (R, BR))

is a real-valued random variable — meaning that (x¥)~*(B) = {K € ygfd |x{(K) € B} € & for all B € B(R).

A o-algebra % satisfying Assumption 1 does exist. Specifically, we construct a metric on Yf{\{d and show that the
Borel algebra induced by this metric satisfies Assumption 1. Motivated by the metric of C(S%~1; Hpar), we define

the semi-distance

pi Thax Sha—10,0), (K1, Ks) = p(Ky, K3), where

T
p(K1, Ko) def sup </
0

vesSd—1

(3.3.1)

) 1/2
X (K1) = X ()| dT>

The following theorem shows that the p defined in Eq. (3.3.1) is indeed a metric on yzjz\,ld- Furthermore, it provides

an example of a o-algebra satisfying Assumption 1.

Theorem 3.3.1. (i) The map p defined in Eq. (3.3.1) is a metric on Yé\?d.

(i) Assumption 1 is satisfied if & = B(p).
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Additionally, this p metric is a counterpart of the distaq, metric in Turner et al. (2014b) (Eq. (2.3) therein) and
the distffﬁ? metric in Crawford et al. (2020) (Eq. (7) therein).

Under Assumption 1, the ECC {x} }+¢[0,7), for each fixed v € S9=1, is a continuous-time stochastic process with
RCLL paths defined on probability space (Yé\?d,f,ﬁ”). Since each path {x}(K)}icpo,r) is a step function with

finitely many discontinuities, the integrals fot XY (K)dr for t € [0,T] are Riemann integrals of the form

’ v : l - v M
/OXT(K)dT—nlggo{nzxg(K) , forall K € 7} (3.3.2)

Because each x% in Eq. (3.3.2) is a random variable under Assumption 1, the limit in Eq. (3.3.2) for each fixed
t € [0,7] is a random variable as well. Therefore, for each fixed v € S, {fot XYdT}iepo,r) With fot xvdr : K —
fg XY (K)dr is a real-valued stochastic process with continuous paths. Then, under Assumption 1, Egs. (3.2.3) and

(3.2.10) define the following real-valued stochastic processes on the probability space (% 11{\:1(17 Z,P)

o | [ t [T o
SECT(-)(v) ¥ { / Xidr — / xsdr < SECT()(v;t) ,
’ ’ tel0.T] (3.3.3)

PECT(:)(v) de{/OtX:dT e PECT(~)(1/;t)} -
telo,T

Eq. (3.2.11) indicates that SECT(-)(v) is the “bridge version”* of PECT(-)(v). Theorem 3.2.2, together with
Berlinet and Thomas-Agnan (2011) (see Corollary 13 in Chapter 4 therein), directly implies the following theorem;

hence, the corresponding proof is omitted.

Theorem 3.3.2. For each direction v € ST, under Assumption 1, SECT(-)(v) is a real-valued stochastic pro-
cess with paths in H. Equivalently, SECT(-)(v) is a random variable taking values in (H,#(H)). Additionally,
SECT(-)(v;0) = SECT(-)(v;T) =0.

3.3.2 Mean and Covariance of the SECT

Theorem 3.3.2 indicates that the SECT is an H-valued random field on manifold S¢~!. Theorem 3.2.3 implies that
the sample paths of this random field are in C%2 (S?=1;H). To define the mean and covariance for the SECT, we

need the following assumption on the second moments corresponding to the distribution P.

Assumption 2. We have the following finite second moments for all v € S1

E|SECT()(v)Il3, :/ ISECT (K)(v) |3, P(dK) < cc.

M
SRa

i: Motivated by Brownian bridges, for any stochastic process {Xt}te[o,T] with continuous paths and Xo = 0, we refer to
{U = Xt — %XT}tE[O,T] as its bridge version.
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Together, Eq. (3.1.1) and Assumption 2 imply that
E|SECT(-)(v;t)|> < C% -E|SECT(-)(v)||3, < oo, for all v and t. (3.3.4)

Therefore, we may define the mean function {m},cga-1 as follows under Assumption 2

my(t) = E{SECT(:)(v; 1)}

:/ygd {/otX:(K)dT— ;/OTxi(K)dT}]P’(dK), te0,T].

The next theorem is crucial for defining the covariance of the SECT as well as for conducting the hypothesis testing

(3.3.5)

framework that we will detail in Section 3.4.

Theorem 3.3.3. (i) For each fized direction v € S*~1, the real-valued function m,, o {mu () }+ejo,m) of t belongs
to H; hence, SECT(K)(v) —m, € H for all K € Ygfd.

(ii) The map (K,t) — SECT(K)(v;t) belongs to LQ(ngfId x [0,T], P(dK) x dt), where P(dK) x dt denotes the
product measure generated by P(dK) and the Lebesgue measure dt.

(iii) The map v — my, belongs to C%2 (S* 1, H); hence, this map belongs to C(S1: ).

As an analog to the covariance of Gaussian measures on separable Banach spaces (see Hairer (2009), Eq. (3.1)

therein), the covariance of the SECT is defined as a linear map C'(vy,v2) : H — H via the following equation

<h1, C(vi, V2)h2>

def

(3.3.6)
DE{(h, SECT() 1) = mu, ) - (b, SECT()(v2) = s ) }

for all hy,hy € H. Eq. (3.3.6) is well-defined because of the first statement in Theorem 3.3.3 and the following

inequalities induced by Assumption 2

E|(h, SECT() ) = mu, ) - (b, SECT() () = m, )|

) 1/2 ) 1/2
< hallellballac - (BISECT() 1) = muyI) " (BISECT()(w2) = munli}) < oo,

which further indicate that C(v4,12) is a bounded linear operator.

Because of the finite second moments in Eq. (3.3.4), the covariance function
E,(s,t) = cov (SECT(-)(v;5), SECT(-)(v;t)), for s,te[0,T],

is well-defined. The real-valued covariance E,(s,t) is determined by the operator-valued covariance C'(v,v) via the
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following

E.(s,t)=E {<n(s, ), SECT(-)(v) — ml,> . </<;(t, ), SECT(-)(v) — ml,>}

(3.3.7)
= </€(s, ), C(v,v)k(t, )>, for all v € S471,

where the first identity follows from the fact that x as defined in Eq. (3.2.5) is the reproducing kernel of RKHS .

The following theorem on the covariance function E,(s,t) will be implemented in Section 3.4.

Theorem 3.3.4. For each fized direction v € S¥=1, we have the following: (i) SECT(-)(v) is mean-square con-
tinuous (i.e., lim. o E[SECT(-)(v;t+¢€) — SECT(-)(v;t)]? =0);

(ii) (s,t) — Z,(s,t) is continuous on [0, T].

The first part of Theorem 3.3.4 directly follows from Eq. (3.2.7), while the second half follows from Lemma 4.2 of
Alexanderian (2015); hence, the proof of Theorem 3.3.4 is omitted.

In applications, we cannot reasonably sample infinitely many directions v € S¥~! and levels ¢ € [0, T]. For each
given shape K, we can only compute SECT(K)(v;t) for finitely many directions {vy,--- ,vr} C S9! and levels
{t1,--- ,ta} C[0,T] with t; <ty < --- < ta. Hence, for a collection of shapes {K;}I~; C #A%; sampled from P,

the data we have in applications are presented by the following 3-dimensional arrays
{ SECT(K)(wpity) | i=1,-+,n, p=1,--- T, and g=1,--- , A } (3.3.8)

To preserve as much information about a shape K as possible, we need to make the numbers of directions
and levels (i.e., I' and A in Eq. (3.3.8)) sufficiently large. Curry et al. (2018) (Theorem 7.14 therein) provided an
explicit formula of the upper bound on the minimal number of directions. Levels {; }jA:1 should be sufficiently

dense such that there is at least one ¢; between any two consecutive HCPs in each direction.

3.3.3 Proof-of-Concept Simulation Examples II: Random Shapes

In this subsection, we compute the SECT for a collection of shapes {K;}" ; of dimension d = 2. These shapes are

randomly generated as follows

1
K; = R?| inf ||z —vy| < = h 3.
i {me Jnf |z —y| < 5}, where (3.3.9)
S; = g—l—a-><costb4><simf E<t<9—7r
i — 5 1,2 ;s Ul,¢ 5 ="=T§
U —g—&—a»xcostb-xsint 6—7T<t<14—7T
5 2,3 5 V20 5 ="' =5 )
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and {a1,,a2,,01,,02, 0 i N(1,0.05%). One element of the shape collection {K;}?* , is presented in Fig-

ure 3.2(a). The underlying distribution on Y]g/fd generating {K;}" ; is denoted by P, and the expectation
associated with P is denoted by E. We estimate the expected value E{SECT(-)(v;t)} by the sample aver-
age 3" | SECT(K;)(v;t) with n = 100. We identify each direction v € S' through the parametrization

v = (cos ¥, sin¥) with some ¢ € [0,27) as we did in Section 3.2.2.
e The surface of the map (9,t) — E{SECT(-)(v;t)} is presented in Figures 3.2(b) and (c).

e The black solid curves in Figure 3.2(d) present the 100 paths ¢ — SECT(K;) ((1,0)7;¢), the black solid
curves in Figure 3.2(e) present paths t — SECT(K;) ((0,1)7;¢), and the black solid curves in Figure 3.2(f)
present paths ¢ — SECT(K;) ((cosd,sind)T; 3), for i € {1,---,100}.

e The red solid curves in Figures 3.2(d), (e), and (f) present mean curves t — E{SECT(-) ((1,0)T;t)}, t —
E{SECT(-) ((0,1)7;¢)}, and ¢ — E{SECT(:) ((cos¥,sin¥)T; 3)}, respectively.

The smoothness of the red solid curves in Figures 3.2(d) and (e) supports the regularity of {m,(t)};c[o,r] in Theorem
3.3.3. The finite variance of SECT(-)(v;t) for v = (1,0)7,(0,1)T and ¢ = 3/2 visually presented in Figures 3.2(d),
(e), and (f) supports Eq. (3.3.4).

In addition, the blue dashed curves in Figures 3.2(d), (e), and (f) present curves t — SECT(K™M)((1,0)7;1),
t = SECT(KW)((0,1)7;t), and ¥ — SECT(K™W) ((cos¥,sind)T; 2), respectively, where shape K1) is defined
in Eq. (3.2.9). Since E{a1;} = E{as,;} = E{b1;} = E{by;} = 1, the shape K(!) defined in Eq. (3.2.9) can be
viewed as the “mean shape” of the random collection {K;}? ;. The similarity between the red solid curves and
blue dashed curves in 3.2(d), (e), and (f) supports the “mean shape” role of K(!). The rigorous definition of a
“mean shape” and its relationship to the mean function E{SECT(-)(v;t)} is left for future research. A potential

way of defining mean shapes is through the following Fréchet mean form (Fréchet, 1948)

Ko % arg min ]E{{p(-,K)}Q} — arg min / (p(K', KV P(dK") |, (3.3.10)
KesM, KesM, I

where p can be either the metric on Y]g/fd defined in Eq. (3.3.1) or any other metrics generating o-algebras satisfying
Assumption 1. The existence and uniqueness of the minimizer Kg in Eq. (3.3.10), the relationship between
SECT(Kg) and E{SECT(-)}, and the extension of Eq. (3.3.10) to Fréchet regression (Petersen and Miiller, 2019)
for random shapes are left for future research. The study of the existence of Kg will be a counterpart of Section 4
of Mileyko et al. (2011).

In the scenarios where the SECT of shapes from distribution P are computed only in finitely many directions
and at finitely many levels (see the end of Section 3.3.2), the mean surface (,t) — E{SECT(-)(v;t)} in Figures
3.2(b) and (c) can also be potentially estimated using manifold learning methods (e.g., Yue et al. (2016), Dunson
and Wu (2021), and Meng and Eloyan (2021b)).

92



(a) (b) (c)

v
-
o
S 4
0
2
<
<)
0
s —
T
]
o
|
0
T
T T T T T T T
-15 -1.0 -0.5 0.0 0.5 1.0 15
(d)
o
S 4
0
2
o
2
1)
s —
T
0.0

Figure 3.2: Visualizations of E{SECT(-)(v;t)}, {SECT(K;)}?, with n = 100, and SECT(K™"))(v;t). Panels (b)
and (c) present the same surface, but from different angles.

3.4 Testing Hypotheses on Shapes

In this section, we apply the probabilistic formulation proposed in Section 3.3 to testing statistical hypotheses on
shapes. Suppose P and P(®) are two independent distributions on Ygfd satisfying Assumption 2, and m(yj )(t) =
fﬂ,ﬁ” SECT(K)(v;t)PU)(dK), for j € {1,2}, are the mean functions corresponding to the two distributions. We

,d

are interested in testing the following hypotheses

Hy : mV () = m2(t) for all (v,t) € ST x [0,7]

v

(3.4.1)
vs. Hy:m{V(t) #m?(t) for some (v,t).

For example, suppose we are interested in the distributions of heel bones of two groups of primates, testing the
hypotheses above helps us distinguish the two groups of primates from a morphology perspective.

The null hypothesis Hy in Eq. (3.4.1) is equivalent to supyegdfl{Hm,(,l) - ml(,2)||3} = 0. Theorem 3.3.3 (iii),
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together with Eq. (3.1.1), indicates that the following maximizer exists

v arg max {||m(ul) - m(VQ)HB}. (3.4.2)
vesd—t

(2)

v*

Therefore, Hy is equivalent to assessing whether ||m,(/1*) -m

g = 0. The direction v* defined in Eq. (3.4.2) is
called a distinguishing direction, which we will focus on with the SECT. Hence, we investigate the distributions of

the real-valued stochastic process SECT(-)(v*) corresponding to P(Y) and P, respectively.

3.4.1 Karhunen—Loéve Expansion

Let CY)(vy, 1) be the operator-valued covariance of SECT(-) corresponding to distribution PU) (see Eq. (3.3.6))
and E,(f;)(s, t) the real-valued covariance of process SECT(-)(v*) corresponding to PU), for j € {1,2}. Hereafter,

we assume the following.

Assumption 3. C(l)(z/l, vy) = 0(2)(V17V2), for all vy, vy € ST 1.

Eq. (3.3.7) and Assumption 3 imply E,(jl*) = E(VQ*) e Z,+. The second half of Theorem 3.3.4 implies Z,«(+,:) €

L?([0,T)?). Hence, we may define the integral operator

T
L*([0,T)) — L*([0,T]), fl—>/0 F(5)2,-(s,-)ds. (3.4.3)

Theorems VI.22 (e) and VI.23 of Reed (2012) indicate that the integral operator defined in Eq. (3.4.3) is compact.
It is straightforward that this integral operator is also self-adjoint. Furthermore, the Hilbert-Schmidt theorem
(Theorem VI.16 of Reed (2012)) implies that this operator has countably many eigenfunctions {¢;}72, and eigen-
values {\}72, with A\; > Ao > -+ > X\ > -+ > 0, and {¢}°, form an orthonormal basis of L?([0,7]). Then,

Theorems 3.3.3 and 3.3.4 imply the following expansions of the SECT in the distinguishing direction v*.
Theorem 3.4.1. (Karhunen—Loéve expansion) For each j € {1,2}, suppose the random shapes {Ki(j)}f:l “rb ).

We have the following expansions for each sample Ki(j)

SECT(KZ-(j))(V*; t) = ml(,j*) (t) + Z V- Zl(’j;) ~¢i(t) for allt €0,T],
=1

) (3.4.4)
G _ 1 / { NS ()
where Z,7) = —— SECT(K;”)(v*;t) — my¥ (t) ; ¢u(t)dt,
b VAL Jo
for alll = 1,2,..., and the infinite series converges in the LQ(YIJ%\@,]P’U)) sense. For each fized j € {1,2} and

1 € {1,---,n}, random variables {Zl(?}fil are defined on the probability space (ﬂé\{d,ﬁ,]}”(j)), mutually uncor-
related, and have mean 0 and variance 1. Furthermore, since P and P®) are independent, the two collections

{(Zl(,ll)’ e ,Zl(l))}j’il and {(Zl(i), e ,Z(2 )12, are independent.

\n l,n
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We omit the proof of Theorem 3.4.1 as it follows directly from Corollary 5.5 of Alexanderian (2015). The uncorre-

lation of {Z @ )}1:1 across [ in Theorem 3.4.1 plays an important role in our hypothesis testing framework.

3.4.2 The Theoretical Foundation for Hypothesis Testing

Suppose we have two collections of random samples {Ki(j )}?:1 i PU), for j € {1,2}. In this subsection, we
provide the theoretical foundation of using Ki(j ) %o test the hypotheses in Eq. (3.4.1).

The Karhunen—Loéve expansions in Eq. (3.4.4) provide the following

X;(t) ¥ SECT(KM)(v*;t) — SECT(K®)(v*: 1)

oo 1) _ 7@
= {mx(jl*)(t) - m,(,%)(t)} + Z \/QT\l (%) du(t).

=1

We further define the random variables {(&1,- -+ ,&.,)}12, as follows
1) (2)
def ) Zii —
flz / X )d—91+<~’>’
' \/2)\
vz (3.4.5)
! (1) (2)
h 0, = () —myd (T t)dt
where = — | {my (1) -mP W} o)

and 2 follows from that {¢}:2, is an orthonormal basis of L?([0,T]). Then, each & ; has mean 6, and variance 1.

The following theorem transforms the null Hy in Eq. (3.4.1) using the means {6;}7°,.
Theorem 3.4.2. The null Hy in Eq. (3.4.1) is equivalent to 6; =0 for all1 =1,2,3,---

Proof. We have shown that the null Hy is equivalent to m(l)( t) = m(ﬁ)(t) for all t € [0,T], where v* is defined in
Eq. (3.4.2). The null Hy directly implies that §; = 0 for all I. On the other hand, if §; = 0 for all I, that {¢;};
is an orthonormal basis of L?([0,7]) indicates that m(l*) = m(2) almost everywhere with respect to the Lebesgue
measure dt. Theorem 3.3.3 (i) and the embedding H C B in Eq. (3.1.2) imply that m( ) and m( ) are continuous
mZ

functions. Then, m( )( t) = )( t) for all ¢ € [0, T], which is equivalent to the null Hy in Eq. (3.4.1). O

When eigenvalues )\; in the denominators of Eq. (3.4.5) are close to zero for large [, the estimated 6; corresponding
to the small eigenvalues can be unstable. Specifically, even if m(yl) (t) ~ m(u%) (t) for all ¢, an extremely small A; can
move the corresponding §; far away from zero. Motivated by the cumulative variance fOT V{Xi()dt =232, M)

and the standard approach in principal component analysis, we focus on {6}~ , with

def . ’
L:mmlgﬂ ll > 0.95 (3.4.6)
{ Zz )‘l”
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Hence, to test the null and alternative hypotheses in Eq. (3.4.1), we test the following

ﬁ0291:92:"':9L:0, vS.
(3.4.7)
H, : there exists I" € {1,---, L} such that 6, # 0.

To test the hypotheses in Eq. (3.4.7), we need the following independence assumption.

Assumption 4. {(Zl(;) - Zl(i))/ﬁ}le is independent of {(Zl(,lﬂ) - Zl(/%g)/\@}?zl for any 1,1 € {1,---, L} with
L4 1.

Assumption 4 is satisfied under some conditions. The following theorem gives an example.

Theorem 3.4.3. For any partition of [0,T], say 0 =ty < t; < --- < t; = T, the stochastic processes {x? : to <

t<ti},--, {x¥ :ti_1 <t <t} are independent according to PU).

Proof. The continuity of the paths of PECT(-)(v*) = {fot Xz*dT}te[07T], together with fOO XY dr = 0, implies that
PECT(-)(v*) is a Gaussian process according to PU) (see Theorem 14.4 of Kallenberg (2021)). Eq. (3.2.11) implies
that SECT(-)(v*) is a Gaussian process according to PU) as well. Then, for each fixed i € {1,--- ,n} and j € {1,2},
the {Zl(i)}fil in Eq. (3.4.1) are i.i.d. standard normal random variables (see the discussion after Corollary 5.5 in

Alexanderian (2015)). Therefore, Assumption 4 is satisfied. O

Here, we provide simulations supporting Assumption 4. Suppose that P() and P(?) are equal to the distribution

)

generating the random shapes defined in Eq. (3.3.9). We generate {Ki(j)}?:1 & PU) with n = 100 and 300, for
j € {1,2}. Using the numerical method proposed in Section 3.4.3, we approximately compute {&; ;}7,, for [ € {1, 2}
(the L defined in Eq. (3.4.6) throughout all our simulations are 2 or 3). The mean functions m,(jj*), for j € {1,2}, and
the histograms of {{;;}7, are presented in Figure 3.3. The overlapping curves of mean functions (blue solid and
orange dashed curves in Figure 3.3) indicate that the null Hy in Eq. (3.4.1) is true; hence, & ; = (Zl(}i) - Zl(i))/\/i
for I € {1,2}. More importantly, the normality of {& ;}7—, presented by the histograms in Figure 3.3 indicates
that {1}, = (Zili) - Zﬁ))/\@}?:l and {&2,}7_; = (22(,11') - 22(21))/\@}?:1 are independent, instead of just
uncorrelated (see Theorem 3.4.1). Furthermore, the simulation with n = 300 presents better normality and weaker
correlation than the one with n = 100.

When L is very large, we may implement the following adaptive Neyman test statistic proposed in Fan (1996)

to test the hypotheses in Eq. (3.4.7)

!
1
Té‘iN) =+/2loglog L - max {\/27 Z(fl%zl)}

1<I<L
== =1 (3.4.8)

1 1
- {210g log L + 3 logloglog L — 3 10g(47r)} .
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Figure 3.3: The first row presents the simulation results with n = 100 and the second row presents the simulation
results with n = 300. In the left panel of each row, the back and red solid curves present the sample paths of
{SECT(K,ED)(V*)} and {SEC’T(Ki(m)(z/*)}7 respectively, in the distinguishing direction v* (the red curves are
thinner than the black ones and drawn on top of the black curves); the blue solid and red dashed curves present

mean functions mf,l*) and mf,%), respectively. The histograms of {§;}7, for I € {1,2}, in the middle and right

panels are presented with the N(0,1)-density curve (red) overlaid on top of them. When n = 100, the sample
correlation between {&1;}7 ; and {&;}7_, acrossi € {1,--- ,n} is 0.0907; when n = 300, this correlation is 0.00903.

Theorem 1 of Darling and Erdés (1956) implies that limyz_, o P(TéﬁN)

< t) = exp{—exp(—t)} under the null
hypothesis and Assumption 4 (also see the discussions right after the Theorem 2.1 in Fan (1996)). Then Hy
in Eq. (3.4.7) is rejected if {T é‘i—N) » , deviates from the distribution with the cumulative density function
exp{—exp(—t)}. However, the number L definend in Eq. (3.4.6) is usually small. For example, if P(!) and P(2)
are equal to the distribution generating random shapes defined in Eq. (3.3.9), then the L is equal to 2 or 3 across
thousands of simulations. Hence, we implement a simple testing approach when L is not large, and we will focus
on the simple testing approach for small L scenarios.

For each [ € {1,---, L}, the central limit theorem indicates that ﬁ S, &, asymptotically follows a N(6;,1)
distribution as n — oco. Under Assumption 4, {ﬁ > &.i}E | are independent across . Even if Assumption 4
is violated, the uncorrelation property from Theorem 3.4.1 and the asymptotic normality of ﬁ Z;;l &1,; provide

the asymptotic independence of {ﬁ S &t across . In either case, Zle(ﬁ i &.i)? is asymptotically

X% distributed under the null Hy in Eq. (3.4.7) as n — co. Therefore, at the asymptotic confidence level 1 — o for
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a € (0,1), we reject Hy if

L n 2
1
E <\/ﬁ E flﬂ) > X%,ka = the 1 — a lower quantile of the x% distribution. (3.4.9)
=1 i=1

In Section 3.5, we will provide simulation studies for this testing procedure.

3.4.3 The Numerical foundation for Hypothesis Testing

In Section 3.4.2, we proposed an approach to testing the hypotheses in Eq. (3.4.1) based on {¢;;}; defined in
Eq. (3.4.5). In applications, neither the mean function m (t) nor the covariance function =, (¢',t) is known. Hence,
the corresponding Karhunen—Loéve expansions in Eq. (3.4.4) are not available, and the proposed hypothesis testing
approach is not directly applicable. In this subsection, motivated by Chapter 4.3.2 of Rasmussen and Williams
(2006), we propose a method for estimating the {§;}; in Eq. (3.4.5), which enables us to conduct statistical
inference.

For random shapes {KZ-(j )}?:1 L pl) coming from the two distributions j € {1,2}, we compute each
of their SECT in finitely many directions and at finitely many levels as discussed in Section 3.3.2 and get
{SECT(KYD)(upity)|p = 1,--- . Tand ¢ = 1,--- , A}, for j € {1,2}, where t, = 2£q. We want to empha-
size that the SECT of all shapes KZ-(j ) in the two collections are computed in the same collection of directions
{vp}i_, and at the same collection of levels {t,}4,. We estimate the mean m(yi) (tq) at level t, by ﬁzl(,i)(tq) = the

sample mean of {SECT(Ki(j))(Vp; tqg) i, across i € {1,--- ,n}. Then, we estimate the distinguishing direction v*
by

pr arg max [mtax { ‘ﬁlf,i) (ty) — mP(t,)
q

v
P
Vp

}] . (3.4.10)

Based on Assumption 3, we estimate the covariance matrix (2, (ty, t(I))q,q’:l,»-- A by the sample covariance matrix

C=(E- (tg'+tq))q.q'=1,- . derived from the following centered sample vectors across ¢ € {1,--- ,n} and j € {1,2}
&) () () () T "
{ (SEC’T(Ki] Y7 ith) — D (1), SECT(ED) (0% ta) — M (tA)) ‘j =1, 2} L (3.4.11)

Since the eigenfunctions {¢;}7°, and eigenvalues {\;}{° satisfy \;¢; = fOT @1(8)Z,+ (s, -)ds, we have the following

approximation

A A
- T - T =
Nu(tq) = o Di1(5)E0-(5,tq)ds = A Z Di(tq)Zu (g5 tq) & A Z Gi(tq )Eu- (tg' tq),
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which is represented in the following matrix form

di(th) Eo-(t1, 1) E (tasty) #1(t1)
T
A N — 3.4.12
l A ( )
AN Eoltarts) o Etasta)) \ai(ta)
We denote the eigenvectors and eigenvalues of C as {v; = (vy1, - ,v,4)T}2, and {A;}2,, respectively. The
following equation motivates the estimate ¢;(¢,) ~ gi)l( ) def % ‘v g, foralll e {1,--- A}
A T T A A T 2
%
Z“Zq:HvzHQ:l:/ [@u(t)] dtNZZ :Z<\/A'¢l(fq)> :
q=1 0 g=1 g=1
The following equation motivates the estimate A, &~ \; def LA, foralll € {1,--- A}
~ ~ T T ~ ~ T
A (it dilta)) £ (Gilta), - L dulta)
T T T T
=\ ACv =\ yAwi = (AAl) <¢z(t1) ¢ (tA))
Additionally, we estimate the L defined in Eq. (3.4.6) by the following
N
~ s A
LzLdifmin{l—l,-~-,A ZA11|J>0.95}; (3.4.13)
Zl”:l |/\l”|

we take the absolute values of the estimated eigenvalues in computing L because the estimated eigenvalues may be
numerically negative in applications.

We estimate the random variables & ; defined in Eq. (3.4.5) by the following

A
Z{SECT (KDY (0*;t,) — SECT(KE®) (" )}@() (3.4.14)

l>\'ﬂ

§li &~ Elz = —F7
A/ 2)\[
forl=1,...,Land i =1,...,n. Then, when L is large (e.g., several hundreds; see Section 3 of Fan (1996)), we
implement the adaptive Neyman test by replacing the £ ; and L in Eq. (3.4.8) with a,i and Z, respectively. When
L is moderate, which is true in all our simulations, we can implement the y?-test in Eq. (3.4.9) as follows

L

2
RN
Z <\/ﬁ Z&’i> > X%,l—a = the 1 — « lower quantile of the X% distribution. (3.4.15)
=1 i=1

A complete outline of this y2-hypothesis testing procedure is given in Algorithm 4.

In addition to the y2-test detailed in Algorithm 4, we also propose a permutation test as an alternative approach
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Algorithm 4 : (y2-based) Testing the hypotheses in Eq. (3.4.1)

Input: (i) SECT of two collection of shapes {SECT(KZ-(j))(Vp;tq) cp=1,---,Tandgq=1,--- A}, for j €
{1,2}; (ii) desired confidence level 1 — a with @ € (0,1).
Output: Accept or Reject the null hypothesis Hy in Eq. (3.4.1).
1: For j € {1,2}, compute ﬁz,(,i)(tq) e sample mean of {SECT(KZ»U))(VP;tq) ", across ¢ € {1,--- ,n}.
2: Compute the estimated distinguishing direction 7* using Eq. (3.4.10).

3: Compute C = (E,- (tgstq))q.q'=1,- .A L the sample covariance matrix derived from the centered sample vectors
in Eq. (3.4.11) across i € {1,--- ,n} and j € {1,2}.

4: Compute the eigenvectors {v;}2 , and eigenvalues {A;}2 | of the sample covariance matrix C'.

5: Compute al(tq) def \/%w’q and X; def %Al foralll=1,---,A.

6: Compute L using Eq. (3.4.13).

7: Compute {§;:1=1,---, L}, using Eq. (3.4.14), test null Hy using Eq. (3.4.15), and report the output.

for assessing the statistical hypotheses in Eq. (3.4.1). The main idea behind the permutation test is that, under
the null hypothesis, shuffling (or permuting) the group labels of shapes should not heavily change the test statistic
of interest. To perform the permutation test, we first apply Algorithm 4 to our original data and then repeatedly
re-apply Algorithm 4 to shapes with shuffled labels.® We then compare how the test statistics derived from the
original differ from those computed on the shuffled data. The details of this permutation-based approach are
provided in Algorithm 5. Simulation studies in Section 3.5 show that Algorithm 5 can eliminate the moderate type
I error inflation of Algorithm 4; however, the power under the alternative for Algorithm 5 is moderately weaker

than that of Algorithm 4.

Algorithm 5 : (Permutation-based) Testing the hypotheses in Eq. (3.4.1)

Input: (i) SECT of two collection of shapes {SECT(Ki(j))(Vp;tq) :p=1,---,Tandg=1,--- A}, for j €
{1,2}; (ii) desired confidence level 1 — o with a € (0, 1); (iii) the number of permutations II.
Output: Accept or Reject the null hypothesis Hy in Eq. (3.4.1).

1: Apply Algorithm 4 to the original input SECT data, compute Eo using Eq. (3.4.13) (see footnote §), and
compute the x2-test statistic denoted as &, using Eq. (3.4.15).

2: forallk=1,--- 11, do

3:  Randomly permute the group labels j € {1,2} of the input SECT data.

4 Apply Algorithm 4 to the permuted SECT data while setting L to be the Lo, instead of using Eq. (3.4.13),

and compute a x2-test statistic &, using Eq. (3.4.15).
5: end for
6: Compute k* << [(1-a)- -1 L the largest integer smaller than (1-a)-II.
7: Reject the null hypothesis Hy if &y > &g+ and report the output.

3.5 Experiments Using Simulations

In this section, we present proof-of-concept simulation studies showing the performance of the hypothesis testing

framework outlined in Algorithms 4 and 5. We focus on a family of distributions {P(E)}Ogggo_l on Yé‘ffd. For each

§: When we apply Algorithm 4 to the original SECT, the result of Eq. (3.4.13) is denoted as EO. When we apply Algorithm 4 to
the shuffled SECT, the L resulting from Eq. (3.4.13) may differ from Lg. To make the comparison between Sg and S+ fair (see the
last step of Algorithm 5), we set L to be Log.
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¢, a collection of shapes {K; © * , are i.i.d. generated from distribution P() via the following

K = {x e R?

1
inf [lz—yl| <-p, where (3.5.1)
yes(® 5

i

: 2 . 1— 9
Si():{(5—&-al)i-cost,bl,i-ﬁnt)‘ 5E7r§t§ —ggﬂ'}

U —g—l—a ;i -cost,by ;- sint 6—<t<14—7T
5 2,1 s V24 5 5 )

where {a14,a24,b14,b2, ", i N(1,0.05%), and the index ¢ denotes the dissimilarity between the distributions

P and P, For each ¢ € [0,0.1], we test the following hypotheses using the scheme described in Algorithms 4
and 5
Ho : mP(t) = m& (¢) for all (v,t) € ST x [0,T],

(3.5.2)
vs. Hy:mO(t) #m(t) for some (v,t),

(s) def

where the mean m, fy,M SECT(K)(v;t)P)(dK), and the null hypothesis Hy is true when & = 0.

We set T = 3, directions v, = (cos le sin —W)T for p € {1,2,3,4}, levels t, = %q = 0.06q for ¢ €
{1,---,50}, the confidence level 95% (i.e., a = 0.05 in Eq. (3.4.15)), and the number of permutations II =
1000. For each € € {0, 0.0125, 0.025, 0.0375, 0.05, 0.075, 0.1}, we independently generate two collection of shapes:
{Kfo)}?zl " PO and {Ki(g)}?:1 Hik o) through Eq (3.5.1) with n = 100, and we compute the SECT of each

generated shape in directions {v,}5_; and at levels {t, Then, we implement Algorithms 4 and 5 to these

q 1
computed SECT variables and get the corresponding Accept/Reject output. We repeat this procedure for 100

times, and the rejection rates across all replicates for each ¢ are presented in Figure 3.4 and Table 3.1.

Table 3.1: Indices € and the rejection rates of Algorithms 4 and 5.

] Indices ¢ \ 0.000 \ 0.0125 \ 0.0250 \ 0.0375 \ 0.0500 \ 0.0750 \ 0.100 \

]Rejection rates ofAlgorithmM 0.15 \ 0.16 \ 0.32 \ 0.67 \ 0.92 \ 0.98 \ 1.00 \

’Rejection rates ofAlgorithmE)‘ 0.03 ‘ 0.14 ‘ 0.22 ‘ 0.47 ‘ 0.74 ‘ 1.00 ‘ 1.00 ‘

The presented simulation studies show that our Algorithms 4 and 5 are extremely powerful in detecting the
difference between P() and P in terms of the discrepancy between the corresponding mean functions. The
estimated mean functions T?Lgi) and ﬁ’L(A) in direction * are presented by the blue solid and red dashed curves,
respectively, in Figure 3.4. The discrepancy between the two estimated mean functions is presented therein. As
¢ increases, P() deviates from P(?), and the power of Algorithms 4 and 5 — rejection rates under the alternative

hypothesis — in detecting the deviation increases. When ¢ > 0.075, the power of Algorithms 4 and 5 exceeds 0.95.

For all values of ¢, it is hard to tell the deviation of P(¥) from P(®) by eye. For example, by just visualizing the
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indices € and the rejection rates computed via Algorithms 4 and 5 throughout all simulations. This relationship is
presented in Table 3.1 as well. The red squares and orange dots present the rejection rates corresponding to values
e € {0, 0.0125, 0.025, 0.0375, 0.05, 0.075, 0.1}. The black dashed and blue dotted straight lines present 0.05 and 1,
respectively. In the last two panels of the first row, the gray and green solid curves present sample path collections
{SECT(KZ(O))(ﬁ*) 100 and {SECT(Ki(E))(ﬁ*) 100 respectively; the blue solid and red dashed curves present )

=1 U*
and ﬁz(ﬁi), respectively, for € € {0, 0.075}. The blue shape in the second row is generated from P and the two
(0.075)

pink shapes are generated from P .
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shapes in Figure 3.4, it is difficult to distinguish between the shape collections generated by P(®) (blue) and [Pp(0-075)
(pink), while our hypothesis testing framework detected the difference between the two shape collections in more
than 95% of the simulations.

Despite the strong ability of Algorithm 4 to detect the true discrepancy between mean functions, its type I
error rate — rejection rate under the null model — is moderately inflated. Specifically, the type I error rate of
Algorithm 4 is 0.15, while the expected error rate is 0.05 (see Table 3.1). In contrast, Algorithm 5 does not suffer
from the type I error inflation under the null, while its power under the alternative is moderately weaker than that

of Algorithm 4.

3.6 Conclusions and Discussions

In this paper, we provided the mathematical foundations for the randomness of shapes and the distributions of the
smooth Euler characteristic transform (SECT). The (y}%{d, PB(p),P) was constructed as an underlying probability
space for modeling the randomness of shapes, and the SECT was modeled as a C(S?!;#)-valued random vari-
able defined on this probability space. We showed several properties of the SECT ensuring its Karhunen—Loeve
expansion, which led to normal distribution-based statistics Zle(ﬁ doii &4)? and {Tg;N) 7, for testing the
hypotheses on random shapes. Simulation studies were provided to support our mathematical derivations and
show the performance of the proposed hypothesis testing framework. Our approach was shown to be extremely
powerful in detecting the difference between the mean functions corresponding to two distributions of shapes. We

list several potential future research areas that we believe are related to our work.

Definition of Mean Shapes and Fréchet/Wasserstein Regression The existence and uniqueness of the
mean shapes Kg as defined in Eq. (3.3.10) are still unknown. If mean shapes Ky do exist, the relationship between
SECT(Kg) and E{SECT(-)} is of particular interest. The Fréchet mean in Eq. (3.3.10) may be extended to the
conditional Fréchet mean and implemented in the Fréchet regression — predicting shapes K using multiple scalar
predictors (Petersen and Miiller, 2019). For example, predicting molecular shapes and structures from scalar-valued
indicators or sequences has become of high interest in systems biology (Jumper et al., 2021; Yang et al., 2020).
As an example of the other way around, predicting clinical outcomes from the tumors is also of interest (Moon
et al., 2020; Somasundaram et al., 2021; Vipond et al., 2021). Crawford et al. (2020) conducted this prediction
using Gaussian process regression. Another possible way of making these types of predictions is via Wasserstein
regression (Chen et al., 2021). The Wasserstein regression framework also allows both predictors and responses to
be random shapes. For example, both the treatment of interest and the shapes of tumors pre-treatment can play
the role of predictors, while tumor shapes after treatment can be used as the responses of a Wasserstein regression
model. The combination of Wasserstein regression and the random shape framework proposed herein is left for

future research.
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Investigating the Gaussianity of the SECT Both the proof of Theorem 3.4.3 and the simulation results
presented in Figure 3.3 indicate that modeling the real-valued stochastic process SECT(-)(v), for each v € S~
as a Gaussian process is suitable for some underlying distributions P of shapes K. If SECT(-)(v) are Gaussian
processes, we may further model the distributions of SECT(-)(v) using parametric covariance functions. Finding
the proper assumptions making each SECT(-)(v) a Gaussian process is of both theoretical and applied modeling

interest.

Generative Models for Complex Shapes The foundations for the randomness of shapes and the distributions
of the SECT allow for the generative modeling of complex shapes. Suppose we are interested in a collection of
shapes {K;}j_; C /g’y (e.g., heel bones or tumors), and the underlying distribution of {SECT(K;)}i, is P,
where P is a probability measure on C(S?"';H). Suppose P is known or accurately estimated. We can then
simulate {SECT;}7_, "% P. Since the shape-to-SECT map K — SECT(K) is invertible (see Theorem 3.2.4),
for each i’ € {1,---,n'}, there exists a unique shape K; whose SECT is SECT;. Then the simulated {K;}7"_,
and the shapes of interest share the same distribution P. The estimation of the underlying distribution P from
{K;}7 is left for future research. The shape reconstruction step (i.e., constructing an (approximate) inverse map

SECT; — K;) is outside the scope of the current paper; however, when shapes K are 3-dimensional “meshes,” a

shape reconstruction approach can be applied (see Section 2.4 of Wang et al. (2021)).

Lifted Euler Characteristic Transform Kirveslahti and Mukherjee (2021) generalized the Euler characteristic
transform to field type data using a lifting argument and proposed the lifted Euler characteristic transform (LECT).
The randomness and distributions of the LECT and corresponding hypothesis testing framework extensions are

left for future research.

Software Availability

Source code for implementing the simulation studies in Section 3.5 is publicly available online at

https://github.com/KMengBrown/Randomness-Inference-via-SECT.git.
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Appendix

3.A Overview of Persistent Diagrams

This subsection gives an overview of PDs in the literature. The overview is provided for the following purposes:
e we provide the details for the definition of Yﬁffd, particularly the condition in Eq. (3.2.4);
e the PD framework is the necessary tool for proving several theorems in this paper (see Appendix 3.C).

Most of the materials in the overview come from or are modified from Mileyko et al. (2011) and Turner (2013).
Let K be a compact topological space and ¢ be a real-valued continuous function defined on K. Because of
the compactness of K and continuity of ¢, we assume ¢(K) C [0, 7] without loss of generality. For each ¢ € [0,T],

denote
%2} def
KY = {z e K|p(x) < t}.

Then ]K;i C K;’; for all 0 <t; <t9 < T, and 44, ,+, denotes the corresponding inclusion map. Definition 3.2.1 is

an analogue to the following concepts:

i) t* is a homotopy critical point (HCP) of K with respect to ¢ if Kf. is not homotopy equivalent to K. _s for

any § > 0;
i) K is called tame with respect to ¢ if K has finitely many HCP with respect to .

If we take K = K € fé\ffd and
def

px)=z-v+R= ¢,(x), zeK, vesS (3.A.1)

we have the scenario discussed in Section 3.2.1. The definition of Yf%{d provides the tameness of K with respect to
¢, and ¢, (K) C [0,T], for any fixed v € S?~1.

The inclusion maps 4, ¢, : Kfl — K;’; induces the group homomorphisms
if e, He(KY) — Hy(KY), for all k € Z,

where Hy () = Hy(+; Z2) denotes the k-th homology group with respect to field Zs, and Zs is omitted for simplicity.

Because of the tameness of K with respect to ¢, for any t; < to, we have that the image
. 4 . e 4
vm (l(hf&pb) =1m (Z(tlf(S)*)tl °© thtrz)
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does not depend on § > 0 when § is sufficiently small, and then this constant image is denoted as im(i# _ ).
(tl )—)tg

For any ¢, the k-th birth group at ¢ is defined as the quotient group

def .y
BL Y H(KP)/im (),
and 7 Hy, (K7) — B} denotes the corresponding quotient map. For any a € Hg(KY), we say « is born at ¢ if
TRt (a) # 0 in Bf. The tameness implies that B} is a nontrivial group only for finitely many ¢. For any ¢ < to,

we denote the quotient group

B S (K i

1—)—t2 )
and the corresponding quotient map 70 .e2 : Hi(K7)) — E,tcl’tQ. Furthermore, we define the following map
k

t1,t2 t1 t1,t2 #
9" Bl = BV, Tgh (o) — Tt (ztl_w(a)),

for all v € Hy(KY ). Then we define the death group

def

D?,tz ker(g,tj’h).

We say a homology class a € Hy (K7, ) is born at ¢, and dies at ty if (i) 750 () # 0, (i) 750 (@) € D" and (iii)
k k
Tpt () ¢ D,il’tré for any § € (0,t2 — t1). If a does not die, we artificially say that it dies at T' as K7 = K. Then

we denote birth(a)) = ¢; and death(«) = to, and the persistence of « is defined as
pers(a) def death(a) — birth(a).

With the notions of death(«) and birth(«), the k-th PD of K with respect to ¢ is defined as the following

multiset of 2-dimensional points (see Definition 2 of Mileyko et al. (2011)).
Dgm,, (K; ¢) def {(birth(a), death(a)) |a € Hy(K,) for some ¢ € [0,7] with pers(a) > 0} U@, (3.A.2)

where ( birth(a),death(ay)) and (birth(as), death(as)) for oy # as are counted as two points even if ay and a
are born and die at the same times, respectively; that is, the multiplicity of the point (birth(al),death(ozl)) =
(birth(az), death(az)) is at least 2; D denotes the diagonal {(t,t) |t € R} with the multiplicity of each point on
this diagnal is the cardinality of Z. Since birth(«) is no later than death(a), the PD Dgm, (K;¢) is contained in

the triangular region {(s,t) e R2: 0 < s <t < T}
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Condition (3.2.4) in the definition of yé‘f[d The function ¢, defined in Eq. (3.A.1), the corresponding PDs
defined by Eq. (3.A.2), and the definition of pers(:) provide the details of condition (3.2.4). The notation #{-}
counts the multiplicity of the corresponding multiset.

Generally, a persistence diagram is a countable multiset of points in triangular region {(s,t) € R? : 0 < s,t <
T and s < t} along with @ (see Definition 2 of Mileyko et al. (2011)). The collection of all persistence diagrams is
denoted as 2. Obviously, all the Dgm, (K;¢) defined in Eq. (3.A.2) is in 9. The following definition and stability
result of the bottleneck distance are from Cohen-Steiner et al. (2007), and they will play important roles in the

proof of Theorem 3.2.3.

Definition 3.A.1. Let K be a compact topological space. 1 and ps are two continuous real-valued functions on
K such that K is tame with respect to both @1 and ps. The bottleneck distance between PDs Dgmy (K; 1) and
Dgm, (K; p2) is defined as

Woo ( Dgm. (K 1), D (K 02) ) “ inf (sup { 1€ = 7(6) i | € € Dgmy (i)} ).

where v ranges over bijections from Dgm, (K; 1) to Dgm, (K; ¢3), and

€l % max{|¢1], &}, for all € = (&1,6)T € R2 (3.A.3)

Theorem 3.A.1. Let K be a compact and triangulable topological space. p1 and py are two continuous real-valued

functions on K such that K is tame with respect to both @1 and po. Then, we have the bottleneck distance as follows

W (D (K 1), Degny (K 22)) < sup i1 (2) = p2()]

3.B Computation of SECT

Let K C R? be a shape of interest. Suppose a finite set of points {z;}/_; € K and a radius r > 0 are properly

chosen such that

K/ ={zeK|z-v<t—-R}~ | B(i,r), forallte[0,T]andves",
i€dy (3.B.1)
where Jé’déf{ieNllgigl and .Z‘i~V§t—R},

and B(z;,r) := {x € R : ||z — 2;]] < 7} denotes a closed ball centered at x; with radius r. For example, when

d = 2, centers x; may be chosen as a subset of the grid points

J
{0 & (—R+j-6, -R+j-0)}

J,3'=1
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of the square [~ R, R]? containing shape K, where § = % and radius r = §. Specifically,

K/~ |J By, 0) forallte0,T]andv eSS, (3.B.2)

Yj, it EK;’

which is a special case of Eq. (3.B.1). The shape approximation in Eq. (3.B.2) is illustrated by Figures 3.5(a) and

(b).

Cech complexes The Cech Complex determined by the point set {xi}icsv and radius r in Eq. (3.B.1) is defined

as the following simplicial complex

C, ({xi}z‘ejg) o {COHV ({wi}ies)

s € 2% and mB(xi,r);é@},

i€s

where conv ({z; };es) denotes the convex hull generated by points {x;};cs. The nerve theorem (see Chapter IIT of

Edelsbrunner and Harer (2010)) indicates that the Cech Complex C,. ({z;}ic5v) and the union |J B(z;,r) have

i€y

the same homotopy type. Hence, they share the same Betti numbers, i.e.,

Bk (ér ({zi}iea) ) =0k U B(x;,7) |, forall k€ Z.

i€dY

Using the shape approximation in Eq. (3.B.1), we have the following approximation for ECC

[y

d—
() = Y (=08 B (Cr ({midieny) ), te (0,71, (3.B.3)
k

=0

The method of computing the Betti numbers of simplicial complexes in Eq. (3.B.3) is standard and can be found
in the literature (e.g., Chapter IV of Edelsbrunner and Harer (2010) and Section 3.1 of Niyogi et al. (2008)). Then,
the SECT of K is estimated using Eq. (3.2.3). The smoothing effect of the integrals in Eq. (3.2.3) reduces the

estimation error.

Computing the SECT for our proof-of-concept and simulation examples For the shape K1) defined in
Eq. (3.2.9) of Section 3.2.2, we estimate the SECT of K(!) using the aforementioned Cech complex approach with

the following setup: R = %, r= %, and the point set {x;}; is equal to the following collection

J
2 8 2
— +cost;,sint; tjzz+i~£ U —— +costj,sint;
5 5 J b - )

j=

where J is a sufficiently large integer. We implement J = 100 in our proof-of-concept example. Figure 3.5(c)

J
6r 5 8w
—+ = — 3.B4
=+ 5} 7 (3.B.4)

j=1

illustrates the shape approximation using this setup. The SECT for other shapes in our proof-of-concept/simulation
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examples is estimated in the similar way.
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Figure 3.5: Tllustrations of the shape approximation in Eq. (3.B.1). The shape K of interest herein is equal to the
K@ defined in Eq. (3.2.9) (see Figure 3.1(a) and the blue shape in the panel (c) herein). We set R = 2, ¢t =1, and

v = (\/5/2, \/5/2)T. Panels (a) and (b) specifically illustrate the approximation in Eq. (3.B.2) using grid points,
and the pink shapes in the two panels present the union ij,j/GKf,” B(y,,js, 0) in Eq. (3.B.2); in panel (a), J = 30
(i.e., = 0.1); in panel (b), J = 100 (i.e., 6 = 0.03). Panel (c) illustrates the the approximation in Eq. (3.B.1) with
centers {x;}; being the points in Eq. (3.B.4) and r = 1. Each pink circle in panel (c) presents a ball B(z;,7).

3.C Proofs

Proof of Theorem 3.2.1 The following inclusion is straightforward
{Dgmy, (K; ¢,) N (=00, t) x (t,00)} C {§ € Dgmy (K; ¢,) | pers(€) > 0},

where the definitions of Dgm, (K; ¢, ) and pers(§) are provided in Appendix 3.A. Together with the k-triangle

lemma (see Edelsbrunner et al. (2000) and Cohen-Steiner et al. (2007)), this inclusion implies

Br(KY) = #{Dgm,,(K; ¢,) N (—00,1) x (t,00)}

< #1€ € Demy (K 6,) | pers(€) > 0} <

forallk € {1,---,d—1}, allv € S¥~1 and all ¢ that are not HCPs in direction v, where #{-} counts the multiplicity

of the multisets. Then, result (i) comes from the RCLL property of functions {8k (K} )}iepo,r)- Eq. (3.2.2) implies

d—1
sup (sup |><:<K>): sup ( sup |3 (=1)F - i K”))
vesd—1 \0<t<T vesd—1 \0<t<T 7=

< sup [sup <d Bk(&”))] <M,
vesd—1 [0<t<T ke{o -1}
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which follows from result (i) and gives result (ii). O
Proof of Theorem 3.2.2 Because of

¢
{ / X2(K )d’T} € {all absolutely continuous functions on [0, T}
0 te[0,T
= {z € L'([0,T]) : the weak derivative x exists and 2’ € L*([0,T])}

Ewi((o, 1)

(see the Remark 8 after Proposition 8.3 in Brezis (2011) for details), the weak derivative of {fot XY (K)dT }iepo,m)
exists. This weak derivative is easily computed using the tameness of K, integration by parts, and the definition

of weak derivatives. The proof of result (i) is completed. For the simplicity of notations, we denote

t T
F(t) déf/ XZ(K)dT—%/ X2 (K)dr, forte[0,T].
0 0

Theorem 3.2.1 implies
T t T
FO< [ We@lr+ 1 [ eldr <21, foree 0.7)
0 0

Hence, F' € LP(]0,T]) for p € [1,00). Result (i) implies that the weak derivative of F' exists and is F'(t) =

XYV (K)— % OT Ix%(K)|dr. We have the boundedness
1 T
PO W)+ 3 [ REldr <2M, - forte 0,7)
0

which implies F’ € LP([0,T]) for p € [1,00). Furthermore, F(0) = F(T) = 0, together with the discussion above,
implies F € Wy?([0,T]) for all p € [1,00) (see the Theorem 8.12 of Brezis (2011)). Theorem 8.8 and the Remark
8 after Proposition 8.3 in Brezis (2011) imply Wy?([0,T]) C B for p € [1,00). Result (ii) follows. O

The following lemmas are prepared for the proof of Theorem 3.2.3.

Lemma 3.C.1. Suppose K € y]%,dw Then, we have the following estimate for all t that are neither HCPs in

direction v1 nor HCPs in direction vs.

Tr(t;vr,v0) & BL(KLY) — Br(KL?))|

(3.C.1)
< # {w € Dgmy(K:60,) |0 £ 7" (2) and (2,7 (@) ()O((~00,8) x (t,00)) # 0},

where (z,v*(x)) denotes the straight line segment connecting points x and v*(x) in R?, v* is any optimal bijection
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such that

Woo ( Degmy (K 64,), Dgmy (K 61, ) = sup { 1€ = 77 (€)lli= | ¢ € Dy (K 6,,) } (3.C.2)

(see Definition 3.A.1, and || - ||;= is defined in Eq. (3.A.3)), and “#” counts the corresponding multiplicity.

Remark 3.C.1. Because (2,Ws) is a geodesic space, the optimal bijection v* does exist (see Proposition 1 of

Turner (2013) and its proof therein,).

Proof. Since ¢ is not an HCP, neither Dgmy, (K’; ¢, ) nor Dgm, (K; ¢,,) has a point on the boundary 9((—oo,t) x
(t,00)). If B(K{") = Be(Ky?), Eq. (3.C.1) is true. Otherwise, without loss of generality, we assume S;(K;*) >

Br(K;?). Notice

BlKY) = # { Demy (K3 60,) [\(-00,0) x (1,00} for i € {1,2).

Let v* be any optimal bijection, then there should be at least Sy (K;") — Bk (K?) straight line segments (z,v*(x))

crossing 3((foo,t) x (t, oo)); otherwise, v* is not bijective. Hence,

Bu(K) = Bu(KE)

< # {z € Demy(Ki6,,) |2 7" (2) and (2,5 (@)) () 9((—00,1) x (t,0)) # 0},
and Eq. (3.C.1) follows. O
Lemma 3.C.2. Suppose K € y}fgfd, Except for finitely many t, we have

21
d

Yi(t;v1,10) < -17,, where

75, et {t € [0, T] not an HCP in direction vy or vo | there exists © € Dgm, (K; ¢,,) such that © # v*(z)

and (,7"(2)) (O((~00,8) x (t,0)) # 0},

and v* : Dgmy (K; ¢y, ) — Dgmy (K ¢u,) is any optimal bijection satisfying Eq. (3.C.2).

Proof. Theorem 3.2.1 implies
Ty (t;v1,v2) = [BR(K{") — Br(K?)| < 2M/d.

Furthermore, the inequality in Eq. (3.C.1) indicates that Y (¢;v1,v2) = 0 if ¢ ¢ Ty, except for finitely many HCPs

in directions 1 and v. Then the desired estimate follows. O
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Proof of Theorem 3.2.3 The definition of Euler characteristic (see Eq. (3.2.2)) and Lemma 3.C.2 imply the

following: for p € [1,00), we have

/ e —ew)[ ar

T |d—1
/0

SO0 (BuK) = Bu(K))
T /d—1 P
S/O <I;)Tk(7; V17V2)> dr

k=0
d—1

< dw-1. Z/T (’I‘k(T; Vl,I/Q))pdT
0

k=0
p d-1
(2M) 5 / "
d k=0" Tk
d—1

M)P
el 2. ¢ =7 (@)l |

k=0 \§€Dgm; (K;dy,)

p

dr

(3.C.3)

IA

IN

where the last inequality follows from the definition of 7. Since ||€ — y*(€)||;= can be positive only if pers(§) > 0

or pers(v*(§)) > 0, there are at most N terms [|€ — v*(§)|l;== > 0, where condition (3.2.4) implies

2
N Y7 #{6 € Dgmy (K 6,,) | pers(€) > 0} < 2M/d,

=1

Therefore, the inequality in Eq. (3.C.3) implies

[ e ) w0 ar < 2CT up e 4@l [ € Dym(i) )

2. (2M) P+
= 2O e (D, (K 6,), Deny (K 61, )
Then, Theorem 3.A.1 implies
T p 2. (M) (P+D)
| [ - x| ar < 2B o 1 - )l
0 zeK

Additionally, |z - (11 —e)| < ||z]| - ||lv1 — v2|| and K C B(0, R) provide

2-R-(2M)@+h)

- N = s (3.C.4)

/OT e ) )| ar <

Define the constant C’M R.d 88 follows

« def [16M3R  32M3R  64M*R
CM7R7d = d + d + z
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Setting p = 2, Eq. (3.C.4) implies the following

1/2
T 2 16M3R .
</O HX?I(K)*X?(K)H dT) S\/ g =l < Chppa- Vv — el

which is the inequality in Eq. (3.2.6).
The definition of SECT(K), together with Eq. (3.C.4), implies

|seer) ) - secrie)|
_ /0 !
_ /O !
<

T 9 9 T
<2 [ | el a1 (
0 T 0

32M3R 64M*R
< d '||V1_V2H+T

2

%SECT(K)(yl;t) - %SECT(K)(VQ; 1| dt

2

() =) - 7 [ " (8 — 32 (0))ar|

1 T
X E) = (0)] + 7
0

2
X2 (K) —xf(K)\dr) dt

2
N () = X2 (K) ]dr>

Al —wal?,

where the last inequality above comes from Eq. (3.C.4). Then, we have

HSECT(K)(yl) - SECT(K)(VQ)H%

32M3R 64M*R
< '||V1—V2||+T

lvr = 1el?

< Cirra- Vv =l + v — v 2.

The proof of the second inequality in result (i) is completed.

The law of cosines and Taylor’s expansion indicates

HI/1 7V2|| _ 9. lfcos(dsdﬂ(l/l,yg))
dgd—l(l/l, VQ) {dgd—l(l/l,VQ)}z
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Then, result (ii) comes from the following

ISECT(K)(v1) — SECT(K)(v2)|ln

de—l (1/17 1/2)

[ [ 12 59
vy — V3 vy — Uy
<Cx . + =0(1).
M,R.d dsd—l (Vl, VQ) dsd—l (1/17 1/2) ( )
We consider the following inequality for all vy, v € S4=1 and ¢4,t5 € (0,7
|SECT (K)(v1;t1) — SECT(K)(v2; t2)|
< |SECT(K)(v1;t1) — SECT(K)(v1;t2)]
(3.C.6)
+ |SEOT(K)(V1,t2) - SECT(K)(VQ, t2)|
Cr4Ir

From the definition of || - HCOV%([O 7)) and Eq. (3.1.1), we have
|[SECT(K)(v1;t1) — SECT(K)(v1;t2)|
sup 5
t1,t2€[0,T], t17#t2 |t1 - t2| /

< [|SECT(K)(v1)

leo3 o,y
< Cr||SECT(K)(v1)|1x

< CYT”SECT(K)”C(S‘FHH)a
which implies I < Cr||SECT(K)| ¢ sa-1.4) - [t — t2|*/? for all t1,t5 € [0,T]. Applying Eq. (3.1.1) again, we have

IT < |SECT(K)(1) — SECT(K)(vo)|ls

< Cr||SECT(K)(1n) — SECT(K)(v2)| .

Then, the inequality in Eq. (3.2.7) follows from Eq. (3.C.6) and result (ii). With an argument similar to Eq. (3.C.5),
the function (v, t) — SECT(K)(v;t) belongs to C%2 (S x [0,T];R). The proof of Theorem 3.2.3 is completed.
]

The proof of Theorem 3.2.4 needs the following concepts, which can be found in Andradas et al. (2012).

Definition 3.C.1. (Constructible sets) (i) A locally closed set is a subset of a topological space that is the inter-
section of an open and a closed subset. (ii) A constructible set is a finite union of the aforementioned locally closed

sets.

Proof of Theorem 3.2.4 Since K € Yé‘ffd is a triangulable subset of R?, the shape K is homeomorphic to a

polygon | S| = J,cq s C R?, where S is a finite simplicial complex and each s is a simplex. We may assume K = ||
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without loss of generality. Since s = s[|R?, each simplex s is a locally closed set; hence, K is constructible (see

Definition 3.C.1). Then, Corollary 6 of Ghrist et al. (2018) implies the desired result. O

Proof of Theorem 3.3.1 The triangle inequalities and symmetry of p follow from that of the metric of
C(S% % H). Equation p(Ki, Ks) = 0 indicates |PECT(K;)(v) — PECT(K2)(V)|l#y, = 0 for all v € S¢1.
Evans (2010) (Theorem 5 of Chapter 5.6) implies | PECT(K;)(v) — PECT(K3)(v)||s = 0 for all v € S¥~1. Then,
we have [i x%(K1)dr = [) x%(K2)dr for all t € [0,T] and v € S%~!; hence, SECT(K,) = SECT(K>). Then the
invertibility in Theorem 3.2.4 implies K1 = Ks. Therefore, p is a distance, and the proof of result (i) is completed.

The proof of result (i) is motivated by the following chain of maps for any fixed v € S¥~! and ¢ € [0, T].

PECT projection projection R
E—— EEE——

Yé\?d C’(Sdil; Hpwm) ‘H B, which is embedded into B

3

K w5 {PECT(K)(V)} yeo1 = {PECT(K)(vit)}yeiom > PECT(K)(vst) = / (K )dr,

where all spaces above are metric spaces and equipped with their Borel algebras. We notice the following facts:
e mapping PECT : /}; — C(S*"'; Hpur) is isometric;
e projection C(S* Y Hpnr) = Hpeu, {F(V')},esa1 + F(v) is continuous for each fixed direction v;

e applying Evans (2010) (Theorem 5 of Chapter 5.6) again, the embedding Hpy — B, F(v) — F(v) is

continuous;
e projection B — R, {x(t') }¢fo,r) + 2(t) is continuous.
Therefore, Y%d — R, K — PECT(K)(v,t) is continuous, hence measurable. Because XZ)(K), for each K € yé\?d,
is a RCLL step function with finitely many discontinuities,

(K) = Tim %{PECT(K)(V;H—(S,Z)—PECT(K)(u;t)} ,

n—o0

for all K € Y}é\ffd, where lim,,_, o d, = 0 and d,, > 0. The measurability of PECT(-)(v;t + 0,) and PECT(-)(v;1t)
implies that x¥(-) : fé\/fd — R, K — xY(K) is measurable, for any fixed v and ¢. The proof of result (ii) is

completed. O

Proof of Theorem 3.3.3 For each fixed direction v € S?!, Theorem 3.3.2 indicates that the mapping
SECT(-)(v) : K — SECT(K)(v) is an H-valued measurable function defined on the probability space (Yf{fd, Z,P).
We first show the Bochner P-integrability of SECT(-)(v) (see Section 5 in Chapter V of Yosida et al. (1965) for the
definition of Bochner P-integrability), and the Bochner integral of SECT(-)(v) will be fundamental to our proof of
Theorem 3.3.3. Lemma 1.3 of Da Prato and Zabczyk (2014) indicates that SECT(-)(v) is strongly .#-measurable
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(see Section 4 in Chapter V of Yosida et al. (1965) for the definition of strong .#-measurability). Then, Assumption

2 indicates that the Bochner integral

my, & / SECT(K)(v)P(dK)
<y}VI
is Bochner P-integrable and m} € H (see Yosida et al. (1965), Section 5 of Chapter V, Theorem 1 therein par-
ticularly). The Corollary 2 in Section 5 of Chapter V of Yosida et al. (1965), together with that A is the RKHS

generated by the kernel (-, ) defined in Eq. (3.2.5), implies

\ \
*
g

/ ), SECT(K)(v )>IP’(dK)
= / SECT(K)(v; t)P(dK)

=E{SECT()(v;t)} =m,(t), forallte][0,T].

Therefore, m, = m}, € H. The proof of result (i) is completed.

To prove result (ii), we first show the product measurability of the following map for each fixed direction

ve St

(78 x 0.7),.7 x A(0.T)) — (R B®)),
(3.C.7)
(K,t) — SECT(K)(v;t),

where .7 x ([0, T7]) denotes the product o-algebra generated by .# and ([0, T]). Define the filtration {.%; }+c(0,7]
by F = o({SECT()(v;t')|t' € [0,t]}) for t € [0,T]. Because the paths of SECT(-)(v) are in H, these paths are
continuous (see Eq. (3.1.2)). Proposition 1.13 of Karatzas and Shreve (2012) implies that the stochastic process
SECT(-)(v) is progressively measurable with respect to the filtration {.%; };c[o,r7. Then, the mapping in Eq. (3.C.7)

is measurable with respect to the product o-algebra .# x %([0,T]) (see Karatzas and Shreve (2012), particularly

Definitions 1.6 and 1.11, also the paragraph right after Definition 1.11 therein). Eq. (3.3.4) implies
T ~
/ / |ISECT(K)(v; t)|*P(dK)dt < T - C% -E|SECT(-)(v)||3, < oo,
0 S,

where the double integral is well-defined because of the product measurability of the mapping in Eq. (3.C.7) and

the Fubini’s theorem. Then, the proof of result (ii) is completed.
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For any v1,vs € S¥~1, the proof of result (i) implies the following Bochner integral representation

1720, — 10 . = H /y SECT(K)(m) — SECT(K) (1) B(IK)

) /
<
FM,

(2)
< Cirra Vv — vl + 1 — 122,

H

’SECT(K)(ul) - SEC’T(K)(VQ)HH]P’(dK)

where the inequality (1) follows from the Corollary 1 in Section 5 of Chapter V of Yosida et al. (1965), and
the inequality (2) follows from Theorem 3.2.3 (i). With the argument in Eq. (3.C.5), the proof of result (iii) is

completed. O
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