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Abstract of “Aspects of Cosmological, Celestial and String Amplitudes” by Shounak De, Ph.D.,

Brown University, May 2025.

In this thesis, we present novel perspectives on the explicit evaluation and analytic structure of

correlation functions and scattering amplitudes in flat and expanding spacetimes. Specifically, we

analyze wavefunction coefficients in a toy model theory of conformally coupled scalars within power-

law FRW cosmologies, examine unitarity constraints on dual resonant string amplitudes, and further

our understanding of the flat-space S-matrix using the framework of celestial amplitudes.

First, we explore intriguing connections between positive geometries, on-shell methods, and

bootstrap principles studied within the modern scattering amplitudes program to the Bunch-Davies

wavefunction in toy models of FRW cosmologies. Leveraging recent advances in twisted cohomology

and generalized unitarity from the Feynman integral literature, we develop an algorithm to construct

a physical basis that simplifies the computation of differential equations for all tree and loop-level

wavefunction contributions. Furthermore, we unravel the existence of hidden zeros in the cosmolog-

ical wavefunction and demonstrate a universal factorization behavior associated with the kinematics

of near-zero configurations for all tree and loop graphs.

Second, we investigate the constraints of partial wave unitarity on dual resonant amplitudes from

the viewpoint of the modern S-matrix bootstrap. Focusing on the Coon amplitude – a one-parameter

deformation of the Veneziano amplitude with logarithmic Regge trajectories – we establish manifest

positivity on certain Regge trajectories while identifying regions of unitarity violation in parameter

space using tools from q-calculus and numerical methods.

Finally, we make substantial advances in the study of celestial amplitudes by investigating the dual

celestial conformal field theory (CCFT) and the role of light-ray operators, which are increasingly

recognized as fundamental components of the CCFT spectrum. We present new computations of

tree-level correlation functions for these operators, demonstrating their appearance in the operator

product expansion of gluon primaries. Additionally, we examine the treatment of distributional

low-point correlators by introducing a background that breaks bulk translation invariance, yielding

correlators that more closely resemble those found in traditional two-dimensional CFTs.
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3→0 Ã5-star (left, showing a 2-dimensional drop)
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Chapter 1

Introduction

Quantum Field Theory (QFT) provides the foundational framework for describing the fundamental

forces of Nature. The Standard Model of particle physics unifies the weak, electromagnetic, and

strong interactions into a single theoretical structure. A cornerstone of this framework is the study

of scattering processes, which have played a crucial role in testing and refining our understanding of

physical laws – from Rutherford’s identification of the atomic nucleus to the discovery of the Higgs

boson at the Large Hadron Collider. In quantum mechanics, the outcomes of scattering experiments

are inherently probabilistic, with their likelihoods determined by the squared absolute values of

quantum transition amplitudes, commonly known as scattering amplitudes.

Sparked by the remarkable simplicity that emerges from extensive calculations, scattering ampli-

tudes have become central to a modern reformulation of perturbative QFT, driving a wave of break-

throughs in theoretical high-energy physics. Traditional approaches based on fields, Lagrangians

and an action principle rely on Feynman diagrams, which are defined only up to field redefinitions

and gauge transformations, introducing redundancies that obscure the underlying physics. While

such redundancies are necessary in the QFT formulation to account for unphysical degrees of free-

dom, they also lead to unnecessary computational complexity, masking the deeper structures and

inherent simplicity of scattering processes. In contrast, on-shell scattering amplitudes bypass these

limitations by remaining independent of field-based redundancies, offering a more direct and effi-

cient framework for computing physical observables while revealing striking hidden mathematical

structures.

This unexpected simplicity is perhaps laid bare in the case of 2 → n gluon scattering in Yang-

Mills theory at tree-level. While textbooks often discuss the case of n = 2 involving four Feynman

diagrams, the number grows factorially as the multiplicity n increases

n 2 3 4 5 6 7 8 9

# of diagrams 4 25 220 2,485 34,300 559,405 10,525,900 224,449,225

Strikingly, the computational complexity does not grow with the multiplicity n and there are families

of amplitudes for which all-multiplicity expressions are available. The most famous one is the infinite

1
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sequence of Maximally Helicity Violating (MHV) gluon amplitudes given by the celebrated Parke-

Taylor formula [3] in spinor-helicity variables

AMHV
n (1+, . . . , i−, . . . , j+, . . . , n) = ign−2 ⟨ij⟩4

⟨12⟩⟨23⟩ . . . ⟨n1⟩ , (1.1)

whose striking simplicity is not captured by Feynman diagrams. Moreover, this simplicity of the

above Parke-Taylor formula becomes manifest via the BCFW recursion relation [4] for Yang-Mills

tree level amplitudes, which relates generic n-point amplitudes to its lower point counterparts

An =
∑
I

ÂL(−P̂I , zI)
1

P 2
I

ÂR(P̂I , zI) , (1.2)

where the sum is over all possible factorization channels I. In fact, it has been proven that any

tree-level scattering amplitude satisfy either a BCFW recursion relation or a generalization [5] of

the same.1 For supersymmetric extensions of Yang-Mills theory like N = 4 super-Yang-Mills (sYM)

theory, such recursion relations are also valid for constructing loop integrands at any loop order [6].

While understanding the analytic structure of amplitudes and the symmetries that leave them

invariant has proven invaluable, the past decade has uncovered even deeper mathematical structures,

revealing that scattering amplitudes can be expressed purely in terms of geometric and combinatorial

building blocks. It turns out that amplitudes in certain theories naturally “live” in more abstract

spaces in which they can be interpreted as volumes of geometric objects known as “polytopes”.2 This

perspective has led to the formulation of the amplituhedron [7] for planar N = 4 sYM amplitudes3,

ABHY associahedron for the bi-adjoint ϕ3 scalar theory [9], the Stokes polytopes for planar ϕ4

theory [10], the accordiohedra for planar ϕk theories [11, 12]. These positive geometries are defined

independently of physical concepts, yet they inherently encode fundamental properties of flat-space

scattering. This perspective suggests that key principles such as unitarity, causality, and locality

emerge naturally from these mathematical frameworks rather than being imposed as fundamental

constraints (see [13, 14] and references therein). Such developments have deepened our understanding

of the fundamental properties of QFTs by uncovering hidden mathematical structures in scattering

amplitudes and leveraging these structures to streamline practical calculations for collider physics

at the LHC.

This transformative progress in the scattering amplitudes program raises intriguing questions

about the applicability of these techniques to computing observables and understanding its analytic

structure in other domains. This thesis, therefore, is driven by the following key questions:

• Can such modern on-shell techniques that often aid loop-level computations relevant to collider

physics be imported to the computation of observables in cosmological spacetimes?

In chapters 2-4, we will attempt to answer this question by exploring intriguing connections

between positive geometries, on-shell methods, and bootstrap principles studied within the

1This is true even for tree-level amplitudes in effective field theories (EFTs).
2These are higher-dimensional generalizations of polygons.
3Please refer to [8] for an introductory review on the amplituhedron.
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modern scattering amplitudes program to the Bunch-Davies wavefunction in toy models of

FRW cosmologies.

• The analytic S-matrix program of the 1960s sought to non-perturbatively bootstrap scattering

amplitudes using fundamental principles of locality, causality, and crossing symmetry, ulti-

mately leading to dual-resonant models such as string theory. In the modern revival of this

decades-old effort, what constraints does unitarity impose on candidate UV-complete ampli-

tudes?

In chapter 5, we will investigate the constraints of partial wave unitarity on dual resonant

amplitudes from the viewpoint of the modern S-matrix bootstrap, focusing on a particular

dual resonant model, the Coon amplitude.

• Can the asymptotic symmetries on the celestial sphere provide new insights into the analytic

structure of the flat-space S-matrix? Conversely, can our understanding of traditional con-

formal field theories help refine the celestial dictionary and clarify the properties of the dual

celestial conformal field theory?

In Chapters 6 and 7, we attempt to answer such questions by investigating key aspects of

the dual celestial conformal field theory (CCFT), including its operator structure, correlation

functions, and symmetries.

In the remainder of the introduction, we further explore the three key questions outlined above,

providing a more detailed discussion of the relevant concepts that play a crucial role in shaping the

developments presented in the subsequent chapters of this thesis.

Cosmological amplitudes: the wavefunction approach

Our understanding of the analytic structure of observables away from asymptotically flat-spacetimes

remains relatively underdeveloped. In particular, gaining deeper insights into quantum mechanical

observables in expanding spacetimes is crucial, as it provides a window into physics at energy scales

far beyond those accessible in earth-based accelerators. The Hubble parameter during the early

Universe could reach values as high as 1014 GeV – exceeding LHC energies by 10 to 11 orders of

magnitude – offering a unique arena to probe fundamental high-energy physics. An important clue in

this quest lies in the large-scale correlations observed in the structure of the Universe, which are not

randomly distributed but instead serve as a fossil imprint of the very early Universe. By measuring

these correlations, we hope to uncover insights into how cosmological perturbations formed and

evolved, offering a valuable probe of the universe’s high-energy past. The correlations in late-time

cosmological observables – like the distribution of the large-scale structure (LSS) or the anisotropies

of the cosmic microwave background (CMB) – can be traced back in time to primordial correlations

on the “reheating surface” (marking the initial surface of the hot Big Bang universe or the final

surface at the end of inflation), imprinted in these correlations is the physics of the inflationary era

(see figure 1.1). The main observable predictions of inflation are spatial correlation functions and
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Figure 1.1: Correlations in the large-scale structure (LSS) or in the cosmic microwave background
(CMB) can be traced back to correlations of quantum fields at the end of inflation, which are dubbed
as inflationary correlators.

a major portion of this thesis will be devoted to understand such correlations via the wavefunction

approach.

Cosmological correlations can also be computed by means of the so-called “wavefunction of

the Universe.” The wavefunction is a slightly more primitive object than cosmological correlators

themselves – the relation between them is roughly the same as that between the S-matrix and

scattering cross-sections. Formally, this is computed as a path integral by integrating over all bulk

field configurations ϕ(x⃗, η) with non-vanishing Dirichlet boundary condition in the future ϕ(x⃗, η =

0) = Φ(x⃗). It is standard to work in momentum space where the wavefunction can be expanded as

Ψ[Φ] =

∫ ϕ(0)=Φ

ϕ(−∞(1−iϵ))

Dϕ eiS[ϕ] ≡ exp

[
i
∑
n

1

n!

∫ ∏
i

ddk⃗i Φ(k⃗i) ψ̃n({k⃗i})
]
, (1.3)

and the standard iϵ prescription selects the adiabatic/Bunch-Davies/Hartle-Hawking vacuum at the

early-time boundary η → −∞. The kernels ψ̃n are called wavefunction coefficients and {k⃗i} denotes

the set of all spatial momentum. Due to spatial translation invariance on the future boundary, the

wavefunction coefficients contain an overall momentum-conserving δ-function. It is useful to extract

this δ-function and compute the “stripped” wavefunction coefficients ψn:

ψ̃n({k⃗i}) = δ(d)

(
n∑

i=1

k⃗(i)

)
ψn({k⃗i}) . (1.4)

Our main objective is the computation of these stripped wavefunction coefficients.

Traditionally, the wavefunction coefficients ψn are obtained perturbatively, using Feynman di-

agrammatics, which we review here. We approximate the path integral (1.3) by its saddle point

Ψ[Φ] ≈ exp (iS[Φcl]) where Φcl is the boundary profile corresponding to the classical solution to the
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equations of motion ϕcl. To derive the Feynman rules, we write the classical solution as

ϕcl(k⃗, η) = K(E, η)Φ(k⃗) +

∫
dη′G(E; η, η′)

δSint

δϕ(k⃗, η′)
. (1.5)

Substituting the above solution into the action, one can verify that the path integral evaluates to

the expression in (1.3) by taking functional derivatives of the path integral with respect to the

boundary value Φ(k⃗) (which acts like a source term). To ensure that the solution (1.5) satisfies the

correct Dirichlet boundary conditions, one needs to appropriately solve for the two distinct Green’s

functions, the bulk-to-boundary propagator K(Ev, ηv) associated with a vertex v and the bulk-to-

bulk propagator G(Ee, ηv, η
′
v) associated with an edge e connecting a vertex at time ηv to another

one at time η′v. In a flat-space theory of a single scalar field with polynomial self-interactions

S[ϕ] =

∫
ddxdη

−1

2
(∂ϕ)2 −

∑
k≥3

λk
k!
ϕk

 . (1.6)

the propagators are given by the expressions

K(Ev, ηv) = eiEvηv , (1.7)

G(Ee, ηv, η
′
v) =

1

2Ee

(
e−iEe(ηv−η′

v)θ (ηv−η′v) + e−iEe(η
′
v−ηv)θ (η′v−ηv)− eiEe(ηv+η′

v)
)
, (1.8)

where Ev =
∑

j |⃗kj | denotes the sum of the energies of j external lines connected to the vertex v,

and Ee = |⃗ke| is the energy of an internal line. The bulk-to-boundary propagator, K(E, η), solves

the linearized, homogeneous EOM, oscillates with positive frequency in the far past, and approaches

unity at the late time boundary as η → 0. The bulk-to-bulk propagator, G(E, η, η′), solves the

inhomogeneous wave equation
√−g(2 −m2)G(E, η, η′) = iδ(η − η′), subject to the boundary con-

dition that it vanishes identically when either of its time arguments approach zero. The combined

boundary conditions on the Green’s functions guarantee that the path integral in (1.3) as well as the

classical solution (1.5) satisfy the correct Dirichlet boundary conditions. With these preliminaries,

we can now state the Feynman rules for the computation of the flat-space wavefunction coefficients

ψn,flat:

• Draw all graphs with a fixed number of lines, n, ending on the boundary.

• Assign a vertex factor, iV , to each bulk interaction.

• Assign a bulk-to-bulk propagator (1.8), G, to each internal line and a bulk-to-boundary prop-

agator (1.7), K, to each external line.

• Integrate over all the time insertions of all bulk vertices.

The vertex factors are obtained from the action following the same procedure as in S-matrix Feynman

rules, with the key distinction that only spatial variables are treated in Fourier space. Consequently,

each vertex retains an explicit time dependence, requiring integration over time. A significant
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challenge in computing wavefunction coefficients arises from these time integrals, highlighting the

need for alternative computational techniques explored in this thesis.4

In particular, when the couplings in the flat-space action have a particular time dependence

λk(η) ≡ λk[a(η)]
(2−k)(d−1)/2+2 , (1.9)

we can do a Weyl rescaling to obtain the action of conformally coupled scalars in an FRW cosmology

with scale factor a(η)

S =

∫
ddxdη

√−g

−1

2
gµν∂µϕ∂νϕ− 1

2
ξRϕ2 −

∑
k≥3

λk
k!
ϕk

 . (1.10)

As a consequence, starting from the flat-space wavefunction coefficients ψn,flat for a theory (1.6) one

can obtain its counterparts in a generic FRW cosmology (parametrized by ε) via a simple integral

transform

ψn,FRW(Xv, Ye) =

∫ ∞

0

∏
v∈V

dxv x
ε
v ψn,flat(xv +Xv, Ye) . (1.11)

Such twisted integrals arise in the computation of one-loop scattering amplitudes in dimensional

regularization (in that context, 2ε = 4−D is the deviation from the canonical spacetime dimension).

This connection allows us to import tools from the treatment of loop amplitudes to the study of tree-

level FRW correlators. In particular, an important insight is that loop amplitudes can be written

in terms of a set of master integrals which span a finite-dimensional vector space. The finiteness

of this vector space guarantees that the master integrals themselves satisfy interesting differential

equations (DEQ) with respect to the kinematic data, which then provides a powerful way to compute

the original Feynman integrals (see for nice reviews). In chapters 2 and 3, we will see how the DEQ

method can be translated to the cosmological context.

As was highlighted earlier in the context of flat-space scattering amplitudes, there also exists

purely combinatorial-geometrical formulation of the perturbative wavefunction coefficients. As we

will soon seen in the course of the first three chapters, positive geometries such as the cosmological

polytope and the graph associahedron encode the wavefunction as its volume form. Such geometric

formulations allow us to sharpen questions about the relation between cosmology and flat-space

physics, providing a concrete framework that makes precise the sense in which Lorentz invariance

as well as flat-space unitarity and causality emerge. Moreover, in chapter 4, we will exploit such

polytopal realizations to unravel the existence of hidden zeros of the cosmological wavefunction and

demonstrate a novel factorization-type behavior termed splitting associated to near-zero kinematical

configurations.

While recent years have seen techniques from scattering amplitudes applied to the evaluation

of cosmological correlation functions, much remains to be explored. A key future direction is to

derive a compact “Parke-Taylor-like” formula for spinning four-point functions in de Sitter space

4We note that while one must integrate over the loop momenta as part of the Feynman rules, our focus in the

remainder of this thesis will be on loop integrands.
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using newly developed twistor space kinematic variables, thereby paving the way for cosmological

“BCFW-like” recursion relations. These advances could dramatically streamline computations and

provide a unifying framework for organizing cosmological observables, much like the revolution in

flat-space amplitudes nearly three decades ago.

String amplitudes and the S-matrix bootstrap program

A cornerstone of the modern S-matrix program is the quest to uncover fundamental constraints

on scattering amplitudes from first principles such as locality, causality, and unitarity. In this

context, the Veneziano amplitude – the first known example of a meromorphic four-point amplitude

with polynomial residues and exact crossing symmetry – has played a pivotal role in shaping our

understanding of string scattering. Introduced in 1968 [15], the Veneziano amplitude takes the form

AV (s, t) = −(s+ t)α0−1Γ(−α0 − s)Γ(−α0 − t)

Γ(−2α0 − s− t)
, (1.12)

where the parameter α0 depends on the specific string theory under consideration. Its worldsheet

interpretation as a dual resonance model was subsequently established[16, 17, 18].

Given its simple pole structure, the Veneziano amplitude admits an alternative infinite product

representation

AV (s, t) =
1

st

∞∏
n=1

1− s+t
n(

1− s
n

) (
1− t

n

) , (1.13)

which makes manifest its underlying algebraic structure when α0 = 0. This discovery motivated

a broader search for alternative amplitudes that retain key analytic properties while potentially

relaxing others.

Shortly thereafter, Coon proposed a one-parameter deformation of the Veneziano amplitude by

introducing logarithmic Regge trajectories [19], leading to what is now known as the Coon amplitude

AC(s, t) = (q − 1) exp

(
log σ log τ

log q

) ∞∏
n=0

(
1− qn

στ

)
(1− qn+1)(

1− qn

σ

) (
1− qn

τ

) , (1.14)

where the deformed kinematic variables are given by

σ = 1− (1− q)(α0 + s), τ = 1− (1− q)(α0 + t). (1.15)

This amplitude smoothly interpolates between the Veneziano amplitude as q → 1 and a sum of

contact interactions in the limit q → 0

AC(s, t)
q→0−→ 1

s+ α0
+

1

t+ α0
+ 1. (1.16)

A crucial requirement for dual resonant amplitudes to have physical relevance is that it must be

unitary. An initial study of the unitarity of the Coon amplitude [20] suggested the absence of ghosts,

but a more refined numerical analysis [2] revealed a boundary in (q,D) space separating unitary and

non-unitary regions, with an analytically determined critical value q = q∞(−α0). However, a full
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analytic understanding of its unitarity structure remains an open question. An analytic understand-

ing of this unitarity constraint remains an outstanding problem. In chapter 5, we study the unitarity

of the Coon amplitude through the positivity of its partial wave expansion coefficients, leveraging

techniques recently applied to the Veneziano amplitude [1]. Similar analyses of partial wave uni-

tarity have been crucial in understanding the viability of other dual resonant amplitudes, including

those with modified Regge trajectories and higher-spin generalizations [21, 22]. By extending these

techniques to the Coon amplitude, we take steps toward clarifying its physical interpretation and

assessing whether it can be embedded into a broader framework of consistent dual resonant models.

The analytic structure of celestial amplitudes

Celestial holography proposes a duality between gravitational scattering in (d + 2)-dimensional

asymptotically flat spacetimes and a conformal field theory (CFT) defined on the celestial sphere

CSd. This duality is rooted in the observation that the Lorentz group in Minkowski spacetime,

SO(1, d + 1), is isomorphic to the conformal group SL(d,C) on the celestial sphere, modulo a Z2

quotient

SO(1, d+ 1) ∼= SL(d,C)/Z2 , (1.17)

which provides the geometric foundation for mapping S-matrix elements in Minkowski spacetime to

conformal correlators on the celestial sphere.

The directions of massless scattering particles in the bulk are parametrized by coordinates on

the celestial sphere, with their momenta embedded as null vectors qµ(z, z̄) in the compactified light

cone

qµ(z, z̄) = (1 + zz̄, z + z̄, i(z̄ − z), 1− zz̄) , (1.18)

where z and z̄ are stereographic coordinates. The energy ω of the scattering particles scales this null

vector, yielding pµ = ωqµ(z, z̄). This embedding establishes a direct link between the momentum-

space description in the bulk and the conformal coordinates of the celestial sphere.

Transitioning to the celestial basis involves a Mellin transform of the on-shell momentum eigen-

states. The celestial amplitudes, Ah1,...,hn({zi, z̄i; ∆i}), are constructed by applying the Mellin trans-

form to the momentum-space S-matrix elements Ah1,...,hn
n ({ωi, zi, z̄i}) [23, 24, 25]

Ah1,...,hn
n ({zi, z̄i; ∆i}) ≡ ⟨O∆1,h1

(z1, z̄1) . . .O∆n,hn
(zn, z̄n)⟩ (1.19)

=

∫
Rn
≥0

n∏
i=1

dωi ω
∆i−1
i Ah1,...,hn

n ({ωi, zi, z̄i}) ,

where ∆i is the conformal dimension, and hi denotes the i
th particle’s helicity. This transformation

recasts the scattering amplitudes into conformal correlators on the celestial sphere, with the primary

operators O∆,h(z, z̄) defined through this process.

A key challenge in celestial holography is understanding how bulk translational symmetry emerges.

Celestial CFT (CCFT) correlators must obey not only conformal invariance but also translation in-

variance, which acts as an ”external symmetry” and forces low-point correlators to be distributional
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[26]. At higher points, correlators are non-distributional but remain constrained, preventing arbi-

trary placement of operators on the celestial sphere [27]. These properties make CCFT correlators

distinct from those in conventional 2D CFTs and complicate the search for a top-down CCFT

construction.

One approach to circumventing this difficulty is to introduce nontrivial backgrounds in the bulk

[28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39]. Such backgrounds must preserve Lorentz invari-

ance—thus maintaining the 2D conformal symmetry of CCFT—while remaining asymptotically flat.

The celestial counterparts of scattering amplitudes on these backgrounds often exhibit desirable fea-

tures: they are unconstrained by translation invariance (as the background acts as a source/sink of

momentum), they resemble traditional CFT correlators, and they have better convergence proper-

ties [28, 33, 40]. These characteristics suggest that the background-free CCFT and its deformations

might be closely related, motivating further study of these correlators to establish an independent

CCFT definition [31, 41].

To that end, we explore gravity amplitudes in 4D Minkowski and Klein spacetimes [42] in chap-

ter 6, generalizing results from [40] where gluon amplitudes were studied on a massive scalar back-

ground. Unlike gluons, a non-dynamical scalar background breaks diffeomorphism invariance in

gravity, necessitating scalar exchange in amplitudes involving gravitons. Nevertheless, the corre-

sponding celestial correlators retain key features of CCFT correlators while avoiding translation

invariance constraints. This motivates further study of how backgrounds influence CCFT structure

and operator algebras, paving the way for a more complete celestial holographic duality.

Another important question in the field of celestial holography has been to understand the con-

stituents of the CCFT spectrum. Light-ray operators play a central role in CCFT, particularly in

identifying a suitable operator basis [43, 44]. Their correlation functions are light-ray transforms

of ordinary CCFT correlators, and they provide a natural framework for understanding symmetries

and operator product expansions (OPEs) in CCFT. It was shown in [45] that certain three-point

correlators involving light-ray operators take the form of standard CFT three-point functions, in

contrast to the distributional nature of standard CCFT correlators [24]. Moreover, the light trans-

form is closely related to Witten’s half Fourier transform, with conformal primary twistor eigenstates

expressible as linear combinations of light-transformed boost eigenstates. The light transform also

elucidates CCFT symmetries; in gravity, the single-helicity sector exhibits an enhanced w1+∞ sym-

metry, identified in [46] as the light transform of the soft current mode.

Four-point correlators involving one and two gluon light-ray operators have been computed

[47, 48], revealing their non-distributional nature and their role in the OPE of CCFT primaries.

These contributions are not visible from the collinear limits of four-point celestial amplitudes. Ex-

tending these results, we will investigate the four-gluon light-ray operator correlators in chapter 7,

demonstrating that they can be expressed in terms of Fox H-functions and generalized I-functions.



Chapter 2

Cosmology Meets Cohomology

This chapter is based on the work [49].

Over the past decade, an increasing number of concepts from the theory of hypergoemetric

functions and more broadly algebraic geometry have entered modern methods for studying scattering

amplitudes. In particular, the framework of twisted cohomology (originally formulated to study

the linear relations among hypergoemetric functions) has been used to construct CHY amplitudes

[50, 51], provide a geometric framework for understanding KLT relations in string amplitudes [52,

53, 54, 55], the double copy [56] and more.

In the Feynman integral community, twisted intersection theory [57, 58, 59, 60, 61, 62, 63, 64]

provides an algebraic alternative to integral reduction1 via integration-by-parts (IBP) identities

[65, 66, 67]. While these techniques are still being optimized for applications to physics, they have

the potential to circumvent solving large linear systems of IBPs thereby streamlining one of the most

expensive steps in the pipeline for multi-loop phenomenological calculations.

Recently, the procedure for calculating intersection numbers of Feynman integrals has been

streamlined by using relative twisted cohomology [68, 69]. By working with relative twisted co-

homology, one can set the regulator in previous works to zero at the start of the calculation. As a

consequence, many intermediate quantities vanish or simplify, streamlining the overall algorithm.

The last decade has also seen the discovery of rich geometrical structures in the study of flat-

space scattering amplitudes which provide answers to elegant questions posed purely in the kinematic

space. While such insights have transformed our understanding of the flat-space S-matrix, the sit-

uation for cosmological correlators is still underdeveloped. The lack of such methods for cosmology

and the complexity of even tree-level results2 means that the repository of theoretical data is sig-

nificantly smaller. The problem is further complicated by the fact that inflationary correlators live

on the late-time boundary of de Sitter, which is space-like. The understanding of the holographic

1Integral reduction is the process of decomposing an arbitrary integral into a linear combination of basis (also

called master) integrals that only need to be computed once.
2One already encounters branch cuts at the level of trees in cosmological correlators whereas their flat-space

counterparts are rational functions in the kinematic invariants.

10
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dual to theories with space-like boundaries is still in its infancy, while the boundary description for

anti-de Sitter space is well established due to the time-like nature of its boundary. Having said that,

the cosmological polytope and bootstrap programs have taken important steps towards a boundary

description of inflationary correlators.

While de Sitter models the accelerated expansion of the early Universe, the Friedmann-Robertson-

Walker (FRW)3 metric describes a homogeneous, isotropic, expanding (or contracting) Universe.

The FRW spacetime is often considered to be the standard model of cosmology post inflation. Field

theoretic correlation functions in FRW cosmologies represent quantum fluctuations, which in the

early Universe are thought to have sourced the observed distribution of matter. Comparing these

predictions to current and future cosmological datasets will help constrain new physics beyond the

Standard Model.

Unlike the de Sitter geometry (which has provided a rich playground for studying inflationary

correlators in the literature so far), FRW Universes are not maximally symmetric spacetimes and

have a reduced isometry group. This reduces the applicability of the cosmological bootstrap pro-

gram to derive differential equations for correlators beyond de Sitter space. However, it turns out

that correlators in FRW cosmologies (the main focus of this work4) furnish some of the simplest

examples of relative twisted cohomology.5 Thus, they provide fertile testing ground for developing

our understanding of relative twisted cohomologies, which in turn will deepen our understanding of

the underlying physics.

While the standard tool for computing cosmological correlation functions is perturbation theory,

the past decade has seen novel computational methods with interesting and fruitful connections

to scattering amplitudes (e.g., symbology [70]) and mathematics (the combinatorial description in

terms of the cosmological polytope [71, 72, 73, 74]). Many of these methods manifest the simplicity

of the final answer that is hidden at intermediate steps in perturbation theory. In particular, the

singularity structure of these correlators is particularly evident in the polytopal picture and encodes

principles of unitary (by cutting rules) as well as causality (Steinmann relations).

Our main goal is two fold. First, we aim to provide efficient methods for computing the differ-

ential equations of FRW wavefunction coefficients. Deriving differential equations for cosmological

correlators was first considered in [75, 76]. We also hope that by formally constructing the coho-

mology associated to the integrals appearing in the FRW wavefunction coefficients and elucidating

their mathematical structure will lead to a deeper physical understanding of these objects. Sec-

ondly, our techniques are quite general and are applicable to many integrals seen in both physics

and mathematics. Thus, we expect this work to be useful beyond the current setting of cosmological

correlators.

While primarily aimed at physicists, we think that much of this work will interest mathematicians.

3While the most commonly used term is the FRW metric, it is also sometimes called the FLRW metric after

Friedmann, Lemaitre, Robertson and Walker.
4We will consider FRW cosmologies with a future spacelike boundary where our boundary observables live.
5Mathematically, FRW correlators are integrals associated to hyperplane arrangements where the coordinate

hyperplanes are twisted and all other divisors are left untwisted.
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While many of our claims have been well tested, this chapter lacks formal proofs and it would be

interesting to understand these claims more formally. As far as the authors know, [77] is the only

paper discussing relative twisted cohomology in the mathematics literature.

The chapter is organized as follows. In section 2.1, we set up the toy model of conformally

coupled scalars in a general FRW background studied in this work and explain how to uplift flat-

space wavefunction coefficients to their FRW counterparts. In section 2.2, we study the integral

representation of the two-site/four-point FRW integral in detail. To evaluate this integral, we

derive the differential equation satisfied by a basis of integrals for the corresponding integral family.

We obtain these differential equations using three different perspectives: twisted cohomology and

standard IBPs in section 2.2.1, the dual (relative) twisted cohomology and dual IBPs in section 2.2.2,

and intersection numbers in section 2.2.3. The dual perspective (section 2.2.2) yields computational

advantages as well as novel geometric understanding and is central to this work. In section 2.2.4,

we explicitly integrate these differential equations to obtain the first correction to the de Sitter two-

site/four-point function. In section 2.3, we provide two more worked examples: the one-loop two-

site/two-point and the tree-level three-site/five-point FRW integrals. In this section, we illustrate

how to use the techniques developed in section 2.2 on more complicated examples. We conclude in

section 2.4 with a discussion of our results and directions for future work.

2.1 Cosmological correlators and the Wavefunction of the

Universe

We consider the model of a conformally-coupled scalar field in a general FRW cosmology with non-

conformal polynomial interactions, studied extensively in [71, 72, 70, 78]. The action for such a

theory in a (d+ 1)-dimensional spacetime is

S =

∫
ddxdη

√−g

−1

2
gµν∂µϕ∂νϕ− 1

2
ξRϕ2 −

∑
k≥3

λk
k!
ϕk

 , (2.1)

with the FRW metric and the constant ξ defined as

ds2 ≡ gµνdx
µdxν = a2(η)

[
−dη2 + dxidx

i
]
, ξ =

d− 1

4d
. (2.2)

The FRW metric above has been written in comoving coordinates with conformal time η ∈ (−∞, 0]

and the index i = 1, . . . , d runs over the spatial dimensions. a(η) denotes the scale factor and the

choice of its representation in various stages of the Universe’s evolution will be crucial for the class

of integrals dealt with in our chapter. Importantly, the choice of ξ sets the scalar to be conformally-

coupled thereby making the action S conformally equivalent to the following flat-space action

S[ϕ] =

∫
ddxdη

−1

2
(∂ϕ)2 −

∑
k≥3

λk(η)

k!
ϕk

 . (2.3)
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More precisely, the conformal transformation

gµν → a2(η)gµν , ϕ→ a−∆(η)ϕ , ∆ =
d− 1

2
, (2.4)

allows one to rewrite the original action S (2.1) as the action of a massless scalar field in (d + 1)-

dimensional flat-space (2.3) with time-dependent couplings given by

λk(η) ≡ λk[a(η)]
(2−k)∆+2 . (2.5)

It is worth stressing that the conformal equivalence between the original action S (2.1) and the

flat-space action S[ϕ] (2.3) allows us to do meaningful computations in a general FRW cosmology

(described by the scale factor a(η)) simply by doing flat-space perturbation theory (albeit with

time-dependent couplings given by (2.5)), as we shall see below.

Of central importance, is the wavefunction of the universe Ψ[Φ]. Formally, this is computed as

a path integral by integrating over all bulk field configurations ϕ(x⃗, η) with non-vanishing Dirichlet

boundary condition in the future ϕ(x⃗, η = 0) = Φ(x⃗). It is standard to work in momentum space

where the wavefunction can be expanded as

Ψ[Φ] =

∫ ϕ(0)=Φ

ϕ(−∞(1−iϵ))

Dϕ eiS[ϕ] ≡ exp

[
i
∑
n

1

n!

∫ ∏
i

ddk⃗i Φ(k⃗i) ψ̃n({k⃗i})
]
, (2.6)

and the standard iϵ prescription selects the adiabatic/Bunch-Davies/Hartle-Hawking vacuum at the

early-time boundary η → −∞. The kernels ψ̃n are called wavefunction coefficients and {k⃗i} denotes

the set of all spatial momentum. Due to spatial translation invariance on the future boundary, the

wavefunction coefficients contain an overall momentum-conserving δ-function. It is useful to extract

this δ-function and compute the “stripped” wavefunction coefficients ψn:

ψ̃n({k⃗i}) = δ(d)

(
n∑

i=1

k⃗(i)

)
ψn({k⃗i}) . (2.7)

Our main objective is the computation of these stripped wavefunction coefficients.

Traditionally, the wavefunction coefficients ψn are obtained perturbatively, using Feynman di-

agrammatics, which we review here. We approximate the path integral (2.6) by its saddle point

Ψ[Φ] ≈ exp (iS[Φcl]) where Φcl is the boundary profile corresponding to the classical solution to the

equations of motion ϕcl. To derive the Feynman rules, we write the classical solution as

ϕcl(k⃗, η) = K(E, η)Φ(k⃗) +

∫
dη′G(E; η, η′)

δSint

δϕ(k⃗, η′)
. (2.8)

Substituting the above solution into the action, one can verify that the path integral evaluates to

the expression in (2.6) by taking functional derivatives of the path integral with respect to the

boundary value Φ(k⃗) (which acts like a source term). To ensure that the solution (2.8) satisfies the

correct Dirichlet boundary conditions, one needs to appropriately solve for the two distinct Green’s

functions, the bulk-to-boundary propagator K(Ev, ηv) associated with a vertex v and the bulk-to-

bulk propagator G(Ee, ηv, η
′
v) associated with an edge e connecting a vertex at time ηv to another
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one at time η′v. Explicitly, they are given by the expressions

K(Ev, ηv) = eiEvηv , (2.9)

G(Ee, ηv, η
′
v) =

1

2Ee

(
e−iEe(ηv−η′

v)θ (ηv−η′v) + e−iEe(η
′
v−ηv)θ (η′v−ηv)− eiEe(ηv+η′

v)
)
, (2.10)

where Ev =
∑

j |⃗kj | denotes the sum of the energies of j external lines connected to the vertex v,

and Ee = |⃗ke| is the energy of an internal line. The bulk-to-boundary propagator, K(E, η), solves

the linearized, homogeneous EOM, oscillates with positive frequency in the far past, and approaches

unity at the late time boundary as η → 0. The bulk-to-bulk propagator, G(E, η, η′), solves the

inhomogeneous wave equation
√−g(2 −m2)G(E, η, η′) = iδ(η − η′), subject to the boundary con-

dition that it vanishes identically when either of its time arguments approach zero. The combined

boundary conditions on the Green’s functions guarantee that the path integral in (2.6) as well as the

classical solution (2.8) satisfy the correct Dirichlet boundary conditions. The problem of computing

the wavefunction coefficients ψn is now thus reduced to an exercise in perturbative diagrammatic

expansion using Feynman rules for the fluctuations of the theory at hand. We note that to com-

pute these wavefunction contributions, it suffices to implement flat-space perturbation theory which

thereby surpasses the need to introduce complicated Green’s functions for a general FRW space-

time. As we shall see in the subsequent sections, for various FRW cosmologies this is facilitated by

an operation involving integration over the external energies that accounts for the time-dependent

couplings (2.5) of the theory.

2.1.1 FRW cosmologies

In this work, we study the analytic structure of integrals associated to the wavefunction coefficients in

a general FRW Universe, going beyond the inflationary expansion modelled by a de Sitter Universe.

Before presenting the integrals tackled in this chapter, we give a brief description of the FRW

backgrounds describing the Universe’s evolution at its various stages:

de Sitter Universe de Sitter (dS) space models the accelerated expansion of the inflationary

Universe to a good approximation and thus provides a starting point for a boundary description of

inflationary correlators. The isometry group of dS space has been utilized to exploit the conformal

symmetry of cosmological correlators in the recent cosmological bootstrap program [79, 80, 81]. We

recall that the de Sitter line element in flat slicing is given by

ds2 =
−dη2 + dxidx

i

η2
, (2.11)

with η ∈ (−∞, 0] and the Hubble scale set to unity. Comparing with the FRW metric (2.2), one sees

that the scale factor behaves as a(η) = 1/η for a de Sitter Universe. Much of the theoretical data

concerning cosmological correlators come from our understanding of polynomial interactions in dS

space. A particularly well-studied model is the λ3ϕ
3 theory in dS4, which provides a rich framework

for understanding the analytic structure of inflationary correlators [82].
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Radiation/Matter dominated Universe For most of its history the Universe was dominated

by a single component, as suggested by the different scalings of the energy density ρ with the scale

factor a(η). A phase of radiation domination (RD) where ρ ∝ a−4 was followed by an era of matter

domination (MD) where ρ ∝ a−3. The dependencies of the scale factor on the conformal time in

these phases are obtained by integrating the first Friedmann equation for a flat, single-component

Universe [83]. This leads to the following FRW solutions for the scale factor

a(η) ∝

η (RD)

η2 (MD) ,
(2.12)

where the proportionality factors depend on dimensionless density parameters and will be set to

unity for our discussions.

Given the above dependencies of the scale factor a(η), the different FRW solutions (2.2) corre-

sponding to a de Sitter (2.11), flat, radiation or a matter-dominated Universe (2.12) can be encap-

sulated by the following metric parameterized by ε

ds2 = η−2ε

[−dη2 + dxidx
i

η2

]


ε = 0 (dS)

ε = −1 (flat)

ε = −2 (RD)

ε = −3 (MD) ,

(2.13)

such that the scale factor is

a(η) =
1

η1+ε
. (2.14)

While the differential equations (DEQ) that we derive in this chapter hold for any value of ε, the

solution to them is always presented as a Laurent series expansion in ε, as we shall soon see. When

solving the DEQ, our analysis will thereby be restricted to cosmologies closely resembling a dS

Universe. The consequence of ε ∼ 0 is two fold: i) in the analysis of inflationary correlators so far,

the literature assumes a perfect dS expansion (ε = 0). However, inflationary cosmology dictates that

for inflation to end one has to consider small departures from dS, often leading to inflation being

referrred as a quasi-dS period. ii) Even if one models inflation as a perfect dS expansion, computing

wavefunction coefficients as a series in ε could potentially shed crucial insights into physics beyond

inflation, i.e., after the reheating surface.

Mathematically, the parameter ε corresponds to the exponent of the “twist” associated to the

wavefunction coefficients of an FRW Universe. This identification, allows us to import the technology

of relative twisted cohomology and intersection theory to cosmological correlators. Such ideas were

first introduced in physics in the context of Feynman integrals. There, the parameter ε is the

dimensional regularization parameter. In both cases, this exponent is generally non-integer giving

rise to branch cut singularities on the integration manifold that partially dictates the singularity

structure of the final object.
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For the sake of simplicity, we shall focus on a theory of conformally coupled scalars described by

a cubic λ3ϕ
3 interaction in a (1+3)-dimensional FRW Universe described by the action

S =

∫
d3xdη

√−g
[
−1

2
gµν∂µϕ∂νϕ− 1

12
Rϕ2 − λ3

3!
ϕ3
]
. (2.15)

However, it is straightforward to generalize our analysis to theories with polynomial interactions

λkϕ
k in an FRW Universe (2.13) obeying the condition

[a(η)](2−k)
(d−1)

2 +2 =
1

η1+ε
, (2.16)

such that the time-dependent couplings (2.5) are given by λk(η) = λk

η1+ε . These time-dependent

couplings are most conveniently treated in (temporal) Fourier space

1

η1+ε
=

(−i)1+ε

Γ(1 + ε)

∫ ∞(1−iϵ)

0

dxxεeixη . (2.17)

Before proceeding to furnish the integral representations for FRW correlators, a few comments

are in order regarding the above Fourier-space expression. First, it is worth noting the difference

between the FRW parameter ε and the standard iϵ regulator ensuring the convergence of the integral.

Secondly, it is crucial to note that the integral converges only for ε > −1 due to the presence of the

gamma functions. This is seemingly in contradiction with our boundary choices of ε denoting the

various FRW solutions in (2.13). However, as we will see in section 2.2, the differential equations

satisfied by the FRW cosmological correlators can be solved for any value of the parameter ε. In

what follows, we suppress the overall constants arising from the gamma functions and the factors of

i appearing in (2.17) to avoid clutter. Given a choice of ε for the FRW Universe one lives in, such

overall factors and coupling constants can be reinstated as they are needed.

2.1.2 Cosmological correlators in FRW backgrounds

Equipped with the above conceptual preliminaries, we now turn our attention to the construction

of the wavefunction coefficients in flat-space and their uplifts to a general FRW cosmology.

We first define the flat-space n-site wavefunction coefficient at L-loops ψ
(L)
n,flat which essentially

makes up the energy integrand of the FRW wavefunction coefficient

ψ
(L)
n,flat(Xv, Ye) =

∫ 0

−∞

∏
v∈V

dηv e
iXvηv

∏
e∈E

G(Ye, ηv, η′v) , (2.18)

where V, E denotes the set of vertices and edges of a given n-site, L-loop Feynman graph. We also

introduce the notation Xv associated with the sum of energies flowing to the boundary from a vertex

v and Ye denote the energies of the edges (internal lines) e.

The computation of the nested time integrals given by the formal expression (2.18) has been

carried out in the literature using several approaches: i) explicitly computing the 3e bulk time

integrals arising from the three-term structure of the propagator (2.10), ii) a combinatorial rep-

resentation to implement boundary old-fashioned perturbation theory which one would obtain via
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the Lippmann-Schwinger kernel [71], iii) triangulations of the cosmological polytope (and its dual)

[71, 73, 72, 84]. Using any of the approaches, one can compute the two- and three-site flat-space

wavefunction coefficients at tree-level to be

ψ
(0)
2,flat =

1
(X1+X2)(X1+Y )(X2+Y ) , (2.19)

ψ
(0)
3,flat =

X1+Y1+2X2+Y2+X3

(X1+X2+X3)(X1+Y1)(X3+Y2)(X2+Y1+Y2)(X1+X2+Y2)(X2+X3+Y1)
, (2.20)

while the two-site contribution at one loop is given by

ψ
(1)
2,flat =

2(X1+X2+Y1+Y2)
(X1+X2)(X1+X2+2Y1)(X1+Y1+Y2)(X2+Y1+Y2)(X1+X2+2Y2)

. (2.21)

To compute wavefunction coefficients relevant to FRW cosmologies, we perform an uplift by

integrating the integrand (2.18) over the energies related to the time-dependent coupling constants

(2.17). To account for this extra time-dependence, we denote the shifted vertex energies as Ev = xv+

Xv while also tacking on the twist factor xεv at each vertex. As a result, the full FRW wavefunction

contributions take the form

ψ
(L)
n,FRW(Xv, Ye) =

∫ ∞

0

∏
v∈V

dxv x
ε
v ψ

(L)
n,flat(xv +Xv, Ye) =

∫
R

∏
v∈V

dxv x
ε
v ψ

(L)
n,flat(Ev, Ye) , (2.22)

where R defines the rectangular region Ev > Xv for each vertex v. In the mathematics literature,

the integrals (2.22) belong to the class of functions which are often called generalized Euler integrals

or GKZ6 hypergeometric functions [85]. As we will see in section 2.2.4, the FRW wavefunction

coefficients belong to the subset of this function space whose series expansion in ε involves only

multiple polylogarithms. It is worth noting that (2.22) is actually the spatial loop momentum

integrand for loop level corrections. While we will only study the integrals given by (2.22) in

this work, the mathematical framework developed here can straightforwardly accommodate the

integration over the spatial loop momentum and is left for future work.

As an example of this prescription, consider the uplift of ψ
(0)
2,flat → ψ

(0)
2,FRW. Using the two-

site flat-space wavefunction coefficient (2.19) and the uplift relation (2.22), one obtains the explicit

realization of the corresponding FRW wavefunction coefficient given by the integral expression

ψ
(0)
2,FRW(X1, X2;Y ) =

∫ ∞

0

dx1 ∧ dx2
(x1x2)

ε

(x1+x2+X1+X2)(x1+X1+Y )(x2+X2+Y )
. (2.23)

The ε→ 0 limit of such integrals reduces to the well-studied cases arising in inflationary correlators

in dS4 [79, 82]. It is worth mentioning that while this prescription for the uplift of ψn,flat → ψn,FRW

is technically true only for ε ̸= −1, the flat-space wavefunction coefficient appears as the coefficient

of the leading log divergence in the ε→ −1 limit. Explicitly setting ε→ −1 + µ in (2.23) yields

ψ
(0)
2,FRW(X1, X2, ;Y )

∣∣
ε→−1+µ

=

∫ ∞

0

x−1+µ
1 dx1

∫ ∞

0

dx2 x
−1+µ
2 ψ

(0)
2,flat(x1 +X1, x2 +X2;Y )

=

∫ ∞

0

dx1 x
−1+µ
1

ψ
(0)
2,flat(x1 +X1, X2;Y )

µ
+O(µ0)

=
ψ
(0)
2,flat(X1, X2;Y )

µ2
+O(µ−1) . (2.24)

6Gelfand, Kapranov and Zelevinsky.
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Figure 2.1: The Feynman diagram for the tree-level two-site/four-point wavefunction coefficient in
λ3ϕ

3 theory.

Thus, for the flat-space case, the integral (2.23) returns the original wavefunction coefficient mul-

tiplied by a divergent factor 1/µ2. This factor corresponds to the infinite volume of the energy

integrals that we should not have integrated over.

The main objective of this chapter is to illustrate how one can study the analytic structure of

FRW wavefunction coefficients using techniques from relative twisted cohomology, intersection theory

and canonical differential equations that has already been developed in context to flat-space scat-

tering amplitudes. In particular, in the subsequent sections, we will derive the differential equations

for the tree-level two-site/four-point and three-site/five-point and the one-loop two-site/two-point

FRW wavefunction coefficients in a theory comprised of conformally coupled scalars obeying a λ3ϕ
3

interaction (2.15). In the process, we argue that relative twisted cohomology provides a particularly

efficient and powerful formalism for studying FRW wavefunction coefficients.

2.2 The tree-level two-site FRW correlator

For the λ3ϕ
3 theory of conformally coupled scalars (2.15), the two-site flat-space wavefunction

coefficient at tree-level is also the four-point function from the boundary perspective as depicted in

figure 2.1. With the uplift prescription laid out in section 2.1.2, the corresponding FRWwavefunction

coefficient has the integral representation

ψ
(0)
2,FRW(X1, X2;Y ) =

∫ ∞

0

dx1 ∧ dx2
(x1x2)

ε

(x1+x2+X1+X2)(x1+X1+Y )(x2+X2+Y )
. (2.25)

While it is possible to integrate the above two-site/four-point integral, direct integration becomes

intractable at higher points. Similar integrals often appear in the study of dimensionally regulated

Feynman integrals where there is a rich literature describing their evaluation and understanding

their analytic structure (see [86, 65, 87, 66, 67, 88, 89, 90, 91, 92, 93, 94, 95, 96, 85] for a very

incomplete list). In particular, we will use the method of canonical differential equations [97, 98]

and some ideas from intersection theory [57, 58, 59, 60, 61, 62, 63, 68, 69] to evaluate the two-site

FRW correlator (2.25).

In order to implement these methods, we have to consider the family of integrals defined by

the singularities of the integrand in (2.25). This family is made up of integrals whose integrands

are rational differential forms on the manifold X (to be defined later) multiplied by a universal
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multi-valued function, u, called the twist

ψ
(0)
2,FRW(X1, X2;Y ;µ,ν) =

∫
u

N(x)∏2
j=1 T

µj

j

∏3
k=1 S

νk

k (x)
d2x (νi, µi ∈ {0, 1, 2, . . . }), (2.26)

u =

2∏
i=1

T ε
i (ε /∈ C \ Z for FRW cosmologies) . (2.27)

In particular, the integral (2.25) corresponds to µ = {0, 0} and ν = {1, 1, 1} above. While we can

have any arbitrary polynomial numerator N(x), the analytic structure of the integral is (mostly)

determined by the singular surfaces Ta = 0 and Sa = 0. Moreover, the behavior of the integrand at

the singular surfaces Ta = 0 and Sa = 0 is very different and needs distinct mathematical treatment.

The hyperplanes7

T1 = x1 and T2 = x2 , (2.28)

correspond to branch surfaces or twisted singularities of the integrand. These singularities are said

to regulated by ε and are mild in the sense that the integral in the neighbourhood of any Ta = 0

has a well defined analytic continuation. On the other hand, the (hyper-)planes

S1 = x1 +X1 + Y , (2.29)

S2 = x2 +X2 + Y , (2.30)

S3 = x1 + x2 +X1 +X2 . (2.31)

correspond to poles or relative singularities. These singularities are dangerous and cannot be avoided

by analytic continuation.

Having understood the possible locations of singularities, we can define the integration manifold

X = C2 \ (T ∪ S) where T = ∪2
i=1{Ti = 0} are the twisted singular surfaces and S = ∪3

i=1{Si = 0}
are the relative singular surfaces. The analytic structure of this family of integrals is almost entirely

determined by how the surfaces Ta and Sa intersect amongst themselves.

One perhaps surprising fact is that such families of integrals are spanned by a finite basis of

integrals {Ia} [99, 100]. This means that the partial derivatives of these integrals with respect to

the kinematic (non-integration) variables can be expressed as a linear combination of the original

basis of integrals

∂zIa = B
(z)
ab Ib , (2.32)

where z ∈ {X1, X2, Y } for the example at hand. Such systems of differential equations have a closed

solution in terms of a path-ordered exponential. Then, since we can can choose a basis such that

the differential equation is proportional to ε: B = εA, the path-ordered exponential

I = I0 + ε

∫
A · I0 + ε2

∫
A ·

∫
A · I0 + · · · (2.33)

7By a hyperplane, we mean a codimension-1 surface cut out by a linear equation. We will use this terminology

even for lines in 2-dimensions and planes in 3-dimensions.
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can be truncated at any desired order in ε.8 For each order in ε, sophisticated technology exists in

the amplitudes literature for handling the resulting iterated integrals [101]. Lastly, I0 corresponds

to the boundary conditions of our basis integrals.

Thus, we can integrate by differentiation! Since obtaining A and the boundary conditions I0 are

orders of magnitude easier than direct integration, we pursue this strategy in the following sections.

Before moving on, we note that the iterated integrals appearing in (2.33) will not produce any-

thing more complicated than multiple polylogarithms because the matrix A contains at most simple

poles (see [90, 92, 102, 93] for some of the mathematical techniques used to simplify such integrals).

If one was powerful enough to sum the series (2.33), one would recover the corresponding general-

ized hypergeometric function. Further, note that ε carries weight −1 so that the expansion of these

hypergeometric functions have uniform transcendental weight.

To aid us in the computation of differential equations, we introduce a few ideas from intersection

theory. In section 2.2.1, we introduce the twisted cohomology of FRW integrals, compute the

differential equation and obtain the basis size from geometric quantities. Along the way we will

comment on some computation bottlenecks of the usual twisted cohomology picture. To simplify

the computation of the differential equation as well as improve our geometric understanding of

such integrals, we introduce the vector space dual to FRW integrals in section 2.2.2. In particular,

the analogous algorithm for computing the DEQ presented in section 2.2.1 simplifies and in some

cases becomes trivial in the dual space. We also describe how to compute differential equations

of logarithmic forms using the intersection number (an inner product on the FRW cohomology)

bypassing integration-by-parts in section 2.2.3. In particular, we describe how to compute the

differential equations without leaving the space of logarithmic forms. Lastly, in section 2.2.4, we

will integrate the differential equation found in both sections 2.2.1 and 2.2.2 to obtain an explicit

formula for the two-site/four-point FRW correlator.

2.2.1 Differential equations from twisted cohomology

To compute the differential equations, it is useful to change perspective and consider the integrands

as the fundamental objects of interest instead of the corresponding integrals.9 The allowed FRW

integrands are any holomorphic rational differential top-forms φ on X,10 multiplied by the multi-

valued twist

FRW integrands: u φ. (2.34)

Mathematically, we denote the space of (holomorphic) differential p-forms by Ωp(X). Since the twist

is universal to all FRW integrands, we can factor it out and only work with the single-valued forms

φ by introducing a covariant derivative: d(u φ) = u∇φ where ∇ = d + ω∧ and ω = d log u is a flat

8FRW integrals turn out to be sufficiently simple that it is always possible to chose such a basis.
9Since we will always be dealing with a basis of integrals there is no loss of information by considering integrands

instead of integrals.
10Holomorphic differential forms only contain the holomorphic variables of the complex manifold X. A top form

has form degree equal to the complex dimension of the manifold dimCX. In this example, dimCX = 2.
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connection (dω = 0). The connection ω is analogous to the gauge field Aµ of QED and keeps track

of the phase of u.

Notice that integrands are not uniquely defined. One can always shift an integrand by a total

derivative without changing the resulting integral∫
u φ =

∫ (
u φ+ d(u ψ)

)
=

∫
u
(
φ+∇ψ

)
(2.35)

for any ψ ∈ ΩdimCX−1(X).11 Thus, the unique objects are holomorphic top-forms modulo covariant

derivatives. This is is made precise by the twisted cohomology group

[φ] ∈ Hp(X,∇) =
{φ ∈ Ωn(X)|∇φ = 0}
{∇ψ|ψ ∈ Ωp−1(X)} . (2.36)

The numerator corresponds to “covariantly closed” differential forms where the condition ∇φ = 0

ensures that the integral of uφ does not depend on the choice of path – only on the end points. The

denominator corresponds to the set of all possible “covariantly exact” forms (covariant derivatives)

that we can add to φ without changing the resulting integral. We will use the freedom to add any

∇ψ to φ to derive the FRW differential equations. In the Feynman integral literature, this procedure

often goes by the name integration-by-parts.

Since twisted cohomology is well studied, we can borrow a key fact from the mathematical

literature: only the top-dimensional twisted cohomology group is non-trivial.12 As a consequence,

the dimension of the top-dimensional cohomology (or equivalently the size of the FRW basis) is

equal to the Euler characteristic χ(X). Moreover, it is known that for hyperplane arrangements the

Euler characteristic is equal to the number of bounded chambers [103, 104].13 For our particular

example, there are four bounded chambers (figure 2.2). This should be familiar from the positive

geometry and cosmological polytope picture [71, 72, 73, 105, 84, 106]. In fact, the canonical forms

associated to the bounded chambers provide a natural ε-form basis for this family of integrals14

ϑ1 = d log
S1

S2
∧ d log

S2

S3
, (2.37)

ϑ2 = d log
T1
S2

∧ d log
S2

S3
, (2.38)

ϑ3 = d log
T2
S1

∧ d log
S1

S3
, (2.39)

ϑ4 =

(
x1 +X1 +X2

T2S1S3
+
x2 +X1 +X2

T1S2S3
− 1

T1T2

)
dx1 ∧ dx2. (2.40)

11In the example at hand, dimCX − 1 = 2− 1 = 1.
12The usual proof of these theorems assume some conditions that we break by letting the Si have integer exponents.

Fortunately, in most cases, this statement remains true even when the Si have integer exponents. A proof of this fact

will appear in a forthcoming publication by one of the authors.
13When all singularities are twisted, a more practical way to compute this Euler characteristic is by counting the

critical points of the connection [99, 51]. While this formula does not hold for FRW cohomology, it does hold for the

dual cohomology. Thus, it is the recommend way for computing the dual basis size when working in higher dimensions.
14The canonical form of a chamber bounded by the lines A,B,C is given by the d log-form d log A

B
∧ d log B

C
or

any permutation of A,B and C. The canonical form for a chamber bounded by more than three lines is obtained

by triangulating the bounded chamber and adding up the canonical forms associated to the triangulation. This

construction generalizes straightforwardly to higher dimensional spaces.
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T1

T2

S1

S2S3

Figure 2.2: Hyperplane arrangement for the two-site/four-point integrand. The twisted planes are
pictured in blue while the untwisted planes are red. For the FRW-cohomology, it is common to
use the canonical forms of the bounded chambers, which are colored in orange, purple, green and
pink (section 2.2.1). For the dual-cohomology, the basis is determined by uplifting the basis on each
1- and 2-boundary since the bulk cohomology is empty. On each 2-boundary, the cohomology is
spanned by the constant function. Each 1-boundary only has a non-trivial cohomology if it crosses
both twisted lines (section 2.2.2).

The last form has been written out explicitly, since its construction requires one to triangulate the

pink bounded chamber in figure 2.2 and add up the canonical forms on each piece of the triangulation.

Notice that u ϑ1 is simply the integrand of (2.25) (up to a sign).

Let us now compute the differential equation for ϑ1. Taking the kinematic covariant derivative

of ϑ1 yields

ϑ̇1 ≡ ∇kinϑ1 =
2 (2x1 + x2 + 2X1 +X2 + Y )

S2
1S2S2

3

dx1 ∧ dx2 ∧ dX1

+
2 (x1 + 2x2 +X1 + 2X2 + Y )

S1S2
2S

2
3

dx1 ∧ dx2 ∧ dX2

+
2
(
x2X1 + x1X2 + x1x2 +X1X2 − Y 2

)
S2
1S

2
2S3

dx1 ∧ dx2 ∧ dY, (2.41)

where ∇kin = dkin+dkin log u = dkin and dkin = ∂X1
dX1+∂X2

dX2+∂Y dY for the current example.

Note that ϑ̇1 is not directly expressible in terms of our basis (2.37). However, we have the freedom

to add the covariant derivative of any 1-form to (2.41) without changing the value of the integral.

One can check that

ϑ̇1 +∇IBP = ε d log ((X1 + Y ) (X2 + Y )) ∧ ϑ1

+ ε d log

(
Y −X1

X1 + Y

)
∧ ϑ2 + ε d log

(
X2 + Y

Y −X2

)
∧ ϑ3, (2.42)
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where

IBP =
2(x1 +X1)dx2 ∧ dY − 2(x2 +X2)dx1 ∧ dY + 2Y (dx1 ∧ dX2 − dx2 ∧ dX1)

S1S2S3
. (2.43)

The IBP form above is not so difficult to guess or construct for the current example. However,

constructing such IBP forms at the level of the three-site/five-point graph or higher is much more

difficult. This integration-by-parts step can be simplified and in some cases trivialized by working

in the dual cohomology of section 2.2.2. While the change to the dual cohomology requires a new

layer of abstraction, the computational and conceptual simplifications are well worth it!

Equation (2.42) corresponds to the first row of our differential equation. Computing the other

rows of A in an analogous fashion yields

Aϑ = ε d


log ((X1 + Y ) (X2 + Y )) log

(
Y −X1
X1+Y

)
log

(
X2+Y
Y −X2

)
0

0 log ((X1 − Y ) (X1 + X2)) log

(
X2+Y
X1+X2

)
log

(
X2+Y
X1+X2

)
0 log

(
X1+Y
X1+X2

)
log ((X2 − Y ) (X1 + X2)) log

(
X1+X2
X1+Y

)
0 log

(
Y −X1
X1+Y

)
log

(
X2+Y
Y −X2

)
log ((X1 + Y ) (X2 + Y ))

, (2.44)

where we have included a subscript ϑ on A to signify the choice of basis. Indeed, such differential

equations come with an inherent gauge redundancy that is the choice of basis. Under a change of

basis ϑi = Uijφj , the matrix A transforms like a gauge field

∇kinφ = Aφ ·φ, (2.45)

where

Aφ = U−1 ·Aϑ ·U −U · dkinU . (2.46)

The equation above gives the rule for how to compare the differential equations for different choices

of bases. Notice that (2.44) is actually quite dense. This hints that there may be a better choice

of basis that simplifies the form of A. In fact, the dual cohomology will point us to such a basis in

section 2.2.2.

Before moving onto describe the dual cohomology, we note that the matrix A is integrable:

dkinAij +Aik ∧Akj = 0. This condition places strong consistency conditions on A and provides an

important check of our calculations. If A were not integrable, the path ordered exponential would

depend on the path of integration in kinematic space.

2.2.2 Differential equations from the dual (relative twisted) cohomology

Since the twisted cohomology is a vector space, there exists a dual vector space and an associated in-

ner product called the intersection number. The dual cohomology is the relative twisted cohomology

χHp(X,∇) = Hp(χX,χX∩S, χ∇) where χX = C2\T , χ∇ = d+ω̌∧ is the dual covariant derivative,

ω̌ = d log ǔ is the dual connection and ǔ = 1/u is the dual twist [77, 68, 69]. In this section, we will

unpack the ideas underlying relative twisted cohomology and describe how this simplifies computing

differential equations.
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We also opt to avoid delving into the details of how the intersection number is computed. Instead,

we give a simple formula for the intersection of logarithmic forms in appendix 2.5 that covers all

cases considered in this work. However, to provide some motivation for why the dual cohomology

takes its particular form, it is useful to give the definition of the intersection number in the main

text.

The intersection number of a FRW-form φ ∈ Hn(X,∇) with a dual form φ̌ ∈ Hn(χX,χX∩S, χ∇)

is given by

⟨φ̌|φ⟩ ∝ 1

(2πi)dimCX

∫
X

Reg[φ̌] ∧ φ (2.47)

where the overall sign is conventional and Reg[φ̌] is a regulated version of the dual form.15 While

this looks like it could be a difficult integral to perform, the intersection number localizes on the

maximal codimension intersections of the singular surfaces Ti and Si (the point S12 in figure 2.1 for

example). Thus, the intersection number is actually algebraically evaluated as a series of residues.

Moreover, it is simple to compute for logarithmic forms, which encompass all FRW-forms.

Like any vector space, we can construct a resolution of the identity from a basis for the FRW

and dual cohomologies {φa} and {φ̌a}

1 =
∑
a,b

|φa⟩ C−1
ab ⟨φ̌b|. (2.48)

Here, Cab = ⟨φ̌a|φb⟩ is the intersection matrix associated to our choice of bases. Using this resolution

of identity, any FRW-form φ (and hence integral
∫
u φ) can be projected onto the basis {φa}

|φ⟩ =
∑
a

caφa, ca = C−1
ab ⟨φ̌b|φ⟩. (2.49)

Roughly speaking, this projection is a form of generalized unitary [87, 109, 88, 110, 111, 112, 113,

114, 115]. It can also be used instead of the integration-by-parts identities of the previous section

to derive the differential equations (section 2.2.4).

The reason that the dual cohomology takes a different form from the FRW cohomology is due to

the nature of the regularization map in (2.47). Since the twisted singularities Ta can be regularized

thanks to the fact that ε /∈ Z is generic, dual forms can have singularities at the zero loci of the Ti.

On the other hand, singularities at the zero loci of the relative singularities Si cannot be regularized.

Thus, dual forms must be regular on χX ∩ S. This is why we only excise T in the definition of the

dual manifold χX = C2 \ T .
The last piece of mathematical terminology that we need to explain before moving to the calcu-

lation of the differential equation is what the adjective “relative” means. It is simply a fancy name

for keeping track of boundary terms that arise form Stokes’ theorem. For the FRW cohomology, we

did not allow boundaries and the total covariant derivative always integrated to zero. For the dual

15We skip the details of the regularization procedure in this work since the simple formula in appendix 2.5 covers

all cases encountered in this work. For details on the regularization procedure we direct the interested reader to

[107, 51, 59, 60, 108, 62, 63, 69, 68] and the references therein.
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cohomology, the relative singular surfaces become boundaries and the integral of a total covariant

derivative only vanishes up to boundary terms. These boundary terms are integrals arising from

lower-degree forms that live on the boundary surfaces.

Mechanically, this boundary information is kept track by the so-called coboundary symbol δJ .

A generic dual form φ̌ ∈ Hn(χX,χX ∩ S, χ∇) should be thought of as a vector with components

labeled by each boundary J

φ̌ =
∑
J

δJ
(
ϕ̌J
)
. (2.50)

Here, δJ can be thought of as picking out the component of φ̌ that corresponds to the boundary

SJ = χX ∩j∈J Sj and ϕ̌J is an element of the twisted cohomology of the boundary indexed by J :

Hn−|J|(χX ∩ SJ , χ∇).16 Naturally, the corresponding dual integrals

χIJ =

∫
γ

ǔ φ̌ =
∑
J

∫
γ

ǔ δJ

(
ϕ̌J

)
=
∑
J

∫
γ|J

ǔ|J ϕ̌J , (2.51)

are simply integrals defined on the boundaries.

In addition to indexing the components of φ̌, the δJ act like differential forms. They anti-commute

with themselves

δij = δi ∧ δj = −δj ∧ δi = −δji (2.52)

and the exterior derivative is given by

dδJ(ϕ̌) = (−1)|J|δJ
(
dϕ̌
)
+ (−1)|J|

∑
k/∈J

δJk
(
ϕ̌|k
)

(2.53)

up to boundary terms. The δJ also convert the covariant derivative on bulk space to the covariant

derivative on the boundary

χ∇δJ(ϕ̌) = (−1)|J|δJ
(
χ∇|J ϕ̌

)
+ (−1)|J|

∑
k/∈J

δJk
(
ϕ̌|k
)

(2.54)

where χ∇|J = d + ω̌|J∧. Equations (2.53) and (2.54) will do virtually all the heavy lifting in

this formalism. To the zeroth order approximation, the δi can be thought of as being dual to the

d log-form d logSi since the δi correspond to residues about Si = 0 in the intersection number (see

equation (2.110)). The main job of the δJ is to take care of the combinatorics of Stokes’ theorem on

a manifold with boundary.

16For the mathematically inclined, the formal definition of relative twisted cohomology is the direct sum of the

twisted cohomology on each boundary

Ωn(χX, S;χ∇) = Ωn(χX;χ∇)

m⊕
a=1

Ωn−1(χX ∩ Sa;χ∇|a)
m⊕

a,b=1

a̸=b

Ωn−2(χX ∩ Sa ∩ Sb;χ∇|ab)

⊕
· · ·

m⊕
a1,...,an=1

ai ̸=aj

Ω0(χX ∩ Sa1 ∩ · · · ∩ San ;χ∇|a1···an )

where m is the number of relative surfaces Si.
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T2

T1 X̌ ∩ S3X̌ ∩ Si

X̌ ∩ Si ∩ Sj

X̌

∞

T2 ∩ S3

T1 ∩ S3

T• ∩ Si

∞

δ{}

δ1 δ2 δ3

δ23δ13δ12

Figure 2.3: The topological spaces appearing in the direct sum decomposition of the relative co-
homology. Since the twist is sufficiently generic, only the corresponding middle dimensional co-
homology is non-trivial. The first diagram is a real slice of the bulk space where the coordinate
planes (in blue) have been removed. Since the planes defined by the Ti do not form a bounded
chamber, dimH2(X̌, ∇̌) = 0. Each 1-boundary X̌ ∩ Si is topologically a Riemann sphere with ei-
ther 2- or 3-punctures. Only X ∩ S3 has enough punctures to have a non-trivial topology. Thus,
dimH1(X̌ ∩ S3, ∇̌) = 1 while dimH1(X̌ ∩ Si=1,2, ∇̌) = 0. The last diagram represents the 2-
boundaries X̌ ∩ Si ∩ Sj . While there is no twisting, the 0th cohomology of a point is known to be
1-dimensional: dimH0(X̌ ∩ S1 ∩ Sj) = 1.
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Returning to the two-site/four-point example, we need to choose a basis for the dual-cohomology.

To do this, we simply write down a basis for the cohomology on each boundary. First, we look at the

bulk twisted cohomology H2(χX,χ∇). The topological space χX is pictured at the top of figure 2.3.

Clearly there are no bounded chambers cut out by the twisted singularities so dimH2(χX,χ∇) =

0. Next, we look at the cohomologies on all possible 1-boundaries. We find two distinct cases

of 1-boundaries (pictured on the left and right in figure 2.3). Both boundaries S1 and S2 are

twice punctured Riemann spheres. From a well known result [104], the dimension of the twisted

cohomology of a punctured Riemann sphere is #(punctures) − 2 (this is the analogue of counting

bounded chambers in 1-dimension). Thus, both H1(S1, χ∇|1) and H1(S2, χ∇|2) are trivial. On the

other hand, the twisted cohomology on S3 is 1-dimensional since S3 has 3 punctures. We can choose

ϕ̌1 = ε d log
T1|3
T2|3

(2.55)

for the basis of H1(S3, χ∇|3) and then uplift this into the full dual cohomology by simply tacking

on a δ3

φ̌1 = δ3
(
ϕ̌1
)
= ε δ3

(
d log

T1|3
T2|3

)
. (2.56)

The 1-boundary form has been normalized by ε to ensure that the differential equation is in ε-form.17

Lastly, there are three 2-boundaries: S12, S23 and S13. Each of these are simply a point (bottom

of figure 2.3). While the corresponding cohomology H0(Sij) is not twisted, it is non-trivial and

spanned by the constant function: 1. Thus, we choose

φ̌2 = δ12(1), φ̌3 = δ23(1), φ̌4 = δ13(1), (2.57)

as the remaining elements for our basis of the dual cohomology. Notice that the basis size is the same

as in section 2.2.1. In the dual cohomology, the basis size is computed by adding the dimensions

of the twisted cohomology on each possible boundary!18 For higher dimensional manifolds, one can

no longer visualize and count bounded chambers and we have to switch to alternative methods for

computing the Euler characteristic of each boundary. A practical way to do this is provided by

footnote 13.

The components of the kinematic connection associated to the 2-boundary forms are trivial to

obtain. Taking the (dual) kinematic covariant derivative and using equation (2.54), we find

∇̌kinφ̌2 = δ12 (ω̌kin|12) = ω̌kin|12 ∧ φ̌2 ≡ Ǎ22 ∧ φ̌2, (2.58)

∇̌kinφ̌3 = δ23 (ω̌kin|23) = ω̌kin|23 ∧ φ̌3 ≡ Ǎ33 ∧ φ̌3, (2.59)

∇̌kinφ̌4 = δ13 (ω̌kin|13) = ω̌kin|13 ∧ φ̌4 ≡ Ǎ44 ∧ φ̌4, (2.60)

17Intuitively, the more a form is localized to a boundary the less transcendental the resulting integral is. Thus, we

normalize the more transcendental 1-boundary form by ε so that it has the same transcendentality as the 2-boundary

forms.
18Sometimes this can over count the basis size when the hyperplane arrangement is non-generic and some boundaries

need to be identified. We will see an example of this in section 2.3.2.
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where ∇̌kin = dkin + ω̌kin, ω̌kin = dkin log ǔ and ω̌kin|J = dkin log ǔ|J . Consequently, we see that the

dual differential equation has the following upper triangular form

∇̌kinφ̌a = Ǎab ∧ φ̌b where Ǎ =


Ǎ11 Ǎ12 Ǎ13 Ǎ14

0 ω̌kin|12 0 0

0 0 ω̌kin|23 0

0 0 0 ω̌kin|13

 . (2.61)

To compute the remaining components associated to the 1-boundary form, we perform IBP on

the 1-boundary. That is, we look for some kinematic 1-forms A1i such that

∇̌kinφ̌1 + ∇̌IBP =

4∑
i=1

Ǎ1i ∧ φ̌i, (2.62)

for some integration-by-parts form IBP. Since φ̌1 is a form on the boundary S3, IBP should also be

a form on this boundary: IBP = δ3
(
ξ̌
)
where ξ̌ is a 1-form in the kinematic variables but a 0-form

in the integration variables. Inserting this definition of IBP into (2.62), we obtain

δ3
(
Ǎ11 ∧ ϕ̌1 − ∇̌kin|3 ϕ̌1 − ∇̌int|3 ξ̌

)
+ δ12

(
Ǎ12

)
+ δ23

(
Ǎ13 + ξ̌|2

)
+ δ13

(
Ǎ14 + ξ̌|1

)
= 0 . (2.63)

Again, we see that the 2-boundary components are fixed rather trivially

Ǎ12 = 0 , Ǎ13 = −ξ̌|2 , Ǎ14 = −ξ̌|1 . (2.64)

All that remains is to specify χξ. It is easily verified that equation (2.63) is satisfied by setting

Ǎ11 = −2ε d log(X1 +X2) and

ξ̌ = −εd(X1 +X2)

T2|3
. (2.65)

Putting everything together, we find the dual differential equation

Ǎ = −ε d

2 log(X1 + X2) 0 log

(
X2+Y
X1−Y

)
log

(
X2−Y
X1+Y

)
0 log(X1 + Y )(X2 + Y ) 0 0

0 0 log ((X1 − Y )(X2 + Y )) 0

0 0 0 log ((X2 − Y )(X1 + Y ))

 (2.66)

for our basis of the dual-cohomology (2.55) and (2.57).

The differential equation for the basis of canonical forms (2.44) is obtained from the dual differ-

ential equation (2.66) by a gauge transform

Aϑ = −
(
C−1

ϑ · Ǎ ·Cϑ

)⊤
= ε d


log ((X1 + Y ) (X2 + Y )) log

(
Y −X1
X1+Y

)
log

(
X2+Y
Y −X2

)
0

0 log ((X1 − Y ) (X1 + X2)) log

(
X2+Y
X1+X2

)
log

(
X2+Y
X1+X2

)
0 log

(
X1+Y
X1+X2

)
log ((X2 − Y ) (X1 + X2)) log

(
X1+X2
X1+Y

)
0 log

(
Y −X1
X1+Y

)
log

(
X2+Y
Y −X2

)
log ((X1 + Y ) (X2 + Y ))

 (2.67)
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where

(Cϑ)ab = ⟨φ̌a|ϑb⟩ =


0 −1 1 0

1 0 0 0

1 1 0 1

−1 0 1 −1

 (2.68)

is the intersection matrix. The intersection matrix is analogous to the computation of generalized

unitary coefficients in the context of Feynman integrals. In particular, the simple formula for the

intersection number of d log-forms (appendix 2.5) make such calculations straightforward!

Furthermore, the intersection matrix is a realization of the isomorphism between the FRW- and

dual-cohomologies since it has full rank. However, in some sense, the canonical forms (2.37) are not

the most direct way of establishing the duality between the FRW- and dual-cohomologies since the

intersection matrix is dense.

Instead, one can directly construct a basis for the FRW-cohomology that is orthonormal to the

basis of dual-cohomology (2.55) and (2.57). By choosing d log forms that do not share singularities

on the maximal intersections of the hyperplanes {Ti, Si}, one guarantees that the corresponding

intersection matrix is diagonal. For example, the following basis

φ1 = −1

2
d log(S3) ∧ d log

(
T1
T2

)
, φ2 = d logS1 ∧ d logS2 ,

φ3 = d logS2 ∧ d logS3 , φ4 = d logS1 ∧ d logS3 , (2.69)

is orthonormal to the φ̌a

(Cφ)ab = ⟨φ̌a|φb⟩ = δab . (2.70)

Generally, it is much easier to build a basis in the dual-cohomology that has a simple DEQ. Thus,

the basis φa is extremely useful since the resulting differential equation is the minus transpose of Ǎ

Aφ = −
(
Ǎ
)⊤
, (2.71)

which is much more sparse than Aϑ. Then, since the integral of physical interest is simply related to

the φ-basis ϑ1 = φ2 + φ3 − φ4
19, one can integrate the simpler DEQ Aφ instead of Aϑ. Moreover,

the φ-basis never needs to be explicitly constructed – only its existence is important! One can

obtain any FRW integral of interest by integrating
(
−Ǎ

)⊤
(without choosing a basis for the FRW

cohomology) and using the intersection matrix to project out the correct linear combination.

2.2.3 Trivializing the DEQ computation using intersection theory

As advertised in the introduction, one can compute the differential equations for a family of relative

twisted differential forms using the intersection number instead of IBPs. Explicitly,

Aij = C−1
jk ⟨φ̌k|∇kinφi⟩ , Ǎij = ⟨∇̌kinφ̌i|φk⟩C−1

kj , (2.72)

19These signs simply correspond to the first column of Cϑ. By inserting identity 1 = |φa⟩
(
C−1

φ

)
ab

⟨φ̌b|, one finds

|ϑ1⟩ = |φa⟩
(
C−1

φ

)
ab

⟨φ̌b|ϑ1⟩ = ⟨φ̌a|ϑ1⟩|φa⟩ = (Cϑ)a1 |φa⟩ as claimed.
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where Cij = ⟨φ̌i|φj⟩ is the intersection matrix for a given choice of basis. In general, this usually

requires more sophisticated methods for computing the intersection numbers than those presented in

appendix 2.5 since the forms ∇kinφj and ∇̌kinφ̌i no longer have at most simple poles. However, since

our forms are logarithmic, we can use a simple trick that avoids the introduction of double poles and

allows us to compute the differential equations using only the formula presented in appendix 2.5!20

The idea is to simply promote the exterior derivative d that acts on the integration variables to

the exterior derivative that acts on both the integration and external variables: d → D = d + dkin.

This promotes our basis to forms valued on the total space. For example,

ϑ1 → D log
S1

S2
∧D log

S2

S3

=
−2Y dx1 ∧ dx2

(x1 + x2 +X1 +X2)(x1 +X1 + Y )(x2 +X2 + Y )

+
2(x2 +X2) dx1 ∧ dY

(x1 + x2 +X1 +X2)(x1 +X1 + Y )(x2 +X2 + Y )

+
2Y dx2 ∧ dX1

(x1 + x2 +X1 +X2)(x1 +X1 + Y )(x2 +X2 + Y )

− 2Y dx1 ∧ dX2

(x1 + x2 +X1 +X2)(x1 +X1 + Y )(x2 +X2 + Y )

− 2(x1 +X1) dx2 ∧ dY

(x1 + x2 +X1 +X2)(x1 +X1 + Y )(x2 +X2 + Y )

+ kinematic 2-forms . (2.73)

Note that the FRW connection does not change since it is independent of kinematics ω → D log(u) =

d log(u).21

Now, since the difference between (D+D log(u)∧) and ∇kin is a total derivative ∇, we can replace

∇kin in (2.72) by (D + D log(u)∧) without changing the intersection number.22 Explicitly, for ϑ1,

this amounts to the replacement

ϑ̇1 = ∇kinϑ1 → (D + D log(u)∧) ϑ1

=
−2ε (x2X1 + x1X2 + 2x1x2) dx1 ∧ dx2 ∧ dY

x1x2(x1 + x2 +X1 +X2)(x1 +X1 + Y )(x2 +X2 + Y )

+
2ε Y dx1 ∧ dx2 ∧ dX1

x1(x1 + x2 +X1 +X2)(x1 +X1 + Y )(x2 +X2 + Y )

+
2ε Y dx1 ∧ dx2 ∧ dX2

x2(x1 + x2 +X1 +X2)(x1 +X1 + Y )(x2 +X2 + Y )

+ kinematic 2-forms . (2.74)

Notice that the right hand side above only has simple poles! Using the formulae given in appendix

20The methods outlined here also help streamline the integration-by-parts algorithm presented in sections 2.2.1

and 2.2.2.
21On the other hand, the dual connection does change since the restriction to boundaries introduces kinematic

dependence.
22The intersection number of any total covariant derivative ∇ or χ∇ always vanishes.
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2.5, one finds the first row of the differential equation Aϑ

(Aϑ)1j = (C−1
ϑ )jk⟨φ̌k|(D + D log(u)∧) ϑ1⟩ . (2.75)

The above formula is attractive since it only involves algebraic (residue) operations. We know

where the intersection number localizes and don’t have to go through the process of constructing

IBP-forms.

Before moving on to actually integrating our differential equation, we note that the ideas outlined

here are applicable to the algorithm for computing the symbol in [116]. By promoting the external

derivative to a derivative on the total space, the two-step algorithm for computing the intersection

number could potentially be reduced to one-step!

2.2.4 Integrating the differential equations

Having constructed the DEQ system for the two-site/four-point FRW correlator in subsections 2.2.1

(ϑ-basis) and 2.2.2 (φ-basis), we now turn our attention to solving them. We implement conventional

techniques that have become widespread in the computation of Feynman integrals over the last

decade [98, 117]. Differential equations of the form constructed in sections 2.2.1 and 2.2.2 are

known as Pfaffian systems whose solutions are given by the path-ordered exponential as expressed

in equation (2.33). For small ε, as is the case for FRW cosmologies, such solutions can be expanded

and truncated to any desired order in ε. In this subsection, we will reproduce the well known de

Sitter result corresponding to the O(ε0) term of the FRW wavefunction coefficient. Then, for the

first time, we derive an expression for the O(ε) term of the two-site/four-point FRW wavefunction

coefficient.

We begin by reviewing how to integrate systems of coupled linear DEQs in the context of the

two-site/four-point example. The physical integral ϑ1 can be obtained by directly integrating the

Aϑ system associated to the canonical basis, for which ϑ1 is a basis element, or by integrating the

Aφ system and using the fact that ϑ1 = φ2 + φ3 − φ4.

In either case, the DEQ is

∇kinαi = Aα;ij ∧ αj , (2.76)

where α = ϑ, φ denotes our choice of basis. In terms of actual integrals instead of differential forms,

this DEQ becomes

dkin g⃗α(z, ε) = Aα · g⃗α(z, ε) , (2.77)

where g⃗α =
∫
uα is the vector of integrals associated to our choice of basis. Here, z ∈ {X1, X2, Y }

refers to the external scales for the tree-level two-site/four-point example at hand and dkin =∑
{z} ∂zdz = ∂X1dX1 + ∂X2dX2 + ∂Y dY as before. The 4× 4 DEQ matrix Aα can be expanded as

Aα = ε
∑
{z}

Ωzdz = ε
(
ΩX1

dX1 +ΩX2
dX2 +ΩY dY

)
, (2.78)
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where the entries of the Ωz matrices are rational one-forms. The solution g⃗α(z, ε) is a Laurent series

in ε

g⃗α(z, ε) =

∞∑
n=−2

εn f⃗ (n)α (z) , (2.79)

where the minimal value of n is determined by boundary conditions (in this case, it happens to be

−2).

For the two-site/four-point example, the boundary conditions are generated by taking the Y → 0

limit where the integrals can actually be performed and then expanded in ε. We denote this boundary

condition by g⃗∗α

g⃗∗α(X1, X2, ε) := g⃗∗α(X1, X2, 0, ε) =

∞∑
n=−2

εn f⃗∗(n)α (X1, X2) . (2.80)

For the ϑ-basis, the boundary condition integrals are straightforward to compute. On the other hand,

the integral associated to φ1 is divergent. However, due to the simplicity of the Aφ DEQ, it is easy

to see that the function a(ε)(X1 +X2)
2ε is a solution for the first component of g⃗φ. Expanding a(ε)

as a series in ε, each coefficient can be fixed by demanding that the vector of boundary conditions

g⃗∗φ satisfies the DEQ. In particular, using a(ε) = − 1
2ε2 − π2

4 + O(ε) is enough to fix the physical

integral to O(ε).

Having generated the boundary conditions, we are now in a position to integrate the DEQ system

at hand. Given our Laurent series ansatz (2.79), the DEQ system takes the form

∂z g⃗α(z, ε) = Ωz · g⃗α(z, ε) =⇒

∂z f⃗ (−2) = 0

∂z f⃗
(a) = Ωz · f⃗ (a−1) ∀ a > 2 .

(2.81)

Following conventional DEQ techniques, we can now solve order by order in the twist parameter ε.

Thus, we are led to the following solution at order ε = 0 for the two-site/four-point correlator, i.e.,

the solution corresponding to the physical chamber denoted by ϑ1

ψ
(0)
2,dS = Li2

(
X1 − Y

X1 + Y

)
+ Li2

(
X2 − Y

X2 + Y

)
− Li2

(
X1 − Y

X1 + Y

X2 − Y

X2 + Y

)
− π2

6
. (2.82)

Up to a sign,23 the above solution corresponds to the well-know two-site contribution to the wave-

function coefficient in a dS Universe (ε = 0) [82, 79, 70].

In order to go beyond dS, we solve the differential equations arising at the next order in ε (only

for the physical component ϑ1) leading us to the following two-site/four-point contribution to the

23The sign difference arises from the arbitrariness in the choice of orientation when constructing a canonical form.
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wavefunction coefficient in a FRW Universe in the region X1 > X2 > Y

ψ
(0)
2,FRW =− Li3

(
Y +X1

Y −X2

)
+ Li3

(
−X1 − Y

Y +X2

)
+ 2Li3

(
X1 − Y

X1 +X2

)
− 2Li3

(
Y +X1

X1 +X2

)
+ 2 log (X1 +X2) Li2

(
−Y +X2

X1 − Y

)
− 2 log (X1 +X2) Li2

(
Y −X2

Y +X1

)
+

1

6
log3 (X2 − Y )− 1

6
log3 (X2 + Y )− 1

2
log (X1 + Y ) log2 (X2 − Y )

− 1

2
log2 (X1 + Y ) log (X2 − Y )− log2 (X1 +X2) log (X2 − Y )

+
1

2
log (X1 + Y ) log2 (X2 + Y ) + log2 (X1 +X2) log (X2 + Y )

+
1

2
log2 (X1 + Y ) log (X2 + Y ) + log (X1 +X2) log

2 (X1 − Y )

− log (X1 +X2) log
2 (X1 + Y ) + 2 log (X1 +X2) log (X1 + Y ) log (X2 − Y )

+
1

6
π2 (log (X2 − Y )− log (X2 + Y ))

− 2 log (X1 +X2) log (X1 − Y ) log (X2 + Y ) . (2.83)

It is worth noting a few important features of the above expression. First, the integral representation

of ψ
(0)
2,FRW is not manifestly symmetric inX1 andX2. We have sacrificed this symmetry for the simple

presentation above. A formula valid in the whole physical region that is manifestly symmetric has

been included in the ancillary files. Second, the above expression has uniform transcendental weight

three. This is expected since the FRW wavefunction is the integral of the dS wavefunction thereby

increasing the transcendental weight from two to three. In the next section, we will derive the

differential equation for the tree-level three-site/five-point and one-loop two-site/two-point FRW

wavefunction coefficients. While we leave the integration of these differential equation for future

work, the resultingO(ε) terms will have transcendental weight four and three since the corresponding

dS wavefunction coefficients are know to be weight three and two respectively. Interestingly, loop-

diagrams corresponding to cosmological correlators are not more transcendental than their tree-level

counter parts because the integration over the spatial loop momentum is not performed.

2.3 Further examples

In this section, we provide two further examples illustrating how to construct cosmological correlators

associated to FRW integrals and the differential equations they satisfy. In particular, we show that

there are no obstructions to extending the techniques applied in this work to loop integrands.24

To illustrate this point, we construct the cohomologies for the one-loop two-site/two-point FRW

24To go beyond and explicitly perform the integral over the spatial loop momenta, one needs to account for

the integration measure, which introduces new polynomials into the numerator of the integrals [118] that can be

naturally accommodated in the framework of relative twisted cohomology. While polynomial numerators don’t pose

any technical problems, numerators with square roots may need additional regularization:
√
• → (•)

1
2
+δ where δ is a

regulator much like the dimensional regulator. We leave the technical details of the L-loop FRW problem to upcoming

work.
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Figure 2.4: The Feynman diagram for the one-loop two-site/two-point wavefunction coefficient in
λ3ϕ

3 theory and the associated hyperplane arrangement.

integrand as well as their differential equations in section 2.3.1. Then, in section 2.3.2, we construct

the cohomologies and associated differential equations for the tree-level three-site/five-point FRW

wavefunction coefficient. Here, we see a new feature due to the degeneration of boundaries that will

be present in most higher-site/point examples and explain how to account for this degeneracy.

2.3.1 The one-loop two-site FRW correlator

In λ3ϕ
3 theory, the flat-space one-loop two-site/two-point wavefunction coefficient receives contri-

butions from a single graph (see the left of figure 2.4) given by equation (2.21), which we quote here

for convenience

ψ
(1)
2,flat =

2 (X1 +X2 + Y1 + Y2)

(X1 +X2) (X1 +X2 + 2Y1) (X1 + Y1 + Y2) (X2 + Y1 + Y2) (X1 +X2 + 2Y2)
. (2.84)

The FRW uplift prescription (2.22) yields the associated hyperplane arrangement for the FRW

correlator (see the right of figure 2.4). As usual, the hyperplane arrangement is determined by the

twisted coordinate hyperplanes

Ti = xi for i = 1, 2 , (2.85)

and the singular/boundary hyperplanes are defined by the linear divisors of ψ
(1)
2,flat|Xi→xi+Xi

S1 = x1 + x2 +X1 +X2, S2 = x1 +X1 + Y1 + Y2,

S3 = x2 +X2 + Y1 + Y2, S4 = x1 + x2 +X1 +X2 + 2Y1,

S5 = x1 + x2 +X1 +X2 + 2Y2.

(2.86)

Note that this hyperplane arrangement is incredibly similar to the tree-level case and not any more

difficult.

Counting the bounded chambers in figure 2.4 (right), we see that the FRW cohomology and its

dual are 10-dimensional. A convenient choice for the dual 1-boundary forms is

φ̌1 = ε δ1

(
d log

T1|1
T2|1

)
, φ̌2 = ε δ4

(
d log

T1|2
T2|2

)
, φ̌3 = ε δ5

(
d log

T1|3
T2|3

)
. (2.87)
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A similarly convenient choice for the 2-boundary forms is

φ̌4 = δ12(1), φ̌5 = δ13(1), φ̌6 = δ23(1), φ̌7 = δ24(1),

φ̌8 = δ25(1), φ̌9 = δ34(1), φ̌10 = δ35(1).
(2.88)

A set of FRW forms dual to the 1-boundary forms (2.87) is

φ1 = − 1
2 d logS1 ∧ d log T1

T2
, φ2 = − 1

2 d logS4 ∧ d log T1

T2
,

φ3 = − 1
2 d logS5 ∧ d log T1

T2
,

(2.89)

while a set of FRW forms dual to (2.88) is

φ4 = d logS1 ∧ d logS2, φ5 = d logS1 ∧ d logS3, φ6 = d logS2 ∧ d logS3,

φ7 = d logS2 ∧ d logS4, φ8 = d logS2 ∧ d logS5, φ9 = d logS3 ∧ d logS4,

φ10 = d logS3 ∧ d logS5.

(2.90)

With these choices for our basis, it is easy to see that only the diagonal intersection numbers are non-

trivial. Moreover, the normalization of − 1
2 in (2.87) ensures that our choice of basis are orthonormal:

each Ti|• contributes a 1
−ε to the intersection number while the point at infinity does not contribute

since of the forms (2.87) are regular at infinity.

Computing the differential equation using the methods of section 2.2.2 or 2.2.3 yields

A = ε



2a1 0 0 0 0 0 0 0 0 0

0 2a2 0 0 0 0 0 0 0 0

0 0 2a3 0 0 0 0 0 0 0

a5−a4 0 0 a4+a5 0 0 0 0 0 0

a7−a6 0 0 0 a6+a7 0 0 0 0 0

0 0 0 0 0 a5+a6 0 0 0 0

0 a8−a5 0 0 0 0 a5+a8 0 0 0

0 0 a10−a5 0 0 0 0 a5+a10 0 0

0 a6−a9 0 0 0 0 0 0 a6+a9 0

0 0 a6−a11 0 0 0 0 0 0 a6+a11



.

(2.91)

Here, one should read the ai’s above as d log(ai) where the ai are the letters

ai=1,...,11 =

{
X1 +X2, X1 +X2 + 2Y1, X1 +X2 + 2Y2, X2 − Y1 − Y2,

X1 + Y1 + Y2, X2 + Y1 + Y2, X1 − Y1 − Y2, X2 + Y1 − Y2,

X1 + Y1 − Y2, X2 − Y1 + Y2, X1 − Y1 + Y2

}
. (2.92)

The known de Sitter limit of this alphabet [70] is a subset of the above FRW alphabet with the new

letters being X1 + Y1 + Y2 and X2 + Y1 + Y2.

After integrating the above differential equation, the physical integral can be computed by taking

the appropriate linear combination. In our chosen basis,

ψ
(1)
2,FRW =

1

4Y1Y2

∫
u (−φ4 + φ5 + φ6 − φ7 − φ8 + φ9 + φ10) . (2.93)
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Figure 2.5: The Feynman diagram for the three-site/five-point FRW wavefunction coefficient in
λ3ϕ

3-theory.

While one can get the FRW IBPs algorithm of section 2.2.1 to finish in a reasonable amount of

time on a laptop for this example, the dual IBPs of section 2.2.2 or the intersection algorithm of

section 2.2.3 becomes noticeably faster here. The simplicity of dual IBPs is essential for the next

example. There, we could not get a simple implementation of the algorithm in section 2.2.1 to finish

in a reasonable time unless supplemented with knowledge of the dual differential equation.

Our basis choice is motivated by the geometry of the dual cohomology and produces a sparse

differential equation. While this is desirable, there may be better choices. Since only the un-twisted

hyperplanes appear in the physical FRW form, it would be interesting if one could find a basis that

factorizes the differential equation (2.91) into physical and un-physical sectors that can be solved

separately.25 We leave such questions to future work.

2.3.2 The tree-level three-site FRW correlator

We now turn our attention to the tree-level three-site/five-point FRW wavefunction coefficient where

we will find new features not seen at the level of the two-site/four-point example but are expected

to be present for most higher-site diagrams. Substituting equation (2.20) into (2.22), one obtains

ψ
(0)
3,FRW =

∫ ∞

0

(
3∧

i=1

dxi

) (
3∏

a=1

T ε
a

)
ψ
(0)
3,flat

∣∣∣∣∣
Xi→xi+Xi

, (2.94)

where we duplicate the flat space three-site wavefunction coefficient (2.20) below for ease of reading

ψ
(0)
3,flat =

X1+Y1+2X2+Y2+X3

(X1+X2+X3)(X1+Y1)(X3+Y2)(X2+Y1+Y2)(X1+X2+Y2)(X2+X3+Y1)
. (2.95)

The corresponding hyperplane arrangement is determined by the twisted coordinate hyperplanes

Ti = xi for i = 1, 2, 3, (2.96)

and the linear denominators of ψ
(0)
3,flat|Xi→xi+Xi

S1 = x1 + x2 + x3 +X1 +X2 +X3+Y3 , S2 = x1 +X1 + Y1 ,

S3 = x3 +X3 + Y2 , S4 = x2 +X2 + Y1 + Y2 ,

S5 = x1 + x2 +X1 +X2 + Y2 , S6 = x2 + x3 +X2 +X3 + Y1 .

(2.97)

25Indeed, it looks like this had been achieved to some extent in [75]. While the FRW cohomology of the 3-site/5-

point is 26-dimensional, in [75] they seem to only need 16 elements to get the DEQ for the physical integral.
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Figure 2.6: Plots of the planes Si=1,4,5,6. The dark blue lines denote the intersection of these planes
and the red dots mark where these lines intersect. The left plot corresponds to the unphysical but
generic hyperplane arrangement with Y3 ̸= 0. The right plot is the degeneration of the left plot in
the Y3 → 0 limit. The bounded chamber with the red dots as vertices in the right plot vanishes in
the Y3 → 0 limit. This degeneration corresponds to the drop in dimension of the cohomology group.

Note that we have added an extra factor of Y3 into S1 that is not present in the physical arrangement.

This has been done for purely pedagogical reasons since the physical arrangement (Y3 = 0) is non-

generic – there are 4-planes crossing at a single point (see figure 2.6). Adding a non-zero Y3 will help

us understand how to think about non-generic arrangements. However, in the end, one can directly

set Y3 = 0 at the beginning of the calculation as we will explain later.

For the generic arrangement (Y3 ̸= 0), the basis size or dimension of the cohomology group is 26.

The basis size is obtained by adding up the dimension of each twisted cohomology group on each of

the non-maximal codimension boundaries.26 Additionally, (for generic arrangements) each maximal

codimension boundary generates a cohomology class/basis element. The boundary stratification for

the three-site/five-point arrangement is presented in figure 2.7. Each node denotes the twisted coho-

mology on the given boundary. The blue nodes represent boundaries with trivial cohomology (zero

dimensional) while the purple nodes represent boundaries with non-trivial cohomology. Example

arrangements of the twisted hyperplanes on some boundaries are illustrated in figure 2.7. Since the

twisted hyperplanes do not form bounded chambers in the bulk space δ{} only the cohomologies on

the boundaries are non-trivial. The 1-boundary δ6 is also pictured in figure 2.7 and is clearly trivial

since there are no bounded chambers. On the other hand, the cohomology on δ1 is 1-dimensional

since the twisted hyperplanes form a single bounded chamber. For the cohomologies on 2-boundaries,

the dimension is determined by the number of twisted singularities minus two. Thus, the dimension

on boundary δ12 is 1-dimensional while the cohomology on the boundary δ46 is trivial. For the

generic arrangement, the untwisted 3-boundaries are all distinct and 1-dimensional.

26Recall that the dimension of the top-dimensional twisted cohomology group is given by the Euler characteristic

of the underlying manifold or equivalently by counting the critical points of the dual connection ω̌ (see footnote 13)

or by counting the number of bounded chambers formed by the twisted hyperplanes.
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∞ ∞

if Y3 = 0

Figure 2.7: Boundary stratification of the relative twisted cohomology associated to the three-
site/five-point hyperplane arrangement. The purple vertices are boundaries with non-trivial coho-
mology while all the blue vertices are boundaries with trivial cohomology. Notice that there are
some missing 3-boundaries, δ126, δ135, δ245, δ346, since S1 ∩ S2 ∩ S6 = S1 ∩ S3 ∩ S5 = S2 ∩ S4 ∩ S5 =
S3 ∩ S4 ∩ S6 = ∅.
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For the physical (Y3 = 0) arrangement, the basis size decreases to 25 because the four hyperplanes

S1, S4, S5 and S6 all intersect at a point (see figure 2.6). Sending Y3 → 0 shrinks the bounded

chamber pictured in the left of figure 2.6 to a point decreasing the basis size. Since we expect

that there will be many more instances of such degeneracies for higher site FRW integrals, we

provide a careful treatment of how the generic arrangement degenerates to the physical arrangement

below.27 Again, we emphasize that one does not need to introduce additional parameters to make

the arrangement generic as long as one knows how to consistently treat the non-generic/degenerate

case directly.

Below, we give a natural basis associated to the generic arrangement where the element that

drops out when passing to the physical arrangement has been colored in gray.28 The only non-

trivial 1-boundary cohomology occurs on the boundary δ1 and is generated by the single form

φ̌1 = ε2 δ1

(
d log

(
T1|1
T3|1

)
∧ d log

(
T3|1
T2|1

))
. (2.98)

This is nothing but the canonical form associated to the bounded chamber on the boundary δ1. We

have also normalized by ε2 since we expect the intersection of 2-boundary forms to be proportional

to 1/ε2. The 2-boundary cohomologies are generated by the following 9 forms

φ̌2 = ε δ12

(
d log T2|12

T3|12

)
, φ̌3 = ε δ13

(
d log T1|13

T2|13

)
, φ̌4 = ε δ14

(
d log T1|14

T3|14

)
,

φ̌5 = ε δ15

(
d log T1|15

T2|15

)
, φ̌6 = ε δ16

(
d log T2|16

T3|16

)
, φ̌7 = ε δ26

(
d log T2|26

T3|26

)
,

φ̌8 = ε δ35

(
d log T1|35

T2|35

)
, φ̌9 = ε δ56

(
d log T1|56

T2|56

)
, φ̌10 = ε δ56

(
d log T3|56

)
.

(2.99)

Note that the cohomology on all 2-boundaries is 1-dimensional except for the δ56 boundary, which

is 2-dimensional. The 2-boundary forms are normalized by a single power of ε since we expect

the 2-boundary intersection to be proportional to 1/ε. Finally, the 3-boundary cohomologies are

generated by the following 16 forms

φ̌11 = δ123 (1) , φ̌12 = δ124 (1) , φ̌13 = δ125 (1) , φ̌14 = δ134 (1) ,

φ̌15 = δ136 (1) , φ̌16 = δ145 (1) , φ̌17 = δ146 (1) , φ̌18 = δ156 (1) ,

φ̌19 = δ234 (1) , φ̌20 = δ235 (1) , φ̌21 = δ236 (1) , φ̌22 = δ246 (1) ,

φ̌23 = δ256 (1) , φ̌24 = δ345 (1) , φ̌25 = δ356 (1) , φ̌26 = δ456 (1) .

(2.100)

Notice that there are some missing 3-boundaries (δ126, δ135, δ245, δ346) since some triples of the rela-

tive surfaces do not intersect at a point: S1∩S2∩S6 = S1∩S3∩S5 = S2∩S4∩S5 = S3∩S4∩S6 = ∅.
27For the four-site graph, there are two topologically distinct Feynman diagrams: a line and a three-pointed

star. For example, the hyperplane arrangement corresponding to the generic three-point star graph consists of 11

boundary hyperplanes in generic position and the 3 twisted coordinate hyperplanes as usual. We find that this generic

arrangement of the star graph has a total of 377 elements. The degenerate/physical arrangement has 12 lines where 4

of the boundary hyperplanes intersect, 18 points where 5 of the boundary hyperplanes intersect and 1 point where 8 of

the boundary hyperplanes intersect. This is expected to reduce the number of independent elements by a considerable

amount.
28While we have chosen to eliminate the forms associated with the intersection S1 ∩S4 ∩S5, we could have chosen

to eliminate the form associated to the intersections S1 ∩ S5 ∩ S6, S1 ∩ S4 ∩ S6 or S4 ∩ S5 ∩ S6 instead.
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Next we provide a basis of d log-forms orthonormal to the above dual basis. A d log-form dual

to the 1-boundary form (2.98) is

φ1 =
1

3
d logS1 ∧ d log

(
T1
T3

)
∧ d log

(
T3
T2

)
. (2.101)

The normalization of 1/3 ensures that the intersection of (2.101) with (2.98) is unity. It is a simple

exercise to see that this is indeed the correct normalization. First, it is easy to see that φ1 only has a

non-trivial overlap with φ̌1. Their intersection ⟨φ̌1|φ1⟩ is proportional to the self-intersection of the

canonical form corresponding to the chamber bounded on X ∩S1. Thus, there are three-intersection

points contributing to the intersection number. Since each Ti has the same twist, we expect each

intersection point to contribute with the same factor. Hence, the normalization of 1/3.

A set of d log-forms orthonormal to the 2-boundary forms (2.99) is

φ2 = − 1
2 d logS1 ∧ d logS2 ∧ d log T2

T3
, φ3 = − 1

2 d logS1 ∧ d logS3 ∧ d log T1

T2
,

φ4 = − 1
2 d logS1 ∧ d logS4 ∧ d log T1

T3
, φ5 = − 1

2 d logS1 ∧ d logS5 ∧ d log T1

T2
,

φ6 = − 1
2 d logS1 ∧ d logS6 ∧ d log T2

T3
, φ7 = − 1

2 d logS2 ∧ d logS6 ∧ d log T2

T3
,

φ8 = − 1
2 d logS3 ∧ d logS5 ∧ d log T1

T2
, φ9 = − 1

2 d logS5 ∧ d logS6 ∧ d log T1

T2
,

φ10 = − 3
2 d logS5 ∧ d logS6 ∧ d log T3.

(2.102)

Following a similar argument as that below (2.98), the normalization’s of these forms are simple to

fix. The relative sign difference between the normalization of (2.102) and (2.101) comes from the fact

that the dual twist has exponent −ε and for each boundary we lose a power of −ε in the intersection

number. Furthermore, the reason why the normalization of φ10 differs from the rest is because it is

the only form where the point at infinity (on X ∩ S5 ∩ S6) contributes to its self-intersection.

Lastly, a set of d log forms orthonormal to the 3-boundary forms (2.100) is

φ11 = d logS1 ∧ d logS2 ∧ d logS3, φ12 = d logS1 ∧ d logS2 ∧ d logS4,

φ13 = d logS1 ∧ d logS2 ∧ d logS5, φ14 = d logS1 ∧ d logS3 ∧ d logS4,

φ15 = d logS1 ∧ d logS3 ∧ d logS6, φ16 = d logS1 ∧ d logS4 ∧ d logS5,

φ17 = d logS1 ∧ d logS4 ∧ d logS6, φ18 = d logS1 ∧ d logS5 ∧ d logS6 − φ10,

φ19 = d logS2 ∧ d logS3 ∧ d logS4, φ20 = d logS2 ∧ d logS3 ∧ d logS5,

φ21 = d logS2 ∧ d logS3 ∧ d logS6, φ22 = d logS2 ∧ d logS4 ∧ d logS6,

φ23 = d logS2 ∧ d logS5 ∧ d logS6 − φ10, φ24 = d logS3 ∧ d logS4 ∧ d logS5,

φ25 = d logS3 ∧ d logS5 ∧ d logS6 − φ10, φ26 = d logS4 ∧ d logS5 ∧ d logS6−φ10.

(2.103)

To have a orthogonal basis, we have to subtract φ10 from forms with non-trivial S5 ∩ S6 residues

since the intersections ⟨φ̌10|d logS•∧d logS5∧d logS6⟩ ∼ ⟨d log T3|56|d logS•⟩ ≠ 0 are non-vanishing.

This is because both forms share a singularity at infinity on X ∩S5∩S6 and why it is best to choose

d log-forms built out of ratios of the twisted hyperplanes when constructing a dual basis. Computing

the dual differential equation using the method outlined in section 2.2.2 or 2.2.3 yields

∇̌φ̌ = ε Ǎ · φ̌, (2.104)

Ǎ =
∑

Ǎ dlogai, (2.105)
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X1 +X2 +X3+Y3, X1 + Y1, X2 +X3 − Y1+Y3, X3 + Y2,
X1 +X2 − Y2+Y3, X2 + Y1 + Y2, X1 +X3 − Y1 − Y2+Y3, X1 +X2 + Y2,
X3 − Y2+Y3, X2 +X3 + Y1, X1 − Y1+Y3, X2 − Y1 − Y2+Y3,

X3 − 2Y1 − Y2+Y3, X2 − Y1 + Y2, X1 − Y1 − 2Y2+Y3, X2 + Y1 − Y2,
X1 − Y1, X3 − Y2, X2 + Y1 + Y2−Y3, X3 + 2Y1 − Y2,

X1 − Y1 + 2Y2, X1 −X3 − Y1 + Y2

Table 2.1: The alphabet for the differential equation ai. For the generic arrangement, there are a
total of 22 different letters. None of these letters are singular in the Y3 → 0 limit. The colored pairs
of letters correspond to letters that are to be identified in the Y3 → 0 limit. Thus, the physical
DEQ has only 19 letters. The symbol alphabet of the de Sitter three-site/five-point integral forms
a subset of the physical 19 letters as expected [71, 70].

where the ai are the letters in table 2.1 and the Ǎi are 26×26 Q-valued matrices. The exact form of

these coefficient matrices can be found in the ancillary file (see figure 2.8 for the general structure or

equation 2.118 for the explicit result). Of course, since ⟨φ̌a|φb⟩ = δab, we also have ∇φa = ε Aab∧φb

where A = −(Ǎ)⊤.

Starting from the generic arrangement we will illustrate how to degenerate Ǎ to the physical

arrangement. This will suggest a way to treat the physical case directly without deforming the

physical arrangement. Both methods have been checked to yield the same resulting differential

equation.

In the limit Y3 → 0, the boundaries (or equivalently residues) δ145, δ146, δ156 and δ456 are not

independent since the following intersection matrix does not have full rank

⟨φ̌a|φb⟩ =


1 1 0 0

1 1 0 0

−1 0 1 0

1 0 0 1

 where a, b ∈ {16, 17, 18, 26}. (2.106)

Choosing to eliminate φ16 and φ̌16, yields

φ̌16 = φ̌17 =⇒ δ145 = δ146, (2.107)

φ16 = φ17 − φ18 + φ26, (2.108)

The second equation is an equivalence among d log-forms that can be checked directly. On the other

hand, the first equation tells us that the residue operators Res145 and Res156 are equivalent and

that we should identify δ145 and δ156. Since all the Si ∩ Sj ∩ Sk are the same for i, j, k ∈ {1, 4, 5, 6}
one might wonder why we do not identify all the δijk with i, j, k ∈ {1, 4, 5, 6}. Loosely speaking,

the different δijk with i, j, k ∈ {1, 4, 5, 6} represent the “directions” that one can approach the

degenerate boundary. Such degenerate configurations often need careful treatment by blow-ups

to resolve. Thankfully, the hyperplane arrangements associated to cosmological correlators are

sufficiently simple that we can get by without introducing additional mathematical formalism – one

simply finds the independent residues.

The physical DEQ is obtained from Ǎ by eliminating the 16th row and adding the 16th column to

the 17th column as instructed by equation (2.107). For the explicit form of Aphys, see the ancillary
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Figure 2.8: Matrix plot of the connection Aphys = −Ǎ⊤
phys. Each colored square on this 25×25 grid

represents a non-zero element of Ǎphys. Note that this DEQ is very sparse!

files or equation (2.118). Figure 2.8 also provides a rough sketch of the structure of Aphys without

using up a whole page. Once again, a natural basis of the dual cohomology has lead to a remarkably

sparse differential equation! As a consistency check, we note that the symbol alphabet for the dS

wavefunction coefficient is a subset of our FRW symbol alphabet (2.117), as expected [71, 70].

Equivalently, one could compute the physical DEQ without introducing Y3 by making the identi-

fication δ145 = δ156 at the start of the calculation. To avoid missing potential boundary elements of

the dual cohomology, we recommend that one assumes that all boundaries are independent and then

check for relations among them. Complications from non-generic arrangements are unavoidable and

present in both the dual and FRW cohomologies.

Once the Aphys system has been integrated, the three-site/five-point FRW integral (2.94) can be

recovered from the decomposition of its integrand

ψ
(0)
3,FRW =

1

4Y1Y2

∫
u (φ11−φ13+φ15−φ18+φ19−φ20−φ21+φ22−φ24+φ26) . (2.109)

Since the dS wavefunction coefficient ψ
(0)
3,dS has transcendental weight three, the leading FRW (O(ε))

term must have transcendental weight four.

2.4 Discussions and future directions

The main goal of this work is to elucidate how (relative) twisted cohomology and intersection theory

can be used to study the analytic structure of FRW integrals. In particular, we construct the

differential equations obeyed by families of FRW integrals. The techniques presented here provide

a geometric framework for understanding Euler/generalized hypergeometric integrals arising from

hyperplane arrangements.
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Families of FRW integrals form a particularly simple subset of such integrals where not all sin-

gularities are twisted. The un-twisted singularities correspond to boundaries in the associated dual

cohomology leading to a simple geometric picture where dual forms are supported only on the bound-

aries. By working in the dual space, we gain both conceptual and computational advantages. In

particular, integration-by-parts is much simpler in the dual cohomology since all forms are restricted

to boundaries.

After defining the proper dual cohomology, we can use the intersection number – an inner product

on the vector space of FRW integrals – to decompose any FRW integral into a chosen basis. In

particular, the intersection number can be used to derive differential equations for a family of

FRW integrals bypassing traditional integration-by-parts algorithms. Intersection numbers have

several advantages over integration-by-parts algorithms. Most importantly, the intersection number

is an algebraic procedure given by a sequence of residues localizing onto the maximal codimension

intersection points of the FRW hyperplane arrangement. The use of the intersection number for

studying FRW integrals is efficient and practical since the intersection number of d log-forms is easy

to compute.

For various examples (tree-level two-site/four-point and three-site/five-point integrals as well as

the one-loop two-site/two-point integral), we have constructed explicit representatives for a basis

of the associated (relative) twisted cohomology. Then, using dual integration-by-parts identities or

intersection numbers, we derived the corresponding differential equations. For the tree-level two-

site/four-point example, we have explicitly integrated the differential equation to O(ε) and obtained

the first correction (2.83) to the known de Sitter result (2.82).

As already mentioned a few times throughout the text, finding/choosing a “good” basis is often

artisanal. Motivated by the geometry of the dual cohomology, our choices for a good basis yielded

simple intersection matrices and sparse differential equations. Yet, from [75] it seems that one may

be able to choose a basis where the differential equation decomposes into physical and un-physical

sectors that can be integrated separately. It would be interesting to further study the physical

and mathematical principles behind this basis choice and subsequent factorization of the differential

equations.29

It would also be interesting to understand the cohomology in the de Sitter limit ε→ 0 where the

twist disappears. Such an understanding would also be useful in the context of N = 4 SYM ampli-

tudes where one could hope to understand soft and collinear singularities cohomologically. Similarly,

it would be interesting to understand the un-twisted cohomology of the m = 1 amplituhedron, which

has been identified as the complex of bounded faces of a cyclic hyperplane arrangement in [119].

Another interesting question is whether the tools of intersection theory can be utilised to help

understand how the constraints of bulk unitarity are encoded in cosmological correlators in a general

FRW Universe (with a boundary). It has been recently pointed out in [120, 121, 122, 123] that

unitarity imposes specific constraints that inflationary correlators have to satisfy, closely resembling

29A preliminary analysis reveals that the dual forms in the physical sector correspond to unitarity cuts of the

physical integrand. The full analysis of this fact and the possibility of a canonical basis of physical integrals can be

found in Chapter 3.
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the optical theorem in flat space. These systematic cutting rules that cosmological correlators

obey rely on very general properties of the Green’s functions used to compute the wavefunction

[123]. As a result, there lies no conceptual obstruction to generalizing these cutting rules to FRW

wavefunction coefficients. However, with the Green’s functions being rather complicated in a given

FRW spacetime, such generalizations could be computationally cumbersome. Since intersection

theory has also enhanced our understanding of d-dimensional generalized unitarity in multi-loop

Feynman integrals [69, 68], it would be interesting to see if such techniques simplify some aspects of

the cosmological cutting rules in a general FRW Universe, both at the level of trees and loops.

In this chapter, we considered correlation functions of a simplistic, toy-model FRW theory com-

prising solely of conformally coupled scalars with a cubic interaction. In such a scenario, our new

result for the leading ε correction to the four-point function in dS (equation 2.83) could pave the

way for understanding distinctive signatures during inflation and beyond. Like the analysis con-

ducted in [82] where the four-point function in dS was utilised to understand distinctive signatures

of primordial non-Gaussianities and also as a probe to predict new particles during inflation, the

four-point function for ε ̸= 0 (equation 2.83) is perhaps a first step towards understanding physics

in an inflationary regime described by a quasi-dS period or physics beyond the reheating surface.

Moreover, correlators of conformally-coupled scalars act as seeds from which correlators of mass-

less/massive fields with higher-spin exchanges can be deduced by acting with differential operators

[124]. Thus, our analysis serves as an initial step towards analysing physically relevant theories in

FRW cosmologies and facilitating concrete cosmological predictions.

2.5 Appendix: Simple formulae for the intersection number

of logarithmic forms

Fortunately, FRW-forms and their duals are always logarithmic so that the needed intersection num-

bers are easy to compute and purely combinatorial. To avoid getting bogged down by unnecessary

mathematical formalism, we provide simple formulas to compute logarithmic intersection numbers

without proof. The interested reader is encouraged to consult [107, 51, 59, 60, 108, 62, 63, 69, 68]

and the references therein for more details.

To compute the intersection number, one first takes care of any δI ’s via〈
δI(ϕ̌I)

∣∣∣∣φ〉 =

〈
ϕ̌I

∣∣∣∣ResI [ u

u|I
φ

]〉
=

if φ d log

〈
ϕ̌I

∣∣∣∣ResI [φ]〉 ≡ ⟨ϕ̌I |ϕI⟩ , (2.110)

where ϕI is a short had for ResI [φ]. Since FRW-forms have only simple poles on S, the ratio u/u|I
is not needed and can be set to unity in the second equality above. It is also important to note that

the residue is anti-symmetric with respect to the ordering of I. In our conventions, we define ResI

by ResI [•] = Resi|I| · · ·Resi2Resi1 [•].
After using up all the δJ ’s, the remaining intersection number is an intersection number on the

submanifold XI = X ∩ SI . We provide a simple formula for its computation that localizes to the
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maximal codimension intersection points of the twisted surfaces. The algorithm presented here was

first developed in [107] and we aim to provide a user friendly summary of this work.

The first step is to identify maximal intersection points of the twisted hyperplanes with themselves

and the hyperplane at infinity (H∞): CPn−|I| \ (T ∩ SI) ∪ H∞. Let us call this set IntI . For

each intersection point, choose normal coordinates z∗ such that the origin 0 corresponds to the

intersection point. Then, the intersection number of logarithmic forms is given by

〈
ϕ̌I

∣∣∣∣ResI [φ]〉 =
∑

z∗∈IntI

Resz∗=0

[
ϕ̌I

]
∏n−|I|

i=1 (α̌i)
Resz∗=0

[
ResI [φ]

]
, (2.111)

where, near z∗ = 0, ω̌I |z∗ =
∑n−|I|

i=1 α̌i d log z
∗
i +O(z∗). For those familiar with intersection theory,

the first term in the product above is a stand-in for the leading term of the maximal primitive for

ϕ̌I .

This formula makes it obvious that the intersection number vanishes if ϕ̌I and ResI [φ] do not

share a singularity at any z∗ ∈ IntI . For FRW integrals, the α̌i are simply multiples of ε (intersection

points at infinity can introduce non-trivial multiples of ε).

2.5.1 Tree-level two-site example

As a simple example, we compute the intersection number ⟨φ̌1|ϑ2⟩. Using the δ3 in φ̌1, we find

⟨φ̌1|ϑ2⟩ =
〈
ε d log

T1|3
T2|3

∣∣∣∣Res3[d log T1S2
∧ d log

S2

S3

]〉
= ε

〈
d log

T1|3
T2|3

∣∣∣∣d log T1|3S2|3

〉
. (2.112)

Supposing that we eliminated x2 when taking the δ3 residue, there are three twisted intersection

points in x1: Int = {0,−(X1 +X2),∞}. The left and right forms in the intersection number share

singularities only at x1 = 0. Thus, the intersection number evaluates to

⟨φ̌1|ϑ2⟩ = ε
Resx1=0

[
d log T1|3

T2|3

]
−ε Resx1=0

[
d log

T1|3
S2|3

]
= −1 , (2.113)

since ω̌ ∼ −ε d log z∗ +O(z∗) near z∗ = x1 = 0.

2.5.2 Tree-level three-site example

In this section, we work through a more involved example: the intersection number ⟨φ̌1|φ1⟩ in the

context of the tree-level three-site example. Taking care of the δ1 in φ̌1, yields

⟨φ̌1|φ1⟩ =
ε2

3

〈
d log

(
T1|1
T3|1

)
∧ d log

(
T3|1
T2|1

) ∣∣∣∣d log(T1|1T3|1

)
∧ d log

(
T3|1
T2|1

)〉
. (2.114)

On X ∩ S1 there are three finite intersection points: Ti|1 ∩ Tj |1 for i, j ∈ {1, 2, 3} and i ̸= j.

Additionally, there are possible intersection points with the hyperplane at infinity H∞. Thus, the

set of intersection points are

Int = {T1|1 ∩ T2|1, T1|1 ∩ T3|1, T2|1 ∩ T3|1, T2|1 ∩H∞, T1|1 ∩H∞, T3|1 ∩H∞} . (2.115)
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Note that the intersection point T3|1 ∩H∞ appears in multiple charts of the CP2 and should only

be counted once.

For the example at hand, only the finite intersection points will contribute since the forms

are regular on the hyperplane at infinity. Then, for each of these intersection points, we use the

corresponding hyperplanes as the normal coordinates z∗ = {Ti|1, Tj |1}. In these coordinates, the

dual connection becomes ω̌|1 = −ε d log z∗1 − ε d log z∗2 + O(1) near each of the finite intersection

points. Using (2.111), the intersection (2.114) becomes

⟨φ̌1|φ1⟩ =
ε3

3

(
3

(−ε)2
)

= 1 . (2.116)

The factor of 3 simply comes from the fact that each of the three finite intersection points contribute

the same factor of 1/(−ε)2 to the intersection number.

2.6 Appendix: Explicit presentation of the three-site/five-

point differential equation

In this appendix, we record the physical differential equation Aphys = −(χAphys)
⊤. Explicitly, the

physical alphabet is

ai=1,...,19 =
{
X1+X2+X3, X1−Y1, X2+X3−Y1, X1+Y1, X2+X3+Y1, X1−Y1−2Y2,

X1+X2−Y2, X3−Y2, X3−2Y1−Y2, X2−Y1−Y2, X1+X3−Y1−Y2,
X2+Y1−Y2, X3+2Y1−Y2, X1+X2+Y2, X3+Y2, X2−Y1+Y2,
X1−X3−Y1+Y2, X2+Y1+Y2, X1−Y1+2Y2

}
. (2.117)
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Though a slight abuse of notation, we denote d log(ai) as ai below in order to fit Aphys on the page

A
p
h
y
s
=

                                                            
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Chapter 3

A Physical Basis for Cosmological

Correlators from Cuts

This chapter is based on the work [125].

Cosmological correlators, or primitively, the wavefunction of the universe, are important quan-

tum mechanical observables in cosmology. Recently, there has been tremendous progress in our

perturbative understanding of the analytic structure of these observables in certain toy models of

quantum cosmology, specifically for a theory of conformally coupled scalars with general polynomial

interactions evolving in power-law Friedmann–Robertson–Walker (FRW) cosmologies.

Underlying many of these advances are the cosmological bootstrap [79, 80, 124, 126, 81, 127]

and polytope [71, 128, 73] programs. The cosmological polytope provides a geometric and combi-

natorial way to compute wavefunction coefficients independent of the notions of locality, causality

and unitarity baked into the formalism of Feynman diagrams. Techniques from the Feynman inte-

gral community1 (related to algebraic geometry) have been used to compute canonical differential

equations for both massless and massive wavefunction coefficients [49, 131, 132]. In particular,

the kinematic flow algorithm has identified a powerful yet mysterious structure in these canonical

differential equations [75, 76, 133, 134]. After accounting for the loop-momentum integration, el-

liptic sectors in these differential equations were identified in [135]; this is not surprising since the

loop integrals defining wavefunction coefficients include all Feynman integrals, which are known to

contain elliptic sectors. Ideas from tropical geometry and sector decomposition have been used to

identify the origin of infrared divergences in the integration space and develop subtraction schemes

[118]. Hypergeometric solutions, relations to GKZ-systems and D-modules have also been explored

[136, 137, 138, 139, 140]. Cosmological cutting rules and implications from unitarity have been

formalized [141, 142, 143, 144, 123, 121, 122, 120, 72, 145] and will play an important role in this

paper.

In this toy model of conformal scalars in power-law FRW cosmologies, the wavefunction coefficient

1Additional connections include symbology [70] and Landau analysis [129, 130].

48
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corresponding to a given Feynman graph G is represented as a certain twisted integral

ψ(ℓ)
n =

∫ ∞

0

u Ψ(ℓ)
n Ψ(ℓ)

n := Ω̂(ℓ)
n (x+X,Y) dnx , (3.1)

where n and ℓ are the number of vertices and loops in G; for loop graphs, ψ
(ℓ)
n is the loop integrand.

Ω̂
(ℓ)
n (X,Y) is the canonical function of the cosmological polytope PG associated to the graph G and is

essentially the wavefunction coefficient for flat spacetimes. It depends on the kinematic parameters

Xi =
∑ni

m=ni−1+1 |km|, the sum of external energies flowing from the vertex i to the boundary, and

Yi = |∑ni

m=ni−1+1 km|, the energy exchanged through the ith edge of a given graph G:

X1 X3
Y1 Y2

k1 kn1
kn3

kn2

X2

k1 kn1
kn2

X1 X2

Y1

Y2

The twist u is a multi-valued function associated to a given graph. It is a product of polynomials

raised to specific powers that depend on the underlying power-law cosmology (see below (3.9)).

The mathematical structure of these integrals is largely governed by the theory of twisted

(co)homology [104, 146, 85, 49, 69, 57, 68, 108, 60]. Moreover, the twisted cohomology is a fi-

nite |χ|-dimensional vector space, where χ is the Euler characteristic of the underlying hyperplane

arrangement (equivalently, the number of bounded chambers). Due to the finite dimensionality of

this vector space, the twisted integrals must satisfy coupled first-order linear differential equations

(DEQs)

dkin

∫
u φi = Bij

∫
u φj . (3.2)

Here, the φj=1,...,|χ| form a basis of differential forms for the twisted cohomology and dkin =∑n
i=1 dXi ∂Xi

+
∑n+ℓ−1

i=1 dYi ∂Yi
is the exterior derivative with respect to the kinematic param-

eters.

When the connection matrix B is proportional to the cosmological parameter ε, B = εA, the

associated basis is said to be canonical [97]. Such differential equations (DEQs) efficiently separate

the kinematic dependence from the dependence on the cosmological parameter and are easy to

integrate order-by-order in ε. They play a central role in the evaluation of dimensionally regulated

Feynman integrals in flat-space and now cosmology.

Recently, efficient methods for computing the connection matrix A have been developed [49, 76,

75, 118, 131]. In particular, the kinematic flow algorithm [76, 75, 134, 133] provides a diagrammatic

way to choose a basis and evaluate the connection matrix A. Surprisingly, these universal graphical

rules pick out a distinguished subset of integrals that include the physical wavefunction coefficient

(3.1) and whose DEQs close. This physical subspace of integrals is vastly smaller than the total size

of the twisted cohomology, which is easy to see at tree-level where the kinematic flow basis has size

4n−1:
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χ 4 25 213 312

4n−1 4 16 64 64

So far the kinematic flow algorithm is an empirical observation; there is no satisfactory character-

ization of the physical subspace. Using intuition from generalized unitarity and algebro-geometric

tools, we provide physical and mathematical origin for the physical subset of the twisted cohomology.

Our paper is organized as follows. In section 3.1, we review how to construct the relevant flat-

space and FRW wavefunction coefficients for any Feynman graph. We also introduce the minimal

set of ideas from (relative) twisted cohomology and intersection theory—mathematics underpinning

the structure of cosmological wavefunction coefficients—needed to identify the physical subspace.

In section 3.2, we demonstrate how the structure of the relative twisted cohomology—organized by

cuts—clearly separates the space of all differential forms into three categories: physical, unphysical

and degenerate. As a pedagogical example, we illustrate how to construct a basis for the physical

subspace of the 3-site chain graph by further separating the space of degenerate differential forms

into physical and unphysical forms in section 3.3. Section 3.4 systematically classifies the degeneracy

of cosmological hyperplane arrangements by providing a simple graphical rule that generates all

linear relations among hyperplane polynomials. Furthermore, we show how linear relations among

hyperplane polynomials result in linear relations among residue operators and differential forms. In

fact, the set of linear relations in conjunction with a cohomological condition is enough to classify

all physical differential forms. Utilizing this, we develop graphical rules for constructing a basis of

differential forms for the physical subspace by enumerating all physical cuts in section 3.5 for all

tree and loop graphs.

3.1 Correlators from twisted integrals

As mentioned, our playground will be a theory of conformally-coupled scalars in a power-law FRW

cosmology with (non-conformal) polynomial interactions. The action for such a theory in a (d+ 1)-

dimensional spacetime is

S =

∫
ddx dη

√−g

−1

2
gµν∂µϕ∂νϕ− d− 1

8d
Rϕ2 −

∑
p≥3

λp
p!
ϕp

 , (3.3)

where the FRW metric ds2 = a2(η)
[
−dη2 + dxidx

i
]
is written in comoving coordinates with confor-

mal time η ∈ (−∞, 0] and the index i = 1, . . . , d runs over the spatial dimensions. The scale factor is

a power-law controlled by the cosmological parameter ε: a(η) = (η/η0)
−(1+ε). Setting ε to specific

integer values recovers well studied cosmologies [49, 75]. In particular, 0 < ε ≪ 1 is expected to

capture the essential features of a near de Sitter inflationary cosmology.

Central to our analysis is the wavefunction of the universe Ψ[Φ]. Formally, this is computed as

a path integral by integrating over all bulk field conurations ϕ(x⃗, η) with non-vanishing Dirichlet
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boundary condition in the future ϕ(x⃗, η = 0) = Φ(x⃗). It is standard to work in momentum space

where the wavefunction has the expansion

Ψ[Φ] =

∫ ϕ(0)=Φ

ϕ(−∞(1−iϵ))

Dϕ eiS[ϕ]

≡ exp

i∑
n

1

n!

∫ ( n∏
i=1

ddk⃗i
(2π)d

Φ(k⃗i)

) ∫  ℓ∏
j=1

ddL⃗j

ψ(n,ℓ)({k⃗i}) δ(d)
(

n∑
i=1

k⃗i

), (3.4)

and the standard iϵ prescription selects the adiabatic/Bunch-Davies/Hartle-Hawking vacuum at the

early-time boundary η → −∞. The kernels ψ(n,ℓ) are the n-point wavefunction coefficients with n

denoting the number of field insertions on the late-time boundary and {k⃗i} the corresponding set

of all spatial momentum. In our analysis, we will be more interested in the number of vertices (or

equivalently sites) in a graph G rather than the number of external fields on the future boundary.

To differentiate this fact, the wavefunction coefficient for the n-site, ℓ-loop graph will be denoted

by ψ
(ℓ)
n . There has been significant progress in the perturbative computations of these wavefunction

coefficients in the Bunch-Davies state, both for conformally-coupled scalars as well as massless

and light states [71, 73]. Also, we note that L⃗j denote the loop momenta and consequently the

wavefunction coefficient ψ
(ℓ)
n corresponds to the loop integrand of a given graph. For a discussion

on the associated loop integrals and recent progress, please refer to [118, 147, 135].

The FRW wavefunction coefficients ψ
(ℓ)
n can be constructed out of their (shifted) flat-space coun-

terparts Ω̂
(ℓ)
n (as expressed in (3.1)), which admit a purely geometric description in terms of the

associated cosmological polytope. We review the cosmological polytope and the corresponding hy-

perplane arrangement in section 3.1.1. Then in section 3.1.2, we elaborate on how to uplift the

flat-space canonical form to FRW spacetimes and the associated twisted cohomology. Section 3.1.3

reviews the the intersection number and dual relative twisted cohomology; our main tools for ana-

lyzing the analytic structure of FRW integrals.

3.1.1 The universal integrand

From a traditional QFT perspective, the FRW wavefunction coefficient ψ
(ℓ)
n is represented by a

Feynman diagram G with n vertices and ℓ loops. However, the corresponding flat space coefficient

Ω̂
(ℓ)
n from which it emerges can be defined without ever referencing “Feynman rules” and has a

purely combinatorial-geometric origin as the canonical form of the cosmological polytope PG [71].

The cosmological polytope PG is a positive geometry encoding the singularity structure of wave-

function coefficients for conformally coupled scalars in flat spacetimes. A canonical form is the

unique differential form (up to sign) that can be associated to a bounded region ∆̌ with logarithmic

singularities on its corresponding boundaries ∂∆̌. Moreover, the residue of a canonical form with

respect to a boundary divisor is the canonical form of that boundary. The existence of a canonical

form whose residues are all canonical forms is a recursive way to define a positive geometry [148].

For a given graph G (without external legs), there are a total of 2n+ ℓ−1 kinematic parameters:

{Xi}ni=1 and {Yi}n+ℓ−1
i=1 . The hyperplane polynomials, Si, are generated by the 1-tubings of G. A
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1-tubing τi consists of two sets: the vertices Vi encircled by the tubing and the edges Ei that this

tubing crosses. To each 1-tubing τi of the Feynman graph, the associated hyperplane polynomial is

Si(X,Y) =
∑
v∈Vi

Xv +
∑
e∈Ei

Ye . (3.5)

For example, the hyperplane polynomials for the 3-site tree level graph are

S1 = = X1+Y1 , S2 = = X2+Y1+Y2 ,

S3 = = X3+Y2 , S4= = X1+X2+X3 ,

S5 = = X1+X2+Y2 , S6 = = X2+X3+Y1 .

(3.6)

This 3-site tree level chain graph will be an important pedagogical example to illustrate our main

ideas in section 3.3.

Usually, the simplest way to compute the canonical form is by summing rational functions as-

sociated with the set of compatible complete tubings (non-crossing (2n+ℓ−1)-tubings) of a given

graph G [71]. Explicitly, if T is the set of compatible complete tubings, the canonical form Ω
(ℓ)
n and

function Ω̂
(ℓ)
n are

Ω(ℓ)
n = Ω̂(ℓ)

n (X,Y)
dnX ∧ dn+ℓ−1Y

GL(1)
, Ω̂(ℓ)

n (X,Y) = N (ℓ)
n

∑
τ∈T

∏
t∈τ

1

St
, (3.7)

and N (ℓ)
n =

∏n+ℓ−1
i=1 2Yi is a normalization factor ensuring that the canonical form has unit residues.

Returning to the 3-site example, the canonical function is

Ω̂
(0)
3-chain(X,Y) = 4Y1Y2

 +

 =
4Y1Y2
S1 · · ·S4

(
1

S5
+

1

S6

)
(3.8)

where, in this context, each 5-tubing corresponds to the inverse of the product of the depicted Si’s.

3.1.2 From flat-space to FRW spacetimes

Importantly, the flat-space wavefunction coefficients/canonical forms define a universal integrand for

their counterparts in any power-law FRW spacetime. For any ε /∈ Q, this is obtained by integrating

the shifted flat-space wavefunction against a specific kernel u called the twist,

ψ(ℓ)
n =

∫ ∞

0

u Ψ(ℓ)
n , where Ψ(ℓ)

n = Ω̂(ℓ)
n (x+X,Y) dnx , (3.9)

Here, u =
∏n

i=1 x
αi
i is a multi-valued function (αi /∈ Z) called the twist whose vanishing loci defines

the twisted hyperplanes Ti = {xi = 0} (coordinate hyperplanes). The exponents αi are related to

the underlying power-law cosmology (ε), number of spatial dimensions (d) and valency of the ith

vertex (pi):

αi = d+ ε(d+ 1) +
1

2
pi(1 + ε)(1− d) /∈ Z . (3.10)
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The condition ε /∈ Q guarantees that αi /∈ Z, which is essential for the techniques of twisted

cohomology employed in this paper. However, it is important to note that one can often specialize

to the case αi ∈ Z by an analytic continuation of the case αi /∈ Z. In the remainder of this paper,

we assume d = 3 and pi = 3 such that αi = ε for all vertices and u =
∏n

i=1 x
ε
i .

2

As seen above in (3.9), the FRW form Ψ
(ℓ)
n is simply generated from the canonical function

Ω̂
(ℓ)
n (X,Y) of the cosmological polytope by a shift in its X-variables. We denote the shifted linear

factors appearing in the FRW form Ψ
(ℓ)
n by

Bi(x;X,Y) = Si(x+X,Y) . (3.11)

Then,

Ψ(ℓ)
n = dnx

(
n+ℓ−1∏
i=1

2Yi

)(∑
τ∈T

∏
t∈τ

1

Bt

)
, (3.12)

where T is the set of compatible complete tubings of a given graph G.
Since our objective is understanding the mathematical structure of wavefunction coefficients for

arbitrary ε, our primary focus is the hyperplane arrangement generated by both the Bi and Ti not

the cosmological polytope PG (generated solely by the Si’s).
3 Explicitly, we wish to classify the

differential forms on the topological space M \ B where

M :=Cn \ T , T :=

n⋃
i=1

Ti , Ti:={xi = 0} , B:=
⋃
j

Bj , and Bj :={Bj = 0} . (3.13)

This requires understanding the associated twisted cohomology Hn(M \B;∇); the cohomology with

respect to the covariant derivative ∇ := d + ω∧ with flat connection ω = dlog u

Hn(M \ B;∇) :=
covariantly closed n-forms on M \ B
covariantly exact n-forms on M \ B . (3.14)

It classifies all non-trivial (do not integrate to zero) differential n-forms on M \ B that can have

poles on the untwisted singular loci B and twisted loci T (coordinate axes). Explicitly, the twisted

cohomology of FRW integrals is populated by forms

φ ∼ P (x) dnx∏
i T

µi

i

∏
j B

νj

j

∈ Hn(M \ B;∇) (3.15)

where µi, νi ∈ Z and P (x) is any polynomial in x. While the above is automatically covariantly closed

(∇φ = 0) since it is a holomorphic top-form, it may or may not be covariantly exact. Depending on

P , it is possible for φ to be exact φ = ∇[(n− 1)-form] ≃ 0 and lie outside of Hn(M \ B;∇).

Importantly, the integrand of these twisted integrals (i.e., u Ψ
(ℓ)
n or any other u φ) exhibit very

different behavior near the twisted and untwisted singular loci. Due to the twist u, there exists

2Technically, our cosmological model (3.3) needs at least quartic interactions (only terms with p ≥ 4 in (3.3))

to ensure that the kinematic space of the (ℓ ≥ 1)-loop 2-site graphs are non-trivial. However, when we treat these

integrals in section 3.5, the specific form of the twist is not important.
3We refer to this structure as the “FRW cosmological polytope” to remind ourselves that it is defined in x-space

like the FRW form Ψ
(ℓ)
n . In an abuse of notation, we will also refer to the FRW cosmological polytope by PG .
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a choice of ε such that integral in a local neighborhood of where an xi vanishes converges; the

integral for all other “non-convergent” values of ε are well defined through analytic continuation.

On the other hand, nothing saves the integral from blowing up whenever a Bi vanishes. Therefore,

singularities at Bi = 0 and xi = 0 must be managed differently. This has already been partially

accounted for in the covariant derivative ∇ since the connection ω has singularities on the twisted

hyperplanes. From the perspective of contours, Bi-residues of the integrand are allowed but xi-

residues are not since the coordinate axes are branch surfaces (u ∼ xαi
i with αi /∈ Z).4 This

distinction places crucial restrictions on the kind of allowed contours and cuts. This will be most

obvious in the dual cohomology defined in section 3.1.3 where each dual form can be thought of

as a coarse approximation to a cut contour. This is made precise in appendix 3.7 and will play an

important role in the development of a diagrammatic coaction method [149, 150].

3.1.3 The intersection number and relative twisted cohomology

The intersection number ⟨φ̌|φ⟩ defines an inner product on the space of twisted differential forms

(and therefore, cosmological integrals) by pairing an element of FRW cohomology φ ∈ Hn(M \B;∇)

(recall (3.14)) with an element of the associated dual cohomology φ̌ ∈ χHn (defined in (3.17)). The

dual cohomology has more structure than its FRW counterpart since it is essentially the direct sum

of the the twisted cohomology of each cut. Therefore, it is automatically organized in an ideal way

for understanding cuts. It is also easily linked to the space of contours on the topological space

M \ B (see appendix 3.7).

The intersection number is the link between the FRW cohomology and dual cohomology

⟨φ̌|φ⟩ : Hn(M,B;χ∇)×Hn(M \ B;∇) 7→ C . (3.16)

For FRW correlators, the intersection number is easy to compute; it is simply a weighted residue

where the dual forms dictate the exact linear combination ((3.19) and (3.21)). Moreover, the in-

tersection number facilitates a simple formula for computing the differential equation in a way that

emphasizes the role of cuts (demonstrated in section 3.2). From this formula, we deduce that an

FRW form φ couples to ∂Xi
Ψ

(ℓ)
n or ∂Yi

Ψ
(ℓ)
n if and only if φ shares a cut with the FRW form Ψ

(ℓ)
n

(also in section 3.2).

The dual cohomology to (3.14) is the relative5 twisted cohomology

χHn := Hn(M,B;χ∇) ⊆
n⊕

p=0

⊕
|J|=p

δJ
(
Hn−p(MJ ;χ∇|J)

)
, χ∇ = d− ω∧ , (3.17)

where J is a multi-index denoting a cut, MJ = M ∩ BJ is the topological space associated to this

cut and BJ = ∩j∈J{Bj = 0}. Importantly, dual forms are represented by twisted differential forms

4For forging connections to cosmological spacetimes one will generally encounter cases where αi = ε ∈ Z. We note

that the DEQs (and their solutions) for twisted cosmological integrals can be analytically continued in ε and one can

extract the physical wavefunction by taking appropriate limits.
5Name for the cohomology of a topological space with boundaries (B in our case).
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localized to the cuts MJ . The localization to the cut MJ is denoted by the coboundary symbol δJ
6

and its argument contains a differential form on MJ :

φ̌ =
∑
J

δJ(ϕJ) , ϕJ ∈ Hn−|J|(MJ ;χ∇|J) . (3.18)

The δJ indexes the component of the direct sum corresponding to the J-boundary cohomology and

keeps track of boundary terms.7 They are also anti-symmetric in their indices δij = −δji and induce

a residue/cut inside the intersection number

⟨δJ(ϕ̌)|φ⟩ =
〈
ϕ̌
∣∣∣ResJ [φ]〉

J
=: ⟨ϕ̌|ϕJ⟩J , (3.19)

where

ResJ [•] := Resj1···j|J| [•] := ResBj|J|∩···∩Bj2∩Bj1
◦ ResBj2∩Bj1

◦ ResBj1
, (3.20)

denotes the iterated residue.

After taking care of the coboundary operators, the remaining intersection number ⟨ϕ̌|ϕJ⟩J lo-

calizes to the maximal codimension intersection points of the twisted surfaces on the cut.8 Since

⟨ϕ̌|ϕJ⟩J only plays a minor role in the remainder of this article, its definition has been relegated

to footnote 8. While equation (3.19) (and (3.21)) are sufficient for our purposes, it is important to

note that they are only valid for logarithmic differential forms; there are known corrections to these

formulas if the forms have higher order poles [107, 60].

3.2 DEQs from residues and finding the physical subspace

We choose a spanning set for both dual and FRW forms that makes the cut structure manifest.

The first step is to determine which cuts have a non-trivial twisted cohomology. This is done by

computing the Euler characteristic of each cut surface χJ = χ(MJ) and putting |χJ |-many canonical

forms into the coboundary operator

{φ̌a}
∑

J |χJ |
a=1 =

⋃
J

{
δJ(ΩJ,k)

}|χJ |

k=1

, (3.22)

Importantly, the canonical forms are non-singular at infinity and are always a linear combination of

dlogTi|J ∧ · · · ∧dlogTk|J . Dual forms are closely related to cut contours; they are the dual canonical

6See [49, 69, 68] for a more in-depth explanation of the coboundary and its properties. See [151] for a more formal

exposition in the context of (untwisted) homology.
7While not explicitly used in this work, boundary terms are generated by the derivative in the dual relative twisted

cohomology: dδJ (ϕJ ) = (−1)|J|[δJ (dϕJ ) +∑
i/∈J δJi(ϕJ |i)

]
.

8Explicitly,

⟨ϕ̌|ϕJ ⟩J =
∑

z∗∈IntJ

Resz∗=0[ϕ̌]Resz∗=0[ϕJ ]∏n−|J|
i=1 Resz∗i =0[ω]

, (3.21)

and only plays a minor role in the remainder of this paper. Here, IntJ =
⋃

K:|K|=n−|J| (BJ∩TK) and TK :=
⋂

k∈K Tk.
See appendix A of [49] for a more detailed discussion.
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form of a cut contour and the intersection number is the leading order term of the cut integral (see

appendix 3.7).

For the FRW cohomology, we choose the set

{φa}
∑

J |χJ |
a=1 =

⋃
J

{
dlogJ ∧ Ω̃J,k

}|χJ |

k=1
where dlogJ :=

∧
j∈J

dlogBj , (3.23)

and Ω̃J,k is obtained from ΩJ,k by removing the restriction to the cut J acting on the Ti’s (an explicit

example of this procedure is given in section 3.3 and diagrammatic rules are provided in section 3.5).

By organizing the bases according to the cuts automatically produces a block diagonal intersection

matrix

Cab := ⟨φ̌a|φb⟩ = ⟨δI(ΩI,k)|dlogJ ∧ Ω̃J,l⟩ = δIJ⟨ΩJ,k|ΩJ,l⟩J . (3.24)

where ΩJ,k = Ω̃J,k|J . Note that it is easy to translate between these two sets via the replacement

δJ(Ω) ↔ dlogJ ∧ Ω̃.9

The intersection number facilitates a simple formula for the DEQs in terms of residues that

highlights the importance of cuts. Schematically, the connection matrix takes the form10

Aab ∼
〈
δJb

(ϕ̌b)
∣∣∣∇kinφa

〉
=
〈
ϕ̌b

∣∣∣ResJ [∇kinφa]
〉
Jb

→ 0 whenever ResJb
[∇kinφ] = 0 . (3.25)

This equation implies that φb couples to φa in the DEQ if and only if both φa and φb share a residue

since11

ResJb
[∇kinφa] = 0 ⇐⇒ ResJb

[φa] = 0 . (3.26)

This implies that the physical subspace is spanned by all FRW forms in (3.23) that have overlapping

residues with the physical wavefunction. More explicitly,

Hn
phys ⊂ Span

{
dlogJ ∧ Ω̃J

}
J

such that ResJ [Ψ
(ℓ)
n ] ̸= 0 . (3.27)

This is the first main result of this paper. Moreover, (3.25) and (3.26) imply that dlogJ -forms only

couple to themselves and dlogJ\j-forms where j ∈ J .

If the FRW hyperplane arrangement was non-degenerate, (3.27) would be the whole story. How-

ever, as we will see shortly (section 3.3), even simple cosmological examples are non-generic or

degenerate and we have to work a bit harder to reduce (3.27) from a spanning set to a basis. We

will discuss how to systematically work with this degeneracy in the remainder of this article.

9Technically, the sets (3.22) and (3.23) are not quite dual since the intersection matrix (3.24) is only block diagonal

and not full rank. However, this technicality will dealt with shortly in a simple way.
10The precise formula is Aab = C−1

bc ⟨φ̌c|∇kinφa⟩. It will be used to compute the DEQs in section 3.3 as well as

appendices 3.9.2 and 3.9.4.
11In order to use equations (3.19) and (3.21), one needs a representation for ∇kinφ that has at most simple poles.

We provide a simple recipe for such a representative for ∇kinφ without invoking integration-by-parts in appendix 3.8.

We also derive (3.26) as a consequence.
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3.3 A pedagogical example: the 3-site chain

We illustrate how the physical subspace arises by organizing the basis of forms according to whether

they have compatible sequential residues with the physical FRW form in the context of the sim-

plest example: the 3-site chain. Moreover, we highlight how the associated hyperplane arrangement

dictates this organization; a ubiquitous feature for all tree-level and loop-level cosmological arrange-

ments. We comment on further worked examples (the 4-site chain, 4-site star and 1-loop 3-gon of

appendix 3.9) near the end of this section.

The hyperplane polynomials: For the convenience of the reader, we collect the 3-site FRW

hyperplane polynomials Bi (shifted versions of (3.6))

B1 = = x1+X1+Y1 , B2 = = x2+X2+Y1+Y2 ,

B3 = = x3+X3+Y2 , B4= = x1+x2+x3+X1+X2+X3 ,

B5 = = x1+x2+X1+X2+Y2 , B6 = = x2+x3+X2+X3+Y1 .

(3.28)

The FRW form: Following the discussion in section 3.1.2, the FRW form (shifted version of

(3.8)) is

Ψ
(0)
3 =

4Y1Y2
B1 · · ·B4

(
1

B5
+

1

B6

)
d3x . (3.29)

Recalling (3.13), this is a differential form on the space M \ B where

M := C3 \ {x1x2x3 = 0} , B :=

6⋃
i=1

Bi , Bi := {Bi = 0} . (3.30)

In the following, we will also be interested in the space M after taking a sequential residue ResJ .

We denote these topological spaces by MJ :=M ∩ BJ where BJ = ∩j∈JBj .

A linear relation among hyperplane polynomials: The associated hyperplane arrangement is

highly non-generic or degenerate due to a linear relation between the FRW hyperplane polynomials

of (3.28).12 A graphical representation for the 3-site hyperplane polynomial relation is

∣∣∣∣
+

=

∣∣∣∣
+

⇐⇒ B2 +B4 = B5 +B6 , (3.31)

where |+ instructs us to add the Bi associated to the 2-tubings. This relation implies that the four

hyperplanes {B4,B5,B6,B2} intersect in codimension-3 instead of codimension-4. Therefore, the

geometry of the following 3-cuts is not unique: M4,5,2 = M4,6,2 = M4,5,6 = M5,6,2. This will have

important consequences for the space of residue operators and differential forms.

12By non-generic or degenerate, we mean that there exists a collection of |J | hyperplanes {Bj∈J} that intersect in

codimension-m where m < |J |.
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Cuts and residues: Following the discussion in section 3.1.3 (in particular (3.17) and (3.22)), it

is clear that the dual cohomology is built by constructing the cohomology of each cut. Excluding

the 0-cut, which is M itself (recall (3.13)), the 3-site chain has a total of 37 cuts:

• There are 6 possible 1-cuts (the space M after taking the residues on each of the six Bi’s in

(3.28))

{M1,M2,M3,M5,M6,M4} . (3.32)

These are 2-dimensional topological spaces (codimension-1). As we will see, the gray MJ will

turn out to have trivial cohomology.

• There are
(
6
2

)
= 15 possible 2-cuts, each of which are 1-dimensional (codimension-2)

{M1,2,M1,3,M5,1,M2,3,M5,2,M6,2,M6,3,

M4,1,M6,1,M4,2,M4,3,M5,3,M4,5,M4,6,M5,6} .
(3.33)

• Lastly, there are sixteen 3-cuts{
M1,2,3,M4,1,2,M6,1,2,M4,1,3,M5,1,3,M6,1,3,M4,5,1,M5,6,1,

M4,2,3,M5,2,3,M4,6,3,M5,6,3,M4,5,2,M4,6,2,M5,6,2,M4,5,6

}
. (3.34)

These are 0-dimensional topological spaces consisting of only a point. Note that a fully generic

arrangement would have produced
(
6
3

)
= 20 codimension-3 boundaries. In our case, four are

missing because some cuts do not exist: M4,5,3 = M4,6,1 = M5,1,2 = M6,2,3 = ∅. That is, the

associated hyperplanes to these cuts do not intersect.

Cut ordering

The cut multi-index J in δJ , ResJ and MJ is always ordered such that the associated 1-

tubings with the most vertices comes first. For tubings of the same size, we proceed in

lexicographical order. Symbolically, if |τi| = |Vi| is the number of vertices inside the tubing

τi, we require |τji | ≥ |τji+1 | for J = {j1, j2, · · · }.

While ad hoc now, the physical reason will become clear in section 3.5. Mathematically, an

order is necessary to resolve the mentioned degeneracies (more in section 3.4).13

Building a basis from the geometry of cuts: To generate elements of the dual cohomology,

we search for cuts with bounded chambers. The 0-cut, M , has no bounded chambers and therefore

does not generate a potential basis element. This is a general feature of all FRW arrangements; the

0-cut will never generate an interesting form.

13We thank Clément Dupont and Lecheng Ren for important discussions regarding this point.
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Of all the 1-cuts, only the total energy cut M4 has a bounded chamber. For example,

M5 =
x3|B5

=0

x
1
| B

5
=

0

x
2
| B

5
=

0

, M4 = , (3.35)

where the white lines are removed from C2. Evidently, there is no bounded chamber in M5. To

see this, solve B5 = 0 by eliminating x2. Then, x|B5 = (x1,−(x1 +X1 +X2 + Y2), x3). Clearly,

the first two components define parallel lines as depicted above. However, there is a single bounded

chamber in M4. This can be seen by solving the condition B4 = 0 and eliminating x3. Then,

x|B4
= (x1, x2,−(x1+x3+X1+X2+X3)) generates the plot above. The canonical form associated to

this bounded chamber is

φ̌1 = δ4(Ω4) where Ω4 =
ε2

3
dlog

x1
x2

∣∣∣
B4

∧ dlog
x2
x3

∣∣∣
B4

, (3.36)

The powers of ε in the normalization ensure ε-form DEQs. The overall rational number is convenient.

The remaining dual forms are generated in the same way and can be found in [49]. The 2-

boundary dual forms are generated by the line segments between the removed twisted points on the

2-cuts

φ̌2 =
ε

2
δ4,1

(
dlog

x2
x3

∣∣∣
B41

)
, φ̌3 =

ε

2
δ6,1

(
dlog

x2
x3

∣∣∣
B61

)
, φ̌4 =

ε

2
δ4,3

(
dlog

x1
x3

∣∣∣
B43

)
,

φ̌5 =
ε

2
δ5,3

(
dlog

x1
x2

∣∣∣
B53

)
, φ̌6 =

ε

2
δ4,5

(
dlog

x1
x2

∣∣∣
B45

)
, φ̌7 =

ε

2
δ4,6

(
dlog

x1
x2

∣∣∣
B46

)
,

φ̌8 =
ε

2
δ4,2

(
dlog

x2
x3

∣∣∣
B42

)
, φ̌9 =

ε

2
δ5,6

(
dlog

x1
x2

∣∣∣
B56

)
, φ̌10 =

ε

2
δ5,6

(
dlog

x2
x3

∣∣∣
B56

)
.

(3.37)

Note that the cut M56 has two canonical forms since the restriction of all coordinate axes to the cut

form two line segments

M56 =

x1|B56
= 0

x2|B56
= 0

x3|B56
= 0

Ω10 Ω9

. (3.38)

The 3-boundary forms are

φ̌11 = δ1,2,3(1) φ̌12 = δ6,1,2(1) , φ̌13 = δ4,1,3(1) , φ̌14 = δ5,1,3(1) ,

φ̌15 = δ6,1,3(1) , φ̌16 = δ4,5,1(1) , φ̌17 = δ5,2,3(1) , φ̌18 = δ4,6,3(1) ,

φ̌19 = δ4,5,2(1) , φ̌20 = δ4,6,2(1) , φ̌21 = δ5,6,2(1) , φ̌22 = δ4,5,6(1) ,

φ̌23 = δ4,1,2(1) , φ̌24 = δ5,6,1(1) , φ̌25 = δ4,2,3(1) , φ̌26 = δ5,6,3(1) .

(3.39)
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Note that the argument of each δJ is simply the the 0-form 1; the canonical form for a point.

The physical, unphysical and degenerate/mixed cuts: The non-trivial dual forms corre-

sponding to the 1-, 2- and 3-cuts given by (3.36), (3.37) and (3.39) will now be color-coded according

to whether they are physical, unphysical or degenerate/mixed.

The physical dual forms induce residues that do not annihilate Ψ
(ℓ)
n in the intersection number

ResJ [Ψ
(0)
3 ] ̸= 0 , (3.40)

where

J ∈
{
{1}, {4, 1}, {6, 1}, {4, 3}, {5, 3}, {4, 5}, {4, 6}, {1, 2, 3},

{6, 1, 2}, {4, 1, 3}, {5, 1, 3}, {6, 1, 3}, {4, 5, 1}, {5, 2, 3}, {4, 6, 3}
}
.

(3.41)

These generate the physical FRW forms in (3.46), (3.47) and (3.48) via the replacement δJ(Ω) →
dlogJ ∧ Ω̃.

The unphysical dual forms induce residues that annihilate Ψ
(ℓ)
n in the intersection number

ResJ [Ψ
(0)
3 ] = 0 , (3.42)

where

J ∈
{
{4, 2}, {5, 6}, {4, 1, 2}, {5, 6, 1}, {4, 2, 3}, {5, 6, 3}

}
. (3.43)

These generate unphysical FRW forms. Importantly, note that the unphysical dual forms correspond

to sequential residues that set either side of the linear relation (3.31) to zero. The unphysical residues

correspond to Steinmann relations in the cosmological context [152, 74].

The degenerate/mixed class of dual forms correspond to residues that may or may not annihilate

Ψ
(ℓ)
n

Res4,5,2[Ψ
(0)
3 ] = −Res4,6,2[Ψ

(0)
3 ] = Res4,5,6[Ψ

(0)
3 ] = 1

Res5,6,2[Ψ
(0)
3 ] = 0 .

(3.44)

As discussed earlier all four of these cuts correspond to the same loci M452 =M462 =M562 =M456

and are therefore called degenerate. Additionally, the associated residues operators induced by the

δJ satisfy linear relations. For example,

Res4,5,2 = Res4,5,6 , and Res4,6,2 = Res4,6,5 . (3.45)

From the point of view of direct computation, it takes additional work to understand which FRW

forms generated by dual forms on the degenerate cut should be associated to the physical sector.

A cut is degenerate whenever all but one hyperplane in a linear relation appears in a sequential

residue. In this example, it happens whenever a cut involves three of the hyperplane polynomials

that appear in the linear relation (3.31).

This classification of cuts with a non-trivial cohomology into physical, unphysical and degener-

ate/mixed directly follows from the linear relation(s) of the hyperplane arrangement. Simple rules,

that circumvent direct computation, for classifying the non-trivial cuts are provided in section 3.4

and 3.5. Further rules for generating the exact physical differential forms are also provided.
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The FRW forms: A spanning set of FRW forms is obtained from the dual forms by the rule

δJ(ΩJ) → dlogJ ∧ Ω̃J and guarantees that the intersection matrix is block diagonal on the cuts. We

also drop any normalization associated to the dual forms in this procedure.

There is one physical FRW form associated to the only non-trivial 1-cut from (3.36)

φ1 = dlog4 ∧ dlog
x1
x2

∧ dlog
x2
x3

. (3.46)

The nine dual forms (3.37) generate the physical φ2−7 and unphysical φ8−10 FRW forms

φ2 = dlog4,1 ∧ dlog
x2
x3

, φ3 = dlog6,1 ∧ dlog
x2
x3

, φ4 = dlog4,3 ∧ dlog
x1
x3

,

φ5 = dlog5,3 ∧ dlog
x1
x2

, φ6 = dlog4,5 ∧ dlog
x1
x2

, φ7 = dlog4,6 ∧ dlog
x1
x2

,

φ8 = dlog4,2 ∧ dlog
x2
x3

, φ9 = dlog5,6 ∧ dlog
x1
x2

, φ10 = dlog5,6 ∧ dlog
x2
x3

.

(3.47)

The ten dual forms (3.39) generate the physical φ11−18, unphysical φ23−26 and degenerate φ19−22

FRW forms

φ11 = dlog1,2,3 , φ12 = dlog6,1,2 , φ13 = dlog4,1,3 , φ14 = dlog5,1,3 ,

φ15 = dlog6,1,3 , φ16 = dlog4,5,1 , φ17 = dlog5,2,3 , φ18 = dlog4,6,3 ,

φ19 = dlog4,5,2 , φ20 = dlog4,6,2 , φ21 = dlog5,6,2 , φ22 = dlog4,5,6 ,

φ23 = dlog4,1,2 , φ24 = dlog5,6,1 , φ25 = dlog4,2,3 , φ26 = dlog5,6,3 .

(3.48)

The only remaining task is to understand how to deal with the degenerate forms.

Disentangling the degenerate cuts via direct computation: Since we will soon describe how

to find the physical subspace without performing any direct computation, we focus on conceptual

details; some explicit computations can be found in appendix 3.9.

As mentioned above, the intersection matrix is block diagonal with one block coming from the

unphysical two-dimensional cohomology on the 56-cut and the other from the degenerate 452-, 462-,

562- and 456-cuts

C = where Cdegen =


1 0 0 1

0 1 0 −1

0 0 1 1

1 0 0 1

 . (3.49)

Each row of this matrix corresponds to a dual form and therefore to a cut and are color coded

according to their classification. In particular, the degenerate rows in orange correspond to residues
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that localize to the same loci. Yet, some annihilate Ψ
(0)
3 and some do not (c.f., (3.45)). Therefore,

it is not clear if they should be classified as physical or unphysical.

Also, the rank of the 4 × 4 degenerate block Cdegen is only three. This is a consequence of a

linear relation among dlog-forms and a generic feature of degenerate hyperplane arrangements (see

section 3.4.2). Therefore, we have to remove one element in this 4× 4 block from our spanning sets

to get a basis. We remove the elements associated to the 456-cut (elements φ̌22 and φ22) to form

the bases φ̌′ and φ′. The corresponding intersection matrix C ′ is full rank.

At this stage, the number of linearly independent elements in cohomology that share cuts with

Ψ
(0)
3 are the number of red elements along the diagonal of C ′: 18. To reduce this more, we need

to decompose the degenerate space into a component along Ψ
(0)
3 and its orthogonal complement.

This is accomplished by constructing a gauge transformations χU and U = (χU ·C ′)−1⊤ detailed

in appendix 3.9.1. Applying these gauge transformations we obtain the bases φ̌′′ = χU · φ̌′ and

φ′′ = U · φ′. Since these bases have unit intersection matrix C ′′ = 1, they are truly dual making it

easy to map between the FRW and dual cohomologies (c.f., footnote 9).

The new basis φ̌′′ contains only 16 dual forms that correspond to residues that do not annihilate

Ψ
(0)
3 ; the corresponding FRW forms share sequential residues with Ψ

(0)
3 and make up the physical

subspace. Computing the φ′′-DEQs, A′′
ab = (C ′′

bc)
−1⟨φ̌′′

c |∇kinφ
′′
a⟩ = ⟨φ̌′′

b |∇kinφ
′′
a⟩, we find that the

16-dimensional physical subspace closes and is integrable

∇kin = · . (3.50)

Clearly the derivative of any physical FRW form only talks to other physical FRW forms. Explicitly,

the physical subspace contains all forms in red and one linear combination of the orange forms of

the degenerate cut

{φphys,i}16i=1 = {φ1, . . . φ7, φ11, . . . φ18, (φ19−φ20)/2} . (3.51)

From the perspective of direct calculation, the linear combination (φ19 − φ20)/2 in (3.51) comes

from the gauge transformation matrix U . Mathematica files with the physical basis, gauge trans-

formations and DEQs can be found in appendix 3.9.1 and at the github repository §.

Of course, we need to decompose Ψ
(0)
3 into the physical basis in order to use the DEQs for

the physical quantity of interest. One can either use partial fractions (see appendix 3.10 for a

diagrammatic approach) or the intersection number:

Ψ
(0)
3 = (0, 0, 0, 0, 0, 0, 0, 1,−1,−1, 1, 1,−1,−1, 1, 2) ·φphys . (3.52)

https://github.com/ASphericalCow/PhysicalBasisFromCuts.git
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Further examples and loops: At no step in any part of our algorithm has the specification

to tree-level cosmological correlators been needed; everything generalizes straightforwardly to loop-

level. We demonstrate the splitting of the full cohomology into physical and unphysical subspaces

via direct calculation for the 4-site chain (appendix 3.9.2), 4-site star (appendix 3.9.3) and 1-loop

3-gon (appendix 3.9.4). Using the intersection matrix, we demonstrate that the full cohomologies

with dimensions 213, 312 and 99 reduce to a physical basis with 64, 64 and 50 elements in agreement

with both the kinematic flow algorithm [76, 75, 133, 134] and those obtained from a time integral

perspective [131]. The DEQs for the 4-site chain and 1-loop 3-gon can be found in the Mathematica

files at the github repository §.

Disentangling the degenerate cuts avoiding direct computation: Before moving on, we

preview how to find the physical subspace and avoid direct calculation. A systematic algorithm is

developed in sections 3.4 and 3.5.

To every δJ or equivalently ResJ , we can associate a cut tubing. For example, the total energy

residue can be represented diagrammatically by the dashed tubing

δ4 ↔ Res4 := , (3.53)

Next, note that only cut tubings with no crossings appear in the physical basis (3.51). This is

because of the two following facts:

i) The set of compatible complete tubings of a graph G only involves non-crossed tubings (see

(3.8), (3.149) and (3.160) for examples).

ii) Due to our ordering, the only residues with crossed cut tubings that do not annihilate Ψ
(ℓ)
n

are degenerate. Moreover, the degenerate crossed cut tubings that do not annihilate Ψ
(ℓ)
n are

equivalent to a non-crossed cut tubings. For example, in the context of the 3-site example,

Res4,5,6 = Res4,5,2

4 5 6
=

4 52
. (3.54)

The generalization of such residue relations is presented in section 3.4.1.

No crossed cut tubings

The physical subspace only contains forms associated to non-crossed tubings:

4 52
✓ ,

4 5 6
.

https://github.com/ASphericalCow/PhysicalBasisFromCuts.git
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Each degenerate block also only contributes one form to the physical subspace since we decompose

the degenerate block into a component along Ψ
(0)
3 and its orthogonal complement. The dlogJ -

part of the physical form associated to a degenerate cut is a linear combination of dlogJ -forms

associated to the non-crossing cut tubings of the degenerate cut. Specifically, there is a relative sign

between all pairs of dlogJ ’s that only differ by tubings that cross. Indeed, φphys,16 ∝ φ19−φ20 =

dlog4,5,2 −dlog4,6,2 satisfies this rule; the dlog’s share all but one factor and these unshared Bi have

tubings that cross.

3.4 Linear relations and degenerate arrangements

The classification of cuts/residues with non-trivial cohomologies into physical, unphysical and degen-

erate/mixed cuts is controlled entirely by the system of linear relations associated to the hyperplane

arrangement of the graph G. Importantly, these hyperplane arrangements (section 3.1.2) are non-

generic in the sense that there exists codimension m loci where more than m hyperplanes intersect.

This non-genericity in cosmological hyperplane arrangements is entirely encoded in the linear rela-

tions among the corresponding hyperplane polynomials Bi. As a consequence of this degeneracy,

some sequential residues do not necessarily anti-commute and satisfy linear relations (recall (3.44)

and (3.45)).

The linear relations among the Bi (equivalently the Si) are generated by 2-tubings that inter-

sect.14 For the 3-site chain, there is just one relation∣∣∣∣
+

=

∣∣∣∣
+

⇐⇒ B2 +B4 = B5 +B6 , (3.55)

where |+ instructs us to add the Bi associated to the 2-tubings. Via equation (3.5), this graphical

rule is easy to verify since the crossed 2-tubings encircle the same vertices and cross the same edges

the same number of times. Moreover, this graphical rule holds beyond tree-level graphs and generates

all possible linear relations. Indeed, it is easy to check the following identity for the 1-loop 3-gon

graph below ∣∣∣∣∣∣∣∣∣∣∣
+

=

∣∣∣∣∣∣∣∣∣
+

. (3.56)

We also note that not all linear relations between hyperplane polynomials will generate interesting

consequences for the physical basis; some only effect the unphysical subspace.

To keep track of the linear relations and deduce their consequences, we introduce the notion of

14This is not always a minimal presentation; the set of all pairs of crossed tubings often produces an over complete

set of relations.
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a minimally dependent indexing set I. A minimally dependent indexing set

I = {ILHS|IRHS} , (3.57)

is a collection of two sets indexing the hyperplane polynomials Bi that appear on the LHS and RHS

of linear relations. For example, in this notation, equation (3.55) is equivalent to I = {2, 4|5, 6} or

with some abuse of notation I = {B2, B4|B5, B6}. Furthermore, note that IRHS is always a set of

two 1-tubings that cross.

The set I is minimally dependent in the sense that removing any single element, say Bj , results

in a linearly independent set of Bi
15

∑
i∈I

αi

̸=0

Bi=0 but
∑

i∈I\ij
αiBi=0 ⇐⇒ αi=0 . (3.58)

Every minimally dependent set I generates a relation between sequential residues (section 3.4.1) as

well as a relation among dlog-forms (section 3.4.2). After identifying a degenerate boundary, we also

provide a simple prescription for constructing the physical form without computing the intersection

matrix in section 3.5.3.

3.4.1 Consequences for residue operations

As a consequence of the linear relations among hyperplane polynomials, iterated residues do not nec-

essarily anti-commute under ordering exchanges and satisfy relations. To see why iterated residues

do not necessarily anti-commute, consider the following example of a toy (non-cosmological) ar-

rangement below where the lines B1, B2 and B3 all intersect at the same point (in red)

B2

B1B3

B12 = B23 = B13

While the canonical form Ω is singular at the point B12 = B23 = B31, its residue at this point

depends on the order. The 13-residues of Ω behave normally

Res13[Ω] = −Res31[Ω] . (3.59)

On the other hand, one ordering of the 23- and 12-residues vanish

Res21[Ω] = Res23[Ω] = 0 . (3.60)

15In some of the relations that follow, we suppress the B’s and denote a hyperplane polynomial Bi simply by its

label i.
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The other ordering is equal to an ordering of the 13-residues

Res32[Ω] = Res31[Ω] ̸= 0 , (3.61)

Res12[Ω] = Res13[Ω] ̸= 0 . (3.62)

For this reason, we need to fix an ordering when taking residues. As mentioned in section 3.3, we

always order residues such that the Bi associated to the tubing that encircles the most vertices

always comes first. Diagrammatically, this means that we work outward-in for residue tubings

Res452 :=
4 52 ̸= Res425 ̸= Res542 ̸= · · · . (3.63)

For tubings of the same size, we assign lexicographical order

Res413 :=
4 1 3

. (3.64)

For now, this ordering is a mathematical necessity. However, in section 3.5, we will show that our

ordering choice aligns with physical intuition.

Every minimally dependent set, I, of hyperplane polynomials (3.58) seeds a residue relation

Resij ◦ Resσ(I\{ij ,ik})=Resik ◦ Resσ(I\{ij ,ik}) , (3.65)

where ij , ik ∈ I and σ ∈ S|I|−2 is a permutation acting on I \ {ij , ik}. To see why this is the

case, note that when restricted to the cut I \ {ij , ik}, the linear relation between the hyperplane

polynomials now becomes αijBij |I\{ij ,ik} + αikBik |I\{ij ,ik} = 0. Since Bij |I\{ij ,ik} and Bik |I\{ij ,ik}
are proportional, the final residues in the above equation are equivalent. Note that this relation is

insensitive to the actual values of the coefficients αi appearing in the linear relations (3.58).

3.4.2 Consequences for differential forms

Similarly, linear relations among the hyperplane polynomials generate linear relations among differ-

ential forms. Like before, we identify a minimally dependent set of hyperplane polynomials I. After

fixing an order for I, the following identity holds

|I|∑
j=1

(−1)j−1

 ∧
k∈I\ij

dlogBk

 = 0 , (3.66)

where ij is the jth element of I. For example, it is easy to verify the relation

dlog456 − dlog452 + dlog462 − dlog562 = 0 , (3.67)

in terms of the 3-site example (section 3.3), which can be deduced from the nullspace of the inter-

section matrix (3.49). Such relations are known in the mathematical literature as Orlik-Solomon
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relations [153, 154]. In fact, the Orlik-Solomon algebra generates all linear relations of degenerate

hyperplane arrangements circumventing the need to use blow-ups. Furthermore, a nice presentation

for the Gröbner basis of monomials in dlog’s is known.

Equation (3.66), also gives a relations between the (|I| − 2)-residues of (|I| − 1)-forms. Let I be

a minimally dependent set and j, k ∈ {1, . . . , |I|}. Then,

ResI\{ijik}dlogI\ij = (−1)j−kResI\{ijik}dlogI\ik . (3.68)

The sign in (3.68) comes from the fact that we are comparing the residues of different dlog-forms.

3.5 Cut tubings – a basis for all trees and loops

In this section, we demonstrate how to construct a basis of physical forms for any n-site, ℓ-loop FRW

wavefunction coefficient ψ
(ℓ)
n via simple universal graphical rules that systematize the construction

of residue or equivalently cut tubings.

As mentioned in section 3.3, an ℓ-loop cut tubing, C(ℓ)
ni,Bi

, is denoted by a dashed tube (in

comparison to the solid tubings τi of (3.6)) and defines an instruction to compute a residue on the

hyperplane polynomial Bi = 0. The label ni in C(ℓ)
ni,Bi

denotes the number of vertices enclosed by

the tubing. For example, a residue on the total energy pole BT=4 = 0 in the tree-level 3-site graph

is represented by the following cut tubing:

C(0)
3,B4

:= := ResB4
Ψ

(0)
3 . (3.69)

While primarily a bookkeeping tool to enumerate the basis elements of any given graph G, these cut
tubings carry both physical and mathematical information:

1. From a mathematical perspective, they correspond to all physical boundaries MJ that have a

one-dimensional twisted cohomology and count each degenerate cut exactly once.

2. From a physics perspective, they correspond to all ways to factorize the shifted flat-space wave-

function coefficient Ψ
(ℓ)
n solely into product(s) of lower-point flat-space scattering amplitudes.

We elaborate on these connections as we present the universal rules for generating the physical cut

tubings, which remarkably hold true for all tree and loop level wavefunction coefficients.

In section 3.5.1, we present a set of simple universal graphical rules (with detailed examples)

associated to cut tubings that arise from the associated system of linear relations as well as from

cohomological arguments. In section 3.5.2, we will see how these simple rules systematize the

construction of the space of all tubings corresponding to each physical cut MJ (i.e., the space of

physical 1-tubings, 2-tubings, and so on), thereby enumerating the physical subspace of forms that

couple to Ψ
(ℓ)
n in the DEQs. We end by explicitly implementing these universal rules to generate

the physical basis for the tree-level 3-site graph in section 3.5.4 and the 2-loop 2-site sunset graph

in section 3.5.5. In section 3.5.6, we present some remarkable patterns that our analysis reveals.
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3.5.1 Universal selection rules for physical cut tubings

The linear relations of section 3.4 constrain the space of physical cuts. In particular, they constrain

how cut tubings can be nested. In subsection 3.5.1, we present the good cut and degenerate cut

conditions that govern the mechanism for evolving any cut tubing (i.e., going from a J-cut to

(J+1)-cut) in a sequentially nested fashion. Following this, we present an additional set of rules in

subsection 3.5.1 motivated by cohomological arguments, which accounts for cuts beyond this scope

of sequential nesting.

The good cut and degenerate cut conditions

For a given graph G, the residue of the wavefunction coefficient Ψ
(ℓ)
n on its total energy pole BT = 0

is called the (true) scattering facet of PG [71]. At tree level, we have

C(0)
n,BT

:= ResBT
Ψ(0)

n := . (3.70)

Subsequent cut tubings contained inside the true facet C(0)
ni,Bi

⊂ C(0)
n,BT

behave as scattering facets

associated to a lower ni-point wavefunction coefficient Ψ
(0)
ni<n. This extends to any loop and number

of sites and means that a C(ℓ′)
ni,Bi

(⊂ C(ℓ)
n,BT

) evolves like an (ni < n)-site (ℓ′ < ℓ)-level cut tubing

regardless of what other cut tubings surround C(ℓ′)
ni,Bi

. This observation implies that C(ℓ′)
ni,Bi

only

directly constrains whether a (dashed) tubing placed wholly inside of Bi lead to a physical cut. In

particular, this means that the evolution of a cut tubing—what further cut tubings can be drawn

inside it—does not depend on the details of the larger graph outside of it. In this way, information

from lower-point and lower-loop cuts is recycled! This structure is reflected in the good-cut and

degenerate-cut conditions discussed below.

The good cut condition

Suppose we want to evolve the cut tubing C(ℓ)
ni,Bi

by nesting the cut tubing C(ℓ′)
nj ,Bj

: C(ℓ′)
nj ,Bj

⊂
C(ℓ)
ni,Bi

. We first identify all minimal dependent sets (3.57) where τi (corresponding to Bi) is

the largest tubing16

I(i)α = {I(i)α,LHS|I
(i)
α,RHS} . (3.71)

The residue tubings that can be paired with C(ℓ)
ni,Bi

to form physical cuts do not set all

elements of I
(i)
α,LHS to zero (also no element of I

(i)
α,RHS should be set to zero). This is the good

cut condition associated to the cut tubing C(ℓ)
ni,Bi

. It constrains the space of physical cuts

with |I(i)α,LHS| − 1 further cuts inside C(ℓ)
ni,Bi

.

Sequential residues that set all elements in I
(i)
α,LHS (and none in I

(i)
α,RHS) to zero annihilate the

16Note that τi is always an element of I
(i)
α,LHS.
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physical form Ψ
(ℓ)
n . Therefore, the good cut condition tells us how to avoid these unphysical bound-

aries and generate physical cuts.17

For example, the tree-level 3-site chain graph has a single minimal dependent set I
(T )
1 = {B2, BT=4|B5, B6}

(depicted in (3.55)) that constrains the space of physical 2-cuts. The double residue Res42[Ψ
(0)
3 ] an-

nihilates Ψ
(0)
3 (as shown in (3.42)) implying that C(0)

1,B2
⊂ C(0)

3,B4
is an unphysical 2-cut

C(0)
1,B2

⊂ C(0)
3,BT=4

= = 0 . (3.72)

Thus, the good cut condition for the true facet C
(0)
3,BT=4

implies that pairing any of the cut tubings

C(0)
1,B1

, C(0)
1,B3

, C(0)
2,B5

, C(0)
2,B6

with it corresponds to physical 2-cuts (see (3.115)). In general, |Iα,LHS| = 2

for all tree-level graphs. Therefore, the good cut condition only restricts the next cut C(0)
nj ,Bj

⊂ C(0)
ni,Bi

such that Bj /∈ I
(i)
α,LHS.

For loop-level graphs, |Iα,LHS| ≥ 2 and the next cut C(ℓ′)
nj ,Bj

⊂ C(ℓ)
ni,Bi

is unconstrained whenever

|Iα,LHS| > 2. For example, let’s understand how the minimal dependent set I
(T )
1 = {B1, B2, BT=5|B6, B14}

of the the 1-loop 4-gon box graph affects the evolution of its true facet. While the space of 2-tubings

involving C(1)
4,BT=5

is unconstrained, the 3-element set I
(T )
1,LHS constrains the space of physical 3-cuts

according to the good cut condition of the true facet. Explicitly, the the following 3-cut is unphysical

(C(0)
1,B2

× C(0)
1,B1

) ⊂ C(1)
4,BT=5

= = 0 . (3.73)

The degenerate cut condition

Suppose that we want to evolve an m = |I(i)α,LHS| cut

C(ℓjm−1
)

njm−1
,Bjm−1

⊂ · · · ⊂ C(ℓj1 )

nj1
,Bj1

⊂ C(ℓ)
ni,Bi

, (3.74)

(that could be embedded inside another cut) into an (m + 1)-tubing. The next tubing is

placed in accordance with the good cut condition of the most recent cut C(ℓjm−1
)

njm−1
,Bjm−1

C(ℓjm )
njm ,Bjm

⊂ C(ℓjm−1
)

njm−1
,Bjm−1

⊂ · · · ⊂ C(ℓj1 )

nj1
,Bj1

⊂ C(ℓ)
ni,Bi

. (3.75)

Then, the resulting (m+1)-cut tubing is degenerate, in the sense of section 3.4, if all elements

in I
(i)
α,LHS appear in the sequence (3.75) (the good cut condition ensures one cut corresponding

17Recall that all elements of I
(i)
α,RHS contain crossed tubings and correspond to sequential residues/cuts that are

either unphysical or degenerate. For degenerate cuts, these crossed tubings can always be uncrossed using the linear

relation of section 3.4.1. Hence such crossed residue tubings do not appear in our analysis. See the discussion around

the no crossed cuts box for more.
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to an element of I
(i)
α,LHS is present in the sequence (3.75)). This is the degenerate cut condition

of C(ℓ)
ni,Bi

or more precisely I
(i)
α .

Physical degenerate cuts need to be identified and counted exactly once since they form a

single degenerate sub-block in the DEQ matrix A and only contribute a single differential

form to the physical basis.

To illustrate this condition in action, we provide a short discussion with selected examples below:

• Consider a 4-term minimal dependent set I
(j)
α = {Bi, Bj |Bk, Bl}. While the 2-tubing C(ℓi)

ni,Bi
⊂

C(ℓj)
nj ,Bj

is an unphysical 2-cut, C(ℓk)
nk,Bk

⊂ C(ℓj)
nj ,Bj

is a physical 2-cut consistent with the good cut

condition of Bj . This 2-tubing can now be followed by a residue tubing C(ℓi)
ni,Bi

(with τi entirely

inside τj) since this is consistent with the good cut evolution of C(ℓj)
nj ,Bj

. However, this 3-tubing

satisfies the degenerate cut condition of C(ℓi)
ni,Bi

associated to I
(j)
α and must be classified as

degenerate. This example is essentially a diagrammatic restatement of the residue relation

(3.65) discussed in section 3.4.

The first example of such a degenerate cut occurs in the tree-level 3-site graph when the

physical 2-tubings C(0)
2,B5

⊂ C(0)
3,BT=4

or C(0)
2,B6

⊂ C(0)
3,BT=4

are evolved into a 3-tubing and is a

consequence of the minimal dependent set I
(T )
1 = {B2, BT=4|B5, B6}. As discussed above, the

cuts C(0)
2,B5

and C(0)
2,B6

effectively evolve as 2-site graphs, producing the 3-cuts

4

52 = 2

4

6
. (3.76)

However, the new cut tubing in orange saturates I
(T )
1 and satisfies the degenerate cut condition

of the true scattering facet C(0)
3,BT=4

. Therefore, these 3-cuts must be identified.

• A similar identification of a degenerate cut can be made for 1-loop graphs where one en-

counters 5-term minimal dependent sets. For example, for the case of the 1-loop 4-site

box graph, we encounter a degenerate cut as a consequence of the minimal dependent set

I
(T )
1 = {B1, B3, BT=5|B10, B12}. Below, the 4th cut tubing C(0)

1,B3
saturates I

(T )
1 and is identi-

fied:

1

5
12

3

=

5

10

1

3

. (3.77)

• The further evolution of physical degenerate cuts occurs in the usual fashion; adding a new tub-

ing inside the most recent tubing in accordance with its good cut condition and the degenerate
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cut conditions (of previous tubings).

• One often encounters scenarios where on the locus of a degenerate cut arising from some system,

say I(i), is equivalent to the locus of another degenerate cut arising from a separate system

I(j). In such a case, one simply identifies all (m+1)-cuts where the latest red tubing is common

to all of them. For example, the first instance where one has to account for this is in the case

of the tree-level 4-site chain graph due to the minimal dependent sets I
(9)
1 = {B2, B9|B6, B7}

and I
(T )
1 = {BT=5, B7|B9, B10}:

5

9
6

2 =

5

9
7

2 =

5

10 7
2 . (3.78)

Importantly, we note that such degenerate cuts are different from the following degenerate cut,

which arises from a distinct system I
(T )
2 = {B2, BT=5|B6, B10}:

6
4

5

2

=

5
10

42

. (3.79)

The uni-dimensional cohomology condition(s)

The above good and degenerate cut conditions associated to any cut tubing are simple manifestations

of the linear relations of the associated hyperplane arrangement and constrain sequentially nested cut

tubings. In addition to these, we need one more set of conditions—the uni-dimensional cohomology

condition(s)—that goes beyond nested evolution, to generate all physical cuts. This graphical rule

tells us how to avoid cuts with trivial cohomology (do not contribute forms to the basis).

The uni-dimensional cohomology condition(s)

The uni-dimensional cohomology condition(s) dictates that:

1. An m cut tubing of an n-site ℓ-loop graph G must enclose all the sites/vertices of G to

yield a physical m-cut.

2. Inside each physical cut tube containing more than a single vertex, further good cut

tubes must leave at least one unenclosed vertex.

Below, we provide the reasoning behind these conditions as well as a short discussion of selected

examples.

• To have a non-trivial cohomology, the cut must contain a bounded chamber with boundaries

made from the coordinate axes restricted to this cut. For a 1-cut of G, this implies that all

physical 1-cut tubings are associated to hyperplane polynomials Bi that contain the factor∑n
i=1(xi + Xi) in them. This ensures that one twisted hyperplane on the cut intersects the
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remaining other twisted hyperplanes creating a bounded chamber (see the right ure in (3.35)

corresponding to the 3-site tree graph for an example).

For tree-level wavefunction coefficients Ψ
(0)
n , this condition implies that the only allowed

1-tubing with a one-dimensional cohomology is the true scattering facet C(0)
n,BT

:

C(0)
n,BT

:= . (3.80)

It is imperative to note that 1-tubings of tree graphs that do not correspond to the true

facet tubing C(0)
n,BT

violate this condition despite corresponding to non-vanishing residues of

Ψ
(0)
n . This is because such 1-cuts C(0)

ni,Bi ̸=BT
do not have a bounded chamber and therefore

have trivial cohomology (the arrangement of twisted hyperplanes on the cut contains a pair

of parallel hyperplanes; see left ure in (3.35) corresponding to the 3-site tree graph for an

example). Such cuts correspond to unphysical cut tubings.

For example, the 1-cut C(0)
n,B5

in the 3-site graph that encloses only two vertices out of the

possible three

C(0)
n,B5

:= ResB5
Ψ

(0)
3 := ̸= 0 , (invalid tubing) (3.81)

yields a non-zero residue; however, such 1-cuts have trivial cohomology and are therefore

inconsistent with the condition above. From a cuts perspective, such residues split the graph

into a flat-space amplitude times a (shifted) lower-point wavefunction coefficient, as discussed

in [123].

For loop integrands, in addition to the true facet C(ℓ)
n,BT

, there are further 1-cut tubings

corresponding to hyperplanes BT ′ that enclose all the sites of the graph and have a one-

dimensional cohomology. For example, the n-gon has a total of n+1 physical 1-cuts. In the

case of the 3-gon (triangle) graph, these four tubings are

C
(1)
3,BT=4

C
(0)
3,B8

C
(0)
3,B9

C
(0)
3,B10

. (3.82)

Note that in addition to the true scattering facet tubing C(1)
3,BT=4

of the 3-gon, the three other

1-tubings corresponding to the hyperplane polynomials BT ′=8,9,10 =
∑3

i=1(xi +Xi) + 2Y1,2,3,

enclose all the three vertices of the triangle graph and are therefore consistent with the uni-

dimensional cohomology condition.

For higher cuts, to be consistent with the first uni-dimensional cohomology condition,

one has to partition the set of n-vertices of an ℓ-loop graph into non-empty, non-overlapping
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subsets to give a physical product of residue tubings C(ℓ1)
n1,B1

× C(ℓ2)
n2,B2

× · · · × C(ℓm)
nm,Bm

such

that n1 + n2 + · · · + nm = n, which means no vertices are left unenclosed, thus ensuring a

one-dimensional cohomology. An example of such a 2-tubing of the 4-site star graph is

C(0)
3,B10

× C(0)
1,B2

= . (3.83)

An example of a 4-cut of the double box consistent with this condition is

C(0)
2,B12

× C(0)
2,B10

× C(0)
1,B2

× C(0)
1,B1

= . (3.84)

• Given any cut tubing, the subsequent cut tubings (consistent with its good cut condition)

contained inside it must leave at least one vertex unenclosed to guarantee a one-dimensional

cohomology and a non-trivial residue for the corresponding cut. When all vertices inside

a cut tubing are enclosed again, the linear system cannot be solved and the corresponding

cut/residue does not exist.

For example, one can check this condition explicitly in the case for the 3-site tree graph.

The following 3-cuts do not exist

(invalid tubings)

while, on the other hand,
4

1 3
. (3.85)

is a physical 3-cut. It abides by both the good cut condition and the uni-dimensional coho-

mology condition.

In general, the ni-vertices inside any cut tubing C(ℓ)
ni,Bi

can be partitioned into non-empty,

non-overlapping subsets to give a physical product of residue tubings C(ℓ1)
n1,B1

× C(ℓ2)
n2,B2

× · · · ×
C(ℓm)
nm,Bm

such that n1 + n2 + · · · + nm < ni. This leaves at least one vertex unenclosed and

satisfies the second uni-dimensional cohomology condition.

The set of three conditions presented above — the good cut condition, the degenerate cut condi-

tion and the uni-dimensional cohomology condition — universally determine the set of all possible

physical cuts contributing to the space of physical forms in the DEQs of any given Ψ
(ℓ)
n , as we

demonstrate in the following.
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3.5.2 Enumerating physical cut tubings

Equipped with a universal set of rules for identifying physical cut tubings, we elucidate how to

systematically construct all physical cuts for any n-site, ℓ-loop graph. Moreover, we will demonstrate

how these conditions (that identify the space of physical boundaries) are in correspondence with all

possible ways to factorize Ψ
(ℓ)
n solely into product(s) of flat-space scattering amplitudes.

1-cut tubings

As discussed above, for tree-level wavefunction coefficients Ψ
(ℓ)
n , the only allowed 1-tubing consistent

with the uni-dimensional cohomology condition is the true scattering facet C(0)
n,BT

, which yields the

corresponding flat-space amplitude An:
18

C(0)
n,BT

= ↔ . (3.86)

At loop level there exist additional 1-tubings that have one-dimensional cohomology as illustrated

in (3.82) for the 1-loop 3-gon. Note that the three 1-cuts C(0)
3,Bi=8,9,10

carry a superscript label (0) in

comparison to the true facet 1-cut C(1)
3,BT=5. The difference between these tubings is that the total

energy pole BT=5 is involved in 5-term minimal dependent sets I
(T )
α (or more specifically, with a

3-term I
(T )
α,LHS) whereas the hyperplane polynomials Bi=8,9,10 appear in 4-term sets (with a 2-term

I
(i)
β,LHS) meaning that such 1-cuts effectively evolve as tree-level 3-site 1-cut tubings. This is a generic

feature for all n-gon graphs and is an explicit example of how lower-site lower-loop data gets gets

recycled for the n-site ℓ-loop graph under study!

2-cut tubings

Consistent with the rules presented in section 3.5.1, there are two possible ways to construct physical

2-tubings that generates the entire space of physical 2-cuts contributing to the DEQ basis:

• Evolution of the 1-cut(s): For tree level graphs, the true scattering facet C(0)
n,BT

is evolved into

physical 2-tubings by inserting a cut tubing inside C(0)
n,BT

that is consistent with its good cut

condition, as described in section 3.5.1. These 2-cuts factorize the tree-level 1-cut C(0)
n,BT

or,

equivalently the flat-space amplitude An, into a product of lower-point amplitudes.

For example in the 3-site tree graph, two possible physical 2-cuts evolved according to the

18In order to demonstrate factorization properties, we will now restrict to a ϕ3 vertex for simplicity. However, our

analysis holds true for arbitrary polynomial interactions.
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good cut condition of the true facet factorizes A
(0)
5 as follows:

C(0)
1,B3

⊂ C(0)
3,BT=4

:= ↔ × , (3.87)

C(0)
2,B5

⊂ C(0)
3,BT=4

:= ↔ × . (3.88)

It is important to note that while the above 2-cuts result in a the same product of flat-space

amplitudes A4 ×A3, they are distinct cut tubings and hence generate distinct physical forms.

This is a manifestation of the fact that the flat-space Mandelstam invariants are obtained

from a product of two hyperplane polynomials Bi, Bj (on the residue of the total energy pole)

appearing in the wavefunction coefficient. An explicit residue computation for the tubings

above in (3.88) gives a result proportional to g× −g2

s12
, where g is the three-point coupling and

s12 = −(Y1 −X1)(Y1 +X1) is the flat-space Mandelstam invariant.

For 1-loop n-gons, the 1-tubings C(0)
n,Bi

that are not the true facet evolve according to their

good cut condition, which is analogous to an n-site tree-level 1-tubing. The true facet C(1)
n,BT

is

evolved without any restriction; any cut tubing can be placed inside it. This discussion readily

generalizes to generic ℓ-loop graphs.

• Product of lower-point facets: As discussed in section 3.5.1, a physical 2-cut consistent with the

uni-dimensional cohomology condition involves partitioning the set of n-vertices of an ℓ-loop

graph into two non-empty, non-overlapping subsets to give a product of two residue tubings

C(ℓ1)
n1,Bi

× C(ℓ2)
n2,Bj

such that n1 + n2 = n. An example of such a 2-tubing for the tree-level 4-site

star graph was given in (3.83) and corresponds to the factorization:

C(0)
3,B10

× C(0)
1,B2

= ↔ × . (3.89)

Some examples of such 2-cuts in the 3-gon (triangle) and 4-gon (box) graphs are:

. (3.90)

It is important to note that each cut tubing in these 2-cuts will evolve as independent

1-cut tubings, in accordance with its own set of good and degenerate cut conditions. What
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guarantees this is the existence of linear relations where Bi, Bj now act as the “true” facets of

lower-point functions with n1 and n2 vertices.

For example, in the 4-site star example presented above, the hyperplane B10 is the “true

facet” in the minimal dependent set I
(10)
1 = {B4, B10|B6, B8} represented graphically by

4

10
∣∣∣∣∣∣∣∣∣∣∣∣∣
+

=

6

8

∣∣∣∣∣∣∣∣∣∣∣∣
+

. (3.91)

As a consequence, the 1-cut tubing C(0)
3,B10

evolves as a 3-site 1-tubing.

The same story extends to product 2-tubings of the n-gon. For example, in the 4-gon 2-cut

presented above, the two 1-cuts will each evolve as the 1-cut of the 2-site tree-level graph!

One can similarly work out higher loop examples. For example, in the double-box 6-site

2-loop graph, we have the following possible physical 2-cut:

. (3.92)

While the first 1-cut evolves as that of a 4-gon box, the second 1-cut evolves as the 1-cut of

the 2-site tree-level graph. This allows us to effectively reuse lower-site, lower-loop data for

complicated loop graphs under study!

3-cut tubings

There are now three possible ways to construct physical 3-tubings that generates the entire space

of physical 3-cut forms, while accounting for the appearance of degenerate cuts:

• Evolution of the 1-cut(s): At tree level, the evolution of the physical 2-tubings involving the

true facet C(0)
n,BT

occurs via the two possible options.

i) Evolving the latest cut tubing consistent with its good cut condition. In such a scenario,

one has to also account for the degenerate cut condition of section 3.5.1. An example of a
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non-degenerate and degenerate 3-cut for the tree-level 4-site star graph are:

C(0)
1,B1

⊂ C(0)
3,B9

⊂ C(0)
4,BT=5

= ,

C(0)
2,B6

⊂ C(0)
3,B9

⊂ C(0)
4,BT=5

= .

(3.93)

ii) Introducing an additional good cut tubing inside the true facet consistent with the second

uni-dimensional cohomology condition, i.e., (C(0)
n1,Bi

× C(0)
n2,Bj

) ⊂ C(0)
n,BT

such that n1 + n2 < n.

From a factorization perspective, this ensures that we avoid cutting an internal edge of the

flat amplitude twice simultaneously.

An example of such a 3-tubing for the 3-site graph is (3.85), This is also the maximal

number of tubings one can draw for such a graph and decomposes the flat-space amplitude

into its three 3-pt building blocks A
(0)
3 :

4

1 3 ↔ × × . (3.94)

• Evolution of the lower-point facets: As discussed, the evolution of the 2-cut C(ℓ1)
n1,Bi

× C(ℓ2)
n2,Bj

proceed without extra subtleties except that any evolution of the individual 1-cuts has to be

consistent with its good cut conditions. An example of such a 3-tubing for the 4-gon is shown

as follows:

(C(0)
1,B3

⊂ C(0)
3,B12

)× C(0)
1,B2

:= . (3.95)

• Product of lower-point facets: As before, one can construct physical 3-cuts consistent with the

uni-dimensional cohomology condition, which involves a simple partition of the n-vertices into

three non-empty, non-overlapping subsets to give a product of three 1-cuts C(ℓ)
n1,Bi

× C(ℓ)
n2,Bj

×
C(ℓ)
n3,Bk

such that n1+n2+n3 = n. An example of such a 3-tubing for the 4-site star tree graph
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is:

C(0)
2,B8

× C(0)
1,B1

× C(0)
1,B2

:= ↔ × × . (3.96)

n-cut tubings

The procedure to generate the n-cut tubings for any n-site, ℓ-loop graph proceeds in a similar

fashion — evolution and construction of each cut tubing such that it is consistent with its good cut,

degenerate cut and the uni-dimensional cohomology conditions at each step. For a generic graph,

the maximal number of residue operations one can perform is n, which from a cuts perspective

corresponds to decomposing the flat-space amplitude An into its n 3-point building blocks. The

process ends when one has generated all physical boundaries contributing to 1-, 2-, . . . , n-cuts,

which in turn enumerate all the physical forms contributing to the physical subspace of the DEQs!

3.5.3 From cut tubings to physical FRW forms

This space of physical cut tubings can be translated to the corresponding physical FRW forms that

constitute physical DEQ basis. Not only do these cut tubings enumerate the space of physical cuts

and therefore, the dlogJ part of a basis form (c.f., (3.23)), they also determine Ω̃J (and consequently

ΩJ), giving the full FRW form φa. We provide the rule to generate non-degenerate physical forms

before providing the rule for degenerate forms.

Non-degenerate physical FRW forms: Enumerating the physical cut tubings via the rules

presented in sections 3.5.1 and 3.5.2 is equivalent to listing all good δJ ’s. For non-degenerate cuts,

each δJ is dual via the intersection number to dlogJ . The remaining part of the FRW form is linked

to the the canonical form of the cut MJ (recall each physical cut has a 1-dimensional cohomology

and unique canonical form).

To determine Ω̃J (or equivalently ΩJ = Ω̃|J) from the cut tubings, one links each pair of vertices

{i, j} without crossing a cut tubing.19 Each linked pair of vertices corresponds to the dlog-form:

dlog xi

xj
. Wedging together all pairs produces Ω̃J . We illustrate this procedure using selected examples

19The variable xi is fully determined if it is the only unenclosed vertex inside another cut tubing. Therefore, it

cannot participate in the dlog-form contributing to Ω̃J .
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from the physical basis of the 4-site chain (see appendix 3.9.2)

1 2 3 4

= φ4-chain
38 = dlog1,2,3,4 , (3.97)

5 10 8

dlog
x3
x4

= φ4-chain
34 = dlog5,10,8 ∧ dlog

x3
x4

, (3.98)

6 8

dlog
x1
x2

dlog
x3
x4

= φ4-chain
10 = dlog6,8 ∧ dlog

x1
x2

∧ dlog
x3
x4

, (3.99)

5 10

dlog
x2
x3

dlog
x3
x4

= φ4-chain
7 = dlog5,10 ∧ dlog

x2
x3

∧ dlog
x3
x4

, (3.100)

5

dlog
x1
x2

dlog
x2
x3

dlog
x3
x4

= φ4-chain
1 = dlog5 ∧ dlog

x1
x2

∧ dlog
x2
x3

∧ dlog
x3
x4

, (3.101)

and the 1-loop 3-gon (see appendix 3.9.4)

1

2 3

= φ3-gon
24 = dlog1,2,3 , (3.102)

8

7

= φ3-gon
24 = dlog8,7 ∧ dlog

x1
x3

, (3.103)

8

= φ3-gon
2 = dlog8 ∧ dlog

x1
x2

∧ dlog
x2
x3

, (3.104)

4

= φ3-gon
1 = dlog4 ∧ dlog

x1
x2

∧ dlog
x2
x3

. (3.105)

Note that the indices in the dlogJ have been ordered according to our cut ordering rules: larger

tubes come before smaller tubes.
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Degenerate physical FRW forms: As discussed previously, there are no crossed cut tubings in

the physical subspace. The physical forms associated to degenerate cuts always come with a specific

linear combination of dlogJ ’s where each J is associated to a non-crossing tubing of the degenerate

cut. For example, in the 3-site chain we have

φphys,16 =
φ19 − φ20

2
= dlogB4 ∧ dlog

B5

B6
∧ dlogB2 . (3.106)

We conjecture that the physical linear combination of dlog’s associated to any degenerate cut is

obtained by first identifying all non-crossed cut tubings associated to this degenerate cut. Then,

the corresponding dlog’s are added with coefficients ±1 such that the Bi corresponding to crossed

tubings appear in ratios like in (3.106) whenever possible.

To further illustrate this point, consider the degenerate 4-cut involving B5, B9, B10, B7 and B3.

There are three non-crossing cut tubings associated to this cut

5

9
6

2 ,

5

9
7

2 ,

5

10 7
2 . (3.107)

From the discussion above, we want the crossing tubings to appear as ratios in the physical form

φ63 = dlog5,9,6,2 − dlog5,9,7,2 + dlog5,10,7,2 , (3.108)

as given in (3.155) (produced via the direct calculation method outlined in section 3.3). Indeed this

is easy to check

φ63 = dlogB5 ∧ dlog
B6

B7
∧ dlogB7 ∧ dlogB3 + dlog5,10,7,3

= dlog5,9,6,2 + dlogB5 ∧ dlog
B10

B9
∧ dlogB7 ∧ dlogB2

(3.109)

where the tubings {τ6, τ7} and {τ9, τ10} cross. However, the pair {τ10, τ6} also cross but cannot be

put into a ratio because they differ by more than one factor of Bi.

In general, the physical dlog form for a degenerate k-cut is

r∑
a=1

(∧
i∈J

(k)
a

dBi∧
j∈J

(k)
1

dBj

)
±1

dlog
J

(k)
a
, (3.110)

where J
(k)
a is a set indexing the Bi generated by the non-crossing k-tubings associated to the de-

generate k-cut: {τ (k)a } with a = 1, . . . , r ≥ 2. The only freedom is the overall sign which is fixed by

a choice of τ
(k)
1 or equivalently J

(k)
1 .

To see why this formula must be correct, recall that all FRW forms are generated by the set of

compatible complete tubings of G, which by definition, do not contain crossed tubings. Additionally,

note that each term in this set comes with coefficient +1. Up to a sign, the non-crossing residues of

Ψ
(ℓ)
n corresponding to a degenerate cut must be the same. Because of this, the relative sign of the
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residues and corresponding combination of dlog’s that appear in Ψ
(ℓ)
n comes solely from the relative

sign of the differentials
∧

j∈J
(k)
a

dBj ’s.

From the formula (3.110), it is easy to see that the Bi that cross must come with signs such that

they form ratios in the dlog-form. Choose two terms corresponding to sets Ja and Jb that share

k − 1 elements

J (k)
a = {(J (k)

a ∩ J (k)
b ), p} and J

(k)
b = {(J (k)

a ∩ J (k)
b ), q} . (3.111)

The tubings τp and τq necessarily cross which means that they appear on the same side of a linear

relation with a “+”-sign. Thus, Bq = −Bp + · · · and therefore there is a relative sign between the

differentials ∧
i∈J

(k)
a

dBi and ∧
j∈J

(k)
1

dBj . When combined, we find a dlog-form with the ratio Bp/Bq.

An alternative construction of the physical form associated to a degenerate boundary using a

diagrammatic method for partial fractions can be found in appendix 3.10.

Since all degenerate cuts correspond to the same topological space, the associated Ω̃J(k) are the

same and generated in the same way as for non-degenerate cuts. For example,

− = φ4-chain
35 =

(
dlog5,6,2−dlog5,10,2

)
∧ dlog

x3
x4

, (3.112)

3

8 6
−

3
7

8
= φ3-gon

48 = dlog8,6,3 − dlog8,7,3 , (3.113)

where φ4-chain
35 and φ3-gon

48 can be found in appendix 3.9.2 and 3.9.4.

3.5.4 Example: the physical basis for the 3-site tree graph from cut tub-

ings

We now demonstrate the rules governing the evolution and construction of cut tubings to enumerate

the physical boundaries contributing to the DEQ system with explicit examples. We begin with the

3-site tree graph and show that our prescription involving drawing consistent residue tubings land

us on the 16 physical forms listed in (3.51). For the hyperplane polynomials Bi and the associated

linear relation system I for the 3-site tree graph, please refer to (3.28) and (3.31) respectively.

1-cut tubing

As discussed in section 3.5.2, the only allowed 1-tubing consistent with the uni-dimensional coho-

mology condition is the true scattering facet of the 3-site tree graph C(0)
3,BT=4

. This corresponds to

the residue that yields the 5-pt flat-space tree amplitude A5:

↔ , (3.114)
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as well as the physical form φ1 given in (3.46).

2-cut tubings

Now, there are two possible ways to construct physical 2-tubings, as discussed in section 3.5.2:

i) Evolve the scattering facet tubing (3.114) consistent with its good cut condition. Following

the discussion leading up to (3.72), we obtain four such good 2-tubings that evolve from the

scattering facet which generate the physical forms φ2, φ4, φ6, φ4 listed in (3.47):

(3.115)

Each of these 2-cuts above factorize the 5-pt flat amplitude A5 into the product A4 × A3, as

was shown in (3.88) for two such 2-cuts.

ii) Construct physical 2-tubings by decomposing the graph into a product of two lower-point

residue tubings. For the 3-site graph, we have two such possibilities:

↔ × ,

↔ × .

(3.116)

These 2-cuts correspond to the physical forms φ3 and φ5 in (3.47).

3-cut tubings

The construction of 3-cut tubings proceeds in three different ways, as outlined in section 3.5.2:

i) Continue evolving the 2-tubings that originated from the scattering facet (3.115), except that

now we have to be consistent with the appropriate degenerate cut condition. Additionally,

we can construct a 3-cut consistent with the uni-dimensional cohomology condition, as shown

in (3.94). Thus, we get three non-degenerate physical 3-tubings that correspond to the forms

φ13, φ16, φ18 in (3.48). The degenerate 3-cuts (3.76) are identified and counted precisely once;

they correspond to the physical form (φ19 − φ20)/2. The full evolution of the scattering facet
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tubing into 3-cuts is depicted below:

=

(3.117)

All the 3-cuts above correspond to the product A3×A3×A3, as shown explicitly for the 3-cut

in (3.94).

ii) The second set of physical 3-tubings are obtained by evolving the 2-tubings constructed in

(3.116). We note the tubings C(0)
2,B5

and C(0)
2,B6

in (3.116) are effectively scattering facets of a

2-site tree graph, which can be evolved without restriction (as there are no associated minimal

dependent sets I associated with Ψ
(0)
2 ):

(3.118)

These 3-cuts correspond to the physical forms φ12, φ15, φ14, φ17 in (3.48) and also decompose

the flat amplitude A5 into its three building blocks A3.

iii) The remaining physical 3-cut:

↔ × × , (3.119)
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generates the remaining physical 3-form φ11 in (3.48).

For the 3-site tree graph, the maximal number of residues one can take is three and hence the

flow ends with drawing all consistent 1-, 2- and 3-tubings, which are in one-to-one correspondence

with all possible ways to factorize the 5-pt flat amplitude down to its 3-point building blocks, as

demonstrated above. Therefore, these simple rules for evolving cut tubings generate the 16 physical

forms in the DEQs of the 3-site tree-level wavefunction coefficient!

3.5.5 Example: the physical basis for 2-site 2-loop sunset graph from cut

tubings

Having demonstrated the universal rules for residue tubings for the simplest 3-site tree-level graph,

we show these rules in action for the 2-site 2-loop sunset graph.

Hyperplane polynomials: The FRW hyperplane polynomials Bi associated with the sunset

graph are

B1= =x1+X1+Y1+Y2+Y3, B2= =x2+X2+Y1+Y2+Y3,

BT=3= =x1+x2+X1+X2, B4= =x1+x2+X1+X2+2Y2+2Y3,

B5= =x1+x2+X1+X2+2Y1+2Y3, B6= =x1+x2+X1+X2+2Y1+2Y2,

B7= =x1+x2+X1+X2+2Y3, B8= =x1+x2+X1+X2+2Y2,

B9= =x1+x2+X1+X2+2Y1. (3.120)

Linear relations: There exists several linear relations involving the total energy hyperplane BT=3.

These include three 4-term relations giving us the minimal dependent sets

I
(T )
1 = {BT=3, B4|B7, B8} , I

(T )
2 = {BT=3, B5|B7, B9} , I

(T )
3 = {BT=3, B6|B8, B9} . (3.121)

There also exists linear relations involving the other hyperplane polynomials, which all give 5-term

minimal dependent sets. For example, a set involving B9 gives us

I(9) = {B1, B2, B9|B5, B6} . (3.122)

However, such 5-term sets constrain the space of physical 3-cuts as per the good cut condition;

hence, they will not affect our analysis for the sunset graph, where the maximal number of residues

one can perform is two.
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We can now construct the physical 1- and 2-cuts that contribute to the physical basis of the

sunset graph.

1-cut tubings

There are seven 1-tubings that are consistent with the uni-dimensional cohomology condition:

C
(2)
2,BT=3

C
(0)
2,B4

C
(0)
2,B6

C
(0)
2,B5

C
(0)
2,B7

C
(0)
2,B8

C
(0)
2,B9

(3.123)

We note that in addition to the true scattering facet C(2)
2,BT=3, there are six further physical 1-tubings.

2-cut tubings

Now, the true scattering facet C(2)
2,BT=3 is evolved to 2-tubings consistent with its good cut condition

resulting from the sets I
(T )
α listed in (3.121). However, coupled with the uni-dimensional cohomology

condition, we only get the following two physical 2-cuts arising from the true facet:

(3.124)

Each of the remaining six 1-tubings are evolved to give two physical 2-cuts, consistent with the
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uni-dimensional cohomology condition:

(3.125)

The remaining 2-tubing is simply given by the product of two 1-tubings enclosing each of the

vertices:

. (3.126)

Counting all the seven 1-cut tubings in (3.5.5) along with the fifteen 2-cut tubings in (3.124), (3.125)

and (3.126), yields the 22 physical forms for the sunset graph.

More generally, it is interesting to note that for a 2-site ℓ-loop graph, the uni-dimensional co-

homology condition implies all its 1-cuts behave as those corresponding to a 2-site tree level graph.

This, along with accounting for the single 2-cut of the form (3.126), allows us to predict the number

of the physical forms contributing to the DEQs of the 2-site ℓ-loop wavefunction coefficient ψ
(ℓ)
2 :

(2ℓ+1 − 1)︸ ︷︷ ︸
# 1-cuts

+(2ℓ+2 − 1)︸ ︷︷ ︸
# 2-cuts

= 2(3 · 2ℓ − 1) . (3.127)

This matches the counting of the physical forms for the bubble (ℓ = 1) and the sunset (ℓ = 2) graphs

using the rules of kinematic flow [134, 133]. Moreover, at ℓ-loop order, (3.127) matches the counting
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presented in [131] obtained by adding the number of functions at each level in their corresponding

DEQ system.

3.5.6 Cut stratification for trees and loops

We end this section on residue tubings with comments on certain surprising patterns associated to

the space of physical boundaries/cuts for tree and loop graphs. At tree-level, the number of physical

cut tubings/forms is 4n−1 and splits according to the codimension of the b-cuts

4n−1 =

n∑
b=1

(
n− 1

b− 1

)
3b−1 , (3.128)

which can be organized into a Pascal triangle:

1-cuts 2-cuts 3-cuts 4-cuts 5-cuts 6-cuts · · ·
30 31 32 33 34 35 · · ·

n = 2 1 1

n = 3 1 2 1

n = 4 1 3 3 1

n = 5 1 4 6 4 1

n = 6 1 5 10 10 5 1
...

...
...

...
...

...
...

Importantly, we note that this stratification is topology independent !

The number of physical forms for n-gons at 1-loop generated by this flow of residue tubings

matches the number (= 4n − 2(2n − 1)) predicted in [131]. While this data does not form a Pascal

triangle structure as in the case of tree graphs, its cut stratification is given by

1-cuts 2-cuts 3-cuts 4-cuts · · ·
n = 2 (bubble) 3 7

n = 3 (triangle) 4 21 25

n = 4 (box) 5 42 100 79
...

...
...

...
...

3.6 Discussion and Outlook

The FRW wavefunction coefficient is expressed as a twisted integral whose integrand is associated to

a particular hyperplane arrangement (geometry). Recently, the kinematic flow algorithm [76, 75, 134,

133] demonstrated that the twisted cohomology of FRW cosmological integrands vastly over counts

the number of integrands needed to define DEQs for FRW wavefunction coefficients. The minimal

space of integrands that couple to the wavefunction coefficient is called the physical subspace and its

characterization is imperative for understanding how to build DEQs for loop integrated wavefunction

coefficients.
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In this article, we demonstrate that the physical subspace is intimately tied to the physical (non-

trivial) cuts/residues of the FRW form Ψ
(ℓ)
n (integrand of the FRW wavefunction coefficient). Using

the intersection number (an inner product on the space of integrands) and exploiting extra structure

in the dual relative twisted cohomology (automatically organized by cuts), we show that the physical

subspace is spanned by the forms that share cuts/residues with Ψ
(ℓ)
n via equations (3.25) and (3.27).

We compute the DEQs for the full twisted cohomology of the 3-site chain (section 3.3), 4-site

chain (appendix 3.9.2) and 1-loop 3-gon (appendix 3.9.4) graphs using the intersection number.

Then, we demonstrate how to construct the physical subspace and check that this subspace has

an integrable DEQs that closes. Mathematica files for these examples can be found at the github

repository §.

We provide geometric and graphical rules for generating the differential forms that make up

the physical subspace. Importantly, one has to disentangle differential forms associated to so-called

degenerate cuts. Degenerate cuts are codimension-m surfaces that correspond to the intersection of

more than m (untwisted) hyperplanes (Bi = {Bi = 0}). As a consequence, transposing the order of

two resides in a sequential residue does not necessarily (anti-) commute. Moreover, there are relations

among sequential resides and differential forms. We show that each degenerate cut contributes only

one differential form to the physical subspace and provide a simple rule to construct this form.

Degenerate cuts are a consequence of linear relations satisfied by the polynomials that generate

the cosmological hyperplane arrangement. In section 3.4, we show how all linear relations of a

cosmological hyperplane arrangement are a result of simple graphical rules. Since each hyperplane is

generated by a graphical 1-tubing of the Feynman graph, linear relations are the result of uncrossing

a crossed 2-tubing.

Amazingly, these linear relations classify all physical, unphysical and degenerate cuts as well as

differential forms. In section 3.5, we develop graphical rules for enumerating all physical cuts and

identifying degenerate cuts. We also provide rules that map the diagrammatics to explicit forms.

The good cut, degenerate cut and uni-dimensional cohomology conditions enumerate the physical

subspace for any graph at any loop order (at the level of loop integrands). At tree-level, the physical

subspace has a nice interpretation: the physical subspace is all forms associated to cuts that factorize

the FRW form into exclusively flat space amplitudes. A completely satisfactory explanation of this

fact is missing and left for future work.

Our results for the size of the physical subspace is in perfect agreement with other methods

(kinematic flow [76, 75, 134, 133]). Moreover, we find that there is a simple Pascal’s triangle

structure to how many of the 4n−1 physical forms are associated with each b-cut (see (3.128)). For

the ℓ-loop 2-site graph, we verified that the size of the physical subspace is 2(3 · 2ℓ − 1) and break

down how it is organized on each cut in equation (3.127).

The flow of cut tubings—how to evolve a physical m-cut to a physical (m+1)-cut—also predict

which physical dual forms couple to each other in the DEQs. This is a consequence of the structure of

dual cohomology; specifically, how the derivative produces boundary terms (see footnote 7). Then,

since the dual and FRW DEQs are related by a sign and transposition, one simply reverses the arrows

https://github.com/ASphericalCow/PhysicalBasisFromCuts.git


89

to get the flow of FRW forms. This effectively predicts all the zeros of the DEQs and provides a

possible explanation for the mechanism responsible for the structure observed in the kinematic flow

algorithm. Graphical rules for determining the entries of the connection matrix akin to the kinematic

flow is currently under investigation.

3.7 Appendix: From cut contours to the dual canonical form

In this appendix, we provide more intuition for the nature of dual forms by relating them to more

familiar objects: cut contours. The ideas presented here are also important for the development of

a diagrammatic coaction and are part of some work in progress [149].

For a positive geometry, the canonical form maps a dual contour ∆̌ (bounded chamber with

boundaries on either Bi or Ti) to an FRW form Ω[∆̌] with logarithmic singularities on ∂∆̌. There

also exists a dual version of this map, which maps a cut contour ∆J∧ ⟲J (where ∆J is a bounded

chamber on the cut MJ with boundaries Ti ∩ BJ) to an FRW form via the blue arrow(s)

dual forms FRW forms

dual contours FRW contours

⟨•|•⟩=1

ΩΩ̌
. (3.129)

In this way, our basis of FRW forms inherits the essential properties of cut contours: we map contours

on the space of interest to forms on the space of interest. This should be contrasted with the usual

positive geometry workflow where the canonical form maps contours belonging to an axillary space

to forms on the space of interest.

The first (diagonal) blue dashed arrow in (3.129) represents the dual canonical form associated

to a cut contour

γ = ∆J∧ ⟲J 7→ Ω̌[∆J∧ ⟲J ] := δJ(Ω[∆J ]) . (3.130)

This is exactly how we build up our basis of dual forms in (3.22). The second (horizontal) blue

dashed arrow in (3.129), represents choosing a basis of FRW forms that diagonalizes the intersection

matrix. The following replacement rule

δJ(Ω[∆J ]) 7→ dlog[J ] ∧ Ω̃[∆J ] . (3.131)

generates a basis of FRW forms that almost diagonalizes the intersection matrix as demonstrated

by (3.24). Recall that Ω̃[∆J ] is obtained from Ω[∆J ] by removing the restriction to the cut J acting

on the Ti’s (an explicit example of this procedure is given in section 3.3). A simple recipe for

diagonalizing the degenerate cuts in physical subspace is provided in section 3.4.

Intuitively, the action of a dual canonical form φ̌ = δJ(Ω[∆J ]) on an FRW form φ via the

intersection number should be thought of as an approximation to the the integral
∫
γ
uφ where
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γ = ∆J∧ ⟲J is the cut contour that generates the dual canonical form φ̌. That is,∫
∆J∧⟲J

(u× •) ≈ ⟨δJ(ΩJ [∆J ])|•⟩ . (3.132)

Formally, this is because the dual canonical form is a realization of Poincaré duality: Hn(M\B;Lu) ≃
Ȟn(M \ B;∇) = Hn(M,B; ∇̌).20,21,22 Since we diagonalize the intersection matrix of the physical

subspace, this implies, that our physical FRW forms have a diagonal pairing with physical cut

contours to leading order ∫
γphys,a

uφphys,b ≈ δab . (3.133)

Like physical dual forms, physical contours do not contain residues that annihilate the physical FRW

form. The problems with degenerate residues of cosmological arrangements is dealt with in the same

way as dual forms (section 3.4).

Equation (3.133) can also be thought of as a generalization of prescriptive unitarity for integrals

with multi-valued integrands. Usually, prescriptive unitarity instructs one to find a basis of forms

that is diagonal with respect to cut contours [114]. However, due to the twist u, the best one can do

is diagonalize the leading order part of this matrix. Moreover, achieving this using the intersection

number is much easier that actually carrying out the integrations and expanding in ε.

3.8 Appendix: No new poles

In this appendix, we derive a simple representation for ∇kinφ that has at most simple poles. Such

a representation is needed to use the simplified formulas (3.19) and (3.21) for computing the inter-

section number. Then, we show that ResJb
[∇kinφa] = 0 ⇐⇒ ResJb

[φa] = 0 from which we can

deduce equation (3.27).

To this end, it is easiest to work on on the full space of kinematic and integration variables:

M\B. Here, we set M = C3n+ℓ−1 \T where there are 3n−1 total variables: n integration variables

xi, n kinematic variables Xi and an additional n + ℓ − 1 kinematic variables Yi. We also interpret

the vanishing loci {Ti = 0} and {Bi = 0} on C3n+ℓ−1 instead of just the integration space M .

Then all dlog-forms on the integration space M can be canonically uplifted to the full space M
simply by swapping all instances of dlog for D log = dlog + dkin log. We also upgrade the covariant

derivative ∇ → ∇D = ∇ +∇kin = D + D log u∧. Denoting the uplift of φ by Φ, the part of ∇DΦ

20In general, Poincaré duality is an isomorphism between the pth homology and the (2n− p)th cohomology where

n is the complex dimension of the topological space (M \ B or (M,B) in our case). For p = n, this is an isomorphism

between the nth homology and cohomology as stated in the main text.
21The symbol Lu is the local system to associated to the twist. Intuitively, this is extra information in the

contour specifying which branch of the multi-valued function u should be used when integrating. It is only here for

completeness and can be ignored for the purposes of this work.
22The existence of the dual canonical form should not be surprising since Hn(M \ B;Lu) has an analogous decom-

position to (3.17) (see [151, 155] for such a decomposition in the untwisted case).
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that is a 1-form on kinematic space is cohomologous to ∇kinφ in the usual sense. Thus, we have a

closed form dlog representation of ∇kinϕ

∇kinφ ≃ ε D log(T1 · · ·Tn) ∧ Φ|(kin p>1)-forms→0 (3.134)

since Φ only has simple poles and ∆Φ = 0. The projection (kin p > 1)-forms → 0 is equivalent to

adding up all possible ways one can assign one D → dkin with all others D → d. Having a simple

representation for ∇kinφ with only simple poles allows for the use of formulas (3.19) and (3.21).

Then, the claim that ResK [φ] = 0 =⇒ ResK [∇kinφ] = 0 follows straightforwardly from (3.134).

Explicitly, start with the following representation for the physical differential form

Ψ(ℓ)
n =

∑
J:|J|=n

ψJ dlogJ (3.135)

for some coefficients ψJ ∈ Q. Since Ψ
(ℓ)
n does not have any poles on the twisted hyperplanes,

only dlogJ forms need to be included in the above decomposition. Next, we make the replacement

dlog → D log to uplift Ψ
(ℓ)
n and compute its total covariant derivative

Ψ(ℓ)
n →

∑
J:|J|=n

ψJ D logJ (3.136)

∇D(3.136) = ε
∑

J:|J|=n

ψJ D log(T1 · · ·Tn) ∧D logJ (3.137)

Since the residue ResK is simply the coefficient of D logK , we have

ResK [(3.136)] =
∑
J⊃K

(−1)J\KψJ

∧
j∈J\K

D logBj |K (3.138)

and

ResK [(3.137)]=ε (−1)|K|D log(T1· · ·Tn|K)∧(3.138) (3.139)

Therefore,

ResK [Ψ(ℓ)
n ] = (3.138)|(kin p>1)-forms→0 = 0 , (3.140)

⇓
ResK [∇kinΨ

(ℓ)
n ] = (3.139)|(kin p>1)-forms→0 = 0 , (3.141)

as claimed. The same manipulations work for all other basis elements, not just Ψℓ
n.

3.9 Appendix: Further examples (including loops) via direct

computation

In this appendix, we elaborate on how to construct the gauge transformation that splits the twisted

cohomology into a physical and unphysical subspace (appendix 3.9.1). Then we apply the methods
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of section 3.3 to the 4-site chain (appendix 3.9.2), the 4-site star (appendix 3.9.3) and the 1-loop 3-

gon (appendix 3.9.4) graphs. Using the intersection matrix, we demonstrate that the corresponding

full cohomologies with dimensions 213, 312 and 99 reduce to a physical basis with 64, 64 and 50

elements, respectively, in agreement with both the kinematic flow algorithm [76, 75, 134, 133] and

those obtained from a time integral perspective [131]. The DEQs for the 4-site chain and the 1-loop

3-gon can be found in the Mathematica files at the github repository §.

3.9.1 Explicit decomposition of the 3-site chain degenerate block

To decompose the degenerate block in the 3-site chain example, we compute the vector

w⃗4562 :=
(
Res452[Ψ

(0)
3 ],Res462[Ψ

(0)
3 ],Res562[Ψ

(0)
3 ]
)
= (1,−1, 0) , (3.142)

and its nullspace, W 4562 := Null(w⃗4562). Next, we build the matrix

χU =


118×18

(w⃗4562)1×3

(W 4562)2×3

14×4

 =



118×18

1 −1 0

0 0 1

1 1 0

14×4


. (3.143)

A basis of FRW forms with the analogous property is given by the basis φ′′ = U ·φ′ where

U = (χU ·C ′)−1⊤ =



18×8

U2×2

18×8

1
2 − 1

2 0

0 0 1
1
2

1
2 0

14×4


, (3.144)

and U2×2 is a matrix corresponding to the unphysical 56-cut with a 2-dimensional cohomology; its

exact form is not needed.

The forms of (3.51) make up the physical subspace. Their corresponding differential equation is

Aphys = Adiag
phys +Aoff-diag

phys , (3.145)

where

Adiag
phys = −εdiag

(
JS3

4K ,JS
+
1 (S

−
6 )2K ,JS

+
1 (S

+
6 )2K ,JS

+
3 (S

−
5 )2K ,JS

+
3 (S

+
5 )2K ,J−S

−
3 (S

+
5 )2K ,

J−S
−
1 (S

+
6 )2K ,JS

+
1 S

++
2 S

+
3 K ,JS

+
1 S

++
2 S

−
3 K ,J−S

+
1 S

−−
2 S

+
3 K ,J−S

+
1 S

−+
2 S

+
3 K ,

JS
+
1 S

+−
2 S

+
3 K ,J−S

+
1 S

−+
2 S

−
3 K ,J−S

−
1 S

++
2 S

+
3 K ,J−S

−
1 S

+−
2 S

+
3 K ,J−S

−
1 S

++
2 S

−
3 K
)
, (3.146)

https://github.com/ASphericalCow/PhysicalBasisFromCuts.git


93

and

Aoff-diag
phys = ε



0 0 0 0 0 0 0 0 · · ·

2
3

u

v−
S
+
1

S
−
6

}

~ 0 0 0 0 0 0 0 · · ·

0 0 0 0 0 0 0 0 · · ·

2
3

u

v−
S
+
3

S
−
5

}

~ 0 0 0 0 0 0 0 · · ·

0 0 0 0 0 0 0 0 · · ·

2
3

u

v−
S
−
3

S
+
5

}

~ 0 0 0 0 0 0 0 · · ·

2
3

u

v−
S
−
1

S
+
6

}

~ 0 0 0 0 0 0 0 · · ·

0 0 0 0 0 0 0 0 · · ·

0 0 1
2

u

v
S
++
2

S
−
3

}

~ 0 0 0 0 0 · · ·

0 1
2

u

v
S
−−
2

S
+
3

}

~ 0 1
2

u

v−
S
−−
2

S
+
1

}

~ 0 0 0 0 · · ·

0 0 0 0 1
2

u

v−
S
−+
2

S
+
1

}

~ 0 0 0 · · ·

0 0 1
2

u

v
S
+−
2

S
+
3

}

~ 0 0 0 0 0 · · ·

0 1
2

u

v−
S
−
3

S
−+
2

}

~ 0 0 0 1
2

u

v−
S
+
1

S
−+
2

}

~ 0 0 · · ·

0 0 0 0 1
2

u

v−
S
++
2

S
−
1

}

~ 0 0 0 · · ·

0 0 0 1
2

u

v−
S
+−
2

S
−
1

}

~ 0 0 1
2

u

v
S
+−
2

S
+
3

}

~ 0 · · ·

0 0 0 0 0 1
2

u

v−
S
−
1

S
++
2

}

~ 1
2

u

v
2S

−
3

S
++
2

}

~ 0 · · ·



.

(3.147)

To fit the connection matrix on the page, we have introduced the shorthand notation J•K := dlog(•)
and defined

S±
1 = X1 ± Y1 , S±±

2 = X2 ± Y1 ± Y2 , S±
3 = X3 ± Y2 ,

S4 = X1 +X2 +X3 , S±
5 = X1 +X2 ± Y2 , S±

6 = X2 +X3 ± Y1 .
(3.148)

Of course, whenever all superscripts are a “+” sign, these reduce to the familiar linear forms of

equation (3.6).

3.9.2 Physical basis for the tree-level 4-site chain

Below we present a basis for H4
phys. To present the basis efficiently, we introduce the short hand

dlog[i, j, · · · ] = dlog(i) ∧ dlog(j) ∧ · · · with i = Bi and i = xi.

We use the following labeling for the tubings/hyperplanes:

1 2 3 4

6 7 8

9 10

5 .
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The flat-space wavefunction coefficient of the 4-site chain graph is (recall (3.7))

Ω̂
(0)
4-chain

8Y1Y2Y3
= + +

+ + .

(3.149)

For the 4-site chain graph, (3.22) and (3.23) produce an over complete set of 234 forms. However, the

Euler characteristic or equivalently the rank of the intersection matrix is 213. We choose a linearly

independent set of 213 forms from the over complete set by removing the linearly dependent form

from the three degenerate 3-boundaries and six degenerate 4-boundaries; the largest degenerate block

being 12× 12. Constructing the analogous gauge transformation (3.143), we arrive at a differential

equation with the physical and unphysical sectors separated.

The physical basis contains a single 1-cut form,

φ1 = dlog[5, 12 ,
2
3 ,

3
4 ] , (3.150)

and nine 2-cut forms

φ2 = dlog[5, 1, 23 ,
3
4 ], φ3 = dlog[10, 1, 23 ,

3
4 ], φ4 = dlog[5, 4, 12 ,

2
3 ],

φ5 = dlog[9, 4, 12 ,
2
3 ], φ6 = dlog[5, 9, 12 ,

2
3 ], φ7 = dlog[5, 10, 23 ,

3
4 ],

φ8 = dlog[5, 6, 12 ,
3
4 ], φ9 = dlog[5, 8, 12 ,

3
4 ], φ10 = dlog[6, 8, 12 ,

3
4 ].

(3.151)

Note that once restricted to the 56-, 58- and 68-cuts, the form dlog
(

x1

x2
, x3

x4

)
becomes the corre-

sponding non-simplicial canonical form on that cut.

The 3-cut forms corresponding to non-degenerate boundaries are

φ11 = dlog[8, 1, 2, 34 ], φ12 = dlog[10, 1, 2, 34 ], φ13 = dlog[5, 1, 4, 23 ],

φ14 = dlog[7, 1, 4, 23 ], φ15 = dlog[9, 1, 4, 23 ], φ16 = dlog[10, 1, 4, 23 ],

φ17 = dlog[5, 6, 1, 34 ], φ18 = dlog[1, 5, 8, 34 ], φ19 = dlog[5, 9, 1, 23 ],

φ20 = dlog[6, 8, 1, 34 ], φ21 = dlog[10, 7, 1, 23 ], φ22 = dlog[10, 8, 1, 34 ],

φ23 = dlog[8, 6, 2, 34 ], φ24 = dlog[6, 3, 4, 12 ], φ25 = dlog[9, 3, 4, 12 ],

φ26 = dlog[6, 8, 3, 12 ], φ27 = dlog[5, 6, 4, 12 ], φ28 = dlog[5, 8, 4, 12 ,

φ29 = dlog[5, 10, 4, 23 , φ30 = dlog[6, 8, 4, 12 ], φ31 = dlog[9, 6, 4, 12 ],

φ32 = dlog[9, 7, 4, 23 ], φ33 = dlog[5, 9, 6, 12 ], φ34 = dlog[5, 10, 8, 34 ],

(3.152)

while the 3-boundary forms corresponding to degenerate boundaries are

φ35 = dlog[5, 6
10 , 2,

3
4 ], φ36 = dlog[5, 89 , 3,

1
2 ], φ37 = dlog[5, 9

10 , 7,
2
3 ] . (3.153)
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The non-degenerate 4-boundary forms:

φ38 = dlog[1, 2, 3, 4], φ39 = dlog[8, 1, 2, 3], φ40 = dlog[7, 1, 2, 4],

φ41 = dlog[8, 1, 2, 4], φ42 = dlog[10, 1, 2, 4], φ43 = dlog[10, 7, 1, 2],

φ44 = dlog[6, 1, 3, 4], φ45 = dlog[7, 1, 3, 4], φ46 = dlog[9, 1, 3, 4],

φ47 = dlog[6, 8, 1, 3], φ48 = dlog[5, 6, 1, 4], φ49 = dlog[5, 8, 1, 4],

φ50 = dlog[6, 8, 1, 4], φ51 = dlog[9, 6, 1, 4], φ52 = dlog[10, 8, 1, 4],

φ53 = dlog[5, 9, 6, 1], φ54 = dlog[6, 2, 3, 4], φ55 = dlog[6, 8, 2, 3],

φ56 = dlog[6, 8, 2, 4], φ57 = dlog[9, 7, 3, 4], φ58 = dlog[5, 10, 8, 4] .

(3.154)

The degenerate 4-boundary forms:

φ59 = dlog[5, 89 , 1, 3], φ60 = dlog[10, 78 , 1, 3],

φ61 = dlog[5, 6
10 , 2, 4], φ62 = dlog[9, 67 , 2, 4],

φ63 = dlog[5, 9, 6, 2]−dlog[5, 9, 7, 2]+dlog[5, 10, 7, 2],

φ64 = dlog[5, 9, 7, 3]−dlog[5, 10, 7, 3]+dlog[5, 10, 8, 3] .

(3.155)

The resulting differential equation for the whole 213-dimensional cohomology has the following

structure:

A4-chain =

(1+9) 1- and 2-cuts

27 3-cuts (3 degen)

27 4-cuts (6 degen)

64

9 2-cuts

60 3-cuts

80 4-cuts

. (3.156)

This procedure outlined in section 3.3 picks out a physical space with 64 elements exactly as the

kinematic flow algorithm [76, 75, 134, 133] and those obtained from a time integral perspective [131].

Moreover, we have verified that the physical 64 × 64 submatrix of (3.156) is integrable and can be

found in the github repository §.

https://github.com/ASphericalCow/PhysicalBasisFromCuts.git
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3.9.3 Physical basis for the tree-level 4-site star

For the 4-site star graph, we computed the intersection matrix of the over complete basis of 377

forms. The corresponding intersection matrix

C4-star =


C1- and 2-cuts

C3-cuts

C4-cuts

 , (3.157)

has rank 312 which is the dimension of the FRW cohomology. The intersection matrix corresponding

to 1- and 2-cut forms is full rank and contains 10 elements that couple to the physical FRW form.

There are three degenerate 3-cuts: manifesting as three 4×4 blocks in the intersection matrix:

C1- and 2-cuts=

10 1× 1 blocks

, C3-cuts=

24 1× 1 blocks
27

3 4× 4 blocks

. (3.158)

There are seven degenerate 4-cuts: six 4×4 blocks and one 60×60 block that couple to Ψ
(0)
4-star

C4-cuts =

20 1× 1 blocks

6 4× 4 blocks

1 60× 60 block

27

. (3.159)

Knowing that each degenerate block only contributes one element to the physical basis, we obtain

64 elements for the physical basis.

It is highly non-trivial that the degenerate blocks of different topologies conspire in just the

right way to produce the 2n−1 counting for tree-level FRW correlators. It is a special feature of the

hyperplane arrangement generated by the cosmological polytope.



97

3.9.4 Physical basis for the 1-loop 3-gon

The hyperplane arrangement corresponding to the 1-loop 3-site diagram is generated by the 10

tubings below:

1

2 3

1

2 3

6

75

4

8

9

10

.

The flat space wavefunction coefficient for the 1-loop 3-gon is (recall (3.7))

Ω̂
(1)
3-gon

8Y1Y2Y3
= + 2× rotations + + 2× rotations . (3.160)

The over complete set of forms (3.22) and (3.23) for the 1-loop 3-gon has 102 elements while the

Euler characteristic/rank of the intersection matrix is 99. There are three degenerate 4 × 4 block

(3-cuts).

Unlike at tree-level, there are 1+n non-trivial 1-boundaries for any n-gon at 1-loop. In this

example, n = 3 and there are 4 non-trivial 1-boundary forms:

φ1 = dlog[4, 12 ,
2
3 ], φ2 = dlog[8, 12 ,

2
3 ], φ3 = dlog[9, 12 ,

2
3 ], φ4 = dlog[10, 12 ,

2
3 ], (3.161)

There are 21 2-boundary forms:

φ5 = dlog[4, 1, 23 ], φ6 = dlog[6, 1, 23 ], φ7 = dlog[8, 1, 23 ], φ8 = dlog[10, 1, 23 ],

φ9 = dlog[4, 2, 13 ], φ10 = dlog[7, 2, 13 ], φ11 = dlog[8, 2, 13 ], φ12 = dlog[9, 2, 13 ],

φ13 = dlog[4, 3, 12 ], φ14 = dlog[5, 3, 12 ], φ15 = dlog[9, 3, 12 ], φ16 = dlog[10, 3, 12 ],

φ17 = dlog[4, 5, 12 ], φ18 = dlog[4, 6, 23 ], φ19 = dlog[4, 7, 13 ], φ20 = dlog[9, 5, 12 ],

φ21 = dlog[10, 5, 12 ], φ22 = dlog[8, 6, 23 ], φ23 = dlog[10, 6, 23 ], φ24 = dlog[8, 7, 13 ],

φ25 = dlog[9, 7, 13 ].

(3.162)
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There are 25 3-boundary forms:

φ26 = dlog[1, 2, 3], φ27 = dlog[6, 1, 2], φ28 = dlog[7, 1, 2], φ29 = dlog[8, 1, 2],

φ30 = dlog[5, 1, 3], φ31 = dlog[6, 1, 3], φ32 = dlog[10, 1, 3], φ33 = dlog[5, 1, 4],

φ34 = dlog[7, 1, 4], φ35 = dlog[10, 1, 5], φ36 = dlog[8, 7, 1], φ37 = dlog[5, 2, 3],

φ38 = dlog[7, 2, 3], φ39 = dlog[9, 2, 3], φ40 = dlog[4, 5, 2], φ41 = dlog[4, 6, 2],

φ42 = dlog[9, 5, 2], φ43 = dlog[8, 6, 2], φ44 = dlog[4, 6, 3], φ45 = dlog[4, 7, 3],

φ46 = dlog[10, 6, 3], φ47 = dlog[9, 7, 3] .

(3.163)

Note that there are three degenerate blocks in this example

φ48 = dlog[8, 76 , 3], φ49 = dlog[9, 57 , 1], φ50 = dlog[10, 65 , 2] . (3.164)

Computing the differential equation for the 99 linearly independent elements and partitioning

into a physical and unphysical space we find

A1-loop
3-gon =

4 1-cuts

21 2-cuts

25 3-cuts (3 degen)

37 3-cuts

50

12 2-cuts

. (3.165)

In particular, we find that the size of the physical basis is 50 elements, which agrees with [131]. More-

over, we have also checked that the 50×50 physical submatrix of (3.165) is integrable. Mathematica

files for this example can be found at §.

3.10 Appendix: Diagrammatic partial fractions

Usually, the simplest way to compute the canonical form is by summing forms associated to the set

of compatible complete tubings associated to a graph G.23 Explicitly, if T is the set of all complete

23A complete non-crossing tubing is a tubing with 2n+ ℓ− 1 tubings that do not intersect.

https://github.com/ASphericalCow/PhysicalBasisFromCuts.git
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non-crossing tubings, the canonical form and function are

Ω(ℓ)
n = Ω̂(ℓ)

n

dnX∧dn+ℓ−1Y

GL(1)
, Ω̂(ℓ)

n =

(
n+ℓ−1∏
i=1

2Yi

)(∑
τ∈T

∏
t∈τ

1

St

)
. (3.166)

For FRW correlators, we are interested in the form (3.9) which is an n-form in x-space. Each

complete non-crossing tubing contains 2n+ ℓ− 1 tubings or equivalently each term of (3.7) contains

2n+ ℓ− 1 denominators.

To isolate the specific linear combination of dlog-forms of a degenerate boundary in the physical

wavefunction, it is useful to think of the canonical function as a rational function of only the X (or

x after the shift). From this perspective, each term in (3.7) has more linear factors in the denomi-

nator than variables. Therefore, we partial fraction each term until there are only n denominators.

Thankfully, this can be done in a simple graphical way that leads to an analytic formula without

any calculation!

Start by identifying a “large” tubing Sout and a set of its subtubings that encircle all vertices in

Sout once Sin
1 , . . . , S

in
m

S
in

1
S
in

i
S
in

m

S
out

:=
∏

i:Si inside Sout

1

Si
. (3.167)

Here, each Sin
i must be a “large” tubing that contains further nested subtubings or a bare vertex.

The gray external lines denote the possibility that Sout is only a small piece of larger tubing. The

gray internal tubing is a place holder for the possibility of tubings that encircle the Sin
i as a whole.

Then,

(3.167) =
1

2Y out


m∑
i=1

S
in

1
S
in

i
S
in

m

S
out

− S
in

1
S
in

i
S
in

m

S
out

 (3.168)

where the dashed tubings above correspond to deleting that tubing, Y out =
∑

e∈Eout Ye and Eout is

the set of edges that are wholly within Sout (i.e., not are crossed by Sout). It is easy to see that∑m
i=1 S

in
i − Sout is only a function of the Yi since each vertex is encircled the same number of times

in the collection of the Sin
i and Sout. Then all edges that cross Sout are also crossed by the Sin

i and

therefore cancel in the difference. Hence, we are left with twice24 the sum of all Yi’s wholly within

Sout.

The simplest example is the 2-site chain, which has one complete non-crossing tubing

Ω̂
(0)
2 =

2Y

S1S2S3
=

3

1 2

. (3.169)

24The factor of two comes from the fact that the collection of Sin
i must cross each edge wholly within Sout twice.
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Choosing Sout = S3 and Sin
i = Si, we can multiply the canonical function by unity

Ω̂
(0)
2 =

=1

S1 + S2 − S3

2Y
Ω̂

(0)
2 = + − .

Now that we have understood how to partial fraction the maximal non-crossing tubings it is

fairly straightforward to show that the terms in the canonical function that correspond to maximal

codimenson degenerate boundaries come with the same relative sign.

While more complicated, it is also straightforward to verify that the dlog-forms corresponding

to non-maximal codimension degenerate boundaries always come in linear combinations without

relative signs. For example, suppose we want to know the linear combination of the degenerate

propagators

1

S5S9S3
= ,

1

S5S8S3
= , (3.170)

that appear in the canonical form. From the set of compatible complete tubings (3.149), it is easy

to see that the only dlog 4-forms containing both (3.170) contain an S1 or S2. However, it turns out

the the coefficients of 1/(S5S9S3S2) and 1/(S5S8S3S2) vanish. Therefore, we seek the coefficients of

1

S5S9S3S2
= ,

1

S5S8S3S2
= , (3.171)

Using crosses to denote the choice of Sout and Sin
i we partial fraction each term in the canonical

function throwing away all terms the do not contain (3.171)

→ 1

2Y3

→ 1

4Y2Y3
→ 1

8(Y1+Y2)Y2Y3
, (3.172)

→ 1

2Y3

→ 1

4Y1Y3
→ 1

8(Y1+Y2)Y1Y3
, (3.173)
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→ 1

2Y2

→ 1

4(Y1+Y2)Y2
→ 1

8(Y1+Y2)Y2Y3
, (3.174)

→−1

2Y1

→ −1

4Y1(Y1+Y2)
→ −1

8Y1(Y1+Y2)Y3
. (3.175)

Adding equations (3.172)-(3.175) together, one finds

1

8Y1Y2Y3

 +

 =
1

8Y1Y2Y3S1

(
1

S5S9S3
+

1

S5S9S3

)
. (3.176)

To turn this into the dlog-form of interest, we shift x → X and multiply by the volume form d4x

d4x

B1

(
1

B5B9B3
+

1

B5B8B3

)
=

d4x

dB5 ∧ dB9 ∧ dB3 ∧ dB1
dlog[5, 9, 3, 1]

+
d4x

dB5 ∧ dB8 ∧ dB3 ∧ dB1
dlog[5, 8, 3, 1] ,

= dlog[5, 89 , 3, 1] .

(3.177)

The additive positivity of the partial fractioned canonical function is reflected in the fact that the

pair of crossing hyperplanes in the degenerate boundary (B8 and B9) appear as a ratio in the above

dlog-form.



Chapter 4

Hidden Zeros of the Cosmological

Wavefunction

This chapter is based on the work [156].

Scattering amplitudes in certain quantum field theories have recently been shown to possess a

remarkable property called hidden zeros which are special kinematic configurations of the scattering

data for which the amplitudes vanish [157]. Furthermore, amplitudes in Tr(ϕ3) theory, the non-linear

sigma model, and Yang-Mills theory exhibit a novel factorization property, termed splitting, near the

kinematical locus of their hidden zeros [158, 157]. While the factorization of an amplitude on its poles

is dictated by unitarity, the physical origin of splitting on its hidden zeros remains less understood.

Recent progress in this regard has shown that the existence of hidden zeros in these theories is

intimately tied to the color-kinematics duality [159, 160, 161] and enhanced ultraviolet scaling under

BCFW shifts [162]; see also [163, 164, 165, 166, 167] for other recent work on hidden zeros and

splittings. Earlier examples of amplitude zeros include the Adler zeros of pion amplitudes [168], the

radiation zero in vector boson pair production [169], and zeros in dual resonant amplitudes studied

in the early days of string theory [170].

The past few years have also seen considerable progress in our understanding of the analytic

structure of observables in cosmological spacetimes from underlying combinatorial and geometric

structures. In particular, the Bunch-Davies wavefunction for individual graphs in a theory of con-

formally coupled scalars can be described combinatorially by graph tubings and geometrically as

the canonical form of the cosmological polytope [171] (see [172] for a review). More recently, it was

shown in [173] that the graph associahedron encodes the combinatorics of graph tubings for single

graphs, forming the building blocks for the cosmohedron – the geometric object capturing sums over

graphs contributing to the Tr(ϕ3) wavefunction.

Given the crucial role of geometry (specifically, the ABHY associahedron [9]) in revealing hid-

den zeros of Tr(ϕ3) scattering amplitudes through its “flattening” limits, it is natural to explore

whether similar features arise in cosmology. In this paper, we investigate hidden zeros of the

102
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cosmological Bunch-Davies wavefunction, focusing on flat-space wavefunction coefficients in a the-

ory of massless scalars with a ϕ3 interaction, which has been extensively studied in the litera-

ture [73, 70, 49, 76, 75, 139, 131, 135, 133, 125, 174]. Unlike the case of flat-space amplitudes, where

hidden zeros emerge from full on-shell amplitudes obtained by summing over all Feynman diagrams,

we study the structure of hidden zeros in individual diagrams contributing to wavefunction coeffi-

cients. By leveraging the geometry of the graph associahedron, we reveal how these zeros manifest

in cosmological observables, offering a new perspective on their analytic properties.

The paper is organized as follows. We begin in section 4.1 by establishing notation for the

(stripped) wavefunction coefficients corresponding to the various graph topologies (tree-level and

one-loop) studied in this work. In section 4.2 we establish notation for the three different types of

cosmological zeros that we will call wavefunction, factorization, and parametric zeros, and work out a

couple of examples in detail. We show in section 4.3 that just as the amplitude zeros in Tr(ϕ3) theory

can be represented geometrically through various “flattening” limits of the associated geometry

(the ABHY associahedron) parametric zeros emerge from flattening the geometry that encodes the

wavefunction. This geometry, which we call the cosmological graph associahedron, is a non-simple

polytope that arises from the cosmological limit of the graph associahedron introduced in [173].

We also discuss the geometric and physical origins of the wavefunction and factorization zeros. In

section 4.4 we present a surprising connection between the stripped wavefunction coefficients of chain

graphs and scattering amplitudes in Tr(ϕ3) theory. This connection remarkably allows us to use the

zeros for the wavefunction associated to a single graph to find the zeros of amplitudes in Tr(ϕ3)

theory, which involve a sum over many Feynman graphs. We conclude in 5.4 with a discussion on

the scope of our findings and present ideas for future investigations.

4.1 (Stripped) wavefunctions

Arkani-Hamed, Benincasa and Postnikov showed that the wavefunction coefficients1 for a theory

of conformally coupled scalars (with polynomial interactions) in an FRW spacetime possess a re-

markable combinatorial and geometric description [171] that is independent of Feynman diagrams.

Our focus in this paper will be on the flat-space wavefunctions as their FRW counterparts can be

obtained via a simple integral transform. The combinatorial definition of the contribution ψG to the

n-site ℓ-loop2 wavefunction ψ
(ℓ)
n from a single graph G proceeds by encircling various subgraphs of

G with tubes to create a graph tubing. A tube τ of G contains two pieces of information: the set of

sites v encircled and the set of edges e crossed. At tree-level, a tube τ is unambiguously defined by

specifying the sites it encloses, but at loop level one must also specify the edges that are crossed.

If the tube τ encircles a subgraph with m sites, we refer to it as an m-tube. To compute the

wavefunction, we first generate the set of all compatible (non-intersecting) complete tubings T of G.
A tubing is a collection of tubes and a complete tubing T is a maximal set of non-overlapping tubes.

1Henceforth, we will simply call these wavefunctions to avoid clutter.
2For loop graphs, ψ

(ℓ)
n is the loop integrand.
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We then assign to each complete tubing the inverse of the product of all of the energy factors Sτ

associated to the constituent tubings, and sum over all possible compatible complete tubings of G.
This leads to a remarkably simple formula for the wavefunction:

ψG =
∑
T

∏
τ∈T

1

Sτ
, where Sτ =

∑
sites v∈τ

Xv +
∑

edges e that cross τ

Ye , (4.1)

where Xv is the sum of the external energies at site v and Ye is the energy exchanged through the

internal edge e of G.
For a given graph G, a certain subset of tubes is common to all complete tubings T and hence

give factors common to every term in the corresponding expression for the wavefunction. Therefore,

we define the stripped wavefunction ψ̃G , which is associated to a maximal collection of compatible

tubes, T̃, that do not include the total energy n-tube Stotal (the unique tube encircling all sites and

no edges) or the 1-tubes S1, . . . , Sn that encircle a single site:

ψG =
1

S1 . . . SnStotal
×

∑
T̃

∏
τ∈T̃

1

Sτ

 =
1

S1 . . . SnStotal
× ψ̃G . (4.2)

Just like the wavefunction ψ, its stripped counterpart ψ̃ also has an independent geometric and

combinatorial interpretation: it was recently shown that ψ̃G is the canonical function of the graph

associahedron AG whose face structure reflects the combinatorics of the tubings T̃ [173]. While

often non-simple, the cosmological limit of this graph associahedron, ÃG , better reflects the physical

properties of the wavefunction (see section 4.3). In the remainder of this work, we will focus on

the properties of the stripped wavefunction ψ̃ and deduce which of these carry over to the full

wavefunction ψ.

In the next three subsections we introduce three distinct graph topologies relevant for wavefunc-

tions in a theory with a cubic interaction: the n-chain graph and a specific class of n-star graphs

at tree level, as well as the one-loop n-gon graph. We establish notation for the constituent energy

factors Sτ that appear in the various graph topologies with explicit examples.

4.1.1 The n-chain

For n-chains, we use the following convention to label the site and edge energies Xv and Ye:

X1 X2 Xn

Y1 Y2

X3 Xn−1

Yn−1

.

Then, given a tube τ = {i, i + 1, . . . , i + k} of the n-chain, the corresponding energy factor Sτ is

given via (4.1) by

Si i+1...i+k =
i i + k

1 n = Xi + · · ·+Xi+k + Yi−1 + Yi+k , (4.3)

where Y0 = Yn = 0 and the total energy n-tube is Stotal = S12...n =
∑n

i=1Xi. To compute the

stripped wavefunction of the n-chain, we list its complete compatible tubings T̃ and use (4.2). For
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example, the stripped wavefunction for the 3-chain is simply

ψ̃3-chain = + =
1

S12
+

1

S23
, (4.4)

while the expression for the 4-chain is

ψ̃4-chain = + + + +

=
1

S123

(
1

S12
+

1

S23

)
+

1

S12S34
+

1

S234

(
1

S23
+

1

S34

)
=

1

S123
ψ̃3-chain(1, 2, 3) +

1

S12S34
+

1

S234
ψ̃3-chain(2, 3, 4) , (4.5)

where the numbers in brackets denote the labels of the ordered sites of the chain subgraphs. As

we have advertised on the last line of (4.5), it is clear that for general n, the stripped wavefunction

exhibits a recursive structure allowing it to be expressed in terms of chain subgraphs as

ψ̃n-chain =

n−1∑
i=1

1

S1···iSi+1···n
ψ̃i-chain(1, · · · , i)× ψ̃n−i-chain(i+1, · · · , n) , (4.6)

except that the factor 1/S1 should be omitted in the i = 1 term and the factor 1/Sn should be

omitted in the i = n− 1 term. In applying this formula we note that ψ̃1-chain = ψ̃2-chain = 1.

4.1.2 The n-star

Next, we consider the n-star defined and labeled as follows:

X3

X1

X2

X4 Xn−1 Xn
Y1

Y2
Y3 Yn−1

.

This graph can be arranged by connecting an (n−2)-chain and two 2-chains to a single central

site with valence three. As with chain graphs, we specify a tube τ by the list of sites encircled:

τ = {i1, . . . , ik} ⊂ {1, . . . , n} ordered such that ij < ij+1. The energy factors Sτ depend on which

subset of the sites {1, 2, 3} are included in the tube:

S∗
134...k = X1 +X3 + · · ·+Xk + Y2 + Yk , S∗

234...k = X2 +X3 + · · ·+Xk + Y1 + Yk ,

S∗
34...k = X3 + · · ·+Xk + Y1 + Y2 + Yk , S∗

1234...k = X1 + · · ·+Xk + Yk , (4.7)

Si i+1...k = Xi + · · ·+Xk + Yi−1 + Yk , ∀ i ≥ 4 ,

where we have introduced the notation S∗ for energy factors associated with tubings exclusive to

the n-star, with no analog for n-chains. Note that the Si i+1...k for i ≥ 4 are simply the tubes of an

(n−3)-chain (4.3) and the total energy tube is that of the n-chain, i.e. Stotal = S12...n =
∑n

i=1Xi.
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For example, the stripped wavefunction for the 4-star can be expressed in the above notation as

ψ̃4-star = + + + + +

=
1

S∗
123

(
1

S∗
13

+
1

S∗
23

)
+

1

S∗
134

(
1

S∗
13

+
1

S∗
34

)
+

1

S∗
234

(
1

S∗
23

+
1

S∗
34

)
,

=
1

S∗
123

ψ̃3-chain(1, 3, 2) +
1

S∗
134

ψ̃3-chain(1, 3, 4) +
1

S∗
234

ψ̃3-chain(2, 3, 4) . (4.8)

Like with chain topologies, the stripped wavefunction of the general n-star can be constructed

recursively; this time, in terms of both chain and star subgraphs

ψ̃n-star =
1

S∗
123S45...n

ψ̃3-chain(1, 3, 2)× ψ̃n−3-chain(4, . . . , n) +

2∑
i=1

1

S∗
i3···n

ψ̃n−1-chain(i, 3, . . . , n)

+

n−4∑
i=1

1

S∗
123...n−iSn−i+1...n

ψ̃n−i-star(1, . . . , n− i)× ψ̃i-chain(n− i+ 1, . . . , n) , (4.9)

except that all 1/Sn factors should be omitted in the above expression. The seed of this recursive

formula is the expression (4.8) for the 4-star, which gives a recursive relation for the n-star purely

in terms of chain subgraphs.

4.1.3 The n-gon

For graphs corresponding to loop integrands, we only need to consider the 1-loop n-gon since any

other graph can be obtained by gluing trees to the n-gon. We arrange the n sites of the n-gon on a

circle in a clockwise manner:

X1

X2

X3

Xn

Yn

Y1Y2

.

The indices labeling the sites of the n-gon are to be interpreted cyclically. The energy tubes Sτ

contributing to ψ̃n-gon are specified by a list of cyclically consecutive sites τ = {i, i+ 1, . . . , j}

Si i+1...j =
i

i+
1

j
= Xi + · · ·+Xj + Yi−1 + Yj , (4.10)

for all tubes other than the total energy tube Stotal. One should think of the tubes in (4.10)

as starting at i and ending at j; in particular, tubes that start at i and end at j = i−1, i.e.
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τ = {i, i+1, . . . , i− 1} also contribute to the stripped wavefunction. We label the total energy tube

by τ = {1, 2, . . . , n, 1} = {i, i+ 1, . . . , n, 1, . . . , i} and draw it as:

Stotal = S12···n1 = =

n∑
i=1

Xi . (4.11)

Notice that both tubes τ = {1, 2, . . . , n} and τ = {1, 2, . . . , n, 1} include all sites. However, the two

are distinct – the former crosses the edge labeled by Yn while the latter does not cross any edge.

This is because at loop-level specifying only the set of sites enclosed is is not enough to uniquely fix

a tube. To keep the notation light for n-gons, we fix this ambiguity by including the site labeled 1

twice in the total energy tube. One should think of this tube as starting and ending at the same

site.

Using the notation we have introduced, the 3-gon can for example be expressed as

ψ̃3-gon = + + + + +

=
1

S123

(
1

S12
+

1

S23

)
+

1

S231

(
1

S23
+

1

S31

)
+

1

S312

(
1

S31
+

1

S12

)
,

=
1

S123
ψ̃3-chain(1, 2, 3) +

1

S231
ψ̃3-chain(2, 3, 1) +

1

S312
ψ̃3-chain(3, 1, 2) . (4.12)

The recursive pattern demonstrated in the last line above persists for general n-gons and the corre-

sponding stripped wavefunction can also be written for any n solely in terms of the n-chain via

ψ̃n-gon =
∑
σ

1

Sσ
ψ̃n-chain(σ[1, · · · , n]) , (4.13)

where σ is a cyclic permutation of the site labels {1, · · · , n}.

Arbitrary graphs. For an arbitrary tree- or loop-level graph one can systematically derive for-

mulas analogous to (4.6), (4.9), and (4.13), so that ultimately any stripped wavefunction can be

constructed recursively by “gluing” chains together.

4.2 Cosmological zeros

In this section we introduce three categories of linear conditions on the energy factors for which

(stripped) wavefunctions vanish that we call wavefunction zeros (section 4.2.1), factorization zeros

(section 4.2.2) and parametric zeros (section 4.2.3). In sections 4.2.4 and 4.2.5 we exhibit these types

of zeros in two detailed examples.
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4.2.1 Wavefunction zeros

We begin with a class of zeros that is possessed by the chain graphs only. One can easily verify that

for n > 2, the wavefunction of the n-chain obtained from (4.1) vanishes when the following n−2

conditions are satisfied:

S12···n−1 − S1···i + Si+1···n = 0 for all 2 ≤ i ≤ n−2 and S12···n−1 + S23···n = 0 . (4.14)

We call these wavefunction zeros because these are zeros of both the full wavefunction ψn-chain and

its stripped counterpart ψ̃n-chain.

In fact the n-chain wavefunction satisfies a universal splitting property near its wavefunction

zero. Consider a kinematic configuration Si in which all of the conditions (4.14) are satisfied except

that for a single i ∈ {2, . . . , n− 2} we have

S12···n−1 − S1···i + Si+1···n ̸= 0 . (4.15)

Then one can easily check that the n-chain wavefunction ψn-chain splits into a product of factors

involving chains obtained by “splitting” the n-chain between sites i and i+1:

ψn-chain|Si
=
S12···n−1 − S1···i + Si+1···n

S12···nS12···n−1
× ψi-chain(1, · · ·, i)× ψn−i-chain(i+1, · · ·, n) . (4.16)

This splitting property makes manifest the existence of a zero at the locus (4.14). When interpreting

the equation (4.16) and several similar ones that follow, it is crucial to keep in mind that the energy

factors involving the “split” i-th and (i+1)-th sites in the subgraphs on the right-hand side are

identified with those that appear in the parent n-site graph on the left; in other words, despite being

exterior sites of the subgraph, i and i+1 still carry the same interior energy factors as before. Let

us illustrate this point explicitly by way of an example for n = 4 and i = 2 where we look at the

locus

S2 = {S123 + S234 = 0} . (4.17)

A short calculation reveals that

ψ4-chain|S2
=

X1 X2 X3 X4

Y1 Y2 Y3

∣∣∣∣
S2

=
S123 − S12 + S34

S1234S123
×

X1 X2 + Y2

×
X3 + Y2 X4

Y1 Y3

=
S123 − S12 + S34

S1234S123
× ψ2-chain(1, 2)× ψ2-chain(3, 4) , (4.18)

where, as indicated by the pictures on the second line, we have

ψ2-chain(1, 2) =
1

S1S2S12
=

1

(X1 + Y1)(X2 + Y1 + Y2)(X1 +X2 + Y2)
, (4.19)

ψ2-chain(3, 4) =
1

S3S4S34
=

1

(X3 + Y2 + Y3)(X4 + Y3)(X3 +X4 + Y2)
. (4.20)
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A similar splitting property exists on the locus S on which all of the conditions in (4.14) except

that S12···n−1 + S23···n ̸= 0. In this case,

ψn-chain|S =
S12···n−1 + S23···n
S12···nS12···n−1

× ψ1-chain(1)× ψn−1-chain(2, 3, · · · , n) (4.21)

=
S12···n−1 + S23···n
S12···nS23···n−1

× ψn−1-chain(1, 2, · · · , n−1)× ψ1-chain(n) , (4.22)

where the symmetry of the chain under reversal of the labeling is reflected in the existence of two

equivalent formulas; each manifests the wavefunction zero on the locus (4.14). Again, we note that

the wavefunctions on the right-hand side of (4.22) must be properly interpreted in terms of shifted

energy variables. For example, at n = 4 we have

ψ4-chain|S =
S123 + S234

S1234S123
× ×

X1 + Y1 X2 + Y1

Y2 Y3

X3 X4

=
S123 + S234

S1234S123
× ψ1-chain(1)× ψ3-chain(2, 3, 4) , (4.23)

where in this case

ψ1-chain(1) =
1

S1
=

1

X1 + Y1
, (4.24)

ψ3-chain(2, 3, 4) =
1

S23
+ 1

S34

S2S3S4S234
=

1
X2+X3+Y1+Y3

+ 1
X3+X4+Y2

(X2 + Y1 + Y2)(X3 + Y2 + Y3)(X4 + Y3)(X2 +X3 +X4 + Y1)
.

(4.25)

4.2.2 Factorization zeros

It is well-known that wavefunctions obey factorization on the residues of their physical poles at

Sτ∈T = 0 [73, 79, 123], with the residue on the total energy pole at Stotal = 0 famously being the

corresponding flat-space S-matrix element. Note that a subset of the energy factors, namely the ones

{S1, . . . , Sn, Stotal} that belong to tubes in T but not in T̃ and arise from the prefactor in (4.2), are

not poles of stripped n-site wavefunctions. We will refer to these energy factors as the parameters

of a stripped n-site wavefunction. In this section, we demonstrate that stripped wavefunctions also

exhibit factorization when any one of the parameters Sj corresponding to an interior site3 is set

to zero. These factorizations imply that the stripped wavefunction associated to any graph must

exhibit zeros associated to its various subgraphs; we call these factorization zeros.

n-chain. For any j ∈ {2, . . . , n − 1} it follows from (4.6) and the definition (4.3) after a little bit

of work that

ψ̃n-chain|Sj=0 =
S12···n

S1···jSj···n
× ψ̃j-chain(1, · · · , j)× ψ̃n−j+1-chain(j, · · · , n) . (4.26)

3An interior site is one that is adjacent to at least two other sites. Specifically, in an n-chain the sites labeled

i ∈ {2, . . . , n− 1} are interior, in an n-star the sites labeled i ∈ {3, . . . , n− 1} are interior, while in an n-gon all sites

are interior. The remaining sites are called exterior.
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As always, following the discussion below (4.16), we emphasize that the energy factors at site j on

the right-hand side are the same as in the parent graph on the left-hand side. We note that (4.26)

explains why the 3-chain has no factorization zeros: on the support of the only possible factorization

condition S2 = 0, the 3-chain factorizes into a product of two 2-chains, which do not have any zeros

of their own since ψ̃2-chain = 1.

n-star. For the n-star there are two distinct types of factorization limits depending on whether we

factor at the trivalent site or (for n > 4) at one of the other n− 4 interior sites. In the former case,

it follows from (4.9) that

ψ̃n-star|S∗
3=0 =

S12···n
S∗
13S

∗
23S

∗
3···n

× ψ̃2-chain(1, 3)× ψ̃2-chain(2, 3)× ψ̃n−2-chain(3, 4, · · · , n) , (4.27)

while in the latter case we have for j ∈ {4, . . . , n−1} that

ψ̃n-star|Sj=0 =
S1234···n

Sj···nS∗
1234···j

× ψ̃j-star(1, · · · , j)× ψ̃n−j+1-chain(j, · · · , n) . (4.28)

We note that the 4-star has no factorization zeros since the only factorization (4.27) leads to a

product of three 2-chains which are each just ψ̃2-chain = 1.

n-gons. Using the recursion (4.13) one can see for any i ∈ {1, . . . , n} the n-gon “factors” as

ψ̃n-gon|Si=0 = ψ̃n+1-chain(i, i+1, · · · , n, 1, 2, · · · , i) . (4.29)

Arbitrary graphs. Any zero of a stripped wavefunction appearing on the right-hand side of a

factorization can be considered a “factorization zero” of the parent stripped wavefunction. However,

in order to enumerate all of the distinct zeros arising from an arbitrary tree- or loop-level graph, it

is sufficient to look at its chain subgraphs, after using the fact that any graph can be broken into

chains by taking some sequence of Si → 0 limits at various interior sites i. Moreover, for any tree

graph, tabulating the wavefunction zeros of all chain subgraphs is sufficient to give the full set of

distinct factorization zeros due to a cancellation of total energy factors in intermediate steps. These

phenomena are exhibited by the examples worked out in detail in sections 4.2.4 and 4.2.5 below.

4.2.3 Parametric zeros

It is evident that the right-hand side of the factorization (4.26) of the n-chain vanishes when the

total energy factor S12...n is zero. The same is true for the n-star as seen from (4.27) and (4.28).

Finally, by taking the Sj → 0 limit on both sides of the factorization (4.29), it is clear that the

n-gon inherits the zeros of the chain appearing on the right-hand side of (4.29). We refer to zeros

of this type as parametric zeros since they involve simply setting certain parameters of the stripped

wavefunction to zero. In summary, parametric zeros for the three relevant graph topologies are given
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by:

n-chain: Si = 0 and Stotal = 0 for any i ∈ {2, . . . , n−1} , (4.30)

n-star: S∗
3 = 0 and Stotal = 0 , or Si = 0 and Stotal = 0 for any i ∈ {4, . . . , n−1} , (4.31)

n-gon: Si = 0 and Sj = 0 and Stotal = 0 for any i, j ∈ {1, . . . , n} and i ̸= j . (4.32)

4.2.4 Example: the 5-star

The stripped wavefunction ψ̃5-star of the 5-star has no wavefunction zeros (since only chains have

wavefunction zeros) and, according to (4.31), two parametric zeros: at S∗
3 = S12345 = 0 and at S4 =

S12345 = 0. Let us now classify its factorization zeros, which arise from two possible factorizations:

at S∗
3 = 0 or at S4 = 0.

On the support of S∗
3 = 0 (which we denote graphically by drawing a dashed circle around site

3), (4.27) tells us that the stripped wavefunction factors into a certain prefactor times the product

of its constituent chain subgraphs, two of which are trivial due to ψ̃2-chain = 1:

ψ̃5-star|S∗
3=0 =

1

3

2

4 5
=

S12345

S∗
13S

∗
23S

∗
345

× 1× 1× ψ̃3-chain(3, 4, 5) . (4.33)

This vanishes if we further impose the wavefunction zero condition (4.14) for the 3-chain subgraph

ψ̃3-chain(3, 4, 5) given by the relation

S∗
34 + S45 = 0 . (4.34)

Therefore, S∗
3 = S∗

34 + S45 = 0 constitutes a factorization zero of ψ̃5-star.

On the other hand, on the support of S4 = 0, (4.28) tells us that

ψ̃5-star|S4=0 =

1

3

2

4 5
=

S12345

S∗
1234S45

× ψ̃4-star(1, 2, 3, 4)× 1 . (4.35)

Now ψ̃4-star does not possess any wavefunction zeros (since only chains have those), and it does not

possess any factorization zeros (see the comment under (4.28)); the only possible path to zero is via

the parametric zero of the 4-star ψ̃4-star(1, 2, 3, 4) at S∗
3 = S∗

1234 = 0. However, on the support of

S∗
3 = 0, the stripped wavefunction of the 4-star subgraph further factors into

ψ̃5-star|S∗
3=S4=0 =

S12345

S∗
1234S45

×

1

3

2

4 54
× =

S12345

S∗
13S

∗
23S

∗
34S45

×

1

3

3

3

2

4
×

4 5
× . (4.36)

Note in the second equality the factor S∗
1234 has canceled out and therefore the second condition of

the parametric zero is rendered useless. With only 2-chains remaining in the product, we find no
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factorization zeros of ψ̃5-star on the locus S4 = 0. Note that had we started with an (n>5)-star graph,

we would have reached an (n−3)-chain, and its wavefunction zeros would have led to factorization

zeros of ψ̃(n>5)-star in this step.

4.2.5 Example: the 3-gon

The stripped wavefunction ψ̃3-gon of the 3-gon has no wavefunction zeros (since only chains have

wavefunction zeros) and three parametric zeros, at the loci given by (4.32). Let us now classify its

factorization zeros. According to (4.29) it “factors” at S1 = 0 into the 4-chain

ψ̃3-gon|S1=0 =

1

2
3

= 1 2 3 1 = ψ̃4-chain(1, 2, 3, 1) . (4.37)

The 4-chain appearing here has parametric zeros, but these are the same as the parametric zeros of

the 3-gon itself that we already listed. In addition, the 4-chain vanishes at the wavefunction zero

given by (4.14). Since we could have factored at sites 2 or 3, altogether we obtain three distinct

factorization zeros of the 3-gon, at the loci

S1 = S123 + S231 = S12 − S31 + S231 = 0 , (4.38)

S2 = S231 + S312 = S23 − S12 + S312 = 0 , (4.39)

S3 = S312 + S123 = S31 − S23 + S123 = 0 . (4.40)

These arguments straightforwardly generalize to the n-gon, which inherits the wavefunction zeros of

the (n+1)-chain on the locus Si = 0 for any i.

4.3 The geometric origins of cosmological zeros

In section 4.3.1, we construct in kinematic space the graph associahedron associated to a stripped

wavefunction and discuss a particular cosmological limit that degenerates the graph associahedron

into a (generically non-simple) polytope relevant to our analysis of cosmological zeros. Through

explicit examples in sections 4.3.2 and 4.3.3, we show that a graph associahedron can be expressed in

terms of its constituent Minkowski summands; moreover, we demonstrate that tuning the parameters

in a particular manner causes the cosmological graph associahedron to flatten (i.e., the polytope

drops in dimension), thereby providing a geometric origin for the parametric zeros of section 4.2.3.

In section 4.3.4, we discuss the geometric origin of the wavefunction and factorization zeros of

sections 4.2.1 and 4.2.2 through the lens of the vanishing locus of the adjoint polynomial.

4.3.1 Graph associahedra and the cosmological limit

It has been recently shown [173] that the stripped wavefunction ψ̃ associated to a single Feynman

graph G is the canonical form of a polytope called a graph associahedron AG (slightly different than
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Figure 4.1: Truncating a 3-simplex to carve out the graph associahedron A5-star. Left: we begin
with the simplex cut out by the 2-tube hyperplanes {S∗

13, S
∗
23, S

∗
34, S45} = 0. Middle: the vertices of

the simplex are truncated by the 4-tube hyperplanes {S∗
1234, S

∗
1345, S

∗
2345} = 0. Right: the edges of

the simplex are truncated by the 3-tube hyperplanes {S∗
123, S

∗
134, S

∗
234, S

∗
345} = 0.

the one used in the mathematical literature), whose facet structure reflects the combinatorics of the

tubings T̃ of G. These graph associahedra are facets of larger polytopes called cosmohedra [173],

which encode the full flat-space wavefunctions (summed over all contributing Feynman diagrams) of

a colored version of the uncolored theory studied in this paper at the level of individual diagrams. In

this section we provide an algorithm for constructing graph associahedra based on simplex truncation

introduced by Carr and Devadoss in [175, 176]; a complementary construction was recently given

in [177, 178].

To construct the graph associahedron associated to a single graph G relevant for the cosmological

context, we modify the Carr-Devadoss algorithm so that 2-tubes replace 1-tubes as the fundamental

building blocks. This is natural because the energy factors of 1-tubes only appear as overall factors

in the wavefunction associated to G. Also, our construction will heavily rely on the fact that the

energy factors satisfy the linear relations

Sτ1 + Sτ2 = Sτ1∪τ2 + Sτ1∩τ2 , (4.41)

when τ1 ∩ τ2 is non-empty. Note that beyond tree-level one must be careful in interpreting this

formula since the order of the indices that define a tube matters. For example, already at one-loop

τ1 can intersect τ2 twice – at both ends of τ1 – and the operation ∩ can only be thought of as acting

on the tube not the indices labeling a tube.

Let Tk denote the set of all k-tubes of some graph G and let m = |T2| = n+ℓ−1 be the total

number of 2-tubes. The graph associahedron AG can be realized as a simple (m−1)-dimensional

polytope in anm-dimensional ambient space Rm with coordinates Sτ∈T2
labeled by the 2-tubings. To

construct AG we start with the (m−1)-simplex (see for example figure 4.1 left) defined by intersecting

{Sτ ≥ 0 : τ ∈ T2} ⊂ Rm with the hyperplane∑
τ∈T2

Sτ = Stotal +
∑

interior sites v

(
cv(τtotal)− 1

)
Sv , (4.42)

where τtotal is the total energy tube4, the second sum includes only the interior sites of G, and cv(τ)
4Recall that τtotal = {1, · · · , n} for chains and stars while τtotal = {1, · · · , n, 1} for n-gons.
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Figure 4.2: The graph associahedraA4-star (left) andA5-star (right), with vertices labeled by complete
tubings.

is the number of 2-tubes in τ that include the interior site v. Then, for each k ∈ {3, . . . , n+ ℓ− 1},
each (m−k)-dimensional facet of the simplex is truncated by the hyperplanes Sτ∈Tk

= 0 where Sτ

is defined by ∑
τ ′∈T2 : τ ′⊂τ

Sτ ′ = Sτ +
∑

interior sites v

(
cv(τ)− 1

)
Sv − δτ , (4.43)

where the δτ are positive parameters whose role will be explained shortly. See figure 4.1 for a

visualization of this process. Also note that while the 2-tubes are naturally distinguished by the

Carr-Devadoss construction, one could choose any cardinality-m subset of the energy variables Sτ

(for τ ∈ T̃) as coordinates for the ambient space.

Now, in order to avoid cutting the simplex too deeply and to ensure that the resulting polytope

remains simple, we require that the δτ ’s introduced in (4.43) satisfy the bounds

δτ > 0 for all τ and δτ1 + δτ2 > δτ1∪τ2 + δτ1∩τ2 when τ1 ∩ τ2 ̸= ∅ , (4.44)

as well as

0 < δτ∈T3
< Sv < Stotal for all internal sites v . (4.45)

The boundary of the region defined by {Sτ∈Tk
≥ 0 : 2 ≤ k ≤ n − 1} then provides a realization of

the graph associahedron AG as the boundary of an (m−1 = n+ℓ−2)-dimensional polytope. Each

complete compatible tubing T̃ of the stripped wavefunction ψ̃G corresponds to a vertex of AG where

∩τ∈T̃{Sτ = 0}. Figure 4.2 depicts the graph associahedra for the 4- and 5-star graphs.

By construction, the non-zero δτ ensure that the graph associahedron AG is always a simple

polytope. While AG does describe the combinatorics of compatible tubings of G, the energy factors
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Figure 4.3: Left: the graph associahedron A5-star (δτ ̸= 0); the f -vector of this simple polytope
is (18,27,11). Right: the cosmological graph associahedron Ã5-star (δτ = 0); the f -vector of this
non-simple polytope is (13,22,11). Note that as expected, the number of facets remains the same,
while the number of edges and vertices decreases. The vertices that remain simple in the δτ → 0
limit are colored blue, while all others are colored red.

defined by (4.43) do not in general satisfy the relations (4.41) required for the cosmological applica-

tion. This requires taking the limit δτ → 0, which results in a non-simple polytope when n+ ℓ > 4.

We will call the resulting polytope ÃG := limδτ→0 AG the cosmological graph associahedron associ-

ated to G. Figure 4.3 shows the degeneration from the simple δ-deformed graph associahedron to

the non-simple cosmological graph associahedron for the 5-star graph.

Even though we are primarily interested in the cosmological limit δτ → 0, the polytope AG

is an important intermediate step that encodes useful combinatorial information. Moreover, the

canonical function of the cosmological graph associahedron ÃG , defined by taking the δτ → 0 limit

of the canonical function of the simple polytope AG , is precisely the stripped wavefunction ψ̃G . Note

that this limit is automatically realized when the energy factors Sτ are parameterized directly in

terms of the energy variables Xv and Ye of section 4.1.

4.3.2 Parametric zeros: examples of simple polytopes

In this section, we illustrate how the parametric zeros of section 4.2.3 can be seen as flattening limits

of the cosmological graph associahedron for three examples – the 4-chain, the 4-star and the 3-gon.

For these examples n + ℓ = 4 and, consequently, both AG and ÃG are simple polytopes that are

topologically equivalent. Nevertheless they are geometrically distinct, having different Minkowski

summands and flattening behaviors. Aside from selected comments, we set the δτ to zero from the

beginning and explore the properties of ÃG in the following.
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S2 + S1234

S3 + S1234

S3

S2

S12

S34

S23

S12

S34

S123

S234

S34

S12

S123

S23

S234

S2 = S1234 = 0 S12

S3 = S1234 = 0

S2 = S3 = 0

S12 S23

S34

S34

Figure 4.4: The cosmological graph associahedron Ã4-chain and its Minkowski summands, showing
that the polytope collapses in the upper and lower limits, corresponding to parametric zeros of
ψ̃4-chain, but not in the center limit.

The 4-chain. Following section 4.3.1, we carve out the cosmological graph associahedron Ã4-chain

in kinematic space with coordinates (S12, S34) and parameters (S2, S3, S1234) via the inequalities

S12 ≥ 0 , S34 ≥ 0 , S23 = S2 + S3 + S1234 − S12 − S34 ≥ 0 ,

S123 = S3 + S1234 − S34 ≥ 0 , S234 = S2 + S1234 − S12 ≥ 0 ,
(4.46)

which describes a pentagon. This polytope and its Minkowski summands are presented in figure 4.4.

From (4.30), we expect the associated stripped wavefunction ψ̃4-chain to have two parametric zeros,

at

S2 = S1234 = 0 and at S3 = S1234 = 0 . (4.47)

As shown in the top and bottom right of figure 4.4, these limits evidently collapse the pentagon to

a vertical or horizontal line segment, respectively. In both cases the stripped wavefunction ψ̃4-chain

vanishes and the polytope Ã4-chain collapses in dimension to one of its 1-dimensional Minkowski

summands. On the other hand, the limit S2 = S3 = 0 collapses the pentagon to its 2-dimensional

Minkowski summand – the triangle (center right of figure 4.4). Since the polytope does not drop in

dimension, this limit does not correspond to a zero of the stripped wavefunction.

The 4-star. Again following the prescription of section 4.3.1 and choosing coordinates (S∗
13, S

∗
23)

with (S∗
3 , S1234) as parameters, the cosmological graph associahedron Ã4-star is the hexagon in fig-

ure 4.5 carved out by the inequalities

S∗
13 ≥ 0 , S∗

23 ≥ 0 , S∗
34 = S1234+2S∗

3−S∗
13−S∗

23 ≥ 0 ,

S∗
134 = S∗

13+S
∗
34−S∗

3 ≥ 0 , S∗
123 = S∗

13+S
∗
23−S∗

3 ≥ 0 , S∗
234 = S∗

23+S
∗
34−S∗

3 ≥ 0 .
(4.48)
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S1234 = 0

S
∗

123

S
∗

13

S
∗

134

S
∗

34

S
∗

234

S
∗

23

S
∗

23

S
∗

13

S∗

123

S∗

134

S∗

234

S∗

13

S∗

34

S∗

23

S
∗

3

S
∗

3

S
∗

3
+ S1234

S
∗

3
+ S1234

S
∗

3
= 0

Figure 4.5: The cosmological graph associahedron Ã4-star and its Minkowski summands, showing
that the polytope does not collapse in either of the limits shown.

We expect the sole zero of ψ̃4-star to be the parametric zero at (see (4.31))

S∗
3 = S1234 = 0 . (4.49)

Note that the 4-star has only two parameters in contrast to three for the 4-chain. Setting either of

them to zero collapses the hexagon to one of its two Minkowski summands – the triangles shown on

the right of figure 4.5. Since the polytope does not drop in dimension, these limits do not correspond

to zeros of ψ̃4-star. The parametric zero (4.49) corresponds to collapsing the hexagon down to a point

– a 2-dimensional drop.

The above observations are simple consequences of the linear relations (4.41) and the cosmological

limit. The δ-deformed graph associahedron A4-star behaves more like Ã4-chain since the nonzero δτ

behave as extra parameters. Indeed, one can find flattening limits of A4-star that only drop the

dimension of the polytope by one instead of two.

The 3-gon. Our final example of a simple cosmological graph associahedron is Ã3-gon. Choosing

coordinates (S12, S23) with parameters (S1, S2, S3, S1231), the 3-gon inequalities are

S12 ≥ 0 , S23 ≥ 0 , S31 = S1231 + S1 + S2 + S3 − S12 − S23 ≥ 0 ,

S123 = S12 + S23 − S2 ≥ 0 , S231 = S23 + S31 − S3 ≥ 0 , S312 = S31 + S12 − S1 ≥ 0 .
(4.50)

The inequalities again carve out a hexagon, as shown in figure 4.6. From (4.32) we expect that

ψ̃3-gon as three parametric zeros, at

S1 = S2 = S1231 = 0 , S2 = S3 = S1231 = 0 , and S3 = S1 = S1231 = 0 , (4.51)

corresponding to flattening limits of the hexagon to 1-dimensional Minkowski summands as shown

in figure 4.6 (right). Interestingly, note that although both Ã4-star and Ã3-gon are hexagons, the

existence of two extra parameters in the latter implies that its associated Minkowski summands are

1-dimensional line segments.
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S23

S2

S2

S1 + S2 + S1231

S2 + S3 + S1231

S3

S1

S12

S12

S23

S123

S31

S312

S231

S1 = S2 = S1231 = 0

S2 = S3 = S1231 = 0

S3 = S1 = S1231 = 0

S12

S23

S31

Figure 4.6: The graph associahedron Ã3-gon and its Minkowski summands. Note that here we only
show the lower-dimensional Minkowski summands, not the full Minkowski decomposition of the
hexagon. In particular we do not show the summand that corresponds to the limit S1 = S2 = S3 = 0,
since that leaves a 2-dimensional simplex.

4.3.3 Parametric zeros: examples of non-simple polytopes

Starting in 3-dimensions the distinction between the graph associahedron AG and its cosmological

limit ÃG becomes more apparent: the former is simple while the latter is not.

The 5-chain. Choosing (S12, S23, S45) as coordinates with parameters (S2, S3, S4, S12345), the

simple polytope A5-chain is defined by the inequalities

S12 ≥ 0 , S23 ≥ 0 , S45 ≥ 0 , S34=S12345+S2+S3+S4−S12−S23−S45 ≥ 0 ,

S123 = δ123+S12+S23−S2 ≥ 0 , S234 = δ234+S23+S34−S3 ≥ 0 , S345 = δ345+S34+S45−S4 ≥ 0 ,

S1234 = δ1234+S12+S23+S34−S2−S3 ≥ 0 , S2345 = δ2345+S12+S23+S34+S45−S2−S3−S4 ≥ 0 .

(4.52)

The graph associahedron A5-chain and its cosmological limit Ã5-chain are depicted in figure 4.7.

As expected from (4.30), the sequential limit limS12345→0 limSi→0 Ã5-chain flattens the polytope

for i = 2, 3, 4. An example of this is shown in the left of figure 4.8. On the other hand, the

polytope cannot be flattened by keeping the total energy factor non-zero. For example, the sequential

limit limS3→0 limS2→0 Ã5-chain is still a 3-dimensional polytope (see the right of figure 4.8) and

consequently does not correspond to a zero of ψ̃5-chain.
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Figure 4.7: The polytopes A5-chain (simple with f -vector (14,21,9)) and Ã5-chain (non-simple with
f -vector (12,19,9)) for the 5-chain graph. The blue vertices remain simple in the cosmological limit
δτ → 0 while the red vertices become non-simple.

Figure 4.8: Left: the sequential limit limS12345→0 limS2→0 Ã5-chain. The polytope drops in dimension,
signaling the parametric zero of ψ̃5-chain. Right: the sequential limit limS3→0 limS2→0 Ã5-chain. The
polytope does not drop in dimension indicating that this limit does not lead to a parametric zero.

The 5-star. In the coordinates (S∗
13, S

∗
23, S

∗
34) with parameters (S∗

3 , S4, S12345), the inequalities

that define the graph associahedron A5-star are

S∗
13 ≥ 0 , S∗

23 ≥ 0 , S∗
34 ≥ 0 ,

S45 = S12345+2S∗
3+S4−S∗

13−S∗
23−S∗

34 ≥ 0 , S∗
123 = δ123+S

∗
13+S

∗
23−S∗

3 ≥ 0 ,

S∗
345 = δ345−S∗

13−S∗
23+S12345+2S∗

3 ≥ 0 , S∗
134 = δ134+S

∗
13+S

∗
34−S∗

3 ≥ 0 , (4.53)

S∗
234 = δ234+S

∗
23+S

∗
34−S∗

3 ≥ 0 , S∗
1234 = δ1234+S

∗
13+S

∗
23+S

∗
34−2S∗

3 ≥ 0 ,

S∗
1345 = δ1345−S∗

23+S12345+S
∗
3 ≥ 0 , S∗

2345 = δ2345−S∗
13+S12345+S

∗
3 ≥ 0 .

The graph associahedron A5-star and its cosmological limit Ã5-star are shown in figure 4.3.

The 5-star exhibits two distinct flavors of parametric zeros; both are depicted in figure 4.9.

The parametric zero defined by the sequential limit limS12345→0 limS∗
3→0 Ã5-star behaves like that

of the 4-star where the dimension of the polytope drops by two: from a 3-dimensional polytope

to a 1-dimensional line. The only other parametric zero, corresponding to the sequential limit
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limS12345→0 limS4→0 Ã5-star, behaves like that of the 5-chain since the polytope dimension only drops

by one.

Figure 4.9: The sequential limits limS12345→0 limS∗
3→0 Ã5-star (left, showing a 2-dimensional drop)

and limS12345→0 limS4→0 Ã5-star (right, showing a 1-dimensional drop).

The 4-gon. In the coordinates (S12, S23, S34) with parameters (S1, S2, S3, S4, S12341), the inequal-

ities that define A4-gon are

S12 ≥ 0 , S23 ≥ 0 ,

S34 ≥ 0 , S41 = S12341+S1+S2+S3+S4−S12−S23−S34 ≥ 0 ,

S123 = δ123+S12−S2+S23 ≥ 0 , S341 = δ341+S12341+S2+S1+S3−S12−S23 , (4.54)

S234 = δ234+S23−S3+S34 ≥ 0 ≥ 0 , S412 = δ412+S12341+S2+S3+S4−S23−S34 ≥ 0 ,

S1234 = δ1234−S2−S3+S12+S23+S34 ≥ 0 , S2341 = δ2341+S12341+S1+S2−S12 ≥ 0 ,

S3412 = δ3412+S12341+S2+S3−S23 ≥ 0 , S4123 = δ4123+S12341+S3+S4−S34 ≥ 0 .

Both the graph associahedron A4-gon and its cosmological limit Ã4-gon are depicted in figure 4.10.

The parametric zeros of ψ̃4-gon correspond to flattening limits where the dimension of the polytope

drops by one. To illustrate this we demonstrate the flattening corresponding to the parametric zero

S1 = S2 = S12341 = 0 in figure 4.11.

4.3.4 Wavefunction and factorization zeros from the adjoint polynomial

Unlike the parametric zeros discussed above, the wavefunction zeros of n-chains discussed in sec-

tion 4.2.1 (and consequently, the factorization zeros of arbitrary graphs) are not realized as flattening

limits of the associated cosmological graph associahedra. Instead, we will now illustrate that they

can be understood from a geometric perspective by studying the adjoint polynomial of the associ-

ated polytope; in particular, we will see that while all of the parametric zeros are accessible from

within the positive region (by dialing various positive parameters to zero), the factorization and

wavefunction zeros lie outside of it. We utilize the 4-chain as an illustrative example throughout

this section.

The numerator of a canonical function is called the adjoint polynomial of the associated polytope.

For example, bringing the expression (4.5) for the 4-chain stripped wavefunction ψ̃4-chain onto a
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Figure 4.10: The polytopes A4-gon (simple with f -vector (20, 30, 12)) and Ã4-gon (non-simple with
f -vector (16, 26, 12)) for the 4-gon graph. The blue vertices remain simple in the cosmological limit
δτ → 0 while the red vertices become non-simple.

Figure 4.11: The sequential limit limS12341→0 limS2→0 limS1→0 Ã4-gon, showing a 1-dimensional drop.
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Figure 4.12: The hyperplane arrangement corresponding to the 4-chain graph. The horizontal and
vertical axes are the coordinate axes of the variables S12 and S34, respectively. The solid colored
lines are the vanishing loci of the indicated energy factors Sτ while the dashed curve is the vanishing
locus of the adjoint polynomial in (4.55). The horizontal and vertical dotted lines are the vanishing
loci of (4.59) and (4.60), respectively. Left: arrangement for generic values of the parameters
(S2, S3, S1234). Right: degeneration of the arrangement obtained by shrinking an external bounded
region (specifically, the triangle on the right) by setting S23 + S34 − S234 = S3 = 0. Note how the
adjoint polynomial factors such that one factor lies on top of the horizontal dotted line. Similarly
at S12 + S23 − S123 = S2 = 0 the adjoint polynomial factors such that one factor lies on top of the
vertical dotted line.

common denominator gives

ψ̃4-chain =
adj

S12S23S34S123S234
,

adj = S12 (S123 (S23 + S34) + S234S34) + S23S234 (S123 + S34) .

(4.55)

The corresponding cosmological graph associahedron Ã4-chain is the interior of the region bounded

by the hyperplanes S12 = S23 = S34 = S123 = S234 = 0 corresponding to the denominator factors

in (4.55). For generic positive values of the parameters (S2, S3, S1234), this region is the pentagon in

(S12, S34)-space depicted in figure 4.12. The vanishing locus of the adjoint polynomial, shown as a

dashed line, passes through all points where the hyperplanes intersect outside of the pentagon; this

property ensures that the canonical form has zero residue at these points.

According to the analysis of section 4.2, we know that ψ̃4-chain has (by splitting the graph at site

2 or at site 3) factorization zeros at

S2 = S1234 + S3 − S12 = 0 and S3 = S1234 + S2 − S34 = 0 , (4.56)

and a wavefunction zero at

S123 − S12 + S34 = S123 + S234 = 0 . (4.57)

Here we want to think of these as conditions on the variables (S12, S34) for fixed values of the
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parameters (S2, S3, S1234); therefore we use (4.41) to reexpress (4.57) as

S123 + S234 = (S1234 + S2 − S34) + (S1234 + S3 − S12) = 0 ,

S123 − S12 + S34 = S1234 + S3 − S12 = 0 .
(4.58)

In general the adjoint polynomial is a high degree polynomial whose roots may be difficult to

analyze, while the wavefunction and factorization zeros are always linear conditions on the variables.

In order to see how it encodes the wavefunction and factorization zeros in our example, let us

take a limit in the parameters that shrinks one of the external bounded regions in the hyperplane

arrangement. When this happens the vertices forming the region collide and become part of the

polytope; such a degeneration of the hyperplane arrangement leads to a factorization of the adjoint

polynomial.

For example, setting S3 = S23+S34−S234 = 0 leads to the configuration in the right of figure 4.12,

where the triangle to the right of the pentagon has shrunk. In this limit, the adjoint polynomial

factors as

adj|S3=0 = S234S1234 (S1234 + S2 − S34) , (4.59)

where we have used (4.41). The first factor above cancels the S234 pole in the denominator of ψ̃4-chain

while the vanishing locus of the last factor corresponds to the horizontal dotted line in figure 4.12.

This provides a geometric interpretation for the second factorization zero listed in (4.56).

Similarly setting S2 = S12+S23−S123 = 0 shrinks the triangle above the pentagon in figure 4.12

and the adjoint polynomial factors as

adj|S2=0 = S123S1234 (S1234 + S3 − S12) , (4.60)

where we have again used (4.41). The first factor above cancels the S123 pole in the denominator

of ψ̃4-chain while the vanishing locus of the last factor corresponds to the vertical dashed line in the

figure. This provides a geometric interpretation for the first factorization zero listed in (4.56).

There is a third external bounded region – the triangle to the upper right of the pentagon –

that can be shrunk by setting the total energy parameter S1234 to zero. In this limit the adjoint

polynomial again factors, but one of the factors cancels one of the poles in the stripped wavefunction:

ψ̃4-chain|S1234=0 =
S2S3(S2+S3−S12−S34)

S12(S2+S3−S12−S34)S34(S3−S34)(S2−S12)
=

S2S3

S12S34(S3−S34)(S2−S12)
,

(4.61)

so there is no novel zero associated with this limit; we do however see the two parametric zeros (4.47)

of ψ̃4-chain from this formula.

Finally we turn to the wavefunction zero (4.58), and we see now that it has a trivial explanation:

it lies at the intersection of the two factorization zeros listed in (4.56)! For chain graphs it is

always the case that the wavefunction zero lies at an intersection of different factorization zeros,

but this does not happen for other graph topologies. This may be one way to see why chain graphs

“accidentally” have wavefunction zeros that general graphs do not.
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4.4 Cosmological ABHY associahedra

In this section, we present a surprising connection between the (tree-level) scattering amplitudes

of a colored (i.e., matrix-valued) scalar field with a Tr(ϕ3) interaction (which have full Poincaré

symmetry) and the stripped cosmological wavefunctions (which lack time-translation invariance)

associated to individual chain graphs. We begin in section 4.4.1 with a lightning review of the color-

ordered amplitudes in Tr(ϕ3) theory, the geometries that encodes them (the ABHY associahedra),

and their hidden zeros discovered in [157]. In section 4.4.2, we present an explicit map between the

kinematic variables appearing in the n-chain stripped wavefunction and those of the (n+1)-point

color-ordered amplitude in Tr(ϕ3) theory before explaining how the cosmological zeros studied in

this paper map to their amplitude counterparts.

4.4.1 A review of the hidden zeros of Tr(ϕ3) theory

Kinematic mesh. Each n-point color-ordered amplitude in Tr(ϕ3) theory, denoted by A
Tr(ϕ3)
n , is a

function of the n(n−1)/2 Lorentz-invariant dot products of momenta pi · pj . Thanks to momentum

conservation only n(n−3)/2 of these are independent (in arbitrary spacetime dimension), which

coincides with the number of planar kinematic variables Xi,j
5 defined by

Xi,j = (pi + · · ·+ pj−1)
2 , (4.62)

where we take the momenta to be on-shell so that Xi,i+1 = p2i = 0 and subscripts are always

understood mod n. These planar variables comprise the complete set of propagators that appear

in A
Tr(ϕ3)
n . We then define the non-planar variables cij ≡ −2pi · pj for |i−j| ≥ 2, which can be

expressed in terms of the Xi,j via

ci,j = Xi,j +Xi+1,j+1 −Xi,j+1 −Xi+1,j . (4.63)

This identity motivates organizing both sets of variables in a kinematic mesh [9, 179], where the

planar variables label vertices and the non-planar variables are associated to specific diamonds, as

seen in figure 4.13 for the 5-point case.

ABHY associahedron. A kinematic basis is a choice of n−3 planar variables and (n−2)(n−3)/2

non-planar variables that are independent, which means that all of theXi,j can be expressed uniquely

in terms of the variables in a basis. The former are treated as coordinates on an (n−3)-dimensional

subspace of the n(n−3)/2-dimensional kinematic space, while the latter are thought of as parameters

that specify the hypersurface. The ABHY construction [9] realizes the associahedron in this hyper-

plane as an (n−3)-dimensional polytope whose canonical function equals the amplitude A
Tr(ϕ3)
n . For

example at n = 5 the associahedron is a pentagon (identical to the 4-chain graph associahedron

from figure 4.4) and the associated canonical function is

A
Tr(ϕ3)
5 =

1

X1,3X1,4
+

1

X2,4X2,5
+

1

X1,3X3,5
+

1

X1,4X2,4
+

1

X2,5X3,5
. (4.64)

5These should not be confused with the site energies Xv of cosmological wavefunctions in (4.1).
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Figure 4.13: The 5-point kinematic mesh (right) with legend (left). The kinematic basis associated
to the triangular region highlighted in bold is {X1,3, X1,4, c1,3, c1,4, c2,4}. As an example of a zero of

the amplitude A
Tr(ϕ3)
5 , we highlight the case of c1,3 = c1,4 = 0 associated to the maximal rectangle

in blue.

Zeros. The zeros of Tr(ϕ3) amplitudes are reached by picking a maximal rectangular region in the

kinematic mesh and setting to zero all of the ci,j inside it [157]. In the 5-point example, one such

zero is reached by setting c1,3 = c1,4 = 0, which is associated to the maximal rectangle with top and

bottom vertices XT = X2,5 and XB = X1,3 respectively, as shown in figure 4.13.

In addition, there is a splitting property associated to a near-zero configuration which states that

on the locus where all of the non-planar variables except one in a maximal triangle are zero, the

amplitude factors into

ATr(ϕ3)
n →

(
1

XB
+

1

XT

)
×A

Tr(ϕ3)
down ×ATr(ϕ3)

up , (4.65)

with appropriate kinematics for the up- and down- sub-amplitudes. In the example shown in the
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figure, i.e. the zero of A
Tr(ϕ3)
5 at c1,3 = c1,4 = 0, relaxing the first condition leads to

A
Tr(ϕ3)
5 |c1,4=0 =

c1,3
X1,3X2,5

×
(

1

X1,4
+

1

X3,5

)
, (4.66)

while relaxing the second condition leads to

A
Tr(ϕ3)
5 |c1,3=0

c1,4
X1,3X2,5

×
(

1

X2,4
+

1

X3,5

)
. (4.67)

We refer the reader to [157] for a detailed analysis of these zeros and how they can be realized as

flattening limits of the ABHY associahedron.

4.4.2 From cosmological to amplitudes zeros

It is already clear that the Tr(ϕ3) story closely resembles that of the cosmological zeros we studied

in section 4.3. We now present a concrete connection between the stripped wavefunctions for n-

chains and the color-ordered scattering amplitudes in Tr(ϕ3) theory (similar connections have been

discussed recently in [177, 178]). To start with we identify the planar variable Xi,j of A
Tr(ϕ3)
n+1 with

the energy factor Sτ associated to the tube τ = {i, i+1, . . . , j−1}:

Si...j−1 ≡ Xi,j |i− j| ≥ 2 , (4.68)

with Xi,i+1 = 0 as discussed above. Note that this identification does not determine the energy

parameters Si associated to 1-tubes, and in particular does not require that we must take them to

vanish. It is easy to see that the stripped wavefunction ψ̃n-chain of the n-chain is identical to the

(n+1)-point Tr(ϕ3) scattering amplitude A
Tr(ϕ3)
n+1 under (4.68). For example, the five terms in (4.5)

for ψ̃4-chain become identical to the five terms in the 5-point amplitude A
Tr(ϕ3)
5 shown in (4.64).

Next let us understand how the non-planar variables ci,j defined in (4.63) map to the parameters

{S2, S3, . . . , Sn−1, S12...n} of the n-chain. Using the map (4.68) along with the linear relations of the

n-chain obtained from (4.41), we observe that:

1. The n−2 parameters associated to energy 1-tubes of interior sites map according to

Si = ci−1,i+1 for 2 ≤ i ≤ n− 1 . (4.69)

2. A total of (n−1)(n−4)/2 non-planar variables vanish identically on the support of (4.41):

c1,4 = c1,5 = · · · = c1,n−1 = 0 ,

ci,i+3 = ci,i+4 = · · · = ci,n = 0 for 2 ≤ i ≤ n− 3 . (4.70)

3. The total energy factor S1...n maps to

S12...n = c1,n . (4.71)

4. The remaining n−3 non-planar variables map to linear combinations of the parameters and

energy factors Sτ∈T̃ of the n-chain graph; these can be worked out on a case-by-case basis.
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We call the image of the n-chain cosmological graph associahedron Ãn-chain under this map the

cosmological ABHY associahedron.

Note that the map explicitly breaks the Zn+1 cyclic symmetry of the amplitude A
Tr(ϕ3)
n+1 . Thus

unlike for the ABHY associahedron, different cyclic permutations of the cosmological ABHY asso-

ciahedron are not related to each other by different choices of kinematic basis. The form of the map

given above is tuned to the choice of coordinates provided by the ray-like triangulation of A
Tr(ϕ3)
n+1 .

We refer the reader to [157] for additional details; for our purpose it is enough to state that elements

of the kinematic basis associated to this triangulation are those that live inside a maximal triangular

region in the kinematic mesh (see figure 4.13).

Another key difference between the ABHY associahedron and its cosmological counterpart arises

from the vanishing non-planar variables (4.70). The vanishing of these parameters of the ABHY as-

sociahedron causes vertices to collide, resulting in a non-simple polytope as discussed in section 4.3.1.

S12
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S34

S12

S123

S23

S234

S34

S345

S45

S1234

S2345

S2

S3

S1234

S4

0

S12345

0

S2

S3

Figure 4.14: The ray-like subregion of the cosmological kinematic mesh for the 4- and 5-chain graphs.

It is instructive to utilize our map between the kinematic variables {Xi,j , ci,j} of Tr(ϕ3) theory

and the energy factors Sτ of cosmological wavefunctions to translate the kinematic mesh associated

to the former into a cosmological kinematical mesh for the stripped n-chain wavefunction ψ̃n-chain.

Figure 4.14 shows, for n = 4, 5, the portion of the cosmological kinematic mesh corresponding to

the ray-like triangulation subregion of the full mesh.

Given this surprising connection between stripped wavefunctions for n-chains and (n+ 1)-point

amplitudes in Tr(ϕ3) theory, it is natural to ask whether the cosmological zeros of the former, that

we have studied in section 4.2, map naturally to the zeros of the latter that were characterized

in [157]. We now illustrate how this works using the 4-chain as an example.
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First we consider the parametric zeros (4.30), which map to

S2 = S1234 = 0 → c1,3 = c1,4 = 0 , (4.72)

S3 = S1234 = 0 → c1,4 = c2,4 = 0 , (4.73)

reproducing two of the zeros of the amplitude A
Tr(ϕ3)
5 . Note that like for the 5-point amplitude, the

parametric zeros of the 4-chain are also reached by setting all of the parameters inside a maximal

rectangle of the cosmological kinematic mesh to zero, shown in this example in the left of figure 4.14.

This is a generic feature – setting the parameters inside a maximal rectangle in the ray-like subregion

of the cosmological kinematic mesh for the n-chain enumerates all parametric zeros (4.30) for the

stripped wavefunction ψ̃n-chain, and these zeros correspond to a subset of the zeros of the (n+1)-point

amplitude A
Tr(ϕ3)
n+1 . Figure 4.14 (right) demonstrates this feature for n = 5.

To access the other zeros of A
Tr(ϕ3)
n+1 , one needs to go beyond the ray-like subregion of the cosmo-

logical kinematic mesh. As discussed earlier, this does not correspond to a simple change of kinematic

basis for the cosmological ABHY associahedron. The two factorization zeros for the 4-chain map to

two more zeros of the 5-point amplitude according to

S3 = S12 + S23 = 0 → c2,4 = c2,5 = 0 , (4.74)

S2 = S23 + S34 = 0 → c1,3 = c3,5 = 0 , (4.75)

while the sole wavefunction zero (4.14) gives the final zero of A
Tr(ϕ3)
5 :

S123 − S12 + S34 = S123 + S234 = 0 → c2,5 = c3,5 = 0 . (4.76)

Thus, we see that the zeros of the stripped wavefunction ψ̃4-chain associated to the single 4-chain

graph non-trivially map to all five zeros of the 5-point amplitude A
Tr(ϕ3)
5 , which is given by a sum

of contributions from 5 distinct graphs.

Again, this is a generic feature that extends to all n. In addition to the zeros, the near-zero

splitting associated to Tr(ϕ3) amplitudes is also reproduced by the stripped wavefunction: one

can readily check that the splitting associated to the near-zero loci of the stripped wavefunction,

described in section 4.2, reproduces the splitting property of the Tr(ϕ3) amplitudes given in (4.65).

The only subtlety in checking this is that for generic n-chains, the near-zero splitting proceeds

straightforwardly except for the fact that one needs to account for the ci,j variables that vanish at the

outset (4.70). These coincide with the non-simple vertices of the cosmological ABHY associahedron.

Given a maximal rectangle, one cannot turn these vanishing ci,j back on; however, the other non-

trivial ci,j variables can be turned on in the usual manner to observe the near-zero splitting described

above.

4.5 Discussion and outlook

In this paper, we have classified the linear zero conditions for the flat-space (stripped) wavefunction

coefficients (associated to a single Feynman graph G) into parametric, wavefunction and factorization
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zeros. The wavefunction zeros (section 4.2.1) are exclusive to graphs of chain topology and cause

both the wavefunction and its stripped counterpart to exhibit a universal splitting behavior on its

near-zero locus. The factorization zeros (section 4.2.2) rely on first factorizing an arbitrary graph

G solely into its constituent chain subgraphs and then localizing on to the wavefunction zeros of

all such chain subgraphs. Finally, the parametric zeros (section 4.2.3) of a graph G are seen to

arise as flattening limits of the associated cosmological graph associahedron ÃG – a non-simple

polytope obtained from a certain cosmological limit of the graph associahedron AG . While the

wavefunction and factorization zeros are not discoverable as flattening limits of ÃG , they still admit

geometric interpretations: new zero conditions on the coordinates are discovered by degenerating the

hyperplane arrangement so that the adjoint polynomial (numerator of the wavefunction) factors into

linear pieces. Finally, we see a surprising connection between the stripped wavefunction coefficients

of chain graphs to scattering amplitudes in Tr(ϕ3) theory. This connection remarkably allows us to

use the zeros for the wavefunction associated to a single graph to find the zeros of amplitudes in

Tr(ϕ3) theory, which involve a sum over many Feynman graphs.

We note that while we have focused on an uncolored scalar theory with a ϕ3 interaction, the

analysis of this paper generalizes to arbitrary polynomial ϕp interactions in a straightforward manner.

Indeed the zero loci of specific graphs remain unchanged upon changing the valence of the scalar

self-interaction. On the other hand, the definitions of the energy factors in terms of which these zero

loci are expressed will have to be changed accordingly.

While the central objects of interest in this paper have been the flat-space wavefunction coef-

ficients, it is important to note that they serve as universal integrands for their counterparts in a

generic power-law FRW spacetime with scale factor a(η) = η−1−ε and cubic interactions6

ψ
(ℓ)
n,FRW =

∫ ∞

0

(∏
v

dxv x
ε
v

)
ψ(ℓ)
n (xv +Xv, Ye) . (4.77)

Here, the site energies of the flat wavefunction (defined in (4.1)) are shifted by xv and then inte-

grated over the kernel xε1 · · ·xεn. Consequently, the zeros of the universal integrand ψ(ℓ)
n studied here

naturally carry over to wavefunction coefficients in power-law FRW cosmologies ψ
(ℓ)
n,FRW.

Also, while our analysis is centered around the flat-space wavefunction corresponding to a single

Feynman graph G, it would be natural to perform the same analysis of the zeros for the Tr(ϕ3)

cosmological wavefunction that involves a sum over Feynman diagrams [173]. Just as the parametric

zeros of G were discovered from flattening limits of the (non-simple) cosmological graph associahedron

as discussed in section 4.3, it would be interesting to study if the zeros for the Tr(ϕ3) wavefunction

arise from flattening the associated geometry – the cosmohedron [173].

In section 4.4, we discussed that the graph associahedra for n-chains are simply the classical asso-

ciahedra, which is of cluster type An−2, while the n-gons at 1-loop are of type Bn−1. Cluster string

integrals [180] exist for such associahedra, paving the way for stringy formulations of wavefunction

coefficients associated with single graphs in cosmology – an active area of ongoing research.

6The integration kernel depends on the valency of the interaction.
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From a more physical perspective, it is important to understand the physical origin of the zeros

for the cosmological wavefunction studied in this paper. Recasting the conditions of the n-chain

wavefunction zero (4.14) explicitly in terms of its energy variables

Xi = 0 for 3 ≤ i ≤ n− 2 , Y1 = −X1 − 2X2 , Yn−1 = −2Xn−1 −Xn , (4.78)

we observe that the associated kinematics exhibit multi-soft limits, i.e the energy of the external

leg at the i-th site vanishes: Xi = |⃗ki| = 0 for 3 ≤ i ≤ n − 2. It would be interesting to see if the

kinematics of such zeros could be exploited to better understand the soft behavior of the wavefunction

coefficients. Also at the level of flat-space amplitudes, the existence of hidden zeros are linked to the

color-kinematics duality and can be derived from the Bern-Carrasco-Johansson (BCJ) relations [160].

To that end, understanding the symmetry arguments behind the cosmological zeros is an important

direction we leave for future study.

Finally, it would also be interesting to see if the flat-space (stripped) wavefunction can be uniquely

fixed from its zeros, as was recently shown to be true for amplitudes in Tr(ϕ3) theory [162].



Chapter 5

On the Unitarity of Coon

Amplitude

This chapter is based on the work [181].

A four-point amplitude that: i) is crossing symmetric in s↔ t, ii) has polynomial residues, and

iii) is meromorphic (with simple poles only), was first introduced by Veneziano in 1968 [15]1:

AV (s, t) = −(s+ t)α0−1Γ(−α0 − s)Γ(−α0 − t)

Γ(−2α0 − s− t)
. (5.1)

Its worldsheet realization as a dual resonance model in an operator formalism was established later

[16, 17, 18]. Owing to an infinite product representation of the gamma function, the simple pole

structure of the Veneziano amplitude is made manifest by the expression:

AV (s, t) =
1

st

∞∏
n=1

1− s+t
n(

1− s
n

) (
1− t

n

) , (5.2)

which holds when α0 = 0.

A year later, an investigation into the uniqueness of the Veneziano amplitude led Coon to suggest

a more generic infinite product representation albeit with logarithmic Regge trajectories [19]2:

AC(s, t) = (q − 1) exp

(
log σ log τ

log q

) ∞∏
n=0

(
1− qn

στ

)
(1− qn+1)(

1− qn

σ

) (
1− qn

τ

) , (5.3)

where

σ = 1− (1− q)(α0 + s) , τ = 1− (1− q)(α0 + t) , (5.4)

1Here the parameter α0 = 0 for type-I superstrings and α0 = 1 for bosonic strings. In some papers on this subject,

α0 is used interchangeably with m2.
2It is worth noting that this representation of the amplitude was not first adopted in [19], but originally appeared

in later papers by the same author [182]. More recently, beginning with the work of [2], it has become conventional

to adopt this infinite product representation.
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and q ∈ [0, 1] is an arbitrary parameter3.

In this chapter we focus on the Coon amplitude, which smoothly interpolates between the

Veneziano amplitude as q → 1 and scalar field theory as q → 0:

AC(s, t)
q→0−→ 1

s+ α0
+

1

t+ α0
+ 1 . (5.5)

Following its inception, many aspects of the Coon amplitude have been studied in some detail,

including its n-point generalization [183], prescriptions for factorization [184, 185], a loop-order

extension [186], and its operator formulations [187, 188, 189, 190]4. However, the physical origin of

the Coon amplitude is not yet clear, and a worldsheet realization of the amplitude remains elusive

(see [193] for attempts in this direction by q-deforming the worldsheet conformal group). One of

its key physical features is the appearance of an infinite tower of massive states in the form an

accumulation point spectrum (similar to that in the hydrogen atom); such features have also been

observed in several recent studies in different physical scenarios [194, 195]. More recently, the authors

of [196] have attempted to reproduce such accumulation-like aspects of the Coon amplitude by virtue

of open string scattering on D-branes in an AdS background. Also, multi-parameter spaces of four-

point amplitudes satisfying the above constraints i)-iii) have been introduced in [21, 22] with further

modified spin-dependent Regge trajectories.

A necessary condition for the Coon amplitude to have physical relevance is that it must be

unitary. An early attempt to analyze unitarity was carried out in [20] where it was claimed that

the Coon amplitude is ghost-free. A more careful and detailed analysis on this issue was carried

out more recently in [2]. It was demonstrated by numerical methods that there exists a curve in

(q,D) space separating regions where the Coon amplitude does or does not satisfy unitarity in

D (spacetime) dimensions. They also analytically show the existence of a certain critical value

q = q∞(−α0) where the amplitude switches from being unitary in all dimensions to having a critical

dimension. However, an analytic analysis of the unitarity of the Coon amplitude for all (q,D) is

still an outstanding problem. In this chapter, we study the positivity of the Coon amplitude’s

partial wave expansion coefficients, in a spirit similar to the recent techniques developed for the

Veneziano amplitude in [1]. In doing so, we make small strides towards an analytic analysis of Coon

unitarity. We achieve this by utilizing several elements of q-calculus which have been well studied

in the literature [197, 198].

This chapter is organized as follows. In section 5.1, we derive a novel contour integral representa-

tion for the partial wave expansion coefficients B
(D)
n,j (q). In section 5.2 we analyze Regge trajectories

(leading and beyond), finding that the leading and sub-leading Regge trajectories are manifestly

unitary, while unitarity fails for a certain region in (q,D) space for the sub-sub-leading coefficient

B
(D)
3,0 (q). Finally, in section 5.3, we strive towards obtaining a double-contour integral representation

for the coefficients in the near Veneziano case (1 − q ≪ 1) and apply our formula to study their

3In principle, the deformation parameter q could be any real number, but it is easy to see that there is no chance

for the amplitude to be unitarity if q is outside [0, 1].
4We refer the interested reader to [191, 192] for an early review on the subject.
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asymptotic behavior. We conclude with a discussion of our results and possible future directions in

section 5.4.

5.1 A contour integral representation for partial wave coef-

ficients

In this section, we establish a contour integral representation for the partial wave expansion of Coon

amplitude. The analysis here closely follows a q-generalization of the derivation presented in section

3.1 of [1].

5.1.1 A contour representation

Our starting point is the representation of AC(s, t) in terms of the q-gamma function5:

AC(s, t) = qαq(s)αq(t)−αq(s)−αq(t)
Γq(−αq(s))Γq(−αq(t))

Γq(1− αq(s)− αq(t))
. (5.6)

This expression can also be recast as a q-beta function. Utilizing its integral representation (5.110)

(for more details, refer to Appendix 5.5.3) one can rewrite the amplitude as a “Koba-Nielsen” like

integral [191]:

AC(s, t) =
qαq(s)αq(t)−αq(s)−αq(t)

[−αq(s)]q

∫ 1

0

dqz z
−αq(s)(1− qz)−αq(t)−1

q . (5.7)

We note that the arguments that appear in the q-gamma functions of (5.6) are the non-linear q-

deformed Regge trajectories defined by

αq(s) ≡
lnσ

ln q
=

ln (1− s(1− q))

ln q
, (5.8)

in contrast to the linear Regge trajectories s = limq→1 αq(s) that appear in the Veneziano amplitude

(5.1).

From the integral representation (5.7), we can extract the residue polynomials on the massive

poles at s = [n]q

AC(s, t) → 1

s− [n]q
×RC

[n]q
(t) , (5.9)

where the q-integers [n]q are defined in (5.79). Then unitarity is equivalent to the condition that

each residue polynomial admits a partial wave expansion in terms of D-dimensional Gegenbauer

polynomials

RC
[n]q

(t) =
∑
j

B
(D)
n,j (q)G

(D)
j (t) , (5.10)

with all of the coefficient functions B
(D)
n,j (q) non-negative.

5Our normalization matches the one stated in recent literature [199].
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To determine RC
[n]q

(t), we note that the singularities in s all come from the region of integration

near z → 0. To that end, we Taylor expand the integrand around z = 0 using (1 − qz)
−αq(t)−1
q =∑∞

k=0 ak(q, t)z
k, which implies that the Coon amplitude can be written as

AC(s, t) =
qαq(s)αq(t)−αq(s)−αq(t)

[−αq(s)]q

∞∑
k=0

ak(q, t)
1

[k + 1− αq(s)]q
, (5.11)

where we have utilized the identity∫ 1

0

dqz z
−αq(s)+k =

1

[k + 1− αq(s)]q
. (5.12)

Evaluating the residue polynomial RC
[n]q

(t), we obtain

RC
[n]q

(t) = lim
s→[n]q

(s− [n]q)AC(s, t) =
1

[−n]q
qαq(t)(n−1)−n lim

s→[n]q

∞∑
k=0

ak
s− [n]q

[k + 1− αq(s)]q
, (5.13)

where we have used the fact that αq(s) = n in the limit s → [n]q. The only term that survives is

the one corresponding to k = n− 1, for which the residue polynomial reduces to

RC
[n]q

(t) =
qαq(t)(n−1)−n

[−n]q
lim

s→[n]q
an−1

s− [n]q
[n− αq(s)]q

. (5.14)

Manipulating the limit in the above expression and using the fact that

qαq(t)(n−1)−n = expαq(t)(n− 1) log q − n log q = (1 + (q − 1)t)n−1q−n , (5.15)

we obtain

RC
[n]q

(t) = an−1(q, t)
qn

[n]q
(1 + (q − 1)t)n−1 , (5.16)

where we have used the property [−n]q = q−n[n]q of q-integers. We can now obtain the Taylor series

coefficients an as a contour integral around z = 0 by Cauchy’s theorem

an(q, t) =

∮
z=0

dz

2πi

(1− qz)
−αq(t)−1
q

zn+1
, (5.17)

which finally gives us the expression for the residue polynomial RC
[n]q

(t) as a contour integral around

z = 0:

RC
[n]q

(t) = (1 + (q − 1)t)n−1 q
n

[n]q

∮
z=0

dz

2πi

(1− qz)
−αq(t)−1
q

zn
. (5.18)

Next, we would like to compute the partial wave coefficients by expanding RC
[n]q

(t) in terms

of the D-dimensional Gegenbauer polynomials6 G
(D)
j (x), where x = cos θ and is related to t as

6It might seem mathematically more natural to expand in the q-deformed Gegenbauer polynomials (also known as

Rogers polynomials) [200], but the physical interpretation of such an expansion would be unclear. Unitarity demands

that the coefficient of each Gegenbauer polynomial must be non-negative; it is not clear what this fact implies for the

coefficients of an expansion in q-deformed Gegenbauer polynomials. If a function admitting a non-negative expansion

in terms of Gegenbauer polynomials is said to satisfy unitarity, then perhaps a function admitting a non-negative

expansion in terms of q-deformed Gegenbauer polynomials should be said to satisfy q-nitarity.
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t = s(x−1)
2 =

[n]q(x−1)
2 on the resonance s = [n]q. We shall make use of the Rodrigues formula for

G
(D)
j (x):

G
(D)
j (x) = (−1)jαj,D(1− x2)−δ∂jx(1− x2)δ+j , (5.19)

where αj,D = (2δ + 1)j/(2
jj!(δ + 1)j) with δ = D−4

2 . Now, orthogonality allows us to expand any

smooth function F (x) in terms of these Gegenbauer polynomials as F (x) =
∑∞

j=0 FjG
(D)
j (x), where

Fj = nj,D

∫ 1

−1

dx(1− x2)δG
(D)
j (x)F (x) , nj,D = j!

22δ
(
j + δ + 1

2

) [
Γ
(
δ + 1

2

)]2
πΓ(j + 2δ + 1)

. (5.20)

Using the Rodrigues formula (5.19), one can integrate by parts j times to obtain for the coefficients

Fj =
∫ 1

−1
dx(1 − x2)δ+j∂jxF (x), where we have suppressed the overall positive factor nj,D. We can

apply this form to extract the coefficients in the Gegenbauer expansion of the residue polynomial

which can be written as (5.10). Integrating by parts leaves us with the Gegenbauer coefficients

B
(D)
n,j (q) expressed as

BD
n,j(q) = cDn,j(q)

∮
z=0

dz

zn
Hq(z) , (5.21)

where

cDn,j(q) = qn
2D−3

[n]D+j−2
q

(j + D−3
2 )Γ

(
D−3
2

)
√
πΓ(j + D−2

2 )
> 0 , (5.22)

is an overall, manifestly positive constant, and

Hq(z) =

∫ 0

−[n]q

dt(−t(t+ [n]q))
D−4

2 +j∂jt [(1− (1− q)t)n−1(1− qz)−αq(t)−1
q ] . (5.23)

We note that in the limit q → 1, the result (5.23) is in perfect agreement with the t-integral given

by (C.9) corresponding to the type-I superstring amplitude (a = 0) in [1]. Unfortunately, compared

to the analysis in that paper, for general q it appears difficult to further find representations that

diagonalize the action of the differential operator ∂jt on the q-function in (5.23). This is a roadblock

to further manipulating the t-integral to attain a double-contour representation along the lines of [1].

Instead, we now highlight the utility of (5.23) for recovering several existing results before moving

on to discuss novel applications in section 5.2.

5.1.2 The critical value q = 2/3

In this section we demonstrate that the coefficients BD
n,j(q) given in (5.21) are non-negative in

arbitrary dimension D for q ≤ 2/3, recovering a result of [2] in the α0 → 0 limit.

Starting from (5.21) and (5.23) and applying the residue theorem we have

BD
n,j(q) = cDn,j(q)

1

[n− 1]q!
D(n−1)

q Hq(0) , (5.24)

where

1

[n− 1]q!
D(n−1)

q Hq(0) =
(−1)n−1q

n(n−1)
2

[n− 1]q!

∫ 0

−[n]q

dt(−t(t+ [n]q))
D−4

2 ∂jt

n−1∏
k=1

(
1− q−k

1− q
− t

)
,
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where D
(n−1)
q denotes the Jackson q-derivative operated (n−1)-times with respect to z and we have

made use of the identity (5.96). Now making the substitution t → −[n]qt and manipulating the

finite product in the integrand yields the following result

1

[n− 1]q!
D(n−1)

q Hq(0)

=
(−1)n−1+jq

n(n−1)
2

[n]q!
[n]n+D+j−3

q

∫ 1

0

dt(t(1− t))
D−4

2 +j∂jt

n−1∏
k=1

(
−q

−k − 1

1− qn
+ t

)
,

and therefore for the coefficients, one arrives at

BD
n,j(q) =

2D−3(−1)j√
π

(
D−3
2 + j

)
Γ
(
D−3
2

)
Γ
(
D−2
2 + j

) q
n(n+1)

2 [n]n−1
q

[n]q!

∫ 1

0

dt(t(1−t))D
2 −2+j∂jt

n−1∏
k=1

(
q−k − 1

1− qn
− t

)
.

(5.25)

Finally we consider the substitution t = 1−x
2 , and the integral looks as follows7

BD
n,j(q) ∝

∫ 1

−1

dx(1− x2)
D
2 −2+j∂jx

n−1∏
k=1

(
2q−k − 3 + qn

1− qn
+ x

)
. (5.26)

The above integral is manifestly positive if all roots of the polynomial in the product are negative.

This is the case if 2q−k − 3+ qn ≥ 0 so if the minimum value of the LHS satisfies this then it will be

positive for all k. So we take k = 1 which implies 2q−1 − 3 + qn ≥ 0, but since this is a decreasing

function of n it is minimised as n→ ∞ and we get

2q−1 − 3 ≥ 0 =⇒ qcrit =
2

3
. (5.27)

Therefore, we conclude that the Coon amplitude is manifestly unitary for q ≤ 2/3 for any spacetime

dimensions D, in agreement with the results of [2].

5.1.3 Some coefficients at small n and j

Using the finite product formula (5.26), we list in table 5.1 some of the low-lying partial wave

coefficients for the Coon amplitude; for comparison, we list the corresponding coefficients for the

Veneziano amplitude in table 5.2.

In table 5.1 we have defined:

bD3,0(q) =
q3
[
4(D − 1) + 2q(D − 1)− 6q2(D − 1)− q3(5D − 6)− 2q4(D − 2) + 3Dq5 + 2Dq6 +Dq7

]
4(D − 1)(1 + q)(1 + q + q2)

,

(5.28)

7Up to a positive constant of proportionality that depends on q, n and D.
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j = 0 j = 1 j = 2 j = 3
n = 1 q

n = 2 q2(1−q)(2+q)
2(1+q)

q3

2(D−3)

n = 3 bD3,0(q)
q4(1−q)(1+3q+2q2+q3)

2(D−3)(1+q)
q6(1+q+q2)

2(D−1)(D−3)(1+q)

n = 4 (1− q)bD4,0(q) bD4,1(q) (1− q)bD4,2(q)
3q10(1+q)(1+q2)2

4(D−3)(D2−1)(1+q+q2)

Table 5.1: Values of BD
n,j(q) for Coon amplitude for low lying (n, j). All the leading and sub-leading

Regge coefficients are manifestly positive for D ≥ 4. Expressions for the coefficients bD3,0, b
D
4,0, b

D
4,1

and bD4,2 are too long to fit inside the table and are given in equations (5.28-5.31).

j = 0 j = 1 j = 2 j = 3
n = 1 1
n = 2 0 1

2(D−3)

n = 3 10−D
24(D−1) 0 3

4(D−1)(D−3)

n = 4 0 11−D
12(D+1)(D−3) 0 2

(D2−1)(D−3)

Table 5.2: Values of BD
n,j for the Veneziano amplitude for low lying (n, j). These results were listed

for example in [1].

bD4,0(q) =
q4

8(D − 1)(1 + q2)(1 + q + q2)

[
8(D − 1) + 4(D − 1)q + 4(D − 1)q2

+ 2(8− 7D)q3 + 2(10− 7D)q4 + 16(2−D)q5 − 3(3D − 10)q6 + 4(7 +D)q7

+ (22 + 5D)q8 + 8(2 +D)q9 + 5(2 +D)q10 + 2(2 +D)q11 + (2 +D)q12
]
, (5.29)

bD4,1(q) =
q5

8(D − 3)(1 +D)(1 + q + q2)(1 + q + q2 + q3)

[
4(1 +D) + 12(1 +D)q + 12(1 +D)q2

− 24(1 +D)q4 − 3(6 + 7D)q5 − 2(4 + 7D)q6 − 3(D − 2)q7 + 12(2 +D)q8 + 9(2 +D)q9

+ 6(2 +D)q10 + 3(2 +D)q11
]
, (5.30)

bD4,2(q) =
q7(1 + q2)(2 + 6q + 12q2 + 9q3 + 6q4 + 3q5)

4(D − 3)(D − 1)(1 + q + q2)
. (5.31)

The coefficients derived in the tables above are found to be in agreement with certain recent results

in the literature:

• The values of BD
n,j(q) listed in table 5.1 are in agreement with the results of [199], where the

authors computed the closed-form expressions for the Coon amplitude partial-wave coefficients

up to n = 3.

• An explicit formula for the coefficient BD
n,j(q), in fact for a four-parameter generalization of

the Coon amplitude, was written as a nested four-fold sum in (67) of [21].

• Moreover, it is easy to check that in the q → 1 limit, table 5.1 reduces to the coefficients BD
n,j

for the Veneziano amplitude listed in table 5.2. These were first derived in [1] for arbitrary

spacetime dimensions D and in [201] for the limiting case of D = 4.
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Further, we notice manifest positivity of the leading and sub-leading Regge coefficients i.e., BD
n,n−1

and BD
n,n−2 for n ∈ {1, 2, 3, 4} in arbitrary D. We demonstrate the latter fact for any general n in

section 5.2.1 and then later around q = 1 for any j in the large n limit in section 5.3.2.

5.2 Regge Trajectories

In this section, we analyze the positivity of partial wave coefficients on Regge trajectories, where

j = n − k for some fixed k. The leading Regge trajectory has j = n − 1, which is the highest spin

for a given level n. We find that the leading and first sub-leading Regge coefficients are manifestly

positive in all dimensions, but that unitarity breaks down in certain regions of (q,D) parameter

space starting with the sub-sub-leading Regge coefficients BD
n,n−3(q).

5.2.1 Leading and sub-leading Regge coefficients

We first determine the partial wave coefficientsBD
n,n−1(q) of the Coon amplitude on the leading Regge

trajectory. As before, our starting point is the contour expression for the partial wave coefficients

(5.21) with (n, j) = (n, n− 1):

BD
n,n−1(q) = cDn,n−1(q)

D
(n−1)
q Hq(0)

[n− 1]q!
. (5.32)

Now, performing the Jackson q-derivative (n − 1)-times on (5.23) (with j = n − 1) in the usual

manner, we obtain for this derivative

D
(n−1)
q Hq(0)

[n− 1]q!
=
q

n(n−1)
2 (n− 1)!

[n− 1]q!

∫ 0

−[n]q

dt(−t(t+ [n]q))
D−6

2 +n

=
q

n(n−1)
2 (n− 1)!

[n]q!
[n]D−4+2n

q

Γ
(
D
2 − 2 + n

)2
Γ(D − 4 + 2n)

, (5.33)

where in reaching the final equality we have made a change of variable t′ = − t
[n]q

, and then evaluated

the t-integral. Plugging in the value for the prefactor cDn,n−1(q) leads us to the final expression for

the leading Regge trajectory coefficient BD
n,n−1(q) which reads as

BD
n,n−1(q) = 22−2nq

n(n+1)
2

(n− 1)![n]n−1
q

[n]q!

Γ
(
D−3
2

)
Γ
(
D−5
2 + n

) > 0 . (5.34)

We see that the above expression is clearly manifestly positive in arbitrary spacetime dimensions D.

The above result is in agreement with the following special cases that have been recently derived in

the literature:

• The leading Regge coefficient for the Coon amplitude (5.34) coincides with that of the Veneziano

case as derived in [1]. To see this, we take the q → 1 limit of (5.34) and see that this agrees

with eq. (4.38) in that reference with ∆ = 1.
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• The formula above also coincides with the recently derived partial wave coefficients in [202]

for the Coon amplitude in D = 4. To make contact with their result, we set n→ n+1 for the

relevant terms (as jmax = n for the open, bosonic string which is the case considered in [202])

and take the D → 4 limit of (5.34). To that end, we obtain

lim
D→4

BD
n,n(q) =

√
π

22n
q

n(n+1)
2

n!

Γ
(
n+ 1

2

) [n]n−1
q

[n− 1]q!
. (5.35)

Expressing the q-factorials as an infinite product and rearranging the terms in (5.35), we see

that it exactly coincides with the expression in [202] with α0 = 0.

• In the further special case of the Veneziano amplitude in D = 4, the result (5.34) in the

D = 4, q → 1 limit coincides with the expression derived in [201].

We now move on to the sub-leading Regge trajectory where we can follow a similar prescription

to determine the coefficient BD
n,n−2(q). Setting j = n− 2 in (5.21) and acting with the q-derivatives

gives

BD
n,n−2 = −cDn,n−2

q
n(n−1)

2 (n− 2)!

[n]q!

∫ 0

−[n]q

dt(−t(t+ [n]q))
D
2 +n−4

n−1∑
k=1

(
1− q−k

1− q
− t

)
. (5.36)

Considering a similar change of variables as before where t′ = − t
[n]q

and computing the sum using∑n−1
k=1

(
q−k−1
1−qn − t

)
= q−n+1

1−qn − n
1−qn −(n−1)t leaves us with the t-integral to evaluate. Evaluating this

t-integral and inserting the expressions for the prefactor cDn,n−2(q) from (5.22), one finally obtains

for the sub-leading Regge trajectory coefficient BD
n,n−1(q) to be:

BD
n,n−2(q) = 23−2nq

n(n−1)
2 (1− q)

[n]n−2
q (n− 2)!

[n]q!

Γ
(
D−3
2

)
Γ
(
D−7
2 + n

) × f(n, q) , (5.37)

where the polynomial f(n, q) is defined as

f(n, q) =
2q + (n− 1)(1− q)q2n + qn(1− 3n(1− q)− 3q)

(1− q)3
. (5.38)

Although this form is clearly not manifestly positive, it can be written as

f(n, q) =

n−2∑
k=1

(k + 1)kqk +

n∑
k=1

k(n− 1)q2n−k−1 > 0 , (5.39)

which is manifestly positive, thereby proving that the sub-leading Regge coefficients BD
n,n−2 are

positive for all n, q and D. We can easily see that the above expression (5.37) for the sub-leading

Regge coefficient of the Coon amplitude approaches zero in the q → 1 limit:

lim
q→1

BD
n,n−2 = 0 , (5.40)

which is the expected result for the Veneziano amplitude for the case when n+ j ∈ 2Z as shown in

[1, 201].
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5.2.2 Sub-sub-leading Regge trajectory

We now move on to analyze the sub-sub-leading Regge coefficient BD
n,n−3(q). Starting again from

(5.21, 5.23) and following a similar prescription as in the previous sub-section, we have:

BD
n,n−3(q) = q

n(n+1)
2 2D−3 (n+ D−9

2 )Γ
(
D−3
2

)
√
πΓ(n+ D−8

2 )

(n− 3)!

[n]q!
[n]n−1

q

×
∫ 1

0

dt(t(1− t))
D−10

2 +n
n−1∑
j=1

n−1∑
k=j+1

(
q−j − 1

1− qn
− t

)(
q−k − 1

1− qn
− t

)
. (5.41)

Performing the double sum gives us the following rather complicated expression

BD
n,n−3(q) = 24−2nq

1
2n(n−3)[n]n−1

q

(n− 3)!

[n]q!

Γ
(
D−3
2

)
Γ
(
n+ D−9

2

)[q2n(n− 2)(n− 1)(D + 2n− 6)

2(2n+D − 7)

+
4q3

(1− q)2(1 + q)
+

2n(n− 1)q2n

(1− qn)2
+
q2n(4q − 2n(2− n(1− q))(1 + q))

(1− q2)(1− qn)

− 2q1+n(3n(1 + q)− 2(2 + q))

1− q2

]
. (5.42)

One can easily verify that in taking the q → 1 limit, one arrives at the following result

BD
n,n−3(q)

q→1−→ 25−2nnn−3(7−D + n)(D − 9 + 2n)Γ
(
D−3
2

)
48Γ

(
D−5
2 + n

) , (5.43)

and then using the Legendre duplication formula:

Γ
(z
2

)
Γ

(
z + 1

2

)
= 21−z

√
πΓ (z) , ∀z ∈ C/Z≤0 (5.44)

one obtains the result derived in [1] for the type-I superstring amplitude for ∆ = 3.

Like the sub-leading Regge coefficients, the sub-sub-leading case (5.42) is not manifestly positive

for general q. Moreover, on plotting the first few low-level coefficients (see figure 5.1) we see that

for certain values of q and D, the coefficient for the n = 3 level starts becoming negative (indicated

in the figure by the red patch). We note from figure 5.1 that the coefficient BD
3,0(q) vanishes as

q → 1, D → 10 which is the behavior one would expect for the Veneziano amplitude coefficient

BD
3,0 = 10−D

24(D−1) (from table 5.2). Similarly for the n = 4 coefficient, we continue to see a small

red patch around q = 1 and D = 10 (albeit smaller), but the patch completely disappears for the

n = 5 coefficient (see figure 5.2). We will show in section 5.3 that all Regge coefficients of the Coon

amplitude for large values of n are manifestly positive in a neighborhood of q = 1.

5.2.3 Leading versus sub-leading Regge behaviour as n → ∞
We now compare the leading, sub-leading, and sub-sub-leading Regge coefficients that we calculated

in the last two sections for various values of level n. In figure 5.3 we compare these coefficients for

the first 25 levels for various values of q in D = 10. We can see that unless q is very close to 1,

the sub-leading coefficients always dominate over the leading ones. This is clearly the case with the
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(a) The coefficient BD
3,0(q) (b) The coefficient BD

4,1(q)

Figure 5.1: The green region indicates positivity while the red region shows where the indicated
partial wave coefficients become negative. We also note from the plot that the coefficient BD

3,0 → 0

as q → 1, D → 10 which is consistent with the expression BD
3,0 obtained in [1]. On the right,

we continue to see the negative patch (although smaller) in the plot (b) very close to the critical
dimension D = 10 of the Veneziano amplitude (q → 1).

first three sub-plots in figure 5.3. Therefore, away from the Veneziano case, our numerical results

support the hypothesis that BD
n,n−∆1

> BD
n,n−∆2

for ∆1 > ∆2 as n→ ∞. Thus the positivity of the

leading Regge trajectory is sufficient to conclude that all Regge trajectories are positive-definite in

the asymptotic limit. In fact, one can easily verify numerically that this true ∀ D ≥ 4. However,

as one reaches closer to the Veneziano case (the last subplot in the figure) this pattern breaks down

and one needs to go to larger and larger values of n to recover this trend. In such a case, the pattern

depends greatly on the order of limits and there may be some doubt about whether positivity indeed

holds on all Regge trajectories as n→ ∞. In order to close this gap, we turn our attention in the next

section to an analysis of the q ≈ 1 region of parameter space, showing that the Regge coefficients

are indeed positive for any D as n→ ∞.

5.3 Coon amplitude around q = 1

So far, our single-contour expression (5.21) for the partial wave coefficients BD
n,j(q) of the Coon

amplitude has found applications in evaluating certain low-lying coefficients and obtaining analytic,

manifestly positive expressions for the leading and sub-leading Regge trajectories. It has also helped

us obtain a closed-form expression for the sub-sub-leading Regge trajectory which showed us the first

signs of the breakdown of positivity. To gain further understanding of the Gegenbauer coefficients,

we must strive towards obtaining a double-contour integral representation for them, in a spirit close

to the analysis in [1] for the Veneziano amplitude. In moving towards a double-contour integral

representation for the Coon amplitude coefficients, we encounter difficulties mainly arising from

technical obscurities in dealing with q-deformed quantities in the integrand. While a double-contour

integral representation eludes us, we attempt to consider small deviations around the Veneziano

amplitude by Taylor expanding our single-contour expression (5.21) around q = 1, up to the first
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(a) The coefficient BD
5,2(q) (b) Non-unitary regions for BD

n,n−3(q)

Figure 5.2: On moving to the next sub-sub-leading Regge coefficient BD
5,2(q) in the plot (a), we see

that the negative patch disappears and the surface becomes positive for all values of q ∈ [0, 1] and
D ∈ [4, 10]. The region plot (b) shows more clearly the negative patches for BD

n,n−3(q) in (q,D)
parameter space. The tip of the non-unitary region lies at q = 0.9289 . . ., D = 8.2672 . . .; the exact
numbers are roots of sixth order polynomial equations following from (5.42) with n = 3.

order. As we shall see in this section, this would help us obtain a O(1 − q) correction to the

double-contour integral representation of the Veneziano coefficients [1]. The upshot is that we get a

crude understanding of the structures one would naively expect in a generic double-contour integral

representation for the Coon amplitude (in a higher-order expansion). Our O(1− q) double-contour

expression will also help us understand applications related to the asymptotics of these coefficients

which we show to be manifestly positive, thus validating our discussion at the end of section 5.2.3

on analytic grounds.

5.3.1 Towards a double-contour representation

To help us obtain a O(1−q) double-contour correction to the Veneziano amplitude (q = 1), we start

by considering small deviations around q = 1. To that end, we perform a Taylor expansion of our

single-contour expression (5.21) around q = 1 up to the first order. We refer the reader to Appendix

5.6 for the Taylor expansion of the various q-deformed quantities that appear in the integrand of

(5.21). We achieve this by dividing the integrand into two parts: i) the first order expansion of the

portion inside the derivative of (5.23) is shown explicitly in (5.117), ii) while the expansion of the

remaining part of the integrand along with measure has been dealt with in (5.113). We can try to

condense these integrals by introducing the H-integral along the lines of [1] as follows8:

H
(r,s)
n,j (t′) =

∫ t′

dt
(−t)D−4

2 +j+r(t+ n)
D−4

2 +j+s

(1− z)t+1
, r, s ∈ Z . (5.45)

8We note that our definition of theH-integral slightly differs from [1] by an extra factor of (1−z) in the denominator

and the inclusion of the integer parameters r, s.
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(a) (b)

(c) (d)

Figure 5.3: Coefficients of leading, sub-leading and sub-sub-leading Regge trajectories for various
values of q for α0 = 0. From plot (a), (b) and (c) it is clear that B10

n,n−3 > B10
n,n−2 > B10

n,n−1 ∀n.
However, for plot (d) this is only true for larger values of n.

We leave the exact details of manipulating theseH-integrals (where one can express its integrand as a

total derivative) to Appendix 5.6. However, to perform an expansion of the Gegenbauer coefficients

(5.21), we must find an appropriate contour expression around z = 0. To that end, we define a

generalized basis of integrals which we term as the H-integrals:

H(a,b,c,r,s)
n,j (t′) :=

∮
dz

2πi

1

zn+a

1

(1− z)b
(− log(1− z))j+cH

(r,s)
n,j (t′) , (5.46)

where a ∈ Z≤0 and b, c, r, s ∈ Z parameterize the above set of integrals. We observe that these

integrals satisfy the following property

H(a,b,c,r,s)
n,j (−n) = (−1)n+j+a+c

∮
dz

zn+a
(1− z)a+b(− log(1− z))j+cH

(s,r)
n,j (0)

= (−1)n+j+a+cH(a,−a−b,c,s,r)
n,j (0) , (5.47)

with the details of the derivation presented in Appendix 5.6. Making use of the above identity

and performing certain algebraic manipulations (for the explicit details we refer the reader again to

Appendix 5.6), we finally obtain a double-contour integral representation for theH-integral expressed
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as9

H(a,b,c,r,s)
n,j (0) = (−1)r+sΓ

(
j + r +

D − 2

2

)
Γ

(
j + s+

D − 2

2

)
×
∮
u=0

du

2πi

∮
v=0

dv

2πi

(v − u)j+ce−bue(a+b)v

(uv)
D−2

2 +jurvs(ev − eu)n+a
. (5.48)

We now wish to express our first-order expansions of the two terms in the integrand, namely (5.113)

and (5.117), in terms of the above-introduced basis integrals H(a,b,c,r,s)
n,j (0). The contour integral of

(5.113) is rewritten in the above basis as∮
z=0

dz

2πi

1

zn
(5.113) = (1− (−1)n+j)H(0,0,0,0,0)

n,j

− (1− q)

{
n− 1

2

(
D − 2

2
+ j

)
(1− (−1)n+j)H(0,0,0,0,0)

n,j

+
n− 1

2

[
H(0,0,1,1,0)

n,j + (−1)n+jH(0,0,1,0,1)
n,j

]
+

(
D − 4

2
+ j

)
n(n− 1)

2

[
H(0,0,0,0,−1)

n,j − (−1)n+jH(0,0,0,−1,0)
n,j

]
+
n− 1

2

(
D − 4

2
+ j

)[
H(0,0,0,1,−1)

n,j − (−1)n+jH(0,0,0,1,−1)
n,j

]}
, (5.49)

where we have made use of the identity (5.47) to rewrite H(0,0,0,0,0)
n,j (−n) in terms of the basis

integrals. Similarly, we have for the contour integral of (5.117) around z = 0:∮
z=0

dz

2πi

1

zn
(5.117) = (1− (−1)n+j)H(0,0,0,0,0)

n,j − (1− q)

{(
nj − j(j + 1)

2

)
H(0,0,−1,0,0)

n,j (1 + (−1)n+j)

− 1

2

[
H(−1,1,0,2,0)

n,j + (−1)n+jH(−1,0,0,0,2)
n,j +H(0,0,1,2,0)

n,j + (−1)n+jH(0,0,1,0,2)
n,j

]
+ j

[
H(−1,1,−1,1,0)

n,j − (−1)n+jH(−1,0,−1,0,1)
n,j +H(0,0,0,1,0)

n,j − (−1)n+jH(0,0,0,0,1)
n,j

]
− j(j − 1)

2

[
H(−1,1,−2,0,0)

n,j + (−1)n+jH(−1,0,−2,0,0)
n,j

]}
, (5.50)

where we note that all the master H-integrals in the above two equations are evaluated at z = 0,

i.e., H(a,b,c,r,s)
n,j (0). We see that the first terms in both (5.49) and (5.50) coincide with that obtained

for the Veneziano amplitude in [1]. The remaining terms arise from considering O(1−q) corrections.
Now, an expression that shows up quite often in relations (5.49) and (5.50) is of the form

H(a,b,c,r,s)
n,j − (−1)n+j+a+cH(a,−a−b,c,s,r)

n,j , which we can further simplify by combining the two terms

into one expression. First, we consider an interchange in u↔ v, r ↔ s and b→ −a− b in (5.48), by

virtue of which we arrive at the following

H(a,−a−b,c,s,r)
n,j (0) = (−1)r+s+n+j+a+cΓ

(
j + r +

D − 2

2

)
Γ

(
j + s+

D − 2

2

)
×
∮
v=0

dv

2πi

∮
u=0

du

2πi

(v − u)j+ce−bue(a+b)v

(uv)
D−2

2 +jurvs(ev − eu)n+a
. (5.51)

9In [1], the coefficient Bopen
n,j is proportional to the integral H(0,0,0,0,0)

n,j (0) which exactly matches with their result

(C.17).
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But, we then notice that

H(a,b,c,r,s)
n,j −(−1)n+j+a+cH(a,−a−b,c,s,r)

n,j

=(−1)r+sΓ

(
j + r +

D − 2

2

)
Γ

(
j + s+

D − 2

2

)
×
(∮

u=0

du

2πi

∮
v=0

dv

2πi
−
∮
v=0

dv

2πi

∮
u=0

du

2πi

)
(v − u)j+ce−bue(a+b)v

(uv)
D−2

2 +jurvs(ev − eu)n+a

=(−1)r+s+1Γ

(
j + r +

D − 2

2

)
Γ

(
j + s+

D − 2

2

)
×
∮
u=0

du

2πi

∮
v=u

dv

2πi

(v − u)j+ce−bue(a+b)v

(uv)
D−2

2 +jurvs(ev − eu)n+a
, (5.52)

where we made use of the identity familiar to us from two-dimensional CFT for contour integrals

(for example, refer to section 6.1.2 of [203])∮
v=0

dv

2πi

∮
u=0

du

2πi
−
∮
u=0

du

2πi

∮
v=0

dv

2πi
=

∮
u=0

du

2πi

∮
v=u

dv

2πi
. (5.53)

Observing the above identities, we immediately see that the number of terms in (5.49, 5.50) can be

exactly reduced to half if we make the following choice for our basis integrals:

I(a,b,c,r,s)
n,j (0) = (−1)r+s+1Γ

(
j + r +

D − 2

2

)
Γ

(
j + s+

D − 2

2

)
×
∮
u=0

du

2πi

∮
v=u

dv

2πi

(v − u)j+ce−bue(a+b)v

(uv)
D−2

2 +jurvs(ev − eu)n+a
. (5.54)

we therefore classify the I-integrals (5.54) as our new basis integrals. Finally rewriting (5.49) and

(5.50) in terms of our new basis of I-integrals (5.54) and combining it with the Taylor expansion of

the coefficients, we arrive at the following more compact expression

BD
n,j(q) = cDn,j

{
I(0,0,0,0,0)
n,j + (1− q)

[(
D − 2

4
(n− 1)− n

)
I(0,0,0,0,0)
n,j

− n− 1

2
I(0,0,1,1,0)
n,j −

(
D − 4

2
+ j

)
n(n− 1)

2
I(0,0,0,0,−1)
n,j

− n− 1

2

(
D − 4

2
+ j

)
I(0,0,0,1,−1)
n,j −

(
nj − j(j + 1)

2

)
I(0,0,−1,0,0)
n,j

+
1

2

(
I(−1,1,0,2,0)
n,j + I(0,0,1,2,0)

n,j

)
− j

(
I(−1,1,−1,1,0)
n,j + I(0,0,0,1,0)

n,j

)
+
j(j − 1)

2
I(−1,1,−2,0,0)
n,j

]}
. (5.55)

Rewriting the above explicitly in terms of the double contour integral representation (5.54), we get

BD
n,j(q) = −cDn,j(0)Γ

(
j +

D − 2

2

)2 ∮
u=0

du

2πi

∮
v=u

dv

2πi

(v − u)j−2

(uv)
D−2

2 +j(ev − eu)n
FD

n,j(u, v; q) , (5.56)



146

where the function FD
n,j(u, v; q) is given by the relation

FD
n,j(u, v; q) = (v − u)2 + (1− q)

[((
D − 2

4

)
(n− 1)− n

)
(v − u)2

+
n− 1

2

(
j +

D − 2

2

)
(v − u)3

u
+

(
j +

D − 4

2

)
n(n− 1)

2
v

− n− 1

2

(v − u)2v

u
−
(
nj − j(j + 1)

2

)
(v − u)

+
1

2u2

(
j +

D

2

)(
j +

D − 2

2

)[
(v − u)3 + (v − u)2(ev−u − 1)

]
+

1

u
j

(
j +

D − 2

2

)[
(ev−u − 1)(v − u) + 1

]
+
j(j − 1)

2
(ev−u − 1)

]
+O(1− q)2 ,

(5.57)

where as before, the first term in (5.57) coincides with that obtained for the Veneziano amplitude

in [1] while the remaining terms arise from considering O(1− q) corrections.

5.3.2 Applications

Equipped with the first order (1 − q) correction to the double-contour integral representation for

the Veneziano amplitude [1], we see glimpses of the structures one can expect as one flows away

from q = 1 from the relations (5.56, 5.57). While this double-contour correction has little use in

studying manifest unitarity around q = 110, we put this relation to use by studying the asymptotics

of the Gegenbauer coefficients in two regimes: i) for fixed spin j, and ii) for fixed ∆ = n− j (Regge

trajectories).

Fixed j asymptotics

We use our first order q-extension to the double contour integral representation for studying asymp-

totics (i.e., the large n limit) at fixed spin j. We start by writing the H-integrals

H(a,b,c,r,s)
n,j (0) ∝

∮
u=0

du

2πi

∮
v=0

dv

2πi

(v − u)j+ce−bue(a+b)v

(uv)
D−2

2 +jurvs(ev − eu)n+a
, (5.58)

and simply change variables to

u = log(1− x) , v = log(1− y) , (5.59)

to obtain the integral

H(a,b,c,r,s)
n,j (0) ∝

∮
x=0

dx

2πi

∮
y=0

dy

2πi

1

(1− x)1+b(1− y)1−a−b log(1− x)
D−2

2 −c+r log(1− y)
D−2

2 −c+s

× 1

(x− y)n−j−c+a

(
1

log(1−x) − 1
log(1−y)

x− y

)j+c

. (5.60)

10In fact we observe that studying positivity on a term-by-term basis leads us to conclude that the first order

correction is not manifestly positive in any dimension D. This only concludes that not all terms in the Taylor

expansion of FD
n,j are manifestly positive, but that does not rule out the possibility for the function itself to be

positive for all q ∈ [0, 1] once the entire series is summed over.
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Each of the three factors in the above integrand is a function with strictly positive Taylor coefficients

when expanded first around y = 0 followed by x = 0. Such a function is termed as a positive function.

As a result, the coefficients picked out by the residue integral will be positive as well. We manipulate

each of the factors in the above integrand one-by-one. The positivity of the first factor is positive

based on the arguments presented in Appendix A of [1]. Specifically, in the factor

log(1− y)1−
D
2 +c−s = (−y)1−D

2 +c−s ×
∞∑

m=0

cmy
m ≈ (−y)1−D

2 +c−s , (5.61)

we note that only the leading term contributes in the n→ ∞ limit. For the binomial expansion11

(x− y)−n+j+c−a =

∞∑
m=0

(
n+ a− j − c+m− 1

m

)
x−n−a+j+c−mym

≈
(
2n+ 2a− 2j − 2c− 2

n+ a− j − c− 1

)
x−2n−2a+2j+2c+1yn+a−j−c−1 , (5.62)

where we have used the fact that the maximum binomial coefficient
(
n
m

)
is obtained for m = ⌊n

2 ⌋
and contributes solely to the sum in the large n limit. The third factor in the integrand admits an

expansion whose coefficients are all positive:(
1

log(1−x) − 1
log(1−y)

x− y

)j+c

=
1

(xy)j+c
+

∞∑
m=0

cm

m−1∑
k=0

xm−1−kyk ≈ 1

(xy)j+c
, (5.63)

where only the first term survives in the asymptotic regime. Using the above results and performing

the y-integral where we pick up the residue at y = 012, we get

H(a,b,c,r,s)
n,j ∼ nj+s+D−4

2(
j + s+ D−4

2

)
!

∮
x=0

dx

2πi

x−n−a−j−s−D−4
2

(1− x)1+b(− log(1− x))
D−2

2 +r−c
. (5.64)

where we have used Stirling’s approximation on the factorials n! ∼
√
2πn

(
n
e

)n
. We first deform the

above contour that runs around 0 to the Hankel contour C that runs from below around the branch

cut (see Figure VI.2 in [204] for exact details) and then perform a change of variables x = 1 + t
n to

obtain

H(a,b,c,r,s)
n,j ∼ nj+s+D−4

2(
j + s+ D−4

2

)
!

∮
t=0

dt

2πi

1

n

(
1 + t

n

)−n−a−j−s−D−4
2(

− t
n

)1+b (− log
(
− t

n

))D−2
2 +r−c

=
(−1)1+bnj+s+D−4

2 +b(
j + s+ D−4

2

)
!(log n)

D−2
2 +r−c

∮
t=0

dt

2πi

(
1 + t

n

)−n−a−j−s−D−4
2

t1+b
(
1− log(−t)

log(n)

)D−2
2 +r−c

. (5.65)

11We note that the binomial coefficient in (5.62) is always positive for the H-integrals contributing at O(1− q). At

subsequent higher orders, this term would have to be dealt with differently.
12When computing the residue in y, the greatest contribution comes from the highest possible power from (5.62) as

the binomial coefficients grow rapidly with n. For the other two factors (5.61, 5.63), we simply pick up their leading

coefficients in the n→ ∞ limit.
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The above integrand converges uniformly for any bounded domain on the t-plane and hence we

replace it with its value at large n which leads us to

H(a,b,c,r,s)
n,j ∼ (−1)1+bnj+s+D−4

2 +b(
j + s+ D−4

2

)
!(log n)

D−2
2 +r−c

∮
t=0

dt

2πi

e−t

t1+b
. (5.66)

Performing the final contour integral and restoring the proportionality factors we omitted in writing

(5.58), we finally find the asymptotics for the H-integrals in the n→ ∞ regime to be

H(a,b,c,r,s)
n,j

n→∞∼ nj+s+b+D−4
2

(
j + r + D−4

2

)
!

(log n)
D−2

2 +r−c
. (5.67)

On plugging the above result into (5.49, 5.50) and keeping only those terms that have the fastest

n-growth (i.e., those terms with the largest power of n), we have for the actual residue (including

the factors contributing from the coefficient cDn,j):

BD
n,j(q)

n→∞∼2D−3

√
π

(
j +

D − 3

2

)
Γ

(
D − 3

2

)
1

nD/2(log(n))
D−2

2

×
[
(1− (−1)n+j) + (1− q)(−1)n+j n

2 log(n)

2
+O

[
(1− q)2;n2

]]
. (5.68)

We make a couple of interesting observations for the fixed j asymptotics described by the above

relation:

• We note that (5.68) is consistent with the formula (4.17) derived in [1]. For n + j ∈ 2Z , the

leading order contribution vanishes as expected and we have the first-order contribution to the

asymptotics whose values are positive:

BD
n,j(q)

n→∞∼ (1− q)
2D−4

√
π

(
j +

D − 3

2

)
Γ

(
D − 3

2

)
1

(n log(n))
D−4

2

> 0 . (5.69)

For n+ j ∈ 2Z+1 , both terms in (5.68) contribute with the first-order term giving a negative

contribution.

• We note from (5.68) that the first-order contribution grows faster in comparison to the leading

order term at a rate ∼ n2 log(n).

Regge asymptotics

For studying the second type of asymptotics, namely the Regge behavior, we keep ∆ = n− j fixed

and take n→ ∞. We begin by first writing our basis integrals (5.54) in a form similar to the one in

[1] ∮
u=0

du

2πi

∮
v=u

dv

2πi

1

(uv)
D−2

2 urvs

(
u−1 − v−1

ev − eu

)n (
u−1 − v−1

)−∆
(v − u)c

e−bue(a+b)v

(ev − eu)a
. (5.70)
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As already mentioned in [1], in the large n limit it is enough to truncate the Taylor expansion of the

second term to third order in (v − u) in order to achieve the largest powers of n. Hence one has

u−1 − v−1

ev − eu
=
e−u

u2

(
1− (u+ 2)(v − u)

2u
+

(u2 + 6u+ 12)(v − u)2

12u2

)
+O(v − u)3 . (5.71)

Then circling around the saddle point at u = −2, we can set u = −2 wherever doing so gives a

non-zero contribution and u = v wherever the poles are absent13. We get14

I(a,b,c,r,s)
n,n−∆ ∝∮
u=0

du

2πi

∮
v=u

dv

2πi

1

uD−2+r+s−2∆

(
1 +

(u+ 2)(u− v)

4
+

(v − u)2

12

)n
1

(v − u)∆−c

1

(1− eu−v)a
,

(5.72)

to perform the above integral in the n → ∞ we follow similar procedure as in [1]. First consider

substituting t = (v − u)
√
n and use the fact that (1 + a

n )
n ∼ ea when n → ∞. Now, since a ∈ Z≤0

and the fact that the integral is non-zero if and only if ∆ > c, we can simply interchange the integral

and take residue w.r.t u to get:

I(a,b,c,r,s)
n,n−∆ ∝ n−

3∆−c−5
2 +2n+D+r+s(−1)r+s+1

(2n− 2∆ +D + r + s− 3)!

∮
t=0

dt

2πi

1

t∆−c

(
1− t

4
√
n

)2n

exp(
1

2

√
nt+

t2

12
) .

Using the fact that in the limit n→ ∞(
1− t

4
√
n

)2n

exp(
1

2

√
nt+

t2

12
) = exp(

t2

48
) +O(n−

1
2 ) , (5.73)

the remaining t-integral is then evaluated as∮
t=0

1

2πi

1

t∆−c
exp(

t2

48
) =

1(
∆−c−1

2

)
!

(
1

48

)∆−c−1
2

, (5.74)

which holds for any ∆ > c. Then finally using Stirling’s approximation as before, we get that the

basis integrals in the n→ ∞ limit is

I(a,b,c,r,s)
n,n−∆ ∝ (−1)r+s+1

√
πn

22c+4−D−r−s−2n(
∆−c−1

2

)
!

(n
3

)∆−c−1
2

e2n . (5.75)

Putting in the constants of proportionality, we finally arrive at

I(a,b,c,r,s)
n,n−∆ ∼ 22c+5−D−r−s−2n

√
π

3
∆−c−1

2

(
∆−c−1

2

)
!
n2n+r+s+D−4− 3∆+c

2 . (5.76)

Plugging this into (5.55) and again retaining only those terms that have the fastest n-growth, we

find for n+ j ∈ 2Z + 1

BD
n,n−∆

n→∞∼ 2
3
2−2n

3
∆−1

2

en√
π

Γ
(
D−3
2

)
Γ
(
∆+1
2

)n∆−D+1
2

(
1 + (1− q)

n3

24(∆ + 1)

)
> 0 , ∀∆ ∈ {1, . . . , n} ,

(5.77)

13For more details look at section 4.3.2 in [1].
14The constant of proportionality comes from the gamma functions and the (−1)r+s+1 factor in (5.117).
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where as for n+ j ∈ 2Z, we get

BD
n,n−∆

n→∞∼ (1− q)
2−

3
2−2n

3
∆+1

2

en√
π

Γ
(
D−3
2

)
Γ
(
∆+1
2

) n∆−D+7
2

∆+ 1
> 0 , ∀∆ ∈ {1, . . . , n} . (5.78)

We now make a couple of crucial observations for the Regge asymptotics described by the above

relations (5.77, 5.78):

• Note the manifest positivity at first order for both n+j ∈ 2Z and n+j ∈ 2Z+1, unlike the fixed

spin case where we saw this only for n + j ∈ 2Z. This combined with our numerical analysis

away from q = 1 in section 5.2.3 allows us to conclude positivity for all Regge trajectories for

any q ∈ [0, 1] and any spacetime dimension D ≥ 4 in the large n limit. This is consistent with

the main result in [202] for D = 4 and m2 = 0.

• Once again, we see that the first-order corrections grow faster than the leading Veneziano term

at a rate ∼ n3.

5.4 Outlook and discussions

Here we reflect on some of the key results of this chapter and discuss the potential scope for future

work and some open questions. The main results are summarized as under:

• Our contour integral representation of the Coon amplitude partial wave coefficients BD
n,j(q)

given by (5.21) establishes manifest positivity for the leading and sub-leading Regge sectors in

arbitrary spacetime dimensions D.

• Our closed-form, analytic expression of the sub-sub-leading Regge trajectory (5.42) reveals the

first signatures of breakdown of positivity for certain critical values of q,D as seen from figures

5.1 and 5.2.

• We consider a perturbative expansion near the Veneziano amplitude (q = 1) to get first glimpses

of the mathematical structures that one ought to encounter in a double-contour representation

for the Coon amplitude coefficients BD
n,j(q), in a spirit similar to the Veneziano case [1]. In

particular, we arrive at a generalized basis of integrals that we expect to show up at all orders

in the (1− q) expansion. Studying the properties of these basis integrals, we derive a double-

contour representation for the first O(1 − q) contribution to the coefficients BD
n,j(q). This

expression finds applications in studying the n→ ∞ asymptotic limit of Regge trajectories.

• For q not very close to 1, our numerical analysis from section 5.2.3 suggests the positivity

of all Regge trajectories based on the manifest positivity of the leading Regge coefficient.

For q ∼ 1 the numerical analysis is unreliable; however, our analytic expressions (5.77, 5.78)

assert the positivity of such Regge trajectories in the asymptotic regime for arbitrary D. A

similar discussion also holds that argues for the positivity of fixed j asymptotics based on the

numerical analysis presented in appendix 5.7 and the analytic expression (5.68).
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We know from the work of [2] that the Coon amplitude is unitary in all dimensions for q ≤ 2
3 and

that there exists a unitary envelope for q ∈ ( 23 , 1) (which our analysis confirms). On the other hand,

figure 5.2(b) establishes a minimal region in (q,D) parameter space in which the Coon amplitude

is definitely not unitary. It remains an open problem to analytically prove or disprove unitarity

elsewhere within q ∈ [0, 1), D ∈ (4, 10]. Our results (based on numerical experimentation for q

not close to 1, and on analytic analysis for q near 1) suggest that the region in (q,D) space is

excluded by demanding that B
(D)
n+m,m(q) ≥ 0 always sits inside the region excluded by demanding

that B
(D)
n,0 (q) ≥ 0. If true, then the boundary of the excluded region in (q,D) space can be determined

entirely from the latter. We plot the regions excluded by demanding that B
(D)
n,0 (q) ≥ 0 for several

values of n in Fig. 5.4. Tantalizingly, these plots suggest (but again, do not prove) that the regions

excluded by considering larger values of n lie at smaller values of q than those at smaller values of

n. If this is true, it means that the analytic shape of the boundary curve for any finite value of q is,

in principle, analytically determinable from explicit knowledge of B
(D)
n,0 (q).

(a) (b)

Figure 5.4: Plots indicating the unitarity envelope for the Coon amplitude, computed analytically
from BD

n,0(q) with a cutoff nmax. The Coon amplitude violates unitarity in the shaded region of
(q,D) parameter space. Plot (a), with nmax = 8, already agrees well with the numerically computed
unitarity envelope depicted by the red-dotted curve (m2 = 0 case) in Fig. 3 of [2]. Plot (b) is a
closeup of the region q ∈ [2/3, 1], D ∈ [8, 10], showing the small change as we increase the cutoff from
nmax = 10 (dark blue) to nmax = 13 (gold). We speculate that the q ≳ 0.77 part of the boundary
curve is already stable (which in particular would mean we know its shape analytically), while the
excluded region grows slowly to the left as the cutoff is increased.

A general proof of unitarity in certain regions may be attainable either from an amplitudes

perspective or a q-string analog of the no-ghost theorem. The former approach has been recently

pioneered in [1] for the Veneziano amplitude, which served as our main source of inspiration to

address this question for Coon. It would be very interesting to extend our analysis to the new

classes of four-point amplitudes recently constructed in [21, 22]. Of course, it would also be very
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interesting to explore higher-point amplitudes, which we expect will lead to much more stringent

constraints on unitarity than four-point amplitudes do.

5.5 Appendix: A primer on q-analysis

In this appendix, we present some important q-theory machinery that is central to our manipulations

in passing from Veneziano to the Coon amplitude. We refer the interested reader to standard texts

on the subject [197, 198] for extensive details. We first define the q-integers [n]q (also known as the

q-bracket of ordinary non-negative integers n) by15:

[n]q =
1− qn

1− q
, (5.79)

where q is a fixed real number 0 < q < 1. As with all q-deformed objects, one recovers the original

identity or expression in the limit q → 1. For the q-integers defined above, one can easily check that

limq→1[n]q = n. With that, the definition of the q-factorial arises naturally:

[n]q! = [1]q · [2]q · · · [n]q =
(q; q)n
(1− q)n

, (5.80)

where in the final equality we have introduced the q-Pochhammer symbol defined by

(a; q)n =

n−1∏
j=0

(1− aqj) . (5.81)

This is a q-analog of the ordinary Pochhammer symbol (x)n in the sense that limq→1
(qx;q)n
(1−q)n = (x)n

∀x ∈ R. We note that the q-Pochhammer symbol has an infinite product representation (unlike its

ordinary counterpart):

(a, q)∞ =

∞∏
j=0

(1− aqj) . (5.82)

However, for most of the analysis in this chapter, we shall use the q-Pochhammer notation established

in [205]:

(a+ b)nq =

n−1∏
j=0

(a+ qjb) , (5.83)

(1 + a)∞q =

∞∏
j=0

(1 + qja) , (5.84)

(1 + a)tq =
(1 + a)∞q
(1 + qta)∞q

, ∀t ∈ C . (5.85)

We note that the infinite product (5.83) is convergent since 0 < q < 1.

15It is useful to note that this particular choice of defining the q-integers (among many other possible options)

provides a natural starting point to define q-analogs of other associated quantities like the q-factorial, q-Pochhammer

and so on.
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5.5.1 Elements of q-calculus

We introduce some basic notions of q-calculus that prove handy in computing derivatives and inte-

grals of q-deformed quantities. We first introduce the q-derivative given by

Dqf(x) =
f(qx)− f(x)

(q − 1)x
. (5.86)

Consequently, we define the notion of the q-antiderivative given by∫
f(x)dqx = (1− q)x

∞∑
j=0

qjf(qjx) , (5.87)

with the series being called the Jackson integral of f(x). The two definitions (5.86) and (5.87)

combine to give the fundamental theorem of q-calculus.

Theorem A.1.1 (Fundamental theorem of q-calculus) If F (x) is an antiderivative of f(x) and

F (x) is continuous at x = 0, we have∫ b

a

f(x)dqx = F (b)− F (a) , (5.88)

where 0 ≤ a < b ≤ ∞.

Corollary A.1.1 If f ′(x) exists in a neighbourhood of x = 0 and is continuous at x = 0, where

f ′(x) denotes the ordinary derivative of f(x), we have∫ b

a

Dqf(x)dqx = f(b)− f(a) . (5.89)

We list some of the important properties of these q-derivatives and Jackson integrals as follows:∫ b

a

f(x)dqx :=

∫ b

0

f(x)dqx−
∫ a

0

f(x)dqx . (5.90)

We also have a natural formula of q-integration by parts:∫ a

0

g(x)Dqf(x)dqx = f(x)g(x)
∣∣∣a
0
−
∫ a

0

f(qx)Dqg(x)dqx , (5.91)

which follows from the q-Leibniz rule16

Dq(f(x)g(x)) = f(qx)Dqg(x) + g(x)Dqf(x) . (5.92)

However, one should note that there does not exist a general chain rule for q-derivatives. An

exception is the derivative of a function of the form f(u(x)), where u(x) = αxβ with α, β being

constants, for which we have

Dqf(u(x)) = (Dqβf)(u(x)) ·Dqu(x) (5.93)∫ u(b)

u(a)

f(u)dqu =

∫ b

a

f(u(x))Dq1/βu(x)dq1/βx. (5.94)

16We note that by symmetry, we can interchange f and g, and obtain another equivalent version of the q-Leibniz

rule Dq(f(x)g(x)) = f(x)Dqg(x) + g(qx)Dqf(x).
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We list below a few known examples of basic q-derivatives that follow immediately from the q-Leibniz

rule and the definitions (5.83)-(5.85):

Dqx
t = [t]qx

t−1 , (5.95)

Dq(Ax+ b)nq = [n]qA(Ax+ b)n−1
q , (5.96)

Dq(a+Bx)nq = [n]qB(a+Bqx)n−1
q . (5.97)

For an extensive list of results, we refer the reader to [205].

5.5.2 Lambert series

We briefly review the Lambert series which comes in handy when dealing with the Taylor expansion

of the contour integral (5.21) around q = 1, as shown later in Appendix 5.6. For any s ∈ C and

z > 0, the Lambert series is defined as the following convergent sum [206, 207]:

Lq(s, z) =

∞∑
k=1

ksqkz

1− qk
, (5.98)

where q ∈ [0, 1). The Lambert series is closely related to the q-Pochhammer symbol via the identity:

log (1− qz)∞q = −Lq(−1, z) . (5.99)

To derive this rather important identity, we first consider

log(1− qz)∞q = log

∞∏
n=0

(1− qn+z) =

∞∑
n=0

log(1− qn+z)

= −
∞∑

n=0

∞∑
k=1

qk(n+z)

k
, (5.100)

where the second equality follows from Taylor expanding the logarithm around z = 0. Now since we

assume that z > 0 and q ∈ [0, 1), the two sums converge and we can therefore interchange them to

sum over the n series first

log(1− qz)∞q = −
∞∑
k=1

qkz

k

∞∑
n=0

qkn (5.101)

= −
∞∑
k=1

1

k

qkz

1− qk
= −Lq(−1, z) (5.102)

to get the desired result. In going from the first to the second line, we have summed over the

geometric series for qk ∈ [0, 1), and in the final expression we employed the definition of the Lambert

series (5.98).

5.5.3 q-gamma and q-beta functions

We introduce the q-analogs of the standard gamma and Euler-beta functions whose various repre-

sentations are central to our analysis. We start with reviewing the q-deformation of the simplest
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transcendental function in analysis, the exponential, for which there exists two q-analogs, namely:

Ex
q =

∞∑
n=0

qn(n−1)/2 xn

[n]q!
= (1 + (1− q)x)∞q , (5.103)

exq =

∞∑
n=0

xn

[n]q!
=

1

(1− (1− q)x)∞q
. (5.104)

The two definitions are unfortunately not equivalent but instead inverses of each other:

exqE
−x
q = Ex

q e
−x
q = 1 , (5.105)

with their q-derivatives being

Dqe
x
q = exq , DqE

x
q = Eqx

q . (5.106)

Similarly, there are two equivalent definitions of the trigonometric functions which we will not review

here (one can refer to [205, 197] for more details).

We now define the q-gamma function which admits the following infinite product representation:

Γq(t) :=
(1− q)t−1

q

(1− q)t−1
=

∏∞
n=0 1− qt−1+n

(1− q)t−1
, t > 0 . (5.107)

It also has several integral representations one of which is

Γq(t) =

∫ 1/(1−q)

0

xt−1E−qx
q dqx . (5.108)

As in the standard case, one can also define the q-beta function in terms of these q-gamma functions

as follows

Bq(s, t) :=
Γq(t)Γq(s)

Γq(t+ s)
, (5.109)

which also has a useful integral representation of the form

Bq(s, t) =

∫ 1

0

xt−1(1− qx)s−1
q dqx . (5.110)

5.6 Appendix: Details of the derivation for the O(1 − q)

double-contour representation

5.6.1 Relevant Taylor expansions

In this appendix we fill in the details regarding crucial Taylor expansions in section 5.3. To consider

small deformations around the Veneziano amplitude, we Taylor expand our integral result (5.21)

around q = 1 up to first order. To that end, we manipulate the q-deformed quantities one by one.

At first, we deal with the coefficients cDn,j(q) for which we get

cDn,j(q) = cDn,j + cDn,j

(
D + j − 2

2
(n− 1)− n

)
(1− q) +O(1− q)2 . (5.111)
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Moreover, we note that (1− (1− q)t)n−1 = 1− (n− 1)(1− q)t+O(1− q)2. Now, the slightly trickier

part is Taylor expanding the integration range, the measure and the integrand (t+ [n]q)
D−4

2 +j , we

get: ∫ 0

−[n]q

dt(−t(t+ [n]q))
D−4

2 +j(1− z)−t−1

=

∫ 0

−n(1−n−1
2 (1−q))

dt (−t(t+ n))
D−4

2 +j

(
1−

(
D − 4

2
+ j

)
n(n− 1)

2(t+ n)
(1− q)

)
(1− z)−t−1

+O(1− q)2 . (5.112)

Considering the substitution t→ t(1− n−1
2 (1− q)) we finally get∫ 0

−[n]q

dt(−t(t+ [n]q))
D−4

2 +j(1− z)−1−t(− log(1− z))j

=

∫ 0

−n

dt (−t(t+ n))
D−4

2 +j
(1− z)−1−t(− log(1− z))j

− (1− q)

[
n− 1

2

(
D − 2

2
+ j

)∫ 0

−n

dt (−t(t+ n))
D−4

2 +j
(1− z)−1−t

− n− 1

2
log(1− z)

∫ 0

−n

dt(−t)D−2
2 +j(t+ n)

D−4
2 +j(1− z)−1−t

+

(
D − 4

2
+ j

)
n(n− 1)

2

∫ 0

−n

dt(−t)D−4
2 +j(t+ n)

D−6
2 +j(1− z)−1−t

+
n− 1

2

(
D − 4

2
+ j

)∫ 0

−n

dt(−t)D−2
2 +j(t+ n)

D−6
2 +j(1− z)−1−t

]
(− log(1− z))j .

(5.113)

Finally we Taylor expand the (1− qz)−αq(t)−1
q term inside the derivative in equation (5.21), but first

note

(1− qz)xq ≡ (1− qz)∞q
(1− q1+xz)∞q

= exp

{
Lq

(
−1,

log zq1+x

log q

)
− Lq

(
−1,

log zq

log q

)}
, (5.114)

where we made use of the crucial identity derived in the previous section given by equation (5.99).

For x = −αq(t)− 1, we have:

(1− qz)−αq(t)−1
q = exp

{ ∞∑
k=1

zk(1− (1− q)t)−k

k(1− qk)
−

∞∑
k=1

zkqk

k(1− qk)

}
.

Taylor expanding to first order around q = 1 we get

(1− qz)−αq(t)−1
q = exp

{
(1 + t)

∞∑
k=1

zk

k
+
t2

2
(1− q)

∞∑
k=1

k + 1

k
zk

}

= (1− z)−1−t

[
1 +

(
1− q

2

)(
z

1− z
− log(1− z)

)
t2
]
+O(1− q)2. (5.115)
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Putting this back into the integral we get∫ 0

−n

dt(−t(t+ n))
D−4

2 +j∂jt

{
(1− z)−1−t

[
1− (n− 1)(1− q)t+ (1− q)

(
z

1− z
− log(1− z)

)
t2

2

]}
,

(5.116)

and, differentiating w.r.t t, we get∫ 0

−n

dt (−t(t+ n))
D−4

2 +j∂jt

{
(1− z)−1−t

[
1− (n− 1)(1− q)t+ (1− q)

(
z

1− z
− log(1− z)

)
t2

2

]}
= (− log(1− z))j

∫ 0

−n

dt (−t(t+ n))
D−4

2 +j(1− z)−1−t

− (1− q)

{
(n− 1)

[
j(− log(1− z))j−1

∫ 0

−n

dt (−t(t+ n))
D−4

2 +j(1− z)−1−t

− (− log(1− z))j
∫ 0

−n

dt (−t)D−2
2 +j(t+ n)

D−4
2 +j(1− z)−1−t

]
− 1

2

(
z

1− z
− log(1− z)

)[
j(j − 1)(− log(1− z))j−2

∫ 0

−n

dt (−t(t+ n))
D−4

2 +j(1− z)−1−t

− 2j(− log(1− z))j−1

∫ 0

−n

dt (−t)D−2
2 +j(t+ n)

D−4
2 +j(1− z)−1−t

+ (− log(1− z))
j
∫ 0

−n

dt (−t)D
2 +j(t+ n)

D−4
2 +j(1− z)−1−t

]}
. (5.117)

Combining (5.111), (5.113) and (5.117), we have the O(1−q) Taylor expansion of the Hq(z) integral.

5.6.2 Deriving double contour integral representation of H-integrals

We now derive the double contour integral representation for the H-basis integrals we introduced in

section 5.3. The derivation is more or less a generalization of the one presented in [1]. First consider

the H-integral already defined in section 5.3

H
(r,s)
n,j (t′) =

∫ t′

dt
(−t)D−4

2 +j+r(t+ n)
D−4

2 +j+s

(1− z)t+1
, (5.118)

where r, s ∈ Z. Substituting u = log(1− z), we have

H
(r,s)
n,j (t′) = enu

∫ t′

du e−(t+1+n)u(−t)D−4
2 +j+r(t+ n)

D−4
2 +j+s

= (−1)s+re(n−1)u∂
D−4

2 +j+s
u

∫ t′

du e−(t+n)ut
D−4

2 +j+r , (5.119)

we try to realize the integrand as a total derivative by observing the following fact:

∂t

 e−(t+n)u

uj+r+D−2
2

j+r+D−4
2∑

k=0

(tu)k

k!

 =
e−(t+n)u

uj+r+D−4
2

−
j+r+D−4

2∑
k=0

(tu)k

k!
+

j+r+D−6
2∑

k=0

(tu)k

k!


= −e

−(t+n)ut
D−4

2 +j+r

(j + r + D−4
2 )!

. (5.120)
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This implies that the integrand can be rewritten as a total derivative

e−(t+n)ut
D−4

2 +j+r =

(
j + r +

D − 4

2

)
! ∂t

 e−(t+n)u

u
D−2

2 +j+r

j+r+D−4
2∑

k=0

(tu)k

k!

 , (5.121)

which means that the H-integral can be written as

H
(r,s)
n,j (t′) = (−1)s+r+1e(n−1)u

(
j + r +

D − 4

2

)
!∂

j+s+D−4
2

u

 e−(t′+n)u

uj+r+D−2
2

j+r+D−4
2∑

k=0

(t′u)k

k!

 .

(5.122)

We now define the generalised basis for our double contour integral representation already introduced

section 5.3:

H(a,b,c,r,s)
n,j (t′) :=

∮
dz

2πi

1

zn+a

1

(1− z)b
(− log(1− z))j+cH

(r,s)
n,j (t′) . (5.123)

We note that from the Taylor expansions (5.112), (5.115) and (5.117), it is clear that these are the

only integrals that show up at any order in the perturbation series and thus serve as a complete

basis for a Taylor expansion around q = 1 of the partial wave coefficients.

Moving on, let us first demonstrate how one can relateH(a,b,c,r,s)
n,j (−n) withH(a,b,c,r,s)

n,j (0) of which

we find a double contour integral representation later on. Consider the substitution z → z/(z − 1)

and t→ −t− n then (5.118) at t′ = −n becomes

H
(r,s)
n,j (−n) =

∫ −n dt

(1− z)1+t
(−t)D−4

2 +j+r(t+ n)
D−4

2 +j+s ,

= −
∫ 0

dt(1− z)1−t−n(−t)D−4
2 +j+s(t+ n)

D−4
2 +j+r ,

= −(1− z)2−nH
(s,r)
n,j (0) . (5.124)

Then (5.123) at t′ = −n becomes

H(a,b,c,r,s)
n,j (−n) = (−1)n+j+a+c

∮
dz

zn+a
(1− z)a+b(− log(1− z))j+cH

(s,r)
n,j (0)

= (−1)n+j+a+cH(a,−a−b,c,s,r)
n,j (0) . (5.125)

Now combining the above results with our observation in (5.122) and considering the substitution

u = log(1− z) we arrive at

H(a,b,c,r,s)
n,j (0) = (−1)j+c+r+s

(
j +

D − 4

2
+ r

)
!

×
∮

du

2πi

1

(1− eu)n+a
e(n−b)uuj+c∂

j+D−4
2 +s

u

(
e−nu

u
D−2

2 + j + r

)
. (5.126)

Performing an integration by parts j + s+ D−4
2 times in u, the above integral is recast as

H(a,b,c,r,s)
n,j (0) = (−1)c+r+D−4

2

(
j + r +

D − 2

2

)
!

∮
u=0

du

2πi

e−nu

u
D−2

2 +j+r
∂

D−2
2 +j+s

u

(
e(n−b)uuj+c

(1− eu)n+a

)
.

(5.127)
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This is followed by rewriting the derivative as a residue integral using the identity

∂Juf(u) = (−1)J
∮
v=0

dv

2πi

J !

vJ+1
f(u− v) , (5.128)

with J = j + s+ D−4
2 . This gives us

H(a,b,c,r,s)
n,j (0) = (−1)j+c+r+sΓ

(
j + r +

D − 2

2

)
Γ

(
j + s+

D − 2

2

)
×
∮
u=0

du

2πi

e−nu

u
D−2

2 +j+r

∮
v=0

dv

2πi

1

v
D−2

2 +j+s

e(n−b)(u−v)(u− v)j+c

(1− eu−v)n+a
. (5.129)

Rearranging the terms, we finally obtain a double-contour integral representation for the H-integral

as follows

H(a,b,c,r,s)
n,j (0) = (−1)r+sΓ

(
j + r +

D − 2

2

)
Γ

(
j + s+

D − 2

2

)
×
∮
u=0

du

2πi

∮
v=0

dv

2πi

(v − u)j+ce−bue(a+b)v

(uv)
D−2

2 +jurvs(ev − eu)n+a
. (5.130)

5.7 Appendix: Numerics for fixed j asymptotics

In this appendix we present certain graphical plots of the coefficients BD
n,j(q) for certain fixed values

of j, that are central to the discussion concerning their positivity in the asymptotic regime (n→ ∞)

in section 5.4.

We observe that these coefficients die off rapidly for n ≫ 1, q ≪ 1. It is also clear that the

coefficients follow a monotonically decreasing sequence with respect to spin j. In the special case

of D = 4, the noted pattern is consistent with the graphical analysis presented in [202]. However,

we also see from figure 5.5 that closer to q = 1, the coefficients die off less and less rapidly as j

increases. Moreover, the pattern of the coefficients around q = 1 is highly unpredictable as it is

non-trivial to analyze their convergent behaviour for larger values of n. One can check graphically

that this behaviour stabilizes for sufficiently small values of (1− q) and significantly large values of

n, such that one recovers a decaying pattern similar to the plots in figure 5.5 which is in qualitative

agreement with the expression (5.68).
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(a)

(b)

(c)

(d)

Figure 5.5: This plots the coefficients BD
n,j(q) for fixed values of j ∈ {1, 2, 3, 4} and D = 10.



Chapter 6

Scalar-Graviton Amplitudes and

Celestial Holography

This chapter is based on the work [208].

Understanding how bulk translational symmetry emerges is one of the central problems in the

celestial holography program. In addition to being constrained by conformal invariance, correlation

functions in celestial conformal field theory (CCFT) [25, 23, 24] must also obey translation invariance.

This acts as an “external symmetry” and forces low point correlators to be distributional [26]. These

effects are not as stark at higher points where the correlators are non-distributional. However, the

positions of the operators are still constrained and cannot be chosen to lie arbitrarily on the celestial

sphere [27]. Such correlation functions are exotic from the perspective of a 2D conformal field theory

and are one of the main roadblocks to finding a top-down description of CCFT. Indeed many of the

existing top-down constructions [209, 210, 211] correspond to theories in the bulk which differ from

Yang-Mills or GR in significant ways.

One way to circumvent this difficulty has been to introduce nontrivial backgrounds in the bulk

[28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39]. The backgrounds must not only be Lorentz invariant

— thus preserving the 2D conformal symmetry of the CCFT — but should also maintain the

asymptotic flatness of the 4D bulk spacetime. The celestial counterparts of scattering amplitudes

on these backgrounds typically have a number of desirable features. Firstly, they are unconstrained

by translation invariance: the background acts as a source/sink of momentum. Consequently, they

resemble traditional CFT correlators. Secondly, they have better convergence properties and we

avoid having to deal with divergent integrals. Finally, for well-chosen backgrounds, the OPEs and

symmetry algebras of the resulting theory resemble those of the CCFT without a background [28,

33, 40]. These properties suggest that the CFT from which these correlators arise might be closely

related to the background-free CCFT. Moreover, the semblance of these correlators to those of a

traditional CFT makes it easier to identify an independent definition. We refer the reader to [31, 41]

for some progress in this direction in the case of Yang-Mills theory.
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In this work, we are concerned with gravity amplitudes in 4D Minkowski and Klein spacetimes

[42]. In particular, our interests lie in generalizing the results of [40], where the authors considered

gluon amplitudes on a massive scalar background, to gravity amplitudes. The scalar was not colored

and interacted with gluons only via a non-minimal coupling which gave rise to particularly simple

amplitudes. A straightforward extension of this to gravity is impossible since a non-dynamical

scalar background breaks diffeomorphism invariance. Moreover, it is impossible to avoid a minimal

coupling of the scalar to gravitons. Thus, amplitudes involving n gravitons and one scalar will

necessarily involve a scalar exchange. Nevertheless, we will show that the celestial counterparts of

these amplitudes exhibit all of the desirable properties mentioned in the previous paragraph.

This paper is structured as follows. In Section 6.1, we describe the precise quantity of interest and

its relation to scattering amplitudes. In Section 6.2, we compute scattering amplitudes involving

two, three, and four gravitons and a single massive scalar. To our knowledge, these amplitudes

have not appeared in the literature before. We then use these to compute the associated celestial

correlators in Section 6.3. The OPE of two positive helicity gravitons extracted from these correlators

is consistent with the usual OPE as shown in Section 6.4. However, the celestial avatar of the leading

soft theorem appears to be slightly different, which we expand on in Section 6.5. Finally, we end

with some outlook and discussions in Section 6.6.

6.1 Preliminaries

In this paper, we will be concerned with scattering amplitudes involving n massless gravitons and

a single massive scalar. We will always label the graviton momenta by p1, . . . , pn and the scalar

momentum will be denoted by pn+1. In order to compute the corresponding celestial amplitudes, it

is convenient to use the following parametrization for the massless momenta:

pi = ϵiωi (1 + ziz̄i, zi + z̄i, zi − z̄i, 1− ziz̄i) , i = 1, . . . , n . (6.1)

This parametrization is written for a spacetime with (2, 2) signature (specifically (+,−,+,−)). ωi is a

positive real number while zi, z̄i are real and independent. ϵi = ±1 is the direction of the momentum.

The parametrization for (3, 1) signature is obtained by Wick rotating the third component. The

scattering amplitude will be written in terms of spinor helicity variables, which for the momentum

parametrization above, take the form

λi =
√
2ωiϵi

(
1

zi

)
, λ̃i =

√
2ωi

(
1

z̄i

)
, i = 1, . . . , n . (6.2)

The analogous parametrization for the massive scalar momentum (also in (2, 2) signature) is

pn+1 =
mϵn+1

2y

(
1 + y2 + zn+1z̄n+1, zn+1 + z̄n+1, zn+1 − z̄n+1, 1− y2 − zn+1z̄n+1

)
. (6.3)

Here ϵn+1 = ±1 is the direction of the momentum, y, zn+1, z̄n+1 are real and independent with

y > 0. The celestial amplitude can be obtained from the momentum space scattering amplitude by
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changing the basis from plane waves to conformal primary wavefunctions. For the case of n massless

and one massive particle, this is implemented by [25, 24]

Ãϵ
n+1

(
{∆1, z1, z̄1}J1 , . . . , {∆n, zn, z̄n}Jn ; {∆n+1, w, w̄}

)
=

m2

4

∫ ∞

0

n∏
i=1

dωi

ωi
ω∆i
i

∫ ∞

0

dy

y3

∫ ∞

−∞
dzn+1 dz̄n+1

G∆n+1
(y, zn+1, z̄n+1;w, w̄)An+1

(
pJ1
1 , . . . , p

Jn
n , pn+1

)
. (6.4)

Here J1, . . . , Jn are the helicities of the massless particles and

G∆ (y, zn+1, z̄n+1;w, w̄) =

(
y

y2 + |zn+1 − w|2
)∆

(6.5)

is the bulk-to-boundary propagator. The superscript ϵ in (6.4) is meant to indicate the dependence

of the celestial amplitude on the directions of the momenta. The quantity of interest in this paper

is1

Ãn = ⟨⟨O∆1,J1
(z1, z̄1) . . .O∆n,Jn

(zn, z̄n)⟩⟩ (6.6)

≡
∑
ϵi

Ãϵ
n+1

(
{∆1, z1, z̄1}J1 , . . . , {∆n, zn, z̄n}Jn ; {0, w, w̄}

)
whose features we now explain. But first, we pause to make a comment on notation. We will use

⟨⟨. . . ⟩⟩ and Ãn interchangeably — the former being used more often for brevity and the latter when

we wish to emphasize its nature as a CCFT correlator. Implicit in both is the fact that we have

set the conformal dimension of the scalar, ∆n+1 to 0. The subscript on Ãn matches the number

of operators in the double brackets ⟨⟨. . . ⟩⟩ and is one less than the subscript on the corresponding

momentum space scattering amplitude. Returning to the features of Ãn, firstly note that setting

∆n+1 = 0 eliminates all dependence on the scalar coordinates w, w̄. The RHS of (6.6) behaves like

an n-point correlator2 — a claim that shall be supported by the computations in this paper. When ϕ

is a non-dynamical field, this has the interpretation of being the Mellin transform of amplitude on a

scalar background and has been studied for gluons in [28]. These amplitudes take on a particularly

simple form [212] due to the absence of scalar exchange contributions to the amplitude. Upon

including gravity, we must promote ϕ to a dynamical field and include the resulting scalar exchange

terms in the amplitude

Secondly, despite the absence of manifest Lorentz invariance due to the presence of a three-

dimensional integral, (6.6) is indeed Lorentz invariant. The three-dimensional measure corresponds

to integration over the Lorentz invariant phase space of one massive particle:∫
d4Q

(2π)
4 δ

+
(
Q2 −m2

)
=

∫
d3Q⃗

(2π)
3
2Q0

=
m2

4

∫ ∞

0

dy

y3

∫ ∞

−∞
dz dz̄ . (6.7)

1The double brackets in the LHS of (6.6) is meant to serve as a reminder of the presence of the massive scalar

profile and we use Ã for the celestial amplitude with the conformal dimension of the scalar set to 0.
2In the celestial amplitude wherein the conformal dimension of the scalar has been set to zero, the subscript n of

Ãn counts only the number of gravitons.
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Here Q is an off-shell momentum which is put on-shell (with positive energy) by the δ function. Once

this is on-shell, we can use a parametrization similar to (6.3) and perform a change of variables as

shown in the second equality above.

Finally, we sum over the directions ϵi purely for practical purposes since this simplifies compu-

tations, particularly in Klein space. This simplification has already been exploited before [213, 47,

214].3

6.2 Massive scalar-graviton scattering amplitudes

We must first construct the scattering amplitudes in a theory of scalars and gravitons. We will make

a choice for the three-point amplitudes motivated by the results of [28]. In this work, the authors

considered gluons coupled to a single massive, uncolored scalar which resulted in the following three-

point amplitudes

A3

(
1+, 2+, 3−

)
= κ1,1,−1

[12]3

[23][31]
, A3(1

+, 2+, 3ϕ) = κ1,1,0[12]
2 . (6.8)

Here and in the rest of this paper, we will leave the momentum-conserving delta function implicit

while writing scattering amplitudes in momentum space. The authors of [28] worked in (2, 2) sig-

nature and this corresponded to introducing terms proportional to ϕTr (F+)
2
in the Lagrangian

where

F aµν
+ =

1

2

(
F aµν +

1

2
ϵµνρσF a

ρσ

)
(6.9)

is the self-dual gauge field strength.4 κ1,1,−1 is the Yang-Mills coupling and κ1,1,0 is related by some

numerical factor to the Wilson coefficient of the non-minimal ϕTr (F+)
2
interaction. The scalar is

uncolored and does not couple minimally to the gluon.

The analogous three-point amplitudes in gravity can be easily written down and take the following

form

A3

(
1++, 2++, 3−−) = κ2,2,−2

[12]6

[23]2[13]2
, A3

(
1++, 2++, 3ϕ

)
= κ2,2,0 [12]

4 . (6.10)

However, it is also necessary to introduce the scalar-graviton minimal coupling [216]

A3

(
1++, 2ϕ, 3ϕ

)
= κ2,0,0

⟨ξ1|p2|1]
⟨ξ11⟩

⟨ξ2|p2|1]
⟨ξ21⟩

, (6.11)

where ξ1, ξ2 indicate arbitrary reference spinors. From the Lagrangian perspective, minimal coupling

is unavoidable in order to maintain diffeomorphism invariance. From a pure amplitudes perspective,

as we will show later, any four-point amplitude constructed without the minimal coupling (6.11) is

inconsistent with the soft graviton theorem. Finally, we note that the amplitudes in (6.10, 6.11)

arise from terms that are schematically of the form R2ϕ,Rϕ2 in the Lagrangian.

3This procedure computes the celestial amplitude for certain “boost + Z2” eigenstates [215].
4This is real in (2,2) signature.
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These three-point amplitudes serve as seeds for the construction of four- and higher-point ones.

We utilize recursion relations, in particular, those generated by a three-line shift [217] for their

construction, which begins with defining

λ̂i = λi − zwiX , i = 1, 2, 3 (6.12)

such that wiλ̃i = 0 and X is an arbitrary reference spinor that must drop out at the end. A

particularly convenient choice is

w1 = [23] , w2 = [31] , w3 = [12] . (6.13)

The three shifted momenta are now complex and functions of z. Locality dictates that poles can

occur at

z⋆ such that P̂ 2 = 0 or P̂ 2 = m2 , (6.14)

where P̂ is a sum of external momenta necessarily involving at most two of p̂1, p̂2, p̂3. The residues

on these poles are governed by unitarity implying that they factorize into a product of lower point

amplitudes. The amplitude can thus be written as (assuming that there is no contribution from the

pole at infinity)

An ≡ An (0) =
∑
z⋆

[
A(L)

m (z⋆)
1

P 2
A(R)

n−m (z⋆) +A(L)
m (z⋆)

1

P 2 −m2
A(R)

n−m (z⋆)

]
. (6.15)

We will now employ this to construct the four- and five-point graviton-scalar amplitudes.

6.2.1 Four-point amplitudes

We first consider the amplitude A
(
1++, 2++, 3++, 4ϕ

)
which receives contributions from both scalar

and graviton exchange channels

A4

(
1++, 2++, 3++, 4ϕ

)
≡ Agr,s

4 +Agr,t
4 +Agr,u

4 +Asc,s
4 +Asc,t

4 +Asc,u
4 . (6.16)

The first of these terms corresponds to an s-channel graviton exchange

Agr,s
4 =

2̂++

1̂++

I−− −I++

4φ

3̂++

(6.17)

= A3

(
1̂, 2̂, P

) 1

P 2
A3

(
3̂, 4,−P

)
,

with the value of z⋆ given by

(p̂1 + p̂2)
2
= 0 =⇒ z⋆ =

⟨12⟩
w1⟨X2⟩ − w2⟨X1⟩ . (6.18)
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Using the three-point amplitudes in (6.10, 6.11), this evaluates to

Agr,s
4 = κ2,2,−2

(
[12]3

[2I][I1]

)2
1

⟨12⟩[21]κ2,2,0[3I]
4 (6.19)

= −κ2,2,−2κ2,2,0
[12]

⟨12⟩
[3|p4|X⟩4

⟨1X⟩2⟨2X⟩2 .

Similarly, the s-channel scalar exchange term is

Asc,s
4 =

2̂++

1̂++

Iφ −Iφ

4φ

3̂++

(6.20)

= A3

(
1̂, 2̂, P

) 1

P 2 −m2
A3

(
3̂, 4,−P

)
= κ2,2,0[12]

4 1

s−m2
κ2,0,0

[3|p4|ξ1⟩
⟨3̂ξ1⟩

[3|p4|ξ2⟩
⟨3̂ξ2⟩

.

Here s = (p1 + p2)
2
is the usual Mandelstam invariant. The remaining terms can be obtained by

the replacements 1 ↔ 3 and 2 ↔ 3. Adding all of these terms and setting the arbitrary reference

spinors ξ1 = ξ2 = X, we finally get

A4

(
1++, 2++, 3++, 4ϕ

)
= −κ2,2,−2κ2,2,0

[12]

⟨12⟩
[3|p4|X⟩4

⟨1X⟩2⟨2X⟩2 + κ2,0,0κ2,2,0
[12]4

s−m2

[3|p4|X⟩2
⟨3X⟩2

+ (2 ↔ 3) + (1 ↔ 3) .

The spinor X is arbitrary and the amplitude must be independent of it. It can be checked that

the dependence on the arbitrary spinor X drops out only if κ2,0,0 = κ2,2,−2 and in that case the

expression simplifies to

A4

(
1++, 2++, 3++, 4ϕ

)
= κ2,2,−2κ2,2,0m

4 [12]

⟨12⟩
[23]

⟨23⟩
[31]

⟨31⟩

×
(
−2 +

s

s−m2
+

t

t−m2
+

u

u−m2

)
, (6.21)

with t = (p1 + p4)
2
and u = (p1 + p3)

2
. We pause here to point out that this expression involves a

nontrivial cancellation of the X dependence between the graviton exchange terms (which arise from

the non-minimal coupling κ2,2,0) and the scalar exchange terms (arising from the minimal coupling

κ2,0,0). This affirms the statement made at the beginning of this section that the presence of this

minimal coupling is crucial to have a consistent and non-zero four-point amplitude. Furthermore,

it is also necessary to have κ2,0,0 = κ2,2,−2 — a relation that is to be expected on grounds of the

equivalence principle. It is interesting to compare this to the four-point amplitude involving one

scalar and three positive helicity gluons originally computed in [212] to be

A4(1
+, 2+, 3+, 4ϕ) = κ1,1,−1κ1,1,0

m4

⟨12⟩⟨23⟩⟨13⟩ . (6.22)
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This amplitude is particularly simple since the absence of the gluon-scalar minimal coupling elimi-

nates massive exchange contributions.

Moving on to the other four-point amplitudes in this theory, A
(
1++, 2++, 3ϕ, 4ϕ

)
has been com-

puted in [218] via BCFW recursion relations to be

A4

(
1++, 2++, 3ϕ, 4ϕ

)
= κ22,2,−2m

4 [12]4

s (t−m2) (u−m2)
. (6.23)

Finally, the amplitude A
(
1++, 2++, 3−−, 4ϕ

)
cannot be computed by a three-line shift (or using

BCFW recursion). We provide an independent derivation of this amplitude in Appendix 6.7 and

show that it is given by

A4

(
1++, 2++, 3−−, 4ϕ

)
= κ2,2,0κ2,−2,−2

[12]6⟨23⟩2⟨13⟩2
(s−m2) tu

. (6.24)

6.2.2 Five-point amplitudes

The five-point computation proceeds in a similar, albeit more complicated manner to that at four

points. The three-line shift in (6.12) and the associated recursion relation imply that the amplitude

A
(
1++, 2++, 3++, 4++, 5ϕ

)
receives contributions from 18 compatible factorization channels.

A5

(
1++, 2++, 3++, 4++, 5ϕ

)
=

3∑
i=1

4∑
j=i+1

(
Agr,i,j

5 +Asc,i,j
5

)
+

3∑
i=1

Asc,i,5
5 . (6.25)

They can be divided into five classes with Agr,1,2
5 ,Agr,3,4

5 ,Asc,1,2
5 ,Asc,3,4

5 ,Agr,1,5
5 being their repre-

sentatives. The rest can be obtained by making appropriate replacements on the external legs. As

we will now demonstrate, it will be useful to set X = λ4.

Evaluation of Agr,3,4
5 and Asc,3,4

5

These classes of terms arise from graviton and scalar exchanges and correspond to the momentum

(p̂1 + p4)
2
going on-shell.

Agr,3,4
5 =

4++

3̂++

I−− −I++

2̂++

1̂++

5φ

(6.26)

= A3

(
3̂++, 4++, I−−) 1

P 2
A4

(
−I++, 2̂++, 1̂++, 5ϕ

)
=

(
[34]3

[4I][I3]

)2
1

⟨34⟩[43]
[12]

⟨1̂2̂⟩
[2I]

⟨2̂I⟩
[I1]

⟨I 1̂⟩

×
(
−2 +

s1̂2̂
s1̂2̂ −m2

+
s2̂3̂4

s2̂3̂4 −m2
+

s1̂3̂4
s1̂3̂4 −m2

)
,
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where we’ve used the notation sij = (pi + pj)
2
, sijk = (pi + pj + pk)

2
. After some manipulation,

this term takes the form

Agr,3,4
5 = − [34]

⟨34⟩
[12]

⟨1̂2̂⟩

[
2|3̂ + 4|X

〉 [
1|3̂ + 4|X

〉
⟨3X⟩⟨4X⟩⟨1̂3̂⟩⟨2̂4⟩

[
−2 +

s1̂2̂
s1̂2̂ −m2

+
s2̂3̂4

s2̂3̂4 −m2
+

s1̂3̂4
s1̂3̂4 −m2

]
. (6.27)

The shifted spinors are determined by first solving ⟨3̂4⟩ = 0 for z. This gives

z =
⟨34⟩
⟨X4⟩ , λ̂1 = λ1 −

[23]⟨34⟩
[12]⟨X4⟩X , λ̂2 = λ2 −

[31]⟨34⟩
[12]⟨X4⟩X , λ̂3 =

⟨X3⟩
⟨X4⟩λ4 . (6.28)

Plugging all of this into (6.27), we find that

Agr,3,4
5 ∝ ⟨X4⟩ , (6.29)

which vanishes when X = λ4. A similar analysis for the scalar exchange diagrams shows that it also

vanishes. Thus all diagrams in this class do not contribute to the amplitude and we have

Agr,1,4
5 = Agr,2,4

5 = Agr,3,4
5 = Asc,1,4

5 = Asc,2,4
5 = Asc,3,4

5 = 0 . (6.30)

Evaluation of Agr,1,2
5

This class of terms arises from the momentum (p̂1 + p̂2)
2
going on-shell and corresponds to the

exchange of a graviton. This channel cannot be obtained from (6.26) because the shift does not

treat p4 on the same footing as p1, p2, p3.

Agr,1,2
5 =

2̂++

1̂++

I−− −I++

5φ

4++

3̂++

(6.31)

= A3

(
1̂++, 2̂++, I−−) 1

P 2
A4

(
−I++, 3̂++, 4++, 5ϕ

)
=

(
[12]3

[2I][I1]

)2
1

⟨12⟩[21]
[34][4I][I3]

⟨3̂4̂⟩⟨4I⟩⟨I 3̂⟩

×
(
−2 +

s3̂4
s3̂4 −m2

+
s1̂2̂4

s1̂2̂4 −m2
+

s1̂2̂3̂
s1̂2̂3̂ −m2

)
.

The kinematic invariants involving shifted spinors can be evaluated by first determining the value

of z for this channel by setting ⟨1̂2̂⟩ = 0 and plugging in this value of z into (6.12). By doing this,

we get

⟨3̂4⟩ = ⟨34⟩, ⟨4I⟩ = −1, ⟨I 3̂⟩ = − s123
[3|p1 + p2|4⟩

(6.32)

s1̂2̂4 = s124 − s12, s1̂2̂3̂ = s123 .
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This brings this term to the form

Agr,1,2
5 = − [12]

⟨12⟩
[34]

⟨34⟩
[14]

⟨14⟩
[24]

⟨24⟩

(
1

s24
+

1

s14

)
[3|p5|4⟩2
s123

×
(
−2 +

s34
s34 −m2

+
s14 + s24

s14 + s24 −m2
+

s123
s123 −m2

)
. (6.33)

Evaluation of Asc,1,5
5

This class of terms arises from the momentum (p̂1 + p5)
2
going on-shell and corresponds to a scalar

exchange.

Asc,1,5
5 =

1̂++

5φ

Iφ −Iφ

2̂++

4++

3̂++

(6.34)

= A3

(
1̂++, 5ϕ, Iϕ

) 1

P 2 −m2
A4

(
−Iϕ, 3̂++, 4++, 2̂++

)
=

[1|p5|ξ1⟩ [1|p5|ξ2⟩
⟨1̂ξ1⟩⟨2̂ξ2⟩

1

s15 −m2

[23][34][42]

⟨2̂3̂⟩⟨3̂4⟩⟨42̂⟩

×
(
−2 +

s3̂4
s3̂4 −m2

+
s3̂2̂

s3̂2̂ −m2
+

s2̂4
s2̂4 −m2

)
.

In this case, the kinematic invariants involving shifted momenta evaluate to

⟨2̂3̂⟩ = s15 − s23 −m2

[23]
, s2̂3̂ = s23 − s15 +m2 , s3̂4 = s34 , s2̂4 = s24 . (6.35)

Setting ξ1 = ξ2 = λ4 for simplicity, we get

Asc,1,2
5 =

[23]

⟨23⟩
[34]

⟨34⟩
[24]

⟨24⟩
[14]

⟨14⟩
s23
s14

[1|p5|4⟩2
(s15 −m2) (s15 − s23 −m2)

×
(
−2 +

s34
s34 −m2

+
s123 + s14

s123 + s14 −m2
+

s24
s24 −m2

)
.

Evaluation of Asc,1,2
5

This final class of terms also corresponds to a scalar exchange but arises from the momentum
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(p̂1 + p̂2)
2
going on-shell.

Asc,1,2
5 =

2̂++

1̂++

Iφ −Iφ

5φ

4++

3̂++

(6.36)

= A3

(
1̂++, 2̂++, Iϕ

) 1

P 2 −m2
A4

(
−Iϕ, 3̂++, 4++, 5ϕ

)
= [12]4

1

s12 −m2

[34]4

s3̂4 (s1̂2̂4 −m2) (s1̂2̂3̂ −m2)
.

Here the shifted momenta are determined by ⟨1̂2̂⟩[12] = m2 and this term evaluates to

Asc,1,2
5 =

[12]4[34]4

(s12 −m2) s34 (s123 −m2) (s14 + s24)
. (6.37)

This completes the computation of A5

(
1++, 2++, 3++, 4++, 5ϕ

)
. In computing this amplitude using

the recursion relations, we have implicitly assumed that there is no contribution from a pole at

infinity in the complex z plane. In order to verify the validity of this assumption, we have checked

that the amplitude we computed has all the correct soft and collinear limits.

6.3 Celestial amplitudes

We are interested in evaluating the celestial amplitudes corresponding to the bulk scattering am-

plitudes of the previous section. As explained in Section 6.1, we are interested in the correlators

obtained by setting ∆ = 0, where ∆ is the conformal dimension of the massive scalar. Since all

the dependence on the scalar coordinates drops out of the correlation functions, we will refer to

the celestial counterparts of n + 1-point bulk scattering amplitudes as n-point correlators. This is

further supported, as we will now show, by the structure of these correlators.

6.3.1 Two-point function

The momentum space three-point amplitude (6.10), written using the parameterization (6.1, 6.3) is

given by

A3

(
1++, 2++, 3ϕ

)
= κ2,2,0m

4 z̄
2
12

z212
δ(4) (p1 + p2 +Q) . (6.38)

We have made use of momentum conservation (⟨12⟩[12] = m2) in arriving at the above form. The

corresponding celestial amplitude integrated over the scalar phase space is given by the expression

Ã2

(
{∆1, z1, z̄1}++

, {∆2, z2, z̄2}++
)

= κ2,2,0
∑
ϵ1,ϵ3

∫ ∞

0

dy dz3 dz̄3
m2

4y3
×
∫ ∞

0

dω1 dω2 ω
∆1−1
1 ω∆2−1

2

z̄212
z212

δ(4) (p1 + p2 +Q) . (6.39)
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We can use the δ-function to solve for y, z, z̄, ω1 to get

δ(4) (p1 + p2 +Q) =
1

|J |δ (y − y⋆) δ (z̄3 − z̄⋆3) δ (z3 − z⋆3) δ (ω1 − ω⋆
1) , (6.40)

where5

ω⋆
1 =

m2

4ϵ1ϵ2z12z̄12ω2
, y⋆ =

−2mϵ2ϵ3z12z̄12ω2

m2 + 4z12z̄12ω2
2

, J =
m2z12z̄12ϵ1ϵ2ω2

(y⋆)3
. (6.41)

After integrating over y, z3, z̄3, ω1, we get

Ã2 = κ2,2,0m
2

(
z̄12
z12

)2 ∑
ϵ1,ϵ3

∫ ∞

0

dω2

(
m2

4ϵ1ϵ2z12z̄12ω2

)∆1

ω∆2−1
2 Θ(ω⋆

1) Θ (y⋆) . (6.42)

The integral over the δ-function gives rise to the two Θ functions since the y, ω1 integrals are over

R+. The sum over ϵ3 eliminates Θ (y⋆) while the sum over ϵ1 eliminates Θ (ω⋆
1) yielding

Ã2 = κ2,2,0m
2

∣∣∣∣ z̄12z12
∣∣∣∣2 ∣∣∣∣ m2

4z12z̄12

∣∣∣∣∆1 ∫ ∞

0

dω2 ω
∆2−∆1−1
2 . (6.43)

Performing the ω2 integral, we obtain the final result for the two-point celestial correlator

⟨⟨O++
∆1

(z1, z̄1)O++
∆2

(z2, z̄2)⟩⟩ ≡ Ã2 = κ2,2,0m
2

∣∣∣∣ z̄12z12
∣∣∣∣2 ∣∣∣∣ m2

4z12z̄12

∣∣∣∣∆1

× 2πδ (∆1 −∆2) . (6.44)

We see that the resulting object indeed resembles a two-point correlation function as in an ordinary

CFT.

It is also natural to consider correlation functions like ⟨O++
∆1

(z1, z̄1)O0
∆2

(z2, z̄2)O0
0 (z3, z̄3)⟩. In-

terpreting it as a two-point function of a graviton and scalar, we expect it to vanish from the 2D

CFT perspective. However, it is nonzero and is suggestive of the fact that additional insertions of

the scalar cannot be treated on the same footing as gravitons. We leave the exploration of such

correlators and their meaning to future work, noting for now that the singular part of the graviton

OPE does not involve the scalar, so the set of correlators ⟨⟨. . . ⟩⟩ with only graviton insertions forms

a self-consistent sector in some sense, similar in spirit to studying a current algebra independently

from any actual CFT.6

6.3.2 Three-point functions

⟨⟨O++
∆1

O++
∆2

O++
∆3

⟩⟩

The three-point functions are computed from momentum space four-point scattering amplitudes.

We start with (6.21) which we write as

A4

(
1++, 2++, 3++, 4ϕ

)
= Agr

4 +Asc,s
4 +Asc,t

4 +Asc,u
4 , (6.45)

5We have not displayed the solutions for z3, z̄3 since they are not required for this computation.
6We thank Sruthi Narayanan for bringing this to our attention.
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with Agr
4 representing the contribution of graviton exchange in all channels. As in the previous

section, the δ-function is used to eliminate the scalar momentum variables z4, z̄4, y as well as ω3

δ(4) (p1 + p2 + p3 +Q) =
1

|J |δ (y − y⋆) δ (z̄ − z̄⋆) δ (z − z⋆) δ (ω3 − ω⋆
3) , (6.46)

with

ω⋆
3 =

ϵ3
4

m2 − 4ω1ω2z12z̄12ϵ1ϵ2
z13z̄13ϵ1ω1 + z23z̄23ϵ2ω2

, y⋆ = − 2mϵ4 (z13z̄13ϵ1ω1 + z23z̄23ϵ2ω2)

m2 + 4 (ϵ1ω1z13 + ϵ2ω2z23) (ϵ1ω1z̄13 + ϵ2ω2z̄23)
,

J =
m2

y3
(z13z̄13ϵ1ω1 + z23z̄23ϵ2ω2) . (6.47)

The resulting three-point celestial correlator for both the graviton and scalar exchanges is given by

Ã3 =
1

4

∑
ϵi

∫ ∞

0

dω1 dω2 ω
∆1−1
1 ω∆2−1

2

(ω⋆
3)

∆3−1

|z13z̄13ϵ1ω1 + z23z̄23ϵ2ω2|
Θ(y⋆)Θ (ω⋆

3)A4. (6.48)

We will now compute the above integral for each term in A4 (6.45), whose explicit form in the

momentum space is given by the relation (6.21).

Mellin transform of Agr
4

In the parametrization of (6.1), the graviton exchange term of the amplitude is

Agr
4 = −2κ2,2,−2κ2,2,0m

4 z̄12z̄23z̄31
z12z23z31

. (6.49)

Plugging this into (6.48) and performing the sum over ϵ3, ϵ4 gives

Ãgr
3 = −21−2∆3κ2,2,−2κ2,2,0m

4 z̄12z̄23z̄31
z12z23z31

∑
ϵ1,ϵ2

∫ ∞

0

dω1 dω2 ω
∆1−1
1 ω∆2−1

2

×
∣∣m2 − 4ω1ω2z12z̄12ϵ1ϵ2

∣∣∆3−1 |z13z̄13ϵ1ω1 + z23z̄23ϵ2ω2|−∆3 . (6.50)

Changing variables to

ω1 =
m

2

( |z23z̄23|
|z12z̄12| |z13z̄13|

) 1
2

√
Y

X
, ω2 =

m

2

( |z13z̄13|
|z12z̄12| |z23z̄23|

) 1
2 √

XY , ϵ1ϵ2 = ϵ , (6.51)

brings the integral to the form

Ãgr
3 = −κ2,2,−2κ2,2,0 Z (zij , z̄ij)

∑
ϵ

f1 (∆i, α1) f2 (∆i, α2) , (6.52)

with

Z = 2−β−3mβ+5 z̄12z̄23z̄13
z12z23z13

|z12z̄12|
∆3−∆1−∆2

2 |z23z̄23|
∆1−∆2−∆3

2 |z13z̄13|
∆2−∆1−∆3

2 , (6.53)

being a standard conformal factor and β = −3+
∑3

i=1 ∆i. f1 and f2 are integrals over the variables

X and Y respectively and depend on the zij , z̄ij only through

α1 = ϵ sgn (z13z̄13z23z̄23) , α2 = ϵ sgn (z12z̄12) . (6.54)
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The f1, f2 integrals are now readily performed giving us

f1 (∆i, α1) ≡
∫ ∞

0

dX X
∆2−∆1+∆3

2 −1 |X + α1|−∆3

=
Γ
(
∆2+∆3−∆1

2

)
Γ
(
∆1−∆2+∆3

2

)
Γ (∆3)

1 α1 = 1
cos(π

2 (∆1−∆2))
cos π

2 ∆3
α1 = −1 ,

(6.55)

and

f2 (∆i, α2) ≡
∫ ∞

0

dY Y
∆1−∆3+∆2

2 −1 |1− α2Y |∆3−1

=
1

π
Γ

(
∆1 +∆2 −∆3

2

)
Γ

(
2−∆1 −∆2 −∆3

2

)
Γ (∆3)

×

2 sin π
2 (∆1 +∆2) cos

π
2∆3 α2 = 1

sinπ∆3 α2 = −1 .
(6.56)

Putting all of this together, we finally get two regions for the graviton exchange term

Ãgr
3 = −κ2,2,−2κ2,2,0 Z (zij , z̄ij) Ggr (∆i) ×

S+ (z12z̄12z13z̄13z23z̄23) > 0

S− (z12z̄12z13z̄13z23z̄23) < 0 ,
(6.57)

where

Ggr (∆i) =
1

π
Γ

(
2−∆1 −∆2 −∆3

2

)
Γ

(
∆1 +∆2 −∆3

2

)
× Γ

(
∆2 +∆3 −∆1

2

)
Γ

(
∆1 −∆2 +∆3

2

)
, (6.58)

and

S+ = sin
π

2
(∆1 +∆2 +∆3) + sin

π

2
(∆1 +∆2 −∆3)

+ sin
π

2
(∆1 −∆2 +∆3) + sin

π

2
(∆2 −∆1 +∆3) ,

S− = sinπ∆1 + sinπ∆2 + sinπ∆3 . (6.59)

Mellin transform of Asc,s
4 ,Asc,t

4 and Asc,u
4

We only need to evaluate the s-channel exchange since the other channels can be simply obtained

from this by interchanging 1 ↔ 3 and 2 ↔ 3. Moreover, since we have the following relation between

the graviton and scalar exchange terms

Asc,s
4 = −1

2
Agr

4 × 4ϵ1ϵ2ω1ω2z12z̄12
4ϵ1ϵ2ω1ω2z12z̄12 −m2

, (6.60)

their Mellin transforms are quite similar. Following the steps that led from (6.49) to (6.52), we get

Ãsc,s
3 =

1

2
κ2,2,−2κ2,2,0 Z (zij , z̄ij)

∑
ϵ

ϵ f1 (∆i, α1) f3 (∆i, α2) , (6.61)
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where

f3 (∆i, α2) ≡
∫ ∞

0

dY Y
∆1−∆3+∆2

2 |1− α2Y |∆3−2
sgn (1− α2Y )

=
1

π
Γ

(
2 + ∆1 +∆2 −∆3

2

)
Γ

(
2−∆1 −∆2 −∆3

2

)
Γ (∆3 − 1)

×

−2 sin π
2 (∆1 +∆2) cos

π
2∆3 α2 = 1

sinπ∆3 α2 = −1 .
(6.62)

We can now put together the celestial amplitude corresponding to the s-channel exchange by sum-

ming over ϵ resulting in

Ãsc,s
3 = −1

2
κ2,2,−2κ2,2,0 Z (zij , z̄ij) Gsc,s (∆i) ×

S+ (z12z̄12z13z̄13z23z̄23) > 0

S− (z12z̄12z13z̄13z23z̄23) < 0
(6.63)

where

Gsc,s (∆i) =
1

π
Γ

(
2−∆1 −∆2 −∆3

2

)
Γ

(
∆1 +∆2 −∆3 + 2

2

)
(6.64)

× Γ

(
∆1 −∆2 +∆3

2

)
Γ

(
∆2 +∆3 −∆1

2

)
Γ (∆3 − 1)

Γ (∆3)
,

and S± were defined in (6.59). The invariance of S± under cyclic permutations of the conformal di-

mensions ∆i allows us to write the all-plus three-point expression in a compact manner by combining

(6.57) and (6.63) as follows:

⟨⟨O++
∆1

O++
∆2

O++
∆3

⟩⟩ = Ãgr
3 + Ãsc,s

3 + Ãsc,t
3 + Ãsc,u

3 (6.65)

= −κ2,2,−2κ2,2,0 Z (zij , z̄ij)

[
Ggr +

1

2

(
Gsc,s + Gsc,t + Gsc,u

)]

×

S+ (z12z̄12z13z̄13z23z̄23) > 0

S− (z12z̄12z13z̄13z23z̄23) < 0 ,

where Gsc,t(∆i) and Gsc,u(∆i) are obtained from Gsc,s(∆i) given in (6.64) by interchanging ∆1 ↔ ∆3

and ∆2 ↔ ∆3 respectively.

⟨⟨O++
∆1

O++
∆2

O−−
∆3

⟩⟩

We now present the three-point function involving two positive and one negative helicity graviton de-

rived from the momentum-space four-point amplitude given by (6.24), which in the parameterization

of (6.1) takes the form

A(1++, 2++, 3−−, 4ϕ) = 43κ2,2,0κ2,−2,−2
z̄612z23z13
z̄23z̄13

ϵ1ϵ2ω
3
1ω

3
2

4ϵ1ϵ2ω1ω2z12z̄12 −m2
. (6.66)
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The computation of this Mellin transform is very similar to the previous cases and we omit all

details. The final result takes the form

Ã3

(
{∆1, z1, z̄1}++

, {∆2, z2, z̄2}++
, {∆3, z3, z̄3}−−

)
= κ2,2,0 κ2,−2,−2 Z̃ (zij , z̄ij)

∑
ϵ

ϵ f1 (∆i, α1) f4 (∆i, α2) , (6.67)

where

Z̃ = 2−β−4mβ+5 z̄
6
12z23z13
z̄23z̄13

|z12z̄12|
∆3−∆1−∆2−6

2 |z23z̄23|
∆1−∆2−∆3

2 |z13z̄13|
∆2−∆1−∆3

2 , (6.68)

is now the appropriate conformal factor, f1 (∆i, α1) is the same integral as in (6.55) and

f4 (∆i, α2) ≡
∫ ∞

0

dY Y
∆1−∆3+∆2

2 +4 |1− α2Y |∆3−2
sgn (1− α2Y )

=
1

π
Γ

(
6 + ∆1 +∆2 −∆3

2

)
Γ

(−2−∆1 −∆2 −∆3

2

)
Γ (∆3 − 1)

×

−2 sin π
2 (∆1 +∆2) cos

π
2∆3 α2 = 1

sinπ∆3 α2 = −1 .

(6.69)

Putting all of this together, the result is

⟨⟨O++
∆1

O++
∆2

O−−
∆3

⟩⟩ = −κ2,−2,−2κ2,2,0 Z̃ (zij , z̄ij) G̃ (∆i) ×

S+ (z12z̄12z13z̄13z23z̄23) > 0

S− (z12z̄12z13z̄13z23z̄23) < 0 ,

(6.70)

where

G̃ (∆i) =
1

π
Γ

(−2−∆1 −∆2 −∆3

2

)
Γ

(
∆1 +∆2 −∆3 + 6

2

)
× Γ

(
∆1 −∆2 +∆3

2

)
Γ

(
∆2 +∆3 −∆1

2

)
Γ (∆3 − 1)

Γ (∆3)
, (6.71)

and S± were defined in (6.59).

6.3.3 Four-point function

The four-point function can be obtained from the five-point amplitude computed in Section 6.2

starting from the definition

Ã4 ≡ m2

4

∫ ∞

0

dy

y3

∫ ∞

−∞
dz5 dz̄5

∫ ∞

0

4∏
i=1

dωi

ωi
ω∆i
i δ(4)

(
5∑

i=1

pi

)
A5 . (6.72)

Due to the complexity of this amplitude, we will evaluate the corresponding celestial correlator only

in Minkowski space. In this case, the regions on which the constraints imposed by the Θ functions

are satisfied can be enumerated. As we will see below, a simplification occurs since z̄i are the complex
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conjugates of zi and we have z̄izi = |zi|2 > 0.7 As before, we can first eliminate the coordinates of

the scalar and one energy using

δ(4)

(
5∑

i=1

pi

)
=

1

|J |δ (ω4 − ω⋆
4) δ (z5 − z⋆5) δ (z̄5 − z̄⋆5) δ (y − y⋆) , (6.73)

ω⋆
4 =

m2 − 4z12z̄12ϵ1ϵ2ω1ω2 − 4z13z̄13ϵ1ϵ3ω1ω3 − 4z23z̄23ϵ2ϵ3ω2ω3

4ϵ4 (z14z̄14ϵ1ω1 + z24z̄24ϵ2ω2 + z34z̄34ϵ3ω3)
,

J = −m
2ϵ5 (z14z̄14ϵ1ω1 + z24z̄24ϵ2ω2 + z34z̄34ϵ3ω3)

y3
,

y⋆ =
−2mϵ5 (z14z̄14ϵ1ω1 + z24z̄24ϵ2ω2 + z34z̄34ϵ3ω3)

m2 + 4 (z14ϵ1ω1 + z24ϵ2ω2 + z34ϵ3ω3) (z̄14ϵ1ω1 + z̄24ϵ2ω2 + z̄34ϵ3ω3)
.

In arriving at the above result, we have made use of the parametrization

pi = ϵi ωi (1 + ziz̄i, zi + z̄i, i (zi − z̄i) , 1− ziz̄i) , (6.74)

which is appropriate for Minkowski space. Performing the y, z5, z̄5, ω4 integrals, we get

Ã4 ≡
∫ 3∏

i=1

dωi ω
∆i−1
i

1

|J |δ (ω4 − ω⋆
4) δ (z5 − z⋆5) δ (z̄5 − z̄⋆5) δ (y − y⋆)

× (ω⋆
4)

∆−4−1
Θ(y⋆)Θ (ω⋆

1)A5 . (6.75)

We do not sum over the directions as in the previous sections. We find it easier to solve the Θ

function constraints and evaluate the amplitude for each case. Once we have these correlators, the

summation can be trivially carried out. It is easy to see that the two Θ functions in (6.75) reduce

to

Θ (y⋆)Θ (ω⋆
4) =Θ (−ϵ5 (z14z̄14ϵ1ω1 + z24z̄24ϵ2ω2 + z34z̄34ϵ3ω3)) (6.76)

Θ
(
ϵ4ϵ5

(
−m2 + 4z12z̄12ϵ1ϵ2ω1ω2 + 4z13z̄13ϵ1ϵ3ω1ω3 + 4z23z̄23ϵ2ϵ3ω2ω3

))
.

The constraints imposed by these Θ functions on ω1, ω2, ω3 contours are most easily worked out by

first changing variables to

ω1 =
m

2

∣∣∣∣ z34
z13z14

∣∣∣∣ ω̃1, ω2 =
m

2

∣∣∣∣z14z34z13

∣∣∣∣ 1

|z24|2
ω̃2, ω3 =

m

2

∣∣∣∣ z14
z13z34

∣∣∣∣ ω̃3 . (6.77)

The constraints can now be written purely in terms of the ω̃i, ϵi, the conformal cross ratio z = z12z34
z13z24

and its conjugate:

Θ (y⋆)Θ (ω⋆
4) =Θ (−ϵ5 (ϵ1ω̃1 + ϵ2ω̃2 + ϵ3ω̃3)) (6.78)

Θ (ϵ4ϵ5 (−1 + ϵ1ϵ2 |z| ω̃1ω̃2 + ϵ1ϵ3ω̃1ω̃3 + ϵ2ϵ3 |1− z| ω̃2ω̃3)) .

Before enumerating all the regions, it helps to note that the Θ functions are invariant under three

operations

7Note that in this section the symbols zi, z̄i, z, z̄ are all complex, and || denotes the modulus of the complex

number. In the previous sections, they were real and we used || to denote the absolute value of these real numbers.
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1. ϵ1ω̃1 ↔ ϵ2ω̃2

2. ϵ1ω̃1 ↔ ϵ3ω̃3 and |z| ↔ |1− z|

3. ϵ2ω̃2 ↔ ϵ3ω̃3 and |z| ↔ |1− z| .

Moreover, we regard combinations of ϵi differing by an overall sign to be equivalent and set ϵ5 = −1

in everything that follows. These imply that we can obtain all possible regions from the ones shown

in Table 2.1. The combinations ϵ1 = ϵ2 = ϵ3 = −ϵ4 = 1 and ϵ1 = ϵ2 = ϵ4 = −ϵ3 = −1 are not listed

in this table as they lead to empty regions.

Region ϵ1 ϵ2 ϵ3 ϵ4 Constraints

R1 1 1 1 1 ω̃1 > 0, ω̃2 <
1

|z|2ω̃1
, 0 < ω̃3 <

1−ω̃1ω̃2|z|2
ω̃1+ω̃2|1−z|2

R2 1 1 -1 1 ω̃1 > 0, ω̃2 <
1

|z|2ω̃1
, 0 < ω̃3 < ω̃1 + ω̃2

R3 1 1 -1 1 ω̃1 > 0, ω̃2 >
1

|z|2ω̃1
, ω̃1ω̃2|z|2−1

ω̃1+ω̃2|1−z|2 < ω̃3 < ω̃1 + ω̃2

R4 1 -1 -1 1 ω̃1 > 0, 0 < ω̃2 < ω̃1, 0 < ω̃3 < ω̃1 − ω̃2

R5 1 1 1 -1 ω̃1 > 0, 0 < ω̃2 <
1

|z|2ω̃1
, ω̃3 >

1−|z|2ω̃1ω̃2

ω̃1+ω̃2|1−z|2
R6 1 1 1 -1 ω̃1 > 0, ω̃2 >

1
|z|2ω̃1

, ω̃3 > 0

R7 1 1 -1 -1 ω̃1 > 0, ω̃2 >
1

|z|2ω̃1
, ω̃3 <

|z|2ω̃1ω̃2−1

ω̃1+|1−z|2ω̃2

Table 6.1: A list of regions carved out by the Θ function constraints for different values of ϵi. The
regions for any combinations of ϵi not listed here are either empty or are related to the listed ones
via symmetries. In all of these cases we have set ϵ5 = −1.

The variable change (6.77) also vastly simplifies (6.73) to

ω⋆
4 = −mϵ4

2

∣∣∣∣ z13
z14z34

∣∣∣∣
(
1− |z|2ϵ1ϵ2ω̃1ω̃2 − ϵ1ϵ3ω̃1ω̃3 − |1− z|2 ϵ2ϵ3ω̃2ω̃3

)
(ϵ1ω̃1 + ϵ2ω̃2 + ϵ3ω̃3)

, (6.79)

J = −m
3ϵ5

2y3

∣∣∣∣z14z34z13

∣∣∣∣ (ϵ1ω̃1 + ϵ2ω̃2 + ϵ3ω̃3) .

and the integral for the celestial correlator

Ã4 = Z
∫
Ri

dω1 dω2 dω3 ω
∆1−1
1 ω∆2−1

2 ω∆3−1
3 (ϵ1ω̃1 + ϵ2ω̃2 + ϵ3ω̃3)

−∆4

(
1− |z|2ϵ1ϵ2ω̃1ω̃2 − ϵ1ϵ3ω̃1ω̃3 − |1− z|2 ϵ2ϵ3ω̃2ω̃3

)∆4−1

A⋆
5 . (6.80)

A⋆
5 is meant to represent the five-point amplitude after imposing momentum conservation and the

variable change in (6.77) and

Z = |z34|
1
2 (∆1+∆2−∆3−∆4−1) |z13|

1
2 (−∆1−∆2−∆3+∆4+1)

|z14|
1
2 (−∆1+∆2+∆3−∆4+1) |z24|1−∆2

(m
2

)−5+
∑4

i=1 ∆i

, (6.81)

is the standard conformal factor.



178

It is prudent to first identify a few classes of integrals that arise in the computation of the

correlator above. To this end, it is necessary to rewrite the five-point amplitude (6.25) using the

variables (6.77) as in Appendix 6.8. We can check that all the terms Agr,1,2,(i)
5 (defined in Appendix

6.8) lead to the following class of integrals

I
(1)
Ri

(α, β, γ, δ, ρ, a, b, c) =

∫
Ri

dω̃1 dω̃2 dω̃3ω̃
α
1 ω̃

β
2 ω̃

γ
3 (1− ŝ)

δ
ŝa (ϵ1ω̃1 + ϵ2ω̃2 + ϵ3ω̃3)

ρ

(ŝϵ3ω̃3 + ϵ1ω̃1 + ϵ2ω̃2)
b
(ŝ (ϵ1ω̃1 + ϵ2ω̃2) + ϵ3ω̃3)

c
, (6.82)

I
(2)
Ri

(α, β, γ, δ, ρ, a, b, c, d, e)

=

∫
Ri

dω̃1 dω̃2 dω̃3ω̃
α
1 ω̃

β
2 ω̃

γ
3 (1− ŝ)

δ
(ϵ1ω̃1 + ϵ2ω̃2 + ϵ3ω̃3)

ρ
(ϵ2ω̃2 + ϵ3ω̃3)

d

× (ŝ (ϵ2ω̃2 + ϵ3ω̃3) + ϵ1ω̃1)
a
(ŝϵ3ω̃3 + ϵ1ω̃1 + ϵ2ω̃2)

b

×
(
1 + |z|2 ω̃2

2 + (z + z̄) ϵ2ϵ3ω̃2ω̃3 + ω̃2
3

)c
(ϵ2ω̃2ŝ+ ϵ1ω̃1 + ϵ3ω̃3)

e
, (6.83)

where ŝ = |z|ϵ1ϵ2ω̃1ω̃2 + ϵ1ϵ3ω̃1ω̃3 + |1− z| ϵ2ϵ3ω̃2ω̃3. The exponents represented by Greek letters

can take complex values while the Latin ones only take on integer values. All of the terms in Ã4

can be expressed in terms of these integrals. This decomposition can be performed easily using

Mathematica.

The integrals in (6.82, 6.83) must first be regulated with appropriate iϵ prescriptions. Here, we

must distinguish between the factors with Greek and Latin exponents. The former are positive in all

the regions Ri as they are just the arguments of the Θ functions. Consequently, they do not require

iϵ prescriptions. However, the factors with integer exponents introduce new singularities which

sometimes intersect the regions Ri. The necessary iϵ prescription follows from the corresponding

Feynman iϵ for the propagators in the tree amplitude. We will now tacitly assume such a prescription

and outline how we can derive a Mellin-Barnes representation for these integrals. Applying the

Mellin-Barnes decomposition formula8

1

(A1 + · · ·+An)λ
=

1

(2πi)n−1Γ(λ)

∫ n−1∏
i=1

dxiA
xi
i A

−λ−x1−···−xn−1
n

×
n−1∏
i=1

Γ(−xi)Γ(λ+ x1 + · · ·+ xn−1) , (6.84)

to each factor with an integer exponent yields an integral of the form

I(j)
Ri

=

∫ r∏
k=1

dxkG (x1, . . . , xr, a, b, c, d, e, z, z̄)JRi . (6.85)

This generic form is motivated by the observation that each of the factors Ai in the Mellin-Barnes

decomposition is a product of powers of ω̃1, ω̃2, ω̃3, z and z̄. This modifies the exponents of ω̃1, ω̃2, ω̃3

8Here and henceforth, we will suppress the contour of integration. It is understood that these contours run upward

along the imaginary axis such that the poles separate into left and right ones. For more details, please refer to [219].
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from α, β, γ in (6.82, 6.83) to A,B and C. The function G (x1, . . . , xr, a, b, c, d, e) is a universal

(independent of the regions Ri) factor containing all the Γ functions and powers of z, z̄ arising from

(6.84). r is an integer that represents the total number of Mellin variables that must be introduced

to achieve this form. We have also defined

JRi
=

∫
Ri

dω̃1 dω̃2 dω̃3 ω̃
A
1 ω̃

B
2 ω̃

C
3 (1− ŝ)

δ
(ϵ1ω̃1 + ϵ2ω̃2 + ϵ3ω̃3)

ρ
. (6.86)

We can now complete the reduction to Mellin-Barnes form more efficiently by performing some of

the integrals and identifying them with well-known hypergeometric functions. The details of this

somewhat lengthy procedure are relegated to Appendix 6.9. Here, we merely present the final result:

JR4 =

∫ 4∏
i=1

dxr+i G (xr+1, . . . , xr+4) (z − 1)
xr+2 (z̄ − 1)

xr+3

(
1− |z|2

)xr+4

, (6.87)

where G is defined in (6.133).

6.4 Graviton OPEs

We can obtain the graviton OPEs (for positive helicity gravitons) from the three-point correlator

(6.57, 6.63). Since the OPE is local and is insensitive to insertions far away from the position of the

relevant operators, we expect it to agree with the OPE derived for correlators without a massive

scalar. Consider the limit as z23 → 0 in which we have for the conformal factor

Z 2∥3−−→ 22−2∆1m2∆1+2 z̄
2
13

z213

z̄23
z23

|z13z̄13|−∆1 (−iπ) δ (∆2 +∆3 −∆1) . (6.88)

In arriving at this result, we have made use of the identity [220]

lim
ν→0

νz−∆ Γ (∆− z) = −2πiδ (∆− z) . (6.89)

The terms in the three-point correlator now become

Ãgr
3

2∥3−−→ −2iκ2,2,−2
z̄23
z23

1

π
Γ (1−∆2 −∆3) Γ (∆2) Γ (∆3)

× (sinπ∆2 + sinπ∆3 + sinπ (∆2 +∆3)) Ã2

= −2κ2,2,−2
z̄23
z23

(
B(∆2,∆3) +B(1−∆2 −∆3,∆3) +B(1−∆2 −∆3,∆2)

)
Ã2 , (6.90)

Ãsc,s
3

2∥3−−→ −iκ2,2,−2
z̄23
z23

1

π
Γ (1−∆2 −∆3) Γ (∆2 + 1)Γ (∆3 − 1)

× (− sinπ∆2 − sinπ∆3 − sinπ (∆2 +∆3)) Ã2

= −κ2,2,−2
z̄23
z23

(
B(∆2 + 1,∆3 − 1)−B(1−∆2 −∆3,∆3 − 1) +B(1−∆2 −∆3,∆2 + 1)

)
Ã2 ,

(6.91)
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Ãsc,u
3

2∥3−−→ −iκ2,2,−2
z̄23
z23

1

π
Γ (1−∆2 −∆3) Γ (∆3 + 1)Γ (∆2 − 1)

× (− sinπ∆2 − sinπ∆3 − sinπ (∆2 +∆3)) Ã2

= −κ2,2,−2
z̄23
z23

(
B(∆2 − 1,∆3 + 1)−B(1−∆2 −∆3,∆2 − 1) +B(1−∆2 −∆3,∆3 + 1)

)
Ã2 ,

(6.92)

while Ãsc,t
3 is subleading in this limit and hence we drop it. Here B(x, y) is the Euler beta function.

Now, if we write the OPE as

O++
∆2

(z2, z̄2)O++
∆3

(z3, z̄3) ∼
z̄23
z23

C∆2+∆3

∆2,∆3
O++

∆2+∆3
(z3, z̄3) + . . . , (6.93)

we can read off the OPE coefficient to be

C∆
∆2,∆3

= −κ2,2,−2

(
2B(∆2,∆3) + 2B(1−∆2 −∆3,∆3) + 2B(1−∆2 −∆3,∆2)

+B(∆2 + 1,∆3 − 1)−B(1−∆2 −∆3,∆3 − 1)−B(1−∆2 −∆3,∆2 + 1)

+B(∆2 − 1,∆3 + 1)−B(1−∆2 −∆3,∆2 − 1)−B(1−∆2 −∆3,∆3 + 1)
)

= −κ2,2,−2

(
B(∆2 − 1,∆3 − 1)−B(∆2 − 1, 3−∆2 −∆3)−B(∆3 − 1, 3−∆2 −∆3)

)
,

(6.94)

where we have used the following identities:

• B(∆2 − 1,∆3 + 1) +B(∆2 + 1,∆3 − 1) + 2B(∆2,∆3)−B(∆2 − 1,∆3 − 1) = 0

• B(1−∆2 −∆3,∆2 − 1) +B(1−∆2 −∆3,∆2 + 1)− 2B(1−∆2 −∆3,∆2)

−B(∆2 − 1, 3−∆2 −∆3) = 0

• B(1−∆2 −∆3,∆3 − 1) +B(1−∆2 −∆3,∆3 + 1)− 2B(1−∆2 −∆3,∆3)

−B(∆3 − 1, 3−∆2 −∆3) = 0 ,

to simplify the OPE coefficients in the final equality above. This OPE coefficient cannot be directly

compared with those obtained in [221, 222] as it does not correspond to OPEs of incoming or

outgoing operators, but to specific linear combinations of them. We can use the OPEs of [221, 222]

to derive the appropriate quantity for comparison. To do this, we start by considering9,10∑
ϵ3=±1

O++,+1
∆2

O++,ϵ3
∆3

= O++,+1
∆2

O++,+1
∆3

+O++,+1
∆2

O++,−1
∆3

. (6.95)

Applying the usual OPE we get,∑
ϵ3=±1

O++,+1
∆2

O++,ϵ3
∆3

∼ −κ2,2,−2
z̄23
z23

(
B(∆2 − 1,∆3 − 1)O++,+1

∆2+∆3

−B(∆2 − 1, 3−∆2 −∆3)O++,+1
∆2+∆3

−B(∆3 − 1, 3−∆2 −∆3)O++,−1
∆2+∆3

)
. (6.96)

9We set ϵ2 = 1 since there are only two inequivalent choices for ϵ1, ϵ2 up to an overall sign.
10We suppress all the coordinate dependence of the operators.
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If we now insert this into a three-point function and sum over the directions of the new insertion,

we get∑
ϵ1,ϵ3

⟨⟨O++,ϵ1
∆1

O++,+1
∆2

O++,ϵ3
∆3

⟩⟩ ∼ −κ2,2,−2
z̄23
z23

(
B(∆2 − 1,∆3 − 1)−B(∆2 − 1, 3−∆2 −∆3)

−B(∆3 − 1, 3−∆2 −∆3)
)∑

ϵ1

⟨⟨O++,ϵ1
∆1

O++
∆2+∆3

⟩⟩ ,

(6.97)

matching the expression for the OPE coefficient obtained in (6.94). This shows that the OPEs in

the presence of a massive scalar are consistent with those in its absence.

6.5 The conformally soft graviton theorem

The computations of the previous sections have shown that celestial amplitudes involving n gravitons

and a massive scalar behave like n-point graviton correlators when the conformal dimension of the

scalar is taken to vanish. We will now examine whether this similarly persists for the conformal soft

theorems [223]. In this paper, we will only examine the leading soft theorem leaving the others for

future work. In momentum space, the leading soft theorem [224] for an amplitude with n positive

helicity gravitons and a massive scalar is

An+1

(
εp++

1 , p++
2 , . . . , p++

n , pn+1

) ε→0−−−→ 1

ε
S
[
p++
1

]
An

(
p++
2 , . . . , p++

n , pn+1

)
+O

(
ε0
)
, (6.98)

where S
[
p++
1

]
is the relevant soft factor given by

S
[
p++
1

]
=

n+1∑
i=2

ϵµν (p1) p
µ
i p

ν
i

pi · p1
, (6.99)

and ϵµν (p1) is the polarization tensor of the soft graviton, which takes the form

ϵµν (p1) =
⟨x|γµ|1]
⟨x1⟩

⟨y|γν |1]
⟨y1⟩ , (6.100)

for a positive helicity graviton. Here x, y are two arbitrary reference spinors. The soft factor is

independent of the specific choice of x, y on the support of momentum conservation (which always

holds upon including the momentum of the massive scalar). A compact expression can be obtained

by setting x = λ2, y = λ3. Note that there is a sum over all the other particles involved in the

amplitude. For the four-point amplitude A4

(
1++, 2++, 3++, 4ϕ

)
in (6.21), this becomes

S
[
p++
1

]
=

[12]

⟨12⟩
[13]

⟨13⟩
⟨23⟩2
t−m2

=
z̄12z̄13z

2
23

z12z13

ω2ω3

2mω1

y

y2 + z14z̄14
. (6.101)

It can be checked that the momentum-space amplitude (6.21) satisfies the soft theorems. It is worth

noting that the leading soft behavior arises entirely from the term in the amplitude that corresponds

to the exchange of the massive scalar. Indeed, without this, the amplitude would fail to satisfy the
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soft graviton theorem as already stated in Section 6.2. In order to examine the celestial avatar of

this statement, we must compute

lim
∆1→1

(∆1 − 1) Ãϵ
n+1 =

m2

4

∮
ω1=0

dω1

∫ ∞

0

n∏
i=2

dωi

ωi
ω∆i
i

∫ ∞

0

dy

y3

×
∫ ∞

−∞
dzn+1 dz̄n+1G∆n+1 (zn+1, z̄n+1, w, w̄)An+1 (6.102)

where we have used the definition (6.4) and the identity

lim
ε→0

ε |x|ε−1
= δ (x) , (6.103)

which holds for functions falling off at infinity at least as fast as x−b for some b > 0. For the

four-point amplitude under consideration, this turns into

lim
∆1→1

(∆1 − 1) Ã4 =
m

8

z̄12z̄13z
2
23

z12z13

∫
dy

y3
dz4 dz̄4dω2 dω3 ω

∆2
2 ω∆3

3

×
(

y

y2 + (z4 − w)(z̄4 − w̄)

)∆4
(

y

y2 + z14z̄14

)
A3 . (6.104)

We must now set ∆4 = 0 in order to obtain the conformal soft theorem for the correlators considered

in this paper. The presence of the soft factor prevents us from interpreting this quantity as a lower

point celestial amplitude with ∆4 = 0. In fact, this can be interpreted as a new correlator with

∆4 = 1 and the scalar coordinates being {z1, z̄1}. Thus, we can write

lim
∆1→1

(∆1 − 1) Ã4 ({∆1, z1, z̄1} , {∆2, z2, z̄2} , {∆3, z3, z̄3} , {∆4, w, w̄})

=
1

2m

z̄12z̄13z
2
23

z12z13
Ã3 ({∆2 + 1, z2, z̄2} , {∆3 + 1, z3, z̄3} , {1, z1, z̄1}) . (6.105)

This compact version of the conformally soft theorem involves shifting all the conformal dimensions

and is ostensibly very different from the massless version in [223]. However, this is merely an

artefact of the choice of reference spinors. Indeed, keeping x, y arbitrary will lead to a version of

the conformally soft graviton theorem which involves multiple terms, each involving only one shifted

conformal dimension. This is also supported by the following direct computation

lim
∆1→1

(∆1 − 1)Ã3 =
m2

2

z̄312z
2
23

z312z
2
13

∣∣∣∣ m2

4z23z̄23

∣∣∣∣∆3
∣∣∣∣ m2z13z̄13
4z12z̄12z23z̄23

∣∣∣∣
∆2−∆3+1

2

×


π

cos (π
2 (∆2−∆3))

; sgn(z12z̄12z23z̄23) > 0

−π tan
(
π
2 (∆2 −∆3)

)
; sgn(z12z̄12z23z̄23) < 0 .

(6.106)

This suggests that the leading soft theorem relates the set of correlators with vanishing scalar

conformal dimension to those with unit conformal dimension. It would be intriguing to investigate

if this has an interpretation along the lines of [225, 226]. The connection between soft theorems and

Ward identities of asymptotic symmetries in the presence of massive particles has been studied in

[227, 228] in general. It would also be interesting to see if any lessons could be extracted from this

analysis.
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6.6 Outlook and discussion

The correlators computed in this paper are well-defined and non-distributional, resembling ordinary

CFT correlators. This computation opens up several lines of investigation. The first of these is

understanding whether the remaining soft theorems are modified, along with their associated sym-

metries. Next is understanding the singularity structure of these correlators either using the Mellin

Barnes representations (6.87) and generalizing the analysis in [229] or using the Euler integral repre-

sentation (6.82, 6.83) and methods in [94, 68]. A particularly interesting question is understanding

how the massive exchange is manifest in the singularity structure. Another question that would

benefit from further investigation is if an on-shell version of the correlators in [230] agrees with those

in this paper. This would provide a connection between the two different definitions. The final

and perhaps most interesting and challenging question is whether we can identify a 2D CFT that

reproduces the correlation functions in this paper.

6.7 Appendix: Derivation of the A(1++, 2++, 3−−, 4ϕ) ampli-

tude

This amplitude is not constructible via BCFW or three-line shift recursions. The simplest way to

derive this amplitude is by appealing to consistent factorization and locality along the lines of [216].

The basic procedure is to compute the residues on all factorization channels by multiplying the

appropriate three-point amplitudes and then guessing an expression that correctly reproduces all of

them. For the case at hand, we begin by computing the residue in the u-channel corresponding to

a graviton exchange. This is

Res
[13]→0

A4

(
1++, 2++, 3−−, 4ϕ

)
=

1

⟨13⟩

3−−

1++

I−− −I++

4φ

2++

(6.107)

=
1

⟨13⟩κ2,2,−2

( ⟨3I⟩3
⟨I1⟩⟨13⟩

)2

κ2,2,0 [2I]
4

= κ2,2,0κ2,2,−2
[12]6⟨23⟩2⟨13⟩2

⟨13⟩t2 . (6.108)

The expression above has a double pole in t which would be unphysical in an amplitude. However,

on the support of u = 0, we have s−m2 = −t. An ansatz for the amplitude is thus

A4

(
1++, 2++, 3−−, 4ϕ

)
= κ2,2,0κ2,2,−2

[12]6⟨23⟩2⟨13⟩2
t u (s−m2)

. (6.109)

It can be checked that this correctly reproduces the t- and u-channel residues and has the correct

soft limits.
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6.8 Appendix: Expressions for various terms in the five-

point amplitude

This appendix contains expressions for all the terms in (6.25) written in terms of the variables

introduced in (6.77).

Agr,1,2,(1)
5 ≡ [12]

⟨12⟩
[34]

⟨34⟩
[14]

⟨14⟩
[24]

⟨24⟩
[3|p5|4⟩2
s24

2

s123
=
z̄

z

z̄213z̄
2
24

z213z
2
24

ϵ2ϵ3
ω̃3

ω̃2

2 (ϵ1ω̃1 + ϵ2ω̃2 (1− z̄))
2

ŝ

Agr,1,2,(2)
5 ≡ [12]

⟨12⟩
[34]

⟨34⟩
[14]

⟨14⟩
[24]

⟨24⟩
[3|p5|4⟩2
s14

2

s123
=
z̄

z

z̄213z̄
2
24

z213z
2
24

ϵ1ϵ3
ω̃3

ω̃1

2 (ϵ1ω̃1 + ϵ2ω̃2 (1− z̄))
2

ŝ
(6.110)

Agr,1,2,(3)
5 ≡ − [12]

⟨12⟩
[34]

⟨34⟩
[14]

⟨14⟩
[24]

⟨24⟩
[3|p5|4⟩2
s24

s34
s34 −m2

1

s123
=
z̄

z

z̄213z̄
2
24

z213z
2
24

ϵ2
ω̃2
3

ω̃2

(ϵ1ω̃1 + ϵ2ω̃2 (1− z̄))
2

ŝϵ3ω̃3 + ϵ1ω̃1 + ϵ2ω̃2

ŝ− 1

ŝ

Agr,1,2,(4)
5 ≡ − [12]

⟨12⟩
[34]

⟨34⟩
[14]

⟨14⟩
[24]

⟨24⟩
[3|p5|4⟩2
s14

s34
s34 −m2

1

s123
=
z̄

z

z̄213z̄
2
24

z213z
2
24

ϵ2
ω̃2
3

ω̃1

(ϵ1ω̃1 + ϵ2ω̃2 (1− z̄))
2

ŝϵ3ω̃3 + ϵ1ω̃1 + ϵ2ω̃2

ŝ− 1

ŝ

(6.111)

Agr,1,2,(5)
5 ≡ − [12]

⟨12⟩
[34]

⟨34⟩
[14]

⟨14⟩
[24]

⟨24⟩
[3|p5|4⟩2
s24

s14 + s24
s14 + s24 −m2

1

s123

=
z̄

z

z̄213z̄
2
24

z213z
2
24

ϵ2ϵ3
ω̃3

ω̃2

(ϵ1ω̃1 + ϵ2ω̃2 (1− z̄))
2
(ϵ1ω̃1 + ϵ2ω̃2)

ŝ (ϵ1ω̃1 + ϵ2ω̃2) + ϵ3ω̃3

1− ŝ

ŝ

Agr,1,2,(6)
5 ≡ − [12]

⟨12⟩
[34]

⟨34⟩
[14]

⟨14⟩
[24]

⟨24⟩
[3|p5|4⟩2
s14

s14 + s24
s14 + s24 −m2

1

s123

=
z̄

z

z̄213z̄
2
24

z213z
2
24

ϵ2ϵ3
ω̃3

ω̃1

(ϵ1ω̃1 + ϵ2ω̃2 (1− z̄))
2
(ϵ1ω̃1 + ϵ2ω̃2)

ŝ (ϵ1ω̃1 + ϵ2ω̃2) + ϵ3ω̃3

1− ŝ

ŝ
(6.112)

Agr,1,2,(7)
5 ≡ − [12]

⟨12⟩
[34]

⟨34⟩
[14]

⟨14⟩
[24]

⟨24⟩
[3|p5|4⟩2
s24

1

ŝ− 1
=
z̄

z

z̄213z̄
2
24

z213z
2
24

ϵ2ϵ3
ω̃3

ω̃2

(ϵ1ω̃1 + ϵ2ω̃2 (1− z̄))
2

1− ŝ

Agr,1,2,(8)
5 ≡ − [12]

⟨12⟩
[34]

⟨34⟩
[14]

⟨14⟩
[24]

⟨24⟩
[3|p5|4⟩2
s14

1

ŝ− 1
=
z̄

z

z̄213z̄
2
24

z213z
2
24

ϵ2ϵ3
ω̃3

ω̃2

(ϵ1ω̃1 + ϵ2ω̃2 (1− z̄))
2

1− ŝ
(6.113)

Asc,1,2(1)
5 ≡ − [23][34][24][14] [1|p5|4⟩2

⟨23⟩⟨34⟩⟨24⟩⟨14⟩s14
2

s15 − s23 −m2

= 2
z̄213z̄

2
24

z213z
2
24

1− z̄

1− z
(z̄ϵ2ω̃2 + ϵ3ω̃3)

2 ϵ1ω̃1 + ϵ2ω̃2 + ϵ3ω̃3

ϵ1ω̃1 + ŝ (ϵ2ω̃2 + ϵ3ω̃3)

Asc,1,2(2)
5 ≡ [23][34][24][14] [1|p5|4⟩2

⟨23⟩⟨34⟩⟨24⟩⟨14⟩s14
2

s15 −m2

= −2
z̄213z̄

2
24

z213z
2
24

1− z̄

1− z
(z̄ϵ2ω̃2 + ϵ3ω̃3)

2
ϵ1ω̃1

ϵ1ω̃1 + ϵ2ω̃2 + ϵ3ω̃3

1 + |z| ω̃2
2 + (z + z̄) ϵ2ϵ3ω̃2ω̃3 + ω̃2

3

(6.114)
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Asc,1,2(3)
5 ≡ [23][34][24][14] [1|p5|4⟩2

⟨23⟩⟨34⟩⟨24⟩⟨14⟩s14
1

s15 − s23 −m2

s34
s34 −m2

=
z̄213z̄

2
24

z213z
2
24

1− z̄

1− z

ϵ3ω̃3 (z̄ϵ2ω̃2 + ϵ3ω̃3)
2
(ϵ1ω̃1 + ϵ2ω̃2 + ϵ3ω̃3) (1− ŝ)

(ϵ1ω̃1 + ŝ (ϵ2ω̃2 + ϵ3ω̃3)) (ŝϵ3ω̃3 + ϵ1ω̃1 + ϵ2ω̃2)

Asc,1,2(4)
5 ≡ − [23][34][24][14] [1|p5|4⟩2

⟨23⟩⟨34⟩⟨24⟩⟨14⟩s14
1

s15 −m2

s34
s34 −m2

= − z̄
2
13z̄

2
24

z213z
2
24

1− z̄

1− z

(z̄ϵ2ω̃2 + ϵ3ω̃3)
2
ϵ1ϵ3ω̃1ω̃3 (ϵ1ω̃1 + ϵ2ω̃2 + ϵ3ω̃3) (1− ŝ)(

1 + |z|2 ω̃2
2 + (z + z̄) ϵ2ϵ3ω̃2ω̃3 + ω̃2

3

)
(ŝϵ3ω̃3 + ϵ1ω̃1 + ϵ2ω̃2)

(6.115)

Asc,1,2(5)
5 ≡ [23][34][24][14] [1|p5|4⟩2

⟨23⟩⟨34⟩⟨24⟩⟨14⟩s14
1

s15 − s23 −m2

s123 + s14
s123 + s14 −m2

= − z̄
2
13z̄

2
24

z213z
2
24

1− z̄

1− z
(z̄ϵ2ω̃2 + ϵ3ω̃3)

2 ϵ1ω̃1 + ϵ2ω̃2 + ϵ3ω̃3

(ϵ2ω̃2 + ϵ3ω̃3) (ŝ− 1)

Asc,1,2(6)
5 ≡ − [23][34][24][14] [1|p5|4⟩2

⟨23⟩⟨34⟩⟨24⟩⟨14⟩s14
1

s15 −m2

s123 + s14
s123 + s14 −m2

=
z̄213z̄

2
24

z213z
2
24

1− z̄

1− z

(z̄ϵ2ω̃2 + ϵ3ω̃3)
2
ϵ1ω̃1 (ϵ1ω̃1 + ϵ2ω̃2 + ϵ3ω̃3) (ϵ1ω̃1 + ŝ (ϵ2ω̃2 + ϵ3ω̃3))(

1 + |z|2 ω̃2
2 + (z + z̄) ϵ2ϵ3ω̃2ω̃3 + ω̃2

3

)
(ϵ2ω̃2 + ϵ3ω̃3) (ŝ− 1)

(6.116)

Asc,1,2(7)
5 ≡ [23][34][24][14] [1|p5|4⟩2

⟨23⟩⟨34⟩⟨24⟩⟨14⟩s14
1

s15 − s23 −m2

s24
s24 −m2

=
z̄213z̄

2
24

z213z
2
24

1− z̄

1− z

(ϵ1ω̃1 + ϵ2ω̃2 + ϵ3ω̃3) (z̄ϵ2ω̃2 + ϵ3ω̃3)
2
ϵ2ω̃2 (1− ŝ)

ϵ1ω̃1 + ŝ (ϵ2ω̃2 + ϵ3ω̃3) (ϵ2ω̃2ŝ+ ϵ1ω̃1 + ϵ3ω̃3)

Asc,1,2(8)
5 ≡ − [23][34][24][14] [1|p5|4⟩2

⟨23⟩⟨34⟩⟨24⟩⟨14⟩s14
1

s15 −m2

s24
s24 −m2

= − z̄
2
13z̄

2
24

z213z
2
24

1− z̄

1− z

(z̄ϵ2ω̃2 + ϵ3ω̃3)
2
ϵ1ϵ2ω̃1ω̃2 (ϵ1ω̃1 + ϵ2ω̃2 + ϵ3ω̃3) (1− ŝ)

1 + |z|2 ω̃2
2 + (z + z̄) ϵ2ϵ3ω̃2ω̃3 + ω̃2

3 (ϵ2ω̃2ŝ+ ϵ1ω̃1 + ϵ3ω̃3)
. (6.117)

6.9 Appendix: Reduction of JR4
to a Mellin-Barnes integral

Start by changing variables to ω̃1 = ω̃3X, ω̃2 = ω̃3Y . This transforms (6.86) to

JR4 =

∫ ∞

0

dY

∫ ∞

1+Y

dX XA Y B (X − Y − 1)
ρ

∫ ∞

0

dω̃3 ω̃
A+B+C+2+ρ
3

[
1 + ω̃2

3

(
|z|2XY +X − Y |1− z|2

)]δ
. (6.118)
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We pause here to draw attention to the fact that the integral is well-defined as the integrand is

strictly positive in the integration domain. The ω̃3 integral evaluates to∫ ∞

0

dω̃3 ω̃
A+B+C+2+ρ
3

[
1 + ω̃2

3

(
|z|2XY +X − Y |1− z|2

)]δ
= G1

(
|z|2XY +X − Y |1− z|2

)− 1
2 (3+A+B+C+ρ)

, (6.119)

with

G1 =
1

2Γ (−δ)Γ
(
−1

2
(3 +A+B + C + ρ+ 2δ)

)
Γ

(
1

2
(3 +A+B + C + ρ)

)
. (6.120)

After this, (6.86) reads,

JR4
= G1

∫ ∞

0

dY

∫ ∞

1+Y

dX XA Y B (X − Y − 1)
ρ
(
|z|2XY +X − Y |1− z|2

)− 1
2 (3+A+B+C+ρ)

.

(6.121)

The evaluation of the integral over X is expedited by the further change of variables, t = −1+X−Y
X−Y

as seen below:

JR4
= G1

∫ ∞

0

dY Y B (1 + Y )
A
w

− 3+A+B+C+ρ
2

2

×
∫ 1

0

dt tρ (1− t)
− 1+A+ρ−B−C

2

(
1− Y

Y + 1
t

)A(
1 +

w1

w2
t

)− 3+A+B+C+ρ
2

. (6.122)

Here, w1 = Y (1 − Y ) |z|2 − 2Y Re(z), w2 = 1 + Y 2 |z|2 + 2Y Re(z). We can recognize the integral

over t as a representation of the Appell F1 function and write

∫ 1

0

dt tρ (1− t)
− 1+A+ρ−B−C

2

(
1− Y

Y + 1
t

)A(
1 +

w1

w2
t

)− 3+A+B+C+ρ
2

= G2 F1

(
ρ+ 1;−A, 3 +A+B + C + ρ

2
;
3−A+B + C + ρ

2
;

Y

Y + 1
,−w1

w2

)
= G2

(
w1 + w2

w2

)−1−ρ

2F1

(
−A, 1 + ρ,

1

2
(3−A+B + C + ρ) ,

w1 + Y (w1 + w2)

(w1 + w2)(1 + Y )

)
, (6.123)

with G2 =
Γ(ρ+1)Γ( 1−A+B+C−ρ

2 )
Γ( 3−A+B+C+ρ

2 )
and we have used an identity of the Appell F1 in arriving at the final

equality. Plugging in the values of w1, w2, we see that the argument of the hypergeometric 2F1

0 <
w1 + Y (w1 + w2)

(w1 + w2)(1 + Y )
=

Y |1− z|2

(1 + y)(1 + y |z|2)
< 1 . (6.124)

This allows us to use the relevant Mellin-Barnes representation of the Gauss hypergeometric function,

2F1 (a, b, c, z) =
Γ(c)

2πiΓ(a)Γ(b)Γ(c− a)Γ(c− b)

×
∫
dsΓ(−s)Γ(c− a− b− s)Γ(a+ s)Γ(b+ s) (1− z)

s
. (6.125)
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In applying this formula, we introduce a new Mellin variable xr+1 in addition to the x1, . . . , xr

introduced in (6.85). Thus,

JR4
=

∫
dxr+1 G3 (xr+1)

∫ ∞

0

dY Y B (1 + Y )
A−xr+1

(
1 + y |z|2

)−1−ρ−xr+1

× (1 + y z)
− 1

2 (1+A+B+C−ρ−xr+1) (1 + y z̄)
− 1

2 (1+A+B+C−ρ−xr+1) , (6.126)

where

G3 (xr+1) = Γ(−xr+1) Γ

(
−xr+1 +

1

2
(A+B + C − ρ)

)
Γ(−A+ xr+1)

× Γ(ρ+ 1 + xr+1)
Γ
(
1
2 (3 +A+B + C + ρ+ 2δ)

)
2Γ(−A)Γ(−δ) . (6.127)

A final change of variables Y = η
1−η turns the integral into

JR4
=

∫
dxr+1 G3 (xr+1)

∫ 1

0

dη ηB (1− η)
xr+1+C

(
1−

(
1− |z|2

)
η
)−1−ρ−xr+1

× (1− η (1− z))
− 1

2 (1+A+B+C−ρ−xr+1) (1− η (1− z̄))
− 1

2 (1+A+B+C−ρ−xr+1) , (6.128)

which can immediately be recognized as the integral representation of a type D Lauricella function,

JR4
=

∫
dxr+1 G4 (xr+1)F

(3)
D

(
a1; b1, b2, b3, c1; 1− z, 1− z̄, 1− |z|2

)
, (6.129)

where

G4 (xr+1) = G3 (xr+1)
Γ (B + 1)Γ (−xr+1 + C + 1)

Γ (−xr+1 +B + C + 2)
,

a1 = B + 1, b1 = b2 =
1

2
(1 +A+B + C − ρ− xr+1) ,

b3 = 1 + ρ− xr+1, c1 = −xr+1 +B + C + 2 . (6.130)

To complete the reduction, we now use the Mellin-Barnes representation of the Lauricella function

[231]

F
(m)
D (a1; bm, . . . , bm; c1, x1, . . . , xm)

=

(
1

2πi

)m ∫ m∏
i=1

dti Γ (−ti) (−xi)ti
Γ (c1) Γ (a1 +

∑m
i=1 ti)

∏m
i=1 Γ (bi + ti)

Γ (a) Γ (c1 +
∑m

i=1 ti)
∏m

i=1 Γ (bi)
, (6.131)

to get the final Mellin-Barnes form

JR4
=

∫ 4∏
i=1

dxr+i G (xr+1, . . . , xr+4) (z − 1)
xr+2 (z̄ − 1)

xr+3

(
1− |z|2

)xr+4

, (6.132)

with

G (xr+1, . . . , xr+4) =

[
4∏

i=1

Γ (−xr+i)

]
Γ
(
a1 +

∑4
i=2 xr+i

)
Γ
(
c1 +

∑4
i=2 xr+i

) [ 4∏
i=2

Γ (b1 + xr+i)

Γ (bi)

]
Γ (c1 − a1)G3 .

(6.133)



Chapter 7

Correlators of Four Light-ray

Operators in CCFT

This chapter is based on the work [214].

Light-ray operators appear in Lorentzian CFTs [232, 233, 234] in general, and in celestial CFT

(CCFT) in particular [43, 44]. Their role in CCFT is tied fundamentally to the problem of finding

a suitable basis of operators. It was shown in [45] that certain three-point correlators involving

light-ray operators take the form of standard three-point CFT correlators. This is in contrast to

the distributional nature of CCFT three-point functions [24]. These operators were further studied

and their contribution to the OPE of CCFT primaries was identified in [235]. It was also noted in

[45] that the light transform is related to Witten’s half Fourier transform and particularly the con-

formal primary twistor eigenstate can be written as a linear combination of light transformed boost

eigenstates. Moreover, the light transform unravels symmetries of CCFT. In a single helicity sector,

the symmetry algebra for gravity is enhanced beyond the asymptotic analysis to include a w1+∞

symmetry. In [46], Strominger recognized that the w1+∞ mode is essentially the light transform of

the soft current mode. Furthermore, light-ray operators seem to be generically exchanged in CCFT

as shown by the conformal block decomposition in [44]. To gain a better understanding of the role

played by light-ray operators in CCFT, the computation of correlators involving light-ray operators

is essential and is the theme of the current paper.

Four-point correlators involving one and two gluon light-ray operators were computed in [47, 48].

They are non-distributional and correctly reproduce the contribution of light-ray operators to the

OPE. This contribution is invisible from the collinear limits of the four-point celestial amplitude.

In this paper, we build on our results from [47] and compute correlators of four gluon light-ray

operators. We find that they can be expressed in terms of Fox H-functions [236, 237, 238, 239, 240]

and generalized I-functions [241, 242]. We also analyze scalar amplitudes involving the exchange of

a massive scalar.

The paper is organized as follows. In Section 7.1, we compute the four light-ray gluon correlator.

188
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We flesh out the computation of light-ray correlators involving the exchange of a massive scalar

in Section 7.2. The paper ends with a number of appendices which contain technical details of

some computations as well as a variety of other results. Appendices 7.3.1 and 7.3.2 are devoted to

providing explicit expressions for various integrals used throughout the paper. Appendix 7.4 defines

the relevant special functions. Appendix 7.5 describes the technical details involved in the evaluation

of the four gluon light transform. Appendix 7.6 contains the derivation of various OPEs from the

collinear limits of the scalar light-ray correlator. Finally, Appendix 7.7 describes the conformal block

decomposition of the scalar light-ray correlator.

7.1 Four light-ray correlator for gluons

Light-ray operators are naturally defined in a Lorentzian CFT which is achieved by working in a

(2,2) signature bulk spacetime [42]. We start with the four-point gluon celestial amplitude in this

spacetime, which was first computed in [47] (the analogous result in a (3,1) signature bulk spacetime

was first computed in [24]) 1

⟨O∆1,−(z1, z̄1)O∆2,−(z2, z̄2)O∆3,+(z3, z̄3)O∆4,+(z4, z̄4)⟩

= π d(β)δ(z − z̄)sgn

(
z

z − 1

)
|z|3 |1− z|1−∆2−∆3 X (zij , z̄ij) ,

(7.1)

where 2

X(zij , z̄ij) =
1

|z12|h1+h2 |z34|h3+h4

∣∣∣∣z24z14
∣∣∣∣h12

∣∣∣∣z14z13
∣∣∣∣h34 1

|z̄12|h̄1+h̄2 |z̄34|h̄3+h̄4

∣∣∣∣ z̄24z̄14
∣∣∣∣h̄12

∣∣∣∣ z̄14z̄13
∣∣∣∣h̄34

,

hi =
∆i + Ji

2
, h̄i =

∆i − Ji
2

, hij = hi − hj , h̄ij = h̄i − h̄j ,

(7.2)

and

zij = zi − zj , z̄ij = z̄i − z̄j , z =
z12z34
z13z24

,

J1 = J2 = −J3 = −J4 = −1 , β =

4∑
i=1

∆i − 4 .
(7.3)

1For readers not familiar with the celestial holography program and celestial amplitudes, we briefly recap the

setup in this footnote. Generally, the boundary operator Oϵ
∆,J (z, z̄) is defined by taking the inner product of the bulk

spin-s operator Ôs and the conformal primary wavefunction defined on a Cauchy slice [243], that is O±
∆,J (z, z̄) =

i(Ôs(Xµ),Φ∆,J (X
µ
∓; z, z̄))Σ, and we take the Cauchy slice to null infinity. The ϵ labels the incoming and outgoing

modes. These operators can be interpreted as conformal primaries in celestial CFT with conformal dimension ∆

and spin J . For massless particles, the correlation functions in celestial CFT, also called celestial amplitudes, can be

computed by Mellin transforms of momentum space amplitudes [24]. The 2D spin J is identical to the 4D helicity.

In this paper, we further adopt the definition O ∼ Oin +Oout for the same reason as in [47].
2Note that we are using a slightly different pre-factor in this paper. We can compare the two using the equation∏

i<j |zij |
h
3
−hi−hj |z̄ij |

h̄
3
−h̄i−h̄j = X (zij , z̄ij) |z|

h
3 |z̄|

h̄
3 |1− z|

h
3
−h2−h3 |1− z̄|

h̄
3
−h̄2−h̄3 .
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Light-ray operators are defined by

L[O∆,J ](z, z̄) :=

∫ ∞

−∞

dz′

|z′ − z|2−∆−J
O∆,J(z

′, z̄) ,

L̄[O∆,J ](z, z̄) :=

∫ ∞

−∞

dz̄′

|z̄′ − z̄|2−∆+J
O∆,J(z, z̄

′) .

(7.4)

We will refer to these as the “holomorphic” and “anti-holomorphic” light-ray operators respec-

tively. Note that the conformal weights of L[O∆,J ] are
(
1− ∆+J

2 , ∆−J
2

)
and those of L̄[O∆,J ] are(

∆+J
2 , 1− ∆−J

2

)
.

In this section, we will compute the correlator involving two holomorphic and two anti-holomorphic

light-ray operators

⟨L̄[O∆1,−](z1, z̄1) L̄[O∆2,−](z2, z̄2)L[O∆3,+](z3, z̄3)L[O∆4,+](z4, z̄4)⟩

=

∫ ∞

−∞

dz̄′1
|z̄′1 − z̄1|1−∆1

dz̄′2
|z̄′2 − z̄2|1−∆2

dz′3
|z′3 − z3|1−∆3

dz′4
|z′4 − z4|1−∆4

(7.5)

× ⟨O∆1,−(z1, z̄
′
1)O∆2,−(z2, z̄

′
2)O∆3,+(z

′
3, z̄3)O∆4,+(z

′
4, z̄4)⟩ .

After performing the z̄′1 integral using the delta function in (7.1) and changing variables to

t =
z̄12′ z̄34
z̄13 z̄2′4

, x =
z12 z3′4′

z13′ z24′
, y =

z12 z34′

z13 z24′
, (7.6)

we end up with

⟨L̄[O∆1,−](z1, z̄1) L̄[O∆2,−](z2, z̄2)L[O∆3,+](z3, z̄3)L[O∆4,+](z4, z̄4)⟩

= π δ(β)X(zij , z̄ij)
∣∣∣z
z̄

∣∣∣∆1+∆2−2
2 |1− z|2−∆2−∆4 G(z, z̄) .

(7.7)

The pre-factor X now involves the conformal weights of the light-ray operators which are

(h1, h̄1) =

(
∆1 − 1

2
,
1−∆1

2

)
, (h2, h̄2) =

(
∆2 − 1

2
,
1−∆2

2

)
,

(h3, h̄3) =

(
1−∆3

2
,
∆3 − 1

2

)
, (h4, h̄4) =

(
1−∆4

2
,
∆4 − 1

2

)
,

(7.8)

and

G(z, z̄) :=

∫ ∞

−∞
dt dx dy

1

x (x− 1)
|z̄ − t|∆2−1 |y − z|∆4−1 |1− t|∆4−2 |x− t|∆1−1

× |x− y|∆3−1 |y − 1|∆2−2 .

(7.9)

Our strategy to compute this integral is to first reduce it to an integral over the product of the

following four-marked point integrals:

F1(z, x) =

∫ ∞

−∞
dy |y − z|∆4−1|x− y|∆3−1|y − 1|∆2−2 , (7.10)

F2(x, z̄) =

∫ ∞

−∞
dt |x− t|∆1−1|1− t|∆4−2|z̄ − t|∆2−1 . (7.11)
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These integrals were first encountered in the evaluation of correlators with two light-ray operators

in [47] and can be expressed in terms of Gauss hypergeometric functions. For a complete description

of these results, we refer the reader to Appendix 7.3.1. The desired form for G(z, z̄) is

G(z, z̄) =
∫ ∞

−∞

dx

x(x− 1)
F1(z, x)F2(x, z̄) . (7.12)

For simplicity, we will focus on the case z, z̄ ∈ [0, 1] for which the x integral splits into two regions:
3

G(z, z̄) = G(z, z̄)
∣∣∣∣
I

+ G(z, z̄)
∣∣∣∣
II

=

∫ 1

−∞
dx

1

x(x− 1)
F1(z, x)|x,z<1 F2(x, z̄)|x,z̄<1

+

∫ ∞

1

dx
1

x(x− 1)
F1(z, x)|z<1<x F2(x, z̄)|z̄<1<x .

(7.13)

The integrals can be explicitly evaluated in terms of Fox H-functions [236, 237, 238, 239, 240]

and I-functions [241, 242] which are special functions belonging to a general class of Mellin-Barnes

integrals. Here, we flesh out the evaluation of G(z, z̄)
∣∣
II

and refer the reader to Appendix 7.4 for

more details of these special functions and to Appendix 7.5 for the evaluation of G(z, z̄)
∣∣
I
(the details

heavily rely on the ordering we choose for x, z, and z̄).

7.1.1 Evaluation of G(z, z̄)
∣∣
II

Evaluating G(z, z̄)
∣∣
II
using the definitions of F1(z, x) and F2(x, z̄) in (7.34) and (7.36) results in a

sum of four integrals, one of which is

G(z, z̄)
∣∣
II
⊃
∫ ∞

1

dx

x (x− 1)
(1− z̄)

1−∆3 (1− z)
1−∆1 C (∆4,∆1 − 1) C (∆2,∆3 − 1)

× 2F1

(
1−∆3,∆1 − 1,∆4 +∆1 − 1,

1− x

1− z

)
× 2F1

(
1−∆1,∆3 − 1,∆2 +∆3 − 1,

1− x

1− z̄

)
,

(7.14)

where we’ve eliminated the absolute value signs keeping in mind that we’re working in the region

0 < z, z̄ < 1 < x. We then use the Mellin-Barnes representation of the Gauss hypergeometric

function

2F1[a, b, c;−|z|] = 1

2πi

Γ(c)

Γ(a)Γ(b)

∫ i∞

−i∞
ds

Γ(−s)Γ(a+ s)Γ(b+ s)

Γ(c+ s)
|z|s , (7.15)

3The x-integral in G function (7.12) seems to contain singularities at x = 0 and x = 1 and require prescrip-

tions. However, this is not needed since after splitting the integration range the x-integrals reduce to standard Euler

Beta/Gauss 2F1 hypergeometric/Appell F1 functions.
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to obtain

G(z, z̄)
∣∣
II
⊃ 1

(2πi)
2 (1− z̄)

1−∆3 (1− z)
1−∆1 C (∆4,∆1 − 1) C (∆2,∆3 − 1)

×
∫ i∞

−i∞
ds1

Γ (∆4 +∆1 − 1)

Γ (1−∆3) Γ (∆1 − 1)

Γ (−s1) Γ (1−∆3 + s1) Γ (∆1 − 1 + s1)

Γ (∆4 +∆1 − 1 + s1)
(1− z)

−s1

×
∫ i∞

−i∞
ds2

Γ (∆2 +∆3 − 1)

Γ (1−∆1) Γ (∆3 − 1)

Γ (−s2) Γ (1−∆1 + s2) Γ (∆3 − 1 + s2)

Γ (∆2 +∆3 − 1 + s2)
(1− z̄)

−s2

×
∫ ∞

1

dxx−1 (x− 1)
−1+s1+s2 .

(7.16)

The x-integral evaluates to B (s1 + s2, 1− s1 − s2) and comparing with equations (7.42), (7.43), we

can identify the residual double Mellin-Barnes to be

1

(2πi)
2

∫ i∞

−i∞
ds1 ds2 [Γ (1− s1 − s2) Γ (s1 + s2)]×

[
Γ (−s1) Γ (1−∆3 + s1) Γ (∆1 − 1 + s1)

Γ (∆4 +∆1 − 1 + s1)

]
×
[
Γ (−s2) Γ (1−∆1 + s2) Γ (∆3 − 1 + s2)

Γ (∆2 +∆3 − 1 + s2)

]
× (1− z̄)

−s2 (1− z)
−s1

= H1,1: 2,1; 2,1
1,1: 2,2; 2,2

(
1− z

1− z̄

∣∣∣∣∣ (0, 1) : (1,∆1 +∆4 − 1, 1, 1); (1,∆2 +∆3 − 1, 1, 1)

(0, 1) : (1−∆3,∆1 − 1, 1, 1); (1−∆1,∆3 − 1, 1, 1)

)
.

(7.17)

The remaining three integrals can be performed in a similar manner. The final result is thus a sum

of four Fox H-functions as seen below:

G(z, z̄)
∣∣
II

=

∫ ∞

1

dx

x(x− 1)
F1(z, x)

∣∣∣∣
z<1<x

F2(x, z̄)

∣∣∣∣
z̄<1<x

= |1− z|1−∆1 |1− z̄|1−∆3C(∆4,∆1 − 1)C(∆2,∆3 − 1)
Γ(∆2 +∆3 − 1)Γ(∆1 +∆4 − 1)

Γ(1−∆1)Γ(∆3 − 1)Γ(1−∆3)Γ(∆1 − 1)

×H1,1: 2,1; 2,1
1,1: 2,2; 2,2

(
1− z

1− z̄

∣∣∣∣∣ (0, 1) : (1,∆1 +∆4 − 1, 1, 1); (1,∆2 +∆3 − 1, 1, 1)

(0, 1) : (1−∆3,∆1 − 1, 1, 1); (1−∆1,∆3 − 1, 1, 1)

)

+

{
|1− z|1−∆1 |1− z̄|∆2−1C(∆4,∆1 − 1)C(∆1,∆4 − 1)

(Γ(∆1 +∆4 − 1))2

Γ(1−∆3)Γ(∆1 − 1)Γ(1−∆2)Γ(∆4 − 1)

×H1,1: 2,1; 2,1
1,1: 2,2; 2,2

(
1− z

1− z̄

∣∣∣∣∣ (∆1 +∆4 − 2, 1) : (1,∆1 +∆4 − 1, 1, 1); (1,∆1 +∆4 − 1, 1, 1)

(∆1 +∆4 − 2, 1) : (1−∆3,∆1 − 1, 1, 1); (1−∆2,∆4 − 1, 1, 1)

)

+
(
z ↔ z̄,∆1 ↔ ∆3,∆2 ↔ ∆4

) }
+ |1− z|∆4−1|1− z̄|∆2−1 C(∆3,∆2 − 1)C(∆1,∆4 − 1)

Γ(∆2 +∆3 − 1)Γ(∆1 +∆4 − 1)

Γ(1−∆4)Γ(∆2 − 1)Γ(1−∆2)Γ(∆4 − 1)

×H1,1: 2,1; 2,1
1,1: 2,2; 2,2

(
1− z

1− z̄

∣∣∣∣∣ (0, 1) : (1,∆2 +∆3 − 1, 1, 1); (1,∆1 +∆4 − 1, 1, 1)

(0, 1) : (1−∆4,∆2 − 1, 1, 1); (1−∆2,∆4 − 1, 1, 1)

)
. (7.18)

The evaluation of G(z, z̄)
∣∣
I
is more involved due to the presence of additional singular points at x =

z, z̄ in the x-integral. The x-integrals generically evaluate to an Appell function F1 and contributes

an additional Mellin-Barnes integral. The resulting special function is a generalization of the Fox

H-function, called the I-function. We relegate the details of this computation to Appendix 7.5.
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7.1.2 Conformal block decomposition

Note that as shown in (7.12), the cross ratios z and z̄ only occur in the hypergeometric functions.

For each F1 and F2, we know how to do the conformal block decompositions for the simplest gluon

exchange term, namely the first terms in both (7.33) and (7.35) based on the results in [47]. This

lets us read off the the conformal block decomposition for this subset of terms in the first integral

in (7.13). Since the analysis is identical to the one in [47], we do not present the details here but

merely note that the spectrum of exchanged states is

(h, h̄) =

(
∆1 +∆2

2
− 1 +m,

∆3 +∆4

2
− 1 + n

)
m,n ∈ Z≥0 . (7.19)

7.2 Light-ray correlators for scalars

In this section, we consider the scattering of four massless scalars mediated by a massive one.

Throughout this section, we will drop the spin label on the CCFT operators. The amplitude is 4

M (s, t) = g2
(

1

m2 − s
+

1

m2 − t
+

1

m2 + s+ t

)
. (7.20)

where

s = −4 ε3ε4 ω3ω4 z34z̄34 , t = −4 ε2ε4 ω2ω4 z24z̄24 , (7.21)

The analog of (7.1) for this theory is

⟨O∆1
(z1, z̄1)O∆2

(z2, z̄2)O∆3
(z3, z̄3)O∆4

(z4, z̄4) ⟩

= N(β) |z(1− z)| β2 +2 |1− z|−∆2−∆3 d(z − z̄)X(zij , z̄ij)

{
[sgn((z − 1)z34z23z24)sgn(z̄23z̄24z̄34)]

− β
2 |z|− β

2

+ [sgn((1− z)zz12z13z23)sgn(z̄12z̄13z̄23)]
− β

2 + [sgn(−zz12z14z24)sgn(z̄12z̄14z̄24)]−
β
2 |1− z|− β

2

}
,

(7.22)

where

N(β) = 2−β−2 g2 π |m|β−2 csc
βπ

2
. (7.23)

The presence of the mass term leads to residual sgn functions even after the summation over ϵi.

This impacts the computation of light-ray correlators. In the limit m→ ∞ with g/m held fixed, the

exchange interaction effectively reduces to a contact interaction and N(β) → d(β) as pointed out in

[44]. In particular, the sgn functions vanish in this limit and the correlator resembles that of gluons.

7.2.1 Two light-ray correlator

Owing to the differences cited above, the correlator involving two light-ray operators differs from

that of gluons. This correlator is also essential in computing the four light-ray correlator. The final

4This amplitude was also considered in [44, 244] where the authors restricted themselves to different channels

in order to analyze the conformal block decomposition. Restrictions of this sort are not feasible for the purpose of

computing light transforms in the formalism of our paper.
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result can still be expressed in terms of Gauss hypergeometric functions albeit with more complicated

coefficients. Starting with (7.22), we have

⟨ L̄[O∆1
](z1, z̄1)L̄[O∆2

](z2, z̄2)O∆3
(z3, z̄3)O∆4

(z4, z̄4) ⟩

=

∫ ∞

−∞

dz̄′1
|z̄′1 − z̄1|2−∆1

dz̄′2
|z̄′2 − z̄2|2−∆2

⟨O∆1
(z1, z̄

′
1)O∆2

(z2, z̄
′
2)O∆3

(z3, z̄3)O∆4
(z4, z̄4) ⟩

= N(β)X(zij , z̄ij) |z̄|
∆3+∆4

2 − β
2 |z|

∆3+∆4
2 Fϕ(z, z̄) ,

(7.24)

where Fϕ(z, z̄) is again an integral over four marked points:

Fϕ(z, z̄) =

∫ ∞

−∞
dt |z − t|∆1−2 |z̄ − t|∆2−2 |1− t|∆4−1− β

2

×
{
[sgn((z − 1)z34z23z24)sgn(z̄13z̄14z̄34(1− t))]−

β
2 |z|− β

2

+ [sgn((1− z)z12z13z23)sgn(z̄13z̄14z̄34(1− t))]−
β
2

+ [sgn((z − 1)z12z14z24)sgn(z̄13z̄14z̄34(1− t))]−
β
2 |1− z|− β

2

}
= Fϕ,1(z, z̄) + Fϕ,2(z, z̄) + Fϕ,3(z, z̄) .

(7.25)

X(zij , z̄ij) is the suitable pre-factor for the correlator which has conformal weights

(h1, h̄1) =

(
∆1

2
, 1− ∆1

2

)
, (h2, h̄2) =

(
∆2

2
, 1− ∆2

2

)
,

(h3, h̄3) =

(
∆3

2
,
∆3

2

)
, (h4, h̄4) =

(
∆4

2
,
∆4

2

)
.

(7.26)

The s-, t-, and u-channels (in the bulk) contribute different sign functions to the integral (7.25).

These eventually lead to different phases in the coefficient of the Gauss hypergeometric functions.

The integral can be evaluated by using techniques similar to those of [47] and for 0 < z < z̄ < 1, we

find

Fϕ,i(z, z̄)|z,z̄<1∪ z,z̄>1 = Si(zab) |1− z| β2 −∆3 C(1)

(
∆4 −

β

2
,∆3 −

β

2

)
× 2F1

(
2−∆2,∆3 −

β

2
,∆3 +∆4 − β,

z̄ − z

1− z

)
+ Si(zab) |z̄ − z|∆1+∆2−3 |1− z|∆4−1− β

2 C (∆1 − 1,∆2 − 1)

× 2F1

(
∆1 − 1, 1 +

β

2
−∆4,∆1 +∆2 − 2,

z̄ − z

1− z

)
,

(7.27)

where

C(1)(a, b) := e−
β
2 iπB(a, b) +B(a, 1− a− b) +B(b, 1− a− b) (7.28)

and

Si(zab) =


[−sgn(z34z23z24)sgn(z̄13z̄14z̄34)]

− β
2 |z|− β

2 i = 1

[sgn(z12z13z23)sgn(z̄13z̄14z̄34)]
− β

2 i = 2

[−sgn(z12z14z24)sgn(z̄13z̄14z̄34)]
− β

2 |1− z|− β
2 i = 3

(7.29)



195

The phase factor (−1)−
β
2 = e−

β
2 iπ comes from the sign functions. The result for the other regions

can be found in Appendix 7.3.2.

7.2.2 Four light-ray correlator

The computation of the correlator involving four scalar light-ray operators begins in a manner

analogous to Section [7.1].

⟨ L̄[O∆1
](z1, z̄1)L̄[O∆2

](z2, z̄2)L[O∆3
](z3, z̄3)L[O∆4

](z4, z̄4) ⟩

= N(β) |z̄|
∆3+∆4

2 − β
2 |z|2−

∆3+∆4
2 |1− z|

∆1+∆3−∆2−∆4
2 X(zij , z̄ij)

×
∫ ∞

−∞
dx

∫ ∞

−∞
dy |1− y|∆2−1− β

2 |z − y|∆4−2|x− y|∆3−2

×
∫ ∞

−∞
dt |x− t|∆1−2 |z̄ − t|∆2−2 |1− t|∆4−1− β

2 Sϕ(x, y, t)

(7.30)

where

Sϕ(x, y, t) =

{
[sgn(x(y − 1)(1− t))sgn(z12z13z23)sgn(z̄13z̄14z̄34)]

− β
2 |x|− β

2

+ [sgn((1− y)(1− t))sgn(z12z13z23)sgn(z̄13z̄14z̄34)]
− β

2

+ [sgn((x− 1)(1− y)(1− t))sgn(z12z13z23)sgn(z̄13z̄14z̄34)]
− β

2 |1− x|− β
2

}
,

(7.31)

and the conformal weights in the X(zij , z̄ij) function are

(h1, h̄1) =

(
∆1

2
, 1− ∆1

2

)
, (h2, h̄2) =

(
∆2

2
, 1− ∆2

2

)
,

(h3, h̄3) =

(
1− ∆3

2
,
∆3

2

)
, (h4, h̄4) =

(
1− ∆4

2
,
∆4

2

)
.

(7.32)

The sgn functions hinder the factorization of this integral and we cannot express this in a form

similar to (7.12). However, we can proceed by breaking up the integral into regions where they have

fixed signs and then perform the integral using tricks similar to Section [7.1]. The final result is then

expressible in terms of Fox H-functions and I-functions, as in the gluon case.

7.3 Appendix: The library of four-marked-point integrals

This appendix is devoted to tabulating all four-marked-point integrals encountered in the gluon and

scalar light transform calculations.

7.3.1 Gluon integrals

F1(z, x)|z,x<1∪ z,x>1

= |x− 1|1−∆1
2F1

(
1−∆4,∆1 − 1,∆1 +∆2 − 2,

x− z

x− 1

)
C(∆2 − 1,∆1 − 1)

+ |x− 1|∆2−2|z − x|∆3+∆4−1
2F1

(
2−∆2,∆3,∆3 +∆4,

x− z

x− 1

)
C(∆3,∆4)

(7.33)
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F1(z, x)|z<1<x∪ z>1>x

= |1− z|1−∆1
2F1

(
1−∆3,∆1 − 1,∆4 +∆1 − 1,−|x− 1|

|1− z|

)
C(∆4,∆1 − 1)

+ |x− 1|∆3+∆2−2|1− z|∆4−1
2F1

(
1−∆4,∆2 − 1,∆3 +∆2 − 1,−|x− 1|

|1− z|

)
C(∆3,∆2 − 1)

(7.34)

F2(x, z̄)|z̄,x<1∪ z̄,x>1

= |x− 1|1−∆3
2F1

(
1−∆2,∆3 − 1,∆3 +∆4 − 2,

z̄ − x

1− x

)
C(∆4 − 1,∆3 − 1)

+ |x− 1|∆4−2|z̄ − x|∆1+∆2−1
2F1

(
2−∆4,∆1,∆1 +∆2,

z̄ − x

1− x

)
C(∆1,∆2)

(7.35)

F2(x, z̄)|z̄<1<x∪ z̄>1>x

= |1− z̄|1−∆3
2F1

(
1−∆1,∆3 − 1,∆2 +∆3 − 1,−|x− 1|

|1− z̄|

)
C(∆2,∆3 − 1)

+ |x− 1|∆1+∆4−2|1− z̄|∆2−1
2F1

(
1−∆2,∆4 − 1,∆1 +∆4 − 1,−|x− 1|

|1− z̄|

)
C(∆1,∆4 − 1)

(7.36)

where

C(a, b) = B(a, b) +B(a, 1− a− b) +B(b, 1− a− b) , B(a, b) =
Γ(a)Γ(b)

Γ(a+ b)
. (7.37)

7.3.2 Scalar integrals

Fϕ,i(z, z̄)|z,z̄<1∪ z,z̄>1 = Si(zab)

[
|1− z| β2 −∆3 C(1)

(
∆4 −

β

2
,∆3 −

β

2

)
× 2F1

(
2−∆2,∆3 −

β

2
,∆3 +∆4 − β,

z̄ − z

1− z

)
+ |z̄ − z|∆1+∆2−3 |1− z|∆4−1− β

2 C (∆1 − 1,∆2 − 1)

× 2F1

(
∆1 − 1, 1 +

β

2
−∆4,∆1 +∆2 − 2,

z̄ − z

1− z

)]
(7.38)

Fϕ,i(z, z̄)|z<1<z̄ ∪ z>1>z̄ = Si(zab)

[
|z̄ − 1| β2 −∆3 C(1,2)

(
∆2 − 1,∆3 −

β

2

)
× 2F1

(
∆3 −

β

2
, 2−∆1,∆2 +∆3 − 1− β

2
,−|1− z|

|z̄ − 1|

)
+ |1− z|∆1+∆4−2− β

2 |z̄ − 1|∆2−2 C(3)

(
∆1 − 1,∆4 −

β

2

)
× 2F1

(
∆4 −

β

2
, 2−∆2,∆1 +∆4 − 1− β

2
,−|1− z|

|z̄ − 1|

)]
(7.39)

where

C(1)(a, b) := e−
β
2 iπB(a, b) +B(a, 1− a− b) +B(b, 1− a− b)

C(1,2)(a, b) := e−
β
2 iπ B(a, b) + e−

β
2 iπ B(a, 1− a− b) +B(b, 1− a− b)

C(3)(a, b) := B(a, b) +B(a, 1− a− b) + e−
β
2 iπ B(b, 1− a− b)

(7.40)
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and

Si(zab) =


[−sgn(z34z23z24)sgn(z̄13z̄14z̄34)]

− β
2 |z|− β

2 i = 1

[sgn(z12z13z23)sgn(z̄13z̄14z̄34)]
− β

2 i = 2

[−sgn(z12z14z24)sgn(z̄13z̄14z̄34)]
− β

2 |1− z|− β
2 i = 3

(7.41)

7.4 Appendix: Definitions of Fox H-function and General-

ized I-function

Central to our discussion of the four-light transforms are special functions that belong to a general

class of Mellin-Barnes type integrals, namely the Fox H-function [236, 237, 238, 239, 240] and

the recently introduced generalized I-function [241, 242]. In this appendix, we briefly introduce

the definitions of the bivariate Fox H-function H(x, y) and the generalized I-function of r-variables

I(z1, . . . , zr).

Fox H-function of two variables The Fox H-function of two variables H(x, y) (with the third

characteristic) is defined as

H(x, y) = Hm1,n1:m2,n2;m3,n3
p1,q1: p2,q2; p3,q3

(
x

y

∣∣∣∣∣ (α
(1)
p1 , a

(1)
p1 ) : (α

(2)
p2 , a

(2)
p2 ); (α

(3)
p3 , a

(3)
p3 )

(β
(1)
q1 , b

(1)
q1 ) : (β

(2)
q2 , b

(2)
q2 ); (β

(3)
q3 , b

(3)
q3 )

)

=
1

(2πi)2

∫ +i∞

−i∞
ds

∫ +i∞

−i∞
dt ϕ1(s+ t)ϕ2(s)ϕ3(t)x

−s y−t ,

(7.42)

where

ϕ1(s+ t) =

∏m1

j=1 Γ

(
β
(1)
j + b

(1)
j (s+ t)

) ∏n1

j=1 Γ

(
1− α

(1)
j − a

(1)
j (s+ t)

)
∏p1

j=n1+1 Γ

(
α
(1)
j + a

(1)
j (s+ t)

) ∏q1
j=m1+1 Γ

(
1− β

(1)
j − b

(1)
j (s+ t)

) ,

ϕ2(s) =

∏m2

j=1 Γ

(
β
(2)
j + b

(2)
j s

) ∏n2

j=1 Γ

(
1− α

(2)
j − a

(2)
j s

)
∏p2

j=n2+1 Γ

(
α
(2)
j + a

(2)
j s

) ∏q2
j=m2+1 Γ

(
1− β

(2)
j − b

(2)
j s

) ,

ϕ3(t) =

∏m3

j=1 Γ

(
β
(3)
j + b

(3)
j t

) ∏n3

j=1 Γ

(
1− α

(3)
j − a

(3)
j t

)
∏p3

j=n3+1 Γ

(
α
(3)
j + a

(3)
j t

) ∏q3
j=m3+1 Γ

(
1− β

(3)
j − b

(3)
j t

) .

(7.43)

The variables x and y are not equal to zero and an empty product is interpreted as unity. The

parameters mj , nj , pj , qj (j = 1, 2, 3) are non-negative integers such that 0 ≤ mj ≤ pj and 0 ≤ nj ≤
qj . The Latin letters a

(k)
j , b

(k)
j are all positive quantities, while the Greek letters α

(k)
j , β

(k)
j are all

complex numbers. For a detailed discussion on the convergence of H-functions, we refer the reader

to [237].
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Generalized I-function The I-function can be regarded as the generalization of the Fox-H func-

tions. They were introduced recently in [241, 242] where their properties have been studied. The

I-function of r-variables I(z1, . . . , zr) is defined as

I0,n:m1,n1; ...;mr,nr
p,q: p1,q1; ...; pr,qr


z1
...

zr

∣∣∣∣∣∣∣∣
(
αj ; a

(i)
j ;Aj

)
1,p

:
(
γ
(1)
j , c

(1)
j ;C

(1)
j

)
1,p1

; . . . ;
(
γ
(r)
j , c

(r)
j ;C

(r)
j

)
1,pr(

βj ; b
(i)
j ;Bj

)
1,q

:
(
δ
(1)
j , d

(1)
j ;D

(1)
j

)
1,q1

; . . . ;
(
δ
(r)
j , d

(r)
j ;D

(r)
j

)
1,qr


=

1

(2πi)r

∫ +i∞

−i∞
. . .

∫ +i∞

−i∞
ds1 . . . dsr ϕ(s1, . . . , sr) θ1(s1) . . . θr(sr) z

s1
1 . . . zsrr ,

(7.44)

where ϕ(s1, . . . , sr), θi(si) for i = 1, . . . , r are given by

ϕ(s1, . . . , sr) =

∏n
j=1 Γ

Aj

(
1− αj +

∑r
i=1 a

(i)
j si

)
∏p

j=n+1 Γ
Aj

(
αj −

∑r
i=1 a

(i)
j si

)∏q
j=1 Γ

Bj

(
1− βj +

∑r
i=1 b

(i)
j si

) ,

θi(si) =

∏ni

j=1 Γ
C

(i)
j

(
1− γ

(i)
j + c

(i)
j si

)∏mi

j=1 Γ
D

(i)
j

(
δ
(i)
j − d

(i)
j si

)
∏pi

j=ni+1 Γ
C

(i)
j

(
γ
(i)
j − c

(i)
j si

)∏qi
j=mi+1 Γ

D
(i)
j

(
1− δ

(i)
j + d

(i)
j si

) ,

(7.45)

where zi for i = 1, . . . , r are not equal to zero and an empty product is interpreted as unity as before.

The parameters n, p, q,mj , nj , pj , qj (j = 1, . . . , r) are non-negative integers such that 0 ≤ n ≤ p, q ≥
0, 0 ≤ nj ≤ pj , and 0 ≤ mj ≤ qj (j = 1, . . . , r) (not all can be zero simultaneously). Crucially for

our discussion related to light transforms, the definition of the I-function of r-variables presented

above holds good even if some of the Latin letters a
(i)
j , b

(i)
j , c

(i)
j , d

(i)
j are zero or negative numbers.

In such cases, there exists certain transformation formulae relating them to other I-functions [242].

The Greek letters αj , βj , γ
(i)
j , δ

(i)
j are all complex numbers and the exponents A,B,C(i), D(i) of

the various Gamma functions appearing in (7.45) may assume non-integer values. In all the cases

considered in this paper, the exponents will always be unity.

7.5 Appendix: Evaluation of G(z, z̄)
∣∣
I

In this appendix, we will demonstrate the procedure to evaluate G(z, z̄)
∣∣
I
in eq(7.13). We again

choose to work in the configuration where 0 < z < z̄ < 1, for which the integral in the first region

G(z, z̄)
∣∣
I
further breaks down into three regions:

G(z, z̄)
∣∣∣∣
I

=

∫ 1

−∞
dx

1

x(x− 1)
F1(z, x)|x,z<1 F2(x, z̄)|x,z̄<1

=

∫ z

−∞

dx

x(x− 1)
F1(z, x)

∣∣∣∣
x<z<1

F2(x, z̄)

∣∣∣∣
x<z̄<1

+

∫ z̄

z

dx

x(x− 1)
F1(z, x)

∣∣∣∣
z<x<1

F2(x, z̄)

∣∣∣∣
x<z̄<1

+

∫ 1

z̄

dx

x(x− 1)
F1(z, x)

∣∣∣∣
z<x<1

F2(x, z̄)

∣∣∣∣
z̄<x<1

.

(7.46)
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Focusing on the second term of (7.46) and using the results in Appendix 7.3, we have

G(z, z̄)
∣∣∣∣
I

⊃C(∆3,∆4)C(∆2,∆4 − 1) |z̄ − 1|∆2+∆4−2

∫ z̄

z

dx

x(1− x)
|x− 1|∆2−2|z − x|∆3+∆4−1|x− z̄|∆1−1

× 2F1

(
2−∆2,∆3,∆3 +∆4;−

|x− z|
|1− x|

)
2F1

(
1−∆1,∆2,∆2 +∆4 − 1;−|z̄ − 1|

|x− z̄|

)
.

(7.47)

Proceeding as we did in Section 7.1.1, we first recast the Gauss hypergeometric functions as contour

integrals over exponents s1, s2 as in (7.15). We can then perform the x-integral as below.∫ z̄

z

dx

x(1− x)
(1− x)∆2−2−s1(x− z)∆3+∆4−1+s1 (z̄ − x)∆1−1−s2

= (z̄ − z)3−∆2+s1−s2 z̄∆1−s2−1zs2−∆1 (1− z̄)∆2−s1−3B(∆1 − s2,∆3 +∆4 + s1)

× F1

(
∆1 − s2,−s2, 3 + s1 −∆2, 4−∆2 + s1 − s2;−

∣∣∣∣ z̄ − z

z̄

∣∣∣∣ ,− ∣∣∣∣ z̄ − z

z(1− z̄)

∣∣∣∣ )
(7.48)

To proceed further, we make use of the following contour integral representation of the Appell F1

hypergeometric function

F1(a, b1, b2, c;−|z1|,−|z2|)

=
1

(2πi)
2

Γ(c)

Γ(a)Γ(b1)Γ(b2)

×
∫ i∞

−i∞
ds3 ds4

Γ(−s3)Γ(−s4)Γ(b1 + s3)Γ(b2 + s4)Γ(a+ s3 + s4)

Γ(c+ s3 + s4)
|z1|s3 |z2|s4 .

(7.49)

The final result is now a four-fold Mellin Barnes integral and can be identified with the 4-variable

I-function

G(z, z̄)
∣∣∣∣
I

⊃ |z̄|∆1−1|z|−∆1 |z̄ − z|3−∆2 |1− z̄|∆2−∆1−∆3−1

× Γ(∆3 +∆4)Γ(∆2 +∆4 − 1)

Γ(2−∆2)Γ(∆3)Γ(1−∆1)Γ(∆2)
C(∆3,∆4)C(∆2,∆4 − 1)

× I0,3:1,2;0,2;1,0;1,03,1:2,2;2,1;0,1;0,1


z1
...

z4

∣∣∣∣∣∣∣∣
(
αj ; a

(i)
j ;Aj

)
1,3

:
(
γ
(1)
j , c

(1)
j ;C

(1)
j

)
1,2

; . . . ;
(
γ
(4)
j , c

(4)
j ;C

(4)
j

)
1,0(

βj ; b
(i)
j ;Bj

)
1,1

:
(
δ
(1)
j , d

(1)
j ;D

(1)
j

)
1,2

; . . . ;
(
δ
(4)
j , d

(4)
j ;D

(4)
j

)
1,1


(7.50)

where the entries of the above I-function are:

• variables zi: z1 =
∣∣ z̄−z
1−z̄

∣∣, z2 =
∣∣ (1−z̄)z
(z̄−z)z̄

∣∣, z3 =
∣∣ z̄−z

z

∣∣, and z4 =
∣∣ z̄−z
z(1−z̄)

∣∣ ;
• exponents of the Gamma functions: Aj = Bj = C

(i)
j = D

(i)
j = 1 ;

• coefficients c
(i)
j = d

(i)
j = 1 ;

• α1 = 1, a1 = (0,−1, 1, 0) ; α2 = ∆2 − 2, a2 = (1, 0, 0, 1) ;

α3 = 1−∆1, a3 = (0,−1, 1, 1) ;

• β1 = ∆2 − 3, b1 = (1,−1, 1, 1) ;
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• γ
(1)
j =

(
∆2 − 1, 1−∆3

)
; γ

(2)
j =

(
∆1, 1−∆2

)
;

• δ
(1)
j =

(
0,∆2 − 2

)
; δ

(2)
1 = 2−∆2 −∆4 ; δ

(3)
j = δ

(4)
j = 0 .

The remaining integrals in (7.46) can be computed in a similar manner and can be shown to be

some I-function of four variables.

7.6 Appendix: OPEs from the collinear limits of the four-

point scalar amplitude

In this Appendix, we study the various collinear limits of (7.24).

Scalar - scalar collinear limit We consider taking the limit z34 → 0 starting from a region with

0 < z, z̄ < 1. We can then make use of (7.24) and (7.27) and the correlator reduces to〈
L̄[O∆1

](z1, z̄1)L̄[O∆2
](z2, z̄2)O∆3

(z3, z̄3)O∆4
(z4, z̄4)

〉
3||4→ N(β) |z12|2+

β
2 −∆1−∆2 |z14|−2+∆2− β

2 |z24|−2+∆1− β
2

[
1 + e−

β
2 iπ
]{ C(1)

(
∆4 − β

2 ,∆3 − β
2

)
|z̄34|

β
2

|z̄14|∆1−2|z̄24|∆2−2

+ C(∆1 − 1,∆2 − 1) |z̄34|
β
2 −∆3−∆4+1 |z̄12|∆1+∆2−3

|z̄14|∆2−1|z̄24|∆1−1

}
+ N(β) |z12|2−∆1−∆2 |z14|−2+∆2 |z24|−2+∆1 |z34|−

β
2

[−sgn(z34z̄34)]
− β

2

{
C(1)

(
∆4 − β

2 ,∆3 − β
2

)
|z̄34|

β
2

|z̄14|∆1−2|z̄24|∆2−2

+ C(∆1 − 1,∆2 − 1) |z̄34|
β
2 −∆3−∆4+1 |z̄12|∆1+∆2−3

|z̄14|∆2−1|z̄24|∆1−1

}
.

(7.51)

Note that the leading term is of O
(
z034
)
. This is to be expected as three-point amplitudes involving

a massive particle do not produce collinear divergences. In order to read off the OPE, we must first

express the parts dependent on coordinates z1, z2, z3, z̄1, z̄2, z̄3 as a three-point function. We can do

this simply using dimensional analysis. As an example, the fact that〈
L̄[O∆1

](z1, z̄1)L̄[O∆2
](z2, z̄2)O∆3+∆4− β

2 , β2
(z4, z̄4)

〉
∝ |z12|2+

β
2 −∆1−∆2 |z14|−2+∆2− β

2 |z24|−2+∆1− β
2 |z̄14|∆1−2|z̄24|∆2−2

(7.52)
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tells us that the first term in the OPE must contain an operator with conformal dimension ∆3+∆4−β
2

and spin β
2 . A similar analysis for the remaining terms lets us write the OPE as z34 → 0 in the form

O∆3(z3, z̄3)O∆4(z4, z̄4) ∼ ρ1
C(1)

(
∆4 − β

2 ,∆3 − β
2

)
|z̄34|

β
2

O∆3+∆4− β
2 , β2

(z4, z̄4)

+ ρ2 |z̄34|
β
2 −∆3−∆4+1 L̄[O∆3+∆4− β

2 , β2
](z4, z̄4)

+ ρ3 [−sgn(z34z̄34)]
− β

2

C(1)
(
∆4 − β

2 ,∆3 − β
2

)
|z34z̄34|

β
2

O∆3+∆4−β(z4, z̄4)

+ ρ4 [−sgn(z34z̄34)]
− β

2
|z̄34|

β
2 −∆3−∆4+1

|z34|
β
2

L̄[O∆3+∆4−β ](z4, z̄4) .

(7.53)

ρ1, ρ2, ρ3, and ρ4 can depend on the conformal dimensions but not on z3, z4, z̄3, z̄4.

Scalar light-ray - scalar light-ray collinear limit Next, we consider the limit z12 → 0. Ap-

proaching from 0 < z < z̄ < 1 as above, the correlator reduces to

⟨ L̄[O∆1 ](z1, z̄1)L̄[O∆2 ](z2, z̄2)O∆3(z3, z̄3)O∆4(z4, z̄4) ⟩
1||2→ N(β) |z12|2+

β
2 −∆1−∆2 |z23|−∆3 |z24|−∆4

[
1 + e−

β
2 iπ
]{ C(1)

(
∆4 − β

2 ,∆3 − β
2

)
|z̄34|

β
2

|z̄23|
β
2 −∆3 |z̄24|

β
2 −∆4

+ C(∆1 − 1,∆2 − 1) |z̄12|∆1+∆2−3 |z̄34|∆1+∆2−3− β
2

|z̄23|
β
2 +1−∆4 |z̄24|

β
2 +1−∆3

}
+ N(β) |z12|2−∆1−∆2 |z23|

β
2 −∆3 |z24|

β
2 −∆4 |z34|−

β
2

[−sgn(z34z23z24z̄23z̄24z̄34)]
− β

2

{
C(1)

(
∆4 − β

2 ,∆3 − β
2

)
|z̄34|

β
2

|z̄23|
β
2 −∆3 |z̄24|

β
2 −∆4

+ C(∆1 − 1,∆2 − 1) |z̄12|∆1+∆2−3 |z̄34|∆1+∆2−3− β
2

|z̄23|
β
2 +1−∆4 |z̄24|

β
2 +1−∆3

}
,

(7.54)

which implies the OPE

L̄[O∆1
](z1, z̄1)L̄[O∆2

](z2, z̄2) ∼ |z12|2+
β
2 −∆1−∆2

{
ρ′1 S[O∆1+∆2−2− β

2 ,− β
2
](z2, z̄2)

+ρ′2 C(∆1 − 1,∆2 − 1) |z̄12|∆1+∆2−3 L[O∆1+∆2−2− β
2 ,− β

2
](z2, z̄2)

}

+|z12|2−∆1−∆2

{
ρ′3 S[O∆1+∆2−2](z2, z̄2)

+ρ′4 C(∆1 − 1,∆2 − 1) |z̄12|∆1+∆2−3 L[O∆1+∆2−2](z2, z̄2)

}
.

(7.55)
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Scalar light-ray - scalar collinear limit Finally, we consider the limit z13 → 0. Since z → 1 in

this limit, it is helpful to use hypergeometric identities to rewrite the function Fϕ,i(z, z̄) in (7.27) as

Fϕ(z, z̄)|z,z̄<1∪ z,z̄>1 = Si(z) |z − z̄| β2 −∆3 C(3)

(
∆2 − 1,∆3 −

β

2

)
× 2F1

(
∆3 −

β

2
, 1−∆4 +

β

2
,∆2 +∆3 − 1− β

2
,−|z − 1|

|z̄ − z|

)
+ Si(z) |z̄ − z|∆2−2 |1− z|∆1+∆4−2− β

2 C(3)

(
∆1 − 1,∆4 −

β

2

)
× 2F1

(
∆1 − 1, 2−∆2,∆1 +∆4 − 1− β

2
,−|z − 1|

|z̄ − z|

)
(7.56)

which simplifies in the limit z → 1, giving

⟨ L̄[O∆1 ](z1, z̄1)L̄[O∆2 ](z2, z̄2)O∆3(z3, z̄3)O∆4(z4, z̄4) ⟩
2||3→ N(β)

[
1 + e−

β
2 iπ
]

{
C(3)

(
∆2 − 1,∆3 − β

2

)
|z̄23|∆3− β

2

|z12|∆4−2− β
2 |z24|∆1−2− β

2 |z14|
∆2+∆3−∆1−∆4

2 |z̄14|∆1−2|z̄24|2−∆1−∆4

+ |z23|∆1+∆4−2− β
2 |z̄23|∆2−2

C(3)
(
∆1 − 1,∆4 − β

2

)
|z12|∆1 |z24|∆4

|z̄12|2+
β
2 −∆2−∆3

|z̄14|∆4− β
2 |z̄24|

β
2

}
+ N(β) [−sgn(z12z14z24z̄12z̄14z̄24)]

− β
2{

C(3)
(
∆2 − 1,∆3 − β

2

)
|z̄23|∆3− β

2 |z23|
β
2

|z12|∆4−2|z24|∆1−2|z14|2−∆1−∆4 |z̄14|∆1−2|z̄24|2−∆1−∆4

+ |z23|2−∆2−∆3 |z̄23|∆2−2
C(3)

(
∆1 − 1,∆4 − β

2

)
|z12|∆1− β

2 |z14|
β
2 |z24|∆4− β

2

|z̄12|2+
β
2 −∆2−∆3

|z̄14|∆4− β
2 |z̄24|

β
2

}
.

(7.57)

This gives the corresponding OPE

L̄[O∆2
](z2, z̄2)O∆3

(z3, z̄3) ∼ ρ′′1
C(3)

(
∆2 − 1,∆3 − β

2

)
|z̄23|∆3− β

2

L̄[O∆2+∆3− β
2 , β2

](z3, z̄3)

+ρ′′2 |z23|∆1+∆4−2− β
2 |z̄23|∆2−2 L[O∆2+∆3−2− β

2 ,− β
2
](z3, z̄3)

+ρ′′3
C(3)

(
∆2 − 1,∆3 − β

2

)
|z̄23|∆3− β

2 |z23|
β
2

L̄[O∆2+∆3−β ](z3, z̄3)

+ρ′′4 |z23|2−∆2−∆3 |z̄23|∆2−2 L[O∆2+∆3−2](z3, z̄3) .

(7.58)

7.7 Appendix: Conformal block decomposition of the scalar

light-ray correlator

In this appendix, we will compute the conformal block decompositions for the term corresponding to

the primary operator exchange in the four-point scalar correlator containing two light-ray operators
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presented in (7.24). Again, we focus on the region z, z̄ ∈ [0, 1]. Since (7.24) already takes the

standard four-point function form, the function of cross ratios G(z, z̄) can be read off as

G(z, z̄)|z,z̄∈[0,1] = z̄−
β
2 (zz̄)

∆3+∆4
2 Fϕ(z, z̄)|z,z̄∈[0,1] := I1(z, z̄) + I2(z, z̄) (7.59)

where

I1(z, z̄) = S(z) z̄−
β
2 (zz̄)

∆3+∆4
2 (1− z)

β
2 −∆3 C(1)

(
∆4 −

β

2
,∆3 −

β

2

)
× 2F1

(
2−∆2,∆3 −

β

2
,∆3 +∆4 − β,

z̄ − z

1− z

)
I2(z, z̄) = S(z) z̄−

β
2 (zz̄)

∆3+∆4
2 |z̄ − z|∆1+∆2−3 (1− z)∆4−1− β

2 C (∆1 − 1,∆2 − 1)

× 2F1

(
∆1 − 1, 1 +

β

2
−∆4,∆1 +∆2 − 2,

z̄ − z

1− z

)
(7.60)

and

S(z) = e−
β
2 iπ z−

β
2 + 1 + e−

β
2 iπ (1− z)−

β
2 . (7.61)

We focus on the first term, which corresponds to the exchange of quasi-primary operators, and

leave the decomposition of the second term, which corresponds to the exchange of light-ray operators,

to future work. We proceed along the lines of [47, 213] in order to massage I1(z, z̄) into a form from

which the conformal block decomposition can be read off.

I1(z, z̄) = e−
β
2 iπ

∞∑
n=0

ãn k
21
34

[
∆3 +∆4 − β

2
+ n,

∆3 +∆4 − β

2
+ n

]

+

∞∑
n,l=0

b̃n,l k
21
34

[
∆3 +∆4

2
+ n+ l,

∆3 +∆4 − β

2
+ n

]

+ e−
β
2 iπ

∞∑
n,l=0

c̃n,l k
21
34

[
∆3 +∆4

2
+ n+ l,

∆3 +∆4 − β

2
+ n

] (7.62)

where recall that the conformal block is defined as [245]

k2134[h, h̄] = zh 2F1(h− h12, h+ h34, 2h, z) z̄
h̄
2F1(h̄− h̄12, h̄+ h̄34, 2h̄, z̄) (7.63)

and the coefficients are

ãn = C(1)

(
∆4 −

β

2
,∆3 −

β

2

)
(2−∆1)n (2−∆2)n (∆3 − β

2 )n (∆4 − β
2 )n

n! (∆3 +∆4 + n− 1− β)n (∆3 +∆4 − β)2n

b̃n,l = ãn ζl

(
∆3 +∆4 − β

2
+ n,

β

2

)
c̃n,l = ãn

l∑
k=0

(−1)k

(
−β

2

k

)
ζl−k

(
∆3 +∆4 − β

2
+ n, k +

β

2

)

ζl(h, r) =
l∑

m=0

(−1)m

m!

(h− h12)l−m(h+ h34)l−m(r + h+ l −m− h12)m(r + h+ l −m+ h34)m
(l −m)!(2h)l−m(2r + 2h+ 2l − 1−m)m

.

(7.64)
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We can read off the spectrum of exchanged states in (7.62) to be

(h(1), h̄(1)) =

(
∆3 +∆4 − β

2
+ n,

∆3 +∆4 − β

2
+ n

)
(h(2), h̄(2)) =

(
∆3 +∆4

2
+ n+ l,

∆3 +∆4 − β

2
+ n

) (7.65)

where n, l ∈ Z≥0.
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