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Abstract of “Aspects of Cosmological, Celestial and String Amplitudes” by Shounak De, Ph.D.,
Brown University, May 2025.

In this thesis, we present novel perspectives on the explicit evaluation and analytic structure of
correlation functions and scattering amplitudes in flat and expanding spacetimes. Specifically, we
analyze wavefunction coefficients in a toy model theory of conformally coupled scalars within power-
law FRW cosmologies, examine unitarity constraints on dual resonant string amplitudes, and further

our understanding of the flat-space S-matrix using the framework of celestial amplitudes.

First, we explore intriguing connections between positive geometries, on-shell methods, and
bootstrap principles studied within the modern scattering amplitudes program to the Bunch-Davies
wavefunction in toy models of FRW cosmologies. Leveraging recent advances in twisted cohomology
and generalized unitarity from the Feynman integral literature, we develop an algorithm to construct
a physical basis that simplifies the computation of differential equations for all tree and loop-level
wavefunction contributions. Furthermore, we unravel the existence of hidden zeros in the cosmolog-
ical wavefunction and demonstrate a universal factorization behavior associated with the kinematics

of near-zero configurations for all tree and loop graphs.

Second, we investigate the constraints of partial wave unitarity on dual resonant amplitudes from
the viewpoint of the modern S-matrix bootstrap. Focusing on the Coon amplitude — a one-parameter
deformation of the Veneziano amplitude with logarithmic Regge trajectories — we establish manifest
positivity on certain Regge trajectories while identifying regions of unitarity violation in parameter

space using tools from g¢-calculus and numerical methods.

Finally, we make substantial advances in the study of celestial amplitudes by investigating the dual
celestial conformal field theory (CCFT) and the role of light-ray operators, which are increasingly
recognized as fundamental components of the CCFT spectrum. We present new computations of
tree-level correlation functions for these operators, demonstrating their appearance in the operator
product expansion of gluon primaries. Additionally, we examine the treatment of distributional
low-point correlators by introducing a background that breaks bulk translation invariance, yielding

correlators that more closely resemble those found in traditional two-dimensional CFTs.
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Chapter 1

Introduction

Quantum Field Theory (QFT) provides the foundational framework for describing the fundamental
forces of Nature. The Standard Model of particle physics unifies the weak, electromagnetic, and
strong interactions into a single theoretical structure. A cornerstone of this framework is the study
of scattering processes, which have played a crucial role in testing and refining our understanding of
physical laws — from Rutherford’s identification of the atomic nucleus to the discovery of the Higgs
boson at the Large Hadron Collider. In quantum mechanics, the outcomes of scattering experiments
are inherently probabilistic, with their likelihoods determined by the squared absolute values of
quantum transition amplitudes, commonly known as scattering amplitudes.

Sparked by the remarkable simplicity that emerges from extensive calculations, scattering ampli-
tudes have become central to a modern reformulation of perturbative QFT, driving a wave of break-
throughs in theoretical high-energy physics. Traditional approaches based on fields, Lagrangians
and an action principle rely on Feynman diagrams, which are defined only up to field redefinitions
and gauge transformations, introducing redundancies that obscure the underlying physics. While
such redundancies are necessary in the QFT formulation to account for unphysical degrees of free-
dom, they also lead to unnecessary computational complexity, masking the deeper structures and
inherent simplicity of scattering processes. In contrast, on-shell scattering amplitudes bypass these
limitations by remaining independent of field-based redundancies, offering a more direct and effi-
cient framework for computing physical observables while revealing striking hidden mathematical
structures.

This unexpected simplicity is perhaps laid bare in the case of 2 — n gluon scattering in Yang-
Mills theory at tree-level. While textbooks often discuss the case of n = 2 involving four Feynman

diagrams, the number grows factorially as the multiplicity n increases

n 213 | 4 5 6 7 8 9
4 of diagrams | 4 | 25 | 220 | 2,485 | 34,300 | 559,405 | 10,525,900 | 224,449,225

Strikingly, the computational complexity does not grow with the multiplicity n and there are families

of amplitudes for which all-multiplicity expressions are available. The most famous one is the infinite

1



sequence of Maximally Helicity Violating (MHV) gluon amplitudes given by the celebrated Parke-
Taylor formula [3] in spinor-helicity variables

AT, T (12)(23). . (n1) ’

R A N () E ¥/ L
whose striking simplicity is not captured by Feynman diagrams. Moreover, this simplicity of the
above Parke-Taylor formula becomes manifest via the BCFW recursion relation [4] for Yang-Mills

tree level amplitudes, which relates generic n-point amplitudes to its lower point counterparts
- . 1 . .
A=Y AL(-Pp, 21) gz Ar(Pr.2r) (1.2)
T I

where the sum is over all possible factorization channels I. In fact, it has been proven that any
tree-level scattering amplitude satisfy either a BCFW recursion relation or a generalization [5] of
the same.’ For supersymmetric extensions of Yang-Mills theory like A = 4 super-Yang-Mills (sYM)
theory, such recursion relations are also valid for constructing loop integrands at any loop order [6].

While understanding the analytic structure of amplitudes and the symmetries that leave them
invariant has proven invaluable, the past decade has uncovered even deeper mathematical structures,
revealing that scattering amplitudes can be expressed purely in terms of geometric and combinatorial
building blocks. It turns out that amplitudes in certain theories naturally “live” in more abstract
spaces in which they can be interpreted as volumes of geometric objects known as “polytopes”.? This
perspective has led to the formulation of the amplituhedron [7] for planar ' = 4 sYM amplitudes®,
ABHY associahedron for the bi-adjoint ¢* scalar theory [9], the Stokes polytopes for planar ¢*
theory [10], the accordiohedra for planar ¢* theories [11, 12]. These positive geometries are defined
independently of physical concepts, yet they inherently encode fundamental properties of flat-space
scattering. This perspective suggests that key principles such as unitarity, causality, and locality
emerge naturally from these mathematical frameworks rather than being imposed as fundamental
constraints (see [13, 14] and references therein). Such developments have deepened our understanding
of the fundamental properties of QFTs by uncovering hidden mathematical structures in scattering
amplitudes and leveraging these structures to streamline practical calculations for collider physics
at the LHC.

This transformative progress in the scattering amplitudes program raises intriguing questions
about the applicability of these techniques to computing observables and understanding its analytic

structure in other domains. This thesis, therefore, is driven by the following key questions:

e Can such modern on-shell techniques that often aid loop-level computations relevant to collider

physics be imported to the computation of observables in cosmological spacetimes?

In chapters 2-4, we will attempt to answer this question by exploring intriguing connections

between positive geometries, on-shell methods, and bootstrap principles studied within the

1This is true even for tree-level amplitudes in effective field theories (EFTs).
2These are higher-dimensional generalizations of polygons.
3Please refer to [8] for an introductory review on the amplituhedron.



modern scattering amplitudes program to the Bunch-Davies wavefunction in toy models of

FRW cosmologies.

e The analytic S-matriz program of the 1960s sought to non-perturbatively bootstrap scattering
amplitudes using fundamental principles of locality, causality, and crossing symmetry, ulti-
mately leading to dual-resonant models such as string theory. In the modern revival of this
decades-old effort, what constraints does unitarity impose on candidate UV-complete ampli-
tudes?

In chapter 5, we will investigate the constraints of partial wave unitarity on dual resonant
amplitudes from the viewpoint of the modern S-matrix bootstrap, focusing on a particular

dual resonant model, the Coon amplitude.

e Can the asymptotic symmetries on the celestial sphere provide new insights into the analytic
structure of the flat-space S-matrix? Conversely, can our understanding of traditional con-
formal field theories help refine the celestial dictionary and clarify the properties of the dual

celestial conformal field theory?

In Chapters 6 and 7, we attempt to answer such questions by investigating key aspects of
the dual celestial conformal field theory (CCFT), including its operator structure, correlation

functions, and symmetries.

In the remainder of the introduction, we further explore the three key questions outlined above,
providing a more detailed discussion of the relevant concepts that play a crucial role in shaping the

developments presented in the subsequent chapters of this thesis.

Cosmological amplitudes: the wavefunction approach

Our understanding of the analytic structure of observables away from asymptotically flat-spacetimes
remains relatively underdeveloped. In particular, gaining deeper insights into quantum mechanical
observables in expanding spacetimes is crucial, as it provides a window into physics at energy scales
far beyond those accessible in earth-based accelerators. The Hubble parameter during the early
Universe could reach values as high as 10'* GeV — exceeding LHC energies by 10 to 11 orders of
magnitude — offering a unique arena to probe fundamental high-energy physics. An important clue in
this quest lies in the large-scale correlations observed in the structure of the Universe, which are not
randomly distributed but instead serve as a fossil imprint of the very early Universe. By measuring
these correlations, we hope to uncover insights into how cosmological perturbations formed and
evolved, offering a valuable probe of the universe’s high-energy past. The correlations in late-time
cosmological observables — like the distribution of the large-scale structure (LSS) or the anisotropies
of the cosmic microwave background (CMB) — can be traced back in time to primordial correlations
on the “reheating surface” (marking the initial surface of the hot Big Bang universe or the final
surface at the end of inflation), imprinted in these correlations is the physics of the inflationary era

(see figure 1.1). The main observable predictions of inflation are spatial correlation functions and
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Figure 1.1: Correlations in the large-scale structure (LSS) or in the cosmic microwave background
(CMB) can be traced back to correlations of quantum fields at the end of inflation, which are dubbed
as inflationary correlators.

a major portion of this thesis will be devoted to understand such correlations via the wavefunction
approach.

Cosmological correlations can also be computed by means of the so-called “wavefunction of
the Universe.” The wavefunction is a slightly more primitive object than cosmological correlators
themselves — the relation between them is roughly the same as that between the S-matrix and
scattering cross-sections. Formally, this is computed as a path integral by integrating over all bulk
field configurations ¢(Z,n) with non-vanishing Dirichlet boundary condition in the future ¢(&,n =

0) = ®(Z). It is standard to work in momentum space where the wavefunction can be expanded as

U[P] = /M) ' D519 = exp lz > i' /Hddic} (k) v ({k: )| (1.3)
¢(—o0o(1—ie)) w T

and the standard ie prescription selects the adiabatic/Bunch-Davies/Hartle-Hawking vacuum at the

early-time boundary n — —oo. The kernels z/;n are called wavefunction coefficients and {Ez} denotes

the set of all spatial momentum. Due to spatial translation invariance on the future boundary, the

wavefunction coefficients contain an overall momentum-conserving d-function. It is useful to extract

this d-function and compute the “stripped” wavefunction coefficients 1),,:

n
U ({Ei}) = 6@ (Z k“’) Un({ki}) - (1.4)
i=1

Our main objective is the computation of these stripped wavefunction coefficients.
Traditionally, the wavefunction coefficients v,, are obtained perturbatively, using Feynman di-
agrammatics, which we review here. We approximate the path integral (1.3) by its saddle point

U[®] ~ exp (iS[P.]) where P is the boundary profile corresponding to the classical solution to the



equations of motion ¢ . To derive the Feynman rules, we write the classical solution as
5Sint
5 (k,n')

Substituting the above solution into the action, one can verify that the path integral evaluates to

ba(F.n) = K(E.n)®(F) + / ' G(E:n. ) (1.5)

the expression in (1.3) by taking functional derivatives of the path integral with respect to the
boundary value ®(k) (which acts like a source term). To ensure that the solution (1.5) satisfies the
correct Dirichlet boundary conditions, one needs to appropriately solve for the two distinct Green’s
functions, the bulk-to-boundary propagator K(E,,7,) associated with a vertex v and the bulk-to-
bulk propagator G(FE.,n,,1.) associated with an edge e connecting a vertex at time 7, to another

one at time 7). In a flat-space theory of a single scalar field with polynomial self-interactions
Sigl = [ alady | -2 (00)2 = 3 gt (16)
2 k! ' '
k>3
the propagators are given by the expressions
K(Ey,m,) = e (1.7)

g(E67 Mo ’r]:;) =

s (€770 ) e G () — D) (L)
where E, =3 |EJ| denotes the sum of the energies of j external lines connected to the vertex v,
and E, = |ke| is the energy of an internal line. The bulk-to-boundary propagator, XC(E,n), solves
the linearized, homogeneous EOM, oscillates with positive frequency in the far past, and approaches
unity at the late time boundary as 7 — 0. The bulk-to-bulk propagator, G(E,n,n’), solves the
inhomogeneous wave equation /—g(0 — m?)G(E,n,n’) = i6(n — n'), subject to the boundary con-
dition that it vanishes identically when either of its time arguments approach zero. The combined
boundary conditions on the Green’s functions guarantee that the path integral in (1.3) as well as the
classical solution (1.5) satisfy the correct Dirichlet boundary conditions. With these preliminaries,

we can now state the Feynman rules for the computation of the flat-space wavefunction coefficients

wn,ﬂat:
e Draw all graphs with a fixed number of lines, n, ending on the boundary.
e Assign a vertex factor, ¢V, to each bulk interaction.

e Assign a bulk-to-bulk propagator (1.8), G, to each internal line and a bulk-to-boundary prop-

agator (1.7), IC, to each external line.
e Integrate over all the time insertions of all bulk vertices.

The vertex factors are obtained from the action following the same procedure as in S-matrix Feynman
rules, with the key distinction that only spatial variables are treated in Fourier space. Consequently,

each vertex retains an explicit time dependence, requiring integration over time. A significant



challenge in computing wavefunction coefficients arises from these time integrals, highlighting the
need for alternative computational techniques explored in this thesis.*

In particular, when the couplings in the flat-space action have a particular time dependence
M) = Afa(m)E-RE-D/22 (1.9)

we can do a Weyl rescaling to obtain the action of conformally coupled scalars in an FRW cosmology

with scale factor a(n)

1 1 Ak
S = /ddx dnv/—g —59#"(9”0;8”(;5 - §§R¢2 -3 ﬁ¢k . (1.10)
k>3
As a consequence, starting from the flat-space wavefunction coeflicients 1, gat, for a theory (1.6) one
can obtain its counterparts in a generic FRW cosmology (parametrized by €) via a simple integral

transform

oo
’(/)n,FRW(XmYVe) = / H dxv xfj wn,ﬂat(xv +X’U?}/€) . (111)
0 ey

Such twisted integrals arise in the computation of one-loop scattering amplitudes in dimensional
regularization (in that context, 2¢ = 4— D is the deviation from the canonical spacetime dimension).
This connection allows us to import tools from the treatment of loop amplitudes to the study of tree-
level FRW correlators. In particular, an important insight is that loop amplitudes can be written
in terms of a set of master integrals which span a finite-dimensional vector space. The finiteness
of this vector space guarantees that the master integrals themselves satisfy interesting differential
equations (DEQ) with respect to the kinematic data, which then provides a powerful way to compute
the original Feynman integrals (see for nice reviews). In chapters 2 and 3, we will see how the DEQ
method can be translated to the cosmological context.

As was highlighted earlier in the context of flat-space scattering amplitudes, there also exists
purely combinatorial-geometrical formulation of the perturbative wavefunction coefficients. As we
will soon seen in the course of the first three chapters, positive geometries such as the cosmological
polytope and the graph associahedron encode the wavefunction as its volume form. Such geometric
formulations allow us to sharpen questions about the relation between cosmology and flat-space
physics, providing a concrete framework that makes precise the sense in which Lorentz invariance
as well as flat-space unitarity and causality emerge. Moreover, in chapter 4, we will exploit such
polytopal realizations to unravel the existence of hidden zeros of the cosmological wavefunction and
demonstrate a novel factorization-type behavior termed splitting associated to near-zero kinematical
configurations.

While recent years have seen techniques from scattering amplitudes applied to the evaluation
of cosmological correlation functions, much remains to be explored. A key future direction is to

derive a compact “Parke-Taylor-like” formula for spinning four-point functions in de Sitter space

4We note that while one must integrate over the loop momenta as part of the Feynman rules, our focus in the

remainder of this thesis will be on loop integrands.



using newly developed twistor space kinematic variables, thereby paving the way for cosmological
“BCFW-like” recursion relations. These advances could dramatically streamline computations and
provide a unifying framework for organizing cosmological observables, much like the revolution in

flat-space amplitudes nearly three decades ago.

String amplitudes and the S-matrix bootstrap program

A cornerstone of the modern S-matrix program is the quest to uncover fundamental constraints
on scattering amplitudes from first principles such as locality, causality, and unitarity. In this
context, the Veneziano amplitude — the first known example of a meromorphic four-point amplitude
with polynomial residues and exact crossing symmetry — has played a pivotal role in shaping our
understanding of string scattering. Introduced in 1968 [15], the Veneziano amplitude takes the form
I(—ap — s)T'(—ap — t)
I'(—2ag—s—t) '

AV (s,t) = —(s + t)>01 (1.12)

where the parameter o depends on the specific string theory under consideration. Its worldsheet
interpretation as a dual resonance model was subsequently established[16, 17, 18].
Given its simple pole structure, the Veneziano amplitude admits an alternative infinite product

representation
_ s+t

N@w—;ﬁO B£/”, (1.13)
n=1 n n
which makes manifest its underlying algebraic structure when oy = 0. This discovery motivated
a broader search for alternative amplitudes that retain key analytic properties while potentially
relaxing others.

Shortly thereafter, Coon proposed a one-parameter deformation of the Veneziano amplitude by

introducing logarithmic Regge trajectories [19], leading to what is now known as the Coon amplitude

ﬂ%w—@—nm4Mwa)ﬁ(1§gquw

e 1.14
oss )4 02 (1 T) o

where the deformed kinematic variables are given by
o=1-(1-q)(ag+ s), T=1—(1—-q)(ao+1). (1.15)

This amplitude smoothly interpolates between the Veneziano amplitude as ¢ — 1 and a sum of

contact interactions in the limit ¢ — 0

1 1
AC (s,1) =8 +
s+ ag t+ g

+1. (1.16)

A crucial requirement for dual resonant amplitudes to have physical relevance is that it must be
unitary. An initial study of the unitarity of the Coon amplitude [20] suggested the absence of ghosts,
but a more refined numerical analysis [2] revealed a boundary in (g, D) space separating unitary and

non-unitary regions, with an analytically determined critical value ¢ = goo(—ap). However, a full



analytic understanding of its unitarity structure remains an open question. An analytic understand-
ing of this unitarity constraint remains an outstanding problem. In chapter 5, we study the unitarity
of the Coon amplitude through the positivity of its partial wave expansion coefficients, leveraging
techniques recently applied to the Veneziano amplitude [1]. Similar analyses of partial wave uni-
tarity have been crucial in understanding the viability of other dual resonant amplitudes, including
those with modified Regge trajectories and higher-spin generalizations [21, 22]. By extending these
techniques to the Coon amplitude, we take steps toward clarifying its physical interpretation and

assessing whether it can be embedded into a broader framework of consistent dual resonant models.

The analytic structure of celestial amplitudes

Celestial holography proposes a duality between gravitational scattering in (d 4+ 2)-dimensional
asymptotically flat spacetimes and a conformal field theory (CFT) defined on the celestial sphere
CS%. This duality is rooted in the observation that the Lorentz group in Minkowski spacetime,
SO(1,d + 1), is isomorphic to the conformal group SL(d,C) on the celestial sphere, modulo a Z,
quotient

SO(1,d+ 1) 2 SL(d,C)/Z, , (1.17)

which provides the geometric foundation for mapping S-matrix elements in Minkowski spacetime to
conformal correlators on the celestial sphere.

The directions of massless scattering particles in the bulk are parametrized by coordinates on
the celestial sphere, with their momenta embedded as null vectors ¢#(z, z) in the compactified light
cone

" (z,2) =1+ 2Z,2+ 2,i(Z — 2),1 — 22) , (1.18)

where z and Z are stereographic coordinates. The energy w of the scattering particles scales this null
vector, yielding p* = wg"(z, z). This embedding establishes a direct link between the momentum-
space description in the bulk and the conformal coordinates of the celestial sphere.

Transitioning to the celestial basis involves a Mellin transform of the on-shell momentum eigen-
states. The celestial amplitudes, At hn ({2, zi; Ai }), are constructed by applying the Mellin trans-

form to the momentum-space S-matrix elements AM-hn({w; 2 2, }) [23, 24, 25]

A ({22, 25 AY) = (O (21,21) - O (20 20) (1.19)
:/ HdwiwiAi_lAzl"m'hn({wiaZi72i}) ’
20 i=1

where A; is the conformal dimension, and h; denotes the i*" particle’s helicity. This transformation
recasts the scattering amplitudes into conformal correlators on the celestial sphere, with the primary
operators Oa p(z, Z) defined through this process.

A key challenge in celestial holography is understanding how bulk translational symmetry emerges.
Celestial CFT (CCFT) correlators must obey not only conformal invariance but also translation in-

variance, which acts as an ”external symmetry” and forces low-point correlators to be distributional



[26]. At higher points, correlators are non-distributional but remain constrained, preventing arbi-
trary placement of operators on the celestial sphere [27]. These properties make CCFT correlators
distinct from those in conventional 2D CFTs and complicate the search for a top-down CCFT
construction.

One approach to circumventing this difficulty is to introduce nontrivial backgrounds in the bulk
[28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39]. Such backgrounds must preserve Lorentz invari-
ance—thus maintaining the 2D conformal symmetry of CCFT—while remaining asymptotically flat.
The celestial counterparts of scattering amplitudes on these backgrounds often exhibit desirable fea-
tures: they are unconstrained by translation invariance (as the background acts as a source/sink of
momentum), they resemble traditional CFT correlators, and they have better convergence proper-
ties [28, 33, 40]. These characteristics suggest that the background-free CCFT and its deformations
might be closely related, motivating further study of these correlators to establish an independent
CCFT definition [31, 41].

To that end, we explore gravity amplitudes in 4D Minkowski and Klein spacetimes [42] in chap-
ter 6, generalizing results from [40] where gluon amplitudes were studied on a massive scalar back-
ground. Unlike gluons, a non-dynamical scalar background breaks diffeomorphism invariance in
gravity, necessitating scalar exchange in amplitudes involving gravitons. Nevertheless, the corre-
sponding celestial correlators retain key features of CCFT correlators while avoiding translation
invariance constraints. This motivates further study of how backgrounds influence CCFT structure
and operator algebras, paving the way for a more complete celestial holographic duality.

Another important question in the field of celestial holography has been to understand the con-
stituents of the CCFT spectrum. Light-ray operators play a central role in CCF'T, particularly in
identifying a suitable operator basis [43, 44]. Their correlation functions are light-ray transforms
of ordinary CCFT correlators, and they provide a natural framework for understanding symmetries
and operator product expansions (OPEs) in CCFT. It was shown in [45] that certain three-point
correlators involving light-ray operators take the form of standard CFT three-point functions, in
contrast to the distributional nature of standard CCFT correlators [24]. Moreover, the light trans-
form is closely related to Witten’s half Fourier transform, with conformal primary twistor eigenstates
expressible as linear combinations of light-transformed boost eigenstates. The light transform also
elucidates CCFT symmetries; in gravity, the single-helicity sector exhibits an enhanced wi 4, sym-
metry, identified in [46] as the light transform of the soft current mode.

Four-point correlators involving one and two gluon light-ray operators have been computed
[47, 48], revealing their non-distributional nature and their role in the OPE of CCFT primaries.
These contributions are not visible from the collinear limits of four-point celestial amplitudes. Ex-
tending these results, we will investigate the four-gluon light-ray operator correlators in chapter 7,

demonstrating that they can be expressed in terms of Fox H-functions and generalized I-functions.



Chapter 2

Cosmology Meets Cohomology

This chapter is based on the work [49].

Over the past decade, an increasing number of concepts from the theory of hypergoemetric
functions and more broadly algebraic geometry have entered modern methods for studying scattering
amplitudes. In particular, the framework of twisted cohomology (originally formulated to study
the linear relations among hypergoemetric functions) has been used to construct CHY amplitudes
[50, 51], provide a geometric framework for understanding KLT relations in string amplitudes [52,
53, 54, 55|, the double copy [56] and more.

In the Feynman integral community, twisted intersection theory [57, 58, 59, 60, 61, 62, 63, 64]
provides an algebraic alternative to integral reduction! via integration-by-parts (IBP) identities
[65, 66, 67]. While these techniques are still being optimized for applications to physics, they have
the potential to circumvent solving large linear systems of IBPs thereby streamlining one of the most
expensive steps in the pipeline for multi-loop phenomenological calculations.

Recently, the procedure for calculating intersection numbers of Feynman integrals has been
streamlined by using relative twisted cohomology [68, 69]. By working with relative twisted co-
homology, one can set the regulator in previous works to zero at the start of the calculation. As a
consequence, many intermediate quantities vanish or simplify, streamlining the overall algorithm.

The last decade has also seen the discovery of rich geometrical structures in the study of flat-
space scattering amplitudes which provide answers to elegant questions posed purely in the kinematic
space. While such insights have transformed our understanding of the flat-space S-matrix, the sit-
uation for cosmological correlators is still underdeveloped. The lack of such methods for cosmology
and the complexity of even tree-level results’ means that the repository of theoretical data is sig-
nificantly smaller. The problem is further complicated by the fact that inflationary correlators live

on the late-time boundary of de Sitter, which is space-like. The understanding of the holographic

Mntegral reduction is the process of decomposing an arbitrary integral into a linear combination of basis (also

called master) integrals that only need to be computed once.
20ne already encounters branch cuts at the level of trees in cosmological correlators whereas their flat-space

counterparts are rational functions in the kinematic invariants.
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dual to theories with space-like boundaries is still in its infancy, while the boundary description for
anti-de Sitter space is well established due to the time-like nature of its boundary. Having said that,
the cosmological polytope and bootstrap programs have taken important steps towards a boundary
description of inflationary correlators.

While de Sitter models the accelerated expansion of the early Universe, the Friedmann-Robertson-
Walker (FRW)? metric describes a homogeneous, isotropic, expanding (or contracting) Universe.
The FRW spacetime is often considered to be the standard model of cosmology post inflation. Field
theoretic correlation functions in FRW cosmologies represent quantum fluctuations, which in the
early Universe are thought to have sourced the observed distribution of matter. Comparing these
predictions to current and future cosmological datasets will help constrain new physics beyond the
Standard Model.

Unlike the de Sitter geometry (which has provided a rich playground for studying inflationary
correlators in the literature so far), FRW Universes are not maximally symmetric spacetimes and
have a reduced isometry group. This reduces the applicability of the cosmological bootstrap pro-
gram to derive differential equations for correlators beyond de Sitter space. However, it turns out
that correlators in FRW cosmologies (the main focus of this work?) furnish some of the simplest
examples of relative twisted cohomology.” Thus, they provide fertile testing ground for developing
our understanding of relative twisted cohomologies, which in turn will deepen our understanding of
the underlying physics.

While the standard tool for computing cosmological correlation functions is perturbation theory,
the past decade has seen novel computational methods with interesting and fruitful connections
to scattering amplitudes (e.g., symbology [70]) and mathematics (the combinatorial description in
terms of the cosmological polytope [71, 72, 73, 74]). Many of these methods manifest the simplicity
of the final answer that is hidden at intermediate steps in perturbation theory. In particular, the
singularity structure of these correlators is particularly evident in the polytopal picture and encodes
principles of unitary (by cutting rules) as well as causality (Steinmann relations).

Our main goal is two fold. First, we aim to provide efficient methods for computing the differ-
ential equations of FRW wavefunction coefficients. Deriving differential equations for cosmological
correlators was first considered in [75, 76]. We also hope that by formally constructing the coho-
mology associated to the integrals appearing in the FRW wavefunction coefficients and elucidating
their mathematical structure will lead to a deeper physical understanding of these objects. Sec-
ondly, our techniques are quite general and are applicable to many integrals seen in both physics
and mathematics. Thus, we expect this work to be useful beyond the current setting of cosmological
correlators.

While primarily aimed at physicists, we think that much of this work will interest mathematicians.

3While the most commonly used term is the FRW metric, it is also sometimes called the FLRW metric after

Friedmann, Lemaitre, Robertson and Walker.
4We will consider FRW cosmologies with a future spacelike boundary where our boundary observables live.
5Mathematically, FRW correlators are integrals associated to hyperplane arrangements where the coordinate

hyperplanes are twisted and all other divisors are left untwisted.
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While many of our claims have been well tested, this chapter lacks formal proofs and it would be
interesting to understand these claims more formally. As far as the authors know, [77] is the only
paper discussing relative twisted cohomology in the mathematics literature.

The chapter is organized as follows. In section 2.1, we set up the toy model of conformally
coupled scalars in a general FRW background studied in this work and explain how to uplift flat-
space wavefunction coefficients to their FRW counterparts. In section 2.2, we study the integral
representation of the two-site/four-point FRW integral in detail. To evaluate this integral, we
derive the differential equation satisfied by a basis of integrals for the corresponding integral family.
We obtain these differential equations using three different perspectives: twisted cohomology and
standard IBPs in section 2.2.1, the dual (relative) twisted cohomology and dual IBPs in section 2.2.2,
and intersection numbers in section 2.2.3. The dual perspective (section 2.2.2) yields computational
advantages as well as novel geometric understanding and is central to this work. In section 2.2.4,
we explicitly integrate these differential equations to obtain the first correction to the de Sitter two-
site/four-point function. In section 2.3, we provide two more worked examples: the one-loop two-
site/two-point and the tree-level three-site/five-point FRW integrals. In this section, we illustrate
how to use the techniques developed in section 2.2 on more complicated examples. We conclude in

section 2.4 with a discussion of our results and directions for future work.

2.1 Cosmological correlators and the Wavefunction of the

Universe

We consider the model of a conformally-coupled scalar field in a general FRW cosmology with non-
conformal polynomial interactions, studied extensively in [71, 72, 70, 78]. The action for such a

theory in a (d + 1)-dimensional spacetime is

1 1 A
S= [dlodny=g |~ 50" 0,000 - 3ERS -3 | (21)

k>3
with the FRW metric and the constant £ defined as

, d—1
ds® = g datda” = a®(n) [—dn? + dz;dz’], €= I (2.2)
The FRW metric above has been written in comoving coordinates with conformal time 7 € (—o0, 0]
and the index i = 1,...,d runs over the spatial dimensions. a(n) denotes the scale factor and the
choice of its representation in various stages of the Universe’s evolution will be crucial for the class
of integrals dealt with in our chapter. Importantly, the choice of £ sets the scalar to be conformally-

coupled thereby making the action S conformally equivalent to the following flat-space action

st = [ atean | —5002 - 30 et (2.3

k>3
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More precisely, the conformal transformation

Guv — GQ(W)QW ’ ¢ — G_A(U)¢ ) A=—r ) (24)

allows one to rewrite the original action S (2.1) as the action of a massless scalar field in (d + 1)-

dimensional flat-space (2.3) with time-dependent couplings given by
Me(n) = Aela(m)]BHA+2 (2.5)

It is worth stressing that the conformal equivalence between the original action S (2.1) and the
flat-space action S[¢] (2.3) allows us to do meaningful computations in a general FRW cosmology
(described by the scale factor a(n)) simply by doing flat-space perturbation theory (albeit with
time-dependent couplings given by (2.5)), as we shall see below.

Of central importance, is the wavefunction of the universe W[®]. Formally, this is computed as
a path integral by integrating over all bulk field configurations ¢(Z,n) with non-vanishing Dirichlet
boundary condition in the future ¢(Z,n = 0) = ®(Z). It is standard to work in momentum space

where the wavefunction can be expanded as

#(0)=2 . 1 . Lo
[P] :/ DSl = exp iZ—/HddkiQ(ki)wn({ki}) , (2.6)
; n!
¢(—oo(1—ic)) n i
and the standard ie prescription selects the adiabatic/Bunch-Davies/Hartle-Hawking vacuum at the
early-time boundary n — —oo. The kernels z/;n are called wavefunction coefficients and {Ez} denotes
the set of all spatial momentum. Due to spatial translation invariance on the future boundary, the
wavefunction coefficients contain an overall momentum-conserving d-function. It is useful to extract

this d-function and compute the “stripped” wavefunction coefficients 1),,:
ol =5 (3R w1k )
i=1

Our main objective is the computation of these stripped wavefunction coefficients.

Traditionally, the wavefunction coefficients 1, are obtained perturbatively, using Feynman di-
agrammatics, which we review here. We approximate the path integral (2.6) by its saddle point
U[P] = exp (iS[Pq]) where ® is the boundary profile corresponding to the classical solution to the

equations of motion ¢¢. To derive the Feynman rules, we write the classical solution as
5Sint
5o (k,n')

Substituting the above solution into the action, one can verify that the path integral evaluates to

ba(F.n) = K(E.n)a(F) + / dG(E:n, 1) (2.8)

the expression in (2.6) by taking functional derivatives of the path integral with respect to the
boundary value ® (k) (which acts like a source term). To ensure that the solution (2.8) satisfies the
correct Dirichlet boundary conditions, one needs to appropriately solve for the two distinct Green’s
functions, the bulk-to-boundary propagator K(E,,7,) associated with a vertex v and the bulk-to-

bulk propagator G(FE.,n,,1.) associated with an edge e connecting a vertex at time 7, to another
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one at time 7). Explicitly, they are given by the expressions

K(Evanv) = eiEunv y (29)
]_ - 7’ - / . ’
G(Be,moy ) = g (€7 71000 (=) + 7 E L1091 =) — B ) L (2.10)

where E, =}, |E]| denotes the sum of the energies of j external lines connected to the vertex v,
and E. = |ke| is the energy of an internal line. The bulk-to-boundary propagator, (E,n), solves
the linearized, homogeneous EOM, oscillates with positive frequency in the far past, and approaches
unity at the late time boundary as n — 0. The bulk-to-bulk propagator, G(E,n,n’), solves the
inhomogeneous wave equation /—g(0 — m?)G(E,n,n’) = i6(n — n'), subject to the boundary con-
dition that it vanishes identically when either of its time arguments approach zero. The combined
boundary conditions on the Green’s functions guarantee that the path integral in (2.6) as well as the
classical solution (2.8) satisfy the correct Dirichlet boundary conditions. The problem of computing
the wavefunction coefficients v, is now thus reduced to an exercise in perturbative diagrammatic
expansion using Feynman rules for the fluctuations of the theory at hand. We note that to com-
pute these wavefunction contributions, it suffices to implement flat-space perturbation theory which
thereby surpasses the need to introduce complicated Green’s functions for a general FRW space-
time. As we shall see in the subsequent sections, for various FRW cosmologies this is facilitated by
an operation involving integration over the external energies that accounts for the time-dependent

couplings (2.5) of the theory.

2.1.1 FRW cosmologies

In this work, we study the analytic structure of integrals associated to the wavefunction coefficients in
a general FRW Universe, going beyond the inflationary expansion modelled by a de Sitter Universe.
Before presenting the integrals tackled in this chapter, we give a brief description of the FRW

backgrounds describing the Universe’s evolution at its various stages:

de Sitter Universe de Sitter (dS) space models the accelerated expansion of the inflationary
Universe to a good approximation and thus provides a starting point for a boundary description of
inflationary correlators. The isometry group of dS space has been utilized to exploit the conformal
symmetry of cosmological correlators in the recent cosmological bootstrap program [79, 80, 81]. We

recall that the de Sitter line element in flat slicing is given by

_ —dn? 4 dz;dz?

2
ds " ,

(2.11)

with 1 € (—o0, 0] and the Hubble scale set to unity. Comparing with the FRW metric (2.2), one sees
that the scale factor behaves as a(n) = 1/n for a de Sitter Universe. Much of the theoretical data
concerning cosmological correlators come from our understanding of polynomial interactions in dS
space. A particularly well-studied model is the A3¢? theory in dS,, which provides a rich framework

for understanding the analytic structure of inflationary correlators [82].
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Radiation/Matter dominated Universe For most of its history the Universe was dominated
by a single component, as suggested by the different scalings of the energy density p with the scale

4

factor a(n). A phase of radiation domination (RD) where p o< a~* was followed by an era of matter

domination (MD) where p o a=3.

The dependencies of the scale factor on the conformal time in
these phases are obtained by integrating the first Friedmann equation for a flat, single-component

Universe [83]. This leads to the following FRW solutions for the scale factor

alp) o 17 BD) (2.12)

7 (MD),
where the proportionality factors depend on dimensionless density parameters and will be set to
unity for our discussions.
Given the above dependencies of the scale factor a(n), the different FRW solutions (2.2) corre-
sponding to a de Sitter (2.11), flat, radiation or a matter-dominated Universe (2.12) can be encap-

sulated by the following metric parameterized by ¢

e=0 (dS)
—dn2 At e=—1 (flat
ds? =2 [d” +2d”‘”dx } (flat) (2.13)
n e=-2 (RD)
e=-3 (MD),
such that the scale factor is
1
a(n) = e (2.14)

While the differential equations (DEQ) that we derive in this chapter hold for any value of e, the
solution to them is always presented as a Laurent series expansion in ¢, as we shall soon see. When
solving the DEQ, our analysis will thereby be restricted to cosmologies closely resembling a dS
Universe. The consequence of € ~ 0 is two fold: i) in the analysis of inflationary correlators so far,
the literature assumes a perfect dS expansion (¢ = 0). However, inflationary cosmology dictates that
for inflation to end one has to consider small departures from dS, often leading to inflation being
referrred as a quasi-dS period. ii) Even if one models inflation as a perfect dS expansion, computing
wavefunction coefficients as a series in € could potentially shed crucial insights into physics beyond
inflation, i.e., after the reheating surface.

Mathematically, the parameter € corresponds to the exponent of the “twist” associated to the
wavefunction coefficients of an FRW Universe. This identification, allows us to import the technology
of relative twisted cohomology and intersection theory to cosmological correlators. Such ideas were
first introduced in physics in the context of Feynman integrals. There, the parameter ¢ is the
dimensional regularization parameter. In both cases, this exponent is generally non-integer giving
rise to branch cut singularities on the integration manifold that partially dictates the singularity

structure of the final object.



16

For the sake of simplicity, we shall focus on a theory of conformally coupled scalars described by

a cubic A3¢® interaction in a (1+3)-dimensional FRW Universe described by the action
3 1 v 1 2 >\3 3
S= [ d’zdnv—g —ig“ 00,0 — ERqﬁ — §q§ . (2.15)

However, it is straightforward to generalize our analysis to theories with polynomial interactions
Ar@® in an FRW Universe (2.13) obeying the condition

1
nl—i—s ’

la(n)] 3K 2 = (2.16)

such that the time-dependent couplings (2.5) are given by Az(n) = n’l\is. These time-dependent

couplings are most conveniently treated in (temporal) Fourier space

1 (_i)1+6 /oo(l—ie) d € ixn (2 17)
— - = = rxre . .
7]1+6 F(l + 5) 0

Before proceeding to furnish the integral representations for FRW correlators, a few comments
are in order regarding the above Fourier-space expression. First, it is worth noting the difference
between the FRW parameter € and the standard ie regulator ensuring the convergence of the integral.
Secondly, it is crucial to note that the integral converges only for € > —1 due to the presence of the
gamma functions. This is seemingly in contradiction with our boundary choices of € denoting the
various FRW solutions in (2.13). However, as we will see in section 2.2, the differential equations
satisfied by the FRW cosmological correlators can be solved for any value of the parameter . In
what follows, we suppress the overall constants arising from the gamma functions and the factors of
1 appearing in (2.17) to avoid clutter. Given a choice of ¢ for the FRW Universe one lives in, such

overall factors and coupling constants can be reinstated as they are needed.

2.1.2 Cosmological correlators in FRW backgrounds

Equipped with the above conceptual preliminaries, we now turn our attention to the construction
of the wavefunction coefficients in flat-space and their uplifts to a general FRW cosmology.

We first define the flat-space n-site wavefunction coefficient at L-loops @bfff)l ot Which essentially
makes up the energy integrand of the FRW wavefunction coefficient

0

Yo = [ L dmen []60%mon) (2.18)

~ ey ec€

where V, £ denotes the set of vertices and edges of a given n-site, L-loop Feynman graph. We also
introduce the notation X, associated with the sum of energies flowing to the boundary from a vertex
v and Y, denote the energies of the edges (internal lines) e.

The computation of the nested time integrals given by the formal expression (2.18) has been
carried out in the literature using several approaches: i) explicitly computing the 3¢ bulk time
integrals arising from the three-term structure of the propagator (2.10), ii) a combinatorial rep-

resentation to implement boundary old-fashioned perturbation theory which one would obtain via
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the Lippmann-Schwinger kernel [71], iii) ¢riangulations of the cosmological polytope (and its dual)
[71, 73, 72, 84]. Using any of the approaches, one can compute the two- and three-site flat-space

wavefunction coefficients at tree-level to be

(0)

— 1
2flat = (X1 +X2)(X1+Y)(XatY) (2.19)
0)  _ X1+Y14+2Xo+Y54X3 (2.20)
3,flat (X14+X2+X3)(X14Y1)(X3+Y2)(Xo+Y1+4Y2)(X1+X2+Y2) (Xo+X3+Y7) ’
while the two-site contribution at one loop is given by
1 _ 2(X1+X24Y14Y3) (2.21)
2flat T (X1 +X2)(X1+X2+2Y1) (X1 +Y1+Y2) (Xo+Y1+Y2) (X1 +X2+2Y3) :

To compute wavefunction coefficients relevant to FRW cosmologies, we perform an uplift by
integrating the integrand (2.18) over the energies related to the time-dependent coupling constants
(2.17). To account for this extra time-dependence, we denote the shifted vertex energies as E,, = x,+
X, while also tacking on the twist factor 2% at each vertex. As a result, the full FRW wavefunction
contributions take the form

oo
XY = [ T devat oo+ X v = [ T[dnaiulf By, @22)
0 yev R vev
where R defines the rectangular region E, > X, for each vertex v. In the mathematics literature,
the integrals (2.22) belong to the class of functions which are often called generalized Euler integrals
or GKZ® hypergeometric functions [85]. As we will see in section 2.2.4, the FRW wavefunction
coefficients belong to the subset of this function space whose series expansion in ¢ involves only
multiple polylogarithms. It is worth noting that (2.22) is actually the spatial loop momentum
integrand for loop level corrections. While we will only study the integrals given by (2.22) in
this work, the mathematical framework developed here can straightforwardly accommodate the
integration over the spatial loop momentum and is left for future work.

As an example of this prescription, consider the uplift of %%m — wé?%RW. Using the two-
site flat-space wavefunction coefficient (2.19) and the uplift relation (2.22), one obtains the explicit
realization of the corresponding FRW wavefunction coefficient given by the integral expression

(z129)°
(T1+22+ X1+ X2) (21 +X14Y) (22 + Xo+Y)

The € — 0 limit of such integrals reduces to the well-studied cases arising in inflationary correlators

o0
é?F)‘RW(leX%Y):/ day A dwg (2.23)
0

in dS4 [79, 82]. It is worth mentioning that while this prescription for the uplift of 1, fiat — ¥n.FRW
is technically true only for € # —1, the flat-space wavefunction coefficient appears as the coefficient

of the leading log divergence in the e — —1 limit. Explicitly setting & — —1 + p in (2.23) yields

¢§?%RW(X1,X2, ;Y)|EH71+M = / x1—1+l‘ dx; / dxs $2_1+“ wé?f)lat(xl + X1, 20 + XQ;Y)
0 0

O(u°)

)
o0 T4 X1, X1V
:/ day zp ' 2.0 (71 p Sl )+
0
O (X1, X2Y)
a 1,422, _
— [2:fat e +0(u™Y) . (2.24)

6Gelfand, Kapranov and Zelevinsky.
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¢ X2
Y

Figure 2.1: The Feynman diagram for the tree-level two-site/four-point wavefunction coefficient in
X3¢ theory.

Thus, for the flat-space case, the integral (2.23) returns the original wavefunction coefficient mul-
tiplied by a divergent factor 1/u?. This factor corresponds to the infinite volume of the energy
integrals that we should not have integrated over.

The main objective of this chapter is to illustrate how one can study the analytic structure of
FRW wavefunction coefficients using techniques from relative twisted cohomology, intersection theory
and canonical differential equations that has already been developed in context to flat-space scat-
tering amplitudes. In particular, in the subsequent sections, we will derive the differential equations
for the tree-level two-site/four-point and three-site/five-point and the one-loop two-site/two-point
FRW wavefunction coefficients in a theory comprised of conformally coupled scalars obeying a A3¢3
interaction (2.15). In the process, we argue that relative twisted cohomology provides a particularly

efficient and powerful formalism for studying FRW wavefunction coefficients.

2.2 The tree-level two-site FRW correlator

For the \3¢® theory of conformally coupled scalars (2.15), the two-site flat-space wavefunction
coeflicient at tree-level is also the four-point function from the boundary perspective as depicted in
figure 2.1. With the uplift prescription laid out in section 2.1.2, the corresponding FRW wavefunction

coefficient has the integral representation

(w122)°
({E1+.’E2+X1+X2)($1+X1+Y)($2+X2+Y) '

é?%RW(Xth;Y):/O dzy A dag (2.25)

While it is possible to integrate the above two-site/four-point integral, direct integration becomes
intractable at higher points. Similar integrals often appear in the study of dimensionally regulated
Feynman integrals where there is a rich literature describing their evaluation and understanding
their analytic structure (see [86, 65, 87, 66, 67, 83, 89, 90, 91, 92, 93, 94, 95, 96, 85] for a very
incomplete list). In particular, we will use the method of canonical differential equations [97, 98]
and some ideas from intersection theory [57, 58, 59, 60, 61, 62, 63, 68, 69] to evaluate the two-site
FRW correlator (2.25).

In order to implement these methods, we have to consider the family of integrals defined by
the singularities of the integrand in (2.25). This family is made up of integrals whose integrands

are rational differential forms on the manifold X (to be defined later) multiplied by a universal
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multi-valued function, u, called the twist

O e (X0 X Vs ) Nix) Ex nme{0.1,2,.), (226

II LT3 T 53 ()

u= H T: (¢ ¢ C\ Z for FRW cosmologies) . (2.27)

In particular, the integral (2.25) corresponds to p = {0,0} and v = {1,1,1} above. While we can
have any arbitrary polynomial numerator N(x), the analytic structure of the integral is (mostly)
determined by the singular surfaces T, = 0 and S, = 0. Moreover, the behavior of the integrand at
the singular surfaces T, = 0 and S, = 0 is very different and needs distinct mathematical treatment.

The hyperplanes”
T1 =X and T2 =X, (228)

correspond to branch surfaces or twisted singularities of the integrand. These singularities are said
to regulated by € and are mild in the sense that the integral in the neighbourhood of any T, = 0
has a well defined analytic continuation. On the other hand, the (hyper-)planes

Si=rz1+X14+Y, (2.29)
So=a0+Xo+Y (2.30)
S3:1'1+£L'2+X1+X2 . (231)

correspond to poles or relative singularities. These singularities are dangerous and cannot be avoided
by analytic continuation.

Having understood the possible locations of singularities, we can define the integration manifold
X =C2\ (T US) where T = U2, {T; = 0} are the twisted singular surfaces and S = U?_,{S; = 0}
are the relative singular surfaces. The analytic structure of this family of integrals is almost entirely
determined by how the surfaces T, and S, intersect amongst themselves.

One perhaps surprising fact is that such families of integrals are spanned by a finite basis of
integrals {I,} [99, 100]. This means that the partial derivatives of these integrals with respect to
the kinematic (non-integration) variables can be expressed as a linear combination of the original

basis of integrals
0.1, = BYI, | (2.32)

where z € {X7, X5, Y} for the example at hand. Such systems of differential equations have a closed
solution in terms of a path-ordered exponential. Then, since we can can choose a basis such that

the differential equation is proportional to e: B = €A, the path-ordered exponential

I:Io+5/A'Io+€2/A'/A'IQ+"‘ (233)

"By a hyperplane, we mean a codimension-1 surface cut out by a linear equation. We will use this terminology

even for lines in 2-dimensions and planes in 3-dimensions.
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can be truncated at any desired order in ¢.® For each order in ¢, sophisticated technology exists in
the amplitudes literature for handling the resulting iterated integrals [101]. Lastly, Iy corresponds
to the boundary conditions of our basis integrals.

Thus, we can integrate by differentiation! Since obtaining A and the boundary conditions I are
orders of magnitude easier than direct integration, we pursue this strategy in the following sections.

Before moving on, we note that the iterated integrals appearing in (2.33) will not produce any-
thing more complicated than multiple polylogarithms because the matrix A contains at most simple
poles (see [90, 92, 102, 93] for some of the mathematical techniques used to simplify such integrals).
If one was powerful enough to sum the series (2.33), one would recover the corresponding general-
ized hypergeometric function. Further, note that ¢ carries weight —1 so that the expansion of these
hypergeometric functions have uniform transcendental weight.

To aid us in the computation of differential equations, we introduce a few ideas from intersection
theory. In section 2.2.1, we introduce the twisted cohomology of FRW integrals, compute the
differential equation and obtain the basis size from geometric quantities. Along the way we will
comment on some computation bottlenecks of the usual twisted cohomology picture. To simplify
the computation of the differential equation as well as improve our geometric understanding of
such integrals, we introduce the vector space dual to FRW integrals in section 2.2.2. In particular,
the analogous algorithm for computing the DEQ presented in section 2.2.1 simplifies and in some
cases becomes trivial in the dual space. We also describe how to compute differential equations
of logarithmic forms using the intersection number (an inner product on the FRW cohomology)
bypassing integration-by-parts in section 2.2.3. In particular, we describe how to compute the
differential equations without leaving the space of logarithmic forms. Lastly, in section 2.2.4, we
will integrate the differential equation found in both sections 2.2.1 and 2.2.2 to obtain an explicit

formula for the two-site/four-point FRW correlator.

2.2.1 Differential equations from twisted cohomology

To compute the differential equations, it is useful to change perspective and consider the integrands
as the fundamental objects of interest instead of the corresponding integrals.” The allowed FRW
integrands are any holomorphic rational differential top-forms ¢ on X,'° multiplied by the multi-

valued twist
FRW integrands: u ¢. (2.34)

Mathematically, we denote the space of (holomorphic) differential p-forms by 92P(X). Since the twist
is universal to all FRW integrands, we can factor it out and only work with the single-valued forms

© by introducing a covariant derivative: d(u @) = uVy where V = d + wA and w = dlogwu is a flat

SFRW integrals turn out to be sufficiently simple that it is always possible to chose such a basis.
9Since we will always be dealing with a basis of integrals there is no loss of information by considering integrands

instead of integrals.
10Holomorphic differential forms only contain the holomorphic variables of the complex manifold X. A top form

has form degree equal to the complex dimension of the manifold dimc X . In this example, dimc X = 2.
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connection (dw = 0). The connection w is analogous to the gauge field A, of QED and keeps track
of the phase of u.
Notice that integrands are not uniquely defined. One can always shift an integrand by a total

derivative without changing the resulting integral

/ugo:/(u ¢ +d(u w)) :/u(<p+vw) (2.35)

for any ¢ € QdimeX—=1(X) ' Thus, the unique objects are holomorphic top-forms modulo covariant
derivatives. This is is made precise by the twisted cohomology group
{p € Q"(X)[Vy =0}
{Voly € Qr-1(X)}

The numerator corresponds to “covariantly closed” differential forms where the condition Vo = 0

[p] € HP(X, V) =

(2.36)

ensures that the integral of uy does not depend on the choice of path — only on the end points. The
denominator corresponds to the set of all possible “covariantly exact” forms (covariant derivatives)
that we can add to ¢ without changing the resulting integral. We will use the freedom to add any
V4 to ¢ to derive the FRW differential equations. In the Feynman integral literature, this procedure
often goes by the name integration-by-parts.

Since twisted cohomology is well studied, we can borrow a key fact from the mathematical
literature: only the top-dimensional twisted cohomology group is non-trivial.'?> As a consequence,
the dimension of the top-dimensional cohomology (or equivalently the size of the FRW basis) is
equal to the Euler characteristic x(X). Moreover, it is known that for hyperplane arrangements the
Euler characteristic is equal to the number of bounded chambers [103, 104].'* For our particular
example, there are four bounded chambers (figure 2.2). This should be familiar from the positive
geometry and cosmological polytope picture [71, 72, 73, 105, 84, 106]. In fact, the canonical forms
associated to the bounded chambers provide a natural e-form basis for this family of integrals'*

S1 S

U1 = dlog S5 Adlog 5, (2.37)
= dlog 15% Adlog g—z, (2.38)
V3 = dlog gj Adlog g—;, (2.39)
= (ml ;2);1‘;; Xo + 2 ;1);;; Xs _ T11T2>dx1 A dxs. (2.40)

H1n the example at hand, dimcX —1=2—-1=1.
12The usual proof of these theorems assume some conditions that we break by letting the S; have integer exponents.
Fortunately, in most cases, this statement remains true even when the S; have integer exponents. A proof of this fact

will appear in a forthcoming publication by one of the authors.
13When all singularities are twisted, a more practical way to compute this Euler characteristic is by counting the

critical points of the connection [99, 51]. While this formula does not hold for FRW cohomology, it does hold for the
dual cohomology. Thus, it is the recommend way for computing the dual basis size when working in higher dimensions.

14The canonical form of a chamber bounded by the lines A, B, C is given by the dlog-form dlog % A dlog g or
any permutation of A, B and C. The canonical form for a chamber bounded by more than three lines is obtained
by triangulating the bounded chamber and adding up the canonical forms associated to the triangulation. This

construction generalizes straightforwardly to higher dimensional spaces.
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T

Si

Figure 2.2: Hyperplane arrangement for the two-site/four-point integrand. The twisted planes are
pictured in blue while the untwisted planes are red. For the FRW-cohomology, it is common to
use the canonical forms of the bounded chambers, which are colored in orange, purple, green and
pink (section 2.2.1). For the dual-cohomology, the basis is determined by uplifting the basis on each
1- and 2-boundary since the bulk cohomology is empty. On each 2-boundary, the cohomology is
spanned by the constant function. Each 1-boundary only has a non-trivial cohomology if it crosses
both twisted lines (section 2.2.2).

The last form has been written out explicitly, since its construction requires one to triangulate the
pink bounded chamber in figure 2.2 and add up the canonical forms on each piece of the triangulation.
Notice that v ¢, is simply the integrand of (2.25) (up to a sign).

Let us now compute the differential equation for ;. Taking the kinematic covariant derivative
of ¥ yields

(2x1+ 22 +2X1+ Xo+Y)

- 2
Y1 = Viinh = dzqg Adzs AdX,

575552
2(1’1+2$2+X1+2X2+Y)
dzi Adze AdX
+ 5,5252 1 Adx 2
2 (z2X X + X1 Xo —Y?
JRmXit o Xe o ¥ i Xa 2 V) g s, (2.41)
575553

where Viin = diin + dkin log u = dyin and dyin = 0x,d X1 + 0x,d X2+ dydY for the current example.
Note that 91 is not directly expressible in terms of our basis (2.37). However, we have the freedom
to add the covariant derivative of any 1-form to (2.41) without changing the value of the integral.
One can check that

91 + VIBP = ¢ dlog (X1 +Y) (Xa +Y)) At

Y - X, Xo+Y
+ ¢ dlog <X1+Y>/\192+6 dlog (Y_X2>/\193, (2.42)
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where

2($1 + Xl)dl‘g AdY — 2(.’132 + Xg)d.rl AdY + QY(dJZl ANdXy —dxg A dX1)

IBP =
515253

L (2.43)

The IBP form above is not so difficult to guess or construct for the current example. However,
constructing such IBP forms at the level of the three-site/five-point graph or higher is much more
difficult. This integration-by-parts step can be simplified and in some cases trivialized by working
in the dual cohomology of section 2.2.2. While the change to the dual cohomology requires a new
layer of abstraction, the computational and conceptual simplifications are well worth it!

Equation (2.42) corresponds to the first row of our differential equation. Computing the other

rows of A in an analogous fashion yields

log (X1 +¥) (X2 + ¥)) o8 (X% ) tog (F25%) 0
Cixe ((Xaty Koty
Ay=cd ’ o (G ) (G Xa) s (2% e (2.44)
=0 0 log ( X1FXY log (X — Y) (X1 + X2)) log ( X1tX2 ’ .
X1+X3 2 1 2 S\X Y
— X Y
0 o8 (%7 tog (F252) log (X1 + ¥) (Xz + )

where we have included a subscript ¥ on A to signify the choice of basis. Indeed, such differential
equations come with an inherent gauge redundancy that is the choice of basis. Under a change of

basis ¥; = U;;¢;, the matrix A transforms like a gauge field
Viinp = A, - ¢, (2.45)
where
A, =U "' Ay -U-U- dU. (2.46)

The equation above gives the rule for how to compare the differential equations for different choices
of bases. Notice that (2.44) is actually quite dense. This hints that there may be a better choice
of basis that simplifies the form of A. In fact, the dual cohomology will point us to such a basis in
section 2.2.2.

Before moving onto describe the dual cohomology, we note that the matrix A is integrable:
diindij + As A Ay = 0. This condition places strong consistency conditions on A and provides an
important check of our calculations. If A were not integrable, the path ordered exponential would

depend on the path of integration in kinematic space.

2.2.2 Differential equations from the dual (relative twisted) cohomology

Since the twisted cohomology is a vector space, there exists a dual vector space and an associated in-
ner product called the intersection number. The dual cohomology is the relative twisted cohomology
xYHP(X,V) = HP(xX,xX NS, xV) where xX = C?\T, xV = d+®A is the dual covariant derivative,
@ = dlog @ is the dual connection and @ = 1/u is the dual twist [77, 68, 69]. In this section, we will
unpack the ideas underlying relative twisted cohomology and describe how this simplifies computing

differential equations.



24

We also opt to avoid delving into the details of how the intersection number is computed. Instead,
we give a simple formula for the intersection of logarithmic forms in appendix 2.5 that covers all
cases considered in this work. However, to provide some motivation for why the dual cohomology
takes its particular form, it is useful to give the definition of the intersection number in the main
text.

The intersection number of a FRW-form ¢ € H™(X, V) with a dual form ¢ € H"(xX, xXNS, xV)
is given by

1

(le) o (@) dmeX /X Reg[@] A (2.47)

where the overall sign is conventional and Reg[¢] is a regulated version of the dual form.'® While
this looks like it could be a difficult integral to perform, the intersection number localizes on the
maximal codimension intersections of the singular surfaces T; and \S; (the point S12 in figure 2.1 for
example). Thus, the intersection number is actually algebraically evaluated as a series of residues.
Moreover, it is simple to compute for logarithmic forms, which encompass all FRW-forms.

Like any vector space, we can construct a resolution of the identity from a basis for the FRW

and dual cohomologies {y,} and {@,}
1= lpa) Cpp' (2. (2.48)
a,b

Here, Cop = (@a|es) is the intersection matrix associated to our choice of bases. Using this resolution

of identity, any FRW-form ¢ (and hence integral [u ¢) can be projected onto the basis {¢,}
|§0> = Z CaPa, Ca = C&;l <¢’b|§0> (2~49)

Roughly speaking, this projection is a form of generalized unitary [87, 109, 88, 110, 111, 112, 113,
114, 115]. It can also be used instead of the integration-by-parts identities of the previous section
to derive the differential equations (section 2.2.4).

The reason that the dual cohomology takes a different form from the FRW cohomology is due to
the nature of the regularization map in (2.47). Since the twisted singularities T, can be regularized
thanks to the fact that € ¢ Z is generic, dual forms can have singularities at the zero loci of the T;.
On the other hand, singularities at the zero loci of the relative singularities S; cannot be regularized.
Thus, dual forms must be regular on xX N.S. This is why we only excise T in the definition of the
dual manifold yX = C2\ T.

The last piece of mathematical terminology that we need to explain before moving to the calcu-
lation of the differential equation is what the adjective “relative” means. It is simply a fancy name
for keeping track of boundary terms that arise form Stokes’ theorem. For the FRW cohomology, we

did not allow boundaries and the total covariant derivative always integrated to zero. For the dual

15We skip the details of the regularization procedure in this work since the simple formula in appendix 2.5 covers
all cases encountered in this work. For details on the regularization procedure we direct the interested reader to
[107, 51, 59, 60, 108, 62, 63, 69, 68] and the references therein.
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cohomology, the relative singular surfaces become boundaries and the integral of a total covariant
derivative only vanishes up to boundary terms. These boundary terms are integrals arising from
lower-degree forms that live on the boundary surfaces.

Mechanically, this boundary information is kept track by the so-called coboundary symbol § ;.
A generic dual form ¢ € H"(xX,xX NS, xV) should be thought of as a vector with components
labeled by each boundary J

= 0;(ds). (2.50)
J

Here, é; can be thought of as picking out the component of ¢ that corresponds to the boundary
S; = xX Njes S; and b is an element of the twisted cohomology of the boundary indexed by J:
H= 7 |(xX NSy, xV).'6 Naturally, the corresponding dual integrals

XIJ_/QSZJ_Z/Q(SJ(QBJ)_Z/ il b, (2.51)
5y 7 Iy T Jls

are simply integrals defined on the boundaries.
In addition to indexing the components of ¢, the §; act like differential forms. They anti-commute

with themselves
0ij =0 Ndj = —0; Ndy = —dj; (2.52)
and the exterior derivative is given by
d(;J(dS) = (_1)“”5!1 (d([)) + (_1)“” Zdnc ((Z)|k) (2.53)
k¢J

up to boundary terms. The §; also convert the covariant derivative on bulk space to the covariant

derivative on the boundary

XVi5(0) = (=116, (xV1s @) + (=11 " 6.k (dlx) (2.54)

k¢J
where xV|; = d + @|sA. Equations (2.53) and (2.54) will do virtually all the heavy lifting in
this formalism. To the zeroth order approximation, the d; can be thought of as being dual to the
dlog-form dlog S; since the d; correspond to residues about S; = 0 in the intersection number (see
equation (2.110)). The main job of the d; is to take care of the combinatorics of Stokes’ theorem on

a manifold with boundary.

16For the mathematically inclined, the formal definition of relative twisted cohomology is the direct sum of the

twisted cohomology on each boundary

Q" (xX, S;xV) = Q" (xX;xV) € Q" (XX N Sa;xVie) €D Q" (xX N Sa N Sp; XV]ab)

a=1 a,b=1
a#b
m
P - P rXNSy N NSaixVaran)
A1,y anp=1
a;#a;

where m is the number of relative surfaces S;.



26

Xns; T X NSy

. v L’
e XNS NS a”

Figure 2.3: The topological spaces appearing in the direct sum decomposition of the relative co-
homology. Since the twist is sufficiently generic, only the corresponding middle dimensional co-
homology is non-trivial. The first diagram is a real slice of the bulk space where the coordinate
planes (in blue) have been removed. Since the planes defined by the 7; do not form a bounded
chamber, dim H?(X,V) = 0. Each 1-boundary X N S; is topologically a Riemann sphere with ei-
ther 2- or 3-punctures. Only X N S3 has enough punctures to have a non-trivial topology. Thus,
dim H'(X N S3,V) = 1 while dim H'(X N S;=12,V) = 0. The last diagram represents the 2-
boundaries X N S; N S;. While there is no twisting, the 0" cohomology of a point is known to be
l-dimensional: dim H°(X NS N S;) = 1.
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Returning to the two-site/four-point example, we need to choose a basis for the dual-cohomology.
To do this, we simply write down a basis for the cohomology on each boundary. First, we look at the
bulk twisted cohomology H?(xX, xV). The topological space xX is pictured at the top of figure 2.3.
Clearly there are no bounded chambers cut out by the twisted singularities so dimH?(xX,xV) =
0. Next, we look at the cohomologies on all possible 1-boundaries. We find two distinct cases
of 1-boundaries (pictured on the left and right in figure 2.3). Both boundaries S; and Sy are
twice punctured Riemann spheres. From a well known result [104], the dimension of the twisted
cohomology of a punctured Riemann sphere is #(punctures) — 2 (this is the analogue of counting
bounded chambers in 1-dimension). Thus, both H*(S1, xV|1) and H'(Ss, xV|z2) are trivial. On the

other hand, the twisted cohomology on S3 is 1-dimensional since S3 has 3 punctures. We can choose

y Ti|s

=edlog —= 2.55
1 gT2|3 (2.55)

for the basis of H'(S3,xV|3) and then uplift this into the full dual cohomology by simply tacking

on a 03

Tis

¢1 =03 (41) =€ 03 (d log T2|3> . (2.56)

The 1-boundary form has been normalized by ¢ to ensure that the differential equation is in e-form.'”

Lastly, there are three 2-boundaries: Sja, So3 and Sy3. Each of these are simply a point (bottom
of figure 2.3). While the corresponding cohomology HY(S;;) is not twisted, it is non-trivial and

spanned by the constant function: 1. Thus, we choose

P2 = 012(1), @3 = d23(1), ¢4 = 013(1), (2.57)

as the remaining elements for our basis of the dual cohomology. Notice that the basis size is the same
as in section 2.2.1. In the dual cohomology, the basis size is computed by adding the dimensions
of the twisted cohomology on each possible boundary!'® For higher dimensional manifolds, one can
no longer visualize and count bounded chambers and we have to switch to alternative methods for
computing the Euler characteristic of each boundary. A practical way to do this is provided by
footnote 13.

The components of the kinematic connection associated to the 2-boundary forms are trivial to

obtain. Taking the (dual) kinematic covariant derivative and using equation (2.54), we find

Viin@2 = 012 (@kin|12) = Gkinl12 A @2 = Az A @o, (2.58)
Viin®3 = 023 (Din|23) = Wkinlas A @3 = Asz A @3, (2.59)
Viin@a = 013 (Dkin|13) = Qkinl13 A ¢a = Agg A pa, (2.60)

17Intuitively, the more a form is localized to a boundary the less transcendental the resulting integral is. Thus, we
normalize the more transcendental 1-boundary form by € so that it has the same transcendentality as the 2-boundary
forms.

18Sometimes this can over count the basis size when the hyperplane arrangement is non-generic and some boundaries

need to be identified. We will see an example of this in section 2.3.2.
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where Viin = diin + @kin, @kin = dkin log @ and Wkin|s = dkin log @| ;. Consequently, we see that the

dual differential equation has the following upper triangular form

AH Alz A13 A14

- . . 0 Wkin 0 0

Viin@a = Agy A @y  where A = kinl12 (2.61)
0 0 Wkin|23 0
0 0 0 Wkinl13

To compute the remaining components associated to the 1-boundary form, we perform IBP on

the 1-boundary. That is, we look for some kinematic 1-forms Aj; such that
4
Viing1 + VIBP = Z Ari N @i, (2.62)
i=1
for some integration-by-parts form IBP. Since ¢, is a form on the boundary Ss, IBP should also be

a form on this boundary: IBP = d3 (f) where ¢ is a 1-form in the kinematic variables but a 0-form

in the integration variables. Inserting this definition of IBP into (2.62), we obtain

33 (A11 A d1 — Viinls é1 — Vinels §)
+ 612 (1412) + a3 (A13 + £|2) + 013 (A14 + €|1) =0. (2.63)
Again, we see that the 2-boundary components are fixed rather trivially
A =0, Ay=—E), Au=-¢. (2.64)
All that remains is to specify x&. It is easily verified that equation (2.63) is satisfied by setting
All = —2¢ leg(Xl + XQ) and

Tzl

Putting everything together, we find the dual differential equation

5 2log(X1 + X3) 0 log ()}gffg) log (%)
A=—-=¢d 0 log(X1 4+ Y)(Xg +Y) 0 0 (266)
7 0 0 log ((X1 — Y)(X2 +Y)) 0

0 0 0 log ((Xg — Y)(X1 +Y))

for our basis of the dual-cohomology (2.55) and (2.57).
The differential equation for the basis of canonical forms (2.44) is obtained from the dual differ-

ential equation (2.66) by a gauge transform

_ - T
Aﬁ:_(ggl'é’gﬁ)

log (X1 + Y) (Xa 4+ Y)) log (%) log(fiﬁ(i) 0
o4 0 log (X1 = ¥) (X1 + X3)) tos (R 2857 ) 08 (225 9 67
=¢ 0 1og<M> log ((Xg — Y) (X1 + X2)) log ( X1+X2 ( : )
X1+ X2 2 1 2 s\ X FY

— X Y
0 log (ﬁ) log(yat(z) log (X1 +Y) (X2 +Y))
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where
0O -1 1 0
0 O
(Cﬂ)ab = <¢a|’l9b> = 1 0 1 (2.68)
-1 0 1 -1

is the intersection matrix. The intersection matrix is analogous to the computation of generalized
unitary coefficients in the context of Feynman integrals. In particular, the simple formula for the
intersection number of dlog-forms (appendix 2.5) make such calculations straightforward!

Furthermore, the intersection matrix is a realization of the isomorphism between the FRW- and
dual-cohomologies since it has full rank. However, in some sense, the canonical forms (2.37) are not
the most direct way of establishing the duality between the FRW- and dual-cohomologies since the
intersection matrix is dense.

Instead, one can directly construct a basis for the FRW-cohomology that is orthonormal to the
basis of dual-cohomology (2.55) and (2.57). By choosing d log forms that do not share singularities
on the maximal intersections of the hyperplanes {T;,S;}, one guarantees that the corresponding
intersection matrix is diagonal. For example, the following basis

1 T
1 = —leog(S;;) A dlog <Tz) , w2 =dlog S1 Adlog Ss ,
3 = dlog So Adlog S3 o4 = dlog S; Adlog Ss , (2.69)

is orthonormal to the ¢,

(Cap)ab == <¢a|§0b> == 5ab . (270)

Generally, it is much easier to build a basis in the dual-cohomology that has a simple DEQ. Thus,
the basis ¢, is extremely useful since the resulting differential equation is the minus transpose of A

A, =—(4), (2.71)

which is much more sparse than A, . Then, since the integral of physical interest is simply related to
the @-basis ), = @9 + 3 — 47, one can integrate the simpler DEQ Aw instead of Ay. Moreover,
the (-basis never needs to be explicitly constructed — only its existence is important! One can
obtain any FRW integral of interest by integrating (—A)T (without choosing a basis for the FRW

cohomology) and using the intersection matrix to project out the correct linear combination.

2.2.3 'Trivializing the DEQ computation using intersection theory

As advertised in the introduction, one can compute the differential equations for a family of relative

twisted differential forms using the intersection number instead of IBPs. Explicitly,

Aij = CiH @kl Vinwi) s Aij = (Vi) Crjt (2.72)

19These signs simply correspond to the first column of C,y. By inserting identity 1 = |pq) (C;1> (@p], one finds

ab
191 = lpa) (C51)_ (@0191) = (ald1)lpa) = (Co)qy Ipa) as claimed.
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where Cj; = (i|p;) is the intersection matrix for a given choice of basis. In general, this usually
requires more sophisticated methods for computing the intersection numbers than those presented in
appendix 2.5 since the forms Viin¢; and Viin®; 0o longer have at most simple poles. However, since
our forms are logarithmic, we can use a simple trick that avoids the introduction of double poles and
allows us to compute the differential equations using only the formula presented in appendix 2.5!%°

The idea is to simply promote the exterior derivative d that acts on the integration variables to
the exterior derivative that acts on both the integration and external variables: d — D = d + dyin.

This promotes our basis to forms valued on the total space. For example,

4 %Dlog%/\Dlogg—i
- —2Y dzq A dao
(r1+ 220+ X1+ Xo)(x1 + X1+ Y) (22 + X2+ Y)
2($2+X2) dzy AdY
(r1+220+ X1+ Xo)(x1 + X1+ Y) (22 + X2+ Y)
2Y dxo A dX;
* (@1 + 220+ X1+ Xo) (1 + X1 +Y) (22 + Xo+Y)
2Y dzy AdXs
(x1+220+ X1+ Xo)(z1 + X1+ Y)(z2+ X2+ Y)
2(x1 + X1) dze AAY
(@1 + 22+ X1+ Xo) (1 + X1 +Y) (22 + X2 +Y)

+ kinematic 2-forms. (2.73)

Note that the FRW connection does not change since it is independent of kinematics w — D log(u) =
dlog(u).?!

Now, since the difference between (D+D log(u)A) and Vi, is a total derivative V, we can replace
Viin in (2.72) by (D + Dlog(u)A) without changing the intersection number.?? Explicitly, for 1,

this amounts to the replacement

01 = Vign): = (D 4+ Dlog(u)A) 1,
—2¢ (29X + 21 X2 + 22129) dzg Adaa AdY
r1zo(xy + 2o+ X1+ Xo) (21 + X1 + V) (2o + X2+ Y)
2¢ Y daxqy Adzo A dXy
* (@1t + X1+ Xo) (21 + X1 +Y) (22 + X2+ Y)
2¢e Y dxg Adaa AdXs
Lo+ X+ X)) (o + X+ V) (s Xa + V)

+ kinematic 2-forms. (2.74)

Notice that the right hand side above only has simple poles! Using the formulae given in appendix

20The methods outlined here also help streamline the integration-by-parts algorithm presented in sections 2.2.1
and 2.2.2.

210n the other hand, the dual connection does change since the restriction to boundaries introduces kinematic
dependence.

22The intersection number of any total covariant derivative V or xV always vanishes.
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2.5, one finds the first row of the differential equation A,
(Ag)1s = (C3" )@kl (D + Dlog(u)A) ). (2.75)

The above formula is attractive since it only involves algebraic (residue) operations. We know
where the intersection number localizes and don’t have to go through the process of constructing
IBP-forms.

Before moving on to actually integrating our differential equation, we note that the ideas outlined
here are applicable to the algorithm for computing the symbol in [116]. By promoting the external
derivative to a derivative on the total space, the two-step algorithm for computing the intersection

number could potentially be reduced to one-step!

2.2.4 Integrating the differential equations

Having constructed the DEQ system for the two-site/four-point FRW correlator in subsections 2.2.1
(¥-basis) and 2.2.2 (p-basis), we now turn our attention to solving them. We implement conventional
techniques that have become widespread in the computation of Feynman integrals over the last
decade [98, 117]. Differential equations of the form constructed in sections 2.2.1 and 2.2.2 are
known as Pfaffian systems whose solutions are given by the path-ordered exponential as expressed
in equation (2.33). For small ¢, as is the case for FRW cosmologies, such solutions can be expanded
and truncated to any desired order in €. In this subsection, we will reproduce the well known de
Sitter result corresponding to the O(g”) term of the FRW wavefunction coefficient. Then, for the
first time, we derive an expression for the O(e) term of the two-site/four-point FRW wavefunction
coefficient.

We begin by reviewing how to integrate systems of coupled linear DEQs in the context of the
two-site/four-point example. The physical integral ¥; can be obtained by directly integrating the
A, system associated to the canonical basis, for which ¥J; is a basis element, or by integrating the
Aw system and using the fact that ¥, = ps + 3 — 4.

In either case, the DEQ is

Viin®i = Aasij N oy, (2.76)

where a = ¥, ¢ denotes our choice of basis. In terms of actual integrals instead of differential forms,
this DEQ becomes

dkinﬁa(zag) = Aa : ga(Z,E) ) (277)

where g, = [wa is the vector of integrals associated to our choice of basis. Here, z € {X7, X»,Y}
refers to the external scales for the tree-level two-site/four-point example at hand and dy, =
Z{Z} 0,dz = 0x,d X1 + 0x,d X2 + OydY as before. The 4 x 4 DEQ matrix A, can be expanded as

A, =) Q.dz=¢(Qy,dX; + Qy,dXs + Q,dY) | (2.78)
(=}
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where the entries of the 2, matrices are rational one-forms. The solution g, (z, €) is a Laurent series
ine
o0

Jalze)= D " fiV(2) (2.79)
n=-2
where the minimal value of n is determined by boundary conditions (in this case, it happens to be
—2).
For the two-site/four-point example, the boundary conditions are generated by taking the Y — 0
limit where the integrals can actually be performed and then expanded in e. We denote this boundary

condition by g%

(o]

Fo(X1, Xp,8) 1= Go(X1, X2,0,8) = > " fiW (X1, Xy) . (2.80)
n=—2

For the 9-basis, the boundary condition integrals are straightforward to compute. On the other hand,

the integral associated to ¢y is divergent. However, due to the simplicity of the A, DEQ, it is easy

to see that the function a(e)(X; + X2) is a solution for the first component of §,. Expanding a(e)

as a series in g, each coefficient can be fixed by demanding that the vector of boundary conditions

gy, satisfies the DEQ. In particular, using a(e) = 7% — %2 + O(e) is enough to fix the physical
integral to O(e).

Having generated the boundary conditions, we are now in a position to integrate the DEQ system

at hand. Given our Laurent series ansatz (2.79), the DEQ system takes the form

B B 8.f2 =0
0, Gu(2,6) = Q, - Gul(z,6) = ~ ~ (2.81)
0.f@ = . fla-b yas2.
Following conventional DEQ techniques, we can now solve order by order in the twist parameter €.
Thus, we are led to the following solution at order ¢ = 0 for the two-site/four-point correlator, i.e.,
the solution corresponding to the physical chamber denoted by 4

2
(0) — L Xl—Y Li XQ—Y L Xl_YXQ_Y _l 2.89
Vaus 12(X1+Y T lngy) Ry y) 6 (2:82)

Up to a sign,?® the above solution corresponds to the well-know two-site contribution to the wave-
function coefficient in a dS Universe (¢ = 0) [82, 79, 70].
In order to go beyond dS, we solve the differential equations arising at the next order in e (only

for the physical component ;) leading us to the following two-site/four-point contribution to the

23The sign difference arises from the arbitrariness in the choice of orientation when constructing a canonical form.
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wavefunction coefficient in a FRW Universe in the region X; > Xs > Y

O g (YEE g (XYY o, (B Y g, (XX
2,FRW 13 (YXQ + s Y + X, L X1+ X, BAX X
Y + X

1 1 1
+2 log® (Xo —Y) — G log® (X +Y) — 5 log (X1 +Y) log? (Xo —Y)

1
-3 log? (X1 + Y)log (Xy — Y) — log? (X1 + X3)log (Xo — Y)

1
+5log (X1 +Y)log? (X5 +Y) +log” (X1 + Xs)log (X2 +Y)

+ %log2 (X1 +Y)log (Xy 4+ Y) +log (X1 + X»)log? (X; —Y)

—log (X1 + X5)log? (X1 +Y) 4 2log (X1 + X5)log (X1 + Y)log (Xy — Y)

+ éyr? (log (X2 —Y) —log (X, +Y))

—2log (X1 + X3)log (X1 —Y)log (X2 +Y) . (2.83)

It is worth noting a few important features of the above expression. First, the integral representation
of wé?%RW is not manifestly symmetric in X; and X5. We have sacrificed this symmetry for the simple
presentation above. A formula valid in the whole physical region that is manifestly symmetric has
been included in the ancillary files. Second, the above expression has uniform transcendental weight
three. This is expected since the FRW wavefunction is the integral of the dS wavefunction thereby
increasing the transcendental weight from two to three. In the next section, we will derive the
differential equation for the tree-level three-site/five-point and one-loop two-site/two-point FRW
wavefunction coefficients. While we leave the integration of these differential equation for future
work, the resulting O(e) terms will have transcendental weight four and three since the corresponding
dS wavefunction coefficients are know to be weight three and two respectively. Interestingly, loop-
diagrams corresponding to cosmological correlators are not more transcendental than their tree-level

counter parts because the integration over the spatial loop momentum is not performed.

2.3 Further examples

In this section, we provide two further examples illustrating how to construct cosmological correlators
associated to FRW integrals and the differential equations they satisfy. In particular, we show that
there are no obstructions to extending the techniques applied in this work to loop integrands.?*

To illustrate this point, we construct the cohomologies for the one-loop two-site/two-point FRW

24To go beyond and explicitly perform the integral over the spatial loop momenta, one needs to account for
the integration measure, which introduces new polynomials into the numerator of the integrals [118] that can be
naturally accommodated in the framework of relative twisted cohomology. While polynomial numerators don’t pose
any technical problems, numerators with square roots may need additional regularization: /e — (o)%Jr‘s where ¢ is a
regulator much like the dimensional regulator. We leave the technical details of the L-loop FRW problem to upcoming

work.
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Figure 2.4: The Feynman diagram for the one-loop two-site/two-point wavefunction coefficient in
X3¢ theory and the associated hyperplane arrangement.

integrand as well as their differential equations in section 2.3.1. Then, in section 2.3.2, we construct
the cohomologies and associated differential equations for the tree-level three-site/five-point FRW
wavefunction coefficient. Here, we see a new feature due to the degeneration of boundaries that will

be present in most higher-site/point examples and explain how to account for this degeneracy.

2.3.1 The one-loop two-site FRW correlator

In \3¢° theory, the flat-space one-loop two-site/two-point wavefunction coefficient receives contri-
butions from a single graph (see the left of figure 2.4) given by equation (2.21), which we quote here
for convenience

1 _ 2(X1+Xo+ Y1 4+ Ys) (2.84)
A2t T (X 4+ X)) (X1 + X +2Y7) (X1 + Y1 +Y0) (Xo + Y] + Vo) (X1 + Xy +2Y5) :

The FRW uplift prescription (2.22) yields the associated hyperplane arrangement for the FRW
correlator (see the right of figure 2.4). As usual, the hyperplane arrangement is determined by the

twisted coordinate hyperplanes

T,=x; for i=1,2, (2.85)
and the singular/boundary hyperplanes are defined by the linear divisors of wg}ém X; ozt X
S1=x1 + 22 + X1 + Xo, Sy =x1+ X1 + Y1 + Yo,
Sy =x0+ Xo+Y] +Y5, Sy =x1 + 29 + X1+ Xo +2Y7, (286)

Sy =1 + 29 + X1 + Xo + 2Y5.

Note that this hyperplane arrangement is incredibly similar to the tree-level case and not any more
difficult.
Counting the bounded chambers in figure 2.4 (right), we see that the FRW cohomology and its

dual are 10-dimensional. A convenient choice for the dual 1-boundary forms is

Ty Ti|2 T3

py =¢ 01 | dlog — |, po =€ 0y [ dlog —-= |, p3 =¢ 05 | dlog —+ | . 2.87
7 1( gT2|1> v 4( gT2|2) i 5( gTz|3> (2.87)
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A similarly convenient choice for the 2-boundary forms is

@4 =012(1), @5 =2013(1), @6 =0d23(1), @7 =0u(l),

g - g (2.88)
¢s = 025(1), P9 = d34(1), P10 = d35(1).
A set of FRW forms dual to the 1-boundary forms (2.87) is
(plz—% dlog .Sy /\dlog%7 @2:—% d10g5’4/\dlog%, (2.89)

3 = —3 dlog S A dlog 7,
while a set of FRW forms dual to (2.88) is

w4 =dlog S1 Adlog Se, 5 =dlogSi AdlogSs, g = dlogSs AdlogSs,
o7 =dlog Sy Adlog Sy, g =dlogSs AdlogSs, @9 =dlogSs A dlogSy, (2.90)
$10 = leg Sg A legS5.

With these choices for our basis, it is easy to see that only the diagonal intersection numbers are non-
trivial. Moreover, the normalization of —% in (2.87) ensures that our choice of basis are orthonormal:
each T;|e contributes a }E to the intersection number while the point at infinity does not contribute

since of the forms (2.87) are regular at infinity.
Computing the differential equation using the methods of section 2.2.2 or 2.2.3 yields

2a1 0 0 0 0 0 0 0 0 0
0 2a2 0 0 0 0 0 0 0 0
0 0 2as3 0 0 0 0 0 0 0
as—aq 0 0 as+as 0 0 0 0 0 0
ar—ae 0 0 0 as+ar 0 0 0 0 0
A=¢
0 0 0 0 0 as+ag 0 0 0 0
0 ag—as 0 0 0 0 as+as 0 0 0
0 0 alo—as 0 0 0 0 as+aio 0 0
0 ae—ag 0 0 0 0 0 0 aeg+ag 0
0 0 ag—ail 0 0 0 0 0 0 as+aii
(2.91)
Here, one should read the a;’s above as dlog(a;) where the a; are the letters
Ai=1,...11 = {X1 +Xo, X1+ Xo+2Y1, X1+ X5 +2Y;, Xo Y, — Y5,
X1+ +Ys, Xo+Y1+Ye, Xy —Y1—Ys, Xo+Y) -1V,
Xi+Y1 Yy, Xo-Y+Yy, X4 -Y; +YQ}~ (2.92)

The known de Sitter limit of this alphabet [70] is a subset of the above FRW alphabet with the new
letters being X7 + Y7 + Y5 and X + Y7 + Ya.
After integrating the above differential equation, the physical integral can be computed by taking

the appropriate linear combination. In our chosen basis,

1
éllz‘RW = Vo /U (—pa+ @5+ p6 — 7 — s + P9 + ¢10) - (2.93)
’ 4Y1Ys
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X1 Xz X3
Y Y,

Figure 2.5: The Feynman diagram for the three-site/five-point FRW wavefunction coefficient in
Az¢3-theory.

While one can get the FRW IBPs algorithm of section 2.2.1 to finish in a reasonable amount of
time on a laptop for this example, the dual IBPs of section 2.2.2 or the intersection algorithm of
section 2.2.3 becomes noticeably faster here. The simplicity of dual IBPs is essential for the next
example. There, we could not get a simple implementation of the algorithm in section 2.2.1 to finish
in a reasonable time unless supplemented with knowledge of the dual differential equation.

Our basis choice is motivated by the geometry of the dual cohomology and produces a sparse
differential equation. While this is desirable, there may be better choices. Since only the un-twisted
hyperplanes appear in the physical FRW form, it would be interesting if one could find a basis that
factorizes the differential equation (2.91) into physical and un-physical sectors that can be solved

separately.?® We leave such questions to future work.

2.3.2 The tree-level three-site FRW correlator

We now turn our attention to the tree-level three-site/five-point FRW wavefunction coefficient where
we will find new features not seen at the level of the two-site/four-point example but are expected

to be present for most higher-site diagrams. Substituting equation (2.20) into (2.22), one obtains

0 / 3 3
(0) e 0)
77[}3,FRW = o (/\ dxi) (H Ta) ¢§,ﬁat
=1 a=1

where we duplicate the flat space three-site wavefunction coefficient (2.20) below for ease of reading

, (2.94)

3flat T (X1 +Xo+X3)(X14+Y1)(X3+Y2)(Xo+Y14Y2)(X14+Xo+Y2)(Xo+X3+Y1) -

(0) X14Y142X04Y5+ X3 (2.95)

The corresponding hyperplane arrangement is determined by the twisted coordinate hyperplanes
T;=z; for 1=1,2,3, (2.96)

. : 0
and the linear denominators of @/}é %at| Xz +X;

Si=z1+x0+23+ X1+ X0+ X3 R So=x1+X1+Y1,
S3=xz3+ X3+Ys, Si=xo+Xo+Y,+Y5, (297)
Ss=z1+22+ X1+ Xo+Ys, Se=x2+x3+Xo+X3+Y] .

25Tndeed, it looks like this had been achieved to some extent in [75]. While the FRW cohomology of the 3-site/5-
point is 26-dimensional, in [75] they seem to only need 16 elements to get the DEQ for the physical integral.
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Figure 2.6: Plots of the planes S;—1 4,5,6. The dark blue lines denote the intersection of these planes
and the red dots mark where these lines intersect. The left plot corresponds to the unphysical but
generic hyperplane arrangement with Y3 % 0. The right plot is the degeneration of the left plot in
the Y3 — 0 limit. The bounded chamber with the red dots as vertices in the right plot vanishes in
the Y3 — 0 limit. This degeneration corresponds to the drop in dimension of the cohomology group.

Note that we have added an extra factor of Y3 into Sy that is not present in the physical arrangement.
This has been done for purely pedagogical reasons since the physical arrangement (Y3 = 0) is non-
generic — there are 4-planes crossing at a single point (see figure 2.6). Adding a non-zero Y3 will help
us understand how to think about non-generic arrangements. However, in the end, one can directly
set Y3 = 0 at the beginning of the calculation as we will explain later.

For the generic arrangement (Y3 # 0), the basis size or dimension of the cohomology group is 26.
The basis size is obtained by adding up the dimension of each twisted cohomology group on each of
the non-maximal codimension boundaries.?° Additionally, (for generic arrangements) each maximal
codimension boundary generates a cohomology class/basis element. The boundary stratification for
the three-site/five-point arrangement is presented in figure 2.7. Each node denotes the twisted coho-
mology on the given boundary. The blue nodes represent boundaries with trivial cohomology (zero
dimensional) while the purple nodes represent boundaries with non-trivial cohomology. Example
arrangements of the twisted hyperplanes on some boundaries are illustrated in figure 2.7. Since the
twisted hyperplanes do not form bounded chambers in the bulk space d;y only the cohomologies on
the boundaries are non-trivial. The 1-boundary dg is also pictured in figure 2.7 and is clearly trivial
since there are no bounded chambers. On the other hand, the cohomology on §; is 1-dimensional
since the twisted hyperplanes form a single bounded chamber. For the cohomologies on 2-boundaries,
the dimension is determined by the number of twisted singularities minus two. Thus, the dimension
on boundary 412 is 1-dimensional while the cohomology on the boundary d4¢ is trivial. For the

generic arrangement, the untwisted 3-boundaries are all distinct and 1-dimensional.

26Recall that the dimension of the top-dimensional twisted cohomology group is given by the Euler characteristic
of the underlying manifold or equivalently by counting the critical points of the dual connection @ (see footnote 13)

or by counting the number of bounded chambers formed by the twisted hyperplanes.
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Figure 2.7: Boundary stratification of the relative twisted cohomology associated to the three-
site/five-point hyperplane arrangement. The purple vertices are boundaries with non-trivial coho-
mology while all the blue vertices are boundaries with trivial cohomology. Notice that there are
some missing 3—b0undaries, (5126, (51357 (5245, (5346, since Sl n 52 n Sﬁ = Sl N Sg N 55 = SQ N S4 n S5 ==
S5NS,NSe=0.
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For the physical (Y3 = 0) arrangement, the basis size decreases to 25 because the four hyperplanes
S1,854,55 and Sg all intersect at a point (see figure 2.6). Sending Y5 — 0 shrinks the bounded
chamber pictured in the left of figure 2.6 to a point decreasing the basis size. Since we expect
that there will be many more instances of such degeneracies for higher site FRW integrals, we
provide a careful treatment of how the generic arrangement degenerates to the physical arrangement
below.?” Again, we emphasize that one does not need to introduce additional parameters to make
the arrangement generic as long as one knows how to consistently treat the non-generic/degenerate
case directly.

Below, we give a natural basis associated to the generic arrangement where the element that
drops out when passing to the physical arrangement has been colored in gray.?® The only non-

trivial 1-boundary cohomology occurs on the boundary §; and is generated by the single form

5 Ti|1 T3y
=24 (dlo (1)/\dlo ( . 2.98
a1 ! s Ts)1 & o1 (2.98)

This is nothing but the canonical form associated to the bounded chamber on the boundary d;. We
have also normalized by €2 since we expect the intersection of 2-boundary forms to be proportional

to 1/e2. The 2-boundary cohomologies are generated by the following 9 forms

P = 015 (dlog 722 ), g3 =c bz (dlog 72 ), @4 = d1a (dlog 7114,
s = di5 (dlog P2 ), o =e dig (dlog 212 ), @7 = dag (dlog 22 ) , (2.99)
G5 = e 0as (Alog T2 ), go = dss (dlog 722 ), 10 = dso (legT:sse)«

Note that the cohomology on all 2-boundaries is 1-dimensional except for the 55 boundary, which
is 2-dimensional. The 2-boundary forms are normalized by a single power of ¢ since we expect
the 2-boundary intersection to be proportional to 1/e. Finally, the 3-boundary cohomologies are

generated by the following 16 forms

$11 = 90123 (1), P12 =0124 (1), P13 =0125(1), P1a =134 (1),
1), P17 = 0146 (1), P18 = 0156 (1

)s P20 = 0235 (1), a1 = d236 (1), Paz = daue (1

Pa3 = 0256 (1),  P2a =345 (1), P25 = da56 (1), P26 = dase (1) -

)

)
) 2.100
: (2.100)
)

Notice that there are some missing 3-boundaries (126, 9135, 0245, 0346) since some triples of the rela-
tive surfaces do not intersect at a point: S1NS2NSg = S1NS3NS5 = S2NS,NS5 = S3NS,NSg = 0.

27For the four-site graph, there are two topologically distinct Feynman diagrams: a line and a three-pointed
star. For example, the hyperplane arrangement corresponding to the generic three-point star graph consists of 11
boundary hyperplanes in generic position and the 3 twisted coordinate hyperplanes as usual. We find that this generic
arrangement of the star graph has a total of 377 elements. The degenerate/physical arrangement has 12 lines where 4
of the boundary hyperplanes intersect, 18 points where 5 of the boundary hyperplanes intersect and 1 point where 8 of
the boundary hyperplanes intersect. This is expected to reduce the number of independent elements by a considerable

amount.
28While we have chosen to eliminate the forms associated with the intersection S1 NS4 N S5, we could have chosen

to eliminate the form associated to the intersections S; N S5 N Sg, S1 NSy N Se or Sy N S5 N Sg instead.
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Next we provide a basis of dlog-forms orthonormal to the above dual basis. A dlog-form dual
to the 1-boundary form (2.98) is

1 T T3
= —dl dl — dl — . 2.101
$1=73 0g S1 A og<T3>/\ og<T2> (2.101)

The normalization of 1/3 ensures that the intersection of (2.101) with (2.98) is unity. It is a simple
exercise to see that this is indeed the correct normalization. First, it is easy to see that ¢; only has a
non-trivial overlap with ;. Their intersection (p1|p1) is proportional to the self-intersection of the
canonical form corresponding to the chamber bounded on X N.S;. Thus, there are three-intersection
points contributing to the intersection number. Since each T; has the same twist, we expect each
intersection point to contribute with the same factor. Hence, the normalization of 1/3.

A set of dlog-forms orthonormal to the 2-boundary forms (2.99) is

o = —% dlog S1 A dlog Se A dlog %, P3 —% dlog S1 A dlog S3 /\dlog%,

s = —3% dlog Sy Adlog Sy Adlog 2, @5 = —% dlog Sy Adlog S5 Adlog 2L,

@6:7% dlog Si /\dlogsﬁ/\dlog%7 <p7:f% dlogSg/\dlogS(;/\dlog%, (2.102)
g = —% dlog S3 A dlog S5 A dlog %, ©9 —% dlogSs/\dlogS(;/\dlog%,

p10 = —3 dlog S5 A dlog Sg A dlog T.

Following a similar argument as that below (2.98), the normalization’s of these forms are simple to
fix. The relative sign difference between the normalization of (2.102) and (2.101) comes from the fact
that the dual twist has exponent —e and for each boundary we lose a power of —¢ in the intersection
number. Furthermore, the reason why the normalization of ¢1g differs from the rest is because it is
the only form where the point at infinity (on X N S5 N .Sg) contributes to its self-intersection.

Lastly, a set of dlog forms orthonormal to the 3-boundary forms (2.100) is

p11 = dlog S; A dlog Ss A dlog S3, p12 = dlog S1 A dlog Se A dlog Sy,

p13 = dlog S1 A dlog Sy A dlog S5, p14 = dlog S1 AdlogS3 A dlog Sy,

p15 = dlog S A dlog S35 A dlog S,

p17 = dlog S1 A dlog Sy A dlog Se, p18 = dlog S1 A dlog S5 A dlog Sg — 10, (2.103)
p19 = dlog So A dlog S3 A dlog Sy, 209 = dlog So A dlog S3 A dlog S,

w21 = dlog S5 A dlog S3 A dlog S, 22 = dlog S5 A dlog Sy A dlog S,

w23 = dlog So A dlog Ss Adlog Sg — w19, @24 = dlogS3 A dlog Sy A dlog Ss,

a5 = dlog S35 A dlog S5 A dlog Sg — w10, w26 = dlogSy A dlog S5 A dlog Sg—p10.
To have a orthogonal basis, we have to subtract ;¢ from forms with non-trivial S5 N Sg residues
since the intersections (p19]d log Se Ad log S5 Adlog Sg) ~ (dlog T3|56|d log Se) # 0 are non-vanishing.
This is because both forms share a singularity at infinity on X N S5MNSs and why it is best to choose
dlog-forms built out of ratios of the twisted hyperplanes when constructing a dual basis. Computing

the dual differential equation using the method outlined in section 2.2.2 or 2.2.3 yields

Vp=cA-p, (2.104)
A=) A dloga;, (2.105)
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X1+ Xo + X3 , X1 +Y, Xo+ X3 -1 ) X3+ Yo,

X1+Xo-Y; , X0tV +Y,, Xi+Xz-Yi-Y , X1 +Xo+ 7Y,
X3—Y ) Xo+ X3+, X1 -1 ; Xo—-Y1 -1 )

X3-2Y1-Y, , Xo—Y1+7Ys, X1 —-Y1 -2, ) Xo+Y - Y5,
X1 — Y1, X3 — Vs, Xo+Y1+Ys ; X3 +2Y; - Yy,

X1 =Y, 4+ 2Y,, X1 —X3-Y1+Y,

Table 2.1: The alphabet for the differential equation a;. For the generic arrangement, there are a
total of 22 different letters. None of these letters are singular in the Y3 — 0 limit. The colored pairs
of letters correspond to letters that are to be identified in the Y3 — 0 limit. Thus, the physical
DEQ has only 19 letters. The symbol alphabet of the de Sitter three-site/five-point integral forms
a subset of the physical 19 letters as expected [71, 70].

where the a; are the letters in table 2.1 and the AZ are 26 x 26 Q-valued matrices. The exact form of
these coefficient matrices can be found in the ancillary file (see figure 2.8 for the general structure or
equation 2.118 for the explicit result). Of course, since (Pq|pp) = dap, we also have Vo, =€ Agp Ay
where A = —(A)".

Starting from the generic arrangement we will illustrate how to degenerate A to the physical
arrangement. This will suggest a way to treat the physical case directly without deforming the
physical arrangement. Both methods have been checked to yield the same resulting differential
equation.

In the limit Y3 — 0, the boundaries (or equivalently residues) 145, 0146, 0156 and 0456 are not

independent since the following intersection matrix does not have full rank

1 1.0 0

1 100
(Palp) = where a,b € {16,17,18,26}. (2.106)

-1 0 10

1 0 01

Choosing to eliminate @16 and @16, yields

P16 = P17 = 0145 = O146, (2.107)
P16 = P17 — P18 T P26, (2.108)

The second equation is an equivalence among d log-forms that can be checked directly. On the other
hand, the first equation tells us that the residue operators Resiss and Resis¢ are equivalent and
that we should identify 0145 and 0156. Since all the S; N.S; N Sy, are the same for ¢, j, k € {1,4,5,6}
one might wonder why we do not identify all the d;;; with 4, j,k € {1,4,5,6}. Loosely speaking,
the different 6,5, with 4,5,k € {1,4,5,6} represent the “directions” that one can approach the
degenerate boundary. Such degenerate configurations often need careful treatment by blow-ups
to resolve. Thankfully, the hyperplane arrangements associated to cosmological correlators are
sufficiently simple that we can get by without introducing additional mathematical formalism — one
simply finds the independent residues.

The physical DEQ is obtained from A by eliminating the 16" row and adding the 16" column to

the 17" column as instructed by equation (2.107). For the explicit form of A see the ancillary

phys>
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Figure 2.8: Matrix plot of the connection A}, = —Aghys. Each colored square on this 25 x 25 grid

represents a non-zero element of Aphys. Note that this DEQ is very sparse!

files or equation (2.118). Figure 2.8 also provides a rough sketch of the structure of A without

phys
using up a whole page. Once again, a natural basis of the dual cohomology has lead to a remarkably
sparse differential equation! As a consistency check, we note that the symbol alphabet for the dS
wavefunction coeflicient is a subset of our FRW symbol alphabet (2.117), as expected [71, 70].
Equivalently, one could compute the physical DEQ without introducing Y3 by making the identi-
fication 0145 = d156 at the start of the calculation. To avoid missing potential boundary elements of
the dual cohomology, we recommend that one assumes that all boundaries are independent and then
check for relations among them. Complications from non-generic arrangements are unavoidable and

present in both the dual and FRW cohomologies.

Once the A, - system has been integrated, the three-site/five-point FRW integral (2.94) can be
recovered from the decomposition of its integrand
0
§,,%RW Wy, /u (P11—P13+015—P18+P19— P20 — P21+ P22 —P2u+P26) - (2.109)

Since the dS wavefunction coefficient w:(f,)()ls has transcendental weight three, the leading FRW (O(¢))

term must have transcendental weight four.

2.4 Discussions and future directions

The main goal of this work is to elucidate how (relative) twisted cohomology and intersection theory
can be used to study the analytic structure of FRW integrals. In particular, we construct the
differential equations obeyed by families of FRW integrals. The techniques presented here provide
a geometric framework for understanding Euler/generalized hypergeometric integrals arising from

hyperplane arrangements.
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Families of FRW integrals form a particularly simple subset of such integrals where not all sin-
gularities are twisted. The un-twisted singularities correspond to boundaries in the associated dual
cohomology leading to a simple geometric picture where dual forms are supported only on the bound-
aries. By working in the dual space, we gain both conceptual and computational advantages. In
particular, integration-by-parts is much simpler in the dual cohomology since all forms are restricted
to boundaries.

After defining the proper dual cohomology, we can use the intersection number — an inner product
on the vector space of FRW integrals — to decompose any FRW integral into a chosen basis. In
particular, the intersection number can be used to derive differential equations for a family of
FRW integrals bypassing traditional integration-by-parts algorithms. Intersection numbers have
several advantages over integration-by-parts algorithms. Most importantly, the intersection number
is an algebraic procedure given by a sequence of residues localizing onto the maximal codimension
intersection points of the FRW hyperplane arrangement. The use of the intersection number for
studying FRW integrals is efficient and practical since the intersection number of d log-forms is easy
to compute.

For various examples (tree-level two-site/four-point and three-site/five-point integrals as well as
the one-loop two-site/two-point integral), we have constructed explicit representatives for a basis
of the associated (relative) twisted cohomology. Then, using dual integration-by-parts identities or
intersection numbers, we derived the corresponding differential equations. For the tree-level two-
site/four-point example, we have explicitly integrated the differential equation to O(e) and obtained
the first correction (2.83) to the known de Sitter result (2.82).

As already mentioned a few times throughout the text, finding/choosing a “good” basis is often
artisanal. Motivated by the geometry of the dual cohomology, our choices for a good basis yielded
simple intersection matrices and sparse differential equations. Yet, from [75] it seems that one may
be able to choose a basis where the differential equation decomposes into physical and un-physical
sectors that can be integrated separately. It would be interesting to further study the physical
and mathematical principles behind this basis choice and subsequent factorization of the differential
equations.?’

It would also be interesting to understand the cohomology in the de Sitter limit € — 0 where the
twist disappears. Such an understanding would also be useful in the context of N'=4 SYM ampli-
tudes where one could hope to understand soft and collinear singularities cohomologically. Similarly,
it would be interesting to understand the un-twisted cohomology of the m = 1 amplituhedron, which
has been identified as the complex of bounded faces of a cyclic hyperplane arrangement in [119].

Another interesting question is whether the tools of intersection theory can be utilised to help
understand how the constraints of bulk unitarity are encoded in cosmological correlators in a general
FRW Universe (with a boundary). It has been recently pointed out in [120, 121, 122, 123] that

unitarity imposes specific constraints that inflationary correlators have to satisfy, closely resembling

29 A preliminary analysis reveals that the dual forms in the physical sector correspond to unitarity cuts of the
physical integrand. The full analysis of this fact and the possibility of a canonical basis of physical integrals can be

found in Chapter 3.
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the optical theorem in flat space. These systematic cutting rules that cosmological correlators
obey rely on very general properties of the Green’s functions used to compute the wavefunction
[123]. As a result, there lies no conceptual obstruction to generalizing these cutting rules to FRW
wavefunction coefficients. However, with the Green’s functions being rather complicated in a given
FRW spacetime, such generalizations could be computationally cumbersome. Since intersection
theory has also enhanced our understanding of d-dimensional generalized unitarity in multi-loop
Feynman integrals [69, 68], it would be interesting to see if such techniques simplify some aspects of
the cosmological cutting rules in a general FRW Universe, both at the level of trees and loops.

In this chapter, we considered correlation functions of a simplistic, toy-model FRW theory com-
prising solely of conformally coupled scalars with a cubic interaction. In such a scenario, our new
result for the leading & correction to the four-point function in dS (equation 2.83) could pave the
way for understanding distinctive signatures during inflation and beyond. Like the analysis con-
ducted in [82] where the four-point function in dS was utilised to understand distinctive signatures
of primordial non-Gaussianities and also as a probe to predict new particles during inflation, the
four-point function for £ # 0 (equation 2.83) is perhaps a first step towards understanding physics
in an inflationary regime described by a quasi-dS period or physics beyond the reheating surface.
Moreover, correlators of conformally-coupled scalars act as seeds from which correlators of mass-
less/massive fields with higher-spin exchanges can be deduced by acting with differential operators
[124]. Thus, our analysis serves as an initial step towards analysing physically relevant theories in

FRW cosmologies and facilitating concrete cosmological predictions.

2.5 Appendix: Simple formulae for the intersection number

of logarithmic forms

Fortunately, FRW-forms and their duals are always logarithmic so that the needed intersection num-
bers are easy to compute and purely combinatorial. To avoid getting bogged down by unnecessary
mathematical formalism, we provide simple formulas to compute logarithmic intersection numbers
without proof. The interested reader is encouraged to consult [107, 51, 59, 60, 108, 62, 63, 69, 68|
and the references therein for more details.

To compute the intersection number, one first takes care of any d0;’s via

. u -
s0> = <¢1 Res; {ulzw} > it o dlog <¢1

where ¢ is a short had for Resz[p]. Since FRW-forms have only simple poles on S, the ratio u/ul;

<51(<?>1)

Res [¢] > = (iler . (2110

is not needed and can be set to unity in the second equality above. It is also important to note that
the residue is anti-symmetric with respect to the ordering of I. In our conventions, we define Res;
by Resj[e] = Res;, ---Res;,Res;, [o].

After using up all the ¢;’s, the remaining intersection number is an intersection number on the

submanifold X; = X N S;. We provide a simple formula for its computation that localizes to the
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maximal codimension intersection points of the twisted surfaces. The algorithm presented here was
first developed in [107] and we aim to provide a user friendly summary of this work.

The first step is to identify maximal intersection points of the twisted hyperplanes with themselves
and the hyperplane at infinity (Hso): cpr !l \ (TN S;)U Hy. Let us call this set Int;. For
each intersection point, choose normal coordinates z* such that the origin 0 corresponds to the

intersection point. Then, the intersection number of logarithmic forms is given by

(o

=D 1‘1 '&; dlog z¥ 4+ O(z*). For those familiar with intersection theory,

Res;-—o {éz}

niReSz*:(] Resy [¢] | , (2.111)
=t | K () | |

Rest [¢] ) =

where, near z* = 0, Wy
the first term in the product above is a stand-in for the leading term of the maximal primitive for
or.

This formula makes it obvious that the intersection number vanishes if ¢; and Res; [¢] do not
share a singularity at any z* € Int;. For FRW integrals, the &; are simply multiples of e (intersection

points at infinity can introduce non-trivial multiples of €).

2.5.1 Tree-level two-site example

As a simple example, we compute the intersection number (p1]|¥2). Using the d3 in @7, we find

dlog T1|3> (2.112)

Ty S. T
(P1]02) = <6d1g|‘Res3{dlogS2 dlogsz}> <dlo Tils S2|3

1| 3 Tols

Supposing that we eliminated x5 when taking the 03 residue, there are three twisted intersection

points in x1: Int = {0, —(X; + X2),00}. The left and right forms in the intersection number share

singularities only at x; = 0. Thus, the intersection number evaluates to

Resgg1 -0 [d log Tz}s

(¢1|02) =

}Resml —o [dlog |3} =1, (2.113)

—E& 52‘3

since w ~ —¢ dlog z* + O(z*) near z* = z; = 0.

2.5.2 Tree-level three-site example

In this section, we work through a more involved example: the intersection number (p;|p1) in the

context of the tree-level three-site example. Taking care of the d; in ¢, yields

5 1|1) (T3|1> ’ <T1|1) <T3|1)>
D = —(dlo Adlog | =—— | |dlo Adlog | —— . 2.114
(Prler) 3 < & (T3|1 To|y & T3 Toly ( )

On X N S; there are three finite intersection points: T;|; N Tj|y for 4,5 € {1,2,3} and ¢ # j.
Additionally, there are possible intersection points with the hyperplane at infinity H,,. Thus, the

set of intersection points are

Int = {Th|y NTa|1, Thli N T3|1, Tali NTs)1, Toli N He, Tili N Ho, T3l N Hoo} . (2.115)
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Note that the intersection point T3]y N H., appears in multiple charts of the CP? and should only
be counted once.

For the example at hand, only the finite intersection points will contribute since the forms
are regular on the hyperplane at infinity. Then, for each of these intersection points, we use the
corresponding hyperplanes as the normal coordinates z* = {T;|1,T};|1}. In these coordinates, the
dual connection becomes w|; = —¢ dlog zf — e dlog 25 + O(1) near each of the finite intersection

points. Using (2.111), the intersection (2.114) becomes
g3 3

D =—|—=]=1. 2.116

<()01|801> 3 <(€)2> ( )

The factor of 3 simply comes from the fact that each of the three finite intersection points contribute

the same factor of 1/(—¢)? to the intersection number.

2.6 Appendix: Explicit presentation of the three-site/five-

point differential equation

In this appendix, we record the physical differential equation A = f(xéphys)—r. Explicitly, the

phys
physical alphabet is
Aj=1,...,19 = {X1+X2+X3, X1—Y1, Xo+X3-Y, Xi+Y), Xo+X34+Y,, X1 -Y1-2Y,,
X1+ Xo—Yo, X3—Yo, X3-2Y1-Ys, Xo—Y1-Ys, X1+X5-Y1-Yo,
Xo+Y1—Ys, X5+2Y1-Ys, X1+Xo+Ys, X5+Ys, Xo—Y1+Y5,
X1—X35-Y1+Ya, Xo+V14Ys, X1 -Y1+42Y2} . (2.117)
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Though a slight abuse of notation, we denote dlog(a;) as a; below in order to fit A,  on the page

81048042 0 0 0 0 0 0 0 0 0 0 0
0 61p4STp+-21p 0 0 0 0 0 0 0 0 0 0
0 0 8104104 0 0 0 0 0 0 0 0 0
0 0 0 9414V 0 0 0 0 0 0 0 0
0 0 0 0 8TD+804 7D 0 0 0 0 0 0 0
0 0 0 0 0 STD4-21047D 0 0 0 0 0 0
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Chapter 3

A Physical Basis for Cosmological

Correlators from Cuts

This chapter is based on the work [125].

Cosmological correlators, or primitively, the wavefunction of the universe, are important quan-
tum mechanical observables in cosmology. Recently, there has been tremendous progress in our
perturbative understanding of the analytic structure of these observables in certain toy models of
quantum cosmology, specifically for a theory of conformally coupled scalars with general polynomial
interactions evolving in power-law Friedmann—Robertson-Walker (FRW) cosmologies.

Underlying many of these advances are the cosmological bootstrap [79, 80, 124, 126, 81, 127]
and polytope [71, 128, 73] programs. The cosmological polytope provides a geometric and combi-
natorial way to compute wavefunction coefficients independent of the notions of locality, causality
and unitarity baked into the formalism of Feynman diagrams. Techniques from the Feynman inte-
gral community® (related to algebraic geometry) have been used to compute canonical differential
equations for both massless and massive wavefunction coefficients [49, 131, 132]. In particular,
the kinematic flow algorithm has identified a powerful yet mysterious structure in these canonical
differential equations [75, 76, 133, 134]. After accounting for the loop-momentum integration, el-
liptic sectors in these differential equations were identified in [135]; this is not surprising since the
loop integrals defining wavefunction coefficients include all Feynman integrals, which are known to
contain elliptic sectors. Ideas from tropical geometry and sector decomposition have been used to
identify the origin of infrared divergences in the integration space and develop subtraction schemes
[118]. Hypergeometric solutions, relations to GKZ-systems and D-modules have also been explored
[136, 137, 138, 139, 140]. Cosmological cutting rules and implications from unitarity have been
formalized [141, 142, 143, 144, 123, 121, 122, 120, 72, 145] and will play an important role in this
paper.

In this toy model of conformal scalars in power-law FRW cosmologies, the wavefunction coefficient

1 Additional connections include symbology [70] and Landau analysis [129, 130].
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corresponding to a given Feynman graph G is represented as a certain twisted integral

(oo}

P& = / w¥® 9O =0V (x+X,Y)d"x, (3.1)
0

where n and ¢ are the number of vertices and loops in G; for loop graphs, wff) is the loop integrand.

Q%) (X,Y) is the canonical function of the cosmological polytope Pg associated to the graph G and is

essentially the wavefunction coefficient for flat spacetimes. It depends on the kinematic parameters

Xi =3 .1 |km|, the sum of external energies flowing from the vertex i to the boundary, and

Y, = | ZZ;:”FIH k.|, the energy exchanged through the i** edge of a given graph G:

X X2 X
———eo— 0 X.
1 5/1 )/'2 3

The twist u is a multi-valued function associated to a given graph. It is a product of polynomials
raised to specific powers that depend on the underlying power-law cosmology (see below (3.9)).
The mathematical structure of these integrals is largely governed by the theory of twisted
(co)homology [104, 146, 85, 49, 69, 57, 68, 108, 60]. Moreover, the twisted cohomology is a fi-
nite |x|-dimensional vector space, where x is the Euler characteristic of the underlying hyperplane
arrangement (equivalently, the number of bounded chambers). Due to the finite dimensionality of

this vector space, the twisted integrals must satisfy coupled first-order linear differential equations

(DEQs)

dkin/u Y; = Bl‘j U p;j . (32)

Here, the ¢;_; . |y form a basis of differential forms for the twisted cohomology and dy, =
o dX; Ox, + Z?:f*l dY; Oy, is the exterior derivative with respect to the kinematic param-
eters.

When the connection matrix B is proportional to the cosmological parameter ¢, B = A, the
associated basis is said to be canonical [97]. Such differential equations (DEQs) efficiently separate
the kinematic dependence from the dependence on the cosmological parameter and are easy to
integrate order-by-order in €. They play a central role in the evaluation of dimensionally regulated
Feynman integrals in flat-space and now cosmology.

Recently, efficient methods for computing the connection matrix A have been developed [49, 76,
75, 118, 131]. In particular, the kinematic flow algorithm [76, 75, 134, 133] provides a diagrammatic
way to choose a basis and evaluate the connection matrix A. Surprisingly, these universal graphical
rules pick out a distinguished subset of integrals that include the physical wavefunction coefficient
(3.1) and whose DEQs close. This physical subspace of integrals is vastly smaller than the total size

of the twisted cohomology, which is easy to see at tree-level where the kinematic flow basis has size
qn—1.
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4 25 213 312
16 64 64

X
4n—1

So far the kinematic flow algorithm is an empirical observation; there is no satisfactory character-
ization of the physical subspace. Using intuition from generalized unitarity and algebro-geometric
tools, we provide physical and mathematical origin for the physical subset of the twisted cohomology.

Our paper is organized as follows. In section 3.1, we review how to construct the relevant flat-
space and FRW wavefunction coefficients for any Feynman graph. We also introduce the minimal
set of ideas from (relative) twisted cohomology and intersection theory—mathematics underpinning
the structure of cosmological wavefunction coefficients—needed to identify the physical subspace.
In section 3.2, we demonstrate how the structure of the relative twisted cohomology—organized by
cuts—clearly separates the space of all differential forms into three categories: physical, unphysical
and degenerate. As a pedagogical example, we illustrate how to construct a basis for the physical
subspace of the 3-site chain graph by further separating the space of degenerate differential forms
into physical and unphysical forms in section 3.3. Section 3.4 systematically classifies the degeneracy
of cosmological hyperplane arrangements by providing a simple graphical rule that generates all
linear relations among hyperplane polynomials. Furthermore, we show how linear relations among
hyperplane polynomials result in linear relations among residue operators and differential forms. In
fact, the set of linear relations in conjunction with a cohomological condition is enough to classify
all physical differential forms. Utilizing this, we develop graphical rules for constructing a basis of
differential forms for the physical subspace by enumerating all physical cuts in section 3.5 for all

tree and loop graphs.

3.1 Correlators from twisted integrals

As mentioned, our playground will be a theory of conformally-coupled scalars in a power-law FRW
cosmology with (non-conformal) polynomial interactions. The action for such a theory in a (d+ 1)-

dimensional spacetime is

s = [alaan=g |59 000,0 - Rt -3 e (3.3)
p>3
where the FRW metric ds? = a?(n) [—dn? + da;dz’] is written in comoving coordinates with confor-
mal time 7 € (—o0, 0] and the index i = 1,...,d runs over the spatial dimensions. The scale factor is
a power-law controlled by the cosmological parameter e: a(n) = (n/10)~1+%). Setting ¢ to specific
integer values recovers well studied cosmologies [49, 75]. In particular, 0 < ¢ < 1 is expected to
capture the essential features of a near de Sitter inflationary cosmology.
Central to our analysis is the wavefunction of the universe ¥[®]. Formally, this is computed as

a path integral by integrating over all bulk field conurations ¢(#,7) with non-vanishing Dirichlet
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boundary condition in the future ¢(Z,n = 0) = ®(Z). It is standard to work in momentum space

where the wavefunction has the expansion

3(0)= ,
U[d] = / Dep 'Sl
$(—oo(1—ic))

n dy . 4 . . L
=exp zZé/(H ((;Tk;d <I>(kz)>/ HddLj ™0 ({I;}) 6@ <Zkl> , (3.4)

and the standard ie prescription selects the adiabatic/Bunch-Davies/Hartle-Hawking vacuum at the
early-time boundary 7 — —oo. The kernels 9("*) are the n-point wavefunction coefficients with n
denoting the number of field insertions on the late-time boundary and {15}} the corresponding set
of all spatial momentum. In our analysis, we will be more interested in the number of vertices (or
equivalently sites) in a graph G rather than the number of external fields on the future boundary.
To differentiate this fact, the wavefunction coefficient for the n-site, ¢-loop graph will be denoted
by ;pff). There has been significant progress in the perturbative computations of these wavefunction
coefficients in the Bunch-Davies state, both for conformally-coupled scalars as well as massless
and light states [71, 73]. Also, we note that Ej denote the loop momenta and consequently the
wavefunction coefficient wr(f) corresponds to the loop integrand of a given graph. For a discussion
on the associated loop integrals and recent progress, please refer to [118, 147, 135].

The FRW wavefunction coefficients wﬁf) can be constructed out of their (shifted) flat-space coun-
terparts O (as expressed in (3.1)), which admit a purely geometric description in terms of the
associated cosmological polytope. We review the cosmological polytope and the corresponding hy-
perplane arrangement in section 3.1.1. Then in section 3.1.2, we elaborate on how to uplift the
flat-space canonical form to FRW spacetimes and the associated twisted cohomology. Section 3.1.3
reviews the the intersection number and dual relative twisted cohomology; our main tools for ana-

lyzing the analytic structure of FRW integrals.

3.1.1 The universal integrand

From a traditional QFT perspective, the FRW wavefunction coefficient w,(f) is represented by a
Feynman diagram G with n vertices and ¢ loops. However, the corresponding flat space coefficient
Q,(f) from which it emerges can be defined without ever referencing “Feynman rules” and has a
purely combinatorial-geometric origin as the canonical form of the cosmological polytope Pg [71].
The cosmological polytope Pg is a positive geometry encoding the singularity structure of wave-
function coefficients for conformally coupled scalars in flat spacetimes. A canonical form is the
unique differential form (up to sign) that can be associated to a bounded region A with logarithmic
singularities on its corresponding boundaries 9A. Moreover, the residue of a canonical form with
respect to a boundary divisor is the canonical form of that boundary. The existence of a canonical
form whose residues are all canonical forms is a recursive way to define a positive geometry [148].
For a given graph G (without external legs), there are a total of 2n+ ¢ — 1 kinematic parameters:
{X;}, and {Yi}?jf*l. The hyperplane polynomials, S;, are generated by the 1-tubings of G. A
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1-tubing 7; consists of two sets: the vertices V; encircled by the tubing and the edges &; that this

tubing crosses. To each 1-tubing 7; of the Feynman graph, the associated hyperplane polynomial is
Y)=> X,+ > Y. (3.5)
veY; ec&;

For example, the hyperplane polynomials for the 3-site tree level graph are

= (D—— =X 14V, Sy = ._@_. = X Y1 4Ys |
= —0) = X3+Ya, Si=EC——> = X1 +Xo+X5 (3.6)
= D = Xi+Xo+Ys, S5= &= = Xo+ X341 .
This 3-site tree level chain graph will be an important pedagogical example to illustrate our main
ideas in section 3.3.
Usually, the simplest way to compute the canonical form is by summing rational functions as-
sociated with the set of compatible complete tubings (non-crossing (2n-+¢—1)-tubings) of a given
graph G [71]. Explicitly, if T is the set of compatible complete tubings, the canonical form Q%) and

function QS’ ) are

. d"X AdMH Y A
ng) = QSLZ)(XvY)GL—(l)a Q%)( N(e) Z H q, (3.7)
TGTtGT

and N\ = H?:f_l 2Y; is a normalization factor ensuring that the canonical form has unit residues.

Returning to the 3-site example, the canonical function is

4YY 11
O (X, Y) = 4V1Y) — (s +Sa) (3.8)

where, in this context, each 5-tubing corresponds to the inverse of the product of the depicted S;’s.

3.1.2 From flat-space to FRW spacetimes

Importantly, the flat-space wavefunction coefficients/canonical forms define a universal integrand for
their counterparts in any power-law FRW spacetime. For any € ¢ Q, this is obtained by integrating

the shifted flat-space wavefunction against a specific kernel u called the twist,
P& = / w9 where U =00 (x+X,Y)d"x, (3.9)
0

Here, v = [, " is a multi-valued function (a; ¢ Z) called the twist whose vanishing loci defines
the twisted hyperplanes 7; = {z; = 0} (coordinate hyperplanes). The exponents «; are related to
the underlying power-law cosmology (¢), number of spatial dimensions (d) and valency of the i*®

vertex (p;):

ozi:d+s(d+1)+%pi(1+e)(1—d)§éZ. (3.10)
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The condition ¢ ¢ Q guarantees that «; ¢ Z, which is essential for the techniques of twisted
cohomology employed in this paper. However, it is important to note that one can often specialize

to the case o; € Z by an analytic continuation of the case «; ¢ Z. In the remainder of this paper,

we assume d = 3 and p; = 3 such that a; = ¢ for all vertices and u = [, «5.?
As seen above in (3.9), the FRW form o) s simply generated from the canonical function
ng) (X,Y) of the cosmological polytope by a shift in its X-variables. We denote the shifted linear

factors appearing in the FRW form \If%) by
Bi(x;X,Y)=5;(x+X,Y) . (3.11)

Then

)

n+f—1
v = qnx ( i‘[ 2Yi> (ZH;) , (3.12)

TETtET

where T is the set of compatible complete tubings of a given graph G.

Since our objective is understanding the mathematical structure of wavefunction coefficients for
arbitrary e, our primary focus is the hyperplane arrangement generated by both the B; and T; not
3

the cosmological polytope Pg (generated solely by the S;’s).” Explicitly, we wish to classify the

differential forms on the topological space M \ B where
M:=C"\T, T:= U Ti, Ti={x; =0}, B::UBj , and  Bj={B; =0}. (3.13)
i=1 j

This requires understanding the associated twisted cohomology H™ (M \ B; V); the cohomology with

respect to the covariant derivative V := d + wA with flat connection w = dlogu

covariantly closed n-forms on M \ B
H"(M\ B;V) := . 3.14
(MAB;V) covariantly exact n-forms on M \ B (3-14)

It classifies all non-trivial (do not integrate to zero) differential n-forms on M \ B that can have
poles on the untwisted singular loci B and twisted loci T (coordinate axes). Explicitly, the twisted

cohomology of FRW integrals is populated by forms

P(x)d"x
o~ =y € H'(M\ B; V) (3.15)
LT 1L, B)
where p;, v; € Z and P(x) is any polynomial in x. While the above is automatically covariantly closed
(Ve = 0) since it is a holomorphic top-form, it may or may not be covariantly exact. Depending on
P, it is possible for ¢ to be exact ¢ = V[(n — 1)-form] ~ 0 and lie outside of H"(M \ B; V).
Importantly, the integrand of these twisted integrals (i.e., u 'O or any other u ) exhibit very

different behavior near the twisted and untwisted singular loci. Due to the twist u, there exists

2Technically, our cosmological model (3.3) needs at least quartic interactions (only terms with p > 4 in (3.3))
to ensure that the kinematic space of the (¢ > 1)-loop 2-site graphs are non-trivial. However, when we treat these

integrals in section 3.5, the specific form of the twist is not important.
3We refer to this structure as the “FRW cosmological polytope” to remind ourselves that it is defined in x-space

like the FRW form \Ilﬁf). In an abuse of notation, we will also refer to the FRW cosmological polytope by Pg.
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a choice of € such that integral in a local neighborhood of where an x; vanishes converges; the
integral for all other “non-convergent” values of € are well defined through analytic continuation.
On the other hand, nothing saves the integral from blowing up whenever a B; vanishes. Therefore,
singularities at B; = 0 and z; = 0 must be managed differently. This has already been partially
accounted for in the covariant derivative V since the connection w has singularities on the twisted
hyperplanes. From the perspective of contours, B;-residues of the integrand are allowed but ;-
residues are not since the coordinate axes are branch surfaces (u ~ z$* with a; ¢ Z).* This
distinction places crucial restrictions on the kind of allowed contours and cuts. This will be most
obvious in the dual cohomology defined in section 3.1.3 where each dual form can be thought of
as a coarse approximation to a cut contour. This is made precise in appendix 3.7 and will play an

important role in the development of a diagrammatic coaction method [149, 150].

3.1.3 The intersection number and relative twisted cohomology

The intersection number (p|p) defines an inner product on the space of twisted differential forms
(and therefore, cosmological integrals) by pairing an element of FRW cohomology ¢ € H™(M\ B; V)
(recall (3.14)) with an element of the associated dual cohomology @ € xH™ (defined in (3.17)). The
dual cohomology has more structure than its FRW counterpart since it is essentially the direct sum
of the the twisted cohomology of each cut. Therefore, it is automatically organized in an ideal way
for understanding cuts. It is also easily linked to the space of contours on the topological space
M \ B (see appendix 3.7).

The intersection number is the link between the FRW cohomology and dual cohomology
(@lp) : HY(M,B; xV) x H"(M \ B; V) — C. (3.16)

For FRW correlators, the intersection number is easy to compute; it is simply a weighted residue
where the dual forms dictate the exact linear combination ((3.19) and (3.21)). Moreover, the in-
tersection number facilitates a simple formula for computing the differential equation in a way that
emphasizes the role of cuts (demonstrated in section 3.2). From this formula, we deduce that an
FRW form ¢ couples to 8X1.‘~I/5f ) or Oy, \Ilgf) if and only if ¢ shares a cut with the FRW form \Ilgf)
(also in section 3.2).

The dual cohomology to (3.14) is the relative® twisted cohomology
XH™ := H"(M,B;xV) C D @ 6, (H" P (My;xVIs)) , XV =d—wA, (3.17)
p=0|J|=p

where J is a multi-index denoting a cut, My = M N B is the topological space associated to this

cut and By = Njes{B; = 0}. Importantly, dual forms are represented by twisted differential forms

4For forging connections to cosmological spacetimes one will generally encounter cases where a; = & € Z. We note
that the DEQs (and their solutions) for twisted cosmological integrals can be analytically continued in € and one can

extract the physical wavefunction by taking appropriate limits.
5Name for the cohomology of a topological space with boundaries (B in our case).
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localized to the cuts M. The localization to the cut M is denoted by the coboundary symbol § ;°

and its argument contains a differential form on M:
= ds(¢s), ¢y € H V(M xV|)) . (3.18)
J

The 6 indexes the component of the direct sum corresponding to the J-boundary cohomology and
keeps track of boundary terms.” They are also anti-symmetric in their indices §;; = —d,;; and induce

a residue/cut inside the intersection number

(6s(8)le) = (9[Ressliel) =5 (Bloa) (3.19)

where

Res[e] := Resj,..j 5, [o] := ReSBJ’uW“'“BmmBn o Resp,,ns;, o Ress, (3.20)

denotes the iterated residue.

After taking care of the coboundary operators, the remaining intersection number ((ﬁ|q§ J)J lo-
calizes to the maximal codimension intersection points of the twisted surfaces on the cut.® Since
(¢|¢s) s only plays a minor role in the remainder of this article, its definition has been relegated
to footnote 8. While equation (3.19) (and (3.21)) are sufficient for our purposes, it is important to
note that they are only valid for logarithmic differential forms; there are known corrections to these

formulas if the forms have higher order poles [107, 60].

3.2 DEQs from residues and finding the physical subspace

We choose a spanning set for both dual and FRW forms that makes the cut structure manifest.
The first step is to determine which cuts have a non-trivial twisted cohomology. This is done by
computing the Euler characteristic of each cut surface x; = x(M;) and putting |y s|-many canonical

forms into the coboundary operator
| IxJ]
{pa}oi™ = U {5J(QJ,k)} ) (3.22)
J k=1

Importantly, the canonical forms are non-singular at infinity and are always a linear combination of

dlogT;| s A -+ - AdlogTy| ;. Dual forms are closely related to cut contours; they are the dual canonical

6See [49, 69, 68] for a more in-depth explanation of the coboundary and its properties. See [151] for a more formal
exposition in the context of (untwisted) homology.
TWhile not explicitly used in this work, boundary terms are generated by the derivative in the dual relative twisted

cohomology: dd;(¢s) = (=1)/71[85(des) + D05 85i(li)]-
8Explicitly,

7 Res+—o[@]Resz+=o[¢.]
@Bl = > R = ; (3.21)
z*Clnt 5 Hizl Resz;‘:O["J]

and only plays a minor role in the remainder of this paper. Here, Int; = UK:\K\:n—|J| (BsNTk) and T := pex Th-

See appendix A of [49] for a more detailed discussion.
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form of a cut contour and the intersection number is the leading order term of the cut integral (see
appendix 3.7).
For the FRW cohomology, we choose the set

~ x|
{@a}az:"llx"‘ = U {dlogJ A QM} where dlog; := /\ dlogB; , (3.23)
k=1 !
J jed
and Q J.k is obtained from € ; by removing the restriction to the cut J acting on the T;’s (an explicit
example of this procedure is given in section 3.3 and diagrammatic rules are provided in section 3.5).
By organizing the bases according to the cuts automatically produces a block diagonal intersection

matrix

Cab = (Pales) = (61(Qk)|dlog; A Qys) = 675 (QsklQui)s - (3.24)

where Q5 = Q s.k|7. Note that it is easy to translate between these two sets via the replacement
67(Q)  dlog; A Q.0

The intersection number facilitates a simple formula for the DEQs in terms of residues that

highlights the importance of cuts. Schematically, the connection matrix takes the form!?
Aus ~ (81,(80)|Vianea ) = (90|Ress[Vianga]) = 0 whenever Resy, [Vian] = 0. (3.25)
b
This equation implies that ¢ couples to ¢, in the DEQ if and only if both ¢, and ¢, share a residue
since!!

Resy, [Vikinga] =0 <= Resy,[¢a] =0. (3.26)

This implies that the physical subspace is spanned by all FRW forms in (3.23) that have overlapping

residues with the physical wavefunction. More explicitly,
phys C Span {dlogJ A QJ}J such that Res;[WH] #£0. (3.27)

This is the first main result of this paper. Moreover, (3.25) and (3.26) imply that dlog ;-forms only
couple to themselves and dlog ;\ ;-forms where j € J.

If the FRW hyperplane arrangement was non-degenerate, (3.27) would be the whole story. How-
ever, as we will see shortly (section 3.3), even simple cosmological examples are non-generic or
degenerate and we have to work a bit harder to reduce (3.27) from a spanning set to a basis. We

will discuss how to systematically work with this degeneracy in the remainder of this article.

9Technically, the sets (3.22) and (3.23) are not quite dual since the intersection matrix (3.24) is only block diagonal
and not full rank. However, this technicality will dealt with shortly in a simple way.
10The precise formula is Agp, = C’;Cl (@c|Viingpa). It will be used to compute the DEQs in section 3.3 as well as

appendices 3.9.2 and 3.9.4.
H1In order to use equations (3.19) and (3.21), one needs a representation for Vi, that has at most simple poles.

We provide a simple recipe for such a representative for Vi, ¢ without invoking integration-by-parts in appendix 3.8.

We also derive (3.26) as a consequence.
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3.3 A pedagogical example: the 3-site chain

We illustrate how the physical subspace arises by organizing the basis of forms according to whether
they have compatible sequential residues with the physical FRW form in the context of the sim-
plest example: the 3-site chain. Moreover, we highlight how the associated hyperplane arrangement
dictates this organization; a ubiquitous feature for all tree-level and loop-level cosmological arrange-
ments. We comment on further worked examples (the 4-site chain, 4-site star and 1-loop 3-gon of

appendix 3.9) near the end of this section.

The hyperplane polynomials: For the convenience of the reader, we collect the 3-site FRW

hyperplane polynomials B; (shifted versions of (3.6))

By = G_'_° = +Xi 4+, By = 0—6—' = 12+ Xo+Y14Ys
By = e——fe) = 55+ X5+ , By=@C——> = n+tzotas+ X1+ Xo+ X5, (3.28)

By = @—' =x1+2o+X1+Xo+Ys , Bg = '—@ = rotr3+Xo+X3+Y] .

The FRW form: Following the discussion in section 3.1.2, the FRW form (shifted version of
(3.8)) is

o 4AnYe (1 1) 4
R e MU LS (3.29)
Recalling (3.13), this is a differential form on the space M \ B where

6
M = C3\ {z 2923 = 0} , B:=|B;, B;:={B; =0}. (3.30)

In the following, we will also be interested in the space M after taking a sequential residue Res;.

We denote these topological spaces by M := M N B; where By = N;csB;.

A linear relation among hyperplane polynomials: The associated hyperplane arrangement is
highly non-generic or degenerate due to a linear relation between the FRW hyperplane polynomials

of (3.28).12 A graphical representation for the 3-site hyperplane polynomial relation is

oo ==

where |4 instructs us to add the B; associated to the 2-tubings. This relation implies that the four

<~— By + B,=Bs+ Bg, (3.31)
+

hyperplanes {By, Bs, Bg, B2} intersect in codimension-3 instead of codimension-4. Therefore, the
geometry of the following 3-cuts is not unique: My 52 = Mag2 = Mase = Msgo. This will have

important consequences for the space of residue operators and differential forms.

2By non-generic or degenerate, we mean that there exists a collection of |J| hyperplanes {Bjcs} that intersect in

codimension-m where m < |J|.
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Cuts and residues: Following the discussion in section 3.1.3 (in particular (3.17) and (3.22)), it
is clear that the dual cohomology is built by constructing the cohomology of each cut. Excluding
the 0-cut, which is M itself (recall (3.13)), the 3-site chain has a total of 37 cuts:

e There are 6 possible 1-cuts (the space M after taking the residues on each of the six B;’s in
(3.28))

{My, My, Ms, Ms, Mg, My} . (3.32)

These are 2-dimensional topological spaces (codimension-1). As we will see, the gray M ; will

turn out to have trivial cohomology.

6

2) = 15 possible 2-cuts, each of which are 1-dimensional (codimension-2)

e There are (

{M, 2, M 3, Ms 1, M3, Ms o, Mg o, Ms 3,

3.33
My, Mg 1, My, My3, M5 3, Mys, Mg, M5} . (33
e Lastly, there are sixteen 3-cuts
{M1,2,3, My 1,2, Me1,2, My 13, Ms1,3, Ms,1,3, Mas1,Ms61,
Myo3,Ms o3, My 3, Mse3z, Myso, Myg2, Mse,o, M4,5,6} . (3.34)

These are O-dimensional topological spaces consisting of only a point. Note that a fully generic
arrangement would have produced (5) = 20 codimension-3 boundaries. In our case, four are
missing because some cuts do not exist: My 53 = Myg1 = Ms12 = Mg23 = @. That is, the

associated hyperplanes to these cuts do not intersect.

Cut ordering

The cut multi-index J in ¢, Res; and M is always ordered such that the associated 1-
tubings with the most vertices comes first. For tubings of the same size, we proceed in
lexicographical order. Symbolically, if |7;| = |V;] is the number of vertices inside the tubing

T;, we require |75, > |75, | for J = {j1,72, - }.

While ad hoc now, the physical reason will become clear in section 3.5. Mathematically, an

order is necessary to resolve the mentioned degeneracies (more in section 3.4).'?

Building a basis from the geometry of cuts: To generate elements of the dual cohomology,
we search for cuts with bounded chambers. The 0-cut, M, has no bounded chambers and therefore
does not generate a potential basis element. This is a general feature of all FRW arrangements; the

0-cut will never generate an interesting form.

13We thank Clément Dupont and Lecheng Ren for important discussions regarding this point.
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Of all the 1-cuts, only the total energy cut M4 has a bounded chamber. For example,

o
|
~t
9
B
333|B5 =0 I =0
M; = . M= B2 =0 (3.35)
& 94
o =) %
| I ¥
2 2
N —
8 8

where the white lines are removed from C2. Evidently, there is no bounded chamber in Ms. To
see this, solve Bs = 0 by eliminating 5. Then, x|p, = (x1, —(z1 + X1 + X2 + Y2),23). Clearly,
the first two components define parallel lines as depicted above. However, there is a single bounded
chamber in My. This can be seen by solving the condition By = 0 and eliminating x3. Then,
x|p, = (z1, 22, —(x1+23+ X1+ X2+ X3)) generates the plot above. The canonical form associated to
this bounded chamber is

&2
3

The powers of ¢ in the normalization ensure e-form DEQs. The overall rational number is convenient.

T2
A dlog—
Ba Ogl’g

, (3.36)

@1 = (54(94) where Q4 =
By

dlogﬂ
T2

The remaining dual forms are generated in the same way and can be found in [49]. The 2-
boundary dual forms are generated by the line segments between the removed twisted points on the

2-cuts

y £ T2 . € z2 3 < o
=6, (dlog?2 = 661 (I = 5043 | dl
P2 = 5041 ( Ogl‘g 841) T 506 < ng?, Bel) o PAT s ( ng?) B43> 7
. € ) . _ € 1 5 = = i
¥5 2 >3 ( ng2 Bss) > o 2 o < Og332 B4s> T 2 o < og$2 B46> 7 ( )

c To £ T g )
Ps = —040 [ dlog=2 po = —65.6 | dlog—> P10 = 505, | dlog— :
v8 T 042 ( ngg 842), LA 5’6< ngﬂz 556>’ 7075 576( ng3 556‘)

Note that the cut Msg has two canonical forms since the restriction of all coordinate axes to the cut

form two line segments

.1’2|356 =0
Q0 4 o
M6 = I E— . (3.38)
{ |
z3|Bg6 =0 71|Bge =0

The 3-boundary forms are

P11 = 01,23(1) P12 =106,1,2(1), P13 =10413(1), P14 =20513(1),

(3.39)

P19 =0452(1), P20 =10462(1), P21 =0562(1), P22 =10a56(1

)

1) (1) 1) (1)
P15 =06,13(1), P16 =10451(1), P17 =170523(1), P18 =70463(1),
(1) (1) (1) (1)
(1) (1) (1) (1)

Pa3 =04,12(1), Poa=0561(1), Pas =0423(1), P26 =0546.3(1).
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Note that the argument of each §; is simply the the O-form 1; the canonical form for a point.

The physical, unphysical and degenerate/mixed cuts: The non-trivial dual forms corre-
sponding to the 1-, 2- and 3-cuts given by (3.36), (3.37) and (3.39) will now be color-coded according
to whether they are physical, unphysical or

)

The physical dual forms induce residues that do not annihilate \Ilgf in the intersection number

Res, [04] #0, (3.40)
where
Je {{1},{4,1},{6,1},{4,3},{5,3},{4,5},{4,6},{1,2,3}

(3.41)
{6,1,2},{4,1,3},{5,1,3},{6,1,3},{4,5,1},{5,2,3},{4,6,3}}.

These generate the physical FRW forms in (3.46), (3.47) and (3.48) via the replacement () —
dlog; A Q.

The unphysical dual forms induce residues that annihilate \Ilgf ) in the intersection number
Res, [04"] =0, (3.42)
where
Je {{4,2},{5,6},{471,2},{5,6,1},{4,2,3},{5,6,3}}. (3.43)

These generate unphysical FRW forms. Importantly, note that the unphysical dual forms correspond
to sequential residues that set either side of the linear relation (3.31) to zero. The unphysical residues
correspond to Steinmann relations in the cosmological context [152, 74].
The class of dual forms correspond to residues that may or may not annihilate
v
Res [\Ilgo)] = —Res [\Ilgo)] = Res [\Ilgo)] =1 -
Res [\Ifgo)] =0. (349
As discussed earlier all four of these cuts correspond to the same loci
and are therefore called degenerate. Additionally, the associated residues operators induced by the

0 satisfy linear relations. For example,
Res = Res , and Res = Res . (3.45)

From the point of view of direct computation, it takes additional work to understand which FRW
forms generated by dual forms on the degenerate cut should be associated to the physical sector.
A cut is degenerate whenever all but one hyperplane in a linear relation appears in a sequential
residue. In this example, it happens whenever a cut involves three of the hyperplane polynomials
that appear in the linear relation (3.31).
This classification of cuts with a non-trivial cohomology into physical, unphysical and

directly follows from the linear relation(s) of the hyperplane arrangement. Simple rules,

that circumvent direct computation, for classifying the non-trivial cuts are provided in section 3.4

and 3.5. Further rules for generating the exact physical differential forms are also provided.
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The FRW forms: A spanning set of FRW forms is obtained from the dual forms by the rule
37(2y) — dlogy A Q7 and guarantees that the intersection matrix is block diagonal on the cuts. We
also drop any normalization associated to the dual forms in this procedure.

There is one physical FRW form associated to the only non-trivial 1-cut from (3.36)

w1 =dlog, A dlogﬂ A dlog2 . (3.46)
To I3
The nine dual forms (3.37) generate the physical ¢o_7 and unphysical ¢g_10 FRW forms
oy =dlog, | A dlogﬂ , 3 =dlogg; A dlogE , @4 =dlog, 5 A dlogﬂ ,
) Zs3 ) Zs3 Zs3
o5 = dlogs s Adlog—L, 6 =dlog, s AdlogL, 7 = dlog, ; Adlog—t (3.47)
T2 T2 ' T2
g = dlog, 5 A dlog@ g = dlogs 6 A dlogﬂ 10 = dlogs ¢ A dlog% .
) T3 ’ i) ’ zs3
The ten dual forms (3.39) generate the physical p11_15, unphysical @a3_96 and V19—22
FRW forms
11 = d10g1,2.3 y P12 = legG,l,Q y P13 = dlog4_1,3 y P14 = d10g5,1,3 )
15 =dlogg 1 5, ¥16 = d10g4$5.1 y P17 = legs,z,s y P18 = d10g4.63 ) (3.48)
= dlog , = dlog , = dlog , = dlog ,
w23 =dlog, 19, @24 =4dlogss1, @25 =dlogss3, 2 =dlogsgs.
The only remaining task is to understand how to deal with the forms.

Disentangling the degenerate cuts via direct computation: Since we will soon describe how
to find the physical subspace without performing any direct computation, we focus on conceptual
details; some explicit computations can be found in appendix 3.9.

As mentioned above, the intersection matrix is block diagonal with one block coming from the
unphysical two-dimensional cohomology on the 56-cut and the other from the degenerate 452-, 462-,
562- and 456-cuts

1 00 1
01 0 -1

C = where  Copen = 00 1 1 (3.49)
100 1

Each row of this matrix corresponds to a dual form and therefore to a cut and are color coded

according to their classification. In particular, the rows in correspond to residues
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that localize to the same loci. Yet, some annihilate \Iléo) and some do not (c.f., (3.45)). Therefore,
it is not clear if they should be classified as physical or unphysical.

Also, the rank of the 4 x 4 degenerate block C .., is only three. This is a consequence of a
linear relation among dlog-forms and a generic feature of degenerate hyperplane arrangements (see
section 3.4.2). Therefore, we have to remove one element in this 4 x 4 block from our spanning sets
to get a basis. We remove the elements associated to the 456-cut (elements poo and @a2) to form
the bases ¢’ and ¢’. The corresponding intersection matrix C’ is full rank.

At this stage, the number of linearly independent elements in cohomology that share cuts with
\II:(SO) are the number of red elements along the diagonal of C’: 18. To reduce this more, we need
to decompose the degenerate space into a component along \Ilgo) and its orthogonal complement.
This is accomplished by constructing a gauge transformations xU and U = (xU - Q’)_lT detailed
in appendix 3.9.1. Applying these gauge transformations we obtain the bases ¢” = xU - ¢’ and
" =U -¢'. Since these bases have unit intersection matrix C” = 1, they are truly dual making it
easy to map between the FRW and dual cohomologies (c.f., footnote 9).

The new basis ¢" contains only 16 dual forms that correspond to residues that do not annihilate
\I/go); the corresponding FRW forms share sequential residues with \I/go) and make up the physical
subspace. Computing the ¢”-DEQs, A7, = (C{L) Y@ |Viin@ll) = (3| Vkingl), we find that the

16-dimensional physical subspace closes and is integrable

Vil = ‘N (3.50)
 IE=

.

Clearly the derivative of any physical FRW form only talks to other physical FRW forms. Explicitly,

the physical subspace contains all forms in red and one linear combination of the forms of

the degenerate cut

{(pphys,i}}il ={p1,... 97,011, .. 18, (P19—p20)/2} . (3.51)

From the perspective of direct calculation, the linear combination (19 — ¢20)/2 in (3.51) comes
from the gauge transformation matrix U. Mathematica files with the physical basis, gauge trans-
formations and DEQs can be found in appendix 3.9.1 and at the github repository €).

) into the physical basis in order to use the DEQs for

Of course, we need to decompose \Ilgo
the physical quantity of interest. One can either use partial fractions (see appendix 3.10 for a

diagrammatic approach) or the intersection number:

lei(SO) = (Oa 070707 Oa 07 07 17 _la _17 17 1a _17 _1’ 13 2) : (Pphys . (352)


https://github.com/ASphericalCow/PhysicalBasisFromCuts.git
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Further examples and loops: At no step in any part of our algorithm has the specification
to tree-level cosmological correlators been needed; everything generalizes straightforwardly to loop-
level. We demonstrate the splitting of the full cohomology into physical and unphysical subspaces
via direct calculation for the 4-site chain (appendix 3.9.2), 4-site star (appendix 3.9.3) and 1-loop
3-gon (appendix 3.9.4). Using the intersection matrix, we demonstrate that the full cohomologies
with dimensions 213, 312 and 99 reduce to a physical basis with 64, 64 and 50 elements in agreement
with both the kinematic flow algorithm [76, 75, 133, 134] and those obtained from a time integral
perspective [131]. The DEQs for the 4-site chain and 1-loop 3-gon can be found in the Mathematica
files at the github repository €.

Disentangling the degenerate cuts avoiding direct computation: Before moving on, we
preview how to find the physical subspace and avoid direct calculation. A systematic algorithm is
developed in sections 3.4 and 3.5.

To every d; or equivalently Res;, we can associate a cut tubing. For example, the total energy

residue can be represented diagrammatically by the dashed tubing

_____
- ~

-, ~

04 <> Resy =4 e * e (353)

_______

Next, note that only cut tubings with no crossings appear in the physical basis (3.51). This is

because of the two following facts:

i) The set of compatible complete tubings of a graph G only involves non-crossed tubings (see
(3.8), (3.149) and (3.160) for examples).

ii) Due to our ordering, the only residues with crossed cut tubings that do not annihilate \Ilg)
are degenerate. Moreover, the degenerate crossed cut tubings that do not annihilate \Ih(f) are
equivalent to a non-crossed cut tubings. For example, in the context of the 3-site example,
Ress 5,6 = Resa 5,2

e ——— - -

T - - - b - - ~
- - ~
-, > > ¢ - \
4:,'._‘_.4_.5 N 6 \\\1—4' ’.—.—.—\—\—.2’~ 5,0 | (3 54)
v NG 1,7 N R ) .
AP L ST DI G

S m - - -

The generalization of such residue relations is presented in section 3.4.1.

No crossed cut tubings

The physical subspace only contains forms associated to non-crossed tubings:

- - -

ks _--\\ R ,’;'-~>’-~:‘
4,7 2,505 s 4,/ 5 40 6\|\| X
vy ~-, y ’ \‘\. ‘\.l °,,
DN - AL S ‘.
N PR ~ - --=

—————


https://github.com/ASphericalCow/PhysicalBasisFromCuts.git
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Each degenerate block also only contributes one form to the physical subspace since we decompose
the degenerate block into a component along \Iléo) and its orthogonal complement. The dlog ;-
part of the physical form associated to a degenerate cut is a linear combination of dlog ;-forms
associated to the non-crossing cut tubings of the degenerate cut. Specifically, there is a relative sign
between all pairs of dlog;’s that only differ by tubings that cross. Indeed, @pnys,16 X @19—920 =
dlog, 5 5 —dlog, ¢ 5 satisfies this rule; the dlog’s share all but one factor and these unshared B; have

tubings that cross.

3.4 Linear relations and degenerate arrangements

The classification of cuts/residues with non-trivial cohomologies into physical, unphysical and degen-
erate/mixed cuts is controlled entirely by the system of linear relations associated to the hyperplane
arrangement of the graph G. Importantly, these hyperplane arrangements (section 3.1.2) are non-
generic in the sense that there exists codimension m loci where more than m hyperplanes intersect.
This non-genericity in cosmological hyperplane arrangements is entirely encoded in the linear rela-
tions among the corresponding hyperplane polynomials B;. As a consequence of this degeneracy,
some sequential residues do not necessarily anti-commute and satisfy linear relations (recall (3.44)
and (3.45)).

The linear relations among the B; (equivalently the S;) are generated by 2-tubings that inter-

sect.'* For the 3-site chain, there is just one relation

=

+

<— By + By = Bs5+ Bg s (355)

+

where |4 instructs us to add the B; associated to the 2-tubings. Via equation (3.5), this graphical
rule is easy to verify since the crossed 2-tubings encircle the same vertices and cross the same edges
the same number of times. Moreover, this graphical rule holds beyond tree-level graphs and generates
all possible linear relations. Indeed, it is easy to check the following identity for the 1-loop 3-gon

graph below

- . (3.56)

+
+

We also note that not all linear relations between hyperplane polynomials will generate interesting
consequences for the physical basis; some only effect the unphysical subspace.

To keep track of the linear relations and deduce their consequences, we introduce the notion of

14This is not always a minimal presentation; the set of all pairs of crossed tubings often produces an over complete

set of relations.
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a minimally dependent indexing set I. A minimally dependent indexing set

I = {Iuns|Irns}, (3.57)

is a collection of two sets indexing the hyperplane polynomials B; that appear on the LHS and RHS
of linear relations. For example, in this notation, equation (3.55) is equivalent to I = {2,4/5,6} or
with some abuse of notation I = {Bs, B4|Bs, Bg}. Furthermore, note that Irpg is always a set of
two 1-tubings that cross.

The set I is minimally dependent in the sense that removing any single element, say B;, results

in a linearly independent set of B;'°

> (i Bi=0 but > @;Bi=0 <= a;=0. (3.58)
i€l £0 i€I\i;

Every minimally dependent set I generates a relation between sequential residues (section 3.4.1) as
well as a relation among dlog-forms (section 3.4.2). After identifying a degenerate boundary, we also
provide a simple prescription for constructing the physical form without computing the intersection

‘

matrix in section 3.5.3

3.4.1 Consequences for residue operations

As a consequence of the linear relations among hyperplane polynomials, iterated residues do not nec-
essarily anti-commute under ordering exchanges and satisfy relations. To see why iterated residues
do not necessarily anti-commute, consider the following example of a toy (non-cosmological) ar-
rangement below where the lines By, B2 and Bs all intersect at the same point (in red)

Bg &l Bl

AN

612 = 823 = 813

B, ¥ _/
v

While the canonical form 2 is singular at the point Bis = Bss = Bgsy, its residue at this point

depends on the order. The 13-residues of (2 behave normally
ReSlg[Q] = 7R6831[Q} . (359)
On the other hand, one ordering of the 23- and 12-residues vanish

R6821[Q] = RGSQ{),[Q] =0. (360)

15In some of the relations that follow, we suppress the B’s and denote a hyperplane polynomial B; simply by its
label 3.
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The other ordering is equal to an ordering of the 13-residues

R6S32 [Q] = R6531[S2] 7& O, (361)
Reslg[Q] = Reslg[Q] 7é 0. (362)

For this reason, we need to fix an ordering when taking residues. As mentioned in section 3.3, we
always order residues such that the B; associated to the tubing that encircles the most vertices
always comes first. Diagrammatically, this means that we work outward-in for residue tubings

- =
~

-— -

2055 s
R ) 7& Res425 7é RGS542 7£ e (363)

-_—-

‘s -
4,,/’
Res452 = VL

A

~ -

S m ==

For tubings of the same size, we assign lexicographical order

4,7.1 3,8
Resyiz = ! Ve—e—e1 1. (3.64)
N ’

——————

For now, this ordering is a mathematical necessity. However, in section 3.5, we will show that our
ordering choice aligns with physical intuition.

Every minimally dependent set, I, of hyperplane polynomials (3.58) seeds a residue relation
Resi; o Resq(n\(4;,i, 1) =Resi, 0 Reso (1 (45 }) » (3.65)

where i;,i, € I and o € S|;j_5 is a permutation acting on I\ {i;,ir}. To see why this is the
case, note that when restricted to the cut I\ {i;,4x}, the linear relation between the hyperplane
polynomials now becomes o, Bi, 1\ (i;,i,} + @iy Biy|1\{i;,i,) = 0. Since By, |n\ (4,4, and By, |0 {4;,i0}
are proportional, the final residues in the above equation are equivalent. Note that this relation is

insensitive to the actual values of the coefficients «; appearing in the linear relations (3.58).

3.4.2 Consequences for differential forms

Similarly, linear relations among the hyperplane polynomials generate linear relations among differ-
ential forms. Like before, we identify a minimally dependent set of hyperplane polynomials I. After

fixing an order for I, the following identity holds

11

(-1t [ A dlogBy | =0, (3.66)

Jj=1 kel\i;

where i is the 4 element of I. For example, it is easy to verify the relation
dlogys — dlogysy + dlogygy — dlogssy =0, (3.67)

in terms of the 3-site example (section 3.3), which can be deduced from the nullspace of the inter-

section matrix (3.49). Such relations are known in the mathematical literature as Orlik-Solomon
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relations [153, 154]. In fact, the Orlik-Solomon algebra generates all linear relations of degenerate
hyperplane arrangements circumventing the need to use blow-ups. Furthermore, a nice presentation
for the Grobner basis of monomials in dlog’s is known.

Equation (3.66), also gives a relations between the (|I| — 2)-residues of (|I| — 1)-forms. Let I be
a minimally dependent set and j,k € {1,...,|I|}. Then,

ReSI\{i_jik}dlogI\ij = (_1)j_kReSI\{i_,»ik}legI\ik . (3.68)

The sign in (3.68) comes from the fact that we are comparing the residues of different dlog-forms.

3.5 Cut tubings — a basis for all trees and loops

In this section, we demonstrate how to construct a basis of physical forms for any n-site, £-loop FRW
wavefunction coefficient 1/),@ via simple universal graphical rules that systematize the construction
of residue or equivalently cut tubings.

As mentioned in section 3.3, an ¢-loop cut tubing, c? is denoted by a dashed tube (in

ni,Bi’

comparison to the solid tubings 7; of (3.6)) and defines an instruction to compute a residue on the

hyperplane polynomial B; = 0. The label n; in Cff) p, denotes the number of vertices enclosed by

the tubing. For example, a residue on the total energy pole Br—4 = 0 in the tree-level 3-site graph
is represented by the following cut tubing:

=" o . e 1 :=Resp, U (3.69)

________

While primarily a bookkeeping tool to enumerate the basis elements of any given graph G, these cut

tubings carry both physical and mathematical information:

1. From a mathematical perspective, they correspond to all physical boundaries M; that have a

one-dimensional twisted cohomology and count each degenerate cut exactly once.

2. From a physics perspective, they correspond to all ways to factorize the shifted flat-space wave-

function coefficient \Ilsf) solely into product(s) of lower-point flat-space scattering amplitudes.

We elaborate on these connections as we present the universal rules for generating the physical cut
tubings, which remarkably hold true for all tree and loop level wavefunction coefficients.

In section 3.5.1, we present a set of simple universal graphical rules (with detailed examples)
associated to cut tubings that arise from the associated system of linear relations as well as from
cohomological arguments. In section 3.5.2, we will see how these simple rules systematize the
construction of the space of all tubings corresponding to each physical cut M; (i.e., the space of
physical 1-tubings, 2-tubings, and so on), thereby enumerating the physical subspace of forms that
couple to \If,(f) in the DEQs. We end by explicitly implementing these universal rules to generate
the physical basis for the tree-level 3-site graph in section 3.5.4 and the 2-loop 2-site sunset graph

in section 3.5.5. In section 3.5.6, we present some remarkable patterns that our analysis reveals.
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3.5.1 Universal selection rules for physical cut tubings

The linear relations of section 3.4 constrain the space of physical cuts. In particular, they constrain
how cut tubings can be nested. In subsection 3.5.1, we present the good cut and degenerate cut
conditions that govern the mechanism for evolving any cut tubing (i.e., going from a J-cut to
(J+1)-cut) in a sequentially nested fashion. Following this, we present an additional set of rules in
subsection 3.5.1 motivated by cohomological arguments, which accounts for cuts beyond this scope

of sequential nesting.

The good cut and degenerate cut conditions

For a given graph G, the residue of the wavefunction coefficient \Ilgfz ) on its total energy pole By =0

is called the (true) scattering facet of Pg [71]. At tree level, we have

CT(L(?)BT = RGSBT\I/%O) = 1 ’ — e ------- — ) ). (370)

Subsequent cut tubings contained inside the true facet Cflo) B, C CS}BT behave as scattering facets
associated to a lower n;-point wavefunction coefficient foS’iLn. This extends to any loop and number
of sites and means that a CSL_:)Bi(C Cff)BT) evolves like an (n; < n)-site (¢ < £)-level cut tubing
regardless of what other cut tubings surround C%:)Bi. This observation implies that Cy(ily)Bi only
directly constrains whether a (dashed) tubing placed wholly inside of B; lead to a physical cut. In
particular, this means that the evolution of a cut tubing—what further cut tubings can be drawn
inside it—does not depend on the details of the larger graph outside of it. In this way, information
from lower-point and lower-loop cuts is recycled! This structure is reflected in the good-cut and

degenerate-cut conditions discussed below.

The good cut condition

: ¢ ; : 4 4
Suppose we want to evolve the cut tubing CT(M) p, by nesting the cut tubing Cflj ?Bj: Cflj ?Bj -
Cff) B,- We first identify all minimal dependent sets (3.57) where 7; (corresponding to B;) is
the largest tubing'®

Il(xi) = {IS,)LHSUS?RHS ; (3~71)
The residue tubings that can be paired with CT(L? p, to form physical cuts do not set all
elements of [ S)LHS to zero (also no element of I S)RHS should be set to zero). This is the good
cut condition associated to the cut tubing Cr(f) B,- 1t constrains the space of physical cuts
with |IS7)LHS| — 1 further cuts inside Cff) B,

Sequential residues that set all elements in IS’)LHS (and none in Ig’)RHS) to zero annihilate the

16Note that 7; is always an element of IS)LHS'
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physical form \Ilg ), Therefore, the good cut condition tells us how to avoid these unphysical bound-
aries and generate physical cuts.'”

For example, the tree-level 3-site chain graph has a single minimal dependent set I 1(T) = {Bs, Br—4|Bs, Bs}

(depicted in (3.55)) that constrains the space of physical 2-cuts. The double residue ReS42[\IJ§0)] an-

nihilates \Iléo) (as shown in (3.42)) implying that Ci?l)% C C?E%4 is an unphysical 2-cut

~~~~~
- ~

0 0 .~ R IR
0571)32 C Cé-,l)i’:r:4 = e ——t——e = 0. (3.72)

S~ -

Thus, the good cut condition for the true facet Cé(% implies that pairing any of the cut tubings
yDPT=4

Ci?f)Bl , CS)BS, Cé%s, Cé%ﬁ with it corresponds to physical 2-cuts (see (3.115)). In general, |1, Lus| = 2

for all tree-level graphs. Therefore, the good cut condition only restricts the next cut ng) B, C cl® B

(0 o
such that Bj ¢ I, yg-

(o)
For loop-level graphs, |1, 1us| > 2 and the next cut Cffj ,)B]_ C Cff) B; is unconstrained whenever
|In,Lus| > 2. For example, let’s understand how the minimal dependent set IfT) = {B1, B, Br—5|Bs, B14}

of the the 1-loop 4-gon box graph affects the evolution of its true facet. While the space of 2-tubings

involving CA(S])B,T:5 is unconstrained, the 3-element set I 1(_7;)HS constrains the space of physical 3-cuts

according to the good cut condition of the true facet. Explicitly, the the following 3-cut is unphysical

- ~~

I' \\\
'l \‘
0 © 1 ! '
€, xc ) ey, = 1=0. (3.73)
A 1
‘\ 'r s‘ .¢ ~ I'
‘\\_ K LA
The degenerate cut condition
Suppose that we want to evolve an m = |I((j)LHS\ cut
Eimr) (&5) 0)
njjm,ll,Bij C.-C C”jjll»le CCl s (3.74)

(that could be embedded inside another cut) into an (m + 1)-tubing. The next tubing is

'
placed in accordance with the good cut condition of the most recent cut C:L;m‘lgj
m—17? m—1

C(ij) C C(Zjanl)

N Bim Mjm_1:B

..ot ©)
C---CC)' B, CCh B, (3.75)

Jm—1 a9

Then, the resulting (m+1)-cut tubing is degenerate, in the sense of section 3.4, if all elements

in IS’)LHS appear in the sequence (3.75) (the good cut condition ensures one cut corresponding

17Recall that all elements of I((j)RHS contain crossed tubings and correspond to sequential residues/cuts that are
either unphysical or degenerate. For degenerate cuts, these crossed tubings can always be uncrossed using the linear
relation of section 3.4.1. Hence such crossed residue tubings do not appear in our analysis. See the discussion around

the no crossed cuts box for more.



70

to an element of IS;LHS is present in the sequence (3.75)). This is the degenerate cut condition

of Cffi{ p, Or more precisely Ic(f).

Physical degenerate cuts need to be identified and counted ezactly once since they form a
single degenerate sub-block in the DEQ matrix A and only contribute a single differential
form to the physical basis.

To illustrate this condition in action, we provide a short discussion with selected examples below:

e Consider a 4-term minimal dependent set I3 = {B;, B;| By, B;}. While the 2-tubing Cff_iigi C
Cfﬁj’)Bj is an unphysical 2-cut, C"(fki)Bk C Cfli",)Bj is a physical 2-cut consistent with the good cut
condition of B;. This 2-tubing can now be followed by a residue tubing Cr(fﬂg (with 7; entirely
inside 7;) since this is consistent with the good cut evolution of Cfi{)Bj. However, this 3-tubing
satisfies the degenerate cut condition of CT(LZZB associated to L&j ) and must be classified as
degenerate. This example is essentially a diagrammatic restatement of the residue relation

(3.65) discussed in section 3.4.

The first example of such a degenerate cut occurs in the tree-level 3-site graph when the
physical 2-tubings Céo}gs C Céf%,T:AL or Cé%s C C§?1)3T14 are evolved into a 3-tubing and is a
consequence of the minimal dependent set I fT) = {Bs, Br—4|B5, Bs}. As discussed above, the

cuts Cé?%;g) and Cé%s effectively evolve as 2-site graphs, producing the 3-cuts

_____________ 4 pemmmmmmmm—al 4
/“’ --------- ~ 5 ~~~ I" 6/‘ --------- N\~~\
’ id ~ A} . ,
= 0 . .
(e ey = (e 4 (3.76)
~ ~ - R4 ~o SN e --" - - ’
. T . .
However, the new cut tubing in saturates I { ) and satisfies the degenerate cut condition

of the true scattering facet C§0])3T14. Therefore, these 3-cuts must be identified.

e A similar identification of a degenerate cut can be made for 1-loop graphs where one en-
counters 5-term minimal dependent sets. For example, for the case of the 1-loop 4-site
box graph, we encounter a degenerate cut as a consequence of the minimal dependent set
Il(T) = {By, Bs, Br—5|B19, B12}. Below, the 4th cut tubing Ci?}gs saturates Il(T) and is identi-
fied:

————————————
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____________

e The further evolution of physical degenerate cuts occurs in the usual fashion; adding a new tub-

ing inside the most recent tubing in accordance with its good cut condition and the degenerate
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cut conditions (of previous tubings).

e One often encounters scenarios where on the locus of a degenerate cut arising from some system,
say I is equivalent to the locus of another degenerate cut arising from a separate system
IU). In such a case, one simply identifies all (m-+1)-cuts where the latest red tubing is common
to all of them. For example, the first instance where one has to account for this is in the case
of the tree-level 4-site chain graph due to the minimal dependent sets I{g) = {Bs, By|Bg, Br}
and II(T) = {Br=s, B7|By, Bio}:

Importantly, we note that such degenerate cuts are different from the following degenerate cut,

which arises from a distinct system I;T) = {Ba, Br—5|Bs, B1o}:

(3.79)

The uni-dimensional cohomology condition(s)

The above good and degenerate cut conditions associated to any cut tubing are simple manifestations
of the linear relations of the associated hyperplane arrangement and constrain sequentially nested cut
tubings. In addition to these, we need one more set of conditions—the uni-dimensional cohomology
condition(s)—that goes beyond nested evolution, to generate all physical cuts. This graphical rule

tells us how to avoid cuts with trivial cohomology (do not contribute forms to the basis).

The uni-dimensional cohomology condition(s)
The uni-dimensional cohomology condition(s) dictates that:

1. An m cut tubing of an n-site ¢-loop graph G must enclose all the sites/vertices of G to

yield a physical m-cut.

2. Inside each physical cut tube containing more than a single vertex, further good cut

tubes must leave at least one unenclosed vertex.

Below, we provide the reasoning behind these conditions as well as a short discussion of selected

examples.

e To have a non-trivial cohomology, the cut must contain a bounded chamber with boundaries
made from the coordinate axes restricted to this cut. For a 1-cut of G, this implies that all
physical 1-cut tubings are associated to hyperplane polynomials B; that contain the factor

> (z; + X;) in them. This ensures that one twisted hyperplane on the cut intersects the
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remaining other twisted hyperplanes creating a bounded chamber (see the right ure in (3.35)

corresponding to the 3-site tree graph for an example).

For tree-level wavefunction coefficients \Ifglo), this condition implies that the only allowed
(0)

1-tubing with a one-dimensional cohomology is the true scattering facet C,, p_:

e e PR o

It is imperative to note that 1-tubings of tree graphs that do not correspond to the true
facet tubing CS?}BT violate this condition despite corresponding to non-vanishing residues of
\I/SLO). This is because such 1-cuts CT(LO) BBy do not have a bounded chamber and therefore
have trivial cohomology (the arrangement of twisted hyperplanes on the cut contains a pair
of parallel hyperplanes; see left ure in (3.35) corresponding to the 3-site tree graph for an

example). Such cuts correspond to unphysical cut tubings.

For example, the 1-cut Cfl%s in the 3-site graph that encloses only two vertices out of the

possible three

), = Resp, Uy = e e>— #£0, (invalid tubing) (3.81)

n)

yields a non-zero residue; however, such 1-cuts have trivial cohomology and are therefore
inconsistent with the condition above. From a cuts perspective, such residues split the graph
into a flat-space amplitude times a (shifted) lower-point wavefunction coefficient, as discussed
in [123].

For loop integrands, in addition to the true facet CfﬁBT, there are further 1-cut tubings
corresponding to hyperplanes Bp: that enclose all the sites of the graph and have a one-
dimensional cohomology. For example, the n-gon has a total of n+1 physical 1-cuts. In the

case of the 3-gon (triangle) graph, these four tubings are

Note that in addition to the true scattering facet tubing Cé}j)BT

of the 3-gon, the three other

=4

1-tubings corresponding to the hyperplane polynomials Br/—g 910 = Zle(:ci +Xi)+2Y1 03,
enclose all the three vertices of the triangle graph and are therefore consistent with the uni-

dimensional cohomology condition.

For higher cuts, to be consistent with the first uni-dimensional cohomology condition,

one has to partition the set of n-vertices of an ¢-loop graph into non-empty, non-overlapping
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subsets to give a physical product of residue tubings Cr(fllzgl X Cff;gg X oo X Cff:"g - such

that ny + ny + -+ - + n,y, = n, which means no vertices are left unenclosed, thus ensuring a

one-dimensional cohomology. An example of such a 2-tubing of the 4-site star graph is

3.B10 1.B4 (3.83)
An example of a 4-cut of the double box consistent with this condition is
(0) (0) © L0 _ |7 P
CZB12 X C27B10 X CLB2 xCip = ; i (3.84)

e Given any cut tubing, the subsequent cut tubings (consistent with its good cut condition)
contained inside it must leave at least one vertex unenclosed to guarantee a one-dimensional
cohomology and a non-trivial residue for the corresponding cut. When all vertices inside
a cut tubing are enclosed again, the linear system cannot be solved and the corresponding

cut/residue does not exist.

For example, one can check this condition explicitly in the case for the 3-site tree graph.

The following 3-cuts do not exist

————————

_______

-~ . . .
—o—}+—1'o ) L e———————¢ ! (lnvahd tublngs)

........... 4
210 3 I
:
l' l’.;l—.—l:.\l \| . (385)
YR Y 1 Y .,
N .

- -

is a physical 3-cut. It abides by both the good cut condition and the uni-dimensional coho-

mology condition.

In general, the n;-vertices inside any cut tubing Cffl) p, can be partitioned info non-empty,
non-overlapping subsets to give a physical product of residue tubings Cy(fll_)Bl X 07(122392 X o+ X
Cflei;”;)lgm such that n; +no + -+ + n,, < n,;. This leaves at least one vertex unenclosed and

satisfies the second uni-dimensional cohomology condition.

The set of three conditions presented above — the good cut condition, the degenerate cut condi-
tion and the uni-dimensional cohomology condition — universally determine the set of all possible

physical cuts contributing to the space of physical forms in the DEQs of any given \Il,(f ), as we
demonstrate in the following.
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3.5.2 Enumerating physical cut tubings

Equipped with a universal set of rules for identifying physical cut tubings, we elucidate how to
systematically construct all physical cuts for any n-site, ¢-loop graph. Moreover, we will demonstrate
how these conditions (that identify the space of physical boundaries) are in correspondence with all

possible ways to factorize \I/%) solely into product(s) of flat-space scattering amplitudes.

1-cut tubings

5f ), the only allowed 1-tubing consistent

As discussed above, for tree-level wavefunction coefficients ¥
with the uni-dimensional cohomology condition is the true scattering facet C,(S}BT, which yields the

corresponding flat-space amplitude A4,,:'®

cff}BT:::’ G~ eei-- — :)H>—‘ ..... . (3.86)

At loop level there exist additional 1-tubings that have one-dimensional cohomology as illustrated
in (3.82) for the 1-loop 3-gon. Note that the three 1-cuts Cé%i

comparison to the true facet 1-cut Célz%zg). The difference between these tubings is that the total

e CAITY @& superscript label (0) in
energy pole Bp_j5 is involved in 5-term minimal dependent sets LST) (or more specifically, with a
3-term 1 LTIZHS) whereas the hyperplane polynomials B;—g ¢ 10 appear in 4-term sets (with a 2-term
I l(;)LHS) meaning that such 1-cuts effectively evolve as tree-level 3-site 1-cut tubings. This is a generic
feature for all n-gon graphs and is an explicit example of how lower-site lower-loop data gets gets

recycled for the n-site £-loop graph under study!
2-cut tubings

Consistent with the rules presented in section 3.5.1, there are two possible ways to construct physical

2-tubings that generates the entire space of physical 2-cuts contributing to the DEQ basis:

e FEwolution of the 1-cut(s): For tree level graphs, the true scattering facet C,(S)BT is evolved into
physical 2-tubings by inserting a cut tubing inside CS}BT that is consistent with its good cut
condition, as described in section 3.5.1. These 2-cuts factorize the tree-level 1-cut CS?}BT or,

equivalently the flat-space amplitude A,,, into a product of lower-point amplitudes.

For example in the 3-site tree graph, two possible physical 2-cuts evolved according to the

181n order to demonstrate factorization properties, we will now restrict to a ¢3 vertex for simplicity. However, our

analysis holds true for arbitrary polynomial interactions.



(0]

good cut condition of the true facet factorizes Aéo) as follows:

.- ~

O O ‘
b, C b, =1 o) e / \ x . (387)

~ < -

.- ~

(0) (0) i Y

Cop, CCap,, =1 < — 1 / \ X . (3.88)
It is important to note that while the above 2-cuts result in a the same product of flat-space
amplitudes A4 x Az, they are distinct cut tubings and hence generate distinct physical forms.
This is a manifestation of the fact that the flat-space Mandelstam invariants are obtained
from a product of two hyperplane polynomials B;, B; (on the residue of the total energy pole)
appearing in the wavefunction coefficient. An explicit residue computation for the tubings
S12

s12 = —(Y1 — X41)(Y1 + X1) is the flat-space Mandelstam invariant.

above in (3.88) gives a result proportional to g x , where g is the three-point coupling and

For 1-loop n-gons, the 1-tubings Cy(l%i that are not the true facet evolve according to their
good cut condition, which is analogous to an n-site tree-level 1-tubing. The true facet CS)BT is
evolved without any restriction; any cut tubing can be placed inside it. This discussion readily

generalizes to generic £-loop graphs.

e Product of lower-point facets: As discussed in section 3.5.1, a physical 2-cut consistent with the
uni-dimensional cohomology condition involves partitioning the set of n-vertices of an ¢-loop
graph into two non-empty, non-overlapping subsets to give a product of two residue tubings

Cr(fll’)Bi X Cfﬁgy_ such that ni + ny = n. An example of such a 2-tubing for the tree-level 4-site

star graph was given in (3.83) and corresponds to the factorization:

(3.89)

(3.90)

It is important to note that each cut tubing in these 2-cuts will evolve as independent

1-cut tubings, in accordance with its own set of good and degenerate cut conditions. What
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guarantees this is the existence of linear relations where B;, B; now act as the “true” facets of

lower-point functions with n; and ns vertices.

For example, in the 4-site star example presented above, the hyperplane Big is the “true

facet” in the minimal dependent set IFO) = { By, B19|Bs, Bs} represented graphically by

10

= . (3.91)

N +

As a consequence, the 1-cut tubing Cé%w evolves as a 3-site 1-tubing.

The same story extends to product 2-tubings of the n-gon. For example, in the 4-gon 2-cut

presented above, the two 1-cuts will each evolve as the 1-cut of the 2-site tree-level graph!

One can similarly work out higher loop examples. For example, in the double-box 6-site
2-loop graph, we have the following possible physical 2-cut:

-———
.- Ss RS
’ -~ . N

N
~
-

(3.92)
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While the first 1-cut evolves as that of a 4-gon box, the second 1-cut evolves as the 1-cut of
the 2-site tree-level graph. This allows us to effectively reuse lower-site, lower-loop data for

complicated loop graphs under study!
3-cut tubings

There are now three possible ways to construct physical 3-tubings that generates the entire space

of physical 3-cut forms, while accounting for the appearance of degenerate cuts:

e FEwolution of the 1-cut(s): At tree level, the evolution of the physical 2-tubings involving the
true facet Cr(LOjBT occurs via the two possible options.

i) Evolving the latest cut tubing consistent with its good cut condition. In such a scenario,

one has to also account for the degenerate cut condition of section 3.5.1. An example of a
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non-degenerate and degenerate 3-cut for the tree-level 4-site star graph are:

0 0
i, el

(3.93)

0) 0) 0) !
C;BG = CéBs = CiBT:S =

ii) Introducing an additional good cut tubing inside the true facet consistent with the second
uni-dimensional cohomology condition, i.e., (Cfﬁ) B, X Cfg)_’ Bj) C CS?}BT such that nj 4+ ny < n.
From a factorization perspective, this ensures that we avoid cutting an internal edge of the

flat amplitude twice simultaneously.

An example of such a 3-tubing for the 3-site graph is (3.85), This is also the maximal
number of tubings one can draw for such a graph and decomposes the flat-space amplitude
into its three 3-pt building blocks AL:

_____________ 4
eV 3 I
:’ l'.;_._l;.\ s|(—> X X . (394)
LSRN ’ Y -y,
AR “"/

~ -

(£2)

e Evolution of the lower-point facets: As discussed, the evolution of the 2-cut Cff;gi xCp, B,

proceed without extra subtleties except that any evolution of the individual 1-cuts has to be
consistent with its good cut conditions. An example of such a 3-tubing for the 4-gon is shown

as follows:

...........

(C1'h, C Cilp,,) * Cip, = (3.95)

- ==

.
g Y
\_,

1 -
~————

e Product of lower-point facets: As before, one can construct physical 3-cuts consistent with the

uni-dimensional cohomology condition, which involves a simple partition of the n-vertices into
three non-empty, non-overlapping subsets to give a product of three 1-cuts Cffl)_ B, X Cr(i) B; X

Cr(i,),Bk such that ny +n9+mn3 = n. An example of such a 3-tubing for the 4-site star tree graph
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is:

0 0 0
% x e x ¢, X X . (3.96)

n~-cut tubings

The procedure to generate the n-cut tubings for any n-site, ¢-loop graph proceeds in a similar
fashion — evolution and construction of each cut tubing such that it is consistent with its good cut,
degenerate cut and the uni-dimensional cohomology conditions at each step. For a generic graph,
the maximal number of residue operations one can perform is n, which from a cuts perspective
corresponds to decomposing the flat-space amplitude A,, into its n 3-point building blocks. The
process ends when one has generated all physical boundaries contributing to 1-, 2-; ..., n-cuts,

which in turn enumerate all the physical forms contributing to the physical subspace of the DEQs!

3.5.3 From cut tubings to physical FRW forms

This space of physical cut tubings can be translated to the corresponding physical FRW forms that
constitute physical DEQ basis. Not only do these cut tubings enumerate the space of physical cuts
and therefore, the dlog; part of a basis form (c.f., (3.23)), they also determine € (and consequently
Qy), giving the full FRW form ¢,. We provide the rule to generate non-degenerate physical forms

before providing the rule for degenerate forms.

Non-degenerate physical FRW forms: Enumerating the physical cut tubings via the rules
presented in sections 3.5.1 and 3.5.2 is equivalent to listing all good ¢ ;’s. For non-degenerate cuts,
each ¢ is dual via the intersection number to dlog ;. The remaining part of the FRW form is linked
to the the canonical form of the cut M; (recall each physical cut has a 1-dimensional cohomology
and unique canonical form).

To determine €2 (or equivalently ; = Q\ 7) from the cut tubings, one links each pair of vertices
{i,j} without crossing a cut tubing.'” Each linked pair of vertices corresponds to the dlog-form:

dlogi—;. Wedging together all pairs produces Q. We illustrate this procedure using selected examples

19The variable z; is fully determined if it is the only unenclosed vertex inside another cut tubing. Therefore, it

cannot participate in the dlog-form contributing to QJ.



from the physical basis of the 4-site chain (see appendix 3.9.2)
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79

(3.97)

(3.98)

(3.99)

(3.100)

(3.101)

(3.102)

(3.103)

(3.104)

(3.105)

Note that the indices in the dlog; have been ordered according to our cut ordering rules: larger

tubes come before smaller tubes.
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Degenerate physical FRW forms:  As discussed previously, there are no crossed cut tubings in
the physical subspace. The physical forms associated to degenerate cuts always come with a specific
linear combination of dlog;’s where each J is associated to a non-crossing tubing of the degenerate

cut. For example, in the 3-site chain we have

Gohys.16 = @ — dlogBy A dlog%i AdlogBs . (3.106)

We conjecture that the physical linear combination of dlog’s associated to any degenerate cut is

obtained by first identifying all non-crossed cut tubings associated to this degenerate cut. Then,

the corresponding dlog’s are added with coefficients £1 such that the B; corresponding to crossed
tubings appear in ratios like in (3.106) whenever possible.

To further illustrate this point, consider the degenerate 4-cut involving Bs, By, B1g, B7 and Bs.

There are three non-crossing cut tubings associated to this cut

From the discussion above, we want the crossing tubings to appear as ratios in the physical form

pe3 = dlogs g 60 — dlogs g 7 5 4 dlogs 10,72, (3.108)

as given in (3.155) (produced via the direct calculation method outlined in section 3.3). Indeed this

is easy to check

B
w3 = dlogBs A dlogB—6 A dlogB7 A dlogBs + dlogs 14 7.3
7 B (3.109)
= dlogg g 6,2 + dlogB5 A dlog% A dlogB7 A dlogBs
9

where the tubings {76, 77} and {79, 710} cross. However, the pair {719, 76} also cross but cannot be
put into a ratio because they differ by more than one factor of B;.
In general, the physical dlog form for a degenerate k-cut is
r .
3 (AEJ”dB> dlog (3.110)
a=1 /\jeJ{’“) dB; ‘
1

where Jék) is a set indexing the B; generated by the non-crossing k-tubings associated to the de-

generate k-cut: {Ték)} with a = 1,...,7 > 2. The only freedom is the overall sign which is fixed by
a choice of Tl(k) or equivalently Jl(k).

To see why this formula must be correct, recall that all FRW forms are generated by the set of
compatible complete tubings of G, which by definition, do not contain crossed tubings. Additionally,
note that each term in this set comes with coefficient +1. Up to a sign, the non-crossing residues of

\Ilgf) corresponding to a degenerate cut must be the same. Because of this, the relative sign of the
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residues and corresponding combination of dlog’s that appear in \Ilgf) comes solely from the relative
sign of the differentials /\jlel’“) dB;’s.

From the formula (3.110), it is easy to see that the B; that cross must come with signs such that
they form ratios in the dlog-form. Choose two terms corresponding to sets J, and J, that share

k — 1 elements
JW = {IP nIP),py and I = {(IF A IM) ¢} (3.111)

The tubings 7, and 7, necessarily cross which means that they appear on the same side of a linear
relation with a “47-sign. Thus, B, = —B, + --- and therefore there is a relative sign between the
differentials /\iGJ((Lk)dBZ‘ and /\jeJ{")dBj' When combined, we find a dlog-form with the ratio B,/ B,.
An alternative construction of the physical form associated to a degenerate boundary using a
diagrammatic method for partial fractions can be found in appendix 3.10.
Since all degenerate cuts correspond to the same topological space, the associated QJUc) are the
same and generated in the same way as for non-degenerate cuts. For example,

~~~~~~

.-
% ~ ~ -,

, N ST L RIS . x
(o —(o—e—e—e) ) = i = (dlogs 5 5 —dlogs 10.0) A dlogf , (3112)
\\“1 e L AN S - _:,/ 30y ,1U, 4
3
= pTEon = dlogg 6 5 — dlogg 7 5, (3.113)

where ¢35 and 52" can be found in appendix 3.9.2 and 3.9.4.

4-chain

3.5.4 Example: the physical basis for the 3-site tree graph from cut tub-
ings

We now demonstrate the rules governing the evolution and construction of cut tubings to enumerate

the physical boundaries contributing to the DEQ system with explicit examples. We begin with the

3-site tree graph and show that our prescription involving drawing consistent residue tubings land

us on the 16 physical forms listed in (3.51). For the hyperplane polynomials B; and the associated
linear relation system I for the 3-site tree graph, please refer to (3.28) and (3.31) respectively.

1-cut tubing

As discussed in section 3.5.2; the only allowed 1-tubing consistent with the uni-dimensional coho-
mology condition is the true scattering facet of the 3-site tree graph Cé?J)BT:y This corresponds to

the residue that yields the 5-pt flat-space tree amplitude As:

- ~

T e . e ) & , (3.114)

~
"""""""
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as well as the physical form ¢; given in (3.46).
2-cut tubings
Now, there are two possible ways to construct physical 2-tubings, as discussed in section 3.5.2:

i) Evolve the scattering facet tubing (3.114) consistent with its good cut condition. Following
the discussion leading up to (3.72), we obtain four such good 2-tubings that evolve from the

scattering facet which generate the physical forms yo, 4, @s, @4 listed in (3.47):

~ e -

— L N e

_____________

~3s

________________

____________

Each of these 2-cuts above factorize the 5-pt flat amplitude As into the product A4 x As, as

was shown in (3.88) for two such 2-cuts.

ii) Construct physical 2-tubings by decomposing the graph into a product of two lower-point

residue tubings. For the 3-site graph, we have two such possibilities:

(3.116)

These 2-cuts correspond to the physical forms ¢3 and @5 in (3.47).
3-cut tubings
The construction of 3-cut tubings proceeds in three different ways, as outlined in section 3.5.2:

i) Continue evolving the 2-tubings that originated from the scattering facet (3.115), except that
now we have to be consistent with the appropriate degenerate cut condition. Additionally,
we can construct a 3-cut consistent with the uni-dimensional cohomology condition, as shown
in (3.94). Thus, we get three non-degenerate physical 3-tubings that correspond to the forms
©13, P16, P18 in (3.48). The degenerate 3-cuts (3.76) are identified and counted precisely once;
they correspond to the physical form ( - )/2. The full evolution of the scattering facet
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tubing into 3-cuts is depicted below:

All the 3-cuts above correspond to the product Az x A3z x Az, as shown explicitly for the 3-cut
in (3.94).

ii) The second set of physical 3-tubings are obtained by evolving the 2-tubings constructed in
(3.116). We note the tubings C;O,)g and Céo})g in (3.116) are effectively scattering facets of a
» D5 D6

2-site tree graph, which can be evolved without restriction (as there are no associated minimal

. . (0)
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These 3-cuts correspond to the physical forms 19, ©15, 14, @17 in (3.48) and also decompose
the flat amplitude As into its three building blocks As.

iii) The remaining physical 3-cut:

"-\ '—-\ "-\
’ M 1 M ’ M
T e T e ! & X X , (3.119)
\~-" ‘*-" \~-a’
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generates the remaining physical 3-form ¢ in (3.48).

For the 3-site tree graph, the maximal number of residues one can take is three and hence the
flow ends with drawing all consistent 1-, 2- and 3-tubings, which are in one-to-one correspondence
with all possible ways to factorize the 5-pt flat amplitude down to its 3-point building blocks, as
demonstrated above. Therefore, these simple rules for evolving cut tubings generate the 16 physical

forms in the DEQs of the 3-site tree-level wavefunction coefficient!

3.5.5 Example: the physical basis for 2-site 2-loop sunset graph from cut
tubings

Having demonstrated the universal rules for residue tubings for the simplest 3-site tree-level graph,

we show these rules in action for the 2-site 2-loop sunset graph.

Hyperplane polynomials: The FRW hyperplane polynomials B; associated with the sunset

graph are
B1—@—I1+X1+Y1+Y2+Y37 Bz—®—$2+X2+Y1+Y2+Y3,
BT:SZ :.’171+J,‘2+X1+X27 B4:@:xl+x2+Xl+X2+2Y2+2YE’H

B5—<@>=$1 +xo+X1+X2+2Y142Y5, 362@23?1 +xo+X1+X24+2Y14-2Y5,
B7:‘,:3}1—|—$2+X1—|—X2—|—2Y3, BSZ :1‘1—|—$2—|—X1—|—X2+2Y2,
N
"
Bg: e :{E1+.’E2+X1+X2+2Y1. (3120)

Linear relations: There exists several linear relations involving the total energy hyperplane Bp_s.

These include three 4-term relations giving us the minimal dependent sets
1" = {Brs, Ba|Br, Bs} , Ii") ={Br—s,Bs|Br,Bo} . I = {Br=s, Bs|Bs, Bo} . (3.121)

There also exists linear relations involving the other hyperplane polynomials, which all give 5-term

minimal dependent sets. For example, a set involving Bg gives us
1) = {B1, By, By|Bs, Bs} . (3.122)

However, such 5-term sets constrain the space of physical 3-cuts as per the good cut condition;
hence, they will not affect our analysis for the sunset graph, where the maximal number of residues

one can perform is two.
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We can now construct the physical 1- and 2-cuts that contribute to the physical basis of the

sunset graph.
1-cut tubings

There are seven 1-tubings that are consistent with the uni-dimensional cohomology condition:

We note that in addition to the true scattering facet 6522%:3, there are six further physical 1-tubings.
2-cut tubings

Now, the true scattering facet Cé?J)BT:S is evolved to 2-tubings consistent with its good cut condition
resulting from the sets 1§ Nisted in (3.121). However, coupled with the uni-dimensional cohomology

condition, we only get the following two physical 2-cuts arising from the true facet:

(3.124)

Each of the remaining six 1-tubings are evolved to give two physical 2-cuts, consistent with the
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uni-dimensional cohomology condition:

(3.125)

The remaining 2-tubing is simply given by the product of two 1-tubings enclosing each of the
,'-\, . (3.126)

Counting all the seven 1-cut tubings in (3.5.5) along with the fifteen 2-cut tubings in (3.124), (3.125)

vertices:

and (3.126), yields the 22 physical forms for the sunset graph.
More generally, it is interesting to note that for a 2-site ¢-loop graph, the uni-dimensional co-
homology condition implies all its 1-cuts behave as those corresponding to a 2-site tree level graph.

This, along with accounting for the single 2-cut of the form (3.126), allows us to predict the number

of the physical forms contributing to the DEQs of the 2-site ¢-loop wavefunction coefficient 1/156):
2 D+ 1) =2(3-2¢ - 1). (3.127)
# l-cuts # 2-cuts

This matches the counting of the physical forms for the bubble (¢ = 1) and the sunset (¢ = 2) graphs
using the rules of kinematic flow [134, 133]. Moreover, at ¢-loop order, (3.127) matches the counting
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presented in [131] obtained by adding the number of functions at each level in their corresponding
DEQ system.

3.5.6 Cut stratification for trees and loops

We end this section on residue tubings with comments on certain surprising patterns associated to
the space of physical boundaries/cuts for tree and loop graphs. At tree-level, the number of physical

cut tubings/forms is 4"~1 and splits according to the codimension of the b-cuts

n

n—1 _ n—1\ 1
4 _Z(b—1)3 , (3.128)

b=1

which can be organized into a Pascal triangle:

l-cuts 2-cuts 3-cuts 4-cuts 5-cuts 6-cuts
30 3! 32 33 34 3°
n=2 1 1
n=3 1 2 1
n=4 1 3
n=>5 1 4 4 1
n= 1 5 10 10 5 1

Importantly, we note that this stratification is topology independent!
The number of physical forms for n-gons at 1-loop generated by this flow of residue tubings
matches the number (= 4™ — 2(2™ — 1)) predicted in [131]. While this data does not form a Pascal

triangle structure as in the case of tree graphs, its cut stratification is given by

l-cuts 2-cuts 3-cuts 4-cuts

n = 2 (bubble) 3 7
n = 3 (triangle) 4 21 25

n =4 (box) 5 42 100 79

3.6 Discussion and Outlook

The FRW wavefunction coefficient is expressed as a twisted integral whose integrand is associated to
a particular hyperplane arrangement (geometry). Recently, the kinematic flow algorithm [76, 75, 134,
133] demonstrated that the twisted cohomology of FRW cosmological integrands vastly over counts
the number of integrands needed to define DEQs for FRW wavefunction coefficients. The minimal
space of integrands that couple to the wavefunction coefficient is called the physical subspace and its
characterization is imperative for understanding how to build DEQs for loop integrated wavefunction

coefficients.
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In this article, we demonstrate that the physical subspace is intimately tied to the physical (non-
trivial) cuts/residues of the FRW form o (integrand of the FRW wavefunction coefficient). Using
the intersection number (an inner product on the space of integrands) and exploiting extra structure
in the dual relative twisted cohomology (automatically organized by cuts), we show that the physical
subspace is spanned by the forms that share cuts/residues with ¥ via equations (3.25) and (3.27).

We compute the DEQs for the full twisted cohomology of the 3-site chain (section 3.3), 4-site
chain (appendix 3.9.2) and 1-loop 3-gon (appendix 3.9.4) graphs using the intersection number.
Then, we demonstrate how to construct the physical subspace and check that this subspace has
an integrable DEQs that closes. Mathematica files for these examples can be found at the github
repository €.

We provide geometric and graphical rules for generating the differential forms that make up
the physical subspace. Importantly, one has to disentangle differential forms associated to so-called
degenerate cuts. Degenerate cuts are codimension-m surfaces that correspond to the intersection of
more than m (untwisted) hyperplanes (B; = {B; = 0}). As a consequence, transposing the order of
two resides in a sequential residue does not necessarily (anti-) commute. Moreover, there are relations
among sequential resides and differential forms. We show that each degenerate cut contributes only
one differential form to the physical subspace and provide a simple rule to construct this form.

Degenerate cuts are a consequence of linear relations satisfied by the polynomials that generate
the cosmological hyperplane arrangement. In section 3.4, we show how all linear relations of a
cosmological hyperplane arrangement are a result of simple graphical rules. Since each hyperplane is
generated by a graphical 1-tubing of the Feynman graph, linear relations are the result of uncrossing
a crossed 2-tubing.

Amazingly, these linear relations classify all physical, unphysical and degenerate cuts as well as
differential forms. In section 3.5, we develop graphical rules for enumerating all physical cuts and
identifying degenerate cuts. We also provide rules that map the diagrammatics to explicit forms.
The good cut, degenerate cut and uni-dimensional cohomology conditions enumerate the physical
subspace for any graph at any loop order (at the level of loop integrands). At tree-level, the physical
subspace has a nice interpretation: the physical subspace is all forms associated to cuts that factorize
the FRW form into exclusively flat space amplitudes. A completely satisfactory explanation of this
fact is missing and left for future work.

Our results for the size of the physical subspace is in perfect agreement with other methods
(kinematic flow [76, 75, 134, 133]). Moreover, we find that there is a simple Pascal’s triangle
structure to how many of the 4"~ physical forms are associated with each b-cut (see (3.128)). For
the ¢-loop 2-site graph, we verified that the size of the physical subspace is 2(3 - 2¢ — 1) and break
down how it is organized on each cut in equation (3.127).

The flow of cut tubings—how to evolve a physical m-cut to a physical (m + 1)-cut—also predict
which physical dual forms couple to each other in the DEQs. This is a consequence of the structure of
dual cohomology; specifically, how the derivative produces boundary terms (see footnote 7). Then,

since the dual and FRW DEQs are related by a sign and transposition, one simply reverses the arrows
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to get the flow of FRW forms. This effectively predicts all the zeros of the DEQs and provides a
possible explanation for the mechanism responsible for the structure observed in the kinematic flow
algorithm. Graphical rules for determining the entries of the connection matrix akin to the kinematic

flow is currently under investigation.

3.7 Appendix: From cut contours to the dual canonical form

In this appendix, we provide more intuition for the nature of dual forms by relating them to more
familiar objects: cut contours. The ideas presented here are also important for the development of
a diagrammatic coaction and are part of some work in progress [149].

For a positive geometry, the canonical form maps a dual contour A (bounded chamber with
boundaries on either B; or 7;) to an FRW form Q[A] with logarithmic singularities on dA. There
also exists a dual version of this map, which maps a cut contour A;A Oy (where A is a bounded
chamber on the cut M; with boundaries 7; N By) to an FRW form via the blue arrow(s)

(o]o)=1

dual forms{ —————— ﬁ RW forms
el - . 3.129
oo ] (3.129)
dual contours FRW contours

In this way, our basis of FRW forms inherits the essential properties of cut contours: we map contours
on the space of interest to forms on the space of interest. This should be contrasted with the usual
positive geometry workflow where the canonical form maps contours belonging to an axillary space
to forms on the space of interest.

The first (diagonal) blue dashed arrow in (3.129) represents the dual canonical form associated

to a cut contour
’y:AJ/\ Oy = Q[AJ/\ OJ} = (SJ(Q[AJ]) . (3130)

This is exactly how we build up our basis of dual forms in (3.22). The second (horizontal) blue
dashed arrow in (3.129), represents choosing a basis of FRW forms that diagonalizes the intersection

matrix. The following replacement rule
67(Q[Ay]) —  dlog[J] AQA]. (3.131)

generates a basis of FRW forms that almost diagonalizes the intersection matrix as demonstrated
by (3.24). Recall that Q[A ] is obtained from Q[A ;] by removing the restriction to the cut .J acting
on the T;’s (an explicit example of this procedure is given in section 3.3). A simple recipe for
diagonalizing the degenerate cuts in physical subspace is provided in section 3.4.

Intuitively, the action of a dual canonical form ¢ = 6;(Q[A,]) on an FRW form ¢ via the

intersection number should be thought of as an approximation to the the integral f,yugo where
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v = A A Oy is the cut contour that generates the dual canonical form ¢. That is,
/ (ux o) = (05(Qs[A ])]e) . (3.132)
AFANO g

Formally, this is because the dual canonical form is a realization of Poincaré duality: H,,(M\B;L,) ~
H™(M\ B;V) = H*"(M,B;V).2%?1:22 Since we diagonalize the intersection matrix of the physical
subspace, this implies, that our physical FRW forms have a diagonal pairing with physical cut

contours to leading order

U Pphys,b ~ (sab . (3133)

“Yphys,a

Like physical dual forms, physical contours do not contain residues that annihilate the physical FRW
form. The problems with degenerate residues of cosmological arrangements is dealt with in the same
way as dual forms (section 3.4).

Equation (3.133) can also be thought of as a generalization of prescriptive unitarity for integrals
with multi-valued integrands. Usually, prescriptive unitarity instructs one to find a basis of forms
that is diagonal with respect to cut contours [114]. However, due to the twist u, the best one can do
is diagonalize the leading order part of this matrix. Moreover, achieving this using the intersection

number is much easier that actually carrying out the integrations and expanding in €.

3.8 Appendix: No new poles

In this appendix, we derive a simple representation for Vi, that has at most simple poles. Such
a representation is needed to use the simplified formulas (3.19) and (3.21) for computing the inter-
section number. Then, we show that Resj,[Viinps] = 0 <= Resy,[pa] = 0 from which we can
deduce equation (3.27).

To this end, it is easiest to work on on the full space of kinematic and integration variables:
M\ B. Here, we set M = C3"+¢=1\ T where there are 3n — 1 total variables: n integration variables
x;, n kinematic variables X; and an additional n 4+ £ — 1 kinematic variables Y;. We also interpret
the vanishing loci {7} = 0} and {B; = 0} on C>"**~! instead of just the integration space M.

Then all dlog-forms on the integration space M can be canonically uplifted to the full space M
simply by swapping all instances of dlog for D log = dlog 4 dyi, log. We also upgrade the covariant
derivative V. — Vp = V + Vi = D + DloguA. Denoting the uplift of ¢ by @, the part of Vp®

th th

20In general, Poincaré duality is an isomorphism between the p'? homology and the (2n — p)*" cohomology where
n is the complex dimension of the topological space (M \ B or (M, B) in our case). For p = n, this is an isomorphism

between the n'? homology and cohomology as stated in the main text.
21The symbol L, is the local system to associated to the twist. Intuitively, this is extra information in the

contour specifying which branch of the multi-valued function uw should be used when integrating. It is only here for

completeness and can be ignored for the purposes of this work.
22The existence of the dual canonical form should not be surprising since H,, (M \ B; £,,) has an analogous decom-

position to (3.17) (see [151, 155] for such a decomposition in the untwisted case).
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that is a 1-form on kinematic space is cohomologous to Vi, in the usual sense. Thus, we have a

closed form dlog representation of Vi, ¢
vkin@ ~eD IOg(Tl T Tn) A ‘I)‘(kin p>1)-forms—0 (3'134)

since @ only has simple poles and A® = 0. The projection (kin p > 1)-forms — 0 is equivalent to
adding up all possible ways one can assign one D — dy;, with all others D — d. Having a simple
representation for Vi, with only simple poles allows for the use of formulas (3.19) and (3.21).

Then, the claim that Resi[p] =0 = Resk[Vikiny] = 0 follows straightforwardly from (3.134).
Explicitly, start with the following representation for the physical differential form

v = 3" v, diog, (3.135)
J:|J|=n

for some coefficients ©; € Q. Since \I'%) does not have any poles on the twisted hyperplanes,
only dlog; forms need to be included in the above decomposition. Next, we make the replacement

dlog — Dlog to uplift \Ilgf) and compute its total covariant derivative

U — > 4, Dlog, (3.136)
J:|J|=n

Vp(3.136) =¢ Y, Dlog(Ty -+ T,) ADlog, (3.137)
J:|J|=n

Since the residue Resg is simply the coefficient of D logy-, we have

Resk[(3.136)] = > (=1)"\y, A\ Dlog Bk (3.138)
JDK JEIN\K
and
Resg [(3.137)]=¢ (—1)KIDlog(Ty- T |x )A(3.138) (3.139)
Therefore,
ReSK[\Ilgf)] = (3138)‘(1(“1 p>1)-forms—0 — 0, (3140)
U
ReSK[vkin\Ijg)] = (3139)‘(km p>1)-forms—0 — 0, (3141)

as claimed. The same manipulations work for all other basis elements, not just W’.

3.9 Appendix: Further examples (including loops) via direct

computation

In this appendix, we elaborate on how to construct the gauge transformation that splits the twisted

cohomology into a physical and unphysical subspace (appendix 3.9.1). Then we apply the methods
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of section 3.3 to the 4-site chain (appendix 3.9.2), the 4-site star (appendix 3.9.3) and the 1-loop 3-
gon (appendix 3.9.4) graphs. Using the intersection matrix, we demonstrate that the corresponding
full cohomologies with dimensions 213, 312 and 99 reduce to a physical basis with 64, 64 and 50
elements, respectively, in agreement with both the kinematic flow algorithm [76, 75, 134, 133] and
those obtained from a time integral perspective [131]. The DEQs for the 4-site chain and the 1-loop
3-gon can be found in the Mathematica files at the github repository €).

3.9.1 Explicit decomposition of the 3-site chain degenerate block
To decompose the degenerate block in the 3-site chain example, we compute the vector

Wysga 1= (ReS452 [\I/éo)], ReS462[\I/:()’O)], Ressgo [\I’éO)D = (1, -1, O) s (3.142)
and its nullspace, W 54, := Null(wys62). Next, we build the matrix

Tigx1s
Ti8x18

(Was62)1x3
(W 4562)2x3

‘X
c
Il
Il
o
o

(3.143)

gy
ﬂ4x4

A basis of FRW forms with the analogous property is given by the basis ¢ = U - ¢’ where

lgxs
Usso
Lsxs
U=(xU-C)' = -1 : (3.144)
0 0 1
y 3 0
Lyxa

and U, ., is a matrix corresponding to the unphysical 56-cut with a 2-dimensional cohomology; its
exact form is not needed.

The forms of (3.51) make up the physical subspace. Their corresponding differential equation is

A = Adiae 4 poftdiag (3.145)

“=phys = “=phys T “=phys
where
ATPE = —¢ diag([[sg]] [ s6)?] [st 2] [st 2] [si sH2] [-s5 2]
[-sr 2] [si st si] [st s+ s3] [-si sz ~sf] [-sTs5¥s].

[[sf’s;"sg']] ,[[751'32—‘*'33—}] ,[[751—53"*'5;']} ,[[751_33'—3;]] ,[[731— s;""s;]]) , (3.146)
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and
0 0 0 0 0 0 0 0
+
s
2(-== 0 0 0 0 0 0 0
s,
6
0 0 0 0 0 0 0 0
+
S
2 (-== 0 0 0 0 0 0 0
s
5
0 0 0 0 0 0 0 0
2 S3
2 |-=2 0 0 0 0 0 0 0
s
d
5
o
2 -=1 0 0 0 0 0 0 0
s,
6
0 0 0 0 0 0 0 0
s+t
0 0 3 2 0 0 0 0 0
Aoff—diag —¢ - S3 -
“=phys 0 3 52 0 1|52 0 0 0 0
55 2Lstf
+
-
0 0 0 0 3~ 2 0 0 0
51
+
st
0 0 3 2 0 0 0 0 0
S3
+
s s
1 3 1 1
0 1 0 0 0 1 0 0
=] 2]
|[ s5 Sa
s+t
0 0 0 0 3-== 0 0 0
Sl
+- -
s s
0 0 0 %|[7 2_ ﬂ 0 0 122 o
51 S3
ST 255
121 1 3
0 0 0 0 0 2|[ S;rJr]] b|SFF 0

To fit the connection matrix on the page, we have introduced the shorthand notation [e] := dlog(e)
and defined
SE=X,+YV], SEE=Xo+V1+Yy, Sf=X3+Y,, (3.148)
Si=X1+Xo+ X3, S5=X1+X2+Ys, Sy=Xo+X3+V;.
Of course, whenever all superscripts are a “+” sign, these reduce to the familiar linear forms of

equation (3.6).

3.9.2 Physical basis for the tree-level 4-site chain

Below we present a basis for Hé To present the basis efficiently, we introduce the short hand

hys*
dlog[i, 4, - - -] = dlog(:) A dlog(j) A --- with ¢ = B; and i = «;.

We use the following labeling for the tubings/hyperplanes:
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The flat-space wavefunction coefficient of the 4-site chain graph is (recall (3.7))

QZ(,L(-)():hauin
8Y1YoYs * + @_@

(3.149)

!
8

For the 4-site chain graph, (3.22) and (3.23) produce an over complete set of 234 forms. However, the
Euler characteristic or equivalently the rank of the intersection matrix is 213. We choose a linearly
independent set of 213 forms from the over complete set by removing the linearly dependent form
from the three degenerate 3-boundaries and six degenerate 4-boundaries; the largest degenerate block
being 12 x 12. Constructing the analogous gauge transformation (3.143), we arrive at a differential
equation with the physical and unphysical sectors separated.

The physical basis contains a single 1-cut form,

o1 = dlog[s, 2,2 3] (3.150)
and nine 2-cut forms
po =dlog[5,1,2,3], o5 =dlog[10,1,2,3], o, =dlog[5.4, 3, 2],
ps = dlog[9,4,%, 2], s =dlogl5.9,%,2], o7 = dlogl5.10, 2, 8], (3.151)
P8 = leg[5 6, %7 %]a P9 = leg[5~ 8, %7 %]7 ¥10 = dlog[G 8, %7 %]

Note that once restricted to the 56-, 58- and 68-cuts, the form dlog (i—;, %Z) becomes the corre-
sponding non-simplicial canonical form on that cut.

The 3-cut forms corresponding to non-degenerate boundaries are

p11 =dlog[8,1,2,3], 1 =dlog[10,1,2,3], i3 = dlog[5,1,4, 3],

o1 =dlog[7.1,4,2], 15 =dlog[9,1,4,2], 15 = dlog[10, 1,4, 2],

¢17 = dlog[5, 6, 1, %], p1s = dlog[1, 5,8, %], p19 = dlog[5,9, 1, %]’

o0 = dlog[6,8,1, 3], o =dlog[10,7,1,2], 20 = dlog[10,8,1, 3], (3.152)
o3 = dlog[8,6,2,3], oy =dlog6,3,4,2], 25 = dlog[9,3,4, 1],

o6 = dlog[6, 8.3, %], o7 =dlog[5.6,4, %],  as = dlog[5,8.4, 1,

@20 = dlog[5,10,4, %, 39 = dlog[6,8,4, 5], a1 = dlog[9, 6,4, 3],

30 =dlogl9,7.4,2], 33 =dlog[5.9,6,3], 34 = dlog[5,10,8, 3],

while the 3-boundary forms corresponding to degenerate boundaries are

= dlog| .2, = dlog| .11, = dlog| ,2]. (3.153)



The non-degenerate 4-boundary forms:

¢35 = dlog[1, 2,3, 4],
oa1 = dlog[8, 1,2, 4],
¢as = dlog[6, 1,3, 4],
a7 = dlog[6, 8, 1, 3],
dlog|6, 8,1, 4],

g[r 9,6,1],

0g[6. 8,2, 4],

P56 =

39 = dlog|8, 1,2, 3],
40 = dlog[10, 1,2, 4],
15 = dlog[7,1,3, 4],
¢ag = dlog[5, 6, 1,4],
¢51 = dlog9, 6, 1,4],
51 = dlogl6, 2, 3, 4],
w57 = dlog[9, 7,3, 4],

The degenerate 4-boundary forms:

P59 = leg 5,

o3 = dlog[5, 9, 6, 2]—dlog[5. 9. 7, 2]+dlog[5, 10, 7. 2],

[

61 = dlog[5, . 2,
[
[5,9.7,3]—dlog[5. 10

i1 = dlog|5.
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w40 = dlog[7, 1,2, 4],
43 = dlog[10,7,1,2],
pag = dlog[9, 1,3, 4],
a9 = dlog[5
[
[
[5,

18,1,4], (3.154)
52 = dlog[10, 8,1, 4],
55 = dlogl6, 8,2, 3],
P58 = dlog 5, 10 8 4]
oo = dlog[10. 2. 1.3],
2o = dlog[9. 0.2, 4],
72,4 (3.155)

7, 3]4dlog[5. 10,8, 3] .

The resulting differential equation for the whole 213-dimensional cohomology has the following

structure:
1 50 100 150 213
T T T T ]
L (149) 1- and 2-cuts 1
.-. 27 3-cuts (3 degen) 64
50 - 27 4-cuts (6 degen) -50
9 2-cuts
100} & - 60 3-cuts|-100
A4—chain = (5 (3156)
R
T R HS
e i
150 - i . = 80 4-cuts [-150
., v =
3. 8
; e
L ";_- ) %.h"-'-
. Lo i_':-_ )
L} -“ .-.-: :
n b S8
213 | I R : 213
1 50 100 150 213

This procedure outlined in section 3.3 picks out a physical space with 64 elements exactly as the

kinematic flow algorithm [76, 75, 134, 133] and those obtained from a time integral perspective [131].

Moreover, we have verified that the physical 64 x 64 submatrix of (3.156) is integrable and can be

found in the github repository €).
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3.9.3 Physical basis for the tree-level 4-site star

For the 4-site star graph, we computed the intersection matrix of the over complete basis of 377

forms. The corresponding intersection matrix

Ql— and 2-cuts
Chstar = CS—cuts ) (3157)

Q4-cuts

has rank 312 which is the dimension of the FRW cohomology. The intersection matrix corresponding
to 1- and 2-cut forms is full rank and contains 10 elements that couple to the physical FRW form.

There are three degenerate 3-cuts: manifesting as three 4x4 blocks in the intersection matrix:

1 50 100 141
1 1 1 . . 1
24 1 x 1 blocks -
st 10 1 x1blocks s 2
t3 4 x 4 blocks
10+ 10 50 50
Ql— and 2—cuts:‘57 ) Qg_cutsz (3158)
100 100
20 20
26 26 141 141
1 5 10 15 20 26 1 50 100 141
: 0
There are seven degenerate 4-cuts: six 4x4 blocks and one 60x60 block that couple to \I/i_s),tar
1 50 100 150 210
i : : -
20 1 x 1 blocks
6 4 x 4 blocks
501 23 97 50
L 60 x 60 block
100 - -100
Q4—cuts = (3159)

150 - 4150

210

210, ' "
1 50 100 150 210

Knowing that each degenerate block only contributes one element to the physical basis, we obtain
64 elements for the physical basis.

It is highly non-trivial that the degenerate blocks of different topologies conspire in just the
right way to produce the 2"~! counting for tree-level FRW correlators. It is a special feature of the

hyperplane arrangement generated by the cosmological polytope.
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The hyperplane arrangement corresponding to the 1-loop 3-site diagram is generated by the 10

tubings below:

The flat space wavefunction coefficient for the 1-loop 3-gon is (recall (3.7))

O

_""3-gon

8Y1Y2Y3

‘ + 2 X rotations + ‘ + 2 X rotations . (3.160)

The over complete set of forms (3.22) and (3.23) for the 1-loop 3-gon has 102 elements while the

Euler characteristic/rank of the intersection matrix is 99. There are three degenerate 4 x 4 block

(3-cuts).

Unlike at tree-level, there are 1+n non-trivial 1-boundaries for any n-gon at 1-loop. In this

example, n = 3 and there are 4 non-trivial 1-boundary forms:

Y1 = dlog[4a %7

3l

P2 =

There are 21 2-boundary forms:

5 = dlog[4, 1,
9 = dlog[4, 2,
¢13 = dlog[4, 3,

= dlogl4, 5,

¢ = dlog[6, 1, 2],
10 = dlog]7, 2, %],
¢14 = dlog[5, 3, 1],
¢15 = dlog[4, 6, 2],
29 = dlog|8, 6, %]a

o7 = dlog[8, 1, 2],
11 = dlog]8, 2, %],
@15 = dlog[9, 3, %],
¢19 = dlog[4, 7, 3],
a3 = dlog[10,6, 3],

= dlog[10,
12 = dlog]9, 2
¢16 = dlog[10,
20 = dlog|9,
o4 = dlog[8

(3.161)

(3.162)
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There are 25 3-boundary forms:

pos = dlog[1,2,3], o7 =dlog[6,1,2], g =dlog[7,1,2], 29 = dlog[8,1,2],
Y30 = dlog[5 1, 3], Y31 = dlog[G 1, 3], P32 = dlog[l() 1, 3] P33 = dlog[5, 1, 4],
¢34 = dlog[7,1,4], ¢35 = dlog[10,1,5], 36 =dlog[8,7,1], 37 = dlog[5,2, 3], (3.163)
p3s = dlog[7,2,3], @39 =dlog[9,2,3], i =dlog[4,5,2], @4 = dlog[4,6,2],
pa2 = dlog[9,5,2], a3 =dlog[8,6,2], i1 =dlog[4,6,3], a5 = dlog[4,7,3],
Y46 = leg[lU, 6, 3], Qa7 = dlog[Q 7, 3] .
Note that there are three blocks in this example
= dlog| I, = dlog| 1, = dlog| ]. (3.164)

Computing the differential equation for the 99 linearly independent elements and partitioning

into a physical and unphysical space we find

1 20 40 60 80 99

4 1-cuts
21 2-cuts

20 -
50

25 3-cuts (3 degen)
40 -

1-loop __
AS gon

(3.165)

60 - -60

80 -

99 C il L 1 Il 1
1 20 40 60 80 99

In particular, we find that the size of the physical basis is 50 elements, which agrees with [131]. More-
over, we have also checked that the 50 x 50 physical submatrix of (3.165) is integrable. Mathematica
files for this example can be found at €.

3.10 Appendix: Diagrammatic partial fractions

Usually, the simplest way to compute the canonical form is by summing forms associated to the set

of compatible complete tubings associated to a graph G.?* Explicitly, if T is the set of all complete

23 A complete non-crossing tubing is a tubing with 2n 4 ¢ — 1 tubings that do not intersect.
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non-crossing tubings, the canonical form and function are

R an/\dTL«Ffle R n+l—1 1
0 _pgod AN Y ) _ : 2
Q) = QU TR Qb = 1;[1 2Y; ZHSt : (3.166)

TeT ter

For FRW correlators, we are interested in the form (3.9) which is an n-form in x-space. Each
complete non-crossing tubing contains 2n + ¢ — 1 tubings or equivalently each term of (3.7) contains
2n 4 ¢ — 1 denominators.

To isolate the specific linear combination of dlog-forms of a degenerate boundary in the physical
wavefunction, it is useful to think of the canonical function as a rational function of only the X (or
x after the shift). From this perspective, each term in (3.7) has more linear factors in the denomi-
nator than variables. Therefore, we partial fraction each term until there are only n denominators.
Thankfully, this can be done in a simple graphical way that leads to an analytic formula without
any calculation!

Start by identifying a “large” tubing S°"* and a set of its subtubings that encircle all vertices in

out in in
S°" once ST, ..., 50

S()ut

( ) = 11 Si (3.167)
\ / i:S; inside Sout

Here, each Si" must be a “large” tubing that contains further nested subtubings or a bare vertex.
The gray external lines denote the possibility that S°U* is only a small piece of larger tubing. The
gray internal tubing is a place holder for the possibility of tubings that encircle the SI* as a whole.
Then,

Sout Sout

(3.167) = 3o |2 [ ---—jg_;?)—--- ) - | (3.168)
i=1 \ / ____________

where the dashed tubings above correspond to deleting that tubing, Y°ut = > ecgont Ye and £°Ut s
the set of edges that are wholly within S°" (i.e., not are crossed by S°"). It is easy to see that
S, Sim— §out is only a function of the Y; since each vertex is encircled the same number of times
in the collection of the Si* and S°"*. Then all edges that cross S°'* are also crossed by the Si* and
therefore cancel in the difference. Hence, we are left with twice?* the sum of all ¥;’s wholly within
gout_

The simplest example is the 2-site chain, which has one complete non-crossing tubing

3
A 2Y
Q(O) _ — . Ad
5 5155, (3.169)

24The factor of two comes from the fact that the collection of Si“ must cross each edge wholly within S°"t twice.
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Choosing S°U = S3 and Si* = S;, we can multiply the canonical function by unity

=1
=l
A S1+ 52— S340)
0 = 20 = + —Q ).

Now that we have understood how to partial fraction the maximal non-crossing tubings it is

fairly straightforward to show that the terms in the canonical function that correspond to maximal
codimenson degenerate boundaries come with the same relative sign.

While more complicated, it is also straightforward to verify that the dlog-forms corresponding
to non-maximal codimension degenerate boundaries always come in linear combinations without

relative signs. For example, suppose we want to know the linear combination of the degenerate

3.170

that appear in the canonical form. From the set of compatible complete tubings (3.149), it is easy

propagators

to see that the only dlog 4-forms containing both (3.170) contain an Sy or S;. However, it turns out
the the coefficients of 1/(55595352) and 1/(S5S555552) vanish. Therefore, we seek the coefficients of

3.171
55595352 - S5SSSSS2 - ( )

Using crosses to denote the choice of S°" and SI" we partial fraction each term in the canonical

function throwing away all terms the do not contain (3.171)

@ 2Y; @
N - (3.172)
4Y,Ys 8(Y1+Y2)Y2Y3 ’ '

1 1
- SN , 3173
V1Y @ S+ Ys (3.173)
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CRSE R AT
2,
1 1
RO Te Rt @—0—@)%— : 3.174
AV Ys SV 1Y2)YaYs (8:174)
AR D)
2,
4Y1(Y1+Y2) 8Y1(Y1+Ys)Y3 ' '

Adding equations (3.172)-(3.175) together, one finds

1 1 1 1
— = . .1
8Y1YaYs * 8Y1Y2Y35, (555953+S55953> (8.176)

To turn this into the dlog-form of interest, we shift x — X and multiply by the volume form d*x

d*x 1 1 d*x
By = dlog[5,9,3,1
By <B5B9BS * BSBSBg> dBs ANdBg A dBs A dB; 0g[5,9,3,1]
d'x (3.177)
dlog[5,8,3,1
 qBs A dBs A dB; A B, Coel> 831
= dlog[5, §,3,1].

The additive positivity of the partial fractioned canonical function is reflected in the fact that the
pair of crossing hyperplanes in the degenerate boundary (Bg and By) appear as a ratio in the above

dlog-form.



Chapter 4

Hidden Zeros of the Cosmological

Wavefunction

This chapter is based on the work [156].

Scattering amplitudes in certain quantum field theories have recently been shown to possess a
remarkable property called hidden zeros which are special kinematic configurations of the scattering
data for which the amplitudes vanish [157]. Furthermore, amplitudes in Tr(¢%) theory, the non-linear
sigma model, and Yang-Mills theory exhibit a novel factorization property, termed splitting, near the
kinematical locus of their hidden zeros [158, 157]. While the factorization of an amplitude on its poles
is dictated by unitarity, the physical origin of splitting on its hidden zeros remains less understood.
Recent progress in this regard has shown that the existence of hidden zeros in these theories is
intimately tied to the color-kinematics duality [159, 160, 161] and enhanced ultraviolet scaling under
BCFW shifts [162]; see also [163, 164, 165, 166, 167] for other recent work on hidden zeros and
splittings. Earlier examples of amplitude zeros include the Adler zeros of pion amplitudes [168], the
radiation zero in vector boson pair production [169], and zeros in dual resonant amplitudes studied
in the early days of string theory [170].

The past few years have also seen considerable progress in our understanding of the analytic
structure of observables in cosmological spacetimes from underlying combinatorial and geometric
structures. In particular, the Bunch-Davies wavefunction for individual graphs in a theory of con-
formally coupled scalars can be described combinatorially by graph tubings and geometrically as
the canonical form of the cosmological polytope [171] (see [172] for a review). More recently, it was
shown in [173] that the graph associahedron encodes the combinatorics of graph tubings for single
graphs, forming the building blocks for the cosmohedron — the geometric object capturing sums over
graphs contributing to the Tr(¢?) wavefunction.

Given the crucial role of geometry (specifically, the ABHY associahedron [9]) in revealing hid-
den zeros of Tr(¢?) scattering amplitudes through its “fattening” limits, it is natural to explore

whether similar features arise in cosmology. In this paper, we investigate hidden zeros of the

102
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cosmological Bunch-Davies wavefunction, focusing on flat-space wavefunction coefficients in a the-
ory of massless scalars with a ¢3 interaction, which has been extensively studied in the litera-
ture [73, 70, 49, 76, 75, 139, 131, 135, 133, 125, 174]. Unlike the case of flat-space amplitudes, where
hidden zeros emerge from full on-shell amplitudes obtained by summing over all Feynman diagrams,
we study the structure of hidden zeros in individual diagrams contributing to wavefunction coeffi-
cients. By leveraging the geometry of the graph associahedron, we reveal how these zeros manifest
in cosmological observables, offering a new perspective on their analytic properties.

The paper is organized as follows. We begin in section 4.1 by establishing notation for the
(stripped) wavefunction coefficients corresponding to the various graph topologies (tree-level and
one-loop) studied in this work. In section 4.2 we establish notation for the three different types of
cosmological zeros that we will call wavefunction, factorization, and parametric zeros, and work out a
couple of examples in detail. We show in section 4.3 that just as the amplitude zeros in Tr(¢*) theory
can be represented geometrically through various “flattening” limits of the associated geometry
(the ABHY associahedron) parametric zeros emerge from flattening the geometry that encodes the
wavefunction. This geometry, which we call the cosmological graph associahedron, is a non-simple
polytope that arises from the cosmological limit of the graph associahedron introduced in [173].
We also discuss the geometric and physical origins of the wavefunction and factorization zeros. In
section 4.4 we present a surprising connection between the stripped wavefunction coefficients of chain
graphs and scattering amplitudes in Tr(¢?) theory. This connection remarkably allows us to use the
zeros for the wavefunction associated to a single graph to find the zeros of amplitudes in Tr(¢?%)
theory, which involve a sum over many Feynman graphs. We conclude in 5.4 with a discussion on

the scope of our findings and present ideas for future investigations.

4.1 (Stripped) wavefunctions

Arkani-Hamed, Benincasa and Postnikov showed that the wavefunction coefficients' for a theory
of conformally coupled scalars (with polynomial interactions) in an FRW spacetime possess a re-
markable combinatorial and geometric description [171] that is independent of Feynman diagrams.
Our focus in this paper will be on the flat-space wavefunctions as their FRW counterparts can be
obtained via a simple integral transform. The combinatorial definition of the contribution g to the
n-site ¢-loop? wavefunction wﬁP from a single graph G proceeds by encircling various subgraphs of
G with tubes to create a graph tubing. A tube 7 of G contains two pieces of information: the set of
sites v encircled and the set of edges e crossed. At tree-level, a tube 7 is unambiguously defined by
specifying the sites it encloses, but at loop level one must also specify the edges that are crossed.
If the tube 7 encircles a subgraph with m sites, we refer to it as an m-tube. To compute the
wavefunction, we first generate the set of all compatible (non-intersecting) complete tubings T of G.

A tubing is a collection of tubes and a complete tubing T is a maximal set of non-overlapping tubes.

IHenceforth, we will simply call these wavefunctions to avoid clutter.

2For loop graphs, wsf) is the loop integrand.
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We then assign to each complete tubing the inverse of the product of all of the energy factors S;
associated to the constituent tubings, and sum over all possible compatible complete tubings of G.

This leads to a remarkably simple formula for the wavefunction:

g = Z H Si’ where S, = Z X+ Z Ye, (4.1)

T 7€T sites veT edges e that cross 7

where X, is the sum of the external energies at site v and Y, is the energy exchanged through the
internal edge e of G.

For a given graph G, a certain subset of tubes is common to all complete tubings T and hence
give factors common to every term in the corresponding expression for the wavefunction. Therefore,
we define the stripped wavefunction 1/~Jg, which is associated to a maximal collection of compatible

tubes, T, that do not include the total energy n-tube Siotal (the unique tube encircling all sites and

no edges) or the 1-tubes Si,...,.S, that encircle a single site:
1 1 1 -
— X J— = - X . 4.2
0 S S ET: I;IT S| TS 5B (42)

Just like the wavefunction 1), its stripped counterpart ’(ZJ also has an independent geometric and
combinatorial interpretation: it was recently shown that ig is the canonical function of the graph
associahedron AG whose face structure reflects the combinatorics of the tubings T [173]. While
often non-simple, the cosmological limit of this graph associahedron, ./Ig, better reflects the physical
properties of the wavefunction (see section 4.3). In the remainder of this work, we will focus on
the properties of the stripped wavefunction ¢ and deduce which of these carry over to the full
wavefunction .

In the next three subsections we introduce three distinct graph topologies relevant for wavefunc-
tions in a theory with a cubic interaction: the n-chain graph and a specific class of n-star graphs
at tree level, as well as the one-loop n-gon graph. We establish notation for the constituent energy

factors S, that appear in the various graph topologies with explicit examples.

4.1.1 The n-chain

For n-chains, we use the following convention to label the site and edge energies X, and Y,:

X1 Xo X3 Xn—1 Xn
Y1 Yo Y, 1

Then, given a tube 7 = {4, + 1,...,i + k} of the n-chain, the corresponding energy factor S, is
given via (4.1) by

Siit1 itk = g : - D= X+ Xip Y+ Y (4.3)
1i+1...1+k o— - - - _@_ R — 7 i+k 1—1 i+k .

where Yy = Y,, = 0 and the total energy n-tube is Siotal = S12..n = Z?:l X;. To compute the

stripped wavefunction of the n-chain, we list its complete compatible tubings T and use (4.2). For
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example, the stripped wavefunction for the 3-chain is simply

- 1 1
-chain — = o 4.4
= (e )= L L o
while the expression for the 4-chain is
Da-chain = (e + (e + (o) + oAl )+ L))

1 < 1 ) 1 1 ( 1 1 )

= — | — P 4+ — = 4+ =

S123 \ S12 523 512534 Sazq \Sos | Saa

1 - 1
a chain 1 2 3 + chain ,374 9 45
= By Ve (1284 g g Y 2:34) )

where the numbers in brackets denote the labels of the ordered sites of the chain subgraphs. As
we have advertised on the last line of (4.5), it is clear that for general n, the stripped wavefunction

exhibits a recursive structure allowing it to be expressed in terms of chain subgraphs as

n—1

d)n chain = Z Sl P Z+1 nqui—chain(l, e 71) X J)n—i—chain(i+1, e ,TL) s (46)

except that the factor 1/S; should be omitted in the ¢ = 1 term and the factor 1/S,, should be

omitted in the i =n — 1 term. In applying this formula we note that ﬂl_chain = 'L/NJQ_Chain =1.

4.1.2 The n-star

Next, we consider the n-star defined and labeled as follows:

X1
Yy
x X4 Xn—l Xn
3T vs Y, 1
Yo
X9

This graph can be arranged by connecting an (n—2)-chain and two 2-chains to a single central
site with valence three. As with chain graphs, we specify a tube 7 by the list of sites encircled:
T ={i1,...,i} C {1,...,n} ordered such that i; < i¢;41. The energy factors S; depend on which
subset of the sites {1,2,3} are included in the tube:

Star k=X1+Xa+ -+ X+ Yo+ Y, Sy, =Xo+Xsg+- +Xp+Y1+Y,
Say p=Xs+ -+ Xe+Y1+Yo+Ye, Slosy 1=X1+ - +Xp+Y, (4.7)
Siivt.k=Xi+ -+ Xpg+Yi 1 +Ye, Vix4,
where we have introduced the notation S* for energy factors associated with tubings exclusive to

the n-star, with no analog for n-chains. Note that the S;;11. . for i > 4 are simply the tubes of an
(n—3)-chain (4.3) and the total energy tube is that of the n-chain, i.e. Siotal = S12.0 = D iy Xi-
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For example, the stripped wavefunction for the 4-star can be expressed in the above notation as

Yastar = + + @_4 + =)+ @_‘ + (=)

1 <1+1>+ 1 (1+1)+ 1 (1+1>
Stz \S13 933/ Sisa \ST3 S Ssa \S33 S5/

1 - 1 - 1 -
= Tw?)—chain(lv 3a 2) + T’(/)B-Chain(l» 37 4) + T¢3—chain(2a 3; 4) . (48)
5123 5134 5234

Like with chain topologies, the stripped wavefunction of the general n-star can be constructed

recursively; this time, in terms of both chain and star subgraphs

2
~ 1 ~ ~ 1 ~
n-star — Gx o ¥3-chain 13332 n—3-chain 4a~~~7 ox  ¥n—1-chain ‘333"'3
Vst 5193545, Ya-chain( ) X Yo chain( n)+ ; ng.i.nz/} t-chein({ ")
n—4 1 ~ 5
+Z ’(/}nfi—star(ly-“an_i) X wi—chain(n_i""la-'wn) ) (49)

*
— ST3..n—iSn—itl..n

=
except that all 1/.5,, factors should be omitted in the above expression. The seed of this recursive
formula is the expression (4.8) for the 4-star, which gives a recursive relation for the n-star purely

in terms of chain subgraphs.

4.1.3 The n-gon

For graphs corresponding to loop integrands, we only need to consider the 1-loop n-gon since any
other graph can be obtained by gluing trees to the n-gon. We arrange the n sites of the n-gon on a

circle in a clockwise manner:

The indices labeling the sites of the n-gon are to be interpreted cyclically. The energy tubes S;
contributing to 1/~1n_gon are specified by a list of cyclically consecutive sites 7= {i,i+1,...,j}
./.\~

X¢+"'+Xj+Yi—l+)/j7 (410)

Siit1.5 =

for all tubes other than the total energy tube Siota1. One should think of the tubes in (4.10)

as starting at ¢ and ending at j; in particular, tubes that start at ¢ and end at 7 = i—1, i.e.
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7={i,i+1,...,i— 1} also contribute to the stripped wavefunction. We label the total energy tube
by r={1,2,...,n,1} ={i,i+1,...,n,1,...,i} and draw it as:

Stotal = Sl2~~»n1 = = ZXz . (411)
=1

Notice that both tubes 7 = {1,2,...,n} and 7 = {1,2,...,n,1} include all sites. However, the two
are distinct — the former crosses the edge labeled by Y,, while the latter does not cross any edge.
This is because at loop-level specifying only the set of sites enclosed is is not enough to uniquely fix
a tube. To keep the notation light for n-gons, we fix this ambiguity by including the site labeled 1
twice in the total energy tube. One should think of this tube as starting and ending at the same
site.

Using the notation we have introduced, the 3-gon can for example be expressed as

() e (e ) (g
S123 \S12 Sa23 Saz1 \S23 Sz S312 \S31 Si2
1 - 1 - 1 -
= 77/}3—Chain(17 27 3) + 7w3—chain(25 37 1) + 7¢3—Chain(37 la 2) . (412)
Sia3 Sa31 S312

The recursive pattern demonstrated in the last line above persists for general n-gons and the corre-

sponding stripped wavefunction can also be written for any n solely in terms of the n-chain via

- 1 -

wn—gon - zﬂ: AS,icrwn—chai]ﬂ(0-[17 T 7”]) 5 (413)
where o is a cyclic permutation of the site labels {1,--- ,n}.

Arbitrary graphs. For an arbitrary tree- or loop-level graph one can systematically derive for-
mulas analogous to (4.6), (4.9), and (4.13), so that ultimately any stripped wavefunction can be

constructed recursively by “gluing” chains together.

4.2 Cosmological zeros

In this section we introduce three categories of linear conditions on the energy factors for which
(stripped) wavefunctions vanish that we call wavefunction zeros (section 4.2.1), factorization zeros
(section 4.2.2) and parametric zeros (section 4.2.3). In sections 4.2.4 and 4.2.5 we exhibit these types

of zeros in two detailed examples.
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4.2.1 Wavefunction zeros

We begin with a class of zeros that is possessed by the chain graphs only. One can easily verify that
for n > 2, the wavefunction of the n-chain obtained from (4.1) vanishes when the following n—2

conditions are satisfied:
S12.m_1 — St + Si-l—l---n =0forall2<i<n—-2 and Si2..n,—1+523.., =0. (414)

We call these wavefunction zeros because these are zeros of both the full wavefunction ¥, chain and
its stripped counterpart z/;n_chain.

In fact the n-chain wavefunction satisfies a universal splitting property near its wavefunction
zero. Consider a kinematic configuration S; in which all of the conditions (4.14) are satisfied except

that for a single ¢ € {2,...,n — 2} we have
S19..om—1 — St + Si+1.4.n 7é 0. (415)

Then one can easily check that the n-chain wavefunction ©,,_chain Splits into a product of factors

involving chains obtained by “splitting” the n-chain between sites ¢ and 7+1:

S12..m—1 = S1.vi + Sig1om
Sl2--~n512~~-n71

¢n—chain‘$i = X wi—chain(la ) Z) X wn—i—chain(i‘Fla ) n) . (416)

This splitting property makes manifest the existence of a zero at the locus (4.14). When interpreting
the equation (4.16) and several similar ones that follow, it is crucial to keep in mind that the energy
factors involving the “split” i-th and (i4+1)-th sites in the subgraphs on the right-hand side are
identified with those that appear in the parent n-site graph on the left; in other words, despite being
exterior sites of the subgraph, ¢ and i+1 still carry the same interior energy factors as before. Let
us illustrate this point explicitly by way of an example for n = 4 and ¢ = 2 where we look at the

locus
Sy = {5123 + So3q4 = 0} . (417)

A short calculation reveals that

" | Y Ys Ys
4-chain|S; = @——@&—@—@
X Xo Xa Xilg,

S123 — S12 + S34 Y1 3
= —0 X o—o
S12345123 X Xo+Yy Xz+Ys X4

_ S123 — S12 + S34
S12345123

X 1p2—chain(17 2) X wZ—chain(?)a 4) 9 (418)

where, as indicated by the pictures on the second line, we have

1 1
-chain 1a2 = = s 4.19
Yaaain(l,2) = grga (X1 +Y7)(Xo + Y7 + Ya) (X1 + Xo + V2) (4.19)
1 1
'Qb?—chain (37 4) = = (420)

9394831 (X3 + Yo+ Y3) (X + Y3)( X3+ X4+ Vo)
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A similar splitting property exists on the locus & on which all of the conditions in (4.14) except
that S12..n—1 + S23..., # 0. In this case,

S12..m—1 + S23..n
Sl2~~nS12~~n—1
. S12-m—1 + 523...n

= X wnfl—chain(]-a 27 e ,TL—].) X wl—chain(n) ) (422)
512‘»~n523~~~n—1

wn-chain‘s = X wl-chain(l) X ’(/}nfl-chain(27 37 T 7’I’L) (421)

where the symmetry of the chain under reversal of the labeling is reflected in the existence of two
equivalent formulas; each manifests the wavefunction zero on the locus (4.14). Again, we note that
the wavefunctions on the right-hand side of (4.22) must be properly interpreted in terms of shifted

energy variables. For example, at n = 4 we have

S123 + Sa34 Y2 Ya
Vichain|ls = ———— X © X 6—e—@
S12345123 Xi14+Yi Xo+Yi Xz Xy
S123 + S
- W X ¢1—chain(1) X ¢3—Chain(27 3a4) ) (423)
where in this case
1 1
han(D) = — = 4.24
Y1-chain (1) 5T XY (4.24)
1, 1 1 T 1
V3 chain (2, 3,4) = Sog ~ Sza Xo+X3+Y1+Ys = Xs+X4+4Ys )
o 5983545234 (Xo+ Y1+ Y2) (X3 + Yo + V3)(Xy + V3)(Xo + X3+ Xy + Y1)
(4.25)

4.2.2 Factorization zeros

It is well-known that wavefunctions obey factorization on the residues of their physical poles at
Sret = 0 [73, 79, 123], with the residue on the total energy pole at Siota1 = 0 famously being the
corresponding flat-space S-matrix element. Note that a subset of the energy factors, namely the ones
{S1,...,5n, Stota1} that belong to tubes in T but not in T and arise from the prefactor in (4.2), are
not poles of stripped n-site wavefunctions. We will refer to these energy factors as the parameters
of a stripped n-site wavefunction. In this section, we demonstrate that stripped wavefunctions also
exhibit factorization when any one of the parameters S; corresponding to an interior site? is set
to zero. These factorizations imply that the stripped wavefunction associated to any graph must

exhibit zeros associated to its various subgraphs; we call these factorization zeros.

n-chain. For any j € {2,...,n — 1} it follows from (4.6) and the definition (4.3) after a little bit
of work that

Sl2-~~n

- o X /(Zj—chain(la T 7.7) X J}nfjJrl-chain(jv e ,TL) . (426)
Sl,..ij...n

wn-chain | S;=0 =

3An interior site is one that is adjacent to at least two other sites. Specifically, in an n-chain the sites labeled
i €{2,...,n — 1} are interior, in an n-star the sites labeled ¢ € {3,...,n — 1} are interior, while in an n-gon all sites

are interior. The remaining sites are called exterior.
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As always, following the discussion below (4.16), we emphasize that the energy factors at site j on
the right-hand side are the same as in the parent graph on the left-hand side. We note that (4.26)
explains why the 3-chain has no factorization zeros: on the support of the only possible factorization
condition Sy = 0, the 3-chain factorizes into a product of two 2-chains, which do not have any zeros

of their own since Y9 chain = 1.

n-star. For the n-star there are two distinct types of factorization limits depending on whether we
factor at the trivalent site or (for n > 4) at one of the other n — 4 interior sites. In the former case,
it follows from (4.9) that

1Z)n—star|5§:0 = ﬁ X 72)2-chain(17 3) X 7]’2—chain(2> 3) X in—2—chain(37 47 te ,Tl) ; (427)
13~23~3--n

while in the latter case we have for j € {4,...,n—1} that

S1234..n

&n-star|$’j:0 = X /(Zj—star(la e 7]) X JjnfjJrl-chain(jv e 7”) . (428)

Sj-nST234...5
We note that the 4-star has no factorization zeros since the only factorization (4.27) leads to a

product of three 2-chains which are each just J}Q_Chain =1.

n-gons. Using the recursion (4.13) one can see for any 7 € {1,...,n} the n-gon “factors” as
J)n—gon‘sf;zo = Jjn—&-l—chain(i; 7;"'1’ N2 17 27 e 77;) . (429)

Arbitrary graphs. Any zero of a stripped wavefunction appearing on the right-hand side of a
factorization can be considered a “factorization zero” of the parent stripped wavefunction. However,
in order to enumerate all of the distinct zeros arising from an arbitrary tree- or loop-level graph, it
is sufficient to look at its chain subgraphs, after using the fact that any graph can be broken into
chains by taking some sequence of S; — 0 limits at various interior sites i. Moreover, for any tree
graph, tabulating the wavefunction zeros of all chain subgraphs is sufficient to give the full set of
distinct factorization zeros due to a cancellation of total energy factors in intermediate steps. These

phenomena are exhibited by the examples worked out in detail in sections 4.2.4 and 4.2.5 below.

4.2.3 Parametric zeros

It is evident that the right-hand side of the factorization (4.26) of the n-chain vanishes when the
total energy factor Sis. ., is zero. The same is true for the n-star as seen from (4.27) and (4.28).
Finally, by taking the S; — 0 limit on both sides of the factorization (4.29), it is clear that the
n-gon inherits the zeros of the chain appearing on the right-hand side of (4.29). We refer to zeros
of this type as parametric zeros since they involve simply setting certain parameters of the stripped

wavefunction to zero. In summary, parametric zeros for the three relevant graph topologies are given
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by:
n-chain: S; = 0 and Siota1 = 0 for any ¢ € {2,...,n—1}, (4.30)
n-star: S5 =0 and Siota =0, or S; =0 and Siota =0 for any i € {4,...,n—1}, (4.31)
n-gon: S; =0 and S; =0 and Siota1 = 0 for any 4,5 € {1,...,n} and i # j. (4.32)

4.2.4 Example: the 5-star

The stripped wavefunction 1;5_star of the 5-star has no wavefunction zeros (since only chains have
wavefunction zeros) and, according to (4.31), two parametric zeros: at S5 = S12345 = 0 and at Sy =
S12345 = 0. Let us now classify its factorization zeros, which arise from two possible factorizations:
at S3 =0orat Sy =0.

On the support of S5 = 0 (which we denote graphically by drawing a dashed circle around site
3), (4.27) tells us that the stripped wavefunction factors into a certain prefactor times the product

of its constituent chain subgraphs, two of which are trivial due to @g_chain =1:

S12345

= ox o+ o= x1x1x '(!;3—chain(374,5) . (433)
513523 345

This vanishes if we further impose the wavefunction zero condition (4.14) for the 3-chain subgraph
’l,/~)3_chain(3, 4,5) given by the relation

S34+ 545 =0. (4.34)
Therefore, S5 = S5, + S45 = 0 constitutes a factorization zero of Vs-star-

On the other hand, on the support of Sy = 0, (4.28) tells us that

1

~ 5 S -
D5 star] 5120 = P g swr 0 = oo X Py gar(1,2,3,4) x 1. (4.35)
51234545

Now 1;4_““ does not possess any wavefunction zeros (since only chains have those), and it does not
possess any factorization zeros (see the comment under (4.28)); the only possible path to zero is via
the parametric zero of the 4-star 1/34_Star(1, 2,3,4) at S5 = Sjy34 = 0. However, on the support of
S5 = 0, the stripped wavefunction of the 4-star subgraph further factors into
1
| I
3
Vs-star| 328120 = % X3 g te x b= m X X b4 x 4 5. (4.36)

) 3
2
2 I
Note in the second equality the factor S7,3, has canceled out and therefore the second condition of

the parametric zero is rendered useless. With only 2-chains remaining in the product, we find no



112

factorization zeros of 1,[~15_Star on the locus S; = 0. Note that had we started with an (n>5)-star graph,
we would have reached an (n—3)-chain, and its wavefunction zeros would have led to factorization

zeros of 1/3(n>5)_star in this step.

4.2.5 Example: the 3-gon

The stripped wavefunction 1/;3_g0n of the 3-gon has no wavefunction zeros (since only chains have
wavefunction zeros) and three parametric zeros, at the loci given by (4.32). Let us now classify its

factorization zeros. According to (4.29) it “factors” at S; = 0 into the 4-chain

L.
P3-gon|$1=0 = @ . o 3 = Pa-chain(1,2,3,1) . (4.37)
3 2

The 4-chain appearing here has parametric zeros, but these are the same as the parametric zeros of
the 3-gon itself that we already listed. In addition, the 4-chain vanishes at the wavefunction zero
given by (4.14). Since we could have factored at sites 2 or 3, altogether we obtain three distinct

factorization zeros of the 3-gon, at the loci

S1 = Si23 + S231 = S12 — S31 + S231 =0, (4.38)
Sa = Sa31 + S312 = Sa3 — S12 + S312 =0, (4.39)
S3 = S312 + S123 = 531 — Sa23 + S123 = 0. (4.40)

These arguments straightforwardly generalize to the n-gon, which inherits the wavefunction zeros of

the (n+1)-chain on the locus S; = 0 for any i.

4.3 The geometric origins of cosmological zeros

In section 4.3.1, we construct in kinematic space the graph associahedron associated to a stripped
wavefunction and discuss a particular cosmological limit that degenerates the graph associahedron
into a (generically non-simple) polytope relevant to our analysis of cosmological zeros. Through
explicit examples in sections 4.3.2 and 4.3.3, we show that a graph associahedron can be expressed in
terms of its constituent Minkowski summands; moreover, we demonstrate that tuning the parameters
in a particular manner causes the cosmological graph associahedron to flatten (i.e., the polytope
drops in dimension), thereby providing a geometric origin for the parametric zeros of section 4.2.3.
In section 4.3.4, we discuss the geometric origin of the wavefunction and factorization zeros of

sections 4.2.1 and 4.2.2 through the lens of the vanishing locus of the adjoint polynomial.

4.3.1 Graph associahedra and the cosmological limit

It has been recently shown [173] that the stripped wavefunction z/? associated to a single Feynman

graph G is the canonical form of a polytope called a graph associahedron Ag (slightly different than
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Figure 4.1: Truncating a 3-simplex to carve out the graph associahedron As.gi.r. Left: we begin
with the simplex cut out by the 2-tube hyperplanes {553, 553,554, Sas} = 0. Middle: the vertices of
the simplex are truncated by the 4-tube hyperplanes {S7534, 57345, Sa345 = 0. Right: the edges of
the simplex are truncated by the 3-tube hyperplanes {5753, 734, S934, S545} = 0.

the one used in the mathematical literature), whose facet structure reflects the combinatorics of the
tubings T of G. These graph associahedra are facets of larger polytopes called cosmohedra [173],
which encode the full flat-space wavefunctions (summed over all contributing Feynman diagrams) of
a colored version of the uncolored theory studied in this paper at the level of individual diagrams. In
this section we provide an algorithm for constructing graph associahedra based on simplex truncation
introduced by Carr and Devadoss in [175, 176]; a complementary construction was recently given
in [177, 178].

To construct the graph associahedron associated to a single graph G relevant for the cosmological
context, we modify the Carr-Devadoss algorithm so that 2-tubes replace 1-tubes as the fundamental
building blocks. This is natural because the energy factors of 1-tubes only appear as overall factors
in the wavefunction associated to G. Also, our construction will heavily rely on the fact that the

energy factors satisfy the linear relations
Sry 4 8r, = Srur T Shnm (4.41)

when 73 N 7 is non-empty. Note that beyond tree-level one must be careful in interpreting this
formula since the order of the indices that define a tube matters. For example, already at one-loop
71 can intersect 15 twice — at both ends of 71 — and the operation N can only be thought of as acting
on the tube not the indices labeling a tube.

Let Ti denote the set of all k-tubes of some graph G and let m = |Tz| = n+£—1 be the total
number of 2-tubes. The graph associahedron Ag can be realized as a simple (m—1)-dimensional
polytope in an m-dimensional ambient space R™ with coordinates S, labeled by the 2-tubings. To
construct Ag we start with the (m—1)-simplex (see for example figure 4.1 left) defined by intersecting
{S; >0:7 € T3} C R™ with the hyperplane

Z S-,— = Stotal + Z (Cv (Ttotal) - 1) Sva (442)

TET2 interior sites v

where Tiota1 is the total energy tube?, the second sum includes only the interior sites of G, and co(T)

4Recall that Tiota = {1,--+ ,n} for chains and stars while T¢ota = {1, ,n, 1} for n-gons.
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Figure 4.2: The graph associahedra Ay star (left) and As_siar (right), with vertices labeled by complete
tubings.

is the number of 2-tubes in 7 that include the interior site v. Then, for each k € {3,... ,n+£—1},
each (m—k)-dimensional facet of the simplex is truncated by the hyperplanes S.c7, = 0 where S
is defined by

S oSe=5+ 3 (am-1)s,-4, (4.43)
TET: T CT interior sites v
where the 0, are positive parameters whose role will be explained shortly. See figure 4.1 for a
visualization of this process. Also note that while the 2-tubes are naturally distinguished by the
Carr-Devadoss construction, one could choose any cardinality-m subset of the energy variables S,
(for 7 € T) as coordinates for the ambient space.
Now, in order to avoid cutting the simplex too deeply and to ensure that the resulting polytope

remains simple, we require that the d,’s introduced in (4.43) satisfy the bounds
§; >0forall T and &, + 0., > 0r,Um + Ornm When 71 N 7o £ 0 (4.44)
as well as
0 < drey < Sy < Siotal for all internal sites v . (4.45)

The boundary of the region defined by {S;e7, > 0:2 < k < n — 1} then provides a realization of
the graph associahedron Ag as the boundary of an (m—1 = n+£—2)-dimensional polytope. Each
complete compatible tubing T of the stripped wavefunction ’(Z)g corresponds to a vertex of Ag where
N,c7{Sr = 0}. Figure 4.2 depicts the graph associahedra for the 4- and 5-star graphs.

By construction, the non-zero ¢, ensure that the graph associahedron Ag is always a simple

polytope. While Ag does describe the combinatorics of compatible tubings of G, the energy factors



115

Figure 4.3: Left: the graph associahedron Asgay (0, # 0); the f-vector of this simple polytope
is (18,27,11). Right: the cosmological graph associahedron As_star (6 = 0); the f-vector of this
non-simple polytope is (13,22,11). Note that as expected, the number of facets remains the same,
while the number of edges and vertices decreases. The vertices that remain simple in the §, — 0
limit are colored blue, while all others are colored red.

defined by (4.43) do not in general satisfy the relations (4.41) required for the cosmological applica-
tion. This requires taking the limit 4, — 0, which results in a non-simple polytope when n + ¢ > 4.
We will call the resulting polytope ./ig = lims__,0 . Ag the cosmological graph associahedron associ-
ated to G. Figure 4.3 shows the degeneration from the simple d-deformed graph associahedron to
the non-simple cosmological graph associahedron for the 5-star graph.

Even though we are primarily interested in the cosmological limit §, — 0, the polytope Ag
is an important intermediate step that encodes useful combinatorial information. Moreover, the
canonical function of the cosmological graph associahedron ./Ig, defined by taking the §, — 0 limit
of the canonical function of the simple polytope Ag, is precisely the stripped wavefunction 1/?9. Note
that this limit is automatically realized when the energy factors S, are parameterized directly in

terms of the energy variables X, and Y, of section 4.1.

4.3.2 Parametric zeros: examples of simple polytopes

In this section, we illustrate how the parametric zeros of section 4.2.3 can be seen as flattening limits
of the cosmological graph associahedron for three examples — the 4-chain, the 4-star and the 3-gon.
For these examples n + ¢ = 4 and, consequently, both Ag and /Ig are simple polytopes that are
topologically equivalent. Nevertheless they are geometrically distinct, having different Minkowski
summands and flattening behaviors. Aside from selected comments, we set the §, to zero from the

beginning and explore the properties of Ag in the following.
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Figure 4.4: The cosmological graph associahedron fl4-chain and its Minkowski summands, showing
that the polytope collapses in the upper and lower limits, corresponding to parametric zeros of
P4-chain, DUt not in the center limit.

The 4-chain. Following section 4.3.1, we carve out the cosmological graph associahedron A4 chain

in kinematic space with coordinates (S12,S34) and parameters (S, S3, S1234) via the inequalities

S12>0, S34 >0, So3 = 82 + 53 + S1234 — S12 — 534 >0,
S123 = S3 4+ Si234 — 534 > 0, Sa34 = S2 + S1234 — S12 > 0,

(4.46)

which describes a pentagon. This polytope and its Minkowski summands are presented in figure 4.4.
From (4.30), we expect the associated stripped wavefunction z[u-chain to have two parametric zeros,

at
Sg = S1234 =0 and at 53 = 51234 =0. (447)

As shown in the top and bottom right of figure 4.4, these limits evidently collapse the pentagon to
a vertical or horizontal line segment, respectively. In both cases the stripped wavefunction 1ﬁ4_chain
vanishes and the polytope /14_Chain collapses in dimension to one of its 1-dimensional Minkowski
summands. On the other hand, the limit S; = S35 = 0 collapses the pentagon to its 2-dimensional
Minkowski summand — the triangle (center right of figure 4.4). Since the polytope does not drop in

dimension, this limit does not correspond to a zero of the stripped wavefunction.

The 4-star. Again following the prescription of section 4.3.1 and choosing coordinates (S35, S33)
with (S5, S1234) as parameters, the cosmological graph associahedron ./14_Star is the hexagon in fig-

ure 4.5 carved out by the inequalities

(4.48)
Sigq = S73+83,—53 >0, Siag = S13+853—53 > 0, 8334 = S33+83,—53 > 0.
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Figure 4.5: The cosmological graph associahedron Ay ga and its Minkowski summands, showing
that the polytope does not collapse in either of the limits shown.

We expect the sole zero of 1hygar to be the parametric zero at (see (4.31))
S3 = S1234 =0. (4.49)

Note that the 4-star has only two parameters in contrast to three for the 4-chain. Setting either of
them to zero collapses the hexagon to one of its two Minkowski summands — the triangles shown on
the right of figure 4.5. Since the polytope does not drop in dimension, these limits do not correspond
to zeros of 1[)4_““. The parametric zero (4.49) corresponds to collapsing the hexagon down to a point
— a 2-dimensional drop.

The above observations are simple consequences of the linear relations (4.41) and the cosmological
limit. The §-deformed graph associahedron Ay gay behaves more like ./Zl4_chain since the nonzero 6,
behave as extra parameters. Indeed, one can find flattening limits of A4 gar that only drop the

dimension of the polytope by one instead of two.

The 3-gon. Our final example of a simple cosmological graph associahedron is flg_gon. Choosing

coordinates (Sy2, S23) with parameters (S, S2, 53, S1231), the 3-gon inequalities are

S12 >0, Sa3 >0, S31 = S1231 + 51+ Sa + 53 — S12 — S23 > 0,
S123 = S12+ 523 —S2 >0, Saz1 =523+ 531 —532>0, S319=2931+512—51>0.

(4.50)

The inequalities again carve out a hexagon, as shown in figure 4.6. From (4.32) we expect that

1[)3_gon as three parametric zeros, at
S1 =83 = 51231 =0, Sy = 83 = S1231 =0, and S3 = 51 = S1231 =0, (4.51)

corresponding to flattening limits of the hexagon to 1-dimensional Minkowski summands as shown
in figure 4.6 (right). Interestingly, note that although both Ay star and ./Zlg_gon are hexagons, the
existence of two extra parameters in the latter implies that its associated Minkowski summands are

1-dimensional line segments.
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Figure 4.6: The graph associahedron Ag_gon and its Minkowski summands. Note that here we only
show the lower-dimensional Minkowski summands, not the full Minkowski decomposition of the
hexagon. In particular we do not show the summand that corresponds to the limit S; = Sy = S35 =0,
since that leaves a 2-dimensional simplex.

4.3.3 Parametric zeros: examples of non-simple polytopes

Starting in 3-dimensions the distinction between the graph associahedron Ag and its cosmological

limit ./Zlg becomes more apparent: the former is simple while the latter is not.

The 5-chain. Choosing (S12,Sa3, S45) as coordinates with parameters (S2,.S3,54,512345), the
simple polytope As_chain is defined by the inequalities

S12 >0, Sa3 >0, S5 >0,  S34=512345+52+53+54—S512—523—S545 > 0,
S123 = 0123+S12+523—52 > 0,  Sa3q = 0234+S523+534—53 > 0,  Sza5 = d345+534+545—54 > 0,
S1234 = 01234 +512+S23+534—52—53 > 0,  Sazas = 2345+ 512+ S23+534+545— 52— 93-S, > 0.
(4.52)
The graph associahedron As_cnain and its cosmological limit fl5_chain are depicted in figure 4.7.

As expected from (4.30), the sequential limit limg,,,,. 0 limg, o /lg,_chain flattens the polytope
for i = 2,3,4. An example of this is shown in the left of figure 4.8. On the other hand, the
polytope cannot be flattened by keeping the total energy factor non-zero. For example, the sequential
limit limg, 0 limg, 0 As_chain is still a 3-dimensional polytope (see the right of figure 4.8) and

consequently does not correspond to a zero of Y5 chain.
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Figure 4.7: The polytopes As_chain (simple with f-vector (14,21,9)) and As_chain (non-simple with
f-vector (12,19,9)) for the 5-chain graph. The blue vertices remain simple in the cosmological limit
d; — 0 while the red vertices become non-simple.

Figure 4.8: Left: the sequential limit limg,,,,, 0 lims, o As-chain. The polytope drops in dimension,
signaling the parametric zero of ¥5chain. Right: the sequential limit limg, o lims, 0 As-chain. The
polytope does not drop in dimension indicating that this limit does not lead to a parametric zero.

The 5-star. In the coordinates (S73,S555,5%,) with parameters (S5, Sy, S12345), the inequalities

that define the graph associahedron As._ga, are

S13 =0, S33 >0, S34>0,

Sa5 = S12345+255+54—S{3—533— 534, 2 0, Slag = 0123+573+953—595 = 0,

S345 = 0345 —S73—553+S12345+255 >0, Sigq = 0134+S73+53,—55 >0, (4.53)
S334 = 0234+5553+S55,—53 >0, STo34 = 01234+575+555+55,—255 > 0,
S1345 = 01345553 +S12345+53 > 0, S3345 = 02345—S13+S12345+55 > 0.

The graph associahedron As_ga, and its cosmological limit As_star are shown in figure 4.3.

The 5-star exhibits two distinct flavors of parametric zeros; both are depicted in figure 4.9.
The parametric zero defined by the sequential limit limg,,,,. 0 limsgﬁo AB-star behaves like that
of the 4-star where the dimension of the polytope drops by two: from a 3-dimensional polytope

to a 1-dimensional line. The only other parametric zero, corresponding to the sequential limit
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limg, 4,50 limg, o A5_Smr, behaves like that of the 5-chain since the polytope dimension only drops

by one.

Figure 4.9: The sequential limits limg,,,,;—0 limsgﬁo fl5_star (left, showing a 2-dimensional drop)
and limg,,,,. 0 limg, o As star (right, showing a 1-dimensional drop).

The 4-gon. In the coordinates (S12, 523, S34) with parameters (S1, Sa, Ss, S4, S12341), the inequal-

ities that define A4 gon are

S12 >0, Sa3 >0,

S34 20, Sy1 = S12341+51+52+53+54—512—523—534 > 0,
S123 = 0123+512—52+523 > 0, S341 = 0341 +S12341+52+51+53—S12— 523,  (4.54)
S234 = 0234+S23—53+534 > 0> 0, Sy12 = d412+S12341 +52+93+54— 523534 > 0,

S1234 = 01234—S2—S3+S512+S23+S534 > 0,  Szza1 = d2341+S12341 +51+52—512 > 0,
S3412 = 03412+ 512341 +52+S53—523 > 0, Sa123 = 04123+512341+53+54—S534 > 0.

Both the graph associahedron A4 gon and its cosmological limit /14_g0n are depicted in figure 4.10.
The parametric zeros of 77/;4_g0n correspond to flattening limits where the dimension of the polytope
drops by one. To illustrate this we demonstrate the flattening corresponding to the parametric zero
S1 =859 = S12341 = 0 in figure 4.11.

4.3.4 Wavefunction and factorization zeros from the adjoint polynomial

Unlike the parametric zeros discussed above, the wavefunction zeros of n-chains discussed in sec-
tion 4.2.1 (and consequently, the factorization zeros of arbitrary graphs) are not realized as flattening
limits of the associated cosmological graph associahedra. Instead, we will now illustrate that they
can be understood from a geometric perspective by studying the adjoint polynomial of the associ-
ated polytope; in particular, we will see that while all of the parametric zeros are accessible from
within the positive region (by dialing various positive parameters to zero), the factorization and
wavefunction zeros lie outside of it. We utilize the 4-chain as an illustrative example throughout
this section.

The numerator of a canonical function is called the adjoint polynomial of the associated polytope.

For example, bringing the expression (4.5) for the 4-chain stripped wavefunction 1&4_Chain onto a
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Figure 4.10: The polytopes A4 gon (simple with f-vector (20,30,12)) and ./14_gon (non-simple with
f-vector (16,26,12)) for the 4-gon graph. The blue vertices remain simple in the cosmological limit
dr — 0 while the red vertices become non-simple.

Figure 4.11: The sequential limit limg, ,.,, 0 limg, 0 limg, o A4_g0n, showing a 1-dimensional drop.
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Figure 4.12: The hyperplane arrangement corresponding to the 4-chain graph. The horizontal and
vertical axes are the coordinate axes of the variables Sio and Ss4, respectively. The solid colored
lines are the vanishing loci of the indicated energy factors S; while the dashed curve is the vanishing
locus of the adjoint polynomial in (4.55). The horizontal and vertical dotted lines are the vanishing
loci of (4.59) and (4.60), respectively. Left: arrangement for generic values of the parameters
(S2,S3, S1234). Right: degeneration of the arrangement obtained by shrinking an external bounded
region (specifically, the triangle on the right) by setting Sa3 + S54 — Sa34 = S3 = 0. Note how the
adjoint polynomial factors such that one factor lies on top of the horizontal dotted line. Similarly
at S1o + So3 — S123 = So = 0 the adjoint polynomial factors such that one factor lies on top of the
vertical dotted line.

common denominator gives

’(Z) o adj
At g 8939545125903 (4.55)

adj = S12 (S123 (S23 + S34) + S234534) + 5235234 (S123 + S34) .

The corresponding cosmological graph associahedron Ay cuaim is the interior of the region bounded
by the hyperplanes S5 = So3 = S34 = S123 = S234 = 0 corresponding to the denominator factors
in (4.55). For generic positive values of the parameters (Ss2, S3,.S1234), this region is the pentagon in
(S12,534)-space depicted in figure 4.12. The vanishing locus of the adjoint polynomial, shown as a
dashed line, passes through all points where the hyperplanes intersect outside of the pentagon; this
property ensures that the canonical form has zero residue at these points.

According to the analysis of section 4.2, we know that 1;4_0}131“ has (by splitting the graph at site

2 or at site 3) factorization zeros at
So = 51934 + 53— S12=0 and S3 = S1o34 + S5 — 534 =0, (4.56)
and a wavefunction zero at
S123 — S12 + S34 = S123 + S234 = 0. (4.57)

Here we want to think of these as conditions on the variables (Si2,S34) for fixed values of the



123

parameters (S2, 53, S1234); therefore we use (4.41) to reexpress (4.57) as

S123 + S23a = (S1234 + S2 — S34) + (S1234 + S3 — S12) =0,
S123 — S12 + 934 = S1234 + 53 — S12 = 0.

(4.58)

In general the adjoint polynomial is a high degree polynomial whose roots may be difficult to
analyze, while the wavefunction and factorization zeros are always linear conditions on the variables.
In order to see how it encodes the wavefunction and factorization zeros in our example, let us
take a limit in the parameters that shrinks one of the external bounded regions in the hyperplane
arrangement. When this happens the vertices forming the region collide and become part of the
polytope; such a degeneration of the hyperplane arrangement leads to a factorization of the adjoint
polynomial.

For example, setting S35 = So3+.534—S234 = 0 leads to the configuration in the right of figure 4.12,
where the triangle to the right of the pentagon has shrunk. In this limit, the adjoint polynomial

factors as
adj|s,—0 = 523451234 (S1234 + S2 — S34) , (4.59)

where we have used (4.41). The first factor above cancels the Sa34 pole in the denominator of 1/34_Chain
while the vanishing locus of the last factor corresponds to the horizontal dotted line in figure 4.12.
This provides a geometric interpretation for the second factorization zero listed in (4.56).

Similarly setting Sy = S12 4 Sa23 — S123 = 0 shrinks the triangle above the pentagon in figure 4.12

and the adjoint polynomial factors as
adj|s,=0 = S12351234 (S1234 + S3 — S12) (4.60)

where we have again used (4.41). The first factor above cancels the Sja3 pole in the denominator
of 1[)4_Chain while the vanishing locus of the last factor corresponds to the vertical dashed line in the
figure. This provides a geometric interpretation for the first factorization zero listed in (4.56).
There is a third external bounded region — the triangle to the upper right of the pentagon —
that can be shrunk by setting the total energy parameter Sis34 to zero. In this limit the adjoint
polynomial again factors, but one of the factors cancels one of the poles in the stripped wavefunction:
S253(S2+S3—S512—534) _ S2.53
S12(S2+93—512—534)534(53—9534)(S2—S12)  S12534(S3—S534)(S2—S12) ’
(4.61)

1/}4—Chain ‘51234:0 -

so there is no novel zero associated with this limit; we do however see the two parametric zeros (4.47)
of 1/;4_Cham from this formula.

Finally we turn to the wavefunction zero (4.58), and we see now that it has a trivial explanation:
it lies at the intersection of the two factorization zeros listed in (4.56)! For chain graphs it is
always the case that the wavefunction zero lies at an intersection of different factorization zeros,
but this does not happen for other graph topologies. This may be one way to see why chain graphs

“accidentally” have wavefunction zeros that general graphs do not.
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4.4 Cosmological ABHY associahedra

In this section, we present a surprising connection between the (tree-level) scattering amplitudes
of a colored (i.e., matrix-valued) scalar field with a Tr(¢?) interaction (which have full Poincaré
symmetry) and the stripped cosmological wavefunctions (which lack time-translation invariance)
associated to individual chain graphs. We begin in section 4.4.1 with a lightning review of the color-
ordered amplitudes in Tr(¢?) theory, the geometries that encodes them (the ABHY associahedra),
and their hidden zeros discovered in [157]. In section 4.4.2, we present an explicit map between the
kinematic variables appearing in the n-chain stripped wavefunction and those of the (n+1)-point
color-ordered amplitude in Tr(¢3) theory before explaining how the cosmological zeros studied in

this paper map to their amplitude counterparts.

4.4.1 A review of the hidden zeros of Tr(¢*) theory

3
Kinematic mesh. Each n-point color-ordered amplitude in Tr(¢?) theory, denoted by Agf(d) ), isa
function of the n(n—1)/2 Lorentz-invariant dot products of momenta p; - p;. Thanks to momentum
conservation only n(n—3)/2 of these are independent (in arbitrary spacetime dimension), which

coincides with the number of planar kinematic variables X; ;° defined by
Xij=(pi+-+pj-1)°, (4.62)

where we take the momenta to be on-shell so that X;;11 = p? = 0 and subscripts are always

understood mod n. These planar variables comprise the complete set of propagators that appear
3

in AETW ). We then define the non-planar variables c¢;j = —2p; - p; for |i—j| > 2, which can be

expressed in terms of the X; ; via
Cij = Xij+ Xipr i1 — Xijon — X5 (4.63)

This identity motivates organizing both sets of variables in a kinematic mesh [9, 179], where the
planar variables label vertices and the non-planar variables are associated to specific diamonds, as

seen in figure 4.13 for the 5-point case.

ABHY associahedron. A kinematic basis is a choice of n—3 planar variables and (n—2)(n—3)/2
non-planar variables that are independent, which means that all of the X; ; can be expressed uniquely
in terms of the variables in a basis. The former are treated as coordinates on an (n—3)-dimensional
subspace of the n(n—3)/2-dimensional kinematic space, while the latter are thought of as parameters
that specify the hypersurface. The ABHY construction [9] realizes the associahedron in this hyper-
plane as an (n—3)-dimensional polytope whose canonical function equals the amplitude Azr(¢3). For
example at n = 5 the associahedron is a pentagon (identical to the 4-chain graph associahedron
from figure 4.4) and the associated canonical function is

oy _ 1t .t 1 1

X13X14  XouXos Xi13X3s5 Xi1aXos XosX3s

5These should not be confused with the site energies X, of cosmological wavefunctions in (4.1).

(4.64)
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X2

X5,1

Xit1,j41

c13=c14=0
Xiy1,) Xij+

X;

»J

X2

X5,1

Figure 4.13: The 5-point kinematic mesh (right) with legend (left). The kinematic basis associated
to the triangular region highlighted in bold is {X1 3, X1.4,¢1,3,¢1.4,¢c2.4}. As an example of a zero of

the amplitude AngS)

in blue.

, we highlight the case of ¢ 3 = ¢1.4 = 0 associated to the maximal rectangle

Zeros. The zeros of Tr(¢3) amplitudes are reached by picking a maximal rectangular region in the
kinematic mesh and setting to zero all of the ¢; ; inside it [157]. In the 5-point example, one such
zero is reached by setting c; 3 = ¢1,4 = 0, which is associated to the maximal rectangle with top and
bottom vertices X7 = Xg 5 and Xp = X; 3 respectively, as shown in figure 4.13.

In addition, there is a splitting property associated to a near-zero configuration which states that
on the locus where all of the non-planar variables except one in a maximal triangle are zero, the
amplitude factors into

Tr(¢® 1 1 Tr(¢)  ATr(g?
A, @)= (XB + XT> % AdOWn x Aup(¢ ) ’ (4'65)

with appropriate kinematics for the up- and down- sub-amplitudes. In the example shown in the
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Tr(¢%)

figure, i.e. the zero of Aj at c1,3 = c1,4 = 0, relaxing the first condition leads to
: 1 1
A?‘r(df’) P ‘3 4.66
° o140 X13Xs5 X4 N X35/’ (4.66)
while relaxing the second condition leads to
3 c 1 1

AT T ( + ) . 4.67
5 o1 0X1,3X2,5 Xoa4 X35 (4.67)

We refer the reader to [157] for a detailed analysis of these zeros and how they can be realized as
flattening limits of the ABHY associahedron.

4.4.2 From cosmological to amplitudes zeros

It is already clear that the Tr(¢3) story closely resembles that of the cosmological zeros we studied
in section 4.3. We now present a concrete connection between the stripped wavefunctions for n-
chains and the color-ordered scattering amplitudes in Tr(4?) theory (similar connections have been
discussed recently in [177, 178]). To start with we identify the planar variable X; ; of AnTrJr(fa) with
the energy factor S, associated to the tube 7 = {4,i+1,...,j—1}:

Si.“jfl = Xi,j |’L —]| 2 2, (468)

with X; ;11 = 0 as discussed above. Note that this identification does not determine the energy
parameters S; associated to 1-tubes, and in particular does not require that we must take them to
vanish. It is easy to see that the stripped wavefunction Q;n_chain of the n-chain is identical to the
(n + 1)-point Tr(¢3) scattering amplitude A;FL:_(fS) under (4.68). For example, the five terms in (4.5)
for 1/34_Chain become identical to the five terms in the 5-point amplitude A5Tr(¢3) shown in (4.64).
Next let us understand how the non-planar variables ¢; ; defined in (4.63) map to the parameters
{S2,53,...,8,-1,S12...n} of the n-chain. Using the map (4.68) along with the linear relations of the

n-chain obtained from (4.41), we observe that:

1. The n—2 parameters associated to energy 1-tubes of interior sites map according to
Si = Ci—1,i+1 for 2 S 7 S n—1. (469)
2. A total of (n—1)(n—4)/2 non-planar variables vanish identically on the support of (4.41):

01’4 = 0115 = ... = Cl,nfl :07

Ciit3 = Cijqa ="""=Cipn =0 for2<i<n-3. (4.70)
3. The total energy factor S;..,, maps to
S12..n = Cin - (4.71)

4. The remaining n—3 non-planar variables map to linear combinations of the parameters and

energy factors S__4 of the n-chain graph; these can be worked out on a case-by-case basis.
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We call the image of the n-chain cosmological graph associahedron An_chain under this map the
cosmological ABHY associahedron.

Note that the map explicitly breaks the Z, 1 cyclic symmetry of the amplitude A::_(fs). Thus
unlike for the ABHY associahedron, different cyclic permutations of the cosmological ABHY asso-
ciahedron are not related to each other by different choices of kinematic basis. The form of the map
given above is tuned to the choice of coordinates provided by the ray-like triangulation of AZL(TB).
We refer the reader to [157] for additional details; for our purpose it is enough to state that elements
of the kinematic basis associated to this triangulation are those that live inside a maximal triangular
region in the kinematic mesh (see figure 4.13).

Another key difference between the ABHY associahedron and its cosmological counterpart arises
from the vanishing non-planar variables (4.70). The vanishing of these parameters of the ABHY as-

sociahedron causes vertices to collide, resulting in a non-simple polytope as discussed in section 4.3.1.

Figure 4.14: The ray-like subregion of the cosmological kinematic mesh for the 4- and 5-chain graphs.

It is instructive to utilize our map between the kinematic variables {X; ;,¢; j} of Tr(¢?) theory
and the energy factors S, of cosmological wavefunctions to translate the kinematic mesh associated
to the former into a cosmological kinematical mesh for the stripped n-chain wavefunction in_chain.
Figure 4.14 shows, for n = 4,5, the portion of the cosmological kinematic mesh corresponding to
the ray-like triangulation subregion of the full mesh.

Given this surprising connection between stripped wavefunctions for n-chains and (n + 1)-point
amplitudes in Tr(¢?) theory, it is natural to ask whether the cosmological zeros of the former, that
we have studied in section 4.2, map naturally to the zeros of the latter that were characterized

in [157]. We now illustrate how this works using the 4-chain as an example.
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First we consider the parametric zeros (4.30), which map to

Sy ="5123a =0 = c13=c14=0, (4.72)
S3=2"51234=0 = c1a=c24=0, (4.73)

reproducing two of the zeros of the amplitude Agr(¢3). Note that like for the 5-point amplitude, the
parametric zeros of the 4-chain are also reached by setting all of the parameters inside a maximal
rectangle of the cosmological kinematic mesh to zero, shown in this example in the left of figure 4.14.
This is a generic feature — setting the parameters inside a maximal rectangle in the ray-like subregion
of the cosmological kinematic mesh for the n-chain enumerates all parametric zeros (4.30) for the
stripped wavefunction zﬁn_chain, and these zeros correspond to a subset of the zeros of the (n+1)-point

amplitude AZ:_(TB). Figure 4.14 (right) demonstrates this feature for n = 5.

3
To access the other zeros of AZi(f ), one needs to go beyond the ray-like subregion of the cosmo-
logical kinematic mesh. As discussed earlier, this does not correspond to a simple change of kinematic
basis for the cosmological ABHY associahedron. The two factorization zeros for the 4-chain map to

two more zeros of the 5-point amplitude according to

S3=512+523=0 = cou=ca5=0, (4.74)
Sy =833+534=0 = c13=c35=0, (4.75)

3
while the sole wavefunction zero (4.14) gives the final zero of A;Pr(d) );

S123 — S12 + 534 = S123 + 5234 =0 — ca5=c35=0. (4.76)

Thus, we see that the zeros of the stripped wavefunction @[;4_Chain associated to the single 4-chain
graph non-trivially map to all five zeros of the 5-point amplitude A;H((ﬁg), which is given by a sum
of contributions from 5 distinct graphs.

Again, this is a generic feature that extends to all n. In addition to the zeros, the near-zero
splitting associated to Tr(¢?) amplitudes is also reproduced by the stripped wavefunction: one
can readily check that the splitting associated to the near-zero loci of the stripped wavefunction,
described in section 4.2, reproduces the splitting property of the Tr(¢3) amplitudes given in (4.65).
The only subtlety in checking this is that for generic n-chains, the near-zero splitting proceeds
straightforwardly except for the fact that one needs to account for the ¢; ; variables that vanish at the
outset (4.70). These coincide with the non-simple vertices of the cosmological ABHY associahedron.
Given a maximal rectangle, one cannot turn these vanishing ¢; ; back on; however, the other non-
trivial ¢; ; variables can be turned on in the usual manner to observe the near-zero splitting described

above.

4.5 Discussion and outlook

In this paper, we have classified the linear zero conditions for the flat-space (stripped) wavefunction

coefficients (associated to a single Feynman graph G) into parametric, wavefunction and factorization
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zeros. The wavefunction zeros (section 4.2.1) are exclusive to graphs of chain topology and cause
both the wavefunction and its stripped counterpart to exhibit a universal splitting behavior on its
near-zero locus. The factorization zeros (section 4.2.2) rely on first factorizing an arbitrary graph
G solely into its constituent chain subgraphs and then localizing on to the wavefunction zeros of
all such chain subgraphs. Finally, the parametric zeros (section 4.2.3) of a graph G are seen to
arise as flattening limits of the associated cosmological graph associahedron Ag — a non-simple
polytope obtained from a certain cosmological limit of the graph associahedron Ag. While the
wavefunction and factorization zeros are not discoverable as flattening limits of Ag, they still admit
geometric interpretations: new zero conditions on the coordinates are discovered by degenerating the
hyperplane arrangement so that the adjoint polynomial (numerator of the wavefunction) factors into
linear pieces. Finally, we see a surprising connection between the stripped wavefunction coefficients
of chain graphs to scattering amplitudes in Tr(¢?®) theory. This connection remarkably allows us to
use the zeros for the wavefunction associated to a single graph to find the zeros of amplitudes in
Tr(¢?) theory, which involve a sum over many Feynman graphs.

We note that while we have focused on an uncolored scalar theory with a ¢3 interaction, the
analysis of this paper generalizes to arbitrary polynomial ¢P interactions in a straightforward manner.
Indeed the zero loci of specific graphs remain unchanged upon changing the valence of the scalar
self-interaction. On the other hand, the definitions of the energy factors in terms of which these zero
loci are expressed will have to be changed accordingly.

While the central objects of interest in this paper have been the flat-space wavefunction coef-
ficients, it is important to note that they serve as universal integrands for their counterparts in a

1—e 6

generic power-law FRW spacetime with scale factor a(n) = n~ and cubic interactions

oo
Uy = (H da, xi) i (@ + X, Ye) (4.77)
0 v

Here, the site energies of the flat wavefunction (defined in (4.1)) are shifted by x, and then inte-
grated over the kernel z7 - - - z5,. Consequently, the zeros of the universal integrand 1/),(f) studied here
naturally carry over to wavefunction coefficients in power-law FRW cosmologies wff)FRw.

Also, while our analysis is centered around the flat-space wavefunction corresponding to a single
Feynman graph G, it would be natural to perform the same analysis of the zeros for the Tr(¢?%)
cosmological wavefunction that involves a sum over Feynman diagrams [173]. Just as the parametric
zeros of G were discovered from flattening limits of the (non-simple) cosmological graph associahedron
as discussed in section 4.3, it would be interesting to study if the zeros for the Tr(¢*) wavefunction
arise from flattening the associated geometry — the cosmohedron [173].

In section 4.4, we discussed that the graph associahedra for n-chains are simply the classical asso-
ciahedra, which is of cluster type A,,_o, while the n-gons at 1-loop are of type B,,_1. Cluster string
integrals [180] exist for such associahedra, paving the way for stringy formulations of wavefunction

coefficients associated with single graphs in cosmology — an active area of ongoing research.

6The integration kernel depends on the valency of the interaction.
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From a more physical perspective, it is important to understand the physical origin of the zeros
for the cosmological wavefunction studied in this paper. Recasting the conditions of the n-chain

wavefunction zero (4.14) explicitly in terms of its energy variables
Xl' =0 for 3§z§n—2, Y1 = —X1—2X2, Yn,1 :—2Xn,1 —Xn, (478)

we observe that the associated kinematics exhibit multi-soft limits, i.e the energy of the external
leg at the i-th site vanishes: X; = |l§l| =0 for 3 < i <n—2. It would be interesting to see if the
kinematics of such zeros could be exploited to better understand the soft behavior of the wavefunction
coefficients. Also at the level of flat-space amplitudes, the existence of hidden zeros are linked to the
color-kinematics duality and can be derived from the Bern-Carrasco-Johansson (BCJ) relations [160].
To that end, understanding the symmetry arguments behind the cosmological zeros is an important
direction we leave for future study.

Finally, it would also be interesting to see if the flat-space (stripped) wavefunction can be uniquely

fixed from its zeros, as was recently shown to be true for amplitudes in Tr(¢?) theory [162].



Chapter 5

On the Unitarity of Coon
Amplitude

This chapter is based on the work [181].
A four-point amplitude that: i) is crossing symmetric in s < ¢, ii) has polynomial residues, and
iii) is meromorphic (with simple poles only), was first introduced by Veneziano in 1968 [15]':

ap—11(=ao = s)I'(—ag — 1)
F(—2a0 — S — t)

AV (s,t) = —(s +1) (5.1)

Its worldsheet realization as a dual resonance model in an operator formalism was established later
[16, 17, 18]. Owing to an infinite product representation of the gamma function, the simple pole

structure of the Veneziano amplitude is made manifest by the expression:

s+t

1 O 1— =t
AV (5,8) = — 11 (EDIEDE (5.2)

n=1 n

which holds when ¢ = 0.
A year later, an investigation into the uniqueness of the Veneziano amplitude led Coon to suggest

a more generic infinite product representation albeit with logarithmic Regge trajectories [19]%:

ogologT\ 15 1_37; (1-q¢")
A% (s,t) = (¢ — 1) exp (%;f)g((l_%}) i=z (5.3)
where
c=1-(1~-q)(a+s), T=1-—(1-¢) (o +1), (5.4)

IHere the parameter ag = 0 for type-I superstrings and ag = 1 for bosonic strings. In some papers on this subject,

ag is used interchangeably with m?2.
2Tt is worth noting that this representation of the amplitude was not first adopted in [19], but originally appeared

in later papers by the same author [182]. More recently, beginning with the work of [2], it has become conventional

to adopt this infinite product representation.
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and ¢ € [0, 1] is an arbitrary parameter®.
In this chapter we focus on the Coon amplitude, which smoothly interpolates between the
Veneziano amplitude as ¢ — 1 and scalar field theory as ¢ — 0:

1 1
_|_
s+ayg t+ag

AC(s,t) 220 1. (5.5)

Following its inception, many aspects of the Coon amplitude have been studied in some detail,
including its n-point generalization [183], prescriptions for factorization [184, 185], a loop-order
extension [186], and its operator formulations [187, 188, 189, 190]*. However, the physical origin of
the Coon amplitude is not yet clear, and a worldsheet realization of the amplitude remains elusive
(see [193] for attempts in this direction by g-deforming the worldsheet conformal group). One of
its key physical features is the appearance of an infinite tower of massive states in the form an
accumulation point spectrum (similar to that in the hydrogen atom); such features have also been
observed in several recent studies in different physical scenarios [194, 195]. More recently, the authors
of [196] have attempted to reproduce such accumulation-like aspects of the Coon amplitude by virtue
of open string scattering on D-branes in an AdS background. Also, multi-parameter spaces of four-
point amplitudes satisfying the above constraints i)-iii) have been introduced in [21, 22] with further
modified spin-dependent Regge trajectories.

A necessary condition for the Coon amplitude to have physical relevance is that it must be
unitary. An early attempt to analyze unitarity was carried out in [20] where it was claimed that
the Coon amplitude is ghost-free. A more careful and detailed analysis on this issue was carried
out more recently in [2]. It was demonstrated by numerical methods that there exists a curve in
(¢, D) space separating regions where the Coon amplitude does or does not satisfy unitarity in
D (spacetime) dimensions. They also analytically show the existence of a certain critical value
g = goo(—a) where the amplitude switches from being unitary in all dimensions to having a critical
dimension. However, an analytic analysis of the unitarity of the Coon amplitude for all (g, D) is
still an outstanding problem. In this chapter, we study the positivity of the Coon amplitude’s
partial wave expansion coefficients, in a spirit similar to the recent techniques developed for the
Veneziano amplitude in [1]. In doing so, we make small strides towards an analytic analysis of Coon
unitarity. We achieve this by utilizing several elements of g-calculus which have been well studied
in the literature [197, 198].

This chapter is organized as follows. In section 5.1, we derive a novel contour integral representa-
tion for the partial wave expansion coefficients BﬁhDj)(q). In section 5.2 we analyze Regge trajectories
(leading and beyond), finding that the leading and sub-leading Regge trajectories are manifestly
unitary, while unitarity fails for a certain region in (g, D) space for the sub-sub-leading coefficient
B?()’DO) (¢). Finally, in section 5.3, we strive towards obtaining a double-contour integral representation

for the coefficients in the near Veneziano case (1 — ¢ < 1) and apply our formula to study their

3In principle, the deformation parameter ¢ could be any real number, but it is easy to see that there is no chance

for the amplitude to be unitarity if ¢ is outside [0, 1].
4We refer the interested reader to (191, 192] for an early review on the subject.
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asymptotic behavior. We conclude with a discussion of our results and possible future directions in

section 5.4.

5.1 A contour integral representation for partial wave coef-

ficients

In this section, we establish a contour integral representation for the partial wave expansion of Coon
amplitude. The analysis here closely follows a g-generalization of the derivation presented in section
3.1 of [1].

5.1.1 A contour representation

Our starting point is the representation of A®(s,t) in terms of the g-gamma function®:

AC(S,t) — qaq(s)aq(t)—aq(s)—ocq(t) Ili?q((_la_qsq)zgq(__czq((tt)))) ) (56)

This expression can also be recast as a ¢-beta function. Utilizing its integral representation (5.110)

(for more details, refer to Appendix 5.5.3) one can rewrite the amplitude as a “Koba-Nielsen” like

integral [191]:

g (s)og(t)—ag(s)—aq(t
[—aq(s)lq

We note that the arguments that appear in the g-gamma functions of (5.6) are the non-linear g-

AC(s,t) =1

) 1
/ dyz 2= (1 - qz)qf‘)“?(t)*1 . (5.7)
0

deformed Regge trajectories defined by

_Ino _In(1-s(1—gq))
“Ilng Ing

ag(s) , (5.8)

in contrast to the linear Regge trajectories s = lim,_,1 oy (s) that appear in the Veneziano amplitude
(5.1).
From the integral representation (5.7), we can extract the residue polynomials on the massive

poles at s = [n],

1
—[n]q

where the g-integers [n], are defined in (5.79). Then unitarity is equivalent to the condition that

AC(s,t) — - x Ry (), (5.9)

each residue polynomial admits a partial wave expansion in terms of D-dimensional Gegenbauer

polynomials

RE) (1) =Y B (@G (1) (5.10)

J

(D)

with all of the coefficient functions Bn’ f

(¢) non-negative.

50ur normalization matches the one stated in recent literature [199].
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To determine R[C] (t), we note that the singularities in s all come from the region of integration

near z — 0. To that end, we Taylor expand the integrand around z = 0 using (1 — ¢z)4 aa(=1
Zk:o ar(q,t)z*, which implies that the Coon amplitude can be written as
qaq(é)aq(t) ag(s)—ayq(t) 1
AC(s,t) = ap(q,t) e, (5.11)
[—ayq Z [k +1—aq(s)ly

where we have utilized the identity
/ dgz z~%aS)+k = ! . (5.12)
kT ag(9)ly

Evaluating the residue polynomial Rf;;]q (t), we obtain

«@=D=n iy Zak—]q, (5.13)

RE) (0 = Tim (s = [1],)A%s,1) = ——q" T )

s—[n]q [—n]q s—[n]q

where we have used the fact that a4(s) = n in the limit s — [n],. The only term that survives is

the one corresponding to k = n — 1, for which the residue polynomial reduces to

RE,, (1) = =l sgfﬂ]q . (5.14)
Manipulating the limit in the above expression and using the fact that
g« W=D = exp g (t)(n — 1) logg —nlogq = (14 (¢ — 1))" g™, (5.15)
we obtain
RS, () = an1(0, )L (1+ (g — o)™ 7 (5.16)

[y
where we have used the property [—n], = ¢~ "[n], of g-integers. We can now obtain the Taylor series
coeflicients a,, as a contour integral around z = 0 by Cauchy’s theorem

ag(t)—1

an(Qvt):i dz %7 (5.17)

—o 2me

which finally gives us the expression for the residue polynomial R[Cn]q (t) as a contour integral around
z=0:

n agq(t)—1
n_lL% dz (1—qz)q ®)-

(g Joeo 2mi 2m

Next, we would like to compute the partial wave coefficients by expanding R[C;L]q(t) in terms

Ry () = (1+ (¢ — 1)) (5.18)

of the D-dimensional Gegenbauer polynomials® G;D)(a:), where x = cosf and is related to t as

61t might seem mathematically more natural to expand in the g-deformed Gegenbauer polynomials (also known as
Rogers polynomials) [200], but the physical interpretation of such an expansion would be unclear. Unitarity demands
that the coefficient of each Gegenbauer polynomial must be non-negative; it is not clear what this fact implies for the
coefficients of an expansion in g-deformed Gegenbauer polynomials. If a function admitting a non-negative expansion
in terms of Gegenbauer polynomials is said to satisfy unitarity, then perhaps a function admitting a non-negative

expansion in terms of g-deformed Gegenbauer polynomials should be said to satisfy g-nitarity.
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_ s(a=1) _ [n]g(z—1)
=S5 = ey

(D) ().
G (z):

on the resonance s = [n],. We shall make use of the Rodrigues formula for
G\P(@) = (~1)Yayp(1 — 2?) 099 (1 — 2?)°* (5.19)

where aj p = (26 +1);/(2751(6 + 1);) with § = 252, Now, orthogonality allows us to expand any

smooth function F'(x) in terms of these Gegenbauer polynomials as F'(x) = Z?’;O F; G§~D)(I), where

Sy 6+

ml'(j+26+1) (5:20)

1
Fj = nij/_l dl’(l — $2)5G§D)(x)F('r) ’ nj,D =

Using the Rodrigues formula (5.19), one can integrate by parts j times to obtain for the coefficients
F; = fil dz(1 — 22)°+191 F(z), where we have suppressed the overall positive factor n; p. We can
apply this form to extract the coefficients in the Gegenbauer expansion of the residue polynomial
which can be written as (5.10). Integrating by parts leaves us with the Gegenbauer coefficients

BP) (q) expressed as

n,j
dz
B2 =By §_ S (2) (5:21)
where b b b 3)
L= ] 4 === (==
D n 2 2
¢, (@) =q — - — >0, (5.22)
! ()77 VAT + 252)
is an overall, manifestly positive constant, and
0
D—4 . -
R I e R R P BCED
“[n],

We note that in the limit ¢ — 1, the result (5.23) is in perfect agreement with the t-integral given
by (C.9) corresponding to the type-I superstring amplitude (a = 0) in [1]. Unfortunately, compared
to the analysis in that paper, for general ¢ it appears difficult to further find representations that
diagonalize the action of the differential operator &/ on the g-function in (5.23). This is a roadblock
to further manipulating the ¢-integral to attain a double-contour representation along the lines of [1].
Instead, we now highlight the utility of (5.23) for recovering several existing results before moving

on to discuss novel applications in section 5.2.

5.1.2 The critical value ¢ =2/3

In this section we demonstrate that the coefficients B, ;(g) given in (5.21) are non-negative in
arbitrary dimension D for ¢ < 2/3, recovering a result of [2] in the ag — 0 limit.

Starting from (5.21) and (5.23) and applying the residue theorem we have
1

B'r?,] (Q) = CrlL),] (Q)[n_il]q'D((Inil)Hq(O) , (524)
where
1 B (_1)” 1qn(n—1) 0 D4 'n—l 1 —qik
———— D"V (0) / dt(—t(t +[n],)) = 9} —t),
[n—1],! ¢ 1 [n—1],! —[nl, [la ¢ kli[l 1—gq
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where Dé"‘” denotes the Jackson g-derivative operated (n — 1)-times with respect to z and we have
made use of the identity (5.96). Now making the substitution ¢ — —[n],¢ and manipulating the
finite product in the integrand yields the following result

1

(n—1)
[Tl—l]q!Dq HQ(O)

n(n—1)

(_1)n,—1+j 5

q . 1 D—4 , : not q_k -1
= [n]g+D+J—3/ dt(t(1—t) =z 9/ H( +t) :
0

| T 1 _.n
[n]q! Pt} l1—gq

and therefore for the coefficients, one arrives at

_ 2Py (B )T (B) 0 el

D3 r " 1 %7 jjn—l qfki]_i
Bﬁj(q) ﬁ QF (DT +])2 [n]q| [) dt(t(lft)) o at kl;[l < 1—gn t) ’

(5.25)
Finally we consider the substitution t = 1%, and the integral looks as follows’
1 n—1 —k n
D_oL i 27" -3+¢q
BP.(q) /1dx(1 —2%)2 Mol I (1_qn +x> : (5.26)
- k=1

The above integral is manifestly positive if all roots of the polynomial in the product are negative.
This is the case if 2¢7% — 3+ ¢™ > 0 so if the minimum value of the LHS satisfies this then it will be

1

positive for all k. So we take k£ = 1 which implies 2¢7" — 3 + ¢™ > 0, but since this is a decreasing

function of n it is minimised as n — oo and we get
1 2
27" =320 = Quit = 3 (5.27)

Therefore, we conclude that the Coon amplitude is manifestly unitary for ¢ < 2/3 for any spacetime

dimensions D, in agreement with the results of [2].

5.1.3 Some coefficients at small n and j

Using the finite product formula (5.26), we list in table 5.1 some of the low-lying partial wave
coefficients for the Coon amplitude; for comparison, we list the corresponding coefficients for the
Veneziano amplitude in table 5.2.

In table 5.1 we have defined:

¢ [4(D —1)+2¢(D - 1) = 6¢*(D — 1) — ¢*(5D — 6) — 2¢*(D — 2) + 3Dg¢® + 2Dq° + Dq"]

bP0(q) = AD-1)1+q)(1+q+¢?)

(5.28)

7Up to a positive constant of proportionality that depends on ¢,n and D.

9
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7=0 j=1 j=2 j=3
n=1 q
— *(1-q)(2+q) ’
n=21 oty 20—
n—3 b2 (q) a*(1-¢)(1+3q+2¢° +4°) 4°(I+g+q?)
5,004 2(D=3)(1+q) 2(D-1)(D-3)(1+4) . -
3¢"°(1 1
n=4 (1 - Q)béll),O(Q> b£1 (q) (1 - Q)b£2(Q) 4(D_(13)((DJ§CI_)1()(J§1(I)+Q2)

Table 5.1: Values of B}Z ;(g) for Coon amplitude for low lying (n, 7). All the leading and sub-leading
Regge coefficients are manifestly positive for D > 4. Expressions for the coefficients b:,?m bfo, be 1
and b£2 are too long to fit inside the table and are given in equations (5.28-5.31).

| j=0 j=1 j=2 j=3
n=1 1
n =2 0 m
n=3| 5ipTn 0 DS
n=4| 0 oo 0 (=R

Table 5.2: Values of Bﬁ ; for the Veneziano amplitude for low lying (n, 7). These results were listed
for example in [1].

q4
bio(q) = EN YO EYEYD {S(D ~1)+4(D —1)g+4(D — 1)¢?

+2(8 = 7D)¢* 4+ 2(10 — 7TD)¢* +16(2 — D)¢° — 3(3D — 10)q°® + 4(7 + D)q’

+(22+5D)¢® +8(2+ D)¢” + 5(2 + D)q"* + 2(2 + D)¢"* + (2+ D)¢*?| , (5.29)

5

b1 (g) = :
’ 8D -3)(1+D)(1+qg+¢*>)(1+qg+q¢>+q3

—24(14 D)g* —3(6 + 7D)¢® — 2(4 + 7D)¢% — 3(D — 2)¢" + 12(2 + D)¢® + 9(2 + D)¢’

[4(1 + D) +12(1+ D)q + 12(1 + D)¢?

+6(2+ D)¢"" +3(2+ D)¢''| , (5.30)

4D (q)::q7(14fq2)C2%76q4712q2%79q3476q4473q5). (5.31)
2 4D =3)(D-1)(1+q+¢°)

The coefficients derived in the tables above are found to be in agreement with certain recent results

in the literature:

e The values of BY ;(g) listed in table 5.1 are in agreement with the results of [199], where the
authors computed the closed-form expressions for the Coon amplitude partial-wave coefficients

up to n = 3.

e An explicit formula for the coefficient Bg ;(q), in fact for a four-parameter generalization of

the Coon amplitude, was written as a nested four-fold sum in (67) of [21].

e Moreover, it is easy to check that in the ¢ — 1 limit, table 5.1 reduces to the coefficients B,? j
for the Veneziano amplitude listed in table 5.2. These were first derived in [1] for arbitrary

spacetime dimensions D and in [201] for the limiting case of D = 4.
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Further, we notice manifest positivity of the leading and sub-leading Regge coefficients i.e., B2
and BP

section 5.2.1 and then later around ¢ = 1 for any j in the large n limit in section 5.3.2.

n,n—1

for n € {1,2,3,4} in arbitrary D. We demonstrate the latter fact for any general n in

n,n—2

5.2 Regge Trajectories

In this section, we analyze the positivity of partial wave coefficients on Regge trajectories, where
j =mn — k for some fixed k. The leading Regge trajectory has j = n — 1, which is the highest spin
for a given level n. We find that the leading and first sub-leading Regge coefficients are manifestly
positive in all dimensions, but that unitarity breaks down in certain regions of (¢, D) parameter

space starting with the sub-sub-leading Regge coefficients BY, 5(q).

5.2.1 Leading and sub-leading Regge coefficients

We first determine the partial wave coefficients Bn n—1(q) of the Coon amplitude on the leading Regge
trajectory. As before, our starting point is the contour expression for the partial wave coefficients
(5.21) with (n,7) = (n,n —1):

D"V H,(0)
-1,

Now, performing the Jackson g-derivative (n — 1)-times on (5.23) (with j = n — 1) in the usual

By, 1(a) = Cvlz),n—l(Q) (5.32)

manner, we obtain for this derivative

DS VH,(0)  ¢" T (n—1) /0 s
= dt(—t(t + [n]g)) > "
[n — 1]q! [n_l]q! —[nlq !
n(n—1) D 2
_ 4 2 (n_l)![n]D—4+2nF(7 _2+n> (5.33)
[n]g! 4 I'(D—4+2n) "’ '
where in reaching the final equality we have made a change of variable t' = —ﬁ, and then evaluated

the t-integral. Plugging in the value for the prefactor cn n—1(q) leads us to the final expression for

the leading Regge trajectory coefficient B, ,(¢) which reads as

s (0= DIfalg~ T (252)

B [n]q| r (D;S 4 n)

(q) =2*"?"q >0. (5.34)

n,n—1

We see that the above expression is clearly manifestly positive in arbitrary spacetime dimensions D.
The above result is in agreement with the following special cases that have been recently derived in

the literature:

e The leading Regge coefficient for the Coon amplitude (5.34) coincides with that of the Veneziano
case as derived in [1]. To see this, we take the ¢ — 1 limit of (5.34) and see that this agrees
with eq. (4.38) in that reference with A = 1.
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e The formula above also coincides with the recently derived partial wave coefficients in [202]
for the Coon amplitude in D = 4. To make contact with their result, we set n — n + 1 for the
relevant terms (as jmax = n for the open, bosonic string which is the case considered in [202])
and take the D — 4 limit of (5.34). To that end, we obtain

n(n41 | [n]”*l
lim B VT o n @ 5.35
B, Brn@) = o F T 1, (5.35)

Expressing the ¢-factorials as an infinite product and rearranging the terms in (5.35), we see

that it exactly coincides with the expression in [202] with ag = 0.

e In the further special case of the Veneziano amplitude in D = 4, the result (5.34) in the

D =4,q — 1 limit coincides with the expression derived in [201].

We now move on to the sub-leading Regge trajectory where we can follow a similar prescription

to determine the coefficient B2, _,(q). Setting j =n —2 in (5.21) and acting with the g-derivatives

gives
BD __ _.D ‘1(21)(”_2)'/0 dt(—t(t + [n],)) = T 42(1_qk—t) (5.36)
n,n—2 n,n—2 ]! Ll -4 . .
Considering a similar change of variables as before where t' = —ﬁ and computing the sum using
Z;ll (%q_nl - t) = % - (n—1)t leaves us with the t-integral to evaluate. Evaluating this

D

t-integral and inserting the expressions for the prefactor c,’,,_5(q) from (5.22), one finally obtains

for the sub-leading Regge trajectory coefficient Bn n—1(q) to be:

n(n1) [n];“z(n — 2)! I (;‘3)
(1-q) [n]q! T ;724_ n)

By, _2(a) =2°7"q x f(n,q) , (5.37)

where the polynomial f(n,q) is defined as

2q+ (n—1)(1 — q)¢* + ¢"(1 — 3n(1 — q) — 3q) .

f(n,q) = 5.38
(n.9) T (5.38)
Although this form is clearly not manifestly positive, it can be written as
n—2 n
fn,q) =Y (k+1k¢* +> k(n—1)¢" "1 >0, (5.39)
k=1 k=1

which is manifestly positive, thereby proving that the sub-leading Regge coefficients B,?}nfz are
positive for all n,q and D. We can easily see that the above expression (5.37) for the sub-leading
Regge coefficient of the Coon amplitude approaches zero in the ¢ — 1 limit:

lim Bn neo =0, (5.40)

g—1

which is the expected result for the Veneziano amplitude for the case when n 4 j € 2Z as shown in
[1, 201].



140

5.2.2 Sub-sub-leading Regge trajectory

D

We now move on to analyze the sub-sub-leading Regge coefficient B, ,, _3(q). Starting again from

(5.21, 5.23) and following a similar prescription as in the previous sub-section, we have:

BD S(q) :qsz—S(n—*— %ﬂﬂ (%) (n_3)'
= Val(n + %) [n]g!

[l

n—1 n—1

x/oldt(t(l—t))DszF"Z T (ql_i;nl —t) (ql_:nl —t) . (5.41)

J=1k=j+1

Performing the double sum gives us the following rather complicated expression

R St e Pl L TURDGER (L
n,n—3 q [n]y! T (n + %) 2(2n+ D —7)

P 2n(n = 1)¢*  ¢*"(4q— 22— n(1 — 0))(1 + q))
1-¢P(1+q  (1—-g")? (1—¢*)(1—q")
2¢'"(3n(1+q) —2(2+¢

- = 32 ) . (5.42)

One can easily verify that in taking the ¢ — 1 limit, one arrives at the following result
129722 =3(7 — D 4-n)(D — 94 2n)T (253
BP, s(q) = ) : (5.43)

48T (255 +n)

and then using the Legendre duplication formula:

r (g) T (Z ;r 1) —9l=*/al(z) , VzeC/Z (5.44)

one obtains the result derived in [1] for the type-I superstring amplitude for A = 3.

Like the sub-leading Regge coefficients, the sub-sub-leading case (5.42) is not manifestly positive
for general q. Moreover, on plotting the first few low-level coefficients (see figure 5.1) we see that
for certain values of ¢ and D, the coefficient for the n = 3 level starts becoming negative (indicated
in the figure by the red patch). We note from figure 5.1 that the coefficient Bgo(q) vanishes as
q — 1,D — 10 which is the behavior one would expect for the Veneziano amplitude coefficient
BY, = % (from table 5.2). Similarly for the n = 4 coefficient, we continue to see a small
red patch around ¢ = 1 and D = 10 (albeit smaller), but the patch completely disappears for the
n =5 coefficient (see figure 5.2). We will show in section 5.3 that all Regge coefficients of the Coon

amplitude for large values of n are manifestly positive in a neighborhood of ¢ = 1.

5.2.3 Leading versus sub-leading Regge behaviour as n — oo

We now compare the leading, sub-leading, and sub-sub-leading Regge coefficients that we calculated
in the last two sections for various values of level n. In figure 5.3 we compare these coefficients for
the first 25 levels for various values of ¢ in D = 10. We can see that unless ¢ is very close to 1,

the sub-leading coefficients always dominate over the leading ones. This is clearly the case with the
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(a) The coefficient B5(q) (b) The coefficient Bf (q)

Figure 5.1: The green region indicates positivity while the red region shows where the indicated
partial wave coefficients become negative. We also note from the plot that the coefficient B??O -0
as ¢ — 1,D — 10 which is consistent with the expression Bf), obtained in [1]. On the right,
we continue to see the negative patch (although smaller) in the plot (b) very close to the critical
dimension D = 10 of the Veneziano amplitude (¢ — 1).

first three sub-plots in figure 5.3. Therefore, away from the Veneziano case, our numerical results
support the hypothesis that B2, 5 > BY, A, for Ay > Az as n — oo. Thus the positivity of the
leading Regge trajectory is sufficient to conclude that all Regge trajectories are positive-definite in
the asymptotic limit. In fact, one can easily verify numerically that this true V D > 4. However,
as one reaches closer to the Veneziano case (the last subplot in the figure) this pattern breaks down
and one needs to go to larger and larger values of n to recover this trend. In such a case, the pattern
depends greatly on the order of limits and there may be some doubt about whether positivity indeed
holds on all Regge trajectories as n — co. In order to close this gap, we turn our attention in the next
section to an analysis of the ¢ &~ 1 region of parameter space, showing that the Regge coefficients

are indeed positive for any D as n — oo.

5.3 Coon amplitude around ¢ =1

So far, our single-contour expression (5.21) for the partial wave coeflicients Bg j(q) of the Coon
amplitude has found applications in evaluating certain low-lying coefficients and obtaining analytic,
manifestly positive expressions for the leading and sub-leading Regge trajectories. It has also helped
us obtain a closed-form expression for the sub-sub-leading Regge trajectory which showed us the first
signs of the breakdown of positivity. To gain further understanding of the Gegenbauer coefficients,
we must strive towards obtaining a double-contour integral representation for them, in a spirit close
to the analysis in [1] for the Veneziano amplitude. In moving towards a double-contour integral
representation for the Coon amplitude coefficients, we encounter difficulties mainly arising from
technical obscurities in dealing with g-deformed quantities in the integrand. While a double-contour
integral representation eludes us, we attempt to consider small deviations around the Veneziano

amplitude by Taylor expanding our single-contour expression (5.21) around ¢ = 1, up to the first
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(a) The coefficient BZ,(q) (b) Non-unitary regions for BY,, 3(q)

Figure 5.2: On moving to the next sub-sub-leading Regge coefficient Bgez(q) in the plot (a), we see
that the negative patch disappears and the surface becomes positive for all values of ¢ € [0, 1] and
D € [4,10]. The region plot (b) shows more clearly the negative patches for BY, s(q) in (g, D)
parameter space. The tip of the non-unitary region lies at ¢ = 0.9289..., D = 8.2672.. .; the exact
numbers are roots of sixth order polynomial equations following from (5.42) with n = 3.

order. As we shall see in this section, this would help us obtain a O(1 — ¢) correction to the
double-contour integral representation of the Veneziano coefficients [1]. The upshot is that we get a
crude understanding of the structures one would naively expect in a generic double-contour integral
representation for the Coon amplitude (in a higher-order expansion). Our O(1 — ¢) double-contour
expression will also help us understand applications related to the asymptotics of these coefficients
which we show to be manifestly positive, thus validating our discussion at the end of section 5.2.3

on analytic grounds.

5.3.1 Towards a double-contour representation

To help us obtain a O(1 — q) double-contour correction to the Veneziano amplitude (¢ = 1), we start
by considering small deviations around ¢ = 1. To that end, we perform a Taylor expansion of our
single-contour expression (5.21) around ¢ = 1 up to the first order. We refer the reader to Appendix
5.6 for the Taylor expansion of the various g-deformed quantities that appear in the integrand of
(5.21). We achieve this by dividing the integrand into two parts: i) the first order expansion of the
portion inside the derivative of (5.23) is shown explicitly in (5.117), ii) while the expansion of the
remaining part of the integrand along with measure has been dealt with in (5.113). We can try to

condense these integrals by introducing the H-integral along the lines of [1] as follows®:

rs v (—t)¥+j+r(t+n)¥+j+s
H,(L’;. (t') = / dt e , rsEZ. (5.45)

8We note that our definition of the H-integral slightly differs from [1] by an extra factor of (1—2) in the denominator

and the inclusion of the integer parameters r, s.
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Figure 5.3: Coeflicients of leading, sub-leading and sub-sub-leading Regge trajectories for various
values of ¢ for ap = 0. From plot (a), (b) and (c) it is clear that B}, 5 > B}%, » > B)%, | Vn.
However, for plot (d) this is only true for larger values of n.

We leave the exact details of manipulating these H-integrals (where one can express its integrand as a
total derivative) to Appendix 5.6. However, to perform an expansion of the Gegenbauer coefficients
(5.21), we must find an appropriate contour expression around z = 0. To that end, we define a

generalized basis of integrals which we term as the H-integrals:

H(a,.b,c,'r‘,s) (t/) — dz 1 1

n,J

aiedl _ (—og(1 — )it g™ 5.46
27_[_1 Zn+a (1 o Z)b( Og( Z)) n,J) ( ) ? ( )
where a € Z<y and b,c,r,s € Z parameterize the above set of integrals. We observe that these
integrals satisfy the following property

dz

a+b j+c pr(s:r)
nra (1= 2)"7 (= log(1 — 2))/ ™ H,, 77 (0)

n,j

H(a,_b,c,r,s)(_n) _ (_1)n+j+a+c%

= (1) hen ) g) (5.47)

Y

with the details of the derivation presented in Appendix 5.6. Making use of the above identity
and performing certain algebraic manipulations (for the explicit details we refer the reader again to

Appendix 5.6), we finally obtain a double-contour integral representation for the H-integral expressed
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as”

. ‘ D -2 _ D—2
Mo "(0) = (~1)7T (a trt 2) : (J e 2)

o j+c —bu ,(a+b)v
xf‘ f w “) ¢ . (5.48)
—0 2mi 0 2m (uv) v3(e? — ev)nta

We now wish to express our first-order expansions of the two terms in the integrand, namely (5.113)

and (5.117), in terms of the above-introduced basis integrals Hg‘f}b’c’r’s)(O). The contour integral of

(5.113) is rewritten in the above basis as

dz 1 ) ntivg 1(0,0,0,0,0
7[ o (5.113) = (1 — (1)) H OO0

—o 2T 2"
n—1/D-2 .
—(1—®{ 5 (2+q>(1—p4)”wﬂﬁf0“”

~1 .
g [ o]
D—4  N\nn-1) 71 0000-1 n+,(0,0,0,-1,0)
+»<12—+y>j2[HnJ — (—1)m ]
~1(D-4 . : .
+ 2 (22+j>[H$f@L D (—1)mHip 0001 ”}}, (5.49)

where we have made use of the identity (5.47) to rewrite 7—[53}0’0’0’0)(711) in terms of the basis
integrals. Similarly, we have for the contour integral of (5.117) around z = 0:

dz 1 : G+ _ 4

(= _ _(_1\nt+d (O,Q,0,0,0) . . _JU (o,p, 1,0,0) q\n+j

i:o 2w 2" (B17) = (1= (1)) Ao, . q){ (n] 2 ) Hni L+ (=0™)
1

(—1,1,0,2,0) +454,(—1,0,0,0,2) (0,0,1,2,0) +54,(0,0,1,0,2)
- 5 |:Hn,j + (_1)71 ]Hn,j +Hn,j + (_1)" JHn,j i|

5, =11,-1,10 ntin(=1,0,—1,0,1 0,0,0,1,0 ntin(0,0,0,0,1
+J[H£,j ) (CayryCLOTLOD | 3 00010) | (g0 ’]

2 .

i1 -
—M[H( L1L-200) (g )n+ij —1,0, 200)}}, (5.50)

where we note that all the master H-integrals in the above two equations are evaluated at z = 0,
ie., Hggf’c’r’s)(O). We see that the first terms in both (5.49) and (5.50) coincide with that obtained
for the Veneziano amplitude in [1]. The remaining terms arise from considering O(1 —¢) corrections.

Now, an expression that shows up quite often in relations (5.49) and (5.50) is of the form
H(a,b,c,r,s)

n,j

into one expression. First, we consider an interchange in u <> v, r <> s and b — —a — b in (5.48), by

- (—1)”+j+“+c7-[£:f}_a_b’c’s’r), which we can further simplify by combining the two terms
virtue of which we arrive at the following

n,j 2 2

_ j+c —bu ,(a+b)v
x% f) W= ¢ . (5.51)
=0 270 Jug 27” (uv) T2 Hiyrps(ev — eu)nta

91n [1], the coefficient Bfo’].en is proportional to the integral 7-[53’].0’0’0’0) (0) which exactly matches with their result
(C.17).

a,—a—0,c,s,r 1 . D_2 . D_2
o b”’)(0)::(—1Y”S+”+J+“+ﬂ?(g+-r+->1‘<J+-s+-)
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But, we then notice that

(a,b,c,r,s) n+j+a+cq (a,—a—b,c,s,r)
Hn j _(_1) Hn,'

D -2 D -2
:(_1)T+SF (] +7r+ 2) r (] + s+ 2)
U _ u)j+ce—bue(a+b)v
X
(% -0 2mi j{ 0 2mi j{ —0 27i 7{ -0 2m> ;2+ju7-vs(ev — eu)nta

s D D —
=(—=1)rtsrir (] +7r+ 2) r (j + s+ 22)

_ ]+c —bu ,(a+b)v
x f{ 7{ W= ¢ , (5.52)
-0 2mi v—u 2m 2 +Jurvs(eu — eu)n+ta

where we made use of the identity familiar to us from two-dimensional CFT for contour integrals

(for example, refer to section 6.1.2 of [203])

. 5.53
?{02mﬁ02m %LOQM%JO%TZ f;OQmjéu%m ( )

Observing the above identities, we immediately see that the number of terms in (5.49, 5.50) can be

exactly reduced to half if we make the following choice for our basis integrals:

a,b,c,r,s . D -2 X D -2
250 = (1) T (J +r —2 ) r (.7 +t+ o )

)j+c —bue(a+b)1)
x?{ f . (5.54)
w=0 2i =1 2m 24y s(ev — eu)n+a

we therefore classify the Z-integrals (5.54) as our new basis integrals. Finally rewriting (5.49) and

(5.50) in terms of our new basis of Z-integrals (5.54) and combining it with the Taylor expansion of

the coefficients, we arrive at the following more compact expression

D—-2
B20) = 2, {70000 4 (1= o) (P20 1) = ) 2000

-1 D —4 —1 _
LIT(L?}O71’1’O) _ ( +j) ”(”2 )I(oio,o,o, 1)

2 2 n,J
n—1/D—-4 .\ _0,001-1) . JU+ DY 0,0,-1,00)
T2 <2 +j> I T ) e
L1 (I(f_l,l,o,z,m +I(0,‘0,1,2,0>> y (I‘*.1’17*1’1’0> +I(0,‘0,o71,0))
2 n,J n,J n,J L2y
3G —=1) (—11,-2,00
+ TIfw. )]} . (5.55)

Rewriting the above explicitly in terms of the double contour integral representation (5.54), we get

D—2\? (v —u)i 2
BP (¢) = =P (O | j+ —— ]f 7{ Ty, 5.56
Td (C]) cn’j( ) (j + 2 ) u=0 2’/TZ v=u 27TZ UU 2 245 (ev _ eu)n (u v q) ( )
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where the function JDJ (u, v;q) is given by the relation
D . _ 2 1 D-2 1 2
Fniwvig) =0 —uw +A-q)| (== )@= -n](v-u

+n—1<j+D2—2>(v—uu)3+<j+D2—4> n(nz—l)v

_nZl(v—Uu)% _< j(j;—l))(v_u)
o (i43) (14257 [0 -0 + 0= e - )]
+-j (j+ D;Q) (e~ —1)(v —u) + 1] +@(6H— )| +0(1 - q)?

(5.57)

where as before, the first term in (5.57) coincides with that obtained for the Veneziano amplitude

in [1] while the remaining terms arise from considering O(1 — ¢) corrections.

5.3.2 Applications

Equipped with the first order (1 — ¢) correction to the double-contour integral representation for
the Veneziano amplitude [1], we see glimpses of the structures one can expect as one flows away
from ¢ = 1 from the relations (5.56, 5.57). While this double-contour correction has little use in
studying manifest unitarity around ¢ = 1'%, we put this relation to use by studying the asymptotics
of the Gegenbauer coefficients in two regimes: i) for fixed spin j, and ii) for fixed A = n — j (Regge

trajectories).

Fixed j asymptotics

We use our first order g-extension to the double contour integral representation for studying asymp-

totics (i.e., the large n limit) at fixed spin j. We start by writing the H-integrals

o +c —bu ,(a+b)v
(abers) v —u) e 5 58
H <>«£O%m£0%4w e (5.58)

and simply change variables to

u=log(l—x), v=1log(l —y), (5.59)
to obtain the integral

a,b,c,r,s d d 1
WO f SE g _
, w=0 270 J,—o 2mi (1 — z)1+0(1 — y)1=a—blog(1 — x) =2 _ctr log(1 — y) 22" —c+s

1 Jj+c
> — ( 1og(l—a:) log(l—y) ) ' (560)

oy ey

10In fact we observe that studying positivity on a term-by-term basis leads us to conclude that the first order
correction is not manifestly positive in any dimension D. This only concludes that not all terms in the Taylor
expansion of ﬁ/? ; are manifestly positive, but that does not rule out the possibility for the function itself to be

positive for all g € [0, 1] once the entire series is summed over.
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Each of the three factors in the above integrand is a function with strictly positive Taylor coefficients
when expanded first around y = 0 followed by = = 0. Such a function is termed as a positive function.
As aresult, the coefficients picked out by the residue integral will be positive as well. We manipulate
each of the factors in the above integrand one-by-one. The positivity of the first factor is positive

based on the arguments presented in Appendix A of [1]. Specifically, in the factor

—Dye—s —Dye—s m —Dyce—s
log(1—y)' 727" = (=)' 72T Y ey & (—y) T2 (5.61)

we note that only the leading term contributes in the n — oo limit. For the binomial expansion'!

o0 .
(z —y) "Hiteme = Z <n ta—joetm- 1) gt temm,m

m Y
m=0

~ (Zn + 2a — 2j —2c— 2) g2 202 2eH o —j—e—1 (5.62)
n+a—j3j—c—1

where we have used the fact that the maximum binomial coefficient (”) is obtained for m = [ 3|
and contributes solely to the sum in the large n limit. The third factor in the integrand admits an

expansion whose coefficients are all positive:

1 _ 1 Jtc oo m— 1
log(1—x) log(1—y) —1—k lc
( z—y ) (zy)ite +2 em Z T (wy)ite” (563
m=0 k=0

where only the first term survives in the asymptotic regime. Using the above results and performing

the y-integral where we pick up the residue at y = 0'2, we get

- D—4 D—4
n]+5+ 5 )

. ?{ dr pnaie
" (+ 5+ 25001 Jamo 2mi (1 — 2)1+0(= log(1 — ) P2+ |

(5.64)

where we have used Stirling’s approximation on the factorials n! ~ v/2mn (%)n We first deform the
above contour that runs around 0 to the Hankel contour C that runs from below around the branch

cut (see Figure VI.2 in [204] for exact details) and then perform a change of variables = 1+ £ to

obtain
glabens) W% dt 1 (1+ )771*“*]*57 2
n,j (J+S+M) tonn(fL) ( ( L))D2—2+Tic
L _Cmwntme o () U EE
(s 2E) (logn) Tl S 2m0 (1 o) = v :
log(n)

'We note that the binomial coefficient in (5.62) is always positive for the H-integrals contributing at O(1 —g). At

subsequent higher orders, this term would have to be dealt with differently.
12When computing the residue in y, the greatest contribution comes from the highest possible power from (5.62) as

the binomial coefficients grow rapidly with n. For the other two factors (5.61, 5.63), we simply pick up their leading

coefficients in the n — oo limit.
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The above integrand converges uniformly for any bounded domain on the ¢-plane and hence we

replace it with its value at large n which leads us to

a,b,c,r,s -1 L+bp st 23t +b dt et
glabers) (=1) *n : f ¢ (5.66)

" (j+ s+ 25t (logn) %7 e Jimg 2mi ttH0

Performing the final contour integral and restoring the proportionality factors we omitted in writing

(5.58), we finally find the asymptotics for the H-integrals in the n — oo regime to be

N - D—4
bcrs)n>00 7’L‘7+é++ 2 (]+T+T)'
D—2
™ (logn)TJ”*c

. (5.67)

On plugging the above result into (5.49, 5.50) and keeping only those terms that have the fastest
n-growth (i.e., those terms with the largest power of n), we have for the actual residue (including

the factors contributing from the coefficient c;; J)

oD-3 D -3 D -3 1
BPi(q) == (j - ) r ( )
’ VT 2 2 ) nP/2(log(n)) =

<Ja- o+ a- gy Y Loju—gna] . e

2

We make a couple of interesting observations for the fixed j asymptotics described by the above

relation:

e We note that (5.68) is consistent with the formula (4.17) derived in [1]. For n + j € 2Z , the
leading order contribution vanishes as expected and we have the first-order contribution to the

asymptotics whose values are positive:

BPi(g) == (1 —61)2\]3/7;4 (j+ D2_3) r (D2_3> (nlog(i))Df >0. (5.69)

For n+j € 2Z+1 , both terms in (5.68) contribute with the first-order term giving a negative

contribution.
e We note from (5.68) that the first-order contribution grows faster in comparison to the leading
order term at a rate ~ n?log(n).
Regge asymptotics

For studying the second type of asymptotics, namely the Regge behavior, we keep A = n — j fixed

and take n — co. We begin by first writing our basis integrals (5.54) in a form similar to the one in

1]

u’l B 'Ufl n - N Cefbue(aer)v
?{ ]{ — (u — 1) (v—u) —— e (5.70)
0 27 Sy 27m D2 res \ ev —e (ev —ev)
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As already mentioned in [1], in the large n limit it is enough to truncate the Taylor expansion of the

second term to third order in (v — u) in order to achieve the largest powers of n. Hence one has

u -yt v (u+2)(v—u) (u?+6u+12)(v —u)?
_— = 1— O —u)? . 5.71
ev — ev u? ( 2u i 12u? ) +0—v) (5.71)
Then circling around the saddle point at 4 = —2, we can set u = —2 wherever doing so gives a

non-zero contribution and u = v wherever the poles are absent'?. We get'*

(a,b,c,r,s)
n,n—A X

1 (u+2)(u—v) (v—u)>\" 1 1
2 D—24+r4s—2A 1 + + A—c u—v\a’
=0 270 S, u27rzu 4 12 (v—u) (1—ev)

(5.72)

to perform the above integral in the n — oo we follow similar procedure as in [1]. First consider
substituting ¢t = (v — u)y/n and use the fact that (1 + )™ ~ e* when n — co. Now, since a € Z<g
and the fact that the integral is non-zero if and only if A > ¢, we can simply interchange the integral

and take residue w.r.t u to get:

I(abcrs)O(
mn—A (2n—2A+D+1r+s—3)!

3A—c—5+2n+D+T+5(71)7’+S+1 dt 1 t 2n 1 12
2

a 1— —— Svnt+35) -
f{zo omi 1A < < 4\/5) PGVt 5y

Using the fact that in the limit n — oo

- ) eyt £ = () 1 0@ (573
-— xp(= —) =ex .
Ayn ) CPLGVIET ) TGPl e
the remaining t-integral is then evaluated as
11 2 1 1\
1 o1 (L 5.74
720 o 5 Plig) = ==y, (48) ’ (5.74)

which holds for any A > ¢. Then finally using Stirling’s approximation as before, we get that the

basis integrals in the n — oo limit is

(abers) N (_1)r+s+1 92c+4—D—r—s—2n (2) A*QC*1 €2n (5 75)
;n—A A—c—1 :
n Vi (B 3
Putting in the constants of proportionality, we finally arrive at
2c+5—D—r—s—2
(abers) | 22T N sy Doa 34 (5.76)

N ]

Plugging this into (5.55) and again retaining only those terms that have the fastest n-growth, we
find forn+j€2Z+1

) A— D+1 TLB

)n <1+(1q)24(A+1))>0, VA e{l,...,n},
(5.77)

N\W

en T (P7
TF(

B n—oo 2

—
n,n—A

\“ I

13For more details look at section 4.3.2 in [1].
M The constant of proportionality comes from the gamma functions and the (—1)"ts+1 factor in (5.117).
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where as for n + j € 2Z, we get

3 _ A—D+7
it on T (B53) 2p
A

3570 VrT (AH) A+1

B, A= (1-q) >0, VAe{l,...,n}. (5.78)

We now make a couple of crucial observations for the Regge asymptotics described by the above
relations (5.77, 5.78):

e Note the manifest positivity at first order for both n+j € 2Z and n+j € 2Z+1, unlike the fixed
spin case where we saw this only for n + j € 2Z. This combined with our numerical analysis
away from g = 1 in section 5.2.3 allows us to conclude positivity for all Regge trajectories for
any ¢ € [0,1] and any spacetime dimension D > 4 in the large n limit. This is consistent with
the main result in [202] for D = 4 and m? = 0.

e Once again, we see that the first-order corrections grow faster than the leading Veneziano term

at a rate ~ n>.

5.4 Outlook and discussions

Here we reflect on some of the key results of this chapter and discuss the potential scope for future

work and some open questions. The main results are summarized as under:

e Our contour integral representation of the Coon amplitude partial wave coeflicients B{Z ;(q)
given by (5.21) establishes manifest positivity for the leading and sub-leading Regge sectors in

arbitrary spacetime dimensions D.

e Our closed-form, analytic expression of the sub-sub-leading Regge trajectory (5.42) reveals the
first signatures of breakdown of positivity for certain critical values of ¢, D as seen from figures

5.1 and 5.2.

e We consider a perturbative expansion near the Veneziano amplitude (¢ = 1) to get first glimpses
of the mathematical structures that one ought to encounter in a double-contour representation
for the Coon amplitude coefficients B}Z j (¢), in a spirit similar to the Veneziano case [1]. In
particular, we arrive at a generalized basis of integrals that we expect to show up at all orders
in the (1 — q) expansion. Studying the properties of these basis integrals, we derive a double-
contour representation for the first O(1 — ¢) contribution to the coefficients B2 ;(q). This

expression finds applications in studying the n — co asymptotic limit of Regge trajectories.

e For ¢ not very close to 1, our numerical analysis from section 5.2.3 suggests the positivity
of all Regge trajectories based on the manifest positivity of the leading Regge coefficient.
For ¢ ~ 1 the numerical analysis is unreliable; however, our analytic expressions (5.77, 5.78)
assert the positivity of such Regge trajectories in the asymptotic regime for arbitrary D. A
similar discussion also holds that argues for the positivity of fixed j asymptotics based on the

numerical analysis presented in appendix 5.7 and the analytic expression (5.68).
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We know from the work of [2] that the Coon amplitude is unitary in all dimensions for ¢ < % and
that there exists a unitary envelope for ¢ € (%, 1) (which our analysis confirms). On the other hand,
figure 5.2(b) establishes a minimal region in (g, D) parameter space in which the Coon amplitude
is definitely not unitary. It remains an open problem to analytically prove or disprove unitarity
elsewhere within ¢ € [0,1), D € (4,10]. Our results (based on numerical experimentation for ¢
not close to 1, and on analytic analysis for ¢ near 1) suggest that the region in (¢, D) space is
excluded by demanding that Bffi)m’m (¢) > 0 always sits inside the region excluded by demanding
that B,(ff)) (¢) > 0. If true, then the boundary of the excluded region in (g, D) space can be determined
entirely from the latter. We plot the regions excluded by demanding that BT(L%)((]) > 0 for several
values of n in Fig. 5.4. Tantalizingly, these plots suggest (but again, do not prove) that the regions
excluded by considering larger values of n lie at smaller values of ¢ than those at smaller values of
n. If this is true, it means that the analytic shape of the boundary curve for any finite value of g is,

in principle, analytically determinable from explicit knowledge of Bfl%) (q).

30 - H

0 H

(a) (b)

Figure 5.4: Plots indicating the unitarity envelope for the Coon amplitude, computed analytically
from Bg o(q) with a cutoff nyax. The Coon amplitude violates unitarity in the shaded region of
(¢, D) parameter space. Plot (a), with ny,a = 8, already agrees well with the numerically computed
unitarity envelope depicted by the red-dotted curve (m? = 0 case) in Fig. 3 of [2]. Plot (b) is a
closeup of the region ¢ € [2/3,1], D € [8,10], showing the small change as we increase the cutoff from
Nmax = 10 (dark blue) to nmax = 13 (gold). We speculate that the ¢ = 0.77 part of the boundary
curve is already stable (which in particular would mean we know its shape analytically), while the
excluded region grows slowly to the left as the cutoff is increased.

A general proof of unitarity in certain regions may be attainable either from an amplitudes
perspective or a g-string analog of the no-ghost theorem. The former approach has been recently
pioneered in [1] for the Veneziano amplitude, which served as our main source of inspiration to
address this question for Coon. It would be very interesting to extend our analysis to the new

classes of four-point amplitudes recently constructed in [21, 22]. Of course, it would also be very
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interesting to explore higher-point amplitudes, which we expect will lead to much more stringent

constraints on unitarity than four-point amplitudes do.

5.5 Appendix: A primer on ¢-analysis

In this appendix, we present some important g-theory machinery that is central to our manipulations
in passing from Veneziano to the Coon amplitude. We refer the interested reader to standard texts
on the subject [197, 198] for extensive details. We first define the g-integers [n], (also known as the

g-bracket of ordinary non-negative integers n) by'°:

: (5.79)

where ¢ is a fixed real number 0 < ¢ < 1. As with all ¢g-deformed objects, one recovers the original
identity or expression in the limit ¢ — 1. For the g-integers defined above, one can easily check that
lim,_1[n],; = n. With that, the definition of the g-factorial arises naturally:
it = (1 2]yl = A 200 (5.50)
(I—q)
where in the final equality we have introduced the ¢-Pochhammer symbol defined by

n—1

(a;q)n = [J (1 —ad’) . (5.81)

Jj=0

This is a g-analog of the ordinary Pochhammer symbol (z),, in the sense that lim, ,q E‘izjggﬁ = (2),

Vx € R. We note that the ¢-Pochhammer symbol has an infinite product representation (unlike its

ordinary counterpart):
i .
(@, 9) = [[(1 = ad’) . (5.82)
j=0

However, for most of the analysis in this chapter, we shall use the ¢-Pochhammer notation established
in [205]:

(a+b)y = T (a+¢’b) , (5.83)
Jj=0
1+a)F=]][0+da), (5.84)
j=0
. (1+a)®
(1+a) = Araar VieC. (5.85)

We note that the infinite product (5.83) is convergent since 0 < ¢ < 1.

151t is useful to note that this particular choice of defining the g-integers (among many other possible options)
provides a natural starting point to define g-analogs of other associated quantities like the g-factorial, g-Pochhammer

and so on.
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5.5.1 Elements of g-calculus

We introduce some basic notions of g-calculus that prove handy in computing derivatives and inte-

grals of ¢g-deformed quantities. We first introduce the g-derivative given by

D, f(x) = W . (5.86)

Consequently, we define the notion of the g-antiderivative given by
/f(x)dqw = (1—qx)_ dfd), (5.87)
j=0

with the series being called the Jackson integral of f(x). The two definitions (5.86) and (5.87)

combine to give the fundamental theorem of g-calculus.

Theorem A.1.1 (Fundamental theorem of q-calculus) If F(x) is an antiderivative of f(x) and

F(z) is continuous at = 0, we have

b
[ @ =) - F@ (5.89)

where 0 < a < b < 0.

Corollary A.1.1 If f/(z) exists in a neighbourhood of z = 0 and is continuous at = 0, where

f'(z) denotes the ordinary derivative of f(x), we have

b
[ Pat@age=10) - (o). (5.80)

We list some of the important properties of these g-derivatives and Jackson integrals as follows:

/abf(z)dqm = /Obf(x)dqw/oaf(x)dqz. (5.90)

We also have a natural formula of g-integration by parts:

| s@)pis@ie = 1)) - [ e Do (:91)
0 0
which follows from the g-Leibniz rule'®

Dy(f(x)g(x)) = f(qz)Deg(x) + g(x) Dy f (z) . (5.92)

However, one should note that there does not exist a general chain rule for g-derivatives. An
exception is the derivative of a function of the form f(u(z)), where u(z) = az® with «a,3 being

constants, for which we have
Dyf(u(@)) = (Dgs f)(u(z)) - Dgu() (5.93)

u(b) b
/ fu)dgu = / Sf(u(x))Dpssu(x)dyys. (5.94)
u(a) a

16We note that by symmetry, we can interchange f and g, and obtain another equivalent version of the g-Leibniz
rule Do (f(z)g(x)) = f(x)Dqg(x) + g(qx) Dy f ().
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We list below a few known examples of basic g-derivatives that follow immediately from the g-Leibniz
rule and the definitions (5.83)-(5.85):

Dya' = [tlga' !, (5.95)
Dy(Az +b); = [n]gA(Az + b)) 7", (5.96)
Dy(a+ Bz)! = [n]¢B(a+ Bqx); " . (5.97)

For an extensive list of results, we refer the reader to [205].

5.5.2 Lambert series

We briefly review the Lambert series which comes in handy when dealing with the Taylor expansion
of the contour integral (5.21) around ¢ = 1, as shown later in Appendix 5.6. For any s € C and

z > 0, the Lambert series is defined as the following convergent sum [206, 207]:

0 ksqkz
Ly(s;2) =D 7=~ - (5.98)

k=1

where ¢ € [0,1). The Lambert series is closely related to the g-Pochhammer symbol via the identity:
log (1 —¢%);° = —L4(—1,2) . (5.99)

To derive this rather important identity, we first consider

log(1 —¢%)° logH — ") Zlog —q"")

=Yy — (5.100)

where the second equality follows from Taylor expanding the logarithm around z = 0. Now since we

assume that z > 0 and g € [0,1), the two sums converge and we can therefore interchange them to
sum over the n series first

kz

log(1 —¢%)y” =

i (5.101)

= —L,(~1,2) (5.102)

to get the desired result. In going from the first to the second line, we have summed over the
geometric series for ¢* € [0,1), and in the final expression we employed the definition of the Lambert

series (5.98).

5.5.3 ¢-gamma and ¢-beta functions

We introduce the g-analogs of the standard gamma and Euler-beta functions whose various repre-

sentations are central to our analysis. We start with reviewing the g-deformation of the simplest
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transcendental function in analysis, the exponential, for which there exists two g-analogs, namely:

Eg::Z;qmn_Dﬂﬁz;::(1+(1‘qlﬂ?)7 (5.103)
T __ = " _ 1
E T;) n]y! (1= (1—gqa)e " (5.104)

The two definitions are unfortunately not equivalent but instead inverses of each other:
egB " =FEje," =1, (5.105)
with their g-derivatives being
Dyeg = ey, D,E; = EI" . (5.106)

Similarly, there are two equivalent definitions of the trigonometric functions which we will not review
here (one can refer to [205, 197] for more details).

We now define the g-gamma function which admits the following infinite product representation:

RO | e e

T, (t) := = , t>0. 5.107
N e A (107
It also has several integral representations one of which is
1/(1—q)
T,(t) = / T E (5.108)
0
As in the standard case, one can also define the g-beta function in terms of these ¢g-gamma functions
as follows I (T (5)
t s
B,(s,t) = =117 5.109
q(sa ) Fq(t+8) 9 ( )
which also has a useful integral representation of the form
1
By(s,t) = / A - qa:)zfldqm . (5.110)
0

5.6 Appendix: Details of the derivation for the O(1 — gq)

double-contour representation

5.6.1 Relevant Taylor expansions

In this appendix we fill in the details regarding crucial Taylor expansions in section 5.3. To consider
small deformations around the Veneziano amplitude, we Taylor expand our integral result (5.21)
around ¢ = 1 up to first order. To that end, we manipulate the ¢g-deformed quantities one by one.

At first, we deal with the coefficients ¢ (q) for which we get

n,j

D+j—2

e ila)=ch;+ck; ( 5 (n—l)—n) (1-q)+0(1—q)*. (5.111)
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Moreover, we note that (1 —(1—¢)t)" ' =1—(n—1)(1—q)t+O(1—q)?. Now, the slightly trickier
part is Taylor expanding the integration range, the measure and the integrand (¢ + [n]q)%“ , we

get:

0
/ di(—t(t + [n)y)) P+ (1 — 2)~t1

—[n]q

ey e (1= (P ) o —a )

+0(1—q)?. (5.112)

Considering the substitution ¢ — (1 — 25(1 — ¢)) we finally get

0
/ A (—t(t + [n])) 27+ (1 — )71 (— log(1 — 2))

0 D—4 . .
= / dt (—t(t + )+ (1= 2)7 !~ log(1 — 2))

—n

-(1-q) {n; ! <D;2 +j> /_i dt (—t(t+n)) 7 T (1 - 2) Lt

-1 0 2 Ny
e I s (R T

—n

(55 [

ag(t)—

I(t4n) 7 H(1— )t

it 4 n) T HI(1 — z)_l_t] (—log(l — 2))?

(5.113)

Finally we Taylor expand the (1 —¢z)q ! term inside the derivative in equation (5.21), but first

(1—q2) log zq'** log zq
1- T %e 1,082 (g 114
( qZ) (1iql+z )oo exp {‘Cq ( ’ logq ) ‘Cq ( ’ logq )} ) (5 )

where we made use of the crucial identity derived in the previous section given by equation (5.99).

note

For z = —a,(t) — 1, we have:
- (-9t
1—gqz —ag(t)—1 exp
( )i ,; k(1 —q¥) Zlklfq
Taylor expanding to first order around g = 1 we get
1 —ag(t)—1 _ 1 = Zk t2 1 = k +1 k
(1-q2), = exp 9 ( +t)kz_1*+§( —q); 2

k
—(1—2) 14 (1;1) (ZZ —log(1 — z)> tz} +O(1-¢2  (5.115)
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Putting this back into the integral we get

0

dt(—t(t +n)) > o) {(1 —z) {1 — (=11 =)t +(1—q) <1ZZ —log(1 — z)) t;] } ,

—n

and, differentiating w.r.t ¢, we get

/0 dt (—t(t+n)) "= 9] {(1 —z) [1 —(n—-1)(1—-q)t+(1—q) <1ZZ —log(1 — z)) t;] }

—n -
0

—(-log(1 =2 [ de (et )T

—n

A

—n

0
- (1= q){(n - 1) { (=log(1 = 2) =" [ dt (=t(t+n) "7 (1 - 271

0

— (—log(1 — z))j/ dt (=) =

—n

(t+n)"7 91— z)lt]

-5 (15 e = 2)) it - - tog1 - 2y [ dt (—t(t -+ ) (1 - )1

2\1—-=2

. 0 D—2, : D—4 .
—2j(—log(1—z>>“1/_ dt (=)= F(t+n)T FT(1-2)7

. 0
+(~log(1— 2))’ /

—n

dt (—t)TH(t+n)"2 H(1— z)”} } : (5.117)

Combining (5.111), (5.113) and (5.117), we have the O(1 —¢) Taylor expansion of the H,(z) integral.

5.6.2 Deriving double contour integral representation of H-integrals

We now derive the double contour integral representation for the H-basis integrals we introduced in
section 5.3. The derivation is more or less a generalization of the one presented in [1]. First consider

the H-integral already defined in section 5.3

’

(t+ n)%ﬂ#s

HE (1 )/t 0= (i—z)“‘l ’ (5.118)

where r, s € Z. Substituting u = log(1 — 2), we have

H(” / du e~ (R () P (t+n)"z tits
—a t’
= (—1)8”6(”*1)“&%T ”s/ due( (5.119)
we try to realize the integrand as a total derivative by observing the following fact:
et TVEEE | et ”*”D ()t T ()
il Gyree= I R mTX
k=0 k=0
=— . (5.120)

(j+T+%)!
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This implies that the integrand can be rewritten as a total derivative

. D—4
Jtr+=—

D—4 e~ (ttn)u tu)k
:<]+T+2>|at e (k,) , (5.121)
Uz :
k=0
which means that the H-integral can be written as
. D—4
—(t'+n)u Jtr+=3 1,0\ k
(r,8) (4y _ (_1)s+r+1 (n—1u D— 4\, gitst? e (t')
HE W) = (st (g 220 o] SrE LR
(5.122)

We now define the generalised basis for our double contour integral representation already introduced
section 5.3:

(a,b,e,r,s) rory . dz 1 1 _ - i+crr(r8) 41
Hn,j (t ) = f?mznﬁm( log(l Z))] H?’L,j (t ) . (5123)

We note that from the Taylor expansions (5.112), (5.115) and (5.117), it is clear that these are the
only integrals that show up at any order in the perturbation series and thus serve as a complete
basis for a Taylor expansion around g = 1 of the partial wave coefficients.

Moving on, let us first demonstrate how one can relate ’Hgﬁf’c’r’s) (—n) with H;‘f}b’c’r’s) (0) of which
we find a double contour integral representation later on. Consider the substitution z — z/(z — 1)
and t — —t — n then (5.118) at ¢’ = —n becomes

1) = [ T 0 P e
- /dt Jiton () PRt (g g ) T
= —(1-2)*"HS(0) . (5.124)

Then (5.123) at ' = —n becomes

a,b,c,r,s n4+1q d ; s,7
HEPom) () = (1) L+;+a+cj{ ZTia (1= 2)"(~log(1 — 2)YTH (0)
= (—1)rtitetegylemahesn g) (5.125)

Now combining the above results with our observation in (5.122) and considering the substitution

u =log(1 — z) we arrive at

a c,r,s i+c+r+s . D - 4
Hgf, )T )(0) _ (_1)]+ +r+ (j =+ 5 +T)!
« %diu;e(n—b)uuj-&-ca{ﬁfﬂ’f*S e ] (5.126)
2mi (1 — ew)nte uwT 4 j4r
Performing an integration by parts j 4+ s + 254 times in u, the above integral is recast as
—nu o . (n—b)u,,j+c
(a,b,c,m,s) cr+ 22 D -2 f. du e Dz 2 s (€ u
H,, 0)=(-1 2 —_— — 0 T
n,j 0)=(-1) (j trt 2 ) w0 270 o 2 i (1 —ew)ntea
(5.127)
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This is followed by rewriting the derivative as a residue integral using the identity

o) = (1) ). (5128)

v

with J =j 4+ s+ %. This gives us

a,b,c,r,s 1 ; . D—-2 . D -2
,Hgl’;_b, 5T )(0): (_1)J+c+r+51—\ (]+T+ 5 >F<]+S+2>

d —nu d 1 (n—b)(u—v) o N\jHte
g f{ liéf{ e Eu ik (5.129)
w0 2mh o T2 i [ 2mi g B its (1 — eu—v)nta

Rearranging the terms, we finally obtain a double-contour integral representation for the H-integral

as follows
r . D -2 . D -2
1 [’Elahzjb,a ,8) (0) ( 1)7‘+SF <j r 5 ) T (] S 5 )

_ 2\jt+c,—bu (a+b)v
X f ﬁf do (v ufTre e . (5.130)
u=0 270 Jy=g 270 (yv) "2 Tiyrps(ev — eu)nta

5.7 Appendix: Numerics for fixed j asymptotics

In this appendix we present certain graphical plots of the coefficients Bg j (q) for certain fized values
of j, that are central to the discussion concerning their positivity in the asymptotic regime (n — 00)
in section 5.4.

We observe that these coefficients die off rapidly for n > 1, ¢ < 1. It is also clear that the
coeflicients follow a monotonically decreasing sequence with respect to spin j. In the special case
of D = 4, the noted pattern is consistent with the graphical analysis presented in [202]. However,
we also see from figure 5.5 that closer to ¢ = 1, the coefficients die off less and less rapidly as j
increases. Moreover, the pattern of the coefficients around ¢ = 1 is highly unpredictable as it is
non-trivial to analyze their convergent behaviour for larger values of n. One can check graphically
that this behaviour stabilizes for sufficiently small values of (1 — ¢) and significantly large values of
n, such that one recovers a decaying pattern similar to the plots in figure 5.5 which is in qualitative

agreement with the expression (5.68).
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Chapter 6

Scalar-Graviton Amplitudes and

Celestial Holography

This chapter is based on the work [208].

Understanding how bulk translational symmetry emerges is one of the central problems in the
celestial holography program. In addition to being constrained by conformal invariance, correlation
functions in celestial conformal field theory (CCFT) [25, 23, 24] must also obey translation invariance.
This acts as an “external symmetry” and forces low point correlators to be distributional [26]. These
effects are not as stark at higher points where the correlators are non-distributional. However, the
positions of the operators are still constrained and cannot be chosen to lie arbitrarily on the celestial
sphere [27]. Such correlation functions are exotic from the perspective of a 2D conformal field theory
and are one of the main roadblocks to finding a top-down description of CCFT. Indeed many of the
existing top-down constructions [209, 210, 211] correspond to theories in the bulk which differ from
Yang-Mills or GR in significant ways.

One way to circumvent this difficulty has been to introduce nontrivial backgrounds in the bulk
[28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39]. The backgrounds must not only be Lorentz invariant
— thus preserving the 2D conformal symmetry of the CCFT — but should also maintain the
asymptotic flatness of the 4D bulk spacetime. The celestial counterparts of scattering amplitudes
on these backgrounds typically have a number of desirable features. Firstly, they are unconstrained
by translation invariance: the background acts as a source/sink of momentum. Consequently, they
resemble traditional CFT correlators. Secondly, they have better convergence properties and we
avoid having to deal with divergent integrals. Finally, for well-chosen backgrounds, the OPEs and
symmetry algebras of the resulting theory resemble those of the CCFT without a background [28,
33, 40]. These properties suggest that the CFT from which these correlators arise might be closely
related to the background-free CCF'T. Moreover, the semblance of these correlators to those of a
traditional CFT makes it easier to identify an independent definition. We refer the reader to [31, 41]

for some progress in this direction in the case of Yang-Mills theory.
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In this work, we are concerned with gravity amplitudes in 4D Minkowski and Klein spacetimes
[42]. In particular, our interests lie in generalizing the results of [40], where the authors considered
gluon amplitudes on a massive scalar background, to gravity amplitudes. The scalar was not colored
and interacted with gluons only via a non-minimal coupling which gave rise to particularly simple
amplitudes. A straightforward extension of this to gravity is impossible since a non-dynamical
scalar background breaks diffeomorphism invariance. Moreover, it is impossible to avoid a minimal
coupling of the scalar to gravitons. Thus, amplitudes involving n gravitons and one scalar will
necessarily involve a scalar exchange. Nevertheless, we will show that the celestial counterparts of
these amplitudes exhibit all of the desirable properties mentioned in the previous paragraph.

This paper is structured as follows. In Section 6.1, we describe the precise quantity of interest and
its relation to scattering amplitudes. In Section 6.2, we compute scattering amplitudes involving
two, three, and four gravitons and a single massive scalar. To our knowledge, these amplitudes
have not appeared in the literature before. We then use these to compute the associated celestial
correlators in Section 6.3. The OPE of two positive helicity gravitons extracted from these correlators
is consistent with the usual OPE as shown in Section 6.4. However, the celestial avatar of the leading
soft theorem appears to be slightly different, which we expand on in Section 6.5. Finally, we end

with some outlook and discussions in Section 6.6.

6.1 Preliminaries

In this paper, we will be concerned with scattering amplitudes involving n massless gravitons and
a single massive scalar. We will always label the graviton momenta by p1,...,p, and the scalar
momentum will be denoted by p,41. In order to compute the corresponding celestial amplitudes, it

is convenient to use the following parametrization for the massless momenta:
pz:ezwl(1+z,27,zz+21,z772,,172721), ’L:L,TL (61)

This parametrization is written for a spacetime with (2, 2) signature (specifically (+, —, +, —)). w; isa
positive real number while z;, Z; are real and independent. ¢; = %1 is the direction of the momentum.
The parametrization for (3,1) signature is obtained by Wick rotating the third component. The
scattering amplitude will be written in terms of spinor helicity variables, which for the momentum

parametrization above, take the form
1 ~ 1 )
)\i = \/2&)2’61' y )\1 = \/2wi _ 5 1= 1,...,77, . (62)
Zi Z

The analogous parametrization for the massive scalar momentum (also in (2,2) signature) is

me 1 _ _ _ _
Pn+1 = QLer (1 + y2 + Zn+12n+1; fn+1 + Zn+41yfn+1 — Zn+1, 1- y2 - Zn+12n+1) . (63)

Here €,11 = £1 is the direction of the momentum, y, z,+1, Z,+1 are real and independent with

y > 0. The celestial amplitude can be obtained from the momentum space scattering amplitude by
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changing the basis from plane waves to conformal primary wavefunctions. For the case of n massless

and one massive particle, this is implemented by [25, 24|

A:H»l ({Ah 21, Z1}J1 PR {Anv Zny Zn}Jn; {An+17 w, QI}}) =

2 oo N o) 00
m dw; A, dy _
A e Ay IS

=1

GAn+1 (ya Zn+1, ZTLJrl; w, w) An+1 (Pih gy ap;z]” 7pn+1> . (64)

Here Ji, ..., J, are the helicities of the massless particles and
Y A
G ) 3 Z ; ) U = 6'5
s i) = () (6.5)

is the bulk-to-boundary propagator. The superscript € in (6.4) is meant to indicate the dependence
of the celestial amplitude on the directions of the momenta. The quantity of interest in this paper

is!

An = <<0A1’J1 (Zl7 21) L. OA,L,J,,L (Zn, Zn)» (66)
= Z A;:z—&-l ({Ah 21, ZI}JI 9 ey {Ana Zny Zn}Jn 5 {Oa w, ’II)})

whose features we now explain. But first, we pause to make a comment on notation. We will use
((...)) and A,, interchangeably — the former being used more often for brevity and the latter when
we wish to emphasize its nature as a CCFT correlator. Implicit in both is the fact that we have
set the conformal dimension of the scalar, A,1; to 0. The subscript on A,, matches the number
of operators in the double brackets ({...)) and is one less than the subscript on the corresponding
momentum space scattering amplitude. Returning to the features of A,,, firstly note that setting
A, 41 = 0 eliminates all dependence on the scalar coordinates w,w. The RHS of (6.6) behaves like
an n-point correlator? — a claim that shall be supported by the computations in this paper. When ¢
is a non-dynamical field, this has the interpretation of being the Mellin transform of amplitude on a
scalar background and has been studied for gluons in [28]. These amplitudes take on a particularly
simple form [212] due to the absence of scalar exchange contributions to the amplitude. Upon
including gravity, we must promote ¢ to a dynamical field and include the resulting scalar exchange
terms in the amplitude

Secondly, despite the absence of manifest Lorentz invariance due to the presence of a three-
dimensional integral, (6.6) is indeed Lorentz invariant. The three-dimensional measure corresponds

to integration over the Lorentz invariant phase space of one massive particle:

d @ P [Tdy [
/ (27;24 @) = / (277)32@0 - mT/o 7 /_oo iz o0

1The double brackets in the LHS of (6.6) is meant to serve as a reminder of the presence of the massive scalar

profile and we use A for the celestial amplitude with the conformal dimension of the scalar set to 0.
2In the celestial amplitude wherein the conformal dimension of the scalar has been set to zero, the subscript n of

A, counts only the number of gravitons.
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Here @ is an off-shell momentum which is put on-shell (with positive energy) by the ¢ function. Once
this is on-shell, we can use a parametrization similar to (6.3) and perform a change of variables as
shown in the second equality above.

Finally, we sum over the directions ¢; purely for practical purposes since this simplifies compu-
tations, particularly in Klein space. This simplification has already been exploited before [213, 47,
214].3

6.2 Massive scalar-graviton scattering amplitudes

We must first construct the scattering amplitudes in a theory of scalars and gravitons. We will make
a choice for the three-point amplitudes motivated by the results of [28]. In this work, the authors
considered gluons coupled to a single massive, uncolored scalar which resulted in the following three-

point amplitudes

123
Az (11,24,37) = 1@171,_1[2[3“1))1], Az (17,2%,3%) = Ky 1 0[12)% . (6.8)

Here and in the rest of this paper, we will leave the momentum-conserving delta function implicit
while writing scattering amplitudes in momentum space. The authors of [28] worked in (2,2) sig-
nature and this corresponded to introducing terms proportional to ¢ Tr (FJF)2 in the Lagrangian

where

a v 1 a v 1 vpo a
F{M =2 <F H g e ch,> (6.9)

is the self-dual gauge field strength.* k1,1,—1 is the Yang-Mills coupling and &1 1,9 is related by some
numerical factor to the Wilson coefficient of the non-minimal ¢ Tr (F+)2 interaction. The scalar is
uncolored and does not couple minimally to the gluon.

The analogous three-point amplitudes in gravity can be easily written down and take the following
form
[12]°

A 1++72++73—— — g
J ) = K222 iy

As (1TFF,2%F,39) = ko 50 [12]* . (6.10)

However, it is also necessary to introduce the scalar-graviton minimal coupling [216]

(&1]p2(1] (€2|p2|1]

As (lJr+7 29, 3¢) = K2,0,0 ) &1 (6.11)
where &1, & indicate arbitrary reference spinors. From the Lagrangian perspective, minimal coupling
is unavoidable in order to maintain diffeomorphism invariance. From a pure amplitudes perspective,
as we will show later, any four-point amplitude constructed without the minimal coupling (6.11) is
inconsistent with the soft graviton theorem. Finally, we note that the amplitudes in (6.10, 6.11)

arise from terms that are schematically of the form R?®, R¢? in the Lagrangian.

3This procedure computes the celestial amplitude for certain “boost + Z2” eigenstates [215].
4This is real in (2,2) signature.
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These three-point amplitudes serve as seeds for the construction of four- and higher-point ones.
We utilize recursion relations, in particular, those generated by a three-line shift [217] for their

construction, which begins with defining

Ni=XNi—zwX, i=1,23 (6.12)

such that w;\; = 0 and X is an arbitrary reference spinor that must drop out at the end. A

particularly convenient choice is
w1 = [23] , W2 = [31] , W3 = [12] . (613)

The three shifted momenta are now complex and functions of z. Locality dictates that poles can

occur at
2, suchthat P?=0 or P?=m? , (6.14)

where P is a sum of external momenta necessarily involving at most two of p1, ps, p3. The residues
on these poles are governed by unitarity implying that they factorize into a product of lower point
amplitudes. The amplitude can thus be written as (assuming that there is no contribution from the

pole at infinity)

1 1
An = A (0) = [Aﬁ,%) (2) P Anm (20) + AR (2) =3 A (20)] - (6.15)

Zx

We will now employ this to construct the four- and five-point graviton-scalar amplitudes.

6.2.1 Four-point amplitudes

We first consider the amplitude A (17, 27+ 37+ 49) which receives contributions from both scalar

and graviton exchange channels
./44 (1++’2++’3++,4¢>) EAZT,S+Air,t+AZT,u+Aic,s+Aic,t+Aic,u' (616)

The first of these terms corresponds to an s-channel graviton exchange

S+ 3+
AgT = >AI 1++{ (6.17)
i++ 4¢
1

= A3 (1,2,P) =5 A3 (3,4,-P) ,

with the value of z, given by

(6.18)
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Using the three-point amplitudes in (6.10, 6.11), this evaluates to

grs 122 \* 1
A = (i) sl (6.19)
12 [Bplx)*

T TR0 oy (1 X )2 (2X)2

Similarly, the s-channel scalar exchange term is

A = oo ; (6.20)
- "
=45 (1,2,P) Pz%mQAg (3,4,—P)

Blpaler) [Bipalee)
(3¢1)  (3&)

Here s = (p1 + p2)2 is the usual Mandelstam invariant. The remaining terms can be obtained by

= K2.2,0[12]* 522,00

the replacements 1 <> 3 and 2 <> 3. Adding all of these terms and setting the arbitrary reference
spinors & = £ = X, we finally get

4 4 2
+4+ o++ o++ 40\ _ [12} [3‘p4‘X> [12] [3|p4|X>
A4 (1 ;2 )3 74 ) = —hk2,2,-2K22,0 <12> <1X>2<2X>2 + H2»070H272,Os —m2 <3X>2
+ (24 3) + (13).

The spinor X is arbitrary and the amplitude must be independent of it. It can be checked that
the dependence on the arbitrary spinor X drops out only if k20,0 = k2,2,—2 and in that case the

expression simplifies to
12] [23] [31]
1+ 9++ 3++ 4(25 — _ 4[
Ay (107, ; ,4%) = ko2, —ak2,2,0m (12) (23) 31)

S t U
X <_2+s—m2+t—m2+u—m2>’ (6.21)

with ¢t = (p1 +p4)2 and u = (p1 + p3)2. We pause here to point out that this expression involves a

nontrivial cancellation of the X dependence between the graviton exchange terms (which arise from
the non-minimal coupling k22 0) and the scalar exchange terms (arising from the minimal coupling
K2,0,0). This affirms the statement made at the beginning of this section that the presence of this
minimal coupling is crucial to have a consistent and non-zero four-point amplitude. Furthermore,
it is also necessary to have k2,0 = K22 _2 — a relation that is to be expected on grounds of the
equivalence principle. It is interesting to compare this to the four-point amplitude involving one
scalar and three positive helicity gluons originally computed in [212] to be

m4

1T,2%,3%,4%) = _ _ .
Ay ( ) =FK1.1,-1K1,1,0 (12)(23)(13)

(6.22)
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This amplitude is particularly simple since the absence of the gluon-scalar minimal coupling elimi-
nates massive exchange contributions.

Moving on to the other four-point amplitudes in this theory, A (1++, 2+t 3¢ 4¢) has been com-
puted in [218] via BCFW recursion relations to be
[12]*

py gy e (6.23)

Ay (1++, 2t 3¢,4¢) = K§727_2m4

Finally, the amplitude A (17,27, 37~ 4%?) cannot be computed by a three-line shift (or using
BCFW recursion). We provide an independent derivation of this amplitude in Appendix 6.7 and
show that it is given by

[12]°(23)2(13)°

Ay (1FF,27F,377.4%) = o
4( ) K22 0R2,—-2,-2 (s—mz)tu

(6.24)

6.2.2 Five-point amplitudes

The five-point computation proceeds in a similar, albeit more complicated manner to that at four
points. The three-line shift in (6.12) and the associated recursion relation imply that the amplitude
A (1FF, 27 3++ 4+ 59) receives contributions from 18 compatible factorization channels.
Ay (17,27 37 47+ 59) =57 %0 (Ag"’” + A;W) +3 Az, (6.25)
i=1 j=it+1 i=1
They can be divided into five classes with A2 A" g5612 | g3e34 AI"15 being their repre-
sentatives. The rest can be obtained by making appropriate replacements on the external legs. As

we will now demonstrate, it will be useful to set X = A4.

. 3,4 3,4
Evaluation of A?"”" and A"

These classes of terms arise from graviton and scalar exchanges and correspond to the momentum

;1 + p4)2 going on-shell.

g+ 59
Agr,3:4 _ }A I _rtt i++ (626)
3++ S++

— As (g++’4++71——) %ALL (_[++’Q++7 i++,5‘7’)

( [34]3 )2 1 [12] [21] [11]
~ \[MII3)) (34)[43] (12) (21) (I1)

S35 S53 $13
12 234 134
x(—2+ 5+ 4+ 3 2) ,
895 =M S33 — M Sjz — M
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where we’ve used the notation s;; = (p; +pj)2 ,Sijk = (pi +pj +pk)2. After some manipulation,

this term takes the form

34] [12] [2I3 +4|X) [1]3 +4|X) o S5 L S . Sig . (6.27)

Agr,3,4 — - L
° (34) (12)  (3X)(4X)(13)(24) Sis —m?  Sazq —m? | sj3, —m?

The shifted spinors are determined by first solving (34) = 0 for z. This gives

B4 23](34) S [31](34) L (X3)
Z—@, Al—Al—mX, )\Q—AQ—WX7 )\3—@)\4. (628)
Plugging all of this into (6.27), we find that
AL o (X4 (6.29)

which vanishes when X = A\4. A similar analysis for the scalar exchange diagrams shows that it also

vanishes. Thus all diagrams in this class do not contribute to the amplitude and we have

1,4 2,4 4 1,4 2,4 ] 4
AP = AZE = AgTIt = AR = AR = A3 =0 (6.30)

. 1,2
Evaluation of A?""

This class of terms arises from the momentum (p; + ﬁ2)2 going on-shell and corresponds to the
exchange of a graviton. This channel cannot be obtained from (6.26) because the shift does not

treat ps on the same footing as p1, p2, p3.

5++ 3++
gr,1,2
A = - —Itt 4t (6.31)
1++ 59

As (i++’ Q-‘r-‘r, I__) %A;; (—I++, f))-"--i-7 4++) 5¢)

_< [12]3 )2 1 [34][41][13]
21)[11] ) (12)[21] (34)(41)(I3)

83 545 5153
% (_2 + 34 -+ i%4 -+ 123 2) '
S34 — M Siag — M S133 — M

The kinematic invariants involving shifted spinors can be evaluated by first determining the value

of z for this channel by setting (12) = 0 and plugging in this value of z into (6.12). By doing this,

we get

(34) = (34),  (4I) = —1, <13>:_[3m5i#|4> (6.32)

5934 = S124 — S12, 5953 = S123 -
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This brings this term to the form

[12] [34] [14] [24] (81+1> [3|ps|4)°

24 514 5123

S S14 + 8 S
« <_2 " 34 _+ 14 24 _+ 123 2) . (6.33)
S34 — M S14+ S24a —m S123 — M

. 1,5
Evaluation of A:“"

This class of terms arises from the momentum (p; + p5)2 going on-shell and corresponds to a scalar

{++ 3+
Asc,l,S _ , ® 4+
5 = 7% —I 4 (6.34)
59 o++

= Ay (74,5, 19) ﬁfu (—19,3+F 47+, 57+)

[Llps|€1) [1]ps|€a) 1 [23][34][42]
(161)(26) 515 —m? (23)(34)(42)

83 S35 S5
4 2 24
x(—2+ My 2y 2) :
584 — M7 S3p M7 Sy —m

In this case, the kinematic invariants involving shifted momenta evaluate to

exchange.

A A S15 — S93 — m2 2
<23> = T R S35 = S23 — S15 + M7, S34 = S34 S54 = S24 - (635)

Setting & = & = A4 for simplicity, we get

etz _ (23] [34] [24] [14] s [L]ps|4)*
5 <23> <34> <24> <14> S14 (815 — m2) (815 — 893 — m2)

S34 S123 + S14 S24
X (—2 + S+ S+ = .
S34 — M $123 + S14 — M So4 —M

. 1,2
Evaluation of A"

This final class of terms also corresponds to a scalar exchange but arises from the momentum
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(p1 + p2)? going on-shell.

5++ 3++

Agc,l,Q _ 19 _r® O qt++ (636)

{++ 59
A X~ 1 A
_ ++ + + ++
—A3 (1 ,2+ ,I¢) mv‘lzi (_I¢73 +74 75¢)
1 [34]*
= [12)*

s12 = m? s34 (5154 — %) (5193 —m?)
Here the shifted momenta are determined by (12)[12] = m? and this term evaluates to
[12]*[34)*

(s12 — m?) s34 (5123 — M?) (S14 + S24)

Aseh? = (6.37)

This completes the computation of As (17+,2+F 37+ 4%+ 5?) In computing this amplitude using
the recursion relations, we have implicitly assumed that there is no contribution from a pole at
infinity in the complex z plane. In order to verify the validity of this assumption, we have checked

that the amplitude we computed has all the correct soft and collinear limits.

6.3 Celestial amplitudes

We are interested in evaluating the celestial amplitudes corresponding to the bulk scattering am-
plitudes of the previous section. As explained in Section 6.1, we are interested in the correlators
obtained by setting A = 0, where A is the conformal dimension of the massive scalar. Since all
the dependence on the scalar coordinates drops out of the correlation functions, we will refer to
the celestial counterparts of n 4+ 1-point bulk scattering amplitudes as n-point correlators. This is

further supported, as we will now show, by the structure of these correlators.

6.3.1 Two-point function

The momentum space three-point amplitude (6.10), written using the parameterization (6.1, 6.3) is
given by
52
z
./43 (1++, 2++, 3¢) = K220 m4 7%25(4) (p1 + p2 + Q) . (638)
We have made use of momentum conservation ((12)[12] = m?) in arriving at the above form. The

corresponding celestial amplitude integrated over the scalar phase space is given by the expression
A, ({Ah 2,7 T { A, 22,52}++)

o] m2 o] B B 22
= K2,2,0 Z / dy ng d23 Ty?’ X / dW1 dU.)Q wlAl ! WQAz 1 % 6(4) (pl + P2 + Q) . (639)
0 0

z
€1,€3 12
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We can use the d§-function to solve for y, z, Z,w; to get

1
5@ (p1+p2+Q) = m5 (y—y")6(z3 —23) 0 (23 — 25) 6 (w1 —w7) , (6.40)
where®
" m? »  —2meg€3z12212w2 m2212712€1 €2w2
Wy = ———— Yy = ) —— J:—*3 . (6.41)
46162212212&12 m +4z12z12w2 (y )

After integrating over vy, z3, Z3, w1, we get

_ 2 0o 2 Aq
Ay = 2 (212 / L — N 42
c=maaon? (2) Y [T () e e . (0

z
12 €1,€3

The integral over the J-function gives rise to the two © functions since the y,w; integrals are over

R*. The sum over €3 eliminates © (y*) while the sum over €; eliminates © (w?}) yielding

2 2

Z12 m

A1 o
AQ = 52)2’0m2 / d(UQ w2A27A171 . (643)
0

z12| |4z12712

Performing the wy integral, we obtain the final result for the two-point celestial correlator

Ay
X 2mwd (Al — Ag) . (644)

_ 2
Z12 m2

212

(0T (21,21) OLF (22, 22))) = Ay = g om?

4212212

We see that the resulting object indeed resembles a two-point correlation function as in an ordinary
CFT.

It is also natural to consider correlation functions like (O£ (z1,21) OR, (22, 22) OF (23, 23)). In-
terpreting it as a two-point function of a graviton and scalar, we expect it to vanish from the 2D
CFT perspective. However, it is nonzero and is suggestive of the fact that additional insertions of
the scalar cannot be treated on the same footing as gravitons. We leave the exploration of such
correlators and their meaning to future work, noting for now that the singular part of the graviton
OPE does not involve the scalar, so the set of correlators ((...)) with only graviton insertions forms
a self-consistent sector in some sense, similar in spirit to studying a current algebra independently

from any actual CFT.5

6.3.2 Three-point functions
((OA] O, O D)

The three-point functions are computed from momentum space four-point scattering amplitudes.
We start with (6.21) which we write as

A4 (1++72++73++’4¢) :AZT+AZC,S+AZc,t+AZc,u’ (645)

5We have not displayed the solutions for z3, Z3 since they are not required for this computation.
6We thank Sruthi Narayanan for bringing this to our attention.
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with A" representing the contribution of graviton exchange in all channels. As in the previous

section, the d-function is used to eliminate the scalar momentum variables z4, Z4, y as well as ws

1
5@ (Pr+p2+p3+Q)= m5 (Y—y )0 (Z2—2)0 (2 — 24) 6 (w3 —w3) (6.46)
with
ot 63 m? — dwiwaz12712€1€2 = 2mey (213Z13€1w1 + 223%23€2W2)
3 4 z13Z13€1W1 + Zo3Zaz€ows m? 4+ 4 (w1213 + €awaza3) (€E1w1Z13 + €awaZoz)

2

m
J = y—d (2132:13610.}1 + 2’23223620.)2) . (647)

The resulting three-point celestial correlator for both the graviton and scalar exchanges is given by

X 1 A (w3
-1, Ax—1 3
3715 dwy dwy wi™ ™ wy 2T —
€4 0

)Ag 1

O (y") O (w3) As. (6.48)

|z13Z13€1W1 + 223Z23€2w2|

We will now compute the above integral for each term in A4 (6.45), whose explicit form in the

momentum space is given by the relation (6.21).

Mellin transform of A"

In the parametrization of (6.1), the graviton exchange term of the amplitude is

4212223231

T
.AZ = —2;‘632727_2&272,07)’1 . (649)
212223231
Plugging this into (6.48) and performing the sum over €3, €4 gives
< gr 1—-2A 212223231 Z —1, As—1
Ag =-2 3%272’_2#&27270 dwl dUJQ wl Wo 2
Z12723231
4 z - z z 83 (650
x |m* — un102z12Z126162| ' zisBiseaws + 2asZasews| 4. (6.50)

Changing variables to

1 1
_ iy ~ 1
wl_m<lzwzsl> JYX wr’”('““') VXY | ae—c, (651
2 \ |z12Z12| |213Z13] X 2\ |z12Z12| |223Z23]

brings the integral to the form

AY" = koo 2k220 Z (2, Zj) Zf1 (Aj, 1) f2 (A 2) (6.52)
€
with
Z19Z92% Az—Ag—A A —Dy—A Ag—Aj—A
Z = 2—B—3mﬂ+5w ‘212212| B |223223| =7 |213213| e R (653)
212723713
being a standard conformal factor and g = -3+ Zle A;. f1 and fy are integrals over the variables

X and Y respectively and depend on the z;;, Z;; only through

a1 = €sgn <213§13223§23) , O = €sgn (212212) . (654)
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The fi, fo integrals are now readily performed giving us

o0 _ A
f1 (Ai,Oq) = / d)()(A2 A21+ 21 |X +061‘_A3
0

(ST (2=t ] =t s
= T (A. cos(Z(A1—As) _ ’
( 3) CQOTA:;) ap =-—1 ;
and
J2 (Ag,a) = / dyy S 11— 042Y|Arl
0
_1n <A1+A22—A3> r (2 — A ‘2A2 - A?’) T (As)
™
2sinZ (A1 + Ag)cosTA3 az=1
o 2 (A1t As)cos 383 a (6.56)

sin mAg as =—1.
Putting all of this together, we finally get two regions for the graviton exchange term

) , Sy (z12Z12213%13223%23) > 0
AS" = —Kopo oka20 Z (25, Zij) G (A;) % (6.57)
S_ (z12Z12213%13%23%03) < 0,

where

o (s L (27815 800 p (B4 22 )
™

XF<A2+A3—A1>F<A1—A2+A3> 7 (6.58)

2 2

and
. T . T
S+:SIH§(A1+A2+A3)+SIH§(A1+A27A3)
+Sing(A17A2+A3)+Sing(A27A1+A3) s

S_ =sinmAy +sinmAg +sinwAsz . (6.59)

Mellin transform of A5“°, A5“" and A5“"

We only need to evaluate the s-channel exchange since the other channels can be simply obtained
from this by interchanging 1 <+ 3 and 2 <+ 3. Moreover, since we have the following relation between
the graviton and scalar exchange terms

dejeawwoz12212 (6.60)

1
sC,s __ _ — Ag9T
A7 = 2A4 X - 3
€1€2W1W2212212 — M

their Mellin transforms are quite similar. Following the steps that led from (6.49) to (6.52), we get

A sc,s 1 _
AP = 512,2,-262,2,0 Z (245, Zij) Z € fi (As,an) f3 (Aj,az) (6.61)
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where

A1 —Ag+Ay

fa(Aja2) = / dYy— —z |1 — oz2Y|Ar2 sgn (1 — oY)
0

:1F(2+A1+2A2—A3>F<2—A1—2A2—A3>F(A3_1)

™

—2sinZ (A1 +A3)cosZA3 as =1
x 2 (A1 + Ao)eoszha oy (6.62)

sin mAg as =—1.

We can now put together the celestial amplitude corresponding to the s-channel exchange by sum-

ming over e resulting in

% 8¢, 1 _ St (z12Z12213%Z13%23%23) > 0
A3 = 7§I€272,_2H2,270 Z (Zij, Zij) QSC’S (Al) X + (663)
S (z12Z12213Z13%23%23) < 0
where
1 2— A1 —Ay— A A Ay — A
gSC’S(Ai)F< 1 2 3>F( 1+ A 3+2) (664)
T 2 2
« T A1 — Aoy + Az r Ay + Az — Ay F(Ag—l)7
2 2 I'(As)

and Sy were defined in (6.59). The invariance of Sy under cyclic permutations of the conformal di-
mensions A; allows us to write the all-plus three-point expression in a compact manner by combining
(6.57) and (6.63) as follows:

((OXT OXF OXh)) = A + A" + A5 4+ A (6.65)
1
= —Ko2 —2K220 2 (2i5,Zij) |GV + 3 (G°* +G°F + g

St (z12Z12213%Z13%223%23) > 0
x

S_ (z12Z12213%13%223%23) < 0,
where G*“*(A;) and G*>“(A,;) are obtained from G***(A;) given in (6.64) by interchanging A; <> A
and Ay <> Az respectively.

(O] O Ox)))

We now present the three-point function involving two positive and one negative helicity graviton de-
rived from the momentum-space four-point amplitude given by (6.24), which in the parameterization
of (6.1) takes the form

6162(4}%(,0:23

-6
__ 219223713
AQTH,27F 377 4%) = 43k9 5 g2, 2,2

2933 B (6.66)
ZozZ13  4€1€wiwoziZ12 — M
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The computation of this Mellin transform is very similar to the previous cases and we omit all
details. The final result takes the form

Aj ({Ah 21,2 T {Ag, 20, 2T {As, 23,53}77)

= K290 K2,—2,—2 2 (2ij, Zif) Zéfl (A, 01) fa(DAj,a2) , (6.67)

€

where

Az —A1—-Ay—6 A1 —Ag—Ag Ag—Aq1—A3

= g 70,2032 _ _ _
Z — 9—B—4,,p+5 £12°23713 |212Z12] 2 |z23Z23] 2 |z13213] E , (6.68)

Z23Z13
is now the appropriate conformal factor, f1 (A;, «1) is the same integral as in (6.55) and
oo A1 —A3+Ao 44 Asz—2
f4 (A“ 042) = dY'y 2 |1 — 042Y| sgn (1 — OéQY)
0

- 2 (6.69)
—2sin§ (A1 +Az)cos FA3 ax =1
X
sinTAj as = —1.
Putting all of this together, the result is
. - . Sy (212Z12213%13223%23) > 0
((OXTOXTOXT)) = —ho 2 2k 20 Z (2ij, Zij) G (D) X
S_ (z12Z12713%13223%23) < 0,
(6.70)
where
~ 1 —2— A1 — Ay — A: A Ay — A
Q(AQzI‘( 1 2 S)F( 1+ Qs 3+6>
s 2 2
A — Ag + Az Ag+ Az — A1\ T'(Az—1)
I I 71
% < 2 2 T(A;) (6:71)

and Sy were defined in (6.59).

6.3.3 Four-point function

The four-point function can be obtained from the five-point amplitude computed in Section 6.2

starting from the definition

5 m2 > dy [ o 4 dw; A 5
Ay=— = dzs dz —L wRig@) ; . 6.72
4 1 /0 e /_OO 25 25/0 11;[1 ” Wy ;p As ( )

Due to the complexity of this amplitude, we will evaluate the corresponding celestial correlator only
in Minkowski space. In this case, the regions on which the constraints imposed by the © functions

are satisfied can be enumerated. As we will see below, a simplification occurs since Z; are the complex
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conjugates of z; and we have z;z; = |Z,|2 > 0.7 As before, we can first eliminate the coordinates of

the scalar and one energy using

5
5O (Y] = e e =i s = )6 (5 - )8 0= v7) (6.73)
i=1
Wi = m? — dz12Z12€1 €awiwa — 421321361 €3wiws — 4223 Z23€2€3Waw3
dey (214Z14€1W1 + 224 Z24€2W0 + 234734€3W3) ’
J— _m265 (214Z14€1W1 + 224Z04€2W0 + 234734€3W3)
y3 ’
v = —2mes (214Z14€1W1 + 224Z2462wW2 + 234234€3W3)

m? + 4 (z1a€1w1 + 224€2w2 + 231€3wW3) (Z14€1W1 + Zoa€owa + Z3a€3wW3)

In arriving at the above result, we have made use of the parametrization
Di = € W; (1 + 2z, 2 + 21‘, ) (2’1 — fi) s 1-— ziz) y (674)

which is appropriate for Minkowski space. Performing the y, z5, Z5, w4 integrals, we get

3

A 1 1 * * = —% *

A4E/Hdwiwf" 1m5(w4—w4)5(z'5—25)5(25—25)5(y—y)
i=1

x WDSTTT O () O (W) As - (6.75)

We do not sum over the directions as in the previous sections. We find it easier to solve the ©
function constraints and evaluate the amplitude for each case. Once we have these correlators, the
summation can be trivially carried out. It is easy to see that the two © functions in (6.75) reduce

to

(C] (y*) © ((-L)Z) =0 (—65 (21451461(.01 + 294Z94€2wo + 2’3423463013)) (676)
O (eses5 (—m” + 421271261 €2w1wa + 421371361 €3w1W3 + 4223 Za3€2€3Waw3) ) -
The constraints imposed by these © functions on wj,ws,ws contours are most easily worked out by
first changing variables to

1 m
Wy, W3 = —
Z24]2 2, W3 B

234 m | 2147234 214

2

w1 = — @1, Wo = (677)

213714 213 213234

The constraints can now be written purely in terms of the @;, €;, the conformal cross ratio z = %

and its conjugate:
O (y*) O (wi) =0 (—¢€5 (e1w1 + €202 + €3W3)) (6.78)
C) (6465 (—1 + €1€2 |Z| W1Wo + €1€301W3 + €263 |1 — Z‘ (:)2(:13)) .

Before enumerating all the regions, it helps to note that the © functions are invariant under three

operations

"Note that in this section the symbols z;, Z;, z, Z are all complex, and || denotes the modulus of the complex

number. In the previous sections, they were real and we used || to denote the absolute value of these real numbers.
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1. 61(.:)1 — 62(:)2
2. €101 < 303 and |z| < |1 — 2]
3. €209 > €3W3 and |Z| <~ |]. — Z| .

Moreover, we regard combinations of ¢; differing by an overall sign to be equivalent and set e5 = —1
in everything that follows. These imply that we can obtain all possible regions from the ones shown
in Table 2.1. The combinations €; = e; = €3 = —€4 = 1 and €; = €5 = €4 = —e3 = —1 are not listed

in this table as they lead to empty regions.

Region | €1 | €2 | €3 | €4 | Constraints

R L[ [1 [a>0, Gp< by 0<ay< S22

Ro 1 |1 [-1]1 [@ >0, w2<‘zﬁ7 0< @3 <@y +an

Rs L[] [a>0, a> s, 22EEL cg a4
Ra I [1]-1]1 [@&1>0, O<aw<wi, 0<@s<m—n

Rs |1 [1[1[1]ai>0 0<idn< o, a> L0

Re 1 [1 1 [-1]@&>0 &> \z@wlv @3 >0

R, L1 (a1 ]a>0, @b @< Jf'jﬁl_f';;

Table 6.1: A list of regions carved out by the © function constraints for different values of ¢;. The
regions for any combinations of €; not listed here are either empty or are related to the listed ones
via symmetries. In all of these cases we have set e5 = —1.

The variable change (6.77) also vastly simplifies (6.73) to

(1 — ‘Z|26162a}1@2 — 6163(1)1(1}3 — ‘1 — Z|2 6263(1)2(1)3)

mey 213
wZ _ _ _ _ , (6.79)
2 | z14234 (€101 + €2w2 + €3w3)
3
M~€5 | 214234 - - -
= — 3 (610.)1 + €awo + 63&)3) .
2y Z13

and the integral for the celestial correlator

~ _ _ o ~ B L A=A
A4 =Z dw1 dUJQ dUJ3 wlA‘ 1(4}2A2 10.)3A3 ! (610.)1 + €owa + 630.)3) 4
Ri

Ag—1
(1 —|22ere0mn@ — eres@n@s — |1 — 2| 6263@2033) AL (6.80)

A} is meant to represent the five-point amplitude after imposing momentum conservation and the

variable change in (6.77) and

z - |234|%(A1+A2*A3*A4*1 3|%(*A1*A2*A3+A4+1)

|
21
_5 4 ]
—A1+Ax+Az—Ay+1) |224|1—A2 (m) S+Yima A

1
|214] 2 5

. (6.81)

is the standard conformal factor.
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It is prudent to first identify a few classes of integrals that arise in the computation of the
correlator above. To this end, it is necessary to rewrite the five-point amplitude (6.25) using the
variables (6.77) as in Appendix 6.8. We can check that all the terms Ag“’2’(” (defined in Appendix
6.8) lead to the following class of integrals

Ifgi) (a, B,7,9,p,a,b,c) = / din dig disof (115 oy (11— §)6 5% (101 + €a@o + €3w3)”
Ri

(3’63(:)3 + 61(:)1 -|— 62(:)2)13 (§ (61(:)1 -|— 62(:)2) -|— 63(.:)3)C 5 (682)

17(37) (a7 /67 /7’ 67 ID’ a7 b7 C’ d’ e)
= / diq dig dsof (:)26 (:Jg (1 — §)6 (6101 + €202 + 63[1}3)’) (62@2 + 63(1}3)d
Ri
X (8 (€22 + €3w3) + e101)” (Se3w3 + €101 + €22)"

X (1 1222 4 (24 5) exes@ns + wg) (62028 + €100 + €303)° ,  (6.83)

where § = |z|e1€2001 W2 + €1€301W3 + |1 — 2| e2eswaws. The exponents represented by Greek letters
can take complex values while the Latin ones only take on integer values. All of the terms in Ay
can be expressed in terms of these integrals. This decomposition can be performed easily using
Mathematica.

The integrals in (6.82, 6.83) must first be regulated with appropriate ie prescriptions. Here, we
must distinguish between the factors with Greek and Latin exponents. The former are positive in all
the regions R; as they are just the arguments of the © functions. Consequently, they do not require
i€ prescriptions. However, the factors with integer exponents introduce new singularities which
sometimes intersect the regions R;. The necessary ie prescription follows from the corresponding
Feynman e for the propagators in the tree amplitude. We will now tacitly assume such a prescription
and outline how we can derive a Mellin-Barnes representation for these integrals. Applying the

Mellin-Barnes decomposition formula®

n—1

1 1
_ Z‘A%AiAizlimil’"’I
(A + -+ A (2m>n—1r(x)/i1:[1 doi A7 A,
n—1
< [IT(=2z)T(A+ 21+ +201) , (6.84)
i=1

to each factor with an integer exponent yields an integral of the form
I%) = / H dxy G (z1,...,2p,a,b,¢,d,e,2,2) Tr, - (6.85)
k=1

This generic form is motivated by the observation that each of the factors A; in the Mellin-Barnes

decomposition is a product of powers of w1, @s, W3, z and z. This modifies the exponents of Wy, Wa, W3

8Here and henceforth, we will suppress the contour of integration. It is understood that these contours run upward

along the imaginary axis such that the poles separate into left and right ones. For more details, please refer to [219].



179

from «, 3,7 in (6.82, 6.83) to A, B and C. The function G (z1,...,z.,a,b,¢,d,e) is a universal
(independent of the regions R;) factor containing all the I" functions and powers of z, Z arising from
(6.84). r is an integer that represents the total number of Mellin variables that must be introduced

to achieve this form. We have also defined
TIr, = / divy divs diss &7 &8 @S (1= 8)° (161 + eao + €303)" . (6.86)
Ri

We can now complete the reduction to Mellin-Barnes form more efficiently by performing some of
the integrals and identifying them with well-known hypergeometric functions. The details of this

somewhat lengthy procedure are relegated to Appendix 6.9. Here, we merely present the final result:

4
.. _ o Tr+4
IRy = /H drr1i G (Trg1, .o Trpa) (2= 1) (2 = 1)777° (1 - |Z|2) ; (6.87)
i=1

where G is defined in (6.133).

6.4 Graviton OPEs

We can obtain the graviton OPEs (for positive helicity gravitons) from the three-point correlator
(6.57, 6.63). Since the OPE is local and is insensitive to insertions far away from the position of the
relevant operators, we expect it to agree with the OPE derived for correlators without a massive

scalar. Consider the limit as z93 — 0 in which we have for the conformal factor

,2 —
z 2B, 22-2A1m2A1+2%3? 2157132 (—im) 0 (An + Ag — Ay) . (6.88)
13 %23

In arriving at this result, we have made use of the identity [220]

lim " 2T (A — 2) = —27id (A — 2) . (6.89)

v—0

The terms in the three-point correlator now become

~or 2|3 . Zog 1
Ag i—> 722%2727_2722;F (1 — AQ - Ag) I (Ag) I (Ag)

X (sinTAg +sin Az + sinw (Ag + Ag)) A,

= —2%272,_2? (B(AQ, Ag) + B(l — AQ - A3, Ag) + B(l - AQ — Ag, AQ))AQ 5 (690)
23

. Zoz 1
A;C’S ﬂ —iﬁg’g’,gjﬁfr (1 — Ay — Ag) I (AQ =+ 1) T (Ag — 1)

23 T

X (—sinmAy — sinmAg — sinm (Ag + Az)) Ay

= 7&2’27_2?(B(A2 + ].,Ag — ].) — B(l — AQ — Ag,Ag — 1) + B(]. — AQ — Ag,AQ + 1)>A.2 5
23

(6.91)
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A sc,u . z 1
Ag” 2B, —zmz,g,—2z§}r (1= A2 = A3) (A3 + 1) (A2 — 1)
X (—sin7mAg — sintAs — sinm (Ag + Ag)) A,
= —nz,z,ﬂ?(B(Az —1LA3+1) = B(1 = As = A3, Ay — 1) + B(1 = Ay — Ag, Ag + 1))A2 ’
23
(6.92)

while A5”* is subleading in this limit and hence we drop it. Here B(z,y) is the Euler beta function.

Now, if we write the OPE as
OLF (29, 5) OLT (23,7) ~ % QB OF (g 5) (6.93)
we can read off the OPE coefficient to be
CR, 8, = —#22,2(2B(8a, Ag) + 2B(1 = Ay — Ay, Ag) + 2B(1 = Az — Ag, Ay)
+B(As+1,A3 —1)—B(l — Ay — A3, A3 — 1) — B(1— Ay — A3, As + 1)
FB(As—1,A5+1) — B(1 — Ao — Ag, Ag — 1) — B(1 — Ay —Ag,Angl))
= —r2,2(B(Ae = 1,Ag = 1) = B(A — 1,3 A3 — Ag) - B(Ag — 1,3 - Ay — Ay))
(6.94)
where we have used the following identities:
o B(Ay—1,A3+1)+B(Az+1,A3—1)+2B(A2,A3) — B(As —1,A3—1) =0

° B(l —Ag —A3,A2 — 1) —|—B(1 —AQ —Ag,Ag + 1) —23(1 —AQ —A3,A2)
—B(As—1,3—Ay—A3)=0
L] B(l —AQ —Ag,Ag, - 1) +B(1 _AQ —Ag,A3+ 1) —23(1 —Ag —A3,A3)
—B(A3—1,3— Ay —A3)=0,
to simplify the OPE coefficients in the final equality above. This OPE coefficient cannot be directly

compared with those obtained in [221, 222] as it does not correspond to OPEs of incoming or

outgoing operators, but to specific linear combinations of them. We can use the OPEs of [221, 222]

to derive the appropriate quantity for comparison. To do this, we start by considering?'°
+4,41 A+, +H,41 oyt +1 4,41 4,1
Yo oxbttofhe =oft ot v oo (6.95)
ez3==+1

Applying the usual OPE we get,

4,41 gttes 723 1
Z OAz OAS ~ —R292, -2 (B(AQ - 1, Ag - 1) OA2+A3
63::|:1 223

— B(As—1,3— Ay — A3) OX T
~B(A3—1,3— Ay — Ag)ogj@) . (6.96)

9We set ez = 1 since there are only two inequivalent choices for €1, €2 up to an overall sign.
10We suppress all the coordinate dependence of the operators.
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If we now insert this into a three-point function and sum over the directions of the new insertion,
we get

Z <<OXT"€1 OX:H—l 02:763» ~ 7!&2727_2272? (B(AQ - 1, A3 - 1) - B(AQ - 1,3 — AQ — Ag)

z
€1,€3 2

—B(A3—1,3— Ay — A3)) Z<<0XTQOX:+A3>> )

€1

(6.97)

matching the expression for the OPE coefficient obtained in (6.94). This shows that the OPEs in

the presence of a massive scalar are consistent with those in its absence.

6.5 The conformally soft graviton theorem

The computations of the previous sections have shown that celestial amplitudes involving n gravitons
and a massive scalar behave like n-point graviton correlators when the conformal dimension of the
scalar is taken to vanish. We will now examine whether this similarly persists for the conformal soft
theorems [223]. In this paper, we will only examine the leading soft theorem leaving the others for
future work. In momentum space, the leading soft theorem [224] for an amplitude with n positive

helicity gravitons and a massive scalar is

1
Ani1 (ept T sttt o) % —S [T AL (2T P pn) +0(%) , (6.98)

where S [piH'] is the relevant soft factor given by

e (p1) phpY
Spit) =] o (6.99)
=2 !

and €, (p1) is the polarization tensor of the soft graviton, which takes the form

" (p1) = feby 1] fyh 1] (6.100)

(@) (y1)
for a positive helicity graviton. Here x,y are two arbitrary reference spinors. The soft factor is
independent of the specific choice of x,y on the support of momentum conservation (which always
holds upon including the momentum of the massive scalar). A compact expression can be obtained
by setting x = A2,y = A3. Note that there is a sum over all the other particles involved in the
amplitude. For the four-point amplitude Ay (17,27 37+ 49) in (6.21), this becomes
[12] [13] (23)2  Z12Z13235 wows Y

Slpit] =+ = . 6.101
[pl } <12> <13> t —m? Z12213  2mwq y2 + 214214 ( )

It can be checked that the momentum-space amplitude (6.21) satisfies the soft theorems. It is worth
noting that the leading soft behavior arises entirely from the term in the amplitude that corresponds

to the exchange of the massive scalar. Indeed, without this, the amplitude would fail to satisfy the
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soft graviton theorem as already stated in Section 6.2. In order to examine the celestial avatar of

this statement, we must compute

. dwl A dy
Am (A —DA = ]{ dwl/ / e

w1=0
X / dZn+1 d2n+1 GAn+1 (Zn+1, Zn+1, w, ’LD) An+1 (6102)
where we have used the definition (6.4) and the identity
lime|z|*"" =6 (2), (6.103)
e—0

which holds for functions falling off at infinity at least as fast as x~° for some b > 0. For the

four-point amplitude under consideration, this turns into

- Z0Z 1222 d
lim( 1—1)./4 :mw/£d24d54dWQdW3w§2w?3

A;—1 8 212213
Y A Y
X As . (6.104
(y2+<24—w><z4—w)> <y2+z14zl4> 3. (6.104)

We must now set A4 = 0 in order to obtain the conformal soft theorem for the correlators considered

in this paper. The presence of the soft factor prevents us from interpreting this quantity as a lower
point celestial amplitude with A4 = 0. In fact, this can be interpreted as a new correlator with

A4 =1 and the scalar coordinates being {z1, z1 }. Thus, we can write
dim (A —1) As({A1, 21,21}, {Ds, 22, 20}, {As, 23, 23}, {As, w, 0})
1

1
MA ({As+ 1,20, 2}, {As + 1,23, 23}, {1, 21,71}) . (6.105)
C2m zip213

This compact version of the conformally soft theorem involves shifting all the conformal dimensions
and is ostensibly very different from the massless version in [223]. However, this is merely an
artefact of the choice of reference spinors. Indeed, keeping x,y arbitrary will lead to a version of
the conformally soft graviton theorem which involves multiple terms, each involving only one shifted

conformal dimension. This is also supported by the following direct computation

Ag—Ag+1

Ag 5

253 .2
. P m* Ziyz
lim (Al - 1)A3 = — :1,)2 33
Aj—1 2 ziy213

2

m 2

m-z13213

4293703 4z12Z12223%23

L . — —_
s (3(0s-B9)) sgn(z12212223%23) > 0

x (6.106)

—mtan (g(Ag — Ag)) ; sgn(z12212223%23) <0 .
This suggests that the leading soft theorem relates the set of correlators with vanishing scalar
conformal dimension to those with unit conformal dimension. It would be intriguing to investigate
if this has an interpretation along the lines of [225, 226]. The connection between soft theorems and
Ward identities of asymptotic symmetries in the presence of massive particles has been studied in
[227, 228] in general. It would also be interesting to see if any lessons could be extracted from this

analysis.
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6.6 Outlook and discussion

The correlators computed in this paper are well-defined and non-distributional, resembling ordinary
CFT correlators. This computation opens up several lines of investigation. The first of these is
understanding whether the remaining soft theorems are modified, along with their associated sym-
metries. Next is understanding the singularity structure of these correlators either using the Mellin
Barnes representations (6.87) and generalizing the analysis in [229] or using the Euler integral repre-
sentation (6.82, 6.83) and methods in [94, 68]. A particularly interesting question is understanding
how the massive exchange is manifest in the singularity structure. Another question that would
benefit from further investigation is if an on-shell version of the correlators in [230] agrees with those
in this paper. This would provide a connection between the two different definitions. The final
and perhaps most interesting and challenging question is whether we can identify a 2D CFT that

reproduces the correlation functions in this paper.

6.7 Appendix: Derivation of the A(17" 27" 377 4%) ampli-
tude

This amplitude is not constructible via BCFW or three-line shift recursions. The simplest way to
derive this amplitude is by appealing to consistent factorization and locality along the lines of [216].
The basic procedure is to compute the residues on all factorization channels by multiplying the
appropriate three-point amplitudes and then guessing an expression that correctly reproduces all of
them. For the case at hand, we begin by computing the residue in the u-channel corresponding to

a graviton exchange. This is

37— 2t+
1
2t 37 4%) = — o 1
[%eﬁo“‘l“( 21 377,49) a3 - (6.107)
14+ 49
1 313 \° .
P N o 27
1322 <11><13>> w220 (2]
[12]°(23)2(13)*
= _ 6.108
R2.2,0R2,2,—2 (13)t2 ( )

The expression above has a double pole in ¢ which would be unphysical in an amplitude. However,

on the support of © = 0, we have s — m? = —t. An ansatz for the amplitude is thus

[12]°(23)%(13)2

A 1++,2++73**74¢ - B
4( ) K2,2,0K2,2,—2 tu(s —m2)

(6.109)

It can be checked that this correctly reproduces the ¢- and u-channel residues and has the correct

soft limits.
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point amplitude
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Expressions for various terms in the five-

=

This appendix contains expressions for all the terms in (6.25) written in terms of the variables

introduced in (6.77).

i [12] [34] [14] 24 Blps|4)* 2 _ 22473, g2 (€101 + €209 (1 — 2))?
> T (12) (34) (1 S103 223523, o 5
o _ - - - 2
AT - [12] [34] [14 3lps|4)” 2 32537«%4 61€3§2 (e101 + €202 (1-2)) (6.110)
(12) (34) (14 5123 % 27323, w1 H
gtz - [12] [34] [14 ) ssa 1 223, OF (@it ed(1-2)"5-1
> o <12> <34> <14 $34 — M2 s5123 z 2%3254 2(;)2 S€3s + €101 + €22 3
e — [12] [34] [14 ) ssa 1 _ 2247, 20373(@)1 +ein(1—-2)° 51
5 <12> <34> <14 S34 — m2 S123 z 2%3254 w1 S€3W3 + €101 + €209 S
(6.111)
ez — _ [12] [34] [14] [24] Blps|4)? st 1
> T(12) (34) (14) (24)  sas S14+ 524 — m2 s193
_ @ (61(,:11 + €900o (1 — 2))2 (61(:)1 + 62(:12) 1-35
(:)2 s (61(:)1 + 62(:12) + 63(:)3 §
i@ _ 120 34 (14 24 Bpsl)®  sutsa 1
° — (12) (34) (14) (24) 514 s14+ S24 — m? 5123
_ 263@ (616:11 +A€2(:1~2 (1 — 2})2 (61(:)1~+ 62(,:22) 1 i s (6.112)
w1 S (elwl + 62Ld2) + €3ws3
gortam — 12 [34] | Blps[4)* 1 z22hE, @3 (a@ + e (1-2))°
5 T (12) (34) ( Soa §—1 22223, 7 @ 1-3
9 - - - - 2
goraas _ 1234 1 R B’ 1L 2, G bt ek (1-2)" o
(12) (34) { s1a §—1  z2f323, w9 1-35
Asc71,2(1) - [23] [34] [24 14] [1|p5|4>2 2
° T (23)(34)(24)(14) 514 S15 — So3 — m2
22 52 - ~ ~ ~
ZigZyy 1l -2 - \2 €1w) + €2wa + €3w3
= ZEoW _|_ PYL — — = —
2222, 1 — (Zea0 + €5033) €101 + 5 (€209 + €3W3)
Asc,1,2(2) — [23] [34] [24] [14] [1‘p5‘4>2 2
° S (23)(34)(24)(14) 514 s15 — m?
52 32 1—% ~ ~ ~
— ol : (Zeatn + €303)” 1001 €18+ eacn T € (6.114)

2 .2
213254 1 — 2

1+ |2| @3 + (2 + 2) e2e30003 + 0F



185

[23][34][24][14] [1]ps|4)* 1 534
<23> <34> <24><14>814 S15 — S23 — m2 834 — m2
. 2%32%4 1— Ze3ws (262&)2 + 63@3)2 (61&)1 + eao + 63&13) (1 — §>
2%32’34 1—=2 (61(:)1 + § (62(:)2 + 63(:}3)) (363(.:]3 + 61(.:}1 + 62(:.)2)
[23](34][24][14] [1[ps]4)” 1 534
(23)(34)(24)(14) 514 515 — m? 534 —m?

_ 2%32%4 1—-2 (262@2 + 63&)3)2 €1€3W1W3 (61&11 + eso + 63(2)3) (1 — §) (6.115)

A;c,l,Q(S)

A;c,1,2(4)

2 2
SEESTI (1 + |Z|2 (L’% + (2 + 2) ea€300903 + (D%) (Sesws + €101 + 62&12)

[23][34][24][14] [1]ps[4)” 1 S123 + 814
<23> <34><24><14>514 S15 — S§23 — mQ 5123 —+ S14 — m2
52 52 > ~ ~ ~
ZisZ5, 1 —2 - \2 €1W1 + W2 + €3W3

— Z€oWwo + €3W — — —

2332341 — 2 (zealiy + €alis) (€202 + €3w3) (5 — 1)

[23][34][24][14] [1]ps[4)* 1 S123 + 814
(23)(34)(24)(14)s14  $15 — m? $123 + S14 — M?>

2%32%4 ]. —Z (262(:)2 + 63(:)3)2 61(:)1 (61(:)1 -|— 62(1)2 + 63(1)3) (61(:)1 + <§ (62(2)2 + 63(1)3))

A;c,1,2(5)

A;c,l,Q(ﬁ)

2 .2
2323y 1 — 2 (1 + |z\2 @2 + (2 + 2) €2€30203 + @g) (€22 + €303) (§ — 1)
(6.116)

LA [23](34](24][14] [1|p5|4)* 1 524
5 B <23> <34><24><14>814 S15 — S§23 — m2 S94 — m2
2%32%4 1—2 (61(1)1 + 62(:)2 -+ 63(.:)3) (262(:)2 + 63(:)3)2 62(2)2 (1 — §)
2%3234 1—2 w1 +35 (62&12 + 63(:)3) (62(:)2§ + e + 63(1}3)
L) — [23][34][24][14] [1[ps[4)” 1 524
5 B <23> <34><24><14>814 S15 — m2 S94 — m2
. _2%3254 1—-2 (262(:}2 + 63(:)3)2 €1€2W01 W2 (61(:)1 + €awo + 63(':)3) (1 — ‘§) (6 117)

2%32’54 1-=2 1 + |Z‘2¢ZJ§ + (Z + Z) 6263(112(1)3 + (.:Jg (62(1123 + 61(,:11 + 63(113)

6.9 Appendix: Reduction of Jz, to a Mellin-Barnes integral

Start by changing variables to @; = w3 X, ws = @3Y . This transforms (6.86) to

jm:/ dY/ dX XAYB (X -y —1)”
0 1+Y

oo §
/ dios it BHOT e {1+@§(|z|2XY+X—Y|1—z|2)} . (6.118)
0
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We pause here to draw attention to the fact that the integral is well-defined as the integrand is

strictly positive in the integration domain. The @3 integral evaluates to

0 é
/ divs it BCT24p {1 + @2 (|z\2 XY +X -Vl z|2)}
0

9 9\ — 3 (3+A+B+C+p)
— G (|z\ XY +X-Y|[l— 2 ) . (6.119)

with

1 1 1
G = 2F(5)I‘(—2(3+A+B+C+p+25))F<2(3+A+B+C+P)) : (6.120)

After this, (6.86) reads,

) ) ~3(3+A+B+C+p)
N :Ql/ dY/ dX X4YP (X -y -1) <|Z|2XY+X—Y|1_Z|2) 2
0 1+Y
(6.121)
The evaluation of the integral over X is expedited by the further change of variables, ¢t = %
as seen below:
~ B A _BtATBICHp
Jr, =01 dYYB (1 +Y) w, 5
0
1 1+A+p—B-C Y A w, _w
dtt? (L—t)" " = (1—o—t] (1+—t . (6.122
< [ - (- ) (1) o1

Here, wy = Y(1 —Y)|z]> = 2Y Re(z), wy = 1+ Y2|z|> + 2Y Re(z). We can recognize the integral

over t as a representation of the Appell F; function and write

1 14+ A+p—B—C Y A w1
dtt? (1 —1t)" 2 1——t 1+t>
Jﬁ ( ) ( yr+’1 ) ( wo

3+A+B+C+p 3—A+B+C+p Y wy
=G F 1;,-A ; ; ——
G2 1(”+ T 2 ’ 2 Y41 ws

_3+A4+B4C+p
2

wl—F}’Uul+—uu)

—1—p
w1 +w 1
:g2<lwz2> 2F1<—A71+,0,2(3—A+B+C’+p), ) (6.123)
. [(p+1)r(=A+8+C=r . . . .
with Gy = SEATETCTS and we have used an identity of the Appell F} in arriving at the final
I=AFBFCEp

equality. Plugging in the values of wi,ws, we see that the argument of the hypergeometric o F}

1U14—}/@U1-+102) . }’|1——z|2

O w1 +Y) ~ Ut 9ty

(6.124)

This allows us to use the relevant Mellin-Barnes representation of the Gauss hypergeometric function,

I'(c)
2mil ()T (b)T(c — a)T'(c — b)

X /ds I(=s)T(c—a—b—s)T(a+s)(b+s)(1—2)". (6.125)

oF1 (a,b,¢,2) =
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In applying this formula, we introduce a new Mellin variable z,,; in addition to the z1,...,x,
introduced in (6.85). Thus,

o0 — —l—p—zrp1
Tr, :/dgcr+1 Gs (xm)/ dY YB (14 y)A—or (1+y|z\2)
0

—%(1+A+B+C—p—xr+1) (

% (1+y2) 14 yz) " 20FARBEC=p=2r) (g 196)

where

1
G (57:02) = (=20 )T (=rs1 4 54+ B+ C = )| T(-At,10)

I'(33+ A+ B+ C+p+20))
20 (—A)T(—6)

xD(p+14+x41) (6.127)

A final change of variables Y = ﬁ turns the integral into

1 - —1—p—xry1
Irs = /d$r+1 g3 ($r+1)/ dnn” (1—n)" o+ (1 B (1 B |Z|2) 77)
0

X (1—n(l— Z))—%(1+A+B+C—p—wr+1) (1—n(1- 2))—%(1+A+B+c—p—m+1) . (6.128)

which can immediately be recognized as the integral representation of a type D Lauricella function,
jR4 = /d(ErJrl g4 (1'T+1) F(DS) (al; bl, bg,b3, C1;, ]. —Z, ]. — 2, ]. — |Z‘2> s (6129)

where
B+ 1T (—zp31+C+1)

91 (@r41) = Gs (wr41) (241 +B+C+2) '

1
ap = B+1, blzbgzi(

b3:1+p—xr+1, 61:—$T+1+B+C+2. (6130)

1+ A+B+C—p—m41) ,

To complete the reduction, we now use the Mellin-Barnes representation of the Lauricella function
[231]

an) (a1;bmy oy b3 €1, X1, ey T

(1" - t ()T (ar 4+ >0 t) [T, T (b + )
<mn> /llﬁﬂwuﬂa) F@UF@1+Zﬁ;n)Hiﬂfw0 , (6.131)

to get the final Mellin-Barnes form

4
Fr= [T doree sz - 17 17 (1 12) 77 o)
i=1
with
4 r a1—|—2?: Tyii 4 T (b L
G @ty Trya) = [HF(_$r+i1 ( 1 : ) [H (;4(—1:3)7%)]“01—@1)93 :
i=1 r (01 +> s erri) =2 i

(6.133)



Chapter 7

Correlators of Four Light-ray
Operators in CCFT

This chapter is based on the work [214].

Light-ray operators appear in Lorentzian CFTs [232, 233, 234] in general, and in celestial CFT
(CCFT) in particular [43, 44]. Their role in CCFT is tied fundamentally to the problem of finding
a suitable basis of operators. It was shown in [45] that certain three-point correlators involving
light-ray operators take the form of standard three-point CFT correlators. This is in contrast to
the distributional nature of CCFT three-point functions [24]. These operators were further studied
and their contribution to the OPE of CCFT primaries was identified in [235]. It was also noted in
[45] that the light transform is related to Witten’s half Fourier transform and particularly the con-
formal primary twistor eigenstate can be written as a linear combination of light transformed boost
eigenstates. Moreover, the light transform unravels symmetries of CCF'T. In a single helicity sector,
the symmetry algebra for gravity is enhanced beyond the asymptotic analysis to include a wi4oo
symmetry. In [46], Strominger recognized that the w1, mode is essentially the light transform of
the soft current mode. Furthermore, light-ray operators seem to be generically exchanged in CCFT
as shown by the conformal block decomposition in [44]. To gain a better understanding of the role
played by light-ray operators in CCFT, the computation of correlators involving light-ray operators
is essential and is the theme of the current paper.

Four-point correlators involving one and two gluon light-ray operators were computed in [47, 48].
They are non-distributional and correctly reproduce the contribution of light-ray operators to the
OPE. This contribution is invisible from the collinear limits of the four-point celestial amplitude.
In this paper, we build on our results from [47] and compute correlators of four gluon light-ray
operators. We find that they can be expressed in terms of Fox H-functions [236, 237, 238, 239, 240]
and generalized I-functions [241, 242]. We also analyze scalar amplitudes involving the exchange of
a massive scalar.

The paper is organized as follows. In Section 7.1, we compute the four light-ray gluon correlator.

188
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We flesh out the computation of light-ray correlators involving the exchange of a massive scalar
in Section 7.2. The paper ends with a number of appendices which contain technical details of
some computations as well as a variety of other results. Appendices 7.3.1 and 7.3.2 are devoted to
providing explicit expressions for various integrals used throughout the paper. Appendix 7.4 defines
the relevant special functions. Appendix 7.5 describes the technical details involved in the evaluation
of the four gluon light transform. Appendix 7.6 contains the derivation of various OPEs from the
collinear limits of the scalar light-ray correlator. Finally, Appendix 7.7 describes the conformal block

decomposition of the scalar light-ray correlator.

7.1 Four light-ray correlator for gluons

Light-ray operators are naturally defined in a Lorentzian CFT which is achieved by working in a
(2,2) signature bulk spacetime [42]. We start with the four-point gluon celestial amplitude in this
spacetime, which was first computed in [47] (the analogous result in a (3,1) signature bulk spacetime

was first computed in [24]) !

(Op,,—(21,21)0n,,— (22, Z22) Ong,+ (23, 23)On, + (24, 24))

7.1)
- Z 3 1-Ax—A - (
= wa(8)3(: — 2hsen (2 ) 17 Il X ()
where
X(Z 2.) _ 1 @ hi2 Zﬁ h3a ] 71 - @ hiz @ ha4
1] ~1] |212|h1+h2|234|h3+h4 214 213 ‘212|h1+h2|234|h3+h4 Z14 213 (72)
A+ J; . Ay —J; = S
h; %, hi:%; hij = hi —h; , hij = hi—h; ,
and
Zij = Zi— % Zij = Zi—Zj z = H12%4
17 7 YIR) 17 7 Y] 213294
(7.3)

4
Jo=Jy=—Js=—Di=-1, B =) A -4
i=1

IFor readers not familiar with the celestial holography program and celestial amplitudes, we briefly recap the
setup in this footnote. Generally, the boundary operator OZ’J(z, Z) is defined by taking the inner product of the bulk
spin-s operator O% and the conformal primary wavefunction defined on a Cauchy slice [243], that is OX,J(Z,i) =
(O3 (XH), (PA”](X%; z,Z))s, and we take the Cauchy slice to null infinity. The € labels the incoming and outgoing
modes. These operators can be interpreted as conformal primaries in celestial CFT with conformal dimension A
and spin J. For massless particles, the correlation functions in celestial CFT, also called celestial amplitudes, can be
computed by Mellin transforms of momentum space amplitudes [24]. The 2D spin J is identical to the 4D helicity.

In this paper, we further adopt the definition © ~ O™ 4 ©°" for the same reason as in [47].
2Note that we are using a slightly different pre-factor in this paper. We can compare the two using the equation

h h 5 h h h h_p A
[ic l2is|3 77" [2ig] S 7709 = X (215, 205) |21 [2]3 1 = 2| 37h2 703 [1 = g|3 ~haha,
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Light-ray operators are defined by

_ o dz' ,
L[On, (2, 2) := = Oa,s(#,2) ,
o 7.4

L[Oa j](z,2) := / RS Oa,s(z,7) .

—OO|

We will refer to these as the “holomorphic” and “anti-holomorphic” light-ray operators respec-

tively. Note that the conformal weights of L[Oa s] are (1 — 24, 257} and those of L[Oa ] are
(85,1 257).

In this section, we will compute the correlator involving two holomorphic and two anti-holomorphic

light-ray operators

(L[Oa,,~](21,21) L[Oa,,~|(22, 22) L[On, 4] (25, 23) L[On, +](24, 24))

_ /°° dz} dz} dz dz) (75)
oo |7 = 2| TR (2 — 2172 |2g — 2|1 A [z — 2|t A .
X <0A1,*(z17 zll)OAz,*(z% Eé) OA3,+(Z;)7 23)OA47+(z4ll? 24)> :
After performing the Z| integral using the delta function in (7.1) and changing variables to
212/ 2 212 2314/ 212 234/
;. A2 En L _ A2734 _ 1273 (7.6)

— — b) bl )
213 2274 213/ 224’ 213 224/

we end up with

(L[OA, ~1(21,21) L[Oa, (22, 22) L[Oa, +](23, Z3) L[OA, +](24, Z4))
A1+8g-2 (7.7)

12?2272 G(2,2)

= m0(8) X (25, Zij) ‘Z’

The pre-factor X now involves the conformal weights of the light-ray operators which are

_ Ai—1 1-A - Ay—1 1—-A
(h17h1) = ( 12 3 9 1) 3 (h27h2) = < 22 ) 2 2) )
(7.8)
o [1-Ay A1 o (1=Ay A1 '
(h37h3) - ( D) ) 2 > ) (h47h4) - < 2 9 2 ) )
and
& 1
G(2,%) = / dtdardy ——— |z — 27y = 22 1= g] 32 g g
o0 z(z-1) (7.9)

X o —y[Be Tty — 15272
Our strategy to compute this integral is to first reduce it to an integral over the product of the

following four-marked point integrals:

o0
Fi(z,x) =/ dyly — 2|2 o —y| 2oy — 118272 (7.10)

—00

]:2(37,5):/ dt |z —t| 71— ¢|A 2z — et (7.11)
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These integrals were first encountered in the evaluation of correlators with two light-ray operators
in [47] and can be expressed in terms of Gauss hypergeometric functions. For a complete description
of these results, we refer the reader to Appendix 7.3.1. The desired form for G(z, z) is

G(z,2) = / O; x(;lfl)fl(z,x)ﬂ(x,z). (7.12)

For simplicity, we will focus on the case z, z € [0, 1] for which the x integral splits into two regions:
3

G(z,2) = G(2,2)| +G(22)
. I . 11
B /,oo do =y 1Dl ol 2)lzca (7.13)

i 1
+ /1 dxmfl(zax)|z<1<x]:2(xvz)|5<1<x .

The integrals can be explicitly evaluated in terms of Fox H-functions [236, 237, 238, 239, 240]
and I-functions [241, 242] which are special functions belonging to a general class of Mellin-Barnes
integrals. Here, we flesh out the evaluation of G(z, z |II and refer the reader to Appendix 7.4 for
more details of these special functions and to Appendix 7.5 for the evaluation of G(z, z |I (the details

heavily rely on the ordering we choose for z, z, and Z).

7.1.1 Evaluation of G(z,z ‘H

Evaluating G(z, 2z |Husing the definitions of Fi(z,z) and Fa(z, Z) in (7.34) and (7.36) results in a

sum of four integrals, one of which is

G(2.2)|; D /loo x(ﬁn (1—2)"2 (1 =2 C (AL A —1) C(Ag, Az — 1)

1—
X2F1 <1—A37A1—1,A4+A1—1,1j> (714)

X2F1<1—A17A3—1A2+A3—11 x),
z

where we've eliminated the absolute value signs keeping in mind that we’re working in the region
0 < 2,Z <1 < z. We then use the Mellin-Barnes representation of the Gauss hypergeometric

function

1 Te) /’Oo d I'(—s)I'(a+ s)T'(b+ s) 2|

2Fl[a7b7 C _|ZH = %F(a)l"(b) i S F(C+ S)

, (7.15)

3The z-integral in G function (7.12) seems to contain singularities at = 0 and # = 1 and require prescrip-
tions. However, this is not needed since after splitting the integration range the z-integrals reduce to standard Euler

Beta/Gauss 2 F1 hypergeometric/Appell F; functions.
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to obtain
1 _A, _
G(2,2)|; D 5 (1—2) 722 (1—2) "2 C (AL, AL — 1) C (A, Ay — 1)
(2m9)
i00 F(A4+A1*1) F(—sl)F(l—A3+sl)F(A1—1+51) —s1
X dSl (1 72)
ico F(l—Ag)F(Al —1) F(A4+A1 —1+81) (7 16)
y /ioo ds T (AQ + Az — 1) I (—82) T (1 - A7+ 52) r (Ag — 1+ 32) (1 - 2)_52 .
i PTA=ADNT (A3 —1) T (As+ Az —1+sy)

[ee]
x/ dea=t (z—1)" 't
1

The z-integral evaluates to B (s1 + $2,1 — s1 — s2) and comparing with equations (7.42), (7.43), we

can identify the residual double Mellin-Barnes to be

F(—sl)I‘(l —A3+$1)F(A1 — 1+81)j|

1 100
- T (1-— — T
2 / dsidsy [I'(1 = 51— s2) T (51 + 52)] % [ F'(As+A1 —1+s1)

(27'('2) —100
|:F(52)F(1 — Al + SQ)F(Ag — 1 + 82)
X
T (Ag+ Az —1+s9)
(0, 1) : (].,Al + A4 - ]., ]., ].), (1,A2 + Ag — ]., 1, 1)
0,1): (1—=Asg, A1 —1,1,1); (1— A1, A3 —1,1,1) )

} x (12 (1) (7.17)

1—2z

1,1:2,1;2,1
= H1,1:2,2;2,2 _
1—2

The remaining three integrals can be performed in a similar manner. The final result is thus a sum

of four Fox H-functions as seen below:

fZ(x72)
z<1<x

g(z,2)|H - /1 m(xdf 1) Fi(z,x) s
(A2 +As —1DI(A + Ay — 1)

L1 —=A)P(As = DI(1 - Az)I'(Ar = 1)

(0,1): (LA +A4—1,1,1); (1,A0 + Az —1,1,1)

0,1): (1— Az, Ay —1,1,1); (1 — Ay, Ay —1,1,1) )

(D(A; + Ay —1))2
(1—-A3)l(A; = 1)I(1 = Ax)(Ag — 1)
(Ay+ A —2,1): (LA +Ag—1,1,1); (1,A + Ay —1,1,1)

(Ar+ A —2,1): (1—Ag, A1 —1,1,1); (1= Ao, Ay —1,1,1) )

= 1= 2" 211 = 21723 C(Ay, AL — 1)O(Ag, Ay — 1)

+ {|1 — 2|t A1 — 2220 (AL, AL — 1)C (AL Ay — 1)F

+ (ZHE,Al (—)Ag,AQ (—>A4) }

(A + Az —1)I(A1 + Ay — 1)
(1=A)l(Az = DI — A2)I'(Ag — 1)
(0, 1) : (1,A2 + Ag - 1, 1, 1), (1,A1 + A4 — 1, 1, 1)

0,1): (1—Ag Ay —1,1,1); (1 — Ay, Ay —1,1,1) )

+ 11— 2271 = 2227 O(As, Ay — 1) C(A, Ay — D5

.91 1—=2
1,1:2,1;2,1
X Hy'1:509090 < 1—3 (7.18)

The evaluation of G(z, z) ‘Iis more involved due to the presence of additional singular points at z =
z,Z in the z-integral. The z-integrals generically evaluate to an Appell function F; and contributes
an additional Mellin-Barnes integral. The resulting special function is a generalization of the Fox

H-function, called the I-function. We relegate the details of this computation to Appendix 7.5.
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7.1.2 Conformal block decomposition

Note that as shown in (7.12), the cross ratios z and Zz only occur in the hypergeometric functions.
For each F; and F3, we know how to do the conformal block decompositions for the simplest gluon
exchange term, namely the first terms in both (7.33) and (7.35) based on the results in [47]. This
lets us read off the the conformal block decomposition for this subset of terms in the first integral
in (7.13). Since the analysis is identical to the one in [47], we do not present the details here but
merely note that the spectrum of exchanged states is

(h, ) — (Al;FAQ1+m,A:3JQFA411+n) m,n € Zsg . (7.19)

7.2 Light-ray correlators for scalars

In this section, we consider the scattering of four massless scalars mediated by a massive one.

Throughout this section, we will drop the spin label on the CCFT operators. The amplitude is *

1 1 1
M (s,t) = ¢° . 7.20
() =9 (m2—s+m2—t+m2+s+t> (7.20)
where
§ = —4deze w3y 234234 , = —4dEgEy Wowy 294704 (721)

The analog of (7.1) for this theory is
(Oa, (21, 21)0n, (22, 22)Ony (23, 23)On, (24, Z4) )

= N(B) 2(1 = 2)| F¥2 1 — 2| 2235 d(2 - 2) X (27, Z5) { [sgn((z — 1)234223224)50 (23524 534)] 2 |22 (7.22)

g8 B s
+ [sgn((1 — 2)zz12213223)sg0(Z12213%23)] " 2 + [sgn(—2z12214224)580(Z12Z14%24)] 2|1 — 2|7 2 }7

where

ok

N(B) =222 n|m|~2 csc 5 (7.23)

The presence of the mass term leads to residual sgn functions even after the summation over ;.
This impacts the computation of light-ray correlators. In the limit m — oo with g/m held fixed, the
exchange interaction effectively reduces to a contact interaction and N(3) — d(3) as pointed out in

[44]. In particular, the sgn functions vanish in this limit and the correlator resembles that of gluons.

7.2.1 Two light-ray correlator

Owing to the differences cited above, the correlator involving two light-ray operators differs from

that of gluons. This correlator is also essential in computing the four light-ray correlator. The final

4This amplitude was also considered in [44, 244] where the authors restricted themselves to different channels
in order to analyze the conformal block decomposition. Restrictions of this sort are not feasible for the purpose of

computing light transforms in the formalism of our paper.
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result can still be expressed in terms of Gauss hypergeometric functions albeit with more complicated

coefficients. Starting with (7.22), we have
(L[0a,](21, 21)L0A, (22, 22) Oy (23, 23) O, (24, 7))

e dz} dz} » , i i
= / < OAl (Zla Zl)OA2 (22’ ZZ)OAss (2,’3, 23)OA4 (Z4v 24) > (7-24)

oo |21 = 2[P7A0 |2 — 28

_ Azt+Ay Az+Ay

_ 8 _
= N(B) X(zij,Zj) 12| =2 22|77 Fylz,2)

where Fy4(z, Z) is again an integral over four marked points:

oo
Fo(z,2) :/ dt|z— 2172 [z — 222 |1 — ¢ 212

_B _B
X { [Sgn((z — 1)2342’232’24)Sgl’l(513214534(1 — t))] 2 |Z| 2

+ [Sgn((l — z)z12z132'23)sgn(213214234(1 — t))]7% (725)

__ _B _B
+ [sen((z — 1)z12214224)880(Z13214234(1 — )] 2|1 — 2| 2 }

= Fp1(2,2) + Fpa(2,2) + Fy3(2, 2) .

X (215, Zij) is the suitable pre-factor for the correlator which has conformal weights

A A (A A
(h17h1)_ (271_2> 3 (h2,h2)_ (271_2) )

NN (A A
(h3ah3) - (272) 9 (h47h4) - (272) .

The s-, t-, and u-channels (in the bulk) contribute different sign functions to the integral (7.25).

(7.26)

These eventually lead to different phases in the coefficient of the Gauss hypergeometric functions.
The integral can be evaluated by using techniques similar to those of [47] and for 0 < z < Z < 1, we
find

Foi(2,2)|z5<102551 = Si(zap) |1 — Z|§_AS oW (A4 - g» Az — g)

X oF (QAQ,Asg,AsJFAALﬂ,ZZ)

== (7.27)
+ Sizan) |2 = 2SR L 22T O (A — 1,80 - 1)
X o} (Al—l,l—l—g—A4,A1+A2—2,i_z> ,
where
CM(a,b) = e 2"B(a,b) + B(a,1 —a—b) + B(b,1 —a —b) (7.28)
and
[—sgn(z34223724)580 (213714 234)) 77 |22 i=1
Si(zab) = 1 [sen(z10213203)s80(Z13Z14734)] " 2 i=2 (7.29)

- — _B _B .
[—sgn(zlg214224)sgn(213214Z34)] 2 |1 — Z| 2 1 =3
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[

The phase factor (—1)* = ¢~ %' comes from the sign functions. The result for the other regions

can be found in Appendix 7.3.2

7.2.2 Four light-ray correlator

The computation of the correlator involving four scalar light-ray operators begins in a manner

analogous to Section [7.1].

(L[OA, (21, 21)L[OA, (22, 22)L[On, (23, 23)L[Oa, ] (24, Z4) )

+484 A3ty A1+A3-Ap—Ay
N(B) |2 2550 § |- B8 gttt x )
_ _ 7.30
/ dx/ dy |1 — y 321 F |z =y P2y B2 (7.30)

- / dt |z — 12172 |z 1222 [1— 42712 5y (2, 1)
—o0
where
Se(z,y,t) = {[sgn(x(y ¢! —t))Sgn(zmz13223)sgn(213214234)]*g|m‘*§
+ [sen((1— y)(1 — 1))sgn(z12213223)580(Z13714734)] 2 (7.31)
+ fsgn((e = D1~ y)(1 — 1))sgu(z12213200)580(Z13%04700)] "5 [1 — ]2 } ,

and the conformal weights in the X (z;;, Z;;) function are

A A (A A
(hlahl)—<271_2> ) (h27h2)—<271—2) )

(hs, h3) = <1 _ B Af‘) C (hasTa) = (1 A A4) (7.32)

272 272
The sgn functions hinder the factorization of this integral and we cannot express this in a form
similar to (7.12). However, we can proceed by breaking up the integral into regions where they have
fixed signs and then perform the integral using tricks similar to Section [7.1]. The final result is then

expressible in terms of Fox H-functions and I-functions, as in the gluon case.

7.3 Appendix: The library of four-marked-point integrals

This appendix is devoted to tabulating all four-marked-point integrals encountered in the gluon and

scalar light transform calculations.

7.3.1 Gluon integrals

]:1 (Za x)lz,w<1 Uz,z>1

B 1-A, T —z
_|{E—1‘ 2F1 (1_A47A1_17A1+A2_27,r—1) C(Ag_l,Al_l) (733)
+ |z — 12272z — g]Re TRy <2 — Ao, Ay, Ag+ Ay, > — i) C(As, Ayg)
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F1(2,%)|s<1<au 150

|z — 1]
= z) C(As, 81 —1) (7.34)

= |1 —Z‘l_Al 2F1 <1 — Ag,Al — 1,A4 +A1 - 1,—

+ |l‘ — 1|A3+A2—2‘1 — Z|A4—1 2F1 (1 — A4,A2 — 1,A3 + Ag — 17 _ |f 1||> C(A3,A2 — 1)
Fo(z, 2)|z.0<10 5,051
_ 1-A: zZ—x
_|£L‘—1‘ 35F, <1—A2,A3—1,A3+A4—2,1x) C<A4—1,A3—1) (735)
+ |z — 1272z — g|MtRel, p <2 — Ay, AL AL+ Ao, ’i”) C(A1, Ay)
— X
Fo(z,2)|s<1<aus>150
_ Z|1-A |z — 1]
=1z <1—A1,A3—1,A2+A3—1,—|1_2) C(Az,A5—1) (7.36)
+ o — 1At ATl Ry (1 —Ag, Ay —1, A1+ A, —1,— |‘f — 1:) C(AL, Ay —1)
—Z
where
T'(a)I'(b
C(a,b) = B(a,b) + Bla,1 —a—b) + B(b,1 —a—b) , B(a,b)= F(‘;)+<b)) (7.37)
7.3.2 Scalar integrals
- B_ B B
}—4),1'(27'2) z,2<1Uz,z2>1 = Si(zab) [|1 - Z| 28 C(l) <A4 - §,A3 - 2)
I5) zZ—z
X oF1 (2= A9, A3 — =, A3+ Ay — 3,
2 L—2z (7.38)
o|E MR8 A (A — 1, Ay — 1)
X oF <A1—171+ﬁ—A4,A1+A2—2,2_z>}
2 1—=z2
Fpi(2, 2)|sc1<zUz>152 = Si(Zab) [|Z - 1|§_AS o2 <A2 —1,Az — g)
1 _
X o A3—§,2—A17A2+A3—1—é,—|_ a
2 2 -1
(7.39)

R s AP S [ERs YolC) (Al —1,A4 — g)

1—=2
X oI <A4§,2A2,A1+A41§,:2_1:)]

where
C(a,b) = e 2" B(a,b) + Bla,1 —a—b) + B(b,1 — a —b)
C(a,b) = e % B(a,b) + e 2" B(a,1 —a—b) + B(b,1 —a — b) (7.40)
C®(a,b) := B(a,b)+ Bla,1 —a—b)+e 2" B(b,1 —a —b)
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and
- B, _8 .
[—sgn(234223224)sgn(213214234)] 2 |Z| 2 1 = 1
Si(zap) = [Sgn(z122132‘23)ng1(513514534)]7g =2 (7.41)
_ _B _B .
[—sgn(z12214224)880(Z13214234)] 2|1 — 2|72 =3

7.4 Appendix: Definitions of Fox H-function and General-

ized I-function

Central to our discussion of the four-light transforms are special functions that belong to a general
class of Mellin-Barnes type integrals, namely the Fox H-function [236, 237, 238, 239, 240] and
the recently introduced generalized I-function [241, 242]. In this appendix, we briefly introduce
the definitions of the bivariate Fox H-function H(z,y) and the generalized I-function of r-variables
I(z1,.. 0y 20).

Fox H-function of two variables The Fox H-function of two variables H(x,y) (with the third

characteristic) is defined as

P1,91:P2,92;P3,93

H(a:,y) — H™M1,n1im2,n2;m3,n3 ( x

(ot al)) : (ab?,ap)); (afy), aly) )
BW, b+ (B2 62); (B, b5

Y
—@ip L O, daernemeny
where
( ) H?l=11F<5](1) +b§'1)(5+t)) H;il F<1 —045.1) agl)(ert))
P1(s+1t) = ’
A F(agl) + a§1)(s + t)> N F<1 _ ﬂj(l) _ b§1)(5 + t)>
m 2 2 n 2 2
(57 +67) T (1= o - o)
Pa(s) = 5 o R (7.43)
j=na 1 P(O‘j +a; 5) emat1 L (1 — B b S)
@ [T (51(‘3) + bgg)t> [12,T (1 —al? - a§3)t)
¢3(t) =

: ® @ : @ _ 3,
§1n3+1r<a1 +a t) ?im3+1r(1—ﬂj - t>

The variables z and y are not equal to zero and an empty product is interpreted as unity. The
parameters m;,n;,p;,q; (j = 1,2, 3) are non-negative integers such that 0 < m; <p; and 0 < n; <
gj. The Latin letters ag-k), b;k) are all positive quantities, while the Greek letters a;k), ﬁ](k) are all
complex numbers. For a detailed discussion on the convergence of H-functions, we refer the reader
to [237].



198

Generalized I-function The I-function can be regarded as the generalization of the Fox-H func-

tions. They were introduced recently in [241, 242] where their properties have been studied. The

I-function of r-variables I(z1, ..., z,) is defined as
Z1 .
N OR (4D D). (1) (r) (r). o)
[0 s s meny : (a], ()7Aj)17p ‘ (Fy(jl) 7 (Jl) C(l)) » (W(J )’ (j CJ( )LPT
Psq: P1,915 --+; Pr>qr . T ™) T
D . . e D
ZT (6]7 b )17 ((5 d ) ’q 7 (5.] 7dJ ? J )LQT (7'44)
1 +ico +ic0
— i) /_ioo e /_ioo dsy...dsy ¢(s1,...,80)01(81) ... 00(sp) 27" ... 207,
where ¢(s1,...,8), 0;(s;) for i =1,...,r are given by

H;’l_erj<1_a +Zz 1 j )

O(81,...,8:) = ,

H?:n—&-erj (%—Zl 1@ >Hq (1_BJ+ZZ 1b§) >

(7.45)
[T, 1o’ (1 1+ Vs ) [T, oy <5§?’> - dg»i)si,)
0i(s:) = ) )
NS CLEELS b1 P SR ARy

where z; for i = 1,... r are not equal to zero and an empty product is interpreted as unity as before.
The parameters n,p, q,mj,n;,p;,¢; (j = 1,...,7) are non-negative integers such that 0 <n < p,¢q >
0,0<n; <pj,and 0 <m; <g¢q;(j=1,...,r) (not all can be zero simultaneously). Crucially for

our discussion related to light transforms, the definition of the I-function of r-variables presented
above holds good even if some of the Latin letters a( 2 b( ) ),dgi) are zero or negative numbers.
In such cases, there exists certain transformation formulae relating them to other I-functions [242].
The Greek letters aj,ﬂj,'yj ,(5() are all complex numbers and the exponents A, B,C") D) of
the various Gamma functions appearing in (7.45) may assume non-integer values. In all the cases

considered in this paper, the exponents will always be unity.

7.5 Appendix: Evaluation of G(z, z)|,

In this appendix, we will demonstrate the procedure to evaluate G(z,z |11n eq(7.13). We again
choose to work in the configuration where 0 < z < Z < 1, for which the integral in the first region

G(z, 2)‘1 further breaks down into three regions:

1
1 :/ dx;]:l(z,x) 7 (z,2)

G(z2) oo x(z—1)
z dr
— Fi(z,x
z<z<1+/2 z(r —1) 1z 7)

= q
:/ — X Fi(z2) Folz, %)
2<x<1.

r<z<l1

f}(x,é)

z<x<l

=) (7.46)

+/Z1 %}](z,x)

r<z<1

‘Fé(xaz)
z<z<1
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Focusing on the second term of (7.46) and using the results in Appendix 7.3, we have

g(2’72) D C(A3, A4) C(AQ, Ay — 1) |2 — 1‘A2+A472
I
 dx _ . _ A —
/ z(1—x) | — 13272z — g Bt ety — zSat (7.47)

X 2F1(2*A27A3»A3+A4;*|x_z|>2F1(1*A17A27A2+A4*1;*|Z_1,‘) .

|1 — x| |z — Z|
Proceeding as we did in Section 7.1.1, we first recast the Gauss hypergeometric functions as contour

integrals over exponents s1, s2 as in (7.15). We can then perform the a-integral as below.

 dz Ap—2—s As+As—1+s1 (= Ai—1—s

/ (1 x) (1_$) 2 bl(x_z) 3 4 S1 (Z—.’E) 1 52
T _

z

_ (2 _ Z>37A2+s1fsz 2A1752712527A1 (1 _ 2)A27$173 B(Al _ 827A3 + Ay + 81) (748)

)

To proceed further, we make use of the following contour integral representation of the Appell F}y

z2(1—2)

Z—z

, —

F1<A1—52,—8273+81 — A9, 4 — Ag 451 — 595 —

hypergeometric function

Fl(a7b17b27c; _|Z1‘7 _|Z2|)

_ 1 I(c)
(2i)* T(a)T(b1)T'(b2) (7.49)
1o ['(—s3)['(—s4)L'(b I'(b r
x/ dsz dsy (=55)I (=)0 (b1 + 53)T(bs + s)T(a + 53+ 54) |21]%2]z2]%* .
oo I(c+ s3+ s4)
The final result is now a four-fold Mellin Barnes integral and can be identified with the 4-variable
I-function
G(z,2)| D 2|72 = afP |1 — g At
1

F(A3 + A4)F(A2 + Ay — 1)
T(2 — Ao)T(A5)T(1 — AT (Ay)

C(As,Ay) C(Ag, Ay —1)

(7.50)
Z1
| | (e e e sy
102,252,150, 150, %) 1 1 1 4 4 4
N (856575 B5) 1+ (657,573 D7)y 55 -5 (657,d57 s DY)

where the entries of the above I-function are:

1— z‘ 2= Ei i;i

__|lz—z
23_’ z

e variables z;: z1 = ‘ = ’%‘ :
e exponents of the Gamma functions: 4; = B; = C’j@ = D§i) =1;

coefficients c( ) — d( 0= =1;

aq :17 ay :(07_1a170) ; a2:A2_2a a2:(1707071);
013:1*A1,113:(0,*1,1,1);

51:A2_3a b1:(15_17171)7
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o 1= (A~ 1,1-A3) 1Y = (A1 - Ay)
i 5](‘1):(07A2_2) ;5§2):2—A2—A4;5§3)=5§-4)=O.

The remaining integrals in (7.46) can be computed in a similar manner and can be shown to be

some I-function of four variables.

7.6 Appendix: OPEs from the collinear limits of the four-

point scalar amplitude

In this Appendix, we study the various collinear limits of (7.24).

Scalar - scalar collinear limit We consider taking the limit 234 — 0 starting from a region with

0 < z,Z < 1. We can then make use of (7.24) and (7.27) and the correlator reduces to

(L[Oa,](21,21)L[On, (22, 22) On4 (23, 73)Oa, (24, Za) )

3|14 B_A._ _ 8, 8
5 N(B) |z12]P T2 7817822y | T2FR27 5 59| 2 FA 7

14 -] { cO (Ay— 4,85 - 5)

]
|Z34] 2

‘214‘A172|224|A272

FO(Ay =1, Ay — 1) |7g4|2 2o st |Zg| A1 A28
- ) (7.51)

|214|A271|224|A171
AL _ _ s
+ N(B) |z12]P 72172 [21a| T2 A2 204 | 2R |25y 2

{c<1> (a0-5.25-5

_ B
|Z34]2

N[

[—sgn(z34234)] " ) | 214|212 | 204 A2 72

Oy - 1 Ag — 1) |y f-Bember1 _JE22TR7
| ’ |Z14|B271| Zp4] A1 1

Note that the leading term is of O (234). This is to be expected as three-point amplitudes involving
a massive particle do not produce collinear divergences. In order to read off the OPE, we must first
express the parts dependent on coordinates z1, 22, 23, Z1, Z2, 23 as a three-point function. We can do

this simply using dimensional analysis. As an example, the fact that

< L[Oa, (21, 21)L[0A,] (22, Z2) Opgrn,—2,8(2 54)>

2+ B_A—A 9 Ag— 9+ A, =8 Ay =2 Ay—2 (7.52)
T et FAPY I e F2VY It P VY el 291 o
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tells us that the first term in the OPE must contain an operator with conformal dimension Ag +A4f§

and spin g A similar analysis for the remaining terms lets us write the OPE as z34 — 0 in the form

c (a1-5,85-5)

Ons(23,23)On, (24, 22) ~ p1 Agtag—2,5(24,74)

— B
|234] 2
B Aa_ = _
+ pa |zl 770 A4+1L[0A3+A4_§,§KZ4724)
cCO (A, —B A, 8 (7.53)
. 47 2,837 3 ~
+ p3 [—sgn(z34Z34)] 2 — 5 Ong+n4-p(21,21)
| 234234 2
_ _B |,§34|§_A3_A4""1 _ B
+ P4 [_Sgn(234234)] 2 | |ﬁ L[OA3+A4,,3](Z4,Z4)
Z34|2

P1, P2, P3, and pyg can depend on the conformal dimensions but not on z3, 24, 23, Z4.

Scalar light-ray - scalar light-ray collinear limit Next, we consider the limit z15 — 0. Ap-

proaching from 0 < z < Z < 1 as above, the correlator reduces to

<]_:‘[0A1](Zla 21)E[0A2](22, ZZ)OAz (Z37 23)OA4 (247 24) >

112 A _ _ _
= N(B) |z12[> T2 781782 193] 783 |2y |75

—Lin co (A4_§7A3_§) Y /T SN
1+e7] o l
Z34|2
Z. |A1+A2—-3-8
A 71 A 71 = A1+A5-3 |Z34|
+ C( 1 y 2 )|Zl2| |223|%+1_A4|224|§+1—A3 (754)
A 8_ B_ _B
+ N(B) 212|221 752 293] 2723|294 | 204 |254] 7 2
1 8 B
o s C()(A —§7A3_§> B E_A37 E—A4
[—Sgﬂ(234223224223224234)] 2 |7 |ﬁ |223|"‘ \224\2
Z34|2
5. [A1+A—3-E
+ C(A1—17A2—1)|212|A1+A273 |534| o B - )
|03 2 T2 |2y 2 F1 40
which implies the OPE
- T _ B_A,_ _
08,121, 2)L[0n,] (22, 22) ~ |z 572 Az{pistMg,slwzﬂ
+p’2 C(Al —1,Ay — 1) |212|A1+A2_3L[0A1+A2_2_§7_§](22,22)}
(7.55)

+z1g? A { P53 S[OA, +a,-2](22, Z2)

104 C(A1 = 1,05 — 1) [Z12|* T2 3 L[OA, 2, -2) (22, 52)}
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Scalar light-ray - scalar collinear limit Finally, we consider the limit z;3 — 0. Since z — 1 in

this limit, it is helpful to use hypergeometric identities to rewrite the function Fy ;(2, 2) in (7.27) as

f¢(275>|z,2<1u2,5>1 = Si(2) |z — 5|§_A3 c (AQ - 1,43 - g)

x oFy As—éal—A4+é,A2+A3—1—§,—|f_1|
2 2 27 |z—2|

5 (7.56)
+ Si(2) |7 — 2|22 2|1 — pArHRam2—5 0) <A1 — 1,04 — 2)

X oIy Al_172_A27A1+A4_1_§7_|f_1|
27 |z—2|

which simplifies in the limit z — 1, giving

(L(0a,)(21, 21)T1Oa, ) (22, 22) Oy (23, 23) O, (24, 22) ) 25 N(B) {1 + e*gi“}

{c<3> ATLAré

2) o8 P B S O e P
Ao_E B A et P el P
| 223|737 2

(oo
A+A,-2-5 Ay—2 C (A1 - LA |212|2+2 A
+ |Z | |Z | ‘212|A1|224|A4 |Z |A4 2‘2 |§
, 14 24 (757)
+ N(B) [—sgn(z12214224212714%24)] 2

{ CO) (83-1,84 - %)

8575 | 295]

|7 |212|A4—2|224|A1—2|214‘2—A1—A4 ‘214|A1—2|224|2—A1—A4
223

c®) (A1 1A, — g) 2+ B—Aa-Ay
z 2
+ |ZQ3|27A27A3|§23‘A272 | 12| }

212217 % [214] T 204|247 [Z1] 2175 |24 7
This gives the corresponding OPE

c®) (Ag 1, Ay — g)

I_‘[OAQ](Z%ZQ)OA:;(ZS’Z?I) ~ plll |A3—% E[OA2+A3—%

— 7g]("z-?)azlS)
|223

11 Ar+Ay—2-8 Ay—2 -
+4 |22 Pl O g gl

c® (AQ 1Ay — g) )
L[Oa,+a5-8](23, 23)

/!

+p3

| 223|297 % |203]2

0l |725|2 7227 2% 23] 2 2 L[On, 4 8y —2) (23, 73)

7.7 Appendix: Conformal block decomposition of the scalar

light-ray correlator

In this appendix, we will compute the conformal block decompositions for the term corresponding to

the primary operator exchange in the four-point scalar correlator containing two light-ray operators
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presented in (7.24). Again, we focus on the region z,z € [0,1]. Since (7.24) already takes the

standard four-point function form, the function of cross ratios G(z, Z) can be read off as

_ __B _
G(sz)|z,2€[0,1] = 7z 2 (22)

(2,2)zze0) = Ta(z,2) + Ta(2,2) (7.59)

5 (22)T T (1 - )52 o) <A4 —~ ﬁ,Ag - g)

X oF (2—A2,A3—§,A3+A4 B,Z_z)

L=z (7.60)
D3ty
Io(z,z) = S(z) FaE (22) 5 |7 — z[A1tBe=3 (] — z)Ra—1- 5 C(A—1,A5-1)
><2F1(A1—1,1+5—A4,A1+A2—2 )
2 1—2
and
S(z) = eTBITLTE 41 4 BT (l—z)*g . (7.61)

We focus on the first term, which corresponds to the exchange of quasi-primary operators, and
leave the decomposition of the second term, which corresponds to the exchange of light-ray operators,
to future work. We proceed along the lines of [47, 213] in order to massage Z; (z, Z) into a form from

which the conformal block decomposition can be read off.

= Az + Ay — Az + Ay —
I]_(Z,Z) —e Qzﬂzdnkgi{ 3+24 ﬁ—l—n, 3+24 ﬁ+n:|
n=0
. Az + A As+A,— B
21 3 4 3 4
+ Z bn7lk34{2+n+l,2+n} (7.62)

A A A Ay —
+e*5”2cnlk [ 3+ 24 n+l,73+ 1 B+n]

where recall that the conformal block is defined as [245]
k‘ [h h} = Zh 2F1(h — h12, h —+ h34, 2h, Z) Zﬁ QFl(}_l — Blg, }_l —+ ZL34, 2}_17 2) (763)

and the coefficients are

; 1 5 BY (2= ADn(2—A0)n (As—5)n (As— ),
:O()(AAL_EAS_i) nl(As+As+n—1-0), (A3+A4*ﬁ)

bt — n G (w n ﬁ)

2 2
! -8 As + Ay —
Cng = an Y (-1) ( 1:) E (%46 ikt g)

El:( D)™ (h — h12)i—m(h + haa)im (7 + h 4+ 1 —m — h12)m(r + b + 1 — m + haa)m
m! —=m)2h)i—m(2r +2h+ 2l —1 —m)y,

(7.64)

Cl(hv T) =
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We can read off the spectrum of exchanged states in (7.62) to be

(h RV) = <A3+A4—ﬁ+ W+n)

2 o (7.65)
_ A A A Ay — ’
(h(2)7h(2)) — (3;—4+n+l’3+24ﬂ+n>

where 1,1 € Z.
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