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Introduction

In recent decades, the field of statistical genetics has developed rapidly (Visscher et al.

2012; Visscher et al. 2017; Abdellaoui et al. 2023), driven by factors such as increases in

high performance computing resources (Robinson et al. 2021; Castrignanò et al. 2020),

advances in sequencing technologies (Jonghe et al. 2024; Warburton et al. 2023), and

global efforts of curating large biobanks (Bycroft et al. 2018; Nagai et al. 2017; Kurki

et al. 2023; All of Us Research Program Investigators et al. 2019). With the growing scale

and availability of data, new directions of research emerged — ranging from estimating

phenotypic heritability and discovering single-variant associations (Yang et al. 2010) to

studying polygenic architectures (Bulik-Sullivan et al. 2015; Boyle et al. 2017), multi-

ancestry analysis (Ding et al. 2023; Johnson et al. 2023; Hu et al. 2025; Zhao et al. 2025),

and integrating functional genomics data (Cano-Gamez et al. 2020).

The plethora of available genetic data and statistical methods have promising appli-

cations to medicine. By estimating the contribution of genetic variants to phenotypic

variation, statistical genetics provides principled methodology to identify associations

between genes and phenotypes, guiding the development of risk assessment and therapeutic
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hypotheses (McDonagh et al. 2024). Drug targets supported by genetic evidence are

substantially more likely to lead to successful therapeutics (Minikel et al. 2020; Minikel

et al. 2024). Beyond target identification, statistical genetics enables quantitative risk

prediction through polygenic models that aggregate information across the genome. These

strategies offer new opportunities for disease prevention, early detection, and individual-

ized treatment (Lennon et al. 2024; Kachuri et al. 2024; Ding et al. 2023). Together with

gene-editing technologies, insights from statistical genetics hold a transformative potential

for heritable disease (Visscher et al. 2025).

To identify associations between genetic variants and traits, researchers have devel-

oped many analytical approaches including genome-wide association studies (GWAS) for

common-variants (Visscher et al. 2017), rare variant burden tests (Wu et al. 2011; Lee et al.

2014), as well as more complex models such as gene-by-environment (G×E) interaction

(Kraft et al. 2007; Zhong et al. 2023; Kerin et al. 2020b), and gene-by-gene (G×G)

interaction models (Crawford et al. 2017). Often, methods developed for the identification

of interactions perform explicit tests using various search strategies such as exhaustive

search (Purcell et al. 2007; Schüpbach et al. 2010; Ma et al. 2013), probabilistic search

(Prabhu et al. 2012), or prioritization based on a predefined set of biological annotations

(Lewinger et al. 2013; Guo et al. 2021) and a number of statistical paradigms such as

frequentist tests (Purcell et al. 2007; Wan et al. 2010; Lishout et al. 2013), Bayesian

inference (Zhang et al. 2007; Zhang et al. 2011; Guo et al. 2019; Tang et al. 2009), and

machine learning (Chang et al. 2020; Fergus et al. 2020) have been tried. However, even

with computationally efficient methods (Hemani et al. 2011; Prabhu et al. 2012; Wan

et al. 2010; Bayat et al. 2021; Zhu et al. 2018), searching the large combinatorial space of

possible interactions is computationally challenging and tanks statistical power due to the

multiple testing burden (Crawford et al. 2017).

Despite the rapid growth in data and numerous methodological advances, our under-

standing of the genetic architecture of complex traits and diseases remains incomplete
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(Lee et al. 2025). Many complex traits are highly polygenic, often driven by thousands of

variants of small effect (Zhang et al. 2020). Moreover, pleiotropy, functional epistasis, and

gene-by-environment interactions can obscure links between variants and traits (Carlborg

et al. 2006). In addition, the structure in the genetic data of natural populations, arising

from evolutionary and reproductive processes, can further complicate the identification of

causal variants and pathways that contribute to disease risk and progression (Lappalainen

et al. 2024; Yang et al. 2025). The predictive reliability of polygenic risk scores deteriorates

for predictions across ancestries (Ding et al. 2023; Moreno-Grau et al. 2024). Likely reasons

for this observation include different linkage disequilibrium patterns across ancestries,

differences in environmental exposures, but also differences in the genetic architecture of

traits as may be caused by gene-by-gene or gene-by-environment interactions (Hou et al.

2023; Patel et al. 2022).

Although it appears that most of the heritable trait variation is additive (Hivert

et al. 2021; Mackay et al. 2024; Mäki-Tanila et al. 2014), molecular biology reveals that

gene interactions are ubiquitous (Emani et al. 2024; Kamimoto et al. 2023). Therefore,

developing better statistical approaches capable of detecting gene interactions could

contribute to overcoming the disconnect between statistical associations and biological

causality. The marginal effect sizes of most associated common variants are small, and

higher order contributions such as gene-by-gene or gene-by-environment interactions are

expected to be even smaller (Mäki-Tanila et al. 2014; Hivert et al. 2021), while variants

with large effects are usually rare (Fiziev et al. 2023). In addition, many of the associations

identified by GWAS lie in non-coding regions (Maurano et al. 2012), making it difficult

to interpret their biological role. Improving the detection and characterization of true

causal variants consequently requires ever-larger sample sizes, richer phenotype definitions,

and multi-omic integration, as well as approaches capable of integrating data at scale

(Chatelain et al. 2025; Baranger et al. 2023). While GWAS associations may point to a

locus, establishing causal links remains challenging and conclusive evidence often requires
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systematic perturbation experiments (Morris et al. 2023). A comprehensive understanding

of the mode of action and context of a genetic variant, e.g. the relevant tissue or cell

type, is crucial for the translation of genetic associations into meaningful biological insight

(McDonagh et al. 2024).

Existing statistical methods are evolving rapidly, but are often limited in their ability

to detect nonlinear relationships or leverage apriori knowledge from functional genomics

in their inference. Statistical models going beyond additive effects face prohibitive

computational and statistical challenges due to multiple testing burden for exhaustive

search approaches or compute intensive matrix operations (Crawford et al. 2017). Further

development is needed to help better understand nonlinear contributions to the genetic

trait architectures such as gene-by-gene interactions, gene-by-environment interactions, as

gene action and regulation are rarely additive (Hivert et al. 2021; Kamimoto et al. 2023;

Emani et al. 2024).

This dissertation sets out to address some of the methodological gaps in statistical

genetics. Specifically, I will develop statistical methods to study nonlinear contributions

to phenotypic variation that account for pleiotropy, gene-by-gene interactions, gene-by-

environment interactions, as well as offer approaches to integrate multi-omic functional

annotations, and extend the target phenotypes that can be studied for nonlinear trait

architectures.

In Chapter 1, I develop the “multivariate MArginal ePIstasis Test” (mvMAPIT) (Stamp

et al. 2023) — a multi-outcome generalization of the “MArginal ePIstasis Test” (MAPIT)

(Crawford et al. 2017), a gene-by-gene interaction detection method which seeks to detect

marginal epistasis or the combined pairwise interaction effects between a given variant

and all other variants. By searching for marginal epistatic effects, one can identify genetic

variants that are involved in epistasis without the need to identify the exact partners

with which the variants interact — thus, potentially alleviating much of the statistical

and computational burden associated with conventional explicit search-based methods.
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The developed method builds upon this strategy by taking advantage of correlation

structure between traits to improve the identification of variants involved in epistasis.

I formulate mvMAPIT as a multivariate linear mixed model and develop a multi-trait

variance component estimation algorithm for efficient parameter inference and P -value

computation. Together with reasonable model approximations, our proposed approach

is scalable to moderately sized GWA studies. With simulations, I illustrate the benefits

of mvMAPIT over univariate (or single-trait) epistatic mapping strategies. I also apply

the mvMAPIT framework to protein sequence data from two broadly neutralizing anti-

influenza antibodies (Phillips et al. 2021) and approximately 2,000 heterogeneous stock of

mice from the Wellcome Trust Centre for Human Genetics (Valdar et al. 2006a; Valdar

et al. 2006b).

In Chapter 2, I develop a statistical method to detect gene-by-environment interactions

in time-to-event outcomes, the Cox proportional hazards gene-by-environment interaction

test (CphGxE). While much of genetic association testing has centered around quantitative

or binary phenotypes, time-to-event outcomes pose additional challenges due to censoring

and the need for proper modeling of hazard functions. I introduce a framework for

studying time-to-event traits that partitions the heritable variance of frailty into polygenic

background, environmental exposure, and gene-by-environment interactions. Our approach

leverages the correspondence of the Cox proportional hazards model and a modified

Poisson generalized linear mixed model in order to deal with random effects. The naive

implementation of this approach scales to moderately sized biobank-scale data, although

the iterative fitting strategy employed in the presented implementation can be scaled to

larger biobank-scale data. I offer several avenues to improve scalability such as caching of

the null fit and the use of an efficient variance component score test. Through extensive

simulations, I demonstrate how this framework offers a powerful approach to detect

gene-by-environment interactions with an effect on disease progression and survival.

In Chapter 3, I develop the sparse marginal epistasis (SME) test, which concentrates

5



the scans for epistasis to regions of the genome that have known functional enrichment

for a quantitative trait of interest (Stamp et al. 2025). The lack of computational

methods capable of detecting epistasis in biobanks has led to uncertainty about the role of

nonadditive genetic effects on complex trait variation (Hill et al. 2008; Hivert et al. 2021;

Pattillo Smith et al. 2024). While the marginal epistasis framework is a powerful approach,

current implementations of this approach have failed to scale genome-wide in large human

studies. By leveraging the biological priors to induce sparsity, I develop a statistical

algorithm that allows SME to run 10 to 90 times faster than state-of-the-art epistatic

mapping methods. In a study of complex traits measured in 349,411 individuals from the

UK Biobank, I show that reducing searches of epistasis to variants in functionally enriched

regions facilitates the identification of genetic interactions associated with regulatory

genomic elements.
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CHAPTER 1

Leveraging the genetic correlation between traits improves the

detection of epistasis in genome-wide association studies

The text in this chapter is an adaptation of the material as it appears in Stamp et al.

(2023). Leveraging the Genetic Correlation between Traits Improves the Detection of

Epistasis in Genome-wide Association Studies. G3 Genes|Genomes|Genetics. This article

is licensed under the Creative Commons Attribution (CC BY https://creativecommons.

org/licenses/by/4.0/) licence. The coauthors listed in this publication are Julian

Stamp, Alan DenAdel, Daniel Weinreich, and Lorin Crawford. Lorin Crawford and Daniel

Weinreich supervised the research which forms the basis for the dissertation.

1.1 Introduction

Genome-wide association (GWA) studies have contributed substantially in the discovery

of genetic markers associated with the architecture of disease phenotypes (Ripke et al.
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2014; Ellinghaus et al. 2016; Fuchsberger et al. 2016; Visscher et al. 2012; Visscher et al.

2017; Loos 2020). Epistasis, commonly defined as the interaction between genetic loci,

has long been thought to play a key role in defining the genetic architecture underlying

many complex traits and common diseases (Gusareva et al. 2018; Kirino et al. 2013; Tao

et al. 2012; Wei et al. 2012; Chen et al. 2017). Indeed, previous studies have detected

pervasive epistasis in many model organisms (Pattillo Smith et al. 2024; Peripato et al.

2004; Tong et al. 2004; Brem et al. 2005; Deutschbauer et al. 2005; Kroymann et al. 2005;

Collins et al. 2006; Lehner et al. 2006; Onge et al. 2007; Wentzell et al. 2007; Shao et al.

2008; Flint et al. 2009; Gerke et al. 2009; Costanzo et al. 2010; He et al. 2010; Horn

et al. 2011; Jarvis et al. 2011; Leamy et al. 2011; Pettersson et al. 2011; Szappanos et al.

2011; Gaertner et al. 2012; Bloom et al. 2013; Chari et al. 2013; Monnahan et al. 2015).

Substantial contributions of epistasis to phenotypic variance have been revealed for many

complex traits (Huang et al. 2016; Crawford et al. 2018b) and have been suggested to

constitute an important component of evolution (Weinreich et al. 2006). Furthermore,

modeling epistasis in addition to additive and dominant effects has been argued to increase

phenotypic prediction accuracy in model organisms (Forsberg et al. 2017; Zhou et al.

2022) and facilitate genomic selection in breeding programs (Runcie et al. 2021; Muñoz

et al. 2014; Jiang et al. 2015). Despite a longstanding and currently ongoing debate

about the contribution of nonadditive effects on the architecture of human complex traits

(Long et al. 1999; Marchini et al. 2005; Hill et al. 2008; Shao et al. 2008; Crow 2010;

Zuk et al. 2012; Hivert et al. 2021; Pazokitoroudi et al. 2021; Wainschtein et al. 2022),

recent genetic mapping studies have also identified evidence of epistatic interactions

that significantly contribute to quantitative traits and diseases (Brown et al. 2014; Fang

et al. 2019; Haar et al. 2019; Sheppard et al. 2021), and some have recently argued that

gene-by-gene interactions can drive heterogeneity of causal variant effect sizes across

diverse human populations (Patel et al. 2022). Importantly, epistasis is often proposed as

a key contributor to missing heritability — the proportion of heritability not explained by

the top associated variants in GWA studies (Eichler et al. 2010; Gusareva et al. 2014b;
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Gusareva et al. 2014a; Gusareva et al. 2018; Wanstrat et al. 2001).

Many statistical methods have been developed to facilitate the identification of epistasis

in complex traits and diseases. Generally, these existing tools can be classified into two

frameworks. In the first framework, explicit searches are performed to detect significant

pairwise or higher-order interactions. More specifically, they use various strategies including

exhaustive search (Purcell et al. 2007; Schüpbach et al. 2010; Ma et al. 2013), probabilistic

search (Prabhu et al. 2012), or prioritization based on a predefined set of biological

annotations of signaling pathways or genomic regulatory units (Lewinger et al. 2013; Guo

et al. 2021). Different statistical paradigms have been implemented for these explicit

search-based approaches including various frequentist tests (Purcell et al. 2007; Wan et al.

2010; Lishout et al. 2013), Bayesian inference (Zhang et al. 2007; Zhang et al. 2011; Guo

et al. 2019; Tang et al. 2009), and, most recently, detecting epistasis using machine learning

(Chang et al. 2020; Fergus et al. 2020). Indeed, the explosion of large-scale genomic

data sets has provided the unique opportunity to integrate many of these techniques as

standard statistical tools within GWA analyses. Many modern GWA applications have

data sets that can include hundreds of thousands of individuals genotyped at millions of

markers and phenotyped for thousands of traits (Nagai et al. 2017; Bycroft et al. 2018).

Due to the potentially large space of genetic interactions (e.g., J(J −1)/2 possible pairwise

combinations for J variants in a study), explicit search-based methods often suffer from

heavy computational burden. Even with various efficient computational improvements

(Hemani et al. 2011; Prabhu et al. 2012; Wan et al. 2010; Bayat et al. 2021; Zhu et al.

2018), exploring over a large combinatorial domain remains a daunting task for many

epistatic mapping studies. More importantly, because of a lack of a priori knowledge

about epistatic loci, exploring all possible combinations of genetic variants can result in

low statistical power after correcting for multiple hypothesis tests.

As a departure from the explicit search strategy, the second category of epistatic

mapping methods attempts to address the previously mentioned challenges by detecting
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marginal epistasis. Specifically, instead of directly identifying individual pairwise or

higher-order interactions, these approaches focus on identifying variants that have a

non-zero interaction effect with any other variant in the data set. For example, MAPIT

(Crawford et al. 2017) assesses each variant (in turn) and identifies candidate markers

that are involved in epistasis without the need to identify the exact partners with which

the variants interact — thus, alleviating much of the statistical power concerns and heavy

computational burdens associated with explicit search-based methods. As a framework,

the marginal epistatic strategy has been implemented in both linear mixed models and

machine learning and has been used for case-control studies (Crawford et al. 2018a),

pathway enrichment applications (Turchin et al. 2020), heritability estimation (Pattillo

Smith et al. 2024), and even extended to explore different sources of nonadditive genetic

variation (e.g., gene-by-environment interactions) (Moore et al. 2019; Kerin et al. 2020b).

However, despite its wide adoption, this approach can still be underpowered for traits

with low heritability or “polygenic” traits which are generated by many mutations of

small effect (Crawford et al. 2017).

To date, both the explicit search and marginal epistasis detection methodologies have

only focused on analyzing one phenotype at a time. However, many previous genetic

association studies have extensively shown that jointly modeling multiple phenotypes

can often dramatically increase power for variant detection (Zhou et al. 2014). In this

work, we present the “multivariate MArginal ePIstasis Test” (mvMAPIT) — a multi-

outcome generalization of the MAPIT model which aims leverage relations between traits

to improve the identification of variants involved in epistasis. We formulate mvMAPIT

as a multivariate linear mixed model (mvLMM) and extend a previously developed

variance component estimation algorithm for efficient parameter inference and P -value

computation in the multi-trait setting (Zhou 2017). Together with reasonable model

approximations, our proposed approach is scalable to moderately sized GWA studies.

With detailed simulations, we illustrate the benefits of mvMAPIT in terms of providing
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effective type I error control and compare its power to the univariate (or single-trait)

mapping strategy used in the original MAPIT model. Here, part of our main contribution

is the demonstration that the power in our proposed multivariate approach is driven

by the correlations between the effects of pairwise interactions on multiple traits. To

close, we also apply the mvMAPIT framework to protein sequence data from a nearly

combinatorially complete library of two broadly neutralizing anti-influenza antibodies

(Phillips et al. 2021) and to 15 quantitative hematology traits assayed in a heterogeneous

stock of mice from Wellcome Trust Centre for Human Genetics (Valdar et al. 2006a;

Valdar et al. 2006b).

1.2 Materials and methods

1.2.1 The marginal epistasis test for single traits

The original motivation behind MAPIT was to identify variants that are involved

in epistasis while avoiding the need to explicitly conduct an exhaustive search over all

possible pairwise interactions (Crawford et al. 2017). In this section, we give a statistical

overview of the univariate version of MAPIT where the objective is to search for marginal

epistatic effects (i.e., the combined pairwise interaction effects between a given variant and

all other variants) that drive the genetic architecture of single traits. To begin, consider a

genome-wide association (GWA) study with N individuals who have been genotyped for

J single nucleotide polymorphisms (SNPs) encoded as {0, 1, 2} copies of a reference allele

at each locus. In the MAPIT framework, we examine one SNP at a time (indexed by j)

and consider the following linear model

y = µ + xjβj +
∑
l 6=j

xlβl +
∑
l 6=j

(xj ◦ xl)αl + ε, ε ∼ N (0, τ 2I) (1.1)

where y is an N -dimensional vector of phenotypic states for a quantitative trait of

11



interest measured in the N individuals; µ is an intercept term; X denotes an N × J

matrix of genotypes with xj and xl representing N -dimensional vectors for the j-th and

l-th SNPs; βj and βl are the respective additive effects; xj ◦ xl denotes the Hadamard

(element-wise) product between two genotypic vectors with corresponding interaction

effect size αl; ε is a normally distributed error term with mean zero and scale variance

term τ 2; and I denotes an N × N identity matrix. For convenience, we will assume that

both the genotype matrix (column-wise) and trait of interest have been mean-centered

and standardized. It is also worth noting that, while we limit the above to the task of

identifying second order (i.e., pairwise) interactions between genetic variants, extensions

of MAPIT to higher-order epistatic and gene-by-environmental effects have been shown

to be straightforward to implement (Moore et al. 2019; Kerin et al. 2020a; Kerin et al.

2020b; Zhu et al. 2022).

Variance component model formulation. Since many modern GWA applications

present scenarios that would make Eq. 1.1 an underdetermined linear system (e.g., in

modern biobank-scale studies where genotyped markers J > N individuals), the MAPIT

framework follows other standard approaches (Bulik-Sullivan et al. 2015; Yang et al. 2010;

Wu et al. 2011; Zhou et al. 2013; Crawford et al. 2017) to ensure model identifiability by

assuming that the additive and interaction effect sizes follow univariate normal distributions

where βl ∼ N (0, ω2/(J − 1)) and αl ∼ N (0, σ2/(J − 1)) for l 6= j, respectively. This key

normal assumption on the regression coefficients allows for Eq. 1.1 to be equivalently

represented as the following variance component model

y = µ + xjβj + mj + zj + ε, ε ∼ N (0, τ 2I) (1.2)

where, in addition to previous notation, mj = ∑
l 6=j xlβl is the combined additive effects

from all variants other than the j-th; and zj = ∑
l 6=j(xj ◦ xl)αl denote the summation of

all pairwise interaction effects between the j-th variant and all other variants. Under the
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variance component formulation in Eq. 1.2, the two random effects can also be expressed

probabilistically as mj ∼ N (0, ω2Kj) where Kj = X−jXᵀ
−j/(J − 1) is an additive genetic

relatedness matrix that is computed using all genotypes other than the j-th SNP, and

zj ∼ N (0, σ2Gj) where Gj = DjKjDj is a nonadditive relatedness matrix computed

based on all pairwise interaction terms involving the j-th SNP. Here, we let Dj = diag(xj)

denote an N × N diagonal matrix with the j-th genotype as its only nonzero elements. It

is also important to note that both Kj and Gj change with every new j-th marker that is

tested.

Univariate point estimates. The key takeaway from the variance component model

formulation in Eq. 1.2 is that σ2 represents a measure on the marginal epistatic effect for

each variant in the data. Therefore, in order to identify variants that have significant

non-zero interaction effects, we must assess the null hypothesis H0 : σ2 = 0 for each

variant in the data set. The original MAPIT framework uses a computationally efficient

method of moments algorithm called MQS (Zhou 2017) to estimate model parameters

and to carry out calibrated statistical tests. Briefly, MQS produces point estimates that

are mathematically identical to the Haseman-Elston (HE) cross-product regression (Zhou

2017; Zhu et al. 2020; Lee et al. 2011). To implement this algorithm, we first specify a two-

dimensional matrix bj = [1, xj] with 1 being an N -dimensional vector of ones. Next, we

then multiply both sides of Eq. 1.2 by a variant-specific projection Pj = I − bj(bᵀ
j bj)−1bᵀ

j

which maps the model onto a column space that is orthogonal to both the intercept and

the genotypic vector xj. This process simplifies the model specification of MAPIT in

Eq. 1.2 to the following

y∗
j = m∗

j + z∗
j + ε∗

j , m∗
j ∼ N (0, ω2K∗

j), z∗
j ∼ N (0, σ2, G∗

j), ε∗
j ∼ N (0, τ 2Pj)

(1.3)

where we denote y∗
j = Pjy; m∗

j = Pjmj; K∗
j = PjKjPj; z∗

j = P∗
jzj; G∗

j = PjGjPj;

and ε∗
j = Pjε, respectively. The estimators for the variance components in Eq. 1.3 are
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naturally based on the second moment matching equations where, in expectation, we have

E[y∗ᵀ
j Hyj] =

3∑
k=1

tr(HΣjk)δk (1.4)

with H being a symmetric and non-negative definite matrix used to create weighted

second moments, tr(•) denotes the trace of a matrix, and we use shorthand to represent

[Σj1; Σj2; Σj3] = [K∗
j ; G∗

j ; Pj] and δ = (ω2, σ2, τ 2), respectively. In practice, we replace

the left hand side of Eq. 1.4 with the realized value y∗ᵀ
j Hyj. Note that many choices

of H will yield unbiased estimates for (ω2, σ2, τ 2), but different choices of H can affect

statistical efficiency of the estimates. The set of moment matching equations in MQS is

generated by using the covariance matrices corresponding to the variance components in

place of the arbitrary H. This system of equations can then be rewritten as the following

matrix multiplication

δ = S−1q, qk = y∗ᵀ
j Σjkyj, Srs = tr(ΣjrΣjs) (1.5)

where q is a 3-dimensional vector and S is a 3×3 dimensional matrix with k, r, s ∈ {1, 2, 3}

being indices to represent the different variance components. If we subset just to compute

an estimate for the marginal epistatic variance component (i.e., for the second index),

then Eq. 1.5 reduces to the following formula

σ̂2
j = y∗ᵀ

j Hjy∗
j (1.6)

where the variant-specific matrix Hj = (S−1)21K∗
j + (S−1)22G∗

j + (S−1)23Pj is now used

in place of the arbitrary H.

Univariate hypothesis testing. In general, there are two ways to compute P -values

in the MAPIT framework (Crawford et al. 2017). The first option uses a two-sided z-score

or normal test. This particular test only requires the variance component estimate σ̂2
j
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from Eq. 1.6 and its corresponding standard error, which is approximated in the MQS

approach as

V[σ̂2
j ] ≈ 2y∗ᵀ

j Hᵀ
j VjHjy∗

j (1.7)

where Vj = ω̂2
j K∗

j + σ̂2
j G∗

j + τ̂ 2
j Pj . The second option for deriving P -values in the MAPIT

framework uses an exact test which is based on the fact that the MQS variance component

estimate follows a mixture of chi-square distributions under the null hypothesis. This is

derived from both the normality assumption on y∗ and the quadratic form of the statistic

in Eq. 1.6. Namely, σ̂2
j ∼ ∑N

i=1 λiχ
2
1,i where χ2

1 are chi-square random variables with one

degree of freedom and (λ1, . . . , λN) are the eigenvalues of the matrix

(
ω̂2

0K∗
j + τ̂ 2

0 Pj

)1/2
Hj

(
ω̂2

0K∗
j + τ̂ 2

0 Pj

)1/2
(1.8)

with (ω̂2
0, τ̂ 2

0 ) being the MQS estimates of (ω̂2, τ̂ 2) under the null hypothesis H0 : σ2 =

0. Several approaches have been proposed to obtain P -values under a mixture of chi-

square distributions, including the Davies method (Davies 1980) (see Data and Software

Availability). In practice, while the Davies method is an exact test and is expected

to produce calibrated P -values, it can become computationally intensive since it scales

cubically in the number of individuals N . On the other hand, while the normal test only

scales quadratically in N because of the standard error approximation in Eq. 1.7, it has

been shown to lead to mis-calibrated P -values for data sets with small sample sizes. As

a result, MAPIT uses a hybrid procedure which implements the normal test by default,

and then applies the Davies method when the P -value from the normal test is below the

nominal threshold of 0.05 (Crawford et al. 2017).
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1.2.2 Derivation of the multivariate marginal epistasis test

The “multivariate MArginal ePIstasis Test” (mvMAPIT) is a multi-outcome extension

of the statistical framework MAPIT which aims to identify variants that are involved

in epistatic interactions by leveraging the covariance structure of nonadditive genetic

variation that is shared between multiple traits. Once again, consider a GWA study with

N individuals — however, this time, assume that each observation has been measured for

D different phenotypes. We will denote these sets of outcomes via a D × N dimensional

matrix Y = [yᵀ
1, . . . , yᵀ

D] with yd denoting an N -dimensional phenotypic vector for the

d-th trait. Given the j-th variant of interest, we specify the mvMAPIT approach as the

following multivariate linear mixed model (mvLMM) (Zhou et al. 2014)

Y = U + βjx
ᵀ
j +

∑
l 6=j

βlx
ᵀ
l +

∑
l 6=j

αl(xj ◦ xl)ᵀ + E E ∼ MN (0, Vε, I) (1.9)

where, in addition to previous notation, U is a D × N dimensional matrix which contains

population-level intercepts that are the same for all individuals within each trait; βj and

βl are D-dimensional vectors of additive effects for the j-th and l-th genotypic vectors;

αl is a D-dimensional vector of coefficients for the interaction effects between the j-th

and l-th SNPs spanning all traits; and E denotes an D × N matrix of residual errors that

is assumed to follow a matrix-variate normal distribution with mean 0, within column

covariance Vε among the D traits, and independent within row covariance among the N

individuals in the study.

Similar to the univariate setting, we need to make additional probabilistic assumptions

to ensure model identifiability when Eq. 1.9 is an underdetermined linear system. To that

end, let B = [βl]l 6=j and A = [αl]l 6=j denote the collection of coefficients not involving

the j-th variant of interest. Here, we will assume that these D × (J − 1) effect size

matrices also follow matrix-variate normal distributions where B ∼ MN (0, Vβ, I) and

A ∼ MN (0, Vα, I), respectively. Note that this formulation is largely similar to the
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univariate case except with the additional property that the phenotypes being studied

share some genetic covariance through Vβ and Vα. This assumption, coupled with the

affine transformation property of matrix normal distributions, allows for us to equivalently

represent the mvMAPIT model in Eq. 1.9 as the following multivariate variance component

model

Y = U + βjx
ᵀ
j + Mj + Zj + E E ∼ MN (0, Vε, I) (1.10)

where Mj = ∑
l 6=j βlx

ᵀ
l with Mj ∼ MN (0, Vβ, Kj) represents the combined additive

effects from all other variants across the D traits and Zj = ∑
l 6=j αl(xj ◦ xl)ᵀ with

Zj ∼ MN (0, Vα, Gj) encodes all pairwise interaction terms involving the j-th SNP across

the D traits. Here, the term Zj becomes the main focus of model inference.

As we will show below, mvMAPIT works by analyzing pairs of traits at a time; this

allows the framework to be applied to any number of measured phenotypes. Analyzing

more traits simply requires more computational resources both in terms of wall-clock time

and computer memory. For each point estimate, mvMAPIT performs matrix operations

that scale quadratically with sample size. The software also needs to store covariance

matrices corresponding to the number of random effects in the model. Both these added

costs scale as D(D+1)/2 for D traits. If one were to also consider higher order interactions,

an additional resource burden would come from requiring additional covariance matrices

to be stored as well as projecting these covariance matrices onto a space that is orthogonal

to the variant of interest and the population intercept. In the multivariate setting, the

time complexity of the projection step scales on the order of DN2 with again N being

the number of samples in the data.

1.2.3 Hypothesis testing in the mvMAPIT framework

The goal of the mvMAPIT framework still comes down to assessing the null hypothesis

that tests for nonzero marginal epistatic effects. However, parameter estimation in
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mvLMMs can present substantial computational challenges. For example, one common

way in the literature to rewrite the model specified in Eq. 1.10 is to vectorize (or stack)

the columns of each matrix in the regression such that y = vec(Y), µ = vec(U),

mj = vec(Mj), zj = vec(Zj), and ε = vec(E). Under this reformulation, we could

simply follow the procedures in Eqs. 1.3-1.8 to find significant variance components; but

since V[mj] = Kj ⊗ Vβ and V[zj] = Gj ⊗ Vα are each ND × ND dimensions (via the

Kronecker product ⊗), the per-iterative computation time for performing hypothesis

testing on each j-th SNP would now increase both with the number of individuals (N)

and with the number of phenotypes (D). This could make model fitting infeasible for large

biobanks even with only two traits. As an alternative, we present a combinatorial approach

which first fits univariate MAPIT models and then combines the resulting P -values with

those stemming from a “covariance statistic” which looks for shared marginal epistatic

effects between all pairwise combinations of the D traits. Importantly, our combinatorial

approach does not make assumptions about the covariance structure between traits, which

would need to be known (or assumed) in the Kronecker formulation.

To implement the multivariate marginal epistasis test, we follow a similar strategy

used in the univariate MAPIT model and right multiply Eq. 1.10 by a variant-specific

projection Pj = I − bj(bᵀ
j bj)−1bᵀ

j which maps the model onto a column space that is

orthogonal to the population-level intercepts and the genotypic vector xj. This results in

a simplified mvLMM of the following form

Y∗
j = M∗

j + Z∗
j + E∗

j , E∗
j ∼ MN (0, Vε, Pj). (1.11)

where, in addition to previous notation, Y∗
j = YPj; M∗

j = MjPj; Z∗
j = ZjPj, and E∗

j =

EjPj, respectively. Probabilistically, this transformation assumes M∗
j ∼ MN (0, Vβ, K∗

j)

with K∗
j = PjKjPj ; and Z∗

j ∼ MN (0, Vα, G∗
j) with G∗

j = PjGjPj . The joint analysis of

multiple outcomes requires a generalization of the MQS algorithm to also include moment

estimates for the covariance components between traits. Let y∗
c and y∗

d be the c-th and
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d-th rows of the adjusted phenotypic matrix Y∗
j , respectively. The general MQS estimates

for the marginal epistatic effect is a generalization of Eq. 1.6 which is given in the following

quadratic form

σ̂2
j,(cd) = y∗ᵀ

c Hjy∗
d, (1.12)

where Hj is as previously defined in the univariate MAPIT case and the trait-specific

indices span between the c, d ∈ 1, . . . , D phenotypes. Here, when c = d, the above is

exactly equal to Eq. 1.6 and the variance component point estimate is computed using

only one trait row in Y∗
j . On the other hand, when c 6= d, Eq. 1.12 takes on a bilinear form

where E[y∗ᵀ
c Hjy∗

d] = tr(HjVj,(cd)) with Vj,(cd) = V[y∗
c , y∗

d] being the covariance between

any two traits of interest. The corresponding standard error of the bilinear covariance

component can then be estimated via the following approximation (Searle 1979)

V[σ̂2
j,(cd)] ≈ y∗ᵀ

c Hᵀ
j Vj,(cd)Hjy∗

d + y∗ᵀ
c Hᵀ

j Vj,(dd)Hjy∗
c . (1.13)

Once again, notice that when c = d, the term Vj,(cd) = Vj,(dd) and the above approximation

in Eq. 1.13 is equal to Eq. 1.7.

The combinatorial hypothesis testing procedure that is used in mvMAPIT occurs in

three key steps.

1. In the first step, the model fits univariate models for all D traits of interests (i.e.,

using Eqs. 1.3-1.8 from the MAPIT model or equivalently Eqs. 1.12 and 1.13 with

c = d). Here, we use the proposed hybrid testing approach where we first implement

a normal test by default, and then apply the exact Davies method when the P -value

from the normal test is below the nominal significance threshold of 0.05 (Crawford

et al. 2017).

2. In the second step, we derive P -values for the covariance components (i.e., using
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Eqs. 1.12 and 1.13 when c 6= d) with a normal test. As we will show below,

the P -values derived for the covariance components with the asymptotic normal

approximation tend to be slightly deflated under the null hypothesis. While this leads

to generally conservative behavior with respect to type I error control, the downside

is that the test may result in reduced power under the alternative, especially after

multiple correction for data sets with small sample sizes or for traits that have low

genetic correlation. In these cases, deriving an exact test to obtain more calibrated

P -values could be done; however, we do not explore this line of work here.

3. In the third and final step, mvMAPIT combines the P -values from the first two

steps into an overall marginal epistatic P -value. Assume that we have T = 3

sets of P -values (two sets corresponding to marginal effects and one covariance

set). The mvMAPIT software carries out the P -value combining procedure in three

different ways. The first assumes that each of the t = 1, . . . , T tests are (effectively)

independent and implements Fisher’s method (Fisher 1925) which combines P -values

into a single chi-square test statistic using the formula χ2
2T ∼ −2 ∑T

t=1 log(pt) where

pt denotes the P -value from the t-th test. In Fisher’s method, the χ2 test statistic

will be large when P -values tend to be small (i.e., when the null hypothesis is

not true for every test). The second approach assumes an unknown dependency

structure between each of the T tests and computes a harmonic mean (Wilson 2019)

P -value where p̊ = ∑
t wt/

∑
t wt/pt. Here,

∑
t wt = 1 are weights which we uniformly

set to be wt = 1/T for all P -values. The last approach implements the Cauchy

combination test which produces analytic P -values for any arbitrary dependency

structure (Liu et al. 2020). Under this method, the Cauchy combination test statistic

is defined as CCT = ∑
t wttan{(0.5 − pt)π} where tan(•) is the tangent function

and again we set wt = 1/T to be uniform for all P -values. The test statistic follows

a standard Cauchy distribution CCT ∼ C(0, 1).

In practice, epistatic effects are assumed to make small contributions to the overall
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broad-sense heritability of complex traits (Hivert et al. 2021; Pazokitoroudi et al. 2021;

Wainschtein et al. 2022). As a result, detecting associated variants that significantly

contribute to nonadditive variation can be difficult. Intuitively, this combinatorial approach

is meant to aggregate over the signal identified in both the marginal and covariance tests

to improve power. In our results below, we show that Fisher’s method, the harmonic mean,

and the Cauchy combination test approach are well calibrated under the null hypothesis

(i.e., only additive effects for all traits analyzed) and increase the ability to detect marginal

epistatic variants under the alternative in both simulations and real data.

Note on settings where mvMAPIT is designed to be most powered. The

formulation of the general estimates in Eqs. 1.12 and 1.13 highlight an important takeaway

in that the mvMAPIT covariance statistic models epistatic pairs that together affect the

architecture of multiple traits. It is not meant to identify individual SNPs that are involved

in epistasis for multiple traits while being a member of different interacting pairs. To clarify

this, consider two simple scenarios in Figure 1.1 where we have two phenotypes (y1 and y2)

that are generated by a combination of four SNPs (x1, x2, x3, x4). In the first scenario, we

say that (in expectation) E[y1] = x1β1 +(x2 ◦x3)α1 and E[y2] = (x2 ◦x3)α2 (Figure 1.1A),

while, in the second scenario, E[y1] = x1β1 + (x2 ◦ x3)α1 and E[y2] = (x3 ◦ x4)α2 (Figure

1.1B). The key to power in the mvMAPIT framework is that, in the first scenario, the

interaction between x2 and x3 appears in both traits with nonzero correlation between the

effect sizes α1 and α2. This is in contrast to the second scenario where there is a common

variant involved in epistasis but it is a member of two different sets of interactions that

affect each trait. The mvMAPIT covariance statistic captures the situation illustrated in

the first scenario (Figure 1.1A) but not in the second (Figure 1.1B).

1.2.4 Simulation study design

To test the utility of the mvMAPIT framework, we modified a frequently used simulation

scheme (Crawford et al. 2017; Pattillo Smith et al. 2024) to generate collections of
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Figure 1.1: Schematic of the types of shared interactions modeled by the multi-
variate marginal epistasis test. Consider two simple, proof-of-concept simulation sce-
narios where two traits (y1, y2) are generated by a combination of four SNPs (x1, x2, x3, x4).
Panel (A) shows the first scenario where (in expectation) E[y1] = x1β1 + (x2 ◦ x3)α1 and
E[y2] = (x2 ◦x3)α2. Panel (B) shows the second scenario where E[y1] = x1β1 +(x2 ◦x3)α1
and E[y2] = (x3 ◦ x4)α2. In both panels, variant x1 only has an additive effect β1 on
trait y1. The mvMAPIT approach models correlations between the effects of a given
interaction on multiple traits. Therefore, mvMAPIT is designed to identify SNPs involved
in the first scenario where the interaction between variants x2 and x3 is shared between
traits with nonzero correlated effect sizes α1 and α2. This is in contrast to the second
case, where variant x3 is important to both traits but through distinct interactions with
variants x2 and x4, respectively.

synthetic quantitative traits under multiple genetic architectures using real genotypes

from chromosome 22 of the control samples in the Wellcome Trust Case Control Consortium

(WTCCC) 1 study. After preprocessing, considering this particular group of individuals

and SNPs resulted in a data set consisting of N = 2,938 individuals and J = 5,747 markers.

In these simulations, we randomly choose 1,000 causal SNPs to directly affect D = 2

phenotypes. We generate these synthetic traits via the following general multivariate

linear model:

Y =
∑
g∈G

βgxᵀ
g + AWᵀ + E, E ∼ MN (0, I, I) (1.14)

where Y is an D × N matrix containing all the phenotypes; G represents the set of 1,000

causal SNPs; xg is the genotype for the g-th causal SNP encoded as 0, 1, or 2 copies of a

reference allele; βg is a D-dimensional vector and represent the additive effect sizes for the

g-th SNP in the D traits; W is an N × M matrix which holds pairwise interactions (i.e.,
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Hadamard products) between some subset of causal SNPs; A = [α1, . . . , αM ] is a D × M

matrix of interaction effect sizes with αm being D-dimensional epistatic coefficients for

the m-th interaction in the d-th trait; and E is an D × N matrix of normally distributed

environmental noise.

In these studies, we assume that the total phenotypic variances for both traits in Y are

set to be 1. The additive and interaction effect sizes for causal SNPs are randomly drawn

from matrix normal distributions where we control the correlation of effects between traits.

This simplifies to us drawing coefficients as

βg ∼ N (0, Vβ), αm ∼ N (0, Vα) (1.15)

where Vβ and Vα are D × D covariance matrices for additive effects and pairwise

interactions between the phenotypes. Once these coefficients are sampled, we rescale them

so that they explain a fixed proportion of the broad-sense heritability H2. Similarly, the

environmental noise matrix is rescaled such that it explains 1 − H2. When generating

synthetic traits, we assume that the additive effects make up ρ% of the broad-sense

heritability while the pairwise interactions make up the remaining (1 − ρ)%. Alternatively,

we say that the proportion of the heritability explained by additivity is ρH2, while the

proportion of phenotypic variance explained by pairwise interactions is (1 − ρ)H2. Setting

ρ = 1 represents the null model where the variation of a trait is driven by solely additive

effects. Here, we use the same simulation strategy used in previous studies (Crawford

et al. 2017; Pattillo Smith et al. 2024) where we divide the causal variants into three

groups where:

• G1 is a small number of SNPs with both additive and epistatic effects;

• G2 is a larger number of SNPs with both additive and epistatic effects;

• G3 is a large number of SNPs with only additive effects.

Here, the epistatic causal SNPs interact between sets. All SNPs in G1 interact with all
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SNPs in the G2, but do not interact with variants in their own group (with the same

rule applied to the second group). Again, each interaction between SNPs in the two

groups has an epistatic effect size αd for the d-th trait (see Fig. 1.1A). The correlation

of epistatic effects between traits is determined via the correlation coefficient vα,12 (i.e.,

the off-diagonal elements of Vα). With this set up, one can think of the SNPs assigned

to G1 as being the “hub nodes” in an interaction network. Note that we use this setup

because it has been shown that the ability to detect two interacting variants depends on

the proportion of phenotypic variance that they marginally explain. For example, in our

case, this means that power is expected to depend on V[Wα]/|G1| and V[Wα]/|G2| for

groups 1 and 2, respectively, where |G| denotes the cardinality of the set. Given different

parameters for the generative model in Eq. 1.14, we simulate data mirroring a wide range

of genetic architectures by varying the following parameters:

• broad-sense heritability: H2 = 0.3 and 0.6;

• proportion of phenotypic variation that is explained by additive effects: ρ = 0.5,

0.8, and 1;

• causal SNPs in each of the three groups: {|G1|, |G2|, |G3|} = {10, 10, 980} and {10,

20, 970};

• correlation between additive effects: vβ,12 = 0, 0.8, and 1;

• correlation between epistatic effects: vα,12 = 0 and 0.8.

All figures and tables show the mean performances (and standard errors) for each parameter

combination across 100 simulated replicates.

1.2.5 Preprocessing of the heterogeneous stock of mice data set

As part of the analyses, this work makes use of GWA data from the Wellcome

Trust Centre for Human Genetics (Valdar et al. 2006a; Valdar et al. 2006b) (http:

//mtweb.cs.ucl.ac.uk/mus/www/mouse/index.shtml). The genotypes from this study
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were downloaded directly using the BGLR-R package (Pérez et al. 2014). This study

contains N = 1,814 heterogeneous stock of mice from 85 families (all descending from

eight inbred progenitor strains) (Valdar et al. 2006a; Valdar et al. 2006b), and 131

quantitative traits that are classified into 6 broad categories including behavior, di-

abetes, asthma, immunology, haematology, and biochemistry. Phenotypic measure-

ments for these mice can be found freely available online to download (details can

be found at http://mtweb.cs.ucl.ac.uk/mus/www/mouse/HS/index.shtml and https:

//github.com/lcrawlab/mvMAPIT). In the analyses below, we focused on 15 hematologi-

cal phenotypes including: atypical lymphocytes (ALY; Haem.ALYabs), basophils (BAS;

Haem.BASabs), hematocrit (HCT; Haem.HCT), hemoglobin (HGB; Haem.HGB), large im-

mature cells (LIC; Haem.LICabs), lymphocytes (LYM; Haem.LYMabs), mean corpuscu-

lar hemoglobin (MCH; Haem.MCH), mean corpuscular volume (MCV; Haem.MCV), mono-

cytes (MON; Haem.MONabs), mean platelet volume (MPV; Haem.MPV), neutrophils (NEU;

Haem.NEUabs), plateletcrit (PCT; Haem.PCT), platelets (PLT; Haem.PLT), red blood cell

count (RBC; Haem.RBC), red cell distribution width (RDW; Haem.RDW), and white blood

cell count (WBC; Haem.WBC). All phenotypes were previously corrected for sex, age, body

weight, season, year, and cage effects (Valdar et al. 2006a; Valdar et al. 2006b). For

individuals with missing genotypes, we imputed values by the mean genotype of that SNP

in their corresponding family. Only polymorphic SNPs with minor allele frequency above

5% were kept for the analyses. This left a total of J = 10,227 autosomal SNPs that were

available for all mice.
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1.3 Results

1.3.1 mvMAPIT produces calibrated P -values and conservative

type I error rates

In this section, we make use of a previously described simulation scheme (Crawford

et al. 2017; Pattillo Smith et al. 2024) in order to investigate whether mvMAPIT and

its combinatorial inference approach preserves the desired type I error rate and produces

well-calibrated P -values under the null hypothesis. Here, we generate synthetic phenotypes

using real genotypes from the 22nd chromosome of the control samples in the Wellcome

Trust Case Control Consortium (WTCCC) 1 study (Burton et al. 2007). Altogether, these

data consist of N = 2,938 individuals and J = 5,747 SNPs. Since the goal of mvMAPIT

is to search for variants involved in epistatic interactions, we consider the null model

to be satisfied when the phenotypic variation of the synthetic traits are solely driven

by additive effects. Here, we first subsample the genotypes for N = 1,000, 1,750, and

2,500 observations. Next, we randomly select 1,000 causal SNPs and simulate continuous

phenotypes by using the linear model Y = BXᵀ + E. The additive effect sizes for each

causal SNP are drawn as β ∼ N (0, Vβ) across traits, and then we scale all terms to

ensure a narrow-sense heritability of 60%. In these simulations, we vary the correlation

of the additive genetic effects such that we have traits with independent additive effects

(vβ,12 = 0), traits with highly correlated additive effects (vβ,12 = 0.8), and traits with

perfectly correlated additive effects (vβ,12 = 1). We assess the calibration of the P -values

that are produced by mvMAPIT during each of the three key steps in its combinatorial

hypothesis testing procedure. That is, we evaluate (1) the P -values resulting from the

univariate test on each trait, (2) the P -values derived from the covariance test, and (3)

the final overall P -value that is computed by combining the first two sets of P -values

via Fisher’s method, the harmonic mean, or the Cauchy combination procedure. Note

that we expect the P -values from the first univariate test to be well-calibrated since it
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is equivalent to the MAPIT model. Figures 1.2 and A.1-A.2 show the quantile-quantile

(QQ) plots based on P -values combined using Fisher’s method, while Figures A.3-A.8

depict results while using the harmonic mean and the Cauchy combination test. Similarly,

Tables 1.1 and A.1-A.8 show the empirical type I error rates estimated for mvMAPIT at

significance levels P = 0.05, 0.01, and 0.001, respectively.

Overall, mvMAPIT conservatively controls type 1 error rate, both in the presence of

nonzero correlation between additive effects on the two traits and even with small sample

sizes in the data. This result holds regardless of how P -values are combined in the model.

The QQ-plots of the P -values for all three components in mvMAPIT follow the expected

uniform distribution for the univariate and combined analysis. Notably, because of the

approximations used to compute the standard error of the test statistic in Eq. 1.13, the

multivariate extension of the MQS-based testing procedure in mvMAPIT can result in

conservative P -values for the covariance components under the null.

1.3.2 Improved detection of epistatic variants using mvMAPIT

in simulations

We test the power of mvMAPIT across different genetic trait architectures via an

extensive simulation study (Materials and Methods). Once again, we generate synthetic

phenotypes using real genotypes from the 22nd chromosome of the control samples in the

WTCCC 1 study (Burton et al. 2007). As a reminder, these data consist of N = 2,938

individuals and J = 5,747 SNPs. In these simulations, we randomly choose 1,000 causal

variants to directly affect the genetic architecture of D = 2 phenotypes. All causal SNPs

are assumed to have a non-zero additive effect on both traits. Next, we randomly select a

set of epistatic variants from the 1,000 causal SNPs and divide them into two interacting

groups (again see Materials and Methods). We will denote these groups #1 and #2 as G1

and G2, respectively, with |G| denoting the cardinality of the group. One may interpret

the epistatic SNPs in G1 as being the “hub nodes” in an interaction network where each of
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Figure 1.2: The mvMAPIT framework using Fisher’s method produces well-
calibrated P-values when traits are generated by only additive effects (sample
size N = 2,500 individuals). In these simulations, quantitative traits are simulated
to have narrow-sense heritability h2 = 0.6 with an architecture made up of only additive
genetic variation. Each row of quantile-quantile (QQ) plots corresponds to a setting
where the additive genetic effects for a causal SNP have different correlation structures
across traits. In these simulations, we consider scenarios where we have independent
traits (vβ = 0), highly correlated traits (vβ = 0.8), and perfectly correlated traits (vβ = 1).
The first two columns show P -values resulting from the univariate MAPIT test on “trait
#1” and “trait #2”, respectively. The third column depicts the “covariance” P -values
which corresponds to assessing the pairwise interactions affecting both traits is. Lastly,
the fourth column shows the final “combined” P -value which combines the P -values from
the first three columns using Fisher’s method. The 95% confidence interval for the null
hypothesis of no marginal epistatic effects is shown in grey. Each plot combines results
from 100 simulated replicates.

these variants interact with all of the SNPs assigned to G2. We generate synthetic traits by

using the multivariate linear model Y = BXᵀ + AWᵀ + E where, in addition to previous

notation, W is matrix of interactions between the SNPs assigned to the groups G1 and G2.

The additive and interaction coefficients for causal SNP effects across traits are drawn
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Table 1.1: The mvMAPIT framework using Fisher’s method preserves type I
error rates under the null model when traits are generated by only additive
effects (sample size N = 2,500 individuals). In these simulations, quantitative traits
are simulated to have narrow-sense heritability h2 = 0.6 with an architecture made up
of only additive genetic variation. Each row corresponds to a setting where the additive
genetic effects for a causal SNP have different correlation structures across traits. In these
simulations, we consider scenarios where we have traits with independent additive effects
(vβ = 0), traits with highly correlated additive effects (vβ = 0.8), and traits with perfectly
correlated additive effects (vβ = 1). We assess the calibration of the P -values that are
produced by mvMAPIT during each of the three key steps in its combinatorial hypothesis
testing procedure (see Materials and Methods). We show type I error rates resulting from
P -values taken from the “univariate” test on each trait independently, the “covariance”
P -values which correspond to assessing the pairwise interactions affecting both traits,
and the final “combined” P -value. Results are summarized over 100 simulated replicates.
Values in the parentheses are the standard deviations across replicates.

Step Add. Effect Corr. α = 0.05 α = 0.01 α = 0.001

Univariate

vβ = 0.0 0.030
(1 × 10−2)

0.009
(2 × 10−3)

0.0010
(9 × 10−4)

vβ = 0.8 0.030
(1 × 10−2)

0.009
(2 × 10−3)

0.0010
(7 × 10−4)

vβ = 1.0 0.030
(1 × 10−2)

0.009
(3 × 10−3)

0.0009
(7 × 10−4)

Covariance

vβ = 0.0 0.040
(1 × 10−2)

0.006
(2 × 10−3)

0.0003
(3 × 10−4)

vβ = 0.8 0.040
(1 × 10−2)

0.007
(2 × 10−3)

0.0004
(5 × 10−4)

vβ = 1.0 0.040
(1 × 10−2)

0.006
(2 × 10−3)

0.0003
(4 × 10−4)

Combined

vβ = 0.0 0.040
(1 × 10−2)

0.006
(2 × 10−3)

0.0003
(3 × 10−4)

vβ = 0.8 0.040
(1 × 10−2)

0.007
(2 × 10−3)

0.0004
(5 × 10−4)

vβ = 1.0 0.040
(1 × 10−2)

0.006
(2 × 10−3)

0.0003
(4 × 10−4)

as β ∼ N (0, Vβ) and α ∼ N (0, Vα), respectively. As a final step, we scale all terms to

ensure that all genetic effects explain a fixed proportion of the total phenotypic variation.
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Figure 1.3: Empirical power of mvMAPIT with Fisher’s method to detect
group #1 (10) and group #2 (10) epistatic variants across complex traits with
moderate broad-sense heritability. In these simulations, both quantitative traits are
simulated to have broad-sense heritability H2 = 0.6 with architectures made up of both
additive and epistatic effects. The parameter ρ = {0.5, 0.8} is used to determine the portion
of broad-sense heritability contributed by additive effects. Each column corresponds to a
setting where the epistatic effects for interactive pairs have different correlation structures
across traits. In these simulations, we consider scenarios where we have traits with
independent epistatic effects (vα = 0) and traits with highly correlated epistatic effects
(vα = 0.8). This plot shows the empirical power of mvMAPIT at significance levels (A)
P = 5 × 10−2, (B) P = 5 × 10−4, and (C) P = 1 × 10−5, respectively. Group #1 and #2
causal markers are colored in green and orange, respectively. For comparison, the “trait
#1” and “trait #2” bars correspond to the univariate MAPIT model, the “cov” bars
corresponds to power contributed by the covariance test, and “comb” details power from
the overall association identified by mvMAPIT in the combination approach. Lastly, the
“meta” bars shows power from the association identified by combining only the P -values of
the two univariate cases “trait #1” and “trait #2”. Results are based on 100 simulations
per parameter combination and the horizontal bars represent standard errors.
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We assume a wide-range of simulation scenarios by varying the following parameters:

• broad-sense heritability: H2 = 0.3 and 0.6;

• proportion of phenotypic variation that is explained by additive effects: ρ = 0.5 and

0.8;

• number of causal SNPs assigned to the interaction groups: {|G1|, |G2|} = {10,10}

and {10, 20};

• correlation between epistatic effects: vα,12 = 0 and 0.8.

All results presented in this section are based on 100 different simulated phenotypes for

each parameter combination.

The main point of these simulations is to highlight the potential power gained from

taking a multivariate approach to epistatic detection. To that end, in each of the

simulation scenarios, we assess (i) the power of running the univariate MAPIT model on

each trait individually, (ii) the marginal epistatic effects detected by the covariance test,

(iii) the power from the overall association identified by mvMAPIT, and (iv) a baseline

meta-analytic approach which combines only the P -values from the univariate MAPIT

models on each trait. We will hereafter refer to that last model as “meta-MAPIT” for

simplicity. Figures 1.3 and A.9-A.11 show the empirical power of the univariate MAPIT

model, the covariance test, mvMAPIT, and meta-MAPIT while using Fisher’s method at

various multiple hypothesis testing correction thresholds. Figures A.12-A.19 depict the

same information but with mvMAPIT and meta-MAPIT using the harmonic mean and

Cauchy combination test to combine P -values. We also compare each method’s ability to

rank true positives over false positives via receiver operating characteristic (ROC) and

precision-recall curves (Figures 1.4 and A.20-A.24). There are several key takeaways

from these simulation results. Overall, the ability of the univariate MAPIT framework

to detect group #1 and #2 causal variants depends on the proportion of nonadditive

phenotypic variation that they explain. This has been shown in previous demonstrations
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Figure 1.4: Receiver operating characteristic (ROC) curves comparing the
ability of mvMAPIT with Fisher’s method to the univariate MAPIT model in
detecting group #1 (10) and group #2 (10) epistatic variants across complex
traits. In panel (A) both traits have broad-sense heritability H2 = 0.6; while in panel (B)
one of traits has broad-sense heritability H2 = 0.6 and the other has heritability H2 = 0.3.
Across the rows, the parameter ρ = {0.5, 0.8} is used to determine the portion of broad-
sense heritability contributed by additive effects. Each column corresponds to settings
where the epistatic effects across traits are independent (vα = 0) or highly correlated
(vα = 0.8). For comparison, the “trait #1” and “trait #2” dashed lines correspond to
the univariate MAPIT model. The “covariance” solid purple line corresponds to power
contributed by the covariance test. The “combined” pink line shows power from the overall
association identified by mvMAPIT in the multivariate approach. Lastly, the “meta” gray
dotted line shows power from the association identified by combining only the P -values
of the two univariate cases “trait #1” and “trait #2”. Note that the upper limit of the
x-axis (i.e., false positive rate) has been truncated at 0.05. All results are based on 100
simulated replicates.
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of the method(Crawford et al. 2017). For example, when there are |G2| = 10 causal SNPs

in group #2, each variant in the set is expected to explain (1 − ρ)H2/10% of the genetic

variance. As we increase that number of causal SNPs in group #2 to |G2| = 20, this

proportion of variance explained by SNPs in group #2 will decrease which will make

it more difficult to prioritize markers involved in interactions. Importantly, it is worth

noting that the single-phenotypic test in MAPIT depends on the total interaction effects,

rather than individual pairwise effects or the number of interacting pairs. An example of

this can be seen by comparing Figure 1.3A to Figure A.9A where the ability to group #1

variants is independent of the number of variants in group #2.

Intuitively, the joint modeling approach of mvMAPIT provides a viable strategy for

identifying SNPs contributing to nonadditive variation that would have otherwise gone

undetected by univariate methods. The scenario where mvMAPIT shows significant

gains over the univariate MAPIT modeling approach is when there is nonzero correlation

between the effects of the epistatic interactions shared between traits (e.g., when vα,12 =

0.8). The sensitivity of the covariance hypothesis test depends on the strength of this

correlation which can help increase power when combining over P -values in the final step

of mvMAPIT. This becomes increasingly relevant in the low heritability cases. When

there is no correlation of interaction effects shared between pairs of traits, combining only

the univariate P -values in the meta-MAPIT model performs equally well as mvMAPIT

which includes contributions from the covariance statistic. Figures 1.4 and A.20-A.24

demonstrate that the sensitivity of the covariance statistic is comparable to the univariate

statistic for highly correlated epistatic effects (vα = 0.8) despite genetic variance being

predominantly explained by additivity (ρ = 0.8). In this case, the multivariate approach

performs better than simply doing a meta-analysis on only the univariate P -values. In

Figures 1.4, A.10, A.11, A.14, A.15, and A.18-A.24, we simulated synthetic traits such

that one has a moderate broad-sense heritability H2 = 0.6 and the other has heritability

H2 = 0.3. In these scenarios, detecting variants involved in interactions increased for the
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trait with low heritability. In particular, the covariance component analysis is shown to

play an important role in this improved detection (e.g., see Figure 1.4B).

1.3.3 Synergistic epistasis in binding affinity landscapes for neu-

tralizing antibodies

We apply the mvMAPIT framework to protein sequence data from Phillips et al. (2021)

who generated a nearly combinatorially complete library for two broadly neutralizing

anti-influenza antibodies (bnAbs), CR6261 and CR9114. This data set includes almost

all combinations of one-off mutations that distinguish between germline and somatic

sequences which total to J = 11 heavy-chain mutations for CR6261 and J =16 heavy-

chain mutations for CR9114. Theoretically, a combinatorially complete data set for 11

and 16 mutations will have 2,048 and 65,536 samples, respectively. In this particular

study, we have access to N = 1,812 complete observations for CR6261 and N = 65,091

complete measurements for CR9114. For our analysis with mvMAPIT, residue sequence

information was encoded as a binary matrix with the germline sequence residues marked

by zeros and the somatic mutations represented as ones. As quantitative traits, Phillips

et al. (2021) measure the binding affinity of the two antibodies to different influenza

strains. Here, we assess the contribution of epistatic effects when binding to H1 and H9

for CR6261, and H1 and H3 for CR9114.

Once again, we report results after running mvMAPIT with Fisher’s method, the

harmonic mean, and the Cauchy combination approach (Table A.9). Figures 1.5A,

A.25A, and A.26A show Manhattan plots for P -values corresponding to the trait-specific

marginal epistatic tests (i.e., the univariate MAPIT model), the covariance test, and

the mvMAPIT approach. Here, green colored dots are positions that have significant

marginal epistatic effects beyond a Bonferroni corrected threshold for multiple testing

(P = 0.05/11 = 4.55 × 10−3 for CR6261 and P = 0.05/16 = 3.13 × 10−3 for CR9114,

respectively). Interestingly, while the univariate MAPIT approach was able to identify
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Figure 1.5: Applying mvMAPIT with Fisher’s method to broadly neutralizing
antibodies recovers heavy-chain mutations known to be involved in epistatic
interactions that affect binding against two influenza strains. These results
are based on protein sequence data from Phillips et al. (2021) who generated a nearly
combinatorially complete library for two broadly neutralizing anti-influenza antibodies
(bnAbs), CR6261 and CR9114. For each antibody, we assess binding affinity to different
influenza strains. For CR6261, traits #1 and #2 are binding measurements to the antigens
H1 and H9; while, for CR9114, we assess the same measurement for H1 and H3. Panel (A)
shows Manhattan plots for the different sets of P -values computed during the mvMAPIT
analysis. The red horizontal lines indicate a chain-wide Bonferroni corrected significance
threshold (P = 4.55 × 10−3 for CR6261 and P = 3.13 × 10−3 for CR9114, respectively).
The green colored dots are positions that have significant marginal epistatic effects after
multiple correction. Panels (B) and (C) reproduce exhaustive search results originally
reported by Phillips et al. (2021). The green dots next to the mutation labels on the axes
are the residues that are significant in the multivariate MAPIT analysis and correspond
to panel (A). The shaded regions in panel (B) are the regression coefficients for pairwise
interactions between positions when assessing binding of CR6261with H1 (upper right
triangle) and H9 (lower left triangle). Similarly, panel (C) shows the same information
when assessing binding of CR9114 with H1 (upper right triangle) and H3 (lower left
triangle). Required mutations (indicated by R) are plotted in gray and left out of the
analysis (Phillips et al. 2021).
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significant marginal epistatic effects for CR6261, it lacked the power to identify significant

positions driving nonadditive variation in binding affinity for CR9114. Overall, the

combined trait approach in mvMAPIT revealed marginal epistatic effects for positions 29,

35, 82, 83, and 84 in CR6261, and positions 30, 36, 57, 64, 65, 66, 82, and 83 for CR9114.

Most notably, these same positions were also identified as contributing to pairwise epistasis

by Phillips et al. (2021). In the original study, the authors first ran an exhaustive-search

to statistically detect significant interactions and then conducted downstream analyses to

find that these positions are likely responsible for the antibodies binding to the influenza

surface protein hemagglutinin. The regression coefficients from the exhaustive search,

as reported by Phillips et al. (2021), are illustrated in panels B and C of Figures 1.5,

A.25, and A.26. Panel B illustrates interaction coefficients when assessing binding of

CR6261with H1 (upper right triangle) and H9 (lower left triangle). Panel C shows the

same information when assessing binding of CR9114 with H1 (upper right triangle) and

H9 (lower left triangle). Our results show that mvMAPIT identifies all required mutations

in these systems as well as most positions involved in at least one epistatic pair.

1.3.4 Joint modeling of hematology traits yields epistatic signal

in stock of mice

In this section, we apply mvMAPIT to individual-level genotypes and 15 hematology

traits in a heterogeneous stock of mice data set from the Wellcome Trust Centre for

Human Genetics (Valdar et al. 2006a; Valdar et al. 2006b). This collection of data

contains approximately N = 2,000 individuals depending on the phenotype (see Materials

and Methods), and each mouse has been genotyped at J = 10,346 SNPs. As noted

by previous studies, these data represent a realistic mixture of the simulation scenarios

we detailed in the previous sections (i.e., varying different values of the parameter ρ).

Specifically, this stock of mice is known to be genetically related with population structure

and the genetic architectures of these particular traits have been shown to have different
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levels of broad-sense heritability with varying contributions from nonadditive genetic

effects.
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Figure 1.6: Manhattan plots of a genome-wide interaction study for two pairs
of hematology traits in the heterogeneous stock of mice data set from the
Wellcome Trust Centre for Human Genetics (Valdar et al. 2006a; Valdar
et al. 2006b) using mvMAPIT with Fisher’s method. Panel (A) depicts results
for trait pairs hematocrit (HCT) and hemoglobin (HGB) in the left column and mean
corpuscular hemoglobin (MCH) and mean corpuscular volume (MCV) in the right column.
Panel (B) depicts results for trait pairs lymphocytes (LYM) and platelets (PLT) in
the left column and red blood cell count (RBC) and neutrophils (NEU) in the right
column. Here, we depict the P -values computed during each step of the mvMAPIT
modeling pipeline. The red horizontal lines indicate a genome-wide Bonferroni corrected
significance threshold (P = 4.83 × 10−6). The green colored dots are SNPs that have
significant marginal epistatic effects after multiple test correction. Significant SNPs were
mapped to the closest neighboring genes using the Mouse Genome Informatics database
(http://www.informatics.jax.org) (Blake et al. 2020; Smith et al. 2009).

For each pairwise trait analysis, we provide a summary table which lists the combined

P -values after running mvMAPIT with Fisher’s method and the harmonic mean (Table

A.10). We also include results corresponding to the univariate MAPIT model and the

covariance test for comparison. Overall, the single-trait marginal epistatic test only

identifies significant variants for the large immature cells (LIC) after Bonferroni correction
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(P = 4.83 × 10−6). A complete picture of this can be seen in Figures A.27-A.29 which

depict Manhattan plots of our genome-wide interaction study for all combinations of trait

pairs. Here, we can see that most of the signal in the combined P -values from mvMAPIT

likely stems from the covariance component portion of the model. This hypothesis holds

true for the joint pairwise analysis of (i) hematocrit (HCT) and hemoglobin (HGB) and

(ii) mean corpuscular hemoglobin (MCH) and mean corpuscular volume (MCV) (e.g.,

see the third and fourth rows of Figures 1.6A, A.30A, and A.31A). One explanation for

observing more signal in the covariance components over the univariate test could be

derived from the traits having low heritability but high correlation between epistatic

interaction effects. Recall that our simulation studies showed that the sensitivity of the

covariance statistic increased for these cases. As a direct comparison, Figures 1.6B, A.30B,

A.31B, and A.32-A.34 give examples of analyses that do not identify significant marginal

epistatic effects even after using the mvMAPIT approach. This further supports the claim

that the signal provided by the covariance statistic is not likely due to inflation.

Notably, the nonadditive signal identified by the covariance test is not totally dependent

on the empirical correlation between traits (see Figure A.35). Instead, as previously shown

in our simulation study, the power of mvMAPIT over the univariate approach occurs when

there is correlation between the effects of epistatic interactions shared between two traits.

Importantly, many of the candidate SNPs selected by the mvMAPIT framework have been

previously discovered by past publications as having some functional nonlinear relationship

with the traits of interest. For example, the multivariate analysis with traits MCH and

MCV show a significant SNP rs4173870 (P = 4.89 × 10−10) in the gene hematopoietic

cell-specific Lyn substrate 1 (Hcls1) on chromosome 16 which has been shown to play

a role in differentiation of erythrocytes (Castro-Ochoa et al. 2019). Similarly, the joint

analysis of HGB and HCT shows hits in multiple coding regions. One example here are

the SNPs rs3692165 (P = 1.82 × 10−6) and rs13482117 (P = 8.94 × 10−7) in the gene

calcium voltage-gated channel auxiliary subunit alpha2delta 3 (Cacna2d3) on chromosome
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14, which has been associated with decreased circulating glucose levels (Database 2014),

and SNP rs3724260 (P = 4.58 × 10−6) in the gene Dicer1 on chromosome 12 which has

been annotated for anemia both in humans and mice (Raaijmakers et al. 2010).

Tabs. 1.2 and A.11 list a select subset of SNPs in coding regions of genes that have

been associated with phenotypes related to the hematopoietic system, immune system, or

homeostasis and metabolism. Each of these are significant (after correction for multiple

hypothesis testing) in the mvMAPIT analysis of related hematology traits. Some of these

phenotypes have been reported as having large broad-sense heritability, which improves

the ability of mvMAPIT to detect the signal. For example, the genes Arf2 and Cacna2d3

are associated with phenotypes related to glucose homeostasis, which has been reported

to have a large heritable component (estimated H2 = 0.3 for insulin sensitivity (Norris

et al. 2012)). Similarly, the genes App and Pex1 are associated with thrombosis where (an

estimated) more than half of phenotypic variation has been attributed to genetic effects

(estimated H2 ≥ 0.6 for susceptibility to common thrombosis (Souto et al. 2000)).

As a final analysis, Figures A.36 and A.37 illustrate the possibility of using the

mvMAPIT framework to jointly analyze any number of traits. These show both Manhattan

plots and QQ-plots corresponding to the application of mvMAPIT to a subset or all of

the 15 hematology traits measured in the heterogeneous stock of mice data set. In this

analysis, all univariate variance and all pairwise covariance test statistics are combined.

Figure A.36 shows an inflation of smaller P -values that is reduced by excluding traits

measuring abnormal lymphocytes and large immature cells (i.e., those traits that show

strong signal in for the univariate analyses; see diagonal panels in Figures A.27-A.29).

Results where these two phenotypes are excluded can be found in Figure A.37 for direct

comparison.
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1.4 Discussion

The marginal epistatic testing strategy offers an alternative to traditional epistatic

mapping methods by seeking to identify variants that exhibit non-zero interaction effects

with any other variant in the data (Crawford et al. 2017; Crawford et al. 2018a; Turchin

et al. 2020). This framework has been shown to drastically reduce the number of statistical

tests needed to uncover evidence of significant nonadditive variation in complex traits

and, as a result, alleviates much of the empirical power concerns and heavy computational

burden associated with explicit search-based methods. Still, models testing for marginal

epistasis can be underpowered when applied to traits with low heritability or to “polygenic”

traits where the interactions between mutations have small effect sizes (Crawford et al.

2017). In this work, we present the “multivariate MArginal ePIstasis Test” (mvMAPIT),

a multi-outcome extension of the univariate marginal epistatic framework (Figure 1.1).

Theoretically, we formulate mvMAPIT as a multivariate linear mixed model (mvLMM)

where its ability to jointly analyze any number of traits relies on a generalized “variance-

covariance” component estimation algorithm (Zhou 2017). Through extensive simulations,

we show that mvMAPIT preserves type I error rates and produces well-calibrated P -values

under the null model when traits are generated only by additive effects (Figures 1.2

and A.1-A.8, and Tables 1.1 and A.1-A.8). In these simulation studies, we also show

that mvMAPIT improves upon the identification of epistatic variants over the univariate

test when there is correlation between the effects of genetic interactions shared between

multiple traits (Figures 1.3, 1.4, and A.9-A.24). By analyzing two real data sets, we

demonstrated the ability of mvMAPIT to recover heavy-chain mutations known to be

involved in epistatic interactions that affect binding against two influenza strains (Phillips

et al. 2021) (Figures 1.5, A.25, and A.26, and Table A.9) as well as to identify hematology

trait relevant epistatic SNPs in heterogeneous stock of mice (Valdar et al. 2006a; Valdar et

al. 2006b) that have also been detected in previous publications and functional validation

studies (Figures 1.6 and A.27-A.37, and Tables 1.2, A.10 and A.10). Lastly, we have made
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mvMAPIT an open-source R software package with documentation to facilitate its use by

the greater scientific community.

We want to highlight an important caveat for mapping epistasis in real data: in genome-

wide association studies, statistically inferred interactions can sometimes be explained

by same-locus additive effects (Wood et al. 2014). This means that conclusions made by

mvMAPIT, as well as any other computational method aimed at the detection of epistasis,

could be confounded by additive effects of untyped or uncontrolled variants in the same

region. Notably, it is difficult to control for the additive fixed effects of all variants in the

same locus (Crawford et al. 2017). This caveat needs to be considered to guard against

over-interpreting the results of mvMAPIT. The results that we present in this work (e.g.,

in the study of hematology trait architecture within the heterogeneous stock of mice)

should be understood as an illustration of how multivariate regression frameworks can

be leveraged as powerful hypothesis generating tools that can help towards resolving the

true contribution of genetic effects to phenotypic variation in complex traits.

The current implementation of the mvMAPIT framework offers many directions for

future development and applications. First, like other marginal epistatic mapping methods,

mvMAPIT is unable to directly identify detailed interaction pairs despite being able to

identify SNPs that are involved in epistasis. As shown through our simulations and

real data analyses, being able to identify SNPs involved in epistasis allows us to come

up with an initial (likely) set of variants that are worth further exploration, and thus

represents an important first step towards identifying and understanding detailed epistatic

associations. In previous studies (Crawford et al. 2017; Lewinger et al. 2013; Zhang et al.

2010; Pecanka et al. 2021), two-step ad hoc procedures have been suggested where, in

our case, we would first run mvMAPIT and then focus on significant SNPs from the

first step to further test all of the pairwise interactions among them in order to identify

specific epistatic interaction pairs. While this approach has been shown to be effective

in univariate (single-trait) analyses, this two-step procedure is still ad hoc in nature and
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could miss important epistatic associations. Exploring robust ways unify these two steps

in a joint fashion would be an interesting area for future research. Second, in its current

implementation, mvMAPIT can be computationally expensive for data sets with large

sample sizes (e.g., hundreds of thousands of individuals in a biobank-scale study). In this

study, we develop a “variance-covariance component” extension to the MQS algorithm

to estimate parameters in the mvMAPIT model. Theoretically, MQS is based on the

method of moments and produces estimates that are mathematically identical to the

Haseman-Elston (HE) cross-product regression (Zhou 2017; Zhu et al. 2020; Lee et al.

2011). In practice, MQS is not only computationally more efficient than HE regression, but

also provides a simple, analytic estimation form that allows for exact P -value computation

— thus alleviating the need for jackknife re-sampling procedures (Golan et al. 2014) that

both are computationally expensive and rely on assumptions of independence across

individuals in the data (Churchill et al. 2008). Exploring different ways to reliably fit

large-scale mvLMMs with multiple random effects is a consideration for future work. For

example, as an alternative, recent studies have proposed randomized multi-component

versions of HE regression for heritability estimation which scale up to data sets with

millions of individuals and variants, respectively (Pazokitoroudi et al. 2020; Wu et al.

2018; Kerin et al. 2020a). It would be interesting to develop a well-calibrated hypothesis

test within the randomized HE regression setting so that it may be implemented within

the mvMAPIT software for association mapping.

In the future, we plan to expand the mvMAPIT framework to also identify individual

variants contributing other sources of nonadditive genetic variation such as gene-by-

environment (G×E) or gene-by-sex (G×Sex) interactions. We can do this by manipulating

the marginal epistatic covariance matrix in Eq. 1.10 to encode how loci interact with

one or more environmental instruments (Moore et al. 2019; Kerin et al. 2020a; Kerin

et al. 2020b; Zhu et al. 2022). Lastly, we have focused here on applying mvMAPIT to

simple quantitative traits. However, there are many important traits with significant
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nonadditive genetic components in plants, animals, and humans that cannot be easily

reduced to simple scalar values. Examples include longitudinal traits such as growth

curves (Campbell et al. 2018), metabolic traits such as the relative concentrations of

different families of metabolites (Chan et al. 2011), and morphological traits such as

shape or color (Demmings et al. 2019). Indeed, each of these traits can be decomposed

into vectors of interrelated components, but treating these components as independent

phenotypes within existing univariate epistatic mapping tools would be inefficient because

of their statistical dependence. As an alternative, the mvMAPIT framework can be

used to make joint inferences about epistasis across any number of correlated phenotypic

components—which, in the case of longitudinal studies for example (Ko et al. 2022; Wu

et al. 2019; Couto Alves et al. 2019; Cousminer et al. 2021), could be used to interrogate

how nonadditive variation of trait architecture changes or evolves over time.

1.5 URLs

Multivariate marginal epistasis test (mvMAPIT) software, https://github.com/

lcrawlab/mvMAPIT; univariate marginal epistasis test (MAPIT) software, https://

github.com/lcrawlab/mvMAPIT; Wellcome Trust Centre for Human Genetics, http://

mtweb.cs.ucl.ac.uk/mus/www/mouse/index.shtml; Mouse Genome Informatics database,

http://www.informatics.jax.org.

1.5.1 Data and software availability

Source code, tutorials, and tutorials for implementing the “multivariate MArginal

ePIstasis Test” are publicly available as an R package which is available online at https:

//github.com/lcrawlab/mvMAPIT. We use the CompQuadForm R package (Duchesne et al.

2010) to compute P -values from the Davies method. The Davies method can sometimes

yield a P -value equal exactly to 0 when the true P -value is extremely small (Duchesne

et al. 2010). If this is of concern, one can compute the P -values for MAPIT using
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Kuonen’s saddlepoint method (Kuonen 1999) or Satterthwaite’s approximation equation

(Satterthwaite 1946). In the current implementation of mvMAPIT, the saddlepoint

approximation is performed if the Davies method returns with error. We wrote our own

function to combine P -values using Fisher’s method which is largely inspired by functions

in the metap R package (Dewey 2022). We use the harmonicmeanp R package (Wilson

2019) to combine P -values using the harmonic mean. We also write our own function to

perform the Cauchy combination test based on work developed in Liu et al. (2020). Full

package documentation can be found at https://lcrawlab.github.io/mvMAPIT/. Data

to reproduce figures for the broadly neutralizing antibodies as well as the mice study can

be found at https://doi.org/10.7910/DVN/WPFIGU (Stamp et al. 2022).

Data about the binding affinity landscapes for neutralizing antibodies were downloaded

directly from Phillips et al. (2021). Information about mice data set from the Wellcome

Trust Centre for Human Genetics (Valdar et al. 2006a; Valdar et al. 2006b) can be found at

http://mtweb.cs.ucl.ac.uk/mus/www/mouse/index.shtml. The genotypes from this

study were downloaded using the BGLR-R package (Pérez et al. 2014). Details about the

mice phenotypes can be found http://mtweb.cs.ucl.ac.uk/mus/www/mouse/HS/index.

shtml and hematological traits can be downloaded from the mvMAPIT package. In the

real data analyses, SNPs were mapped to the closest neighboring genes using the Mouse

Genome Informatics database (http://www.informatics.jax.org) (Blake et al. 2020).
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CHAPTER 2

Frailty model approach for detecting gene-by-environment

interactions in time-to-event association analysis

2.1 Introduction

Genome-wide association studies (GWAS) have shaped our understanding of the genetic

architecture of complex human traits and helped identify variants associated with disease

risk (Visscher et al. 2017). The majority of these studies employ models that assume

genetic effects are constant across individuals within populations. While this modelling

approach has proven computationally efficient, it ignores the possibility of the environment

modulating genetic effects. Substantial evidence suggests that lifestyle factors such as

physical activity and environmental exposures influence the genetic risk of common disease,

e.g. obesity (Kim et al. 2024), cancer (Cho et al. 2025), and asthma (Koppelman et al.

2025). A growing number of large population cohorts now combine genetic profiles with
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detailed measurements of complex traits and environmental exposures (Bycroft et al.

2018; Bick et al. 2024), enabling systematic investigation of gene-environment (G×E)

interactions and how the effects of genetic variants on phenotypes depend on environmental

context.

Regression-based G×E analyses evaluate one variant-environment pair at a time (Kraft

et al. 2007). In contrast, variance-component models treat G×E effects as random

terms, enabling joint inference across multiple environmental variables and alleviating the

multiple-testing burden (Zhong et al. 2023; Zhou et al. 2025; Moore et al. 2019). Most of

these approaches have been developed primarily for quantitative or binary traits, however,

recent studies demonstrate that modeling time-to-event outcomes for disease onset can

uncover associations that remain undetected in logistic mixed-effects frameworks (Dey

et al. 2022).

In many diseases, patient survival time is a crucial clinical outcome of disease progression

and evaluating potential therapeutic targets. The Cox proportional hazards model (Cox

1972) has been modified for genome-wide association studies (GWAS) to handle time-to-

event outcomes (Dey et al. 2022). A major challenge in time-to-event studies is censoring,

e.g. due to patient loss to follow-up, which creates incomplete survival records. Since

many traits of interest develop over periods of time longer than the duration of studies, it

becomes essential to utilize all available data, including information from patients with

incomplete follow-up or no event observed.

In this study, we develop a method to investigate the role of G×E interactions on

time-to-event outcomes such as time to disease onset or death by integrating genomic and

clinical patient data with environmental data. We introduce the Cox proportional hazards

gene-by-environment interaction test, a method that utilizes a multivariate Gaussian frailty

model reformulated as a Poisson generalized linear mixed model (GLMM) (Whitehead

1980; Dey et al. 2022). Our approach employs a variance component score test to enhance

computational efficiency for analysis (Therneau et al. 2000).
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2.2 Methods

2.2.1 The Cox proportional hazards gene-by-environment inter-

action test

CphGxE performs association testing for gene-by-environment interactions in censored

time-to-event data. Assume that we are analyzing a GWAS data set with N samples where

X is a N × J matrix of patient genotypes with J denoting the number of SNPs (encoded

as 0, 1, or 2 copies of a reference allele at each locus j), E is N ×L matrix of environmental

exposure variables, with L denoting the number of variables, and Z a N × M matrix

containing the patient covariate data for M covariates. The time-to-event phenotype

(δ, t) consists of δ, an N -dimensional indicator vector and t, an N -dimensional vector

of observed times. The genetic information for the i-th sample to test for interactions

involving the k-th genetic variant is incorporated into individual frailties ηik

ηik = zT
i β + mi + ei + gik (2.1)

where β are the fixed effects of the covariates zi. Both β and zi are M -dimensional vectors.

The frailty contributions mi, ei, and gik are the polygenic background, environmental

exposure, and gene-by-environment interaction, respectively. The subscript i denotes the

i-th sample and k denotes the model setup to test for interactions of the k-th genetic

variant with the environmental exposure.

For the i-th subject, we can write a conditional hazard function as the baseline hazard

λ0(t) at time t which is modulated by the individual frailties ηik

λi(t|ηik) = λ0(t) exp {ηik} (2.2)

to test for interaction of the k-th genetic variant and the environment. The frailty model

incorporates a linear mixed model (LMM) that controls for population structure and
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confounding variables. Instead of using an intercept term in the LMM, the population

mean is modeled by the baseline hazard. For CphGxE we test the null hypothesis of no

interaction between the k-th genetic variant and the environmental exposure H0 : σ2 = 0.

Association testing in CphGxE proceeds in two steps. First, the null model is fit

by iteratively estimating the variance components of the polygenic background and

environmental exposure, as well as the fixed effect sizes of the covariates, under a frailty

model without the interaction term. Second, CphGxE tests for gene-by-environment

interaction by performing a hypothesis test for interaction between the k-th genetic variant

and the environmental exposure.

To be able to deal with random effects, we reformulate the model likelihood as a Poisson

generalized linear mixed model. Under the null hypothesis (no gene-by-environment

interactions), we fit the model using an iterative average information (AI) residual

maximum likelihood (REML) approach (Gilmour et al. 1995). For computational efficiency,

rather than maximizing the full likelihood, we compute an efficient score statistic which

follows a χ2
1 distribution. For small sample sizes, the asymptotic assumptions do not hold,

and the test statistic produces inflated type I error rates. We therefore recommend to

perform a permutation test for calibrated P -values at small sample sizes (see Appendix

B.5).

2.2.2 The likelihood function for censored time-to-event data

For each subject i, we observe the time-to-event (δi, ti) where δi is an indicator variable

(1 if the event occurred during follow-up, 0 if censored) and ti represents either the time to

event or censoring time. The individual observed times could for example be the survival

of patients, the time to onset of a disease, or the time until symptoms resolve. Censoring

occurs when the event has not been observed at the time of data collection, as well as

when patients are lost to follow-up during the investigation.

More specifically, for the i-th subjects we let τi and ζi denote the time-to-event and
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the censoring time respectively. The observed time is ti = min(τi, ζi) and δi = 1(τi ≤ ζi)

with 1(·) the indicator function.

In the following, we assume the matrices X, E, and Z are already mean centered and

scaled across all samples. The genetic information to test for interactions involving the

k-th genetic variant is incorporated into frailties ηk

ηk = Zβ + m + e + gk (2.3)

where β are the fixed effects of the M covariates and m, e, and gk are N -dimensional

vectors of genetic frailties corresponding to the polygenic background, environmental

exposure, and gene-by-environment interaction, respectively. These frailties are modeled as

multivariate normal random effects m ∼ N (0, h2K), e ∼ N (0, τ2H), and gk ∼ N (0, σ2Gk).

The covariance matrix K = XXᵀ/J accounts for the relatedness between individuals in

the data and the corresponding component h2 models the narrow-sense heritability while

H = EEᵀ/L models the frailty variance explained by the similarity of environmental

exposure between individuals. The covariance matrix Gk represents all pairwise gene-by-

environment interactions involving the k-th genetic variant and is constructed from the

exposure similarity matrix as Gk = DkHDk where Dk = diag(xk) is an N × N diagonal

matrix constructed from the genotype xk to be tested.

For the derivations of the likelihood and the estimators, we define the random effect of

the frailties as rk = m+e+gk a mixture of polygenic background, environmental exposure,

and gene-by-environment interactions that is multivariate normal distributed as rk ∼

N (0, Vk(θ)) with θ = (h2, τ2, σ2) and the covariance matrix Vk(θ) = h2K + τ2H + σ2Gk.

Accordingly, the conditional hazard function depends on the random effect as given in Eq.

2.4.

λ(t|zi, β, rik) = λ0(t) exp
{
zT

i β + rik

}
︸ ︷︷ ︸

ηik

(2.4)
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The frailty incorporates a linear mixed model (LMM) that controls for population

structure, as well as confounding variables. Instead of using an intercept term in the

LMM, the population mean is modeled by the baseline hazard. For CphGxE we test the

null hypothesis of no interaction between the k-th genetic variant and the environmental

exposure H0 : σ2 = 0.

To find the likelihood we not only need the hazard function but also the survival

function S(t|zi, β, rik). This function represents the probability that subject i survives

beyond time t given their frailties ηik and can be written as

S(t|zi, β, rik) = exp(−Λ0(t) · exp(zT
i β + rik)) (2.5)

with the cumulative baseline hazard function Λ0(t). The cumulative baseline hazard

function Λ0(t) represents the accumulated risk of experiencing an event up to time t in

the absence of any genetic effects or covariates. It is defined as the integral of the baseline

hazard function λ0(t) from time 0 to time t:

Λ0(t) =
∫ t

0
λ0(u)du (2.6)

This function characterizes the baseline risk profile of the population. In the context of

our frailty model, it serves as the population decay rate which is modified by individual

frailties and can be estimated from the data using Breslow’s estimator (see Appendix

B.2).

The probability distribution for observing a time to a given event is expressed as the

product of the hazard and the survival likelihood (see Appendix B.1). The full likelihood

of the observed data then is given by Eq. 2.7.
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L(λ0, β, θ) =
∫
RN

ΠN
i=1

[
λ(ti; zi, β, rik)δiS(ti; zi, β, rik)

]
× (2π)− N

2
1√

|Vk(θ)|
exp

(
−1

2rT
k (Vk(θ))−1rk

)
drk

(2.7)

In this likelihood, we marginalize over the frailty random effects rk. To arrive at a

tractable expression, we can follow an approximate inference approach (Breslow et al.

1993; McCulloch et al. 2005) for generalized linear mixed models (GLMMs) to find the

penalized log-likelihood in Eq. 2.8 (see Appendix B.3 and B.4).

lp(λ0, β, θ) =
n∑

i=1
[δi(log λ0(ti) + zT

i β + r̂ik) − Λ0(ti) exp(zT
i β + r̂ik)]

− 1
2 r̂T

k (Vk(θ))−1r̂k

(2.8)

This likelihood can be maximized using the AI-REML algorithm to find the maximum

likelihood estimators for the baseline hazard λ0 and the parameters β and θ.

2.2.3 Auxiliary Poisson GLMM for time-to-event data

The Cox Proportional Hazards model, while computationally efficient, lacks the ability

to incorporate random effects. To overcome this limitation, we can employ an auxiliary

Poisson GLMM for survival data analysis, which yields equivalent statistical inferences

to the Cox model (Whitehead 1980). This approach involves partitioning the observed

time intervals into small segments and modeling the event counts within each interval as

a Poisson process.

In order to derive efficient estimators for the parameters in the penalized log-likelihood

(Eq. 2.8), we make use of a working response vector derived as first order Taylor series

expansion of the link function around the mean of the response variable (McCulloch et al.
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2005). As such, the working response Yi is given by

Yi = ηi + g′(µi)(δi − µi)

= zT
i β + rik + δi − Λ0(ti) exp(zT

i β + rik)
Λ0(ti) exp(zT

i β + rik)

(2.9)

for a logarithmic link function g(x) = log(x) and µi = Λ0(ti) exp(zT
i β + rik) (Breslow

et al. 1993; McCulloch et al. 2005). The working response is useful for the iterative fitting

algorithm as it linearizes the problem and allows for the use of iterative weighted least

squares (IWLS) to find the maximum likelihood estimators for the baseline hazard λ0

and the parameters β and θ (Breslow et al. 1993; McCulloch et al. 2005; Lee et al. 1996;

Stroup 2012; Jiang 2007).

2.2.4 Fitting the null model

To construct an efficient score test for the interaction variance component, we first fit the

null model (H0 : σ2 = 0) to obtain the MLEs of the variance components θ0 = (h2, τ2, 0),

and the fixed‑effect coefficients β, using an iterative procedure (Chen et al. 2016). Under

the Cox proportional hazards model, we use the working vector Y = η + W−1(δ − µ)

where W = diag(µ) and µi = Λ0(ti) exp(zT
i β + rik).

The maximum likelihood estimators for the fixed and random effects can be found by

computing the derivatives of the penalized log-likelihood (Eq. 2.8) and setting them to

zero. They can be written as the solution to the following system of equations (Chen et al.

2016; Dey et al. 2022).

ZT WZ ZT W

WZ W + (V(θ0))−1


β

r0

 =

ZT WY

WY

 (2.10)
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Let Σ = W−1+V(θ0) = W−1+h2K+τ2H to write the maximum likelihood estimators

as given in Eq. 2.11.

β̂ = (ZT Σ−1Z)−1ZT Σ−1Y (2.11)

r̂0 = V(θ0)Σ−1(Y − Zβ̂) (2.12)

With P = Σ−1 − Σ−1Z(ZT Σ−1Z)−1ZT Σ−1 we can write the residual maximum

likelihood (REML) as Eq. 2.13 (Chen et al. 2016; Dey et al. 2022; Breslow et al. 1993).

lR(λ0, β, θ0) = −1
2 log|Σ| − 1

2 log|ZT Σ−1Z| − 1
2YT PY (2.13)

Score and (average) information for variance components The AI–REML updates

require the score (first derivative) and an information matrix for the variance components.

For component θi with associated covariance matrix Ai ∈ {K, H}, the REML score is

Uθi
= 1

2

{
Y>PAiPY − tr(PAi)

}
. (2.14)

The observed and expected information entries are

Iobs
ij = − ∂2lR

∂θi∂θj

= 1
2 Y>PAiPAjPY − 1

2 tr(PAiPAj), (2.15)

Iexp
ij = E

[
Iobs

ij

]
= 1

2 tr(PAiPAj). (2.16)
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The average information (AI) matrix is the arithmetic mean of (2.15) and (2.16) and

simplifies to the computationally efficient form

AIij = 1
2 Y>PAiPAjPY, (2.17)

which avoids some trace evaluations inside the iteration (Gilmour et al. 1995). The

Newton-type update is then

θ
(t+1)
0 = θ

(t)
0 + AI(θ(t)

0 )−1 U(θ(t)
0 ). (2.18)

Iterative fitting algorithm

These two estimates are then iteratively updated in a Newton–Raphson scheme to

obtain the maximum-likelihood estimates of the variance components.

Algorithm 1 AI–REML Iterative Fitting for the Null Frailty Model

1: Initialize under the null (H0 : σ2 = 0) and compute initial estimates β̂
(0)
, r̂(0)

0 , and
Y(0).

2: Compute the cumulative baseline hazard Λ̂0(t) using Breslow’s estimator.
3: while parameters not converged do
4: Update variance components: θ

(t+1)
0 = θ

(t)
0 + AI(θ(t)

0 )−1 U(θ(t)
0 ).

5: Update β̂ and r̂0 using Y and the updated θ(t+1).
6: Recompute Λ̂0(t) and the working response Y.
7: end while

2.2.5 Hypothesis testing using the efficient score statistic

For hypothesis testing, we obtain parameter estimates from the null fit, where H0 :

σ2 = 0. Let θ̂0 = (ĥ2, τ̂2) be the MLEs of the variance components from the AI–REML

null fit.

To test H0 we use the efficient score statistic for the variance component σ2. Evaluated

at θ̂0, the efficientscore statistic S is given by Eq. 2.19.
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S = U
(
θ̂0

)>
AI

(
θ̂0

)−1
U

(
θ̂0

)
(2.19)

where U is computed as the 3 × 1 REML score from Eq. 2.14 and AI is the 3 × 3

average-information matrix – computed using all three variance components, including

the interaction covariance matrix of the test variant. Under H0, S ∼ χ2
1 (Therneau et al.

2000). Because S is evaluated at θ̂0, it avoids iterative maximization under the alternative,

necessary for reasonable scalability.

2.2.6 Simulating time-to-event data under the frailty model

To assess the statistical properties of CphGxE, we performed simulation studies focused

on type I error control and power. We generated genetic frailties using both genotype

data consisting of synthetic independent biallelic variants as well as genotypes from the

UK Biobank. Only common variants were used, with all minor allele frequencies (MAF)

of at least 5%.

Survival outcomes were generated under a Cox proportional hazards frailty model with

an exponential baseline hazard (Dey et al. 2022). For each subject i, the true event time

Ti was sampled as

Ti = log(ui)
λ exp(ηi)

, (2.20)

where ui ∼ Uniform(0, 1) is a random variable representing a uniform draw between

0 and 1, and ηi is the linear predictor incorporating both covariates as well as additive

variant effects, additive exposure effects, and gene-by-environment interaction effects.

Censoring times Ci ∼ Exponential(κ) were independently drawn from an exponential

distribution. The observed time is given by ti = min(Ti, Ci), and the event indicator
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by δi = I(Ti ≤ Ci). In order to simulate a desired censoring rate, for a fixed κ, λ was

iteratively adjusted until the desired censoring rate was achieved.

The individual frailty was generated similar to a quantitative trait described in previous

marginal epistasis methods (Crawford et al. 2017; Pattillo Smith et al. 2024; Stamp et al.

2023; Stamp et al. 2025). We sample 10% of the SNPs in the data to be causal and

simulate traits using the following linear model

η = Zγ +
∑
a∈A

xaβa +
∑
b∈B

ebαb +
∑
g∈G

∑
h∈E

(xg ◦ eh)ξgh (2.21)

Here, η denotes the N -dimensional vector of individual-specific frailty values. The

matrix Z contains covariates (such as age, sex, or principal components), and γ is the

corresponding vector of covariate effects. The set A indexes the causal SNPs with additive

effects, where xa is the genotype vector for SNP a (coded as 0, 1, or 2), and βa is its

additive effect size. The set B indexes the causal environmental exposure variables, where

eb is the exposure vector, and αb is its environmental exposure effect size. The set G

indexes the causal SNPs with gene-by-environment interaction effects, where xg is the

genotype vector for SNP g (coded as 0, 1, or 2), and ξgh is its gene-by-environment

interaction effect size. Similarly, E indexes the causal environmental exposure variables.

All effect sizes (γ, βa, αb, and ξgh) are sampled from standard normal distributions

and then rescaled so that the additive and gene-by-environment interaction components

together account for a specified proportion of the total variance of frailties, H2 = h2
A +h2

GxE .

The remainder 1−H2 of the variance of frailties is explained by the covariates and exposure

main effects and noise is introduced by sampling the time variables at random.

In this framework, interactions occur between all SNPs in G and all exposure variables

in E . This design allows us to control the marginal variance explained by each SNP in the

context of the variance component gene-by-environment test. Specifically, the proportion
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of interaction variance attributable to a single SNP depends on the G×E heritability h2
GxE

and the cardinality of the interaction SNP set; for instance, each SNP in G contributes on

average h2
GxE/|G| to the total phenotypic variance.

2.2.7 Stabilizing measures in the iterative null fit and computa-

tional improvements

In the implemented algorithm, several measures were introduced to improve numeri-

cal stability throughout the computation. First, the genotype and exposure covariance

matrices are explicitly symmetrised to prevent minor numerical asymmetries that can

propagate and destabilize subsequent linear algebra operations. Second, constant geno-

type or exposure columns need to be removed to prevent singular covariance matrices.

Finally, the REML fitting procedure was further stabilised by trace-normalising covariance

matrices and adding a ridge regularisation term, and damped AI–REML updates (pre-

venting negative variance component estimates as well as excessive updates), effectively

preventing divergence of variance component estimates during optimisation. Additionally,

the implemented method caches reusable results from the null fit procedure, in order to

improve the runtime of the G×E test.

2.2.8 Preprocessing the UK Biobank

Genotype data for 488,377 individuals from the UK Biobank were downloaded and

converted using the ukbgene and ukbconv tools, respectively. Continuous traits were

obtained using ukbgene and adjusted for age and sex. Individuals exhibiting high

heterozygosity, excessive relatedness, or aneuploidy were excluded (1,550 individuals).

Participants were then divided into self-identified ancestral cohorts using data field 21000 ,

and unrelated individuals were selected by randomly retaining one individual from each

related pair. This yielded N = 349,411 white British individuals for analysis. Imputed

SNP data were downloaded for all remaining individuals, and variants with an information
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score below 0.8 were excluded. Information scores for each SNP were provided by the UK

Biobank (Web resources).

Quality control for the remaining 1,933,118 genotyped and imputed variants was

performed separately within each cohort using the following steps. First, all structural

variants were removed, retaining only single nucleotide polymorphisms (SNPs). Second,

AT/CG SNPs were excluded to prevent potential confounding from sequencing errors.

Third, variants with minor allele frequency below 1% were removed using the PLINK 2.0

(Chang et al. 2015) command --maf 0.01 . Next, SNPs deviating from Hardy–Weinberg

equilibrium were filtered out using the PLINK flag --hwe 0.000001 , excluding those with

Fisher’s exact test P -values < 10−6. Finally, variants with any missing genotypes were

excluded using the PLINK 2.0 command --geno 0.00 . After these steps, a total of

J = 543,813 SNPs remained.

To construct the genetic relatedness matrix for the simulation studies, we performed

linkage disequilibrium (LD) pruning to obtain an approximately independent set of

variants spanning the genome. LD pruning was conducted using PLINK 2.0 with the

command --indep-pairwise 50 5 0.01 , which applies a pairwise r2 threshold of 0.01

to retain only markers in low LD. After pruning, approximately 15,000 variants remained.

2.3 Results

In this work, we introduce a method for gene-by-environment interaction analysis

of censored time-to-event phenotypes. Our approach is based on the Cox Proportional

Hazards model, incorporating covariates, population structure, environmental exposures,

and marginal gene-by-environment interaction effects as frailties.
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Figure 2.1: QQ-plots of P -values for CphGxE under the null model. Synthetic
time-to-eventtraits were simulated with additive genetic, environmental exposure, and
covariate effects. Genotype data with 15,000 SNPs were either simulated using synthetic
biallelic independent genotypes (Random Genotypes) or taken from individuals of self-
identified European ancestry in the UK Biobank. These data were then subsampled to
sample sizes of 1k, 5k, 10k and 20k individuals. We randomly selected 10% of all variants
to be causal with additive effects set at 40% of the frailty variance explained (FVE) for
each trait. The frailty variance due to environmental exposures is set to 10% of the total
frailty variance. The remainder of the frailty variance is explained by the covariates and
noise is introduced by sampling the time variables at random. Data were analyzed using
CphGxE under varying percentages of censoring. Under the null hypothesis H0 : σ2 = 0.
Results are based on 100 simulated traits per scenario.

2.3.1 CphGxE produces asymptotically calibrated P -values at

high censoring rates

We generate synthetic time-to-event data based on a frailty model incorporating

covariates, population structure, environmental exposures, and gene-by-environment
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interaction effects. The genetic components of the frailty are simulated under two

scenarios. In the first scenario, the data are simulated using real genotypes from white

British individuals in the UK Biobank. After quality control and LD pruning, we had a

data set of 349,411 individuals and 15,000 SNPs (Methods). In the second scenario, data

are simulated using synthetic biallelic independent genotypes. Under the null model, we

simulate traits consisting of only additive genetic, covariate, and environmental exposure

effects. For the genetic frailty, we randomly sample 10% of the SNPs and scale their

effect sizes such that they explain 40% of the total frailty variance. For the covariate and

environmental exposure frailty, we simulate 3 continuous covariates and 100 continuous

environmental exposures. The variance due to environmental exposures is set to 10%

of the total frailty variance. The remainder of the frailty variance is explained by the

covariates and noise is introduced by randomly sampling the observation and censoring

times based on the frailty model. In these simulation experiments, we assess the calibration

of CphGxE as a function of the number of individuals being analyzed (varying between

1k, 5k, 10k and 20k randomly subsampled individuals), the censoring rate in the synthetic

time-to-event data (varying between 10%, 50%, and 90% censoring), and the genotype

data being used (random genotypes or UK Biobank genotypes).

Under the null model, we find that CphGxE produces asymptotically calibrated P -

values when the genetic data is simulated using synthetic genotypes (Fig. 2.1 and Tabs. 2.1,

B.1, B.2). When the data is simulated using UK Biobank genotypes, we find that CphGxE

produces asymptotically calibrated P -values at high censoring rates. However, at low

censoring rate, the calibration of the P -values deteriorates with increasing sample size.

Overall, this translates to CphGxE asymptotically preserving empirical type I error rates

estimated at significance levels α = 0.05, 0.01, and 0.001, respectively (Tabs. 2.1, B.1,

B.2) for most relevant scenarios, as censoring rates tend to be high in real data (Dey et al.

2022).
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Table 2.1: Empirical type I error rates for CphGxE with 90% censoring. Synthetic
traits were simulated with additive genetic, environmental exposure, and covariate effects.
Genotype data with 15,000 SNPs were either simulated using synthetic biallelic independent
genotypes (Random Genotypes) or taken from individuals of self-identified European
ancestry in the UK Biobank. These data were then subsampled to sample sizes of 1k,
5k, 10k and 20k individuals. We randomly selected 10% of all variants to be causal with
additive effects set at 40% of the frailty variance explained for each trait. The frailty
variance due to environmental exposures is set to 10% of the total frailty variance. The
remainder of the frailty variance is explained by the covariates and noise is introduced
by randomly sampling the observation and censoring times based on the frailty model.
Data were analyzed using CphGxE under varying percentages of censoring. Under the
null hypothesis H0 : σ2 = 0. The analyses used significance thresholds of α = 0.05, 0.01,
and 0.001. Values in the parentheses are the standard deviations of the estimates. Results
are based on 100 simulations per scenario.

Dataset Sample
Size α = 0.05 α = 0.01 α = 0.001

Random Genotypes

1k 0.110 (0.313) 0.039 (0.193) 0.01 (0.1)

5k 0.059 (0.235) 0.014 (0.115) 0.003 (0.058)

10k 0.052 (0.222) 0.012 (0.108) 0.002 (0.047)

20k 0.058 (0.235) 0.015 (0.121) 0.002 (0.046)

UK Biobank

1k 0.157 (0.364) 0.075 (0.264) 0.028 (0.164)

5k 0.080 (0.271) 0.022 (0.146) 0.004 (0.066)

10k 0.063 (0.244) 0.018 (0.131) 0.002 (0.046)

20k 0.061 (0.240) 0.014 (0.119) 0.002 (0.044)

2.3.2 CphGxE estimates of heritable frailty variance and fixed

effects are asymptotically unbiased

Under the Cox proportional hazards model, the variance of the random frailty term

represents the unobserved heterogeneity in risk across individuals and mathematically

exhibits similarity to heritability in the context of survival traits. Specifically, the

frailty variance quantifies the proportion of variability in the underlying hazard that is

attributable to genetic or other shared features, similar to the proportion of phenotypic

variance explained in linear mixed models. Because the frailty model in CphGxE explicitly
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partitions the frailty into genetic relatedness and similarity in environmental exposures

as well as fixed effect sizes of covariates, it provides a natural framework for estimating

this “frailty heritability.” As such, fitting the null model in CphGxE offers an efficient

and principled way to assess heritability in time-to-event data.

We find that CphGxE produces asymptotically unbiased variance component estimates

of the frailty due to genetic relatedness when the genetic data is simulated using synthetic

genotypes (Fig. B.1). When the data is simulated using UK Biobank genotypes, the

variance component of genetic relatedness estimates appear asymptotically unbiased

but the variance component of environmental exposure similarity estimates are slightly

negativelybiased (Fig. B.2). The fixed effect estimates are always unbiased (Fig. B.3).

2.3.3 CphGxE is well powered and correctly prioritizes gene-by-

environment interaction variants

To assess the power of CphGxE, we again generate synthetic time-to-event data based

on a frailty model incorporating covariates, population structure, environmental exposures,

and gene-by-environment interaction effects. For the genetic frailty, we randomly sample

10% of the SNPs and scale their effect sizes such that they explain 30% of the total

frailty variance. For the covariate and environmental exposure frailty, we simulate 3

continuous covariates and 100 continuous environmental exposures. The variance due to

environmental exposures is set to 10% of the total frailty variance. Under the alternative

hypothesis, we simulate 10 SNPs to have gene-by-environment interaction effects with 20

environmental exposure features and we vary the frailty variance they explain individually

(varying between 1%, 2%, and 5% of the total frailty variance). The remainder of the

frailty variance is caused by the covariates and noise is again introduced by sampling the

time variables at random. We assess the power of CphGxE as a function of the number of

individuals being analyzed (varying between 1k, 5k, 10k and 20k randomly subsampled

individuals), the censoring rate in the synthetic time-to-event data (varying between 10%,
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50%, and 90% censoring), and the genotype data being used (random genotypes or UK

Biobank genotypes).

Figure 2.2: Empirical power as function of per SNP G×E frailty variance
explained. Synthetic time-to-event traits were simulated with additive genetic, environ-
mental exposure, covariate, and gene-by-environment interaction effects. Genotype data
with 15,000 SNPs were either simulated using synthetic biallelic independent genotypes
(Random Genotypes) or taken from individuals of self-identified European ancestry in the
UK Biobank. These data were then subsampled to 20k individuals. We randomly selected
10% of all variants to be causal with additive effects set at 30% of the frailty variance
explained (FVE) for each trait. The frailty variance due to environmental exposures is
set to 10% of the total frailty variance. The empirical power is shown as function of the
per SNP gene-by-environment interaction variance to the frailty (1%, 2%, and 5%). The
remainder of the frailty variance is explained by the covariates and noise is introduced by
sampling the time variables at random. Data were analyzed using CphGxE under varying
percentages of censoring (10%, 50%, and 90% censoring). The analyses used significance
thresholds of α = 0.05, 0.01, and 0.001. Results are based on 100 simulations per scenario,
with error bars representing the standard deviation across replicates.

The results show that when the genetic data is simulated using synthetic genotypes,
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CphGxE is well powered to detect variants with gene-by-environment interaction effects

even when the variants explain a small amount of the frailty variance (Fig. 2.2). When

the data is simulated using UK Biobank genotypes, we find that the power of CphGxE

is diminished, but correctly prioritizes gene-by-environment interaction variants at all

censoring rates (Fig. 2.3, Tab. B.3). As expected, the power and ability to correctly

prioritize gene-by-environment interaction variants of CphGxE increases with increasing

sample size and decreasing censoring rate (Figs. B.4 - B.6). In simulations based on UK

Biobank genotypes with 20k individuals and 10% censoring, CphGxE identifies at least

49.1% of the SNPs with gene-by-environment interaction effects (AUC = 0.828) even when

they contribute as little as 1% to the frailty variance (at significance level α = 0.05). By

contrast, in simulations using synthetic genotypes, CphGxE identifies 100% of the SNPs

with gene-by-environment interaction effects (AUC = 1.000). When genetic variants have

larger marginal gene-by-environment effects and individually account for 5% of the frailty

variance, the empirical power of CphGxE remains high despite censoring rates of 90%

with an empirical power of 46.1% (AUC = 0.797) in simulations based on UK Biobank

genotypes and 99.5% (AUC = 0.999) in simulations using synthetic genotypes.

2.3.4 The iterative null fit in CphGxE is sensitive to censoring

rates and initial parameter values

Fitting a REML model can be challenging and fitting algorithms that work in one

setting may not work in another (Harville 1977). The AI algorithm relies on iterative

updates of variance component estimates based on the average of the observed and

expected information matrices. Convergence can be slow or fail entirely when initial

values are chosen poorly (Lindstrom et al. 1988). Moreover, the repeated computation

and inversion of matrices is computationally demanding for large datasets.

We simulated data for 10k individuals at varying censoring rates (10%, 50%, and 90%)

using both synthetic and UK Biobank genotypes. The frailty variance due to genetic
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Figure 2.3: Receiver Operating Characteristic (ROC) curves comparing the
ability of CphGxE to correctly prioritize gene-by-environment interaction vari-
ants under the alternative model. Synthetic time-to-event traits were simulated with
additive genetic, environmental exposure, covariate, and gene-by-environment interaction
effects. Genotype data with 15,000 SNPs were either simulated using synthetic biallelic
independent genotypes (Random Genotypes) or taken from individuals of self-identified
European ancestry in the UK Biobank. These data were then subsampled to 20k indi-
viduals. We randomly selected 10% of all variants to be causal with additive effects set
at 30% of the frailty variance explained (FVE) for each trait. The frailty variance due
to environmental exposures is set to 10% of the total frailty variance. ROC curves are
computed under simulations as function of the per SNP gene-by-environment interaction
variance of the frailty (1%, 2%, and 5%). The remainder of the frailty variance is explained
by the covariates and noise is introduced by sampling the time variables at random. Data
were analyzed using CphGxE under varying percentages of censoring (10%, 50%, and 90%
censoring). Results are based on 100 simulations per scenario.

relatedness and environmental exposure are set to 40% and 10% of the total frailty variance

respectively. The remainder of the frailty variance is explained by the covariates and noise

is introduced by sampling the time variables at random. We then fit the null model using
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CphGxE with varying initial parameter values θ = (h2, τ 2) and recorded the variance

component estimates at each step of the iterative fitting algorithm. We found that the

iterative null fit in CphGxE is sensitive to censoring rates and initial parameter values

(Fig. B.7).

When the initial parameters are close to the true variance component values (θ0 = (0, 0)

and θ0 = (1, 1)), the implemented algorithm is numerically stable (Figs. B.7A and B),

however, when the censoring rate is high (90%), it does not reliably converge to the true

variance component value of the genetic relatedness frailty (Figs. B.1, B.7), especially

when using UK Biobank genotypes. When the initial parameter values are far from the

true variance component values (θ0 = (10, 10)), we observe that the fitting process diverges

at low censoring rates for synthetic genotypes (Fig. B.7C) despite the stabilizing measures

implemented in the algorithm.

2.3.5 Caching of the null fit improves the runtime of the G×E

test

We assessed the runtime of CphGxE as a function of the number of individuals being

analyzed (varying between 1k, 5k, 10k, and 20k individuals). In its current implementation,

the computation is implemented as naive matrix operations, which is computationally

demanding. The slowest part is the null fit (Fig. B.8), scaling polynomially with the number

of individuals and requiring on the order of 20 hours for 20k individuals. Fortunately, the

null fit needs to be performed only once and partial results are cached and reused for the

G×E test. This makes the variant test much faster (Fig. B.8), requiring on the order of

10 seconds for 20k individuals per variant.
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2.4 Discussion

The presented method is an approach to gene-by-environment interaction analysis

of censored time-to-event phenotypes. It is a method developed in the line of marginal

epistasis frameworks (Crawford et al. 2017; Stamp et al. 2023; Stamp et al. 2025), i.e. it

measures the aggregate effect of interactions. In deviation from the marginal epistasis

frameworks, it looks for marginal interactions a focal SNP has with environmental expo-

sures instead of other SNPs. This framework results in more powerful inference compared

to methods looking for interactions between a focal SNP and a single environmental

exposure at the cost of not knowing which environmental exposures are involved in the

interaction. Marginal interaction tests have been implemented mostly for quantitative

traits (Zhou et al. 2025). The present method extends this approach to the analysis of

censored time-to-event phenotypes by assuming that genes and environmental exposures

are the source of the frailty that is shared between individuals. The feature space of

environmental exposure features is sparse compared to the number of SNPs, making

estimators efficient (Stamp et al. 2025).

In simulation studies, we show that CphGxE controls type I error rates and produces

asymptotically calibrated P -values at high censoring rates. We also show that CphGxE

is powered to detect SNPs involved in gene-by-environment interaction even when they

explain small fractions of the frailty variance.

The presented implementation of CphGxE is a naive implementation of the method,

offering many opportunities for future improvements. For example, the null fit can be

implemented with the ability to scale to biobank data (Dey et al. 2022; Kim et al. 2025). By

implementing an efficient caching mechanism of the partial results of the null fit, CphGxE

can be made to scale to biobank data. This approach requires efficient implementations

of stochastic traces with shared random vectors and genotype and exposure streaming

like in the sparse marginal epistasis test (Stamp et al. 2025).
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The simulation studies show that not only sample size and censoring rate are crucial

for the calibration and power of the G×E test. The test is only calibrated when the

null fit converges reliably and scalability depends on fast convergence. The iterative

Newton-Raphson based algorithm converges relatively fast when the initial parameter

values are close to the true variance component values, but has issues with high censoring

rates and relatedness in the data. Investigating alternative algorithms for the null fit is a

promising avenue for future work.

Lastly, the presented work is not yet applied to real data. In a revised version of this

manuscript, we will apply the method to the UK Biobank data to illustrate the utility of

the method and generate summary statistics for the G×E test.

2.5 Data and software availability

Source code and tutorials for implementing the ”Cox proportional hazards gene-by-

environment interaction test” (CphGxE) are available open source as an R package which

is available online on GitHub (https://github.com/lcrawlab/cphgxe).

2.6 Web resources

• CphGxE, https://github.com/lcrawlab/CphGxE

• UK Biobank, http://biobank.ctsu.ox.ac.uk/crystal/refer.cgi?id=1967
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CHAPTER 3

Sparse modeling of interactions enables fast detection of

genome-wide epistasis in biobank-scale studies

The text in this chapter is an adaptation of the material as it appears in Stamp

et al. (2025). Sparse modeling of interactions enables fast detection of genome-wide

epistasis in biobank-scale studies. The American Journal of Human Genetics. This

article is licensed under the Creative Commons Attribution (CC BY NC ND https:

//creativecommons.org/licenses/by-nc-nd/4.0/) licence. The coauthors listed in

this publication are Julian Stamp, Samuel Pattillo Smith, Daniel Weinreich, and Lorin

Crawford. Lorin Crawford and Daniel Weinreich supervised the research which forms the

basis for the dissertation.
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3.1 Introduction

Genome-wide association studies (GWAS) have identified thousands of genetic loci

linked with various complex traits and common diseases, offering valuable insights into

the genetic foundations of phenotypic variation (Abdellaoui et al. 2023). As of late,

there have been many efforts to estimate proportions of genetic variance beyond what is

attributable to additive effects (Crawford et al. 2017; Stamp et al. 2023; Fu et al. 2023;

Pattillo Smith et al. 2024; Balvert et al. 2024). Epistasis, which refers to interactions

between genetic loci, is thought to play a key role in constituting the genetic basis of

evolution (Weinreich et al. 2006; Fröhlich et al. 2024). While many studies have shown

epistasis to be pervasive in model organisms (Mackay et al. 2024; Weatherly et al. 2022;

Zwarts et al. 2011), controversies remain with respect to its role in humans (Polderman

et al. 2015). For example, some epistatic interactions identified in association mapping

studies can be explained by additive effects of unobserved variants (Hemani et al. 2021).

Though previous studies have shown that genetic variance is mainly additive (Hivert et al.

2021; Mackay et al. 2024), these conclusions have recently been challenged (Pattillo Smith

et al. 2024).

Numerous statistical methods have been developed to identify single nucleotide poly-

morphisms (SNPs) that contribute to epistasis. Traditional approaches focus on explicitly

detecting significant interactions through exhaustive or probabilistic searches utilizing

frequentist tests, Bayesian inference, and machine learning techniques (Purcell et al. 2007;

Schüpbach et al. 2010; Prabhu et al. 2012; Wan et al. 2010). With advancements in

sequencing technologies, many contemporary genome-wide association studies (GWAS)

are conducted on biobank-scale data sets, comprising hundreds of thousands of individuals

genotyped at millions of markers and phenotyped for thousands of traits (Abdellaoui

et al. 2023; Bycroft et al. 2018; Nagai et al. 2017). This is crucial as the effect of epistatic

interactions is hypothesized to be small for many traits (Hivert et al. 2021; Polderman

et al. 2015), and traditional search algorithms are known to be most powered when large

71



training data sets are available (Purcell et al. 2007; Hivert et al. 2021). However, despite

efficient computational improvements, exploring large combinatorial domains continues to

pose a challenge for epistatic mapping studies. With a lack of a priori knowledge about

which epistatic loci to prioritize, exploring all possible combinations of genetic variants

can result in low statistical power after correcting for multiple hypothesis tests (e.g., there

are J choose 2 possible pairwise combinations for a study with J SNPs).

As an alternative to traditional exhaustive search methods, the marginal epistasis

framework was developed to estimate the combined pairwise interaction effects between a

focal SNP and all other variants in the data set. The “Marginal Epistasis Test” (MAPIT)

evaluates each SNP individually and identifies candidates involved in epistasis without

requiring the identification of their exact interacting partners (Crawford et al. 2017). Re-

cently, the concept of marginal epistasis has been leveraged to estimate the contribution of

nonadditive heritability in complex traits using GWAS summary statistics (Pattillo Smith

et al. 2024). It has also been extended to explore the importance of genetic interactions

across multiple traits simultaneously (Stamp et al. 2023). Theoretically, MAPIT is for-

mulated as a linear mixed model where the random effects and corresponding variance

components are estimated using a method-of-moments (MoM) algorithm (Haseman et al.

1972; Zhou 2017). Although MAPIT mitigates the reduction of power due to multiple

testing burden, its implementation on data sets with large sample sizes remains compu-

tationally intensive (Crawford et al. 2017). Specifically, the computational complexity

scales linearly with the number of SNPs and (at best) quadratically with the number of

individuals, making it suitable for moderately sized GWAS applications but infeasible for

biobank-scale studies (Wu et al. 2018; Mbatchou et al. 2021). Efforts have been made

to address this limitation, such as the “fast marginal epistasis test” (FAME) (Fu et al.

2023), which leverages a stochastic MoM framework and introduces both computationally

efficient stochastic trace estimators (Hutchinson 1989) and innovative methods to expedite

matrix multiplication (Liberty et al. 2009). However, despite these advancements, further
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work is necessary to scale the method to genome-wide applications.

This work introduces the sparse marginal epistasis test, which focuses on searching

for epistasis in regions of the genome with known functional enrichment (Maurano et al.

2012) related to a quantitative trait of interest. This method has two main advantages.

First, it prioritizes candidate regions likely to involve epistatic gene action. Studies have

indicated that variants in coding regions account for less than 10% of the phenotypic

variance in many traits and diseases (Finucane et al. 2015). Consequently, the remaining

heritability is attributed to regions expected to play a regulatory role (Maurano et al.

2012; Cano-Gamez et al. 2020; Finucane et al. 2015) and that are active in trait-specific

tissue (Finucane et al. 2018; Boix et al. 2021). Second, the sparse nature of this approach

leads to more efficient estimators for model parameters (Yang et al. 2010; Zhou 2017) and

allows SME to operate significantly faster than existing methods such as MAPIT and

FAME. Through detailed simulations, SME demonstrates effective type I error control and

improved power compared to previous approaches. Furthermore, utilizing information from

DNase I hypersensitivity sites in ex vivo human erythroid differentiation (Georgolopoulos

et al. 2021) and GWAS summary statistics, we use SME to analyze complex traits in

individuals from the UK Biobank (Bycroft et al. 2018) and identify genetic interactions

associated with regulatory genomic elements.

3.2 Material and methods

3.2.1 The sparse marginal epistasis test

SME performs a genome-wide search for SNPs involved in genetic interactions while

conditioning on information derived from functional genomic data (Fig. 3.1A). Consider a

genome-wide association study (GWAS) with N individuals who have been genotyped

for J single nucleotide polymorphisms (SNPs) encoded as {0, 1, 2} copies of a reference

allele at each locus. Also assume that we have access to an external reference S that
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Figure 3.1: Schematic overview of the sparse marginal epistasis (SME) test. (A)
SME examines one SNP at a time and estimates marginal epistatic effects—the combined
pairwise interaction effects between a j-th focal SNP and other variants on the genome
(indexed by l 6= j). The key to SME is that it incorporates genomic data S through a
binary indicator function 1S(wl) where wl provides information about the l-th background
SNP. This creates a mask to only search for interactions in regions of the genome with
known functional enrichment related to a trait of interest. (B) As an example, let data
on DNase I hypersensitive sites (DHS) be used for S. In this case, SME restricts the
marginal epistasis test to assessing interactions between each focal SNP and variants
with genomic coordinates that fall within open chromatin and regulatory regions. The
DNase-seq signal is converted into a binary mask, excluding variants located in regions
with closed chromatin (i.e., variants with coordinates wl /∈ S). (C) SME tests every SNP
genome-wide. Masking results in improved power to detect marginally epistatic variants
versus the traditional non-masking approach. (D) SME uses computationally efficient
estimators to enable genome-wide testing on biobank-scale data sets. It achieves runtimes
10× to 90× faster than current state-of-the-art methods.

encodes some additional biological information about the quantitative trait being studied.

The marginal epistasis test aims to identify genetic variants that are involved in epistasis

without exhaustively searching over all possible interactions (Crawford et al. 2017). By
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examining one SNP at a time (indexed by j), SME fits the following linear mixed model

y = µ +
∑

l

xlβl +
∑
l 6=j

(xj ◦ xl)αl · 1S(wl) + ε, ε ∼ N (0, τ 2I) (3.1)

where y is an N -dimensional quantitative trait vector measured for each individual in

the study; µ is an intercept term; X is the N × J matrix of allele counts that have been

column standardized across individuals with xl representing an N -dimensional vector

for the l-th SNP; βl is the additive effect for the l-th SNP; xj ◦ xl is the Hadamard

(elementwise) product of the two genotypic vectors with corresponding interaction effect

size αl; ε is a normally distributed error term with mean zero and scale variance term τ 2;

and I denotes an N × N identity matrix. The key to this formulation is that the inclusion

of the interaction between the j-th and l-th SNPs is based on an indicator function

1S(wl) =


1 if wl ∈ S

0 if wl /∈ S
(3.2)

where wl encodes information about the l-th SNP. For example, if testing for epistatic

effects in red blood cell traits, we can incorporate information about regulatory regions

during erythroid differentiation into the model (Fig. 3.1B). In this case, S could be a set

of genomic regions for which DNase-seq implicates chromatin accessibility and wl could

encode the physical location of the l-th SNP on the genome. Here, 1S(wl) = 1 if the l-th

SNP is located in one of these regions (i.e., wl ∈ S). This means that, while all SNPs

are tested for marginal epistasis, only their interactions with SNPs included in the mask

resulting from Eq. (3.2) are considered.

The benefits of this sparse approach are twofold. First, by limiting the search to

regions of the genome that are most likely to be functionally associated with a phenotype,

SME produces significantly more efficient estimators which leads to an increase in power

(Fig. 3.1C). Second, by masking out sets of variants for each test on a focal SNP, SME
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leverages a fast MoM algorithm to substantially improve its scalability for genome-wide

analyses (Fig. 3.1D). Specifically, SME introduces an approximation to the efficient

stochastic trace estimator (Hutchinson 1989; Wu et al. 2018; Fu et al. 2023; Wu et al.

2022) which allows the algorithm to avoid repeating costly matrix computations when

estimating model parameters across each SNP that is being tested (Figs. C.1-C.3).

3.2.2 Variance component model formulation

For biobank-scale data, there are often more SNPs than individuals. To overcome an

undetermined system in Eq. (3.1), the marginal epistasis framework assumes that the effect

sizes follow univariate normal distributions where βl ∼ N (0, ω2/J) and αl ∼ N (0, σ2/J∗)

with J∗ = ∑
l 6=j 1S(wl) representing the number of interactions considered in the model

(Bulik-Sullivan et al. 2015; Yang et al. 2010; Wu et al. 2011; Zhou et al. 2013; Crawford

et al. 2017). Assuming that the phenotype has been mean centered and scaled, these

normal assumptions allow Eq. (3.1) to be rewritten as

y = m + gj + ε ε ∼ N (0, τ 2I) (3.3)

where m = ∑
l xlβl is the combined additive effects from all SNPs and gj = ∑

l 6=j(xj ◦

xl)αl · 1S(wl) represents the effects of a subset of pairwise interactions involving the j-th

SNP.

Probabilistically, Eq. (3.3) translates to SME assuming that m ∼ N (0, ω2K) where

the covariance matrix K = XXᵀ/J accounts for the relatedness between individuals

in the data and the corresponding component ω2 models the phenotypic variance ex-

plained by additive effects. The second term can be written as gj ∼ N (0, σ2Gj) where

Gj = DjX−jWjXᵀ
−jDj/J∗ with X−j denoting the genotype matrix without the j-

th SNP and Dj = diag(xj) representing an N × N diagonal matrix. Importantly,

Wj = diag[1S(w1), . . . ,1S(wJ−1)] has binary diagonal elements that only equate to 1

if the l-th SNP satisfies the criteria from the external data source S. Altogether, the
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covariance matrix Gj represents all pairwise interactions involving the j-th SNP that have

not been masked out according to the set of indicator functions {1S(wl)}l 6=j. The main

takeaway from the variance component formulation of SME is that the term σ2 measures

SNP-specific contribution to the nonadditive genetic variance.

3.2.3 Point estimates and hypothesis testing

The model in Eq. (3.3) has three variance components that can be estimated us-

ing a computationally efficient method-of-moments (MoM) algorithm (Zhou 2017). In

expectation

E[yᵀAy] =
3∑

k=1
tr(AΣjk)δk (3.4)

with A being a symmetric and non-negative definite matrix used to create weighted

second moments, tr(•) denotes the trace of a matrix, and we use shorthand to represent

[Σj1; Σj2; Σj3] = [K; Gj; I] and δ = (ω2, σ2, τ 2), respectively. In practice, we replace

the left hand side of Eq. (3.4) with the realized value yᵀAy. We also use the realized

covariance matrices in place of the arbitrary A. The point estimates for each variance

component is then given as

δ̂jk = yᵀHjky (3.5)

where Hjk = ∑3
t=1(S−1

j )ktΣjt and Sj is a 3 × 3 matrix with elements (Sj)kt = tr(ΣjkΣjt).

SME tests for non-zero marginal epistasis using a one-sided z-score or normal test. This

is equivalent to assessing the null hypothesis H0 : σ2 = 0 for each SNP in the data. We

derive a test statistic with the estimate σ̂2
j using Eq. (3.5) and compute an approximate

standard error

V[σ̂2
j ] ≈ 2yᵀHᵀ

j VjHjy (3.6)
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where Vj = ω̂2
j K + σ̂2

j Gj + τ̂ 2
j I. Note that the point estimates from Eqs. (3.4) and (3.5)

are unbiased and can lead to negative values when the true variance component is zero

(Zhou 2017). The one-sided hypothesis test formalizes the constraint that only positive

estimates of σ̂2
j can be indicative of marginal epistasis.

3.2.4 Scalable computation via stochastic MoM

The right-hand side of Eq. (3.5) involves computing traces of matrix products. If each

covariance matrix is held in memory, then this can be done efficiently (without matrix

multiplication) using the Frobenius inner product. However, holding large covariance

matrices in memory itself prevents scalability of the method. Naively multiplying two

N × N matrices requires N3 field operations. This too can be impractical for biobank-

scale data with large sample sizes. To enable genome-wide testing, SME makes use of a

stochastic MoM approach through the implementation of Hutchinson’s stochastic trace

estimator and the Mailman algorithm. The stochastic trace implementation enables

block-wise processing of genotype data. With this approach, SME computes the traces of

all covariance matrix products without ever needing to explicitly estimate the covariance

matrices themselves. By making the block size (i.e., the number of SNPs processed

simultaneously) configurable, the computation can be performed using as little as 1

gigabyte (GB) of read access memory (RAM).

Hutchinson’s stochastic trace estimator. Hutchinson’s stochastic trace estimator

approximates the trace of a matrix product via the following (Hutchinson 1989; Wu et al.

2018; Fu et al. 2023; Wu et al. 2022)

tr (ΣjrΣjs) ≈ 1
B

B∑
b=1

zᵀ
bΣjrΣjszb (3.7)

where zb ∼ N (0, I) is a normally distributed vector and B is the number of random draws

used to approximate the trace. This operation only depends on a series of matrix-by-vector
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products and has time complexity O (BNJ). Essentially, we choose an order of operations

such that computing the quadratic forms zT
b XXᵀXXᵀzb = ‖XXᵀzb‖2 is reduced to (i)

applying Xᵀ to the vector zb and then (ii) applying X to the resulting vector Xᵀzb for

all B random vectors. Importantly, Eq. (3.7) can be set up algorithmically such that

the approximation is done block-wise over the individual-level genotype data. Using this

approach, SME avoids having to compute any of the covariance matrices directly and

alleviates the need to load the entire genotype matrix into memory all at once.

The mailman algorithm. An additional computational speedup can be achieved by

making use of the discrete encoding for each SNP. The Mailman algorithm allows for

an N × J matrix to be multiplied by any real vector in O (NJ/ logΩ(max{N, J})) time

if it has elements defined over a finite alphabet size Ω (Liberty et al. 2009; Wu et al.

2022; Wu et al. 2018; Fu et al. 2023). A standardized genotype matrix can be written as

X = (A − U)Q−1 where A is an N × J allele count matrix with elements aij ∈ {0, 1, 2}

over finite size Ω = 3, U = [u1, . . . , uJ ] is a matrix where the j-th column contains the

sample mean for the j-th SNP, and Q = diag(q2
1, . . . , q2

J) contains the variance of each SNP

as the diagonal entries. With this specification, we can write Xᵀzb = Q−1(Aᵀ − Uᵀ)zb.

The first term Q−1Aᵀzb can be solved in O (NJ/ log3(max{N, J})) time. The second

term Q−1Uᵀzb corresponds to scaling the random N -dimensional vector zb which can be

computed in time O (N + J) (Wu et al. 2018; Wu et al. 2022; Fu et al. 2023).

Shared random vectors and parallelization. With the stochastic trace estimator

and the Mailman algorithm, it is feasible to estimate the variance components for each

focal SNP even when a study has a large number of individuals. Still, testing every focal

SNP against all variants genome-wide remains a challenge. In SME, we propose randomly

selecting subsets of focal SNPs and having them share the same random vectors zb when

performing the stochastic trace estimation. This limits the number of computations that

need to be performed while maintaining unbiasedness in the point estimates (Fig. C.4).
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Since the error terms in Eq. (3.3) are assumed to be independent, the only two

intermediate products that need to be computed in Eq. (3.7) are Kzb and Gjzb. With

these terms, we can compute all combinations of traces of matrix products that are

required to fit SME (e.g., tr(K2) ≈ ‖Kzb‖2 and tr(KGj) ≈ zᵀ
bKGjzb). For a subset of L

focal SNPs and fixed zb, the term Kzb is constant and only Gjzb changes. This reduces

the effective time needed to compute Kzb per test by a factor of 1/L. Fig. C.1 illustrates

the idea of sharing random vectors.

As previously mentioned, reading biobank-scale genotype data into memory requires

non-negligible overhead. The R implementation of SME reads in genotypes once for

each subset of focal SNPs that share the same random vectors (Web resources). The

computation of Kzb and each Gjzb can then be done in parallel using multithreading.

While sharing random vectors helps accelerate this task, it also requires storing larger

quantities of intermediate results in memory.

Masking further reduces the effective size of data. A direct benefit of masking is

that it is equivalent to removing entire columns from the genotype matrix. This reduction

contributes to a significantly faster runtime when computing Gjzb (e.g., Figs. C.2 and

C.3). Concretely, applying a mask to an N × J genotype matrix reduces the number of

columns to J∗ ≤ J . If the mask is sparse enough such that J∗ ≤ N , the time complexity

of the Mailman algorithm is also reduced to O (BNJ∗/ log3(N)).

3.2.5 Preprocessing the UK Biobank

Genotype data for 488,377 individuals in the UK Biobank were downloaded and

converted using the ukbgene and ukbconv tools, respectively. Continuous traits were

also downloaded using the ukbgene tool and were adjusted for age and sex. Individuals

identified as having high heterozygosity, excessive relatedness, or aneuploidy were removed

(1,550 individuals). After separating individuals into self-identified ancestral cohorts using

data field 21000 , unrelated individuals were selected by randomly choosing one person
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from each related pair. This resulted in N = 349,411 white British individuals to be

included in our analysis. We downloaded imputed SNP data from the UK Biobank for all

remaining individuals and removed SNPs with an information score below 0.8. Information

scores for each SNP are provided by the UK Biobank (Web resources).

Quality control for the remaining genotyped and imputed 1,933,118 variants was then

performed on each cohort separately using the following steps. All structural variants were

first removed, leaving only single nucleotide polymorphisms (SNPs) in the genotype data.

Next, all AT/CG SNPs were removed to avoid possible confounding due to sequencing

errors. Then, SNPs with minor allele frequency less than 1% were removed using the PLINK

2.0 (Chang et al. 2015) command --maf 0.01 . We then removed all SNPs found to be

out of Hardy-Weinberg equilibrium, using the PLINK --hwe 0.000001 flag to remove all

SNPs with a Fisher’s exact test P -value < 10−6. Finally, SNPs with any missingness were

removed using the PLINK 2.0 --geno 0.00 flag. This left a total of J = 543,813 SNPs

for our study.

Assessing replicability and robustness of the study. To confirm that the marginal

epistatic signal identified by SME in the UK Biobank is robust to sample composition,

we randomly split the data into two distinct subsets of equal size. This resulted in two

cohorts with N = 174,705 individuals and J = 543,813 SNPs. Additionally, we assess

the scale invariance of the signal identified by SME. Here, we rerun the analysis for all

significant marginal epistatic associations using quantile-normalized versions of each trait.

The quantile-normalization was performed using the qqnorm function in R.

3.2.6 GWAS summary statistics

Summary statistics used to compare against marginal epistatic results for each trait in

the UK Biobank were downloaded (Web resources). These summary statistics were first

filtered to match the same set of SNPs that passed our quality control. SNPs that were

reported as being associated with a trait at genome-wide significance (P < 5 × 10−8) in

81



the UK Biobank European cohort are highlighted our analyses.

3.2.7 Generating masks from external data sources

Below is a description of the data sets that we used to generate the masks for SME

when analyzing individuals and quantitative traits from the UK Biobank.

Masks using DNase I hypersensitive sites. The chromatin accessibility-based masks

were derived from DNase I hypersensitive sites (DHS) measured over 12 days of ex vivo

erythroid differentiation (Georgolopoulos et al. 2021). The DHS intervals were reported

using the hg38 human reference genome. To map correspondence to the UK Biobank data

(which uses the hg19 as reference), we performed a lift-over using CrossMap (Zhao et al.

2014). We mapped each SNP in the UK Biobank to the genomic intervals in the DHS

data using the R software package GenomicRanges (Lawrence et al. 2013). The resulting

mask comprised of J∗ = 4952 SNPs.

Masks using GWAS summary statistics. Many complex traits have genetic signa-

tures that are not tissue-specific and, in many cases, biologically informative annotations

from external functional studies may not be available. As a more general strategy, in

the absence of trait-specific biological information, we induce sparsity within the SME

framework using GWAS summary statistics. The motivation behind this approach is

two-fold. First, variant-level associations from genome-wide studies can serve as proxies

for more targeted, biologically informed priors. For example, genomic regions identified

by DNase-seq have been shown to be enriched for non-coding variants associated with

common diseases and complex traits (Maurano et al. 2012). Second, GWAS summary

statistics have been suggested to tag nonadditive genetic effects contributing to trait archi-

tecture (Pattillo Smith et al. 2024). In practice, this results in masks of varying degrees of

sparsity and mask sizes (using a genome-wide significance threshold P < 5 × 10−8). In our

quality controlled data from the UK Biobank, J∗ = 16,142 SNPs are associated with body
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height, J∗ = 7,778 SNPs are associated with mean corpuscular hemoglobin (MCH), J∗ =

3,536 SNPs are associated with uric acid (or urate), and J∗ = 547 SNPs are associated

with vitamin D levels (VITD). To match the sparsity observed in DNase I hypersensitivity

data, we select the top 5,000 SNPs ranked by strength of association (lowest P -values) for

height and MCH, and include all significant SNPs for urate and VITD.

Small note on linkage disequilibrium blocks. To control the type I error rate,

variants in the same linkage disequilibrium (LD) block as the j-th focal SNP are also

masked. The LD blocks used for this study were approximately independent and derived

using European individuals (Berisa et al. 2016).

3.2.8 Simulation studies

To characterize the behavior of the sparse marginal epistasis test, we generate quan-

titative traits using chromosome 1 of the white British cohort from the UK Biobank

(Crawford et al. 2017; Pattillo Smith et al. 2024; Stamp et al. 2023). This data consisted

of N = 349,411 individuals and J = 43,332 SNPs. Here, we sample 10% of the SNPs in

the data to be causal and simulate traits using the following linear model

y =
∑
a∈A

xaβa +
∑

g1∈G1

∑
g2∈G2

(xg1 ◦ xg2)αg1g2 + ε, ε ∼ N (0, λ2I) (3.8)

where y is an N -dimensional phenotype vector; A represents the set of causal SNPs with

additive effects; xa is the genotype for the a-th causal SNP which has been standardized

to have mean zero and variance one across individuals; βa is the additive effect sizes

for the a-th SNP; both G1 and G2 are sets of epistatic SNPs that are non-overlapping

subsets of A; αg1g2 is the interaction effect sizes between xg1 and xg2 ; and ε is a vector

of normally distributed environmental noise. We sample the effect sizes from standard

normal distributions and rescale them so that the additive and epistatic effects explain a

desired proportion of the trait variance. Specifically, the additive and epistatic variance
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components make up the broad-sense heritability of the trait H2 = h2
A + h2

G. Similarly,

the environmental noise matrix is also rescaled such that it explains the remaining 1 − H2

proportion of the trait variance.

In this simulation design, the epistatic causal SNPs interact between sets. All SNPs in

G1 interact with all SNPs in the G2, but do not interact with variants in their own group

(and vice versa). Note that we use this setup because the ability to detect interacting

variants in the marginal epistasis framework depends on the proportion of phenotypic

variance that they marginally explain. The parameters that determine the phenotypic

variance explained by a single SNP are the epistatic heritability h2
G and the cardinality

of the set to which the SNP belongs. For example, a SNP in G1 will explain on average

h2
G/|G1| of the total phenotypic variance.

To simulate masks, we select some proportion of the non-epistatic SNPs to zero

out of the interaction covariance matrix. For example, when analyzing the j-th SNP,

95% masking corresponds to excluding 41,165 out of the 43,332 SNPs when computing

Gj. Similarly, only 433 SNPs are used when using a 99% masking strategy. To create

masks that induce “uniform sparsity”, we randomly sample from all SNPs in the data

set with uniform probability. In real data, masks are likely not sampled uniformly. An

obvious potential source of complication for non-uniform masking can come from linkage

disequilibrium between SNPs. Therefore, to simulate masks which induce “localized

sparsity”, we randomly sample a seed SNP and define a genomic window around it. SNPs

outside that window are then masked.

Unless otherwise specified, we used the following hyperparameters when applying SME

and FAME to the simulated data: B = 100 random vectors for the stochastic trace

estimator, we block-wise processed 100 SNPs at a time, and shared random vectors across

L = 25 SNPs for the SME implementation. To ensure fair comparisons between methods,

all were applied to the same SNPs and synthetic traits within each simulation replicate.

Note that causal SNP sets varied across replicates due to random sampling.
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3.2.9 Software tools and data sources

Software for running the “FAst Marginal Epistasis test” (FAME) is freely avail-

able at https://github.com/sriramlab/FAME. The version of FAME that we imple-

mented for this work (GitHub commit hash prefix cfdd03f; date May 7, 2024) has

been archived at https://doi.org/10.5281/zenodo.14607997. The original “MArginal

ePIstasis Test” (MAPIT) was implemented using the mvmapit software package in R

and is available both on CRAN (https://cran.r-project.org/package=mvMAPIT) and

GitHub (https://github.com/lcrawlab/mvMAPIT). All software for SME, FAME, and

MAPIT were fit using their default settings, unless otherwise stated in the main text.

Data from the UK Biobank Resource was made available under Application Num-

bers 14649 and can be accessed by direct application to the UK Biobank. GWAS

summary statistics were downloaded from https://www.nealelab.is/uk-biobank and

corresponding linkage disequilibrium maps were taken from https://bitbucket.org/

nygcresearch/ldetect-data/. The DNase I hypersensitive site (DHS) data are avail-

able at https://doi.org/10.5281/zenodo.5291736. We used CrossMap (https://

crossmap.readthedocs.io/) and GenomicRanges (https://doi.org/doi:10.18129/

B9.bioc.GenomicRanges) to map SNPs from the UK Biobank to genomic intervals

in the DHS data. The chain file for the CrossMap liftover tool can be found at http:

//hgdownload.soe.ucsc.edu/goldenPath/hg38/liftOver/.

3.3 Results

3.3.1 SME scales to biobank genome-wide association studies

To compare the expected central processing unit (CPU) computation for conducting

a biobank-scale genome-wide analysis using SME, FAME (Fu et al. 2023), and MAPIT

(Crawford et al. 2017), we measured the average runtime per SNP for each method on an

Intel(R) Xeon(R) Platinum 8268 CPU using a single core (i.e., no parallel processing).
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Here, we used genotype data from 349,411 individuals of self-identified European ancestry

in the UK Biobank with 543,813 SNPs after quality control (Methods). The memory

requirements for MAPIT are prohibitively high, requiring resources on the order of

terabytes for biobank-scale data sets with hundreds of thousands of observations. By

using Hutchinson’s stochastic trace estimator, both SME and FAME achieve configurable

resource requirements and can effectively operate with only a few gigabytes of memory at

biobank-scale data.
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Figure 3.2: Computational time for running SME and other marginal epistatic
approaches on biobank-scale data as a function of the genome size. The other
methods compared include FAME (Fu et al. 2023) and MAPIT (Crawford et al. 2017).
Here, we analyze genotype data from a fixed set of 349,411 individuals from the UK
Biobank and vary the genome size. All results were computed on a single core of an Intel(R)
Xeon(R) Platinum 8268 central processing unit (CPU). Total runtime was calculated
based on the average runtime per SNP and parallel processing on a cluster with 960 CPUs
available. Both SME and FAME were set to have the same hyperparameter configurations
(e.g., the number of random vectors). SME also used a binary mask that contained 5,000
unmasked SNPs, and its stochastic trace approximation was applied such that sets of 250
focal SNPs shared the same random vectors. MAPIT could not be directly compared due
to its excessive memory requirements for data sets of this size. Instead, the runtime for
MAPIT was measured on smaller sample sizes (up to 20k individuals) and extrapolated
to a sample size of 349,411 individuals. This extrapolation assumed quadratic scaling
with the number of individuals and linear scaling with the number of SNPs.

We find that SME performs genome-wide testing 10× faster than FAME and 90×

86



faster than MAPIT (Fig. 3.2). While analyzing the complete data set with a single core,

SME requires only 3.7 days of runtime compared to FAME and MAPIT requiring 38.4

and 324 days, respectively. The greatest speedup in SME is achieved by approximating

the stochastic trace when estimating model parameters (Fig. C.1). This allows for

computations involving large genetic relatedness matrices to be reused across multiple

tests for different focal SNPs. Even with the stochastic trace approximations, performing

matrix calculations at biobank-scale still takes minutes. However, the ability to share

these computations across multiple variants significantly reduces the overall computational

burden (Figs. C.2 and C.3). The proposed approach enables SME to be effectively applied

to the UK Biobank, facilitating genome-wide association studies of epistasis. For the real

data application in this study, SME effectively computed hundreds of tests simultaneously

with less than 85 GB of RAM for a data set consisting of N = 349,411 individuals.

3.3.2 SME is a well-calibrated test and conserves type I error

rates

We generate synthetic phenotypes using a linear model with real genotypes from

chromosome 1 of white British individuals in the UK Biobank (Crawford et al. 2017;

Pattillo Smith et al. 2024; Stamp et al. 2023). After quality control, we had a data set

of 349,411 individuals and 43,332 SNPs (Methods). Under the null model, we simulate

traits consisting of only additive effects. Here, we randomly sample 10% of the SNPs and

scale their effect sizes such that they explain 40% of the total phenotypic variance.

We simulate external data sources (S) to be used when generating a mask for the

marginal epistatic covariance matrix Gj in SME. Recall that these external data sources

are intended to give alternative insight into the importance of SNPs and are used to induce

sparsity in the modeled gene-interactions by dropping interactions with “unimportant”

variants. We consider two scenarios in our simulations (Fig. C.5). In the first, SNPs deemed

important in the external data source are sparsely sampled with uniform probability from
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all variants. As a result the modeled gene-interactions are evenly distributed along the

chromosome. We will refer to this scenario as inducing uniform sparsity in the SME model.

In the second scenario, we randomly sample one central seed SNP and define variants

in a block around it as important. We will refer to this scenario as one that induces

localized sparsity. In these simulation experiments, we assess the calibration of SME using

both types of external data sources as a function of the percentage of total variants that

are masked (varying between 0%, 95%, and 99%) and the number of individuals being

analyzed (varying between 20k, 50k, 100k and 300k randomly subsampled individuals).

Under the null model, we find that SME produces well-calibrated P -values and unbiased

variance component estimates (Fig. 3.3 and Table C.1) using a uniformly sparse mask.

Specifically, higher levels of sparsity lead to more accurate estimates of the marginal

epistatic variance components. We also see precision in its estimates improve as the

sample size increases, which is expected since SME uses a normal test to compute P -values

for each SNP. Overall, this translates to SME preserving empirical type I error rates

estimated at significance levels α = 0.05, 0.01, and 0.001, respectively (Table 3.1). In

contrast, FAME produces inflated test statistics as the number of samples in a data set

grows. Note that we do not include a comparison with MAPIT here due to its inability

to scale to biobank settings (see Crawford et al. (2017) for assessment of its calibration

on small-to-moderately sized data).
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Figure 3.3: While using a mask that induces uniform sparsity, SME is well-
calibrated under the null hypothesis and does not identify epistasis when traits
are generated by only additive effects. Synthetic traits were simulated with only
additive effects using chromosome 1 from individuals of self-identified European ancestry
in the UK Biobank. These data were then subsampled using sample sizes of 20k, 50k, and
100k individuals. We randomly selected 10% of all variants to be causal with additive
effects and we assume that they explain 40% of the phenotypic variance for each trait.
Data were analyzed using both FAME (as a baseline) and SME under varying percentages
of SNPs that are masked (0%, 95%, and 99%, respectively). The small insets in each plot
show the distribution of the estimated marginal epistatic variance components across all
experiments. For reference, under the null hypothesis H0 : σ2 = 0. Results are based on
100 simulated traits per scenario.

Notably, using an external data source with a localized sparse masking scheme intro-

duces a slight negative bias in variance component estimates produced by SME, leading to

fewer significant P -values and more conservative inference (Fig. C.6). While type I error

control remains conservative (Table C.2), this also means that the test may have reduced

power when traits are indeed simulated under the alternative with non-zero epistatic

effects. We will explore this behavior further in the next section.
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Table 3.1: While using a mask that induces uniform sparsity, SME controls
type I error rates when synthetic traits are generated under the null model.
Synthetic traits were simulated with only additive effects using chromosome 1 from
individuals of self-identified European ancestry in the UK Biobank. These data were
then subsampled using sample sizes of 20k, 50k, 100k, and 300k individuals. A total
of 100 causal additive variants were randomly selected for each trait and their effects
were assumed to explain 40% of the phenotypic variance. Data were analyzed using both
FAME (as a baseline) and SME under varying percentages of SNPs that are masked (0%,
95%, and 99%, respectively). Empirical size for the analyses used significance thresholds
of α = 0.05, 0.01, and 0.001. Values in the parentheses are the standard deviations of
the estimates. Results are based on 100 simulations per scenario. Due to computational
constraints, the data with 300k individuals was only analyzed with SME.

Method Sample
Size α = 0.05 α = 0.01 α = 0.001

FAME

20k 0.0531
(0.0214)

0.0128
(0.0124)

0.0022
(0.0044)

50k 0.0720
(0.0237)

0.0200
(0.0127)

0.0053
(0.0078)

100k 0.1208
(0.0318)

0.0526
(0.0223)

0.0241
(0.0133)

SME (0% masked)

20k 0.0379
(0.0185)

0.0056
(0.0074)

0.0001
(0.0010)

50k 0.0459
(0.0207)

0.0084
(0.0090)

0.0004
(0.0020)

100k 0.0492
(0.0217)

0.0085
(0.0090)

0.0007
(0.0029)

300k 0.0537
(0.0209)

0.0090
(0.0090)

0.0012
(0.0036)

SME (95% masked)

20k 0.0359
(0.0163)

0.0046
(0.0061)

0.0005
(0.0022)

50k 0.0416
(0.0168)

0.0060
(0.0075)

0.0002
(0.0014)

100k 0.0445
(0.0197)

0.0078
(0.0080)

0.0004
(0.0020)

300k 0.0474
(0.0213)

0.0073
(0.0081)

0.0003
(0.0017)

SME (99% masked)

20k 0.0310
(0.0147)

0.0029
(0.0052)

0.0000
(0.0000)

50k 0.0355
(0.0186)

0.0037
(0.0065)

0.0001
(0.0010)

100k 0.0387
(0.0178)

0.0042
(0.0062)

0.0001
(0.0010)

300k 0.0404
(0.0189)

0.0059
(0.0070)

0.0002
(0.0014)
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3.3.3 The masking strategy in SME leads to improved power in

simulations

To assess the power of SME, we again generate synthetic continuous traits using real

genotypes from chromosome 1 of white British individuals in the UK Biobank (Crawford

et al. 2017; Pattillo Smith et al. 2024; Stamp et al. 2023). These data were subsampled

using sample sizes of 50k, 100k, and 300k individuals. Here, we assume that 10% of

all SNPs are causal and have additive effects that collectively explain 30% of the trait

variance. Next, we fix the epistatic contribution to the trait variance to be 5%, making

the total broad-sense heritability 35%. We select a set of epistatic variants from the causal

SNPs and divide them into two equally sized groups. Each SNP in one group is simulated

such that they only interact with SNPs in the other group. This simulation design gives

control over the epistatic phenotypic variance explained (PVE) by the individual variants.

In this analysis, we select 10, 20, 50, and 100 of the causal SNPs to be epistatic which

corresponds to per SNP epistatic PVE equal to 1%, 0.5%, 0.2%, and 0.1% of the trait

variance.

Once again, we analyze SME using two different external data source types that induce

uniform and localized sparsity—masking out 0%, 95%, and 99% of the possible interactive

partners when constructing the marginal epistatic covariance matrix Gj for each j-th

focal SNP being tested (Fig. C.5A). We compare the empirical power of SME to FAME as

a baseline by assessing the respective abilities of both models to identify causal epistatic

SNPs at a genome-wide significance threshold P < 5 × 10−8 (Fadista et al. 2016).

We find using the uniformly sparse masking scheme significantly enhances the power

of SME, with greater levels of sparsity leading to better method performance (Fig. 3.4).

When analyzing 300k individuals, the 99%-masked SME identifies at least 85.1% of the

causal epistatic SNPs even when they contribute as little as 0.1% to the trait variance.

This is compared to FAME and a non-masked SME which only detect at most 1% of

causal SNPs with very small PVE. When epistatic variants have larger effect sizes and
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individually account for 1% of the trait variance, the 99%-masked SME shows 99.8% power

even with relatively small sample sizes (e.g., 50k individuals). Again, this is compared to

FAME and a non-masked SME which each only have approximately 35% power in this

scenario. To examine the sensitivity of the SME to the specification of an external data

source, we conducted a simulation in which the model was provided with a weight matrix

that incorrectly masked true interacting partners (Pattillo Smith et al. 2024). Here, we

observed that the SME framework protects against the false discovery of nonadditive

genetic effects and underestimates the marginal epistatic variance component (σ2) when

causal SNPs involved in pairwise interactions were unobserved (Fig. C.7).

Similar to the null simulation study, we see that SME produces negatively biased

variance component estimates when using an external data source that induces localized

sparsity in the model. Indeed, overconcentrating the search for potential interacting pairs

to a select number of correlated variants leads to reduced empirical power compared to

the masking resulting in uniform sparsity (Fig. C.8). For example, when analyzing 300k

individuals, the localized 99%-masked SME has just 6.5% power to identify epistatic

variants that explain 0.1% of the trait variance. To overcome this issue in practice, we

propose a strategy in which we take an external data source with localized genomic

information and randomly unmask “unimportant” variants with uniform probability along

the genome (essentially making the localized sparsity look more uniform as shown in

Fig. C.5B). As a demonstration of this idea, we implement a version of SME where

we include an additional 1% and 5% of initially disregarded interactions back into the

construction of Gj for each j = 1, . . . , J tested focal SNPs in the data set. We find

that adding this “noise” back into the mask reduces the negative bias of the variance

component estimates and recovers as much as 28% of the power that was lost with respect

to the uniformly sparse models (Fig. C.9). For future users of the SME software, we want

to note that there is likely an application specific tradeoff between adding SNPs to a mask

to reduce potential bias and finding the degree of sparsity needed for a optimally powered
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Figure 3.4: Uniform sparse modeling of interactions enhances the empirical
power of SME. Synthetic traits were simulated with both additive and pairwise epistatic
effects using chromosome 1 from individuals of self-identified European ancestry in the UK
Biobank. Data were subsampled using sample sizes of 50k, 100k, and 300k individuals. We
randomly selected 10% of all variants to have additive effects that collectively explained
30% of the trait variance. We then fixed the total epistatic variance to 5%. The per
SNP epistatic phenotypic variance explained (PVE) was adjusted by varying the number
of interacting SNPs (chosen to be 10, 20, 50, or 100 SNPs). Data were analyzed using
both FAME (as a baseline) and SME under varying percentages of variants that are
excluded from consideration as potential interaction partners for each focal SNP (0%, 95%,
and 99% masking, respectively). Empirical power was determined using the significance
threshold P < 5 × 10−8. Results are based on 100 simulations per scenario, with error
bars representing the standard deviation across replicates.

test.
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3.3.4 SME uses chromatin information to identify epistasis in

hematology traits

We apply SME to four hematology traits — mean corpuscular hemoglobin (MCH),

mean corpuscular hemoglobin concentration (MCHC), mean corpuscular volume (MCV),

and hematocrit (HCT) — assayed in 349,411 white British individuals in the UK Biobank

(Bycroft et al. 2018) genotyped at 543,813 SNPs genome-wide. As an external data source,

we leverage DNase I-hypersensitive sites (DHS) data measured over 12 days of ex vivo

erythroid differentiation (Georgolopoulos et al. 2021). Of the quality controlled SNPs in

our data, 4,932 of them are located in DHS regions enriched for transcriptional activity

(Maurano et al. 2012). Since previous GWAS results have found genes associated with

MCH, MCHC, and MCV to also be implicated in erythroid differentiation (Ding et al.

2012), we expect that conditioning SME to test over regulatory mechanisms gathered

during erythropoiesis will be helpful in identifying epistatic variants for these traits. On

the other hand, HCT is a phenotype that measures the percentage of red blood cells in

an individual. Since the regulation for this trait has little to do with DHS sites, and more

to do with oxygen available in the blood (Bhoopalan et al. 2020), we would expect a

mask derived from functional data on erythropoiesis to not be helpful in enabling SME to

detect epistasis.

For each trait, we use Manhattan plots to visually display the variant-level mapping

results across each of the four traits, where chromosomes are shown in alternating colors

for clarity (Figs. 3.5 and C.10-C.12). Corresponding genes that have SNPs with P -values

below the genome-wide significance threshold to correct for multiple testing (P < 5×10−8)

are also highlighted. Importantly, many of the marginal epistatic variants identified by

SME are supported by multiple published studies that have investigated nonadditive gene

action related to erythropoiesis and red blood cell traits (Table 3.2).

For example, when analyzing MCH, the strongest association identified by SME is the

SNP rs4711092 (P = 1.41 × 10−11) which maps to the gene secretagogin (SCGN ). SCGN
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Figure 3.5: Manhattan plots of a genome-wide interaction analysis using SME
to study mean corpuscular hemoglobin (MCH) assayed in individuals in the
UK Biobank. As a mask in this study, we leveraged DNase I-hypersensitive sites (DHS)
data measured over 12 days of ex vivo erythroid differentiation (Georgolopoulos et al.
2021; Maurano et al. 2012). This means that, while all SNPs are tested for marginal
epistasis, only their interactions with SNPs in DHS regions are considered. Here, − log10
transformed P -values from SME are plotted for each SNP against their genomic positions.
Chromosomes are shown in alternating colors for clarity. The dashed blue line represents
the genome-wide significance threshold (P < 5 × 10−8). Each panel shows the same plot
with different aspects of the result highlighted. The first simply shows the names of the
closest neighboring genes to significant epistatic SNPs. The second panel highlights the
SNPs that fall in DHS regions, and the third panel highlights SNPs that are also found to
have a significant (additive) association with the trait according to a GWAS (Methods).

regulates exocytosis by interacting with two soluble NSF adaptor proteins (SNAP-25 and

SNAP-23) and is critical for cell growth in some tissues (Qin et al. 2020). For MCH, SME

also identified five significantly associated SNPs (e.g., rs9366624 with P = 1.8 × 10−9)

in the gene capping protein regulator and myosin 1 linker 1 (CARMIL1). CARMIL1 is

known to interact with and regulate the capping protein (CP) which plays a role via
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protein-protein interactions in regulating erythropoiesis (Ray et al. 2022). Specifically,

CARMIL proteins regulate actin dynamics by regulating the activity of CP (Jung et

al. 2022; Stark et al. 2017). Erythropoiesis leads to modifications in the expression of

membrane and cytoskeletal proteins, whose interactions impact cell structure and function

(Nigra et al. 2020; Gokhin et al. 2016). Both SCGN and CARMIL1 have previously

been associated with hemoglobin concentration (Timoteo et al. 2023; Ding et al. 2012).

A complete list of the results for all traits are listed in Tables C.4-C.7. As a baseline

for comparison, we also applied SME without an external data source (i.e., 0% masked)

and MAPIT to all significant SNPs. The point of this analysis was to explore whether

these traditional methods would have also identified the same sets of epistatic variants.

Due to computational constraints, MAPIT was only implemented on a random subset

of 10k individuals. Importantly, neither baseline identified any genome-wide significant

associations (Table 3.2).

3.3.5 Conditioning SME on GWAS variants reveals epistasis in

other complex traits

Next, we apply SME using a different external data source to four traits assayed in

the same 349,411 white British individuals in the UK Biobank (Bycroft et al. 2018) and

genotyped at the 543,813 SNPs genome-wide. These traits include: body height, mean

corpuscular hemoglobin (MCH), uric acid (which we refer to as urate), and vitamin D

levels (VITD). As an external data source, we leverage significant trait associations from

GWAS summary statistics (Material and methods). Here, we select the top 5,000 SNPs

ranked by strength of association (i.e., lowest P -values) for height and MCH, and include

all significant SNPs for urate (3,536 SNPs) and VITD (547 SNPs). For each trait, we

again use Manhattan plots to visually display the variant-level mapping results, with

chromosomes shown in alternating colors for clarity (Figs. C.13-C.16). The nearest genes

mapped to the lead SNPs of peaks are highlighted.
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Table 3.2: SME identifies marginal epistasis in hematology traits from individu-
als in the UK Biobank. Here, we analyze 349,411 white British individuals in the UK
Biobank genotyped at 543,813 SNPs genome-wide. Traits in this analysis included: mean
corpuscular hemoglobin (MCH), mean corpuscular hemoglobin concentration (MCHC),
mean corpuscular volume (MCV), and hematocrit (HCT). As a mask, we leveraged DNase
I-hypersensitive sites (DHS) data measured over 12 days of ex vivo erythroid differentiation
(Georgolopoulos et al. 2021; Maurano et al. 2012). Listed are only results corresponding
to SNPs that have marginal epistatic P -values below a genome-wide significance threshold
to correct for multiple testing (P < 5 × 10−8). In the second and third columns, we list
SNPs and their genomic location in the format Chromosome:Basepair. Next, we give
the P -value and marginal epistatic phenotypic variance explained (PVE) for each SNP
as estimated by SME. The next two columns report the resulting P -values when using
SME without an external data source (i.e., 0% masked) and MAPIT. The last columns
detail the closest neighboring gene and a reference that have previously suggested some
level of association or enrichment between each gene and the traits of interest. Due to
computational resource constraints, MAPIT was only applied to a random subset of 10k
individuals. Coordinates and references in Tab. C.13.

Trait ID P -Value PVE
P -Value

(SME 0%
Masked)

P -Value
(MAPIT) Gene

MCH rs4711092 1.41 × 10−11 0.007 4.78 × 10−4 0.47 SCGN

MCH rs9366624 1.80 × 10−9 0.011 5.75 × 10−7 9.37 × 10−3 CARMIL1

MCH rs9461167 2.34 × 10−9 0.007 1.40 × 10−5 3.05 × 10−3 CARMIL1

MCH rs9379764 5.53 × 10−9 0.012 4.58 × 10−6 0.21 CARMIL1

MCH rs441460 1.20 × 10−8 0.008 3.10 × 10−6 0.36 CARMIL1

MCH rs198834 2.77 × 10−8 0.008 2.17 × 10−6 1.83 × 10−3 H2BC4

MCH rs13203202 3.17 × 10−8 0.012 1.90 × 10−4 0.13 CARMIL1

MCV rs9276 9.09 × 10−10 0.002 7.27 × 10−1 0.18 HLA-DPB1

MCV rs9366624 1.86 × 10−8 0.008 2.63 × 10−7 0.16 CARMIL1

Importantly, even when conditioning on GWAS summary statistics, SME identifies

significant marginal epistatic variants for both height and urate (see Table C.3). For

example, when analyzing height, SME finds significant epistasis for the SNP rs9467442

(P = 5.49 × 10−9) which maps to the gene cytidine monophospho-N-acetylneuraminic acid

hydroxylase, pseudogene (CMAHP). Recently, CMAHP has been shown to be associated
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with body height for populations of European ancestry (Yengo et al. 2022). A complete list

of the results for all traits are listed in Tables C.8-C.11. Again, as baseline for comparison,

we apply SME without an external data source (i.e., 0% masked) and MAPIT to all

significant SNPs identified by SME with masking. Due to computational constraints,

MAPIT was only applied to a random subset of 10k individuals. Neither baseline had

enough power to identify any significant associations at the genome-wide threshold (Table

C.3).

3.3.6 Findings with SME are robust to sample composition and

phenotypic scaling

As a final analysis, we assess the replicability and robustness of the marginal epistatic

variants identified by SME. First, for all traits with significant marginal epistasis (MCH,

MCV, height, urate), we replicate the application of SME using the respective exter-

nal data sources (DHS and GWAS) in two independent subsamples of 174,705 white

British individuals from the UK Biobank (Bycroft et al. 2018) genotyped at 543,813 SNPs

genome-wide. Across the split-half analyses, the overall results remained consistent, high-

lighting that the genomic loci selected by SME had stable marginal epistasis associations

(Figs. C.17-C.20).

Next, for all significant marginal epistasis associations, we apply two additional vari-

ations of SME and FAME (Table C.12). First, we assess the scale invariance of the

signal by quantile-normalizing the traits. Second, we increase the stringency for which

variants are excluded in the mask — here, in addition to removing variants within the

LD block surrounding a focal SNP, we also exclude all variants on the same chromosome.

After quantile-normalization, most of the marginal epistasis signal remained significant;

however, SME lost all power after excluding the entire chromosome where the focal SNP

is located. As part of future work, it will be important to further distinguish statistically

whether the observed marginal epistatic effects estimated by SME in these traits arise
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from cis-chromosome interactions or same-locus additive effects (Wood et al. 2014). Lastly,

despite its inflated observed type I error, FAME does not find significant marginal epistasis

at any of these loci.

3.4 Discussion

The marginal epistasis framework is an alternative to detect gene interactions. It derives

its power by modeling the combined effect between a focal SNP and all other variants, thus

alleviating the need to test every possible interaction separately. Still, current methods

seeking to identify marginal epistasis struggle to scale to biobank-scale data and can

be underpowered when nonadditive genetic effects only explain a small portion of the

overall trait variance (Crawford et al. 2017; Stamp et al. 2023). SME overcomes these

limitations by inducing sparsity, essentially limiting the combined interaction for a focal

SNP to just regions of the genome that have some known functional relationship with the

quantitative trait of interest. This approach not only results in more efficient estimators

but also offers a mechanism that allows the method to perform genome-wide analyses on

modern data sets with runtimes that are magnitudes faster than previous approaches.

Through extensive simulations, we show that SME controls type I error rates and produces

calibrated P -values. We also show that SME has the power to detect SNPs involved in

epistasis even when they explain very small fractions of the trait variance. By analyzing

hematology traits from participants in the UK Biobank, we illustrate that SME, informed

by DNase-seq data, identifies statistical epistasis in variants for which previous research

have also found interaction pathways. Split-half analyses on distinct subsets of the UK

Biobank also show that the nonadditive signal in these hematological traits is robust.

Lastly, to showcase SME in the absence of biologically informative priors, we illustrate

that SME identifies significant marginal epistasis in height and urate with sparsity induced

by GWAS summary statistics. We make SME available as open-source R software package

to enable the broader community to easily use it in their research.
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The current implementation of SME offers many directions for future development

and applications. For example, the key to SME is that it relies on external data sources

to induce sparsity in the model. This reliance on biologically informative priors to

induce sparsity could serve to be a limitation, as appropriate external data may be hard

to identify in practice. While simulations show that misspecified or localized sparsity

does not jeopardize the ability to control false positive rates, SME currently does not

provide instructions on how to best format the external data for a particular analysis.

In simulations, we show that some choices can induce a structure that leads to negative

bias in the model estimates. We also show that adding random “noise” to the data can

reduce this bias. As part of future work, we will explore how to automatically balance

this tradeoff within the software.

An important consideration when mapping epistasis in real data is that statistically

inferred interactions in genome-wide association studies may arise from same-locus additive

effects (Wood et al. 2014). Consequently, SME — like any other computational method for

epistasis detection — may be confounded by additive effects from untyped or unmodeled

variants in the same genomic region. For example, it was found in Hemani et al. (2021)

that an initial set of signals pointing towards evidence of genetic interactions were better

explained using linear models of unobserved variants in the same haplotype (Pattillo Smith

et al. 2024). The analysis of real traits from the UK Biobank presented in this work

primarily serves to illustrate potential use cases and demonstrate the scalability of SME.

In future work, we hope SME will contribute to characterizing the role of epistasis in

human traits. Such analyses should encompass a broader range of traits across multiple

cohorts and incorporate various sparsity-inducing external data sources.

While SME uses an efficient model fitting algorithm, its current implementation has a

non-negligible I/O overhead from repeatedly needing to read in (often large) genotype

data into memory. Future development that optimizes this file read bottleneck has the

potential to further improve the scalability of the method. Lastly, the method currently
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only models quantitative traits. Future work could extend the advantages of sparse

modeling of marginal epistasis to case-control traits.

3.5 Data and software availability

Source code and tutorials for implementing the ”sparse marginal epistasis test” (SME)

are publicly available as an R package which is available online on CRAN (https:

//cran.r-project.org/package=smer) and GitHub (https://github.com/lcrawlab/

sme). The full list of summary statistics from the genome-wide interaction analy-

sis using SME to study hematology traits in UK Biobank are publicly available at

https://doi.org/10.5281/zenodo.14607997.

3.6 Web resources

• SME, https://github.com/lcrawlab/sme

• MAPIT, https://github.com/lcrawlab/mvMAPIT

• FAME, https://github.com/sriramlab/FAME

• FAME (GitHub commit hash prefix cfdd03f; date May 7, 2024), https://doi.org/

10.5281/zenodo.14607997

• UK Biobank, http://biobank.ctsu.ox.ac.uk/crystal/refer.cgi?id=1967

• UKB GWAS summary statistics, https://www.nealelab.is/uk-biobank

• Linkage disequilibrium maps, https://bitbucket.org/nygcresearch/ldetect-data/

• DNase I hypersensitive site (DHS) data, https://doi.org/10.5281/zenodo.5291736

• Chain file for genome liftover, http://hgdownload.soe.ucsc.edu/goldenPath/

hg38/liftOver/
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Conclusion

In this dissertation, I have contributed several advances to the field of statistical

genetics. Across three chapters, I developed and characterized statistical models to study

gene-by-gene and gene-by-environment interactions, unlock the scalability of compute

intensive methods, and provide an approach to a-priori integrate multi-omic data as

biological priors for association studies. Beyond the theoretical contributions, I have

published implementations of the methods as open-source software that are available to

the community.

In Chapter 1, I introduced a multivariate marginal epistasis test which is designed to

detect variants involved in gene-by-gene interactions with effects on multiple traits. It

leverages genetic correlations to partition covariance components and detects marginal

epistasis. In extensive simulations, I demonstrated that this approach outperforms

standard univariate methods. Applied to hematological traits assayed in mice, it identified

novel variants involved in gene-by-gene interactions.

In Chapter 2, I developed a frailty approach to test for gene-by-environment interactions.

It builds on the marginal interaction framework but adapts the framework to time-to-event
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traits. In order to handle the linear mixed model setup required by the framework, the

Cox proportional hazards ansatz was reformulated as a Poisson generalized linear mixed

model. This method partitions variation of frailty in e.g. survival or age-at-onset traits

into genetic, environmental exposure, and gene-by-environment interaction components.

As a starting point for making this method scale to biobank-scale data, I proposed to

cache compute intensive quantities in the null model fit and employ an efficient score test

for association testing. In simulations, I demonstrated that this method is well-powered

and correctly prioritizes variants involved in gene-by-environment interactions.

In Chapter 3, I presented a marginal epistasis test which incorporates external biological

data as priors into genome-wide interaction analyses. The immediate payoff of this

approach are twofold. First, I showed in extensive simulations that using appropriate

priors significantly improves the efficiency of the estimators resulting in a substantial boost

in power. Second, I showed that the resulting sparse modeling of interactions together with

algorithmic improvements unlocks the scalability of the marginal interaction framework.

Both in extensive simulations and in an application to hematological traits from the UK

Biobank, I demonstrated that this method vastly outperforms existing methods in terms

of scalability and power. Using DNase-seq data from ex vivo erythroid differentiation, the

method identified statistical epistasis in genes associated with protein interactions during

erythroid differentiation.

The role that nonlinear contributions to phenotypic variation play in human genetics

has been a topic of debate for a long time (Hill et al. 2008). So far, modeling genotype to

phenotype mappings beyond the linear approximation have incurred substantial statistical

and computational challenges, casting uncertainty on the role gene-by-gene and gene-by-

environment interactions play for the genetic architecture of complex traits. While the

present dissertation is not sufficient to give a conclusive answer about whether or not

statistically searching for interactions will lead to new discoveries, let alone a more profound

understanding of the genetic architecture of complex traits, it makes multiple contributions
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that will help shed light on the role of gene interactions. Most importantly, it introduces

computational and statistical modeling advances that make it possible to falsify the

theoretical predictions about the role of interactions by enabling genome-wide association

studies of nonlinear contributions to complex traits at biobank-scale. Longstanding

conceptual debates about interactions become empirically testable questions. Beyond the

immediate application of the proposed methods, the framework developed here serves

as a scalable example for integrating multi-omics and environmental data into rigorous

statistical inference thereby narrowing the divide between statistical associations and their

underlying biological mechanisms. I believe that the methodological and computational

innovations introduced in this dissertation will improve our understanding of the nonlinear

contributions to phenotypic variation.

Having layed out the contributions of this dissertation, I would like to reflect on

thoughts that I did not report or emphasize in the chapters, either because they are

conjectures or merely unexpected observations I have not had the chance to explore. There

is a possibility that the explanations will be obvious for a reader more familiar with the

field.

I was surprised by the pattern that emerged in the results of applying mvMAPIT

to hematology traits of heterogeneous stock mice data from the Wellcome Trust Centre

for Human Genetics. None of the univariate tests—except for ALY and LIC1—showed

a signal of marginal epistasis. However, the covariance component statistic suggests

significant marginal epistasis for many trait pairs. Notably, the signal in the covariance

component statistic is independent of the correlation between traits. The results that

include the covariance highlight new associations for traits whose measurements are both

highly correlated (e.g. hematocrit and hemoglobin) or not correlated at all (e.g. basophils

and platelets). A reasonable thought would be to question whether the covariance model is

calibrated. However, in simulations I can show that the covariance statistic is conservative,
1I suspect the signal in ALY and LIC may be driven by outliers in the trait measurements.
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with QQ-plots indicating a deflation of the type I error rate. More likely, it shows that

trait covariance and covariance of trait variance components are independent. It appears

that minor differences in traits can have a great impact on the covariance component

statistic. The univariate statistic and the covariance statistic converge when the traits are

identical—therefore, how can there be such a strong signal in the covariance component

statistic when the univariate test shows no signal and the traits are highly correlated?

How important for this result is it that the mouse genotypes are from an experimental

cross and not from a natural population? The traits hematocrit and hemoglobin are not

just highly correlated, but are related measurements on the same blood cells. This makes

me wonder about the impact phenotype definitions may have on studying complex traits.

Could we go as far as computing additional traits from one another to boost discovery in

multivariate association studies?

Working with genetic data from natural populations in chapters 2 and 3, I repeatedly

had to grapple with the circumstance that the structure of the feature space severely

impacts the statistical inference. While generally this may be expected, it surprised me to

what extent the here presented methods are affected, in particular because the feature

space is not used explicitly but used to compute covariance matrices. With unstructured

data, CphGxE is well calibrated and efficently prioritizes gene-by-environment interaction

variants. Using real genotypes, even after LD pruning to minimize correlation between

variants, the performance of the method suffers. The calibration becomes dependent on

censoring rate, the error in the frailty variance estimate of the polygenic background

increases, and the power and discriminatory ability decreases. In fact, this trend amplifies

for the interaction covariance matrix. In SME, localized sparsity i.e. mostly high LD

features, negatively biase the variance component estimate of interactions. Is there a

trade-off necessary between a feature space that produces well calibrated tests and our

ability to capture nonlinear contributions to phenotypic variation? How can we go about

quantitatively characterizing what aspects of the feature space impact the statistical
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inference?

Lastly, I would like to outline a few future directions for this work. I believe that much

of the future progress in the field will come from scaling the available genetic data sets.

To be able to leverage these data efficiently, scalability of methods is cruical.

There are a number of algorithmic improvements that could be made to the methods I

have presented in this work, some of which I believe could be beneficial for other methods in

the field as well. In order to improve scalability of CphGxE, the implementation of the null

fit should build on the ideas introduced in SME. Specifically, it should employ column-wise

streaming of large data such as genotypes, and using a block wise computation of quadratic

forms wherever possible. This approach significantly improves the efficient use of compute

resources. While computing clusters often have many nodes and CPUs to distribute load,

managing the memory requirements is crucial to maximize the use of available compute

resources. The most time consuming part of CphGxE is the null fit, however that part

has been shown to scale to biobank data in previous work. In order to make the efficient

score statistic scale, it would be great to store the projection matrix computed in the null

fit in a way that it as well can be streamed and reused for the score statistic. Doing so

will make it possible to scale the computation of the average information matrix as well

as the score statistic. In general, I believe a lot of computational efficiency can be gained

in statistical methods by partially precomputing quantities. It has been shown repeatedly

that there are diminishing returns when computing the genetic relatedness matrix from

more and more variants. I believe it could be beneficial to develop software to make it

efficient and easy to precompute and stream measures of genetic relatedness. Many mixed

model methods, in particular in the marginal interaction framework as they tend to have

to repeatedly recompute the similar quantities.

One angle to advance computational efficiency for statistical genetics methods that

I would like to pursue further, is developing a C++ library that makes it easy to use

the mailman algorithm. Conceptually, the mailman algorithm is a more efficient way to
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compute matrix-vector products when the matrix is over a finite alphabet. This makes it

a great tool for genomic data analysis as often data is represented as a finite set of counts.

In the current implementation of the mailman algorithm in SME, there is a pre-processing

step that resembles encoding of a genotype block. Over a genome-wide test, substantial

time is spent on this encoding step even though it is deterministic and in theory is the

same for every trait. I envision that the C++ library implementation of the mailman

algorithm could provide a preprocessing function and file format for efficiently storing and

streaming the encoded genotype block data ready for mailman matrix-vector products.

In terms of the future of methods that detect nonlinear contributions to phenotypic

variation, I believe that summary statistics from genome-wide association studies hold a

lot of potential. Marginal effects do not only capture the true additive effects of variants

in LD with the test variant. In theory, the marginal effect size equally captures interaction

effects (Mäki-Tanila et al. 2014). While the relative contributon of interaction effects

may be much smaller, especially because they are weighted by allele frequency, the sheer

number of interactions that may be captured makes me wonder whether summary statistics

from genome-wide association studies could be used to detect nonlinear contributions

to phenotypic variation. The key to this approach is recognizing that the portion of

interaction effects captured by the marginal effect size will depend on the allele frequency.

In future work, I would like to explore whether summary statistics from genome-wide

association studies on multiple populations with different allele frequencies could be used

to detect nonlinear contributions to phenotypic variation.
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Supplementary information for Chapter 1
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A.1 Supplementary figures
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Figure A.1: The mvMAPIT framework using Fisher’s method produces well-
calibrated P-values when traits are generated by only additive effects (sample
size N = 1,000 individuals). In these simulations, quantitative traits are simulated
to have narrow-sense heritability h2 = 0.6 with an architecture made up of only additive
genetic variation. Each row of quantile-quantile (QQ) plots corresponds to a setting where
the additive genetic effects for a causal SNP have different correlation structures across
traits. In these simulations, we consider scenarios where we have traits with independent
additive effects (vβ = 0), traits with highly correlated additive effects (vβ = 0.8), and traits
with perfectly correlated additive effects (vβ = 1). The first two columns show P -values
resulting from the univariate MAPIT test on “trait #1” and “trait #2”, respectively. The
third column depicts the “covariance” P -values which corresponds to assessing the pairwise
interactions affecting both traits is. Lastly, the fourth column shows the final “combined”
P -value which combines the P -values from the first three columns using Fisher’s method.
The 95% confidence interval for the null hypothesis of no marginal epistatic effects is
shown in grey. Each plot combines results from 100 simulated replicates.
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Figure A.2: The mvMAPIT framework using Fisher’s method produces well-
calibrated P-values when traits are generated by only additive effects (sample
size N = 1,750 individuals). In these simulations, quantitative traits are simulated
to have narrow-sense heritability h2 = 0.6 with an architecture made up of only additive
genetic variation. Each row of quantile-quantile (QQ) plots corresponds to a setting where
the additive genetic effects for a causal SNP have different correlation structures across
traits. In these simulations, we consider scenarios where we have traits with independent
additive effects (vβ = 0), traits with highly correlated additive effects (vβ = 0.8), and traits
with perfectly correlated additive effects (vβ = 1). The first two columns show P -values
resulting from the univariate MAPIT test on “trait #1” and “trait #2”, respectively. The
third column depicts the “covariance” P -values which corresponds to assessing the pairwise
interactions affecting both traits is. Lastly, the fourth column shows the final “combined”
P -value which combines the P -values from the first three columns using Fisher’s method.
The 95% confidence interval for the null hypothesis of no marginal epistatic effects is
shown in grey. Each plot combines results from 100 simulated replicates.
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Figure A.3: The mvMAPIT framework using the harmonic mean produces
well-calibrated P-values when traits are generated by only additive effects
(sample size N = 1,000 individuals). In these simulations, quantitative traits are
simulated to have narrow-sense heritability h2 = 0.6 with an architecture made up of
only additive genetic variation. Each row of quantile-quantile (QQ) plots corresponds to
a setting where the additive genetic effects for a causal SNP have different correlation
structures across traits. In these simulations, we consider scenarios where we have traits
with independent additive effects (vβ = 0), traits with highly correlated additive effects
(vβ = 0.8), and traits with perfectly correlated additive effects (vβ = 1). The first two
columns show P -values resulting from the univariate MAPIT test on “trait #1” and “trait
#2”, respectively. The third column depicts the “covariance” P -values which corresponds
to assessing the pairwise interactions affecting both traits is. Lastly, the fourth column
shows the final “combined” P -value which combines the P -values from the first three
columns using Fisher’s method. The 95% confidence interval for the null hypothesis of no
marginal epistatic effects is shown in grey. Each plot combines results from 100 simulated
replicates.
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Figure A.4: The mvMAPIT framework using the harmonic mean produces
well-calibrated P-values when traits are generated by only additive effects
(sample size N = 1,750 individuals). In these simulations, quantitative traits are
simulated to have narrow-sense heritability h2 = 0.6 with an architecture made up of
only additive genetic variation. Each row of quantile-quantile (QQ) plots corresponds to
a setting where the additive genetic effects for a causal SNP have different correlation
structures across traits. In these simulations, we consider scenarios where we have traits
with independent additive effects (vβ = 0), traits with highly correlated additive effects
(vβ = 0.8), and traits with perfectly correlated additive effects (vβ = 1). The first two
columns show P -values resulting from the univariate MAPIT test on “trait #1” and “trait
#2”, respectively. The third column depicts the “covariance” P -values which corresponds
to assessing the pairwise interactions affecting both traits is. Lastly, the fourth column
shows the final “combined” P -value which combines the P -values from the first three
columns using Fisher’s method. The 95% confidence interval for the null hypothesis of no
marginal epistatic effects is shown in grey. Each plot combines results from 100 simulated
replicates.

113



v
β  = 0.0

v
β  = 0.8

v
β  = 1.0

Theoretical Quantiles -log10(p)

Sa
m

pl
e 

Q
ua

nt
ile

s 
-lo

g 10
(p

)

Trait #1 Trait #2 Covariance Combined

0 2 4 6
0

2

4

6

0 2 4 6 0 2 4 6 0 2 4 6

0

2

4

6

0

2

4

6

Figure A.5: The mvMAPIT framework using the harmonic mean produces
well-calibrated P-values when traits are generated by only additive effects
(sample size N = 2,500 individuals). In these simulations, quantitative traits are
simulated to have narrow-sense heritability h2 = 0.6 with an architecture made up of
only additive genetic variation. Each row of quantile-quantile (QQ) plots corresponds to
a setting where the additive genetic effects for a causal SNP have different correlation
structures across traits. In these simulations, we consider scenarios where we have traits
with independent additive effects (vβ = 0), traits with highly correlated additive effects
(vβ = 0.8), and traits with perfectly correlated additive effects (vβ = 1). The first two
columns show P -values resulting from the univariate MAPIT test on “trait #1” and “trait
#2”, respectively. The third column depicts the “covariance” P -values which corresponds
to assessing the pairwise interactions affecting both traits is. Lastly, the fourth column
shows the final “combined” P -value which combines the P -values from the first three
columns using Fisher’s method. The 95% confidence interval for the null hypothesis of no
marginal epistatic effects is shown in grey. Each plot combines results from 100 simulated
replicates.
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Figure A.6: The mvMAPIT framework using the Cauchy combined test produces
well-calibrated P-values when traits are generated by only additive effects
(sample size N = 1,000 individuals). In these simulations, quantitative traits are
simulated to have narrow-sense heritability h2 = 0.6 with an architecture made up of
only additive genetic variation. Each row of quantile-quantile (QQ) plots corresponds to
a setting where the additive genetic effects for a causal SNP have different correlation
structures across traits. In these simulations, we consider scenarios where we have traits
with independent additive effects (vβ = 0), traits with highly correlated additive effects
(vβ = 0.8), and traits with perfectly correlated additive effects (vβ = 1). The first two
columns show P -values resulting from the univariate MAPIT test on “trait #1” and “trait
#2”, respectively. The third column depicts the “covariance” P -values which corresponds
to assessing the pairwise interactions affecting both traits is. Lastly, the fourth column
shows the final “combined” P -value which combines the P -values from the first three
columns using Fisher’s method. The 95% confidence interval for the null hypothesis of no
marginal epistatic effects is shown in grey. Each plot combines results from 100 simulated
replicates.
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Figure A.7: The mvMAPIT framework using the Cauchy combined test produces
well-calibrated P-values when traits are generated by only additive effects
(sample size N = 1,750 individuals). In these simulations, quantitative traits are
simulated to have narrow-sense heritability h2 = 0.6 with an architecture made up of
only additive genetic variation. Each row of quantile-quantile (QQ) plots corresponds to
a setting where the additive genetic effects for a causal SNP have different correlation
structures across traits. In these simulations, we consider scenarios where we have traits
with independent additive effects (vβ = 0), traits with highly correlated additive effects
(vβ = 0.8), and traits with perfectly correlated additive effects (vβ = 1). The first two
columns show P -values resulting from the univariate MAPIT test on “trait #1” and “trait
#2”, respectively. The third column depicts the “covariance” P -values which corresponds
to assessing the pairwise interactions affecting both traits is. Lastly, the fourth column
shows the final “combined” P -value which combines the P -values from the first three
columns using Fisher’s method. The 95% confidence interval for the null hypothesis of no
marginal epistatic effects is shown in grey. Each plot combines results from 100 simulated
replicates.
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Figure A.8: The mvMAPIT framework using the Cauchy combined test produces
well-calibrated P-values when traits are generated by only additive effects
(sample size N = 2,500 individuals). In these simulations, quantitative traits are
simulated to have narrow-sense heritability h2 = 0.6 with an architecture made up of
only additive genetic variation. Each row of quantile-quantile (QQ) plots corresponds to
a setting where the additive genetic effects for a causal SNP have different correlation
structures across traits. In these simulations, we consider scenarios where we have traits
with independent additive effects (vβ = 0), traits with highly correlated additive effects
(vβ = 0.8), and traits with perfectly correlated additive effects (vβ = 1). The first two
columns show P -values resulting from the univariate MAPIT test on “trait #1” and “trait
#2”, respectively. The third column depicts the “covariance” P -values which corresponds
to assessing the pairwise interactions affecting both traits is. Lastly, the fourth column
shows the final “combined” P -value which combines the P -values from the first three
columns using Fisher’s method. The 95% confidence interval for the null hypothesis of no
marginal epistatic effects is shown in grey. Each plot combines results from 100 simulated
replicates.
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Figure A.9: Empirical power of mvMAPIT with Fisher’s method to detect
group #1 (10) and group #2 (20) epistatic variants across complex traits with
moderate broad-sense heritability. In these simulations, both quantitative traits are
simulated to have broad-sense heritability H2 = 0.6 with architectures made up of both
additive and epistatic effects. The parameter ρ = {0.5, 0.8} is used to determine the portion
of broad-sense heritability contributed by additive effects. Each column corresponds to a
setting where the epistatic effects for interactive pairs have different correlation structures
across traits. In these simulations, we consider scenarios where we have traits with
independent epistatic effects (vα = 0) and traits with highly correlated epistatic effects
(vα = 0.8). This plot shows the empirical power of mvMAPIT at significance levels (A)
P = 5 × 10−2, (B) P = 5 × 10−4, and (C) P = 1 × 10−5, respectively. Group #1 and #2
causal markers are colored in green and orange, respectively. For comparison, the “trait
#1” and “trait #2” bars correspond to the univariate MAPIT model, the “cov” bars
corresponds to power contributed by the covariance test, and “comb” details power from
the overall association identified by mvMAPIT in the combination approach.Lastly, the
“meta” bars shows power from the association identified by combining only the P -values of
the two univariate cases “trait #1” and “trait #2”. Results are based on 100 simulations
per parameter combination and the horizontal bars represent standard errors.
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Figure A.10: Empirical power of mvMAPIT with Fisher’s method to detect
group #1 (10) and group #2 (10) epistatic variants across complex traits
with different levels of broad-sense heritability. In these simulations, one of the
quantitative traits has a moderate broad-sense heritability H2 = 0.6, while the other
has heritability H2 = 0.3. Both traits have architectures made up of both additive and
epistatic effects. The parameter ρ = {0.5, 0.8} is used to determine the portion of broad-
sense heritability contributed by additive effects. Each column corresponds to a setting
where the epistatic effects for interactive pairs have different correlation structures across
traits. In these simulations, we consider scenarios where we have traits with independent
epistatic effects (vα = 0) and traits with highly correlated epistatic effects (vα = 0.8). This
plot shows the empirical power of mvMAPIT at significance levels (A) P = 5 × 10−2, (B)
P = 5 × 10−4, and (C) P = 1 × 10−5, respectively. Group #1 and #2 causal markers are
colored in green and orange, respectively. For comparison, the “trait #1” and “trait #2”
bars correspond to the univariate MAPIT model, the “cov” bars corresponds to power
contributed by the covariance test, and “comb” details power from the overall association
identified by mvMAPIT in the combination approach. Lastly, the “meta” bars shows
power from the association identified by combining only the P -values of the two univariate
cases “trait #1” and “trait #2”. Results are based on 100 simulations per parameter
combination and the horizontal bars represent standard errors.
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Figure A.11: Empirical power of mvMAPIT with Fisher’s method to detect
group #1 (10) and group #2 (20) epistatic variants across complex traits
with different levels of broad-sense heritability. In these simulations, one of the
quantitative traits has a moderate broad-sense heritability H2 = 0.6, while the other
has heritability H2 = 0.3. Both traits have architectures made up of both additive and
epistatic effects. The parameter ρ = {0.5, 0.8} is used to determine the portion of broad-
sense heritability contributed by additive effects. Each column corresponds to a setting
where the epistatic effects for interactive pairs have different correlation structures across
traits. In these simulations, we consider scenarios where we have traits with independent
epistatic effects (vα = 0) and traits with highly correlated epistatic effects (vα = 0.8). This
plot shows the empirical power of mvMAPIT at significance levels (A) P = 5 × 10−2, (B)
P = 5 × 10−4, and (C) P = 1 × 10−5, respectively. Group #1 and #2 causal markers are
colored in green and orange, respectively. For comparison, the “trait #1” and “trait #2”
bars correspond to the univariate MAPIT model, the “cov” bars corresponds to power
contributed by the covariance test, and “comb” details power from the overall association
identified by mvMAPIT in the combination approach. Lastly, the “meta” bars shows
power from the association identified by combining only the P -values of the two univariate
cases “trait #1” and “trait #2”. Results are based on 100 simulations per parameter
combination and the horizontal bars represent standard errors.
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Figure A.12: Empirical power of mvMAPIT with the harmonic mean combina-
tion approach to detect group #1 (10) and group #2 (10) epistatic variants
across complex traits with moderate broad-sense heritability. In these simula-
tions, both quantitative traits are simulated to have broad-sense heritability H2 = 0.6 with
architectures made up of both additive and epistatic effects. The parameter ρ = {0.5, 0.8}
is used to determine the portion of broad-sense heritability contributed by additive effects.
Each column corresponds to a setting where the epistatic effects for interactive pairs have
different correlation structures across traits. In these simulations, we consider scenarios
where we have traits with independent epistatic effects (vα = 0) and traits with highly
correlated epistatic effects (vα = 0.8). This plot shows the empirical power of mvMAPIT
at significance levels (A) P = 5 × 10−2, (B) P = 5 × 10−4, and (C) P = 1 × 10−5,
respectively. Group #1 and #2 causal markers are colored in green and orange, respec-
tively. For comparison, the “trait #1” and “trait #2” bars correspond to the univariate
MAPIT model, the “cov” bars corresponds to power contributed by the covariance test,
and “comb” details power from the overall association identified by mvMAPIT in the
combination approach. Lastly, the “meta” bars shows power from the association identified
by combining only the P -values of the two univariate cases “trait #1” and “trait #2”.
Results are based on 100 simulations per parameter combination and the horizontal bars
represent standard errors.
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Figure A.13: Empirical power of mvMAPIT with the harmonic mean combina-
tion approach to detect group #1 (10) and group #2 (20) epistatic variants
across complex traits with moderate broad-sense heritability. In these simula-
tions, both quantitative traits are simulated to have broad-sense heritability H2 = 0.6 with
architectures made up of both additive and epistatic effects. The parameter ρ = {0.5, 0.8}
is used to determine the portion of broad-sense heritability contributed by additive effects.
Each column corresponds to a setting where the epistatic effects for interactive pairs have
different correlation structures across traits. In these simulations, we consider scenarios
where we have traits with independent epistatic effects (vα = 0) and traits with highly
correlated epistatic effects (vα = 0.8). This plot shows the empirical power of mvMAPIT
at significance levels (A) P = 5 × 10−2, (B) P = 5 × 10−4, and (C) P = 1 × 10−5,
respectively. Group #1 and #2 causal markers are colored in green and orange, respec-
tively. For comparison, the “trait #1” and “trait #2” bars correspond to the univariate
MAPIT model, the “cov” bars corresponds to power contributed by the covariance test,
and “comb” details power from the overall association identified by mvMAPIT in the
combination approach. Lastly, the “meta” bars shows power from the association identified
by combining only the P -values of the two univariate cases “trait #1” and “trait #2”.
Results are based on 100 simulations per parameter combination and the horizontal bars
represent standard errors.

122



Trait 1 Trait 2 Cov. Comb. Meta Trait 1 Trait 2 Cov. Comb. Meta

0.0

0.3

0.6

0.0

0.3

0.6

Trait 1 Trait 2 Cov. Comb. Meta Trait 1 Trait 2 Cov. Comb. Meta

0.0

0.3

0.6

0.0

0.3

0.6

Trait 1 Trait 2 Cov. Comb. Meta Trait 1 Trait 2 Cov. Comb. Meta

0.0

0.3

0.6

0.0

0.3

0.6

Po
w

er
group

1

2

A

Po
w

er

B

Po
w

er

C

vα = 0.0 vα = 0.8

ρ = 0.5
ρ = 0.8

ρ = 0.5
ρ = 0.8

ρ = 0.5
ρ = 0.8

vα = 0.0 vα = 0.8

vα = 0.0 vα = 0.8

Figure A.14: Empirical power of mvMAPIT with the harmonic mean combina-
tion approach to detect group #1 (10) and group #2 (10) epistatic variants
across complex traits with different levels of broad-sense heritability. In these
simulations, one of the quantitative traits has a moderate broad-sense heritability H2 = 0.6,
while the other has heritability H2 = 0.3. Both traits have architectures made up of both
additive and epistatic effects. The parameter ρ = {0.5, 0.8} is used to determine the por-
tion of broad-sense heritability contributed by additive effects. Each column corresponds
to a setting where the epistatic effects for interactive pairs have different correlation
structures across traits. In these simulations, we consider scenarios where we have traits
with independent epistatic effects (vα = 0) and traits with highly correlated epistatic
effects (vα = 0.8). This plot shows the empirical power of mvMAPIT at significance levels
(A) P = 5 × 10−2, (B) P = 5 × 10−4, and (C) P = 1 × 10−5, respectively. Group #1
and #2 causal markers are colored in green and orange, respectively. For comparison, the
“trait #1” and “trait #2” bars correspond to the univariate MAPIT model, the “cov” bars
corresponds to power contributed by the covariance test, and “comb” details power from
the overall association identified by mvMAPIT in the combination approach. Lastly, the
“meta” bars shows power from the association identified by combining only the P -values of
the two univariate cases “trait #1” and “trait #2”. Results are based on 100 simulations
per parameter combination and the horizontal bars represent standard errors.
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Figure A.15: Empirical power of mvMAPIT with the harmonic mean combina-
tion approach to detect group #1 (10) and group #2 (20) epistatic variants
across complex traits with different levels of broad-sense heritability. In these
simulations, one of the quantitative traits has a moderate broad-sense heritability H2 = 0.6,
while the other has heritability H2 = 0.3. Both traits have architectures made up of both
additive and epistatic effects. The parameter ρ = {0.5, 0.8} is used to determine the por-
tion of broad-sense heritability contributed by additive effects. Each column corresponds
to a setting where the epistatic effects for interactive pairs have different correlation
structures across traits. In these simulations, we consider scenarios where we have traits
with independent epistatic effects (vα = 0) and traits with highly correlated epistatic
effects (vα = 0.8). This plot shows the empirical power of mvMAPIT at significance levels
(A) P = 5 × 10−2, (B) P = 5 × 10−4, and (C) P = 1 × 10−5, respectively. Group #1
and #2 causal markers are colored in green and orange, respectively. For comparison, the
“trait #1” and “trait #2” bars correspond to the univariate MAPIT model, the “cov” bars
corresponds to power contributed by the covariance test, and “comb” details power from
the overall association identified by mvMAPIT in the combination approach. Lastly, the
“meta” bars shows power from the association identified by combining only the P -values of
the two univariate cases “trait #1” and “trait #2”. Results are based on 100 simulations
per parameter combination and the horizontal bars represent standard errors.
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Figure A.16: Empirical power of mvMAPIT with the Cauchy combination test
approach to detect group #1 (10) and group #2 (10) epistatic variants across
complex traits with moderate broad-sense heritability. In these simulations,
both quantitative traits are simulated to have broad-sense heritability H2 = 0.6 with
architectures made up of both additive and epistatic effects. The parameter ρ = {0.5, 0.8}
is used to determine the portion of broad-sense heritability contributed by additive effects.
Each column corresponds to a setting where the epistatic effects for interactive pairs
have different correlation structures across traits. In these simulations, we consider
scenarios where we have traits with independent epistatic effects (vα = 0) and traits
with highly correlated epistatic effects (vα = 0.8). This plot shows the empirical power
of mvMAPIT at significance levels (A) P = 5 × 10−2, (B) P = 5 × 10−4, and (C)
P = 1 × 10−5, respectively. Group #1 and #2 causal markers are colored in green and
orange, respectively. For comparison, the “trait #1” and “trait #2” bars correspond
to the univariate MAPIT model, the “cov” bars corresponds to power contributed by
the covariance test, and “comb” details power from the overall association identified by
mvMAPIT in the combination approach. Lastly, the “meta” bars shows power from the
association identified by combining only the P -values of the two univariate cases “trait
#1” and “trait #2”. Results are based on 100 simulations per parameter combination
and the horizontal bars represent standard errors.
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Figure A.17: Empirical power of mvMAPIT with the Cauchy combination test
approach to detect group #1 (10) and group #2 (20) epistatic variants across
complex traits with moderate broad-sense heritability. In these simulations,
both quantitative traits are simulated to have broad-sense heritability H2 = 0.6 with
architectures made up of both additive and epistatic effects. The parameter ρ = {0.5, 0.8}
is used to determine the portion of broad-sense heritability contributed by additive effects.
Each column corresponds to a setting where the epistatic effects for interactive pairs
have different correlation structures across traits. In these simulations, we consider
scenarios where we have traits with independent epistatic effects (vα = 0) and traits
with highly correlated epistatic effects (vα = 0.8). This plot shows the empirical power
of mvMAPIT at significance levels (A) P = 5 × 10−2, (B) P = 5 × 10−4, and (C)
P = 1 × 10−5, respectively. Group #1 and #2 causal markers are colored in green and
orange, respectively. For comparison, the “trait #1” and “trait #2” bars correspond
to the univariate MAPIT model, the “cov” bars corresponds to power contributed by
the covariance test, and “comb” details power from the overall association identified by
mvMAPIT in the combination approach. Lastly, the “meta” bars shows power from the
association identified by combining only the P -values of the two univariate cases “trait
#1” and “trait #2”. Results are based on 100 simulations per parameter combination
and the horizontal bars represent standard errors.
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Figure A.18: Empirical power of mvMAPIT with the Cauchy combination
test approach to detect group #1 (10) and group #2 (10) epistatic variants
across complex traits with different levels of broad-sense heritability. In these
simulations, one of the quantitative traits has a moderate broad-sense heritability H2 = 0.6,
while the other has heritability H2 = 0.3. Both traits have architectures made up of both
additive and epistatic effects. The parameter ρ = {0.5, 0.8} is used to determine the portion
of broad-sense heritability contributed by additive effects. Each column corresponds to a
setting where the epistatic effects for interactive pairs have different correlation structures
across traits. In these simulations, we consider scenarios where we have traits with
independent epistatic effects (vα = 0) and traits with highly correlated epistatic effects
(vα = 0.8). This plot shows the empirical power of mvMAPIT at significance levels (A)
P = 5 × 10−2, (B) P = 5 × 10−4, and (C) P = 1 × 10−5, respectively. Group #1 and #2
causal markers are colored in green and orange, respectively. For comparison, the “trait
#1” and “trait #2” bars correspond to the univariate MAPIT model, the “cov” bars
corresponds to power contributed by the covariance test, and “comb” details power from
the overall association identified by mvMAPIT in the combination approach. Lastly, the
“meta” bars shows power from the association identified by combining only the P -values of
the two univariate cases “trait #1” and “trait #2”. Results are based on 100 simulations
per parameter combination and the horizontal bars represent standard errors.

127



Trait 1 Trait 2 Cov. Comb. Meta Trait 1 Trait 2 Cov. Comb. Meta

0.0

0.3

0.6

0.0

0.3

0.6

Trait 1 Trait 2 Cov. Comb. Meta Trait 1 Trait 2 Cov. Comb. Meta

0.0

0.3

0.6

0.0

0.3

0.6

Trait 1 Trait 2 Cov. Comb. Meta Trait 1 Trait 2 Cov. Comb. Meta

0.0

0.3

0.6

0.0

0.3

0.6

1

2Po
w

er
group

A

Po
w

er

B

Po
w

er

C

ρ = 0.5
ρ = 0.8

ρ = 0.5
ρ = 0.8

ρ = 0.5
ρ = 0.8

vα = 0.0 vα = 0.8

vα = 0.0 vα = 0.8

vα = 0.0 vα = 0.8

Figure A.19: Empirical power of mvMAPIT with the Cauchy combination
test approach to detect group #1 (10) and group #2 (20) epistatic variants
across complex traits with different levels of broad-sense heritability. In these
simulations, one of the quantitative traits has a moderate broad-sense heritability H2 = 0.6,
while the other has heritability H2 = 0.3. Both traits have architectures made up of both
additive and epistatic effects. The parameter ρ = {0.5, 0.8} is used to determine the portion
of broad-sense heritability contributed by additive effects. Each column corresponds to a
setting where the epistatic effects for interactive pairs have different correlation structures
across traits. In these simulations, we consider scenarios where we have traits with
independent epistatic effects (vα = 0) and traits with highly correlated epistatic effects
(vα = 0.8). This plot shows the empirical power of mvMAPIT at significance levels (A)
P = 5 × 10−2, (B) P = 5 × 10−4, and (C) P = 1 × 10−5, respectively. Group #1 and #2
causal markers are colored in green and orange, respectively. For comparison, the “trait
#1” and “trait #2” bars correspond to the univariate MAPIT model, the “cov” bars
corresponds to power contributed by the covariance test, and “comb” details power from
the overall association identified by mvMAPIT in the combination approach. Lastly, the
“meta” bars shows power from the association identified by combining only the P -values of
the two univariate cases “trait #1” and “trait #2”. Results are based on 100 simulations
per parameter combination and the horizontal bars represent standard errors.
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Figure A.20: Receiver operating characteristic (ROC) curves comparing the
ability of mvMAPIT using the harmonic mean to the univariate MAPIT model
in detecting group #1 (10) and group #2 (10) epistatic variants across complex
traits. In panel (A) both traits have broad-sense heritability H2 = 0.6; while in panel (B)
one of traits has broad-sense heritability H2 = 0.6 and the other has heritability H2 = 0.3.
Across the rows, the parameter ρ = {0.5, 0.8} is used to determine the portion of broad-
sense heritability contributed by additive effects. Each column corresponds to settings
where the epistatic effects across traits are independent (vα = 0) or highly correlated
(vα = 0.8). For comparison, the “trait #1” and “trait #2” dashed lines correspond to
the univariate MAPIT model. The “covariance” solid purple line corresponds to power
contributed by the covariance test. The “combined” pink line shows power from the overall
association identified by mvMAPIT in the multivariate approach. Lastly, the “meta” gray
dotted line shows power from the association identified by combining only the P -values
of the two univariate cases “trait #1” and “trait #2”. Note that the upper limit of the
x-axis (i.e., false positive rate) has been truncated at 0.05. All results are based on 100
simulated replicates.
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Figure A.21: Receiver operating characteristic (ROC) curves comparing the
ability of mvMAPIT using the Cauchy combination test to the univariate
MAPIT model in detecting group #1 (10) and group #2 (10) epistatic variants
across complex traits. In panel (A) both traits have broad-sense heritability H2 = 0.6;
while in panel (B) one of traits has broad-sense heritability H2 = 0.6 and the other
has heritability H2 = 0.3. Across the rows, the parameter ρ = {0.5, 0.8} is used to
determine the portion of broad-sense heritability contributed by additive effects. Each
column corresponds to settings where the epistatic effects across traits are independent
(vα = 0) or highly correlated (vα = 0.8). For comparison, the “trait #1” and “trait #2”
dashed lines correspond to the univariate MAPIT model. The “covariance” solid purple
line corresponds to power contributed by the covariance test. The “combined” pink line
shows power from the overall association identified by mvMAPIT in the multivariate
approach. Lastly, the “meta” gray dotted line shows power from the association identified
by combining only the P -values of the two univariate cases “trait #1” and “trait #2”.
Note that the upper limit of the x-axis (i.e., false positive rate) has been truncated at
0.05. All results are based on 100 simulated replicates.
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Figure A.22: Receiver operating characteristic (ROC) curves comparing the
ability of mvMAPIT with Fisher’s method to the univariate MAPIT model in
detecting group #1 (10) and group #2 (20) epistatic variants across complex
traits. In panel (A) both traits have broad-sense heritability H2 = 0.6; while in panel (B)
one of traits has broad-sense heritability H2 = 0.6 and the other has heritability H2 = 0.3.
Across the rows, the parameter ρ = {0.5, 0.8} is used to determine the portion of broad-
sense heritability contributed by additive effects. Each column corresponds to settings
where the epistatic effects across traits are independent (vα = 0) or highly correlated
(vα = 0.8). For comparison, the “trait #1” and “trait #2” dashed lines correspond to
the univariate MAPIT model. The “covariance” solid purple line corresponds to power
contributed by the covariance test. The “combined” pink line shows power from the overall
association identified by mvMAPIT in the multivariate approach. Lastly, the “meta” gray
dotted line shows power from the association identified by combining only the P -values
of the two univariate cases “trait #1” and “trait #2”. Note that the upper limit of the
x-axis (i.e., false positive rate) has been truncated at 0.05. All results are based on 100
simulated replicates.
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Figure A.23: Receiver operating characteristic (ROC) curves comparing the
ability of mvMAPIT using the harmonic mean to the univariate MAPIT model
in detecting group #1 (10) and group #2 (20) epistatic variants across complex
traits. In panel (A) both traits have broad-sense heritability H2 = 0.6; while in panel (B)
one of traits has broad-sense heritability H2 = 0.6 and the other has heritability H2 = 0.3.
Across the rows, the parameter ρ = {0.5, 0.8} is used to determine the portion of broad-
sense heritability contributed by additive effects. Each column corresponds to settings
where the epistatic effects across traits are independent (vα = 0) or highly correlated
(vα = 0.8). For comparison, the “trait #1” and “trait #2” dashed lines correspond to
the univariate MAPIT model. The “covariance” solid purple line corresponds to power
contributed by the covariance test. The “combined” pink line shows power from the overall
association identified by mvMAPIT in the multivariate approach. Lastly, the “meta” gray
dotted line shows power from the association identified by combining only the P -values
of the two univariate cases “trait #1” and “trait #2”. Note that the upper limit of the
x-axis (i.e., false positive rate) has been truncated at 0.05. All results are based on 100
simulated replicates.
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Figure A.24: Receiver operating characteristic (ROC) curves comparing the
ability of mvMAPIT using the Cauchy combination test to the univariate
MAPIT model in detecting group #1 (10) and group #2 (20) epistatic variants
across complex traits. In panel (A) both traits have broad-sense heritability H2 = 0.6;
while in panel (B) one of traits has broad-sense heritability H2 = 0.6 and the other
has heritability H2 = 0.3. Across the rows, the parameter ρ = {0.5, 0.8} is used to
determine the portion of broad-sense heritability contributed by additive effects. Each
column corresponds to settings where the epistatic effects across traits are independent
(vα = 0) or highly correlated (vα = 0.8). For comparison, the “trait #1” and “trait #2”
dashed lines correspond to the univariate MAPIT model. The “covariance” solid purple
line corresponds to power contributed by the covariance test. The “combined” pink line
shows power from the overall association identified by mvMAPIT in the multivariate
approach. Lastly, the “meta” gray dotted line shows power from the association identified
by combining only the P -values of the two univariate cases “trait #1” and “trait #2”.
Note that the upper limit of the x-axis (i.e., false positive rate) has been truncated at
0.05. All results are based on 100 simulated replicates.
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Figure A.25: Applying mvMAPIT with the harmonic mean to broadly neu-
tralizing antibodies recovers heavy-chain mutations known to be involved in
epistatic interactions that affect binding against two influenza strains. These
results are based on protein sequence data from Phillips et al. (2021) who generated
a nearly combinatorially complete library for two broadly neutralizing anti-influenza
antibodies (bnAbs), CR6261 and CR9114. For each antibody, we assess binding affinity to
different influenza strains. For CR6261, traits #1 and #2 are binding measurements to the
antigens H1 and H9; while, for CR9114, we assess the same measurement for H1 and H3.
Panel (A) shows Manhattan plots for the different sets of P -values computed during the
mvMAPIT analysis. The red horizontal lines indicate a chain-wide Bonferroni corrected
significance threshold (P = 4.55 × 10−3 for CR6261 and P = 3.13 × 10−3 for CR9114,
respectively). The green colored dots are positions that have significant marginal epistatic
effects after multiple correction. Panels (B) and (C) reproduce exhaustive search results
originally reported by Phillips et al. (2021). The green dots next to the mutation labels
on the axes are the residues that are significant in the multivariate MAPIT analysis and
correspond to panel (A). The shaded regions in panel (B) are the regression coefficients
for pairwise interactions between positions when assessing binding of CR6261with H1
(upper right triangle) and H9 (lower left triangle). Similarly, panel (C) shows the same
information when assessing binding of CR9114 with H1 (upper right triangle) and H3
(lower left triangle). Required mutations (indicated by R) are plotted in gray and left out
of the analysis (Phillips et al. 2021). 134
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Figure A.26: Applying mvMAPIT with the Cauchy combination test to broadly
neutralizing antibodies recovers heavy-chain mutations known to be involved
in epistatic interactions that affect binding against two influenza strains. These
results are based on protein sequence data from Phillips et al. (2021) who generated
a nearly combinatorially complete library for two broadly neutralizing anti-influenza
antibodies (bnAbs), CR6261 and CR9114. For each antibody, we assess binding affinity to
different influenza strains. For CR6261, traits #1 and #2 are binding measurements to the
antigens H1 and H9; while, for CR9114, we assess the same measurement for H1 and H3.
Panel (A) shows Manhattan plots for the different sets of P -values computed during the
mvMAPIT analysis. The red horizontal lines indicate a chain-wide Bonferroni corrected
significance threshold (P = 4.55 × 10−3 for CR6261 and P = 3.13 × 10−3 for CR9114,
respectively). The green colored dots are positions that have significant marginal epistatic
effects after multiple correction. Panels (B) and (C) reproduce exhaustive search results
originally reported by Phillips et al. (2021). The green dots next to the mutation labels
on the axes are the residues that are significant in the multivariate MAPIT analysis and
correspond to panel (A). The shaded regions in panel (B) are the regression coefficients
for pairwise interactions between positions when assessing binding of CR6261with H1
(upper right triangle) and H9 (lower left triangle). Similarly, panel (C) shows the same
information when assessing binding of CR9114 with H1 (upper right triangle) and H3
(lower left triangle). Required mutations (indicated by R) are plotted in gray and left out
of the analysis (Phillips et al. 2021). 135
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Figure A.27: Manhattan plot of genome-wide interaction study for all trait pairs
in the heterogeneous stock of mice data set from the Wellcome Trust Centre
for Human Genetics (Valdar et al. 2006a; Valdar et al. 2006b; Wellcome
Trust Centre for Human Genetics - Mouse Resources 2022) using mvMAPIT
with Fisher’s method. The columns correspond to trait #1 in the analysis while
the rows denote trait #2. Results on the diagonal correspond to results from running
a univariate MAPIT model. The results on the off-diagonals show the combined P -
values from mvMAPIT. The red horizontal lines indicate a genome-wide Bonferroni
corrected significance threshold (P = 4.83 × 10−6). The green colored dots are SNPs that
have significant marginal epistatic effects after multiple correction. Full names for the
abbreviations of each trait can be found in the main text (Materials and Methods).
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Figure A.28: Manhattan plot of genome-wide interaction study for all trait pairs
in the heterogeneous stock of mice data set from the Wellcome Trust Centre
for Human Genetics (Valdar et al. 2006a; Valdar et al. 2006b; Wellcome
Trust Centre for Human Genetics - Mouse Resources 2022) using mvMAPIT
with the harmonic mean. The columns correspond to trait #1 in the analysis while
the rows denote trait #2. Results on the diagonal correspond to results from running
a univariate MAPIT model. The results on the off-diagonals show the combined P -
values from mvMAPIT. The red horizontal lines indicate a genome-wide Bonferroni
corrected significance threshold (P = 4.83 × 10−6). The green colored dots are SNPs that
have significant marginal epistatic effects after multiple correction. Full names for the
abbreviations of each trait can be found in the main text (Materials and Methods).
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Figure A.29: Manhattan plot of genome-wide interaction study for all trait pairs
in the heterogeneous stock of mice data set from the Wellcome Trust Centre
for Human Genetics (Valdar et al. 2006a; Valdar et al. 2006b; Wellcome Trust
Centre for Human Genetics - Mouse Resources 2022) using mvMAPIT with
the Cauchy combination test. The columns correspond to trait #1 in the analysis
while the rows denote trait #2. Results on the diagonal correspond to results from
running a univariate MAPIT model. The results on the off-diagonals show the combined
P -values from mvMAPIT. The red horizontal lines indicate a genome-wide Bonferroni
corrected significance threshold (P = 4.83 × 10−6). The green colored dots are SNPs that
have significant marginal epistatic effects after multiple correction. Full names for the
abbreviations of each trait can be found in the main text (Materials and Methods).
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Figure A.35: Empirical correlations for all trait pairs in the heterogeneous stock
of mice data set from the Wellcome Trust Centre for Human Genetics (Valdar
et al. 2006a; Valdar et al. 2006b; Wellcome Trust Centre for Human Genetics
- Mouse Resources 2022). Full names for the abbreviations of each trait can be found
in the main text (Materials and Methods).

144



05

>1
0

1
5

10
15

20
C

hr
om

os
om

e

05

>1
0

1
5

10
15

20
C

hr
om

os
om

e

05

>1
0

1
5

10
15

20
C

hr
om

os
om

e

Bo
nf

er
ro

ni
Si

gn
ifi

ca
nt

-log10(p)

-log10(p)

Sample Quantiles -log10(p)
-log10(p)

Sample Quantiles -log10(p)

Sample Quantiles -log10(p)

Th
eo

re
tic

al
 Q

ua
nt

ile
s 

-lo
g 10

(p
)

Th
eo

re
tic

al
 Q

ua
nt

ile
s 

-lo
g 10

(p
)

Th
eo

re
tic

al
 Q

ua
nt

ile
s 

-lo
g 10

(p
)

D
E

F

A
B

C

0

10
0

20
0

30
0

0.
0

2.
5

5.
0

7.
5

10
.0

0

10
0

20
0

30
0

0.
0

2.
5

5.
0

7.
5

10
.0

0

10
0

20
0

30
0

0.
0

2.
5

5.
0

7.
5

10
.0

Fi
gu

re
A
.3
6:

M
an

ha
tt

an
an

d
Q

Q
-p

lo
ts

of
a

ge
no

m
e-

w
id

e
in

te
ra

ct
io

n
st

ud
y

co
m

bi
ni

ng
al

l
he

m
at

ol
og

y
tr

ai
ts

in
th

e
he

te
ro

ge
ne

ou
s

st
oc

k
of

m
ic

e
da

ta
se

t
fr

om
th

e
W

el
lc

om
e

T
ru

st
C

en
tr

e
fo

r
H

um
an

G
en

et
ic

s
(V

al
da

r
et

al
.

20
06

a;
V

al
da

r
et

al
.

20
06

b;
W

el
lc

om
e

T
ru

st
C

en
tr

e
fo

r
H

um
an

G
en

et
ic

s
-

M
ou

se
R

es
ou

rc
es

20
22

)
us

in
g

m
vM

A
P

IT
.

W
e
fo
cu
se
d
on

15
he
m
at
ol
og

ic
al

ph
en
ot
yp

es
in
cl
ud

in
g:

at
yp

ic
al

ly
m
ph

oc
yt
es
,b

as
op

hi
ls,

he
m
at
oc
rit

,h
em

og
lo
bi
n,

la
rg
e
im

m
at
ur
e

ce
lls
,
ly
m
ph

oc
yt
es
,
m
ea
n
co
rp
us
cu
la
r
he
m
og

lo
bi
n,

m
ea
n
co
rp
us
cu
la
r
vo

lu
m
e,

m
on

oc
yt
es
,
m
ea
n
pl
at
el
et

vo
lu
m
e,

ne
ut
ro
ph

ils
,

pl
at
el
et
cr
it,

pl
at
el
et
s,

re
d
bl
oo

d
ce
ll
co
un

t,
re
d
ce
ll
di
st
rib

ut
io
n
w
id
th
,a

nd
w
hi
te

bl
oo

d
ce
ll
co
un

t.
T
he

re
d
ho

riz
on

ta
ll
in
es

in
di
ca
te

a
ge
no

m
e-
w
id
e
Bo

nf
er
ro
ni

co
rr
ec
te
d
sig

ni
fic
an

ce
th
re
sh
ol
d
(P

=
4.

83
×

10
−

6 )
.
Pa

ne
ls

(A
)
an

d
(D

)
co
rr
es
po

nd
to

us
in
g
m
vM

A
PI

T
w
ith

Fi
sh
er
’s
m
et
ho

d,
(B

)
an

d
(E

)
co
rr
es
po

nd
to

th
e
ha

rm
on

ic
m
ea
n,

an
d

(C
)
an

d
(F

)
co
rr
es
po

nd
to

th
e
C
au

ch
y
co
m
bi
na

tio
n
te
st
.

T
he

gr
ee
n
co
lo
re
d
do

ts
ar
e
SN

Ps
th
at

ha
ve

sig
ni
fic
an

t
m
ar
gi
na

le
pi
st
at
ic

eff
ec
ts

af
te
r
m
ul
tip

le
te
st

co
rr
ec
tio

n.
Si
gn

ifi
ca
nt

SN
Ps

we
re

m
ap

pe
d
to

th
e
cl
os
es
tn

ei
gh

bo
rin

g
ge
ne
su

sin
g
th
e
M
ou

se
G
en
om

e
In
fo
rm

at
ic
sd

at
ab

as
e
(h

tt
p:

//
ww

w.
in

fo
rm

at
ic

s.
ja

x.
or

g)
(B

la
ke

et
al
.2

02
0;

Sm
ith

et
al
.2

00
9)
.
T
he

pl
at
ea
u
in

th
e

P
-v
al
ue

di
st
rib

ut
io
n
di
sp
la
ye
d
in

pa
ne
l(

F
)
is
du

e
to

nu
m
er
ic
al

lim
ita

tio
ns

of
th
e

pc
au

ch
y
fu
nc
tio

n
in

th
e

R
st

at
s
pa

ck
ag

e.

145

http://www.informatics.jax.org


05

>1
0

1
5

10
15

20
C

hr
om

os
om

e

05

>1
0

1
5

10
15

20
C

hr
om

os
om

e

05

>1
0

1
5

10
15

20
C

hr
om

os
om

e

-log10(p)

-log10(p)

Sample Quantiles -log10(p)
-log10(p)

Sample Quantiles -log10(p)

Sample Quantiles -log10(p)

Th
eo

re
tic

al
 Q

ua
nt

ile
s 

-lo
g 10

(p
)

Th
eo

re
tic

al
 Q

ua
nt

ile
s 

-lo
g 10

(p
)

Th
eo

re
tic

al
 Q

ua
nt

ile
s 

-lo
g 10

(p
)

D
E

F

A
B

C

0

10
0

20
0

30
0

0.
0

2.
5

5.
0

7.
5

10
.0

0

10
0

20
0

30
0

0.
0

2.
5

5.
0

7.
5

10
.0

0

10
0

20
0

30
0

0.
0

2.
5

5.
0

7.
5

10
.0

Bo
nf

er
ro

ni
Si

gn
ifi

ca
nt

Fi
gu

re
A
.3
7:

M
an

ha
tt

an
an

d
Q

Q
-p

lo
ts

of
a

ge
no

m
e-

w
id

e
in

te
ra

ct
io

n
st

ud
y

co
m

bi
ni

ng
m

an
y

he
m

at
ol

og
y

tr
ai

ts
in

th
e

he
te

ro
ge

ne
ou

s
st

oc
k

of
m

ic
e

da
ta

se
t

fr
om

th
e

W
el

lc
om

e
T

ru
st

C
en

tr
e

fo
r

H
um

an
G

en
et

ic
s

(V
al

da
r

et
al

.
20

06
a;

V
al

da
r

et
al

.2
00

6b
;W

el
lc

om
e

T
ru

st
C

en
tr

e
fo

r
H

um
an

G
en

et
ic

s
-

M
ou

se
R

es
ou

rc
es

20
22

)
us

in
g

m
vM

A
P

IT
.W

e
fo
cu
se
d
on

13
he
m
at
ol
og
ic
al

ph
en
ot
yp

es
in
cl
ud

in
g:

ba
so
ph

ils
,h

em
at
oc
rit

,h
em

og
lo
bi
n,

ly
m
ph

oc
yt
es
,m

ea
n
co
rp
us
cu
la
r
he
m
og
lo
bi
n,

m
ea
n
co
rp
us
cu
la
r
vo

lu
m
e,

m
on

oc
yt
es
,m

ea
n
pl
at
el
et

vo
lu
m
e,

ne
ut
ro
ph

ils
,p

la
te
le
tc
rit

,p
la
te
le
ts
,r

ed
bl
oo

d
ce
ll
co
un

t,
re
d
ce
ll

di
st
rib

ut
io
n
w
id
th
,a

nd
w
hi
te

bl
oo

d
ce
ll
co
un

t.
T
he

re
d
ho

riz
on

ta
ll
in
es

in
di
ca
te

a
ge
no

m
e-
w
id
e
B
on

fe
rr
on

ic
or
re
ct
ed

sig
ni
fic
an

ce
th
re
sh
ol
d
(P

=
4.

83
×

10
−

6 )
.
Pa

ne
ls

(A
)
an

d
(D

)
co
rr
es
po

nd
to

us
in
g
m
vM

A
PI

T
w
ith

Fi
sh
er
’s

m
et
ho

d,
(B

)
an

d
(E

)
co
rr
es
po

nd
to

th
e
ha

rm
on

ic
m
ea
n,

an
d

(C
)
an

d
(F

)
co
rr
es
po

nd
to

th
e
C
au

ch
y
co
m
bi
na

tio
n
te
st
.
T
he

gr
ee
n
co
lo
re
d
do

ts
ar
e
SN

Ps
th
at

ha
ve

sig
ni
fic
an

t
m
ar
gi
na

le
pi
st
at
ic

eff
ec
ts

af
te
r
m
ul
tip

le
te
st

co
rr
ec
tio

n.
Si
gn

ifi
ca
nt

SN
Ps

we
re

m
ap

pe
d
to

th
e
cl
os
es
t
ne
ig
hb

or
in
g
ge
ne
s

us
in
g
th
e
M
ou

se
G
en
om

e
In
fo
rm

at
ic
s
da

ta
ba

se
(h

tt
p:

//
ww

w.
in

fo
rm

at
ic

s.
ja

x.
or

g)
(B

la
ke

et
al
.2

02
0;

Sm
ith

et
al
.2

00
9)
.
T
he

pl
at
ea
u
in

th
e

P
-v
al
ue

di
st
rib

ut
io
n
di
sp
la
ye
d
in

pa
ne
l(

F
)
is

du
e
to

nu
m
er
ic
al

lim
ita

tio
ns

of
th
e

pc
au

ch
y
fu
nc
tio

n
in

th
e

R
st

at
s

pa
ck
ag

e.

146

http://www.informatics.jax.org


A.2 Supplementary tables

Table A.1: The mvMAPIT framework using Fisher’s method preserves type I
error rates under the null model when traits are generated by only additive
effects (sample size N = 1,000 individuals). In these simulations, quantitative traits
are simulated to have narrow-sense heritability h2 = 0.6 with an architecture made up
of only additive genetic variation. Each row corresponds to a setting where the additive
genetic effects for a causal SNP have different correlation structures across traits. In these
simulations, we consider scenarios where we have traits with independent additive effects
(vβ = 0), traits with highly correlated additive effects (vβ = 0.8), and traits with perfectly
correlated additive effects (vβ = 1). We assess the calibration of the P -values that are
produced by mvMAPIT during each of the three key steps in its combinatorial hypothesis
testing procedure (see Materials and Methods). We show type I error rates resulting from
P -values taken from the “univariate” test on each trait independently, the “covariance”
P -values which corresponds to assessing the pairwise interactions affecting both traits,
and the final “combined” P -value. Results are summarized over 100 simulated replicates.
Values in the parentheses are the standard deviations across replicates.

Step Add. Effect Corr. α = 0.05 α = 0.01 α = 0.001

Univariate

vβ = 0.0 0.030
(1 × 10−2)

0.007
(3 × 10−3)

0.0007
(6 × 10−4)

vβ = 0.8 0.030
(1 × 10−2)

0.007
(2 × 10−3)

0.0007
(6 × 10−4)

vβ = 1.0 0.030
(1 × 10−2)

0.007
(2 × 10−3)

0.0007
(6 × 10−4)

Covariance

vβ = 0.0 0.040
(1 × 10−2)

0.005
(2 × 10−3)

0.0002
(4 × 10−4)

vβ = 0.8 0.040
(1 × 10−2)

0.005
(2 × 10−3)

0.0002
(3 × 10−4)

vβ = 1.0 0.040
(1 × 10−2)

0.005
(2 × 10−3)

0.0003
(3 × 10−4)

Combined

vβ = 0.0 0.030
(1 × 10−2)

0.006
(2 × 10−3)

0.0005
(7 × 10−4)

vβ = 0.8 0.040
(1 × 10−2)

0.006
(2 × 10−3)

0.0005
(4 × 10−4)

vβ = 1.0 0.040
(1 × 10−2)

0.006
(2 × 10−3)

0.0006
(6 × 10−4)
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Table A.2: The mvMAPIT framework using Fisher’s method preserves type I
error rates under the null model when traits are generated by only additive
effects (sample size N = 1,750 individuals). In these simulations, quantitative traits
are simulated to have narrow-sense heritability h2 = 0.6 with an architecture made up
of only additive genetic variation. Each row corresponds to a setting where the additive
genetic effects for a causal SNP have different correlation structures across traits. In these
simulations, we consider scenarios where we have traits with independent additive effects
(vβ = 0), traits with highly correlated additive effects (vβ = 0.8), and traits with perfectly
correlated additive effects (vβ = 1). We assess the calibration of the P -values that are
produced by mvMAPIT during each of the three key steps in its combinatorial hypothesis
testing procedure (see Materials and Methods). We show type I error rates resulting from
P -values taken from the “univariate” test on each trait independently, the “covariance”
P -values which corresponds to assessing the pairwise interactions affecting both traits,
and the final “combined” P -value. Results are summarized over 100 simulated replicates.
Values in the parentheses are the standard deviations across replicates.

Step Add. Effect Corr. α = 0.05 α = 0.01 α = 0.001

Univariate

vβ = 0.0 0.030
(1 × 10−2)

0.008
(2 × 10−3)

0.0007
(5 × 10−4)

vβ = 0.8 0.030
(1 × 10−2)

0.008
(2 × 10−3)

0.0009
(7 × 10−4)

vβ = 1.0 0.030
(1 × 10−2)

0.008
(3 × 10−3)

0.0009
(9 × 10−4)

Covariance

vβ = 0.0 0.040
(1 × 10−2)

0.006
(2 × 10−3)

0.0003
(4 × 10−4)

vβ = 0.8 0.040
(1 × 10−2)

0.006
(2 × 10−3)

0.0002
(3 × 10−4)

vβ = 1.0 0.040
(1 × 10−2)

0.006
(2 × 10−3)

0.0002
(3 × 10−4)

Combined

vβ = 0.0 0.040
(1 × 10−2)

0.007
(2 × 10−3)

0.0006
(5 × 10−4)

vβ = 0.8 0.040
(1 × 10−2)

0.007
(2 × 10−3)

0.0007
(8 × 10−4)

vβ = 1.0 0.040
(1 × 10−2)

0.007
(2 × 10−3)

0.0006
(6 × 10−4)
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Table A.3: The mvMAPIT framework using the harmonic mean preserves type
I error rates under the null model when traits are generated by only additive
effects (sample size N = 1,000 individuals). In these simulations, quantitative traits
are simulated to have narrow-sense heritability h2 = 0.6 with an architecture made up
of only additive genetic variation. Each row corresponds to a setting where the additive
genetic effects for a causal SNP have different correlation structures across traits. In these
simulations, we consider scenarios where we have traits with independent additive effects
(vβ = 0), traits with highly correlated additive effects (vβ = 0.8), and traits with perfectly
correlated additive effects (vβ = 1). We assess the calibration of the P -values that are
produced by mvMAPIT during each of the three key steps in its combinatorial hypothesis
testing procedure (see Materials and Methods). We show type I error rates resulting from
P -values taken from the “univariate” test on each trait independently, the “covariance”
P -values which corresponds to assessing the pairwise interactions affecting both traits,
and the final “combined” P -value. Results are summarized over 100 simulated replicates.
Values in the parentheses are the standard deviations across replicates.

Step Add. Effect Corr. α = 0.05 α = 0.01 α = 0.001

Univariate

vβ = 0.0 0.030
(1 × 10−2)

0.007
(3 × 10−3)

0.0007
(6 × 10−4)

vβ = 0.8 0.030
(1 × 10−2)

0.007
(2 × 10−3)

0.0007
(6 × 10−4)

vβ = 1.0 0.030
(1 × 10−2)

0.007
(2 × 10−3)

0.0007
(6 × 10−4)

Covariance

vβ = 0.0 0.040
(1 × 10−2)

0.005
(2 × 10−3)

0.0002
(4 × 10−4)

vβ = 0.8 0.040
(1 × 10−2)

0.005
(2 × 10−3)

0.0002
(3 × 10−4)

vβ = 1.0 0.040
(1 × 10−2)

0.005
(2 × 10−3)

0.0003
(3 × 10−4)

Combined

vβ = 0.0 0.040
(1 × 10−2)

0.006
(2 × 10−3)

0.0005
(5 × 10−4)

vβ = 0.8 0.040
(1 × 10−2)

0.006
(2 × 10−3)

0.0004
(4 × 10−4)

vβ = 1.0 0.040
(1 × 10−2)

0.006
(2 × 10−3)

0.0005
(5 × 10−4)
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Table A.4: The mvMAPIT framework using the harmonic mean preserves type
I error rates under the null model when traits are generated by only additive
effects (sample size N = 1,750 individuals). In these simulations, quantitative traits
are simulated to have narrow-sense heritability h2 = 0.6 with an architecture made up
of only additive genetic variation. Each row corresponds to a setting where the additive
genetic effects for a causal SNP have different correlation structures across traits. In these
simulations, we consider scenarios where we have traits with independent additive effects
(vβ = 0), traits with highly correlated additive effects (vβ = 0.8), and traits with perfectly
correlated additive effects (vβ = 1). We assess the calibration of the P -values that are
produced by mvMAPIT during each of the three key steps in its combinatorial hypothesis
testing procedure (see Materials and Methods). We show type I error rates resulting from
P -values taken from the “univariate” test on each trait independently, the “covariance”
P -values which corresponds to assessing the pairwise interactions affecting both traits,
and the final “combined” P -value. Results are summarized over 100 simulated replicates.
Values in the parentheses are the standard deviations across replicates.

Step Add. Effect Corr. α = 0.05 α = 0.01 α = 0.001

Univariate

vβ = 0.0 0.030
(1 × 10−2)

0.008
(2 × 10−3)

0.0007
(5 × 10−4)

vβ = 0.8 0.030
(1 × 10−2)

0.008
(2 × 10−3)

0.0009
(7 × 10−4)

vβ = 1.0 0.030
(1 × 10−2)

0.008
(3 × 10−3)

0.0009
(9 × 10−4)

Covariance

vβ = 0.0 0.040
(1 × 10−2)

0.006
(2 × 10−3)

0.0003
(4 × 10−4)

vβ = 0.8 0.040
(1 × 10−2)

0.006
(2 × 10−3)

0.0002
(3 × 10−4)

vβ = 1.0 0.040
(1 × 10−2)

0.006
(2 × 10−3)

0.0002
(3 × 10−4)

Combined

vβ = 0.0 0.040
(1 × 10−2)

0.008
(2 × 10−3)

0.0006
(5 × 10−4)

vβ = 0.8 0.040
(1 × 10−2)

0.008
(2 × 10−3)

0.0007
(8 × 10−4)

vβ = 1.0 0.040
(1 × 10−2)

0.007
(2 × 10−3)

0.0005
(5 × 10−4)
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Table A.5: The mvMAPIT framework using the harmonic mean preserves type
I error rates under the null model when traits are generated by only additive
effects (sample size N = 2,500 individuals). In these simulations, quantitative traits
are simulated to have narrow-sense heritability h2 = 0.6 with an architecture made up
of only additive genetic variation. Each row corresponds to a setting where the additive
genetic effects for a causal SNP have different correlation structures across traits. In these
simulations, we consider scenarios where we have traits with independent additive effects
(vβ = 0), traits with highly correlated additive effects (vβ = 0.8), and traits with perfectly
correlated additive effects (vβ = 1). We assess the calibration of the P -values that are
produced by mvMAPIT during each of the three key steps in its combinatorial hypothesis
testing procedure (see Materials and Methods). We show type I error rates resulting from
P -values taken from the “univariate” test on each trait independently, the “covariance”
P -values which corresponds to assessing the pairwise interactions affecting both traits,
and the final “combined” P -value. Results are summarized over 100 simulated replicates.
Values in the parentheses are the standard deviations across replicates.

Step Add. Effect Corr. α = 0.05 α = 0.01 α = 0.001

Univariate

vβ = 0.0 0.030
(1 × 10−2)

0.009
(2 × 10−3)

0.0010
(9 × 10−4)

vβ = 0.8 0.030
(1 × 10−2)

0.009
(2 × 10−3)

0.0009
(7 × 10−4)

vβ = 1.0 0.030
(1 × 10−2)

0.009
(3 × 10−3)

0.0009
(7 × 10−4)

Covariance

vβ = 0.0 0.040
(1 × 10−2)

0.006
(2 × 10−3)

0.0003
(4 × 10−4)

vβ = 0.8 0.040
(1 × 10−2)

0.007
(2 × 10−3)

0.0004
(5 × 10−4)

vβ = 1.0 0.040
(1 × 10−2)

0.006
(2 × 10−3)

0.0003
(4 × 10−4)

Combined

vβ = 0.0 0.040
(1 × 10−2)

0.008
(2 × 10−3)

0.0007
(6 × 10−4)

vβ = 0.8 0.040
(1 × 10−2)

0.008
(2 × 10−3)

0.0007
(6 × 10−4)

vβ = 1.0 0.040
(1 × 10−2)

0.008
(2 × 10−3)

0.0005
(6 × 10−4)
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Table A.6: The mvMAPIT framework using the Cauchy combination test
preserves type I error rates under the null model when traits are generated
by only additive effects (sample size N = 1,000 individuals). In these simulations,
quantitative traits are simulated to have narrow-sense heritability h2 = 0.6 with an
architecture made up of only additive genetic variation. Each row corresponds to a
setting where the additive genetic effects for a causal SNP have different correlation
structures across traits. In these simulations, we consider scenarios where we have traits
with independent additive effects (vβ = 0), traits with highly correlated additive effects
(vβ = 0.8), and traits with perfectly correlated additive effects (vβ = 1). We assess the
calibration of the P -values that are produced by mvMAPIT during each of the three
key steps in its combinatorial hypothesis testing procedure (see Materials and Methods).
We show type I error rates resulting from P -values taken from the “univariate” test on
each trait independently, the “covariance” P -values which corresponds to assessing the
pairwise interactions affecting both traits, and the final “combined” P -value. Results are
summarized over 100 simulated replicates. Values in the parentheses are the standard
deviations across replicates.

Step Add. Effect Corr. α = 0.05 α = 0.01 α = 0.001

Univariate

vβ = 0.0 0.030
(6 × 10−3)

0.007
(3 × 10−3)

0.0007
(6 × 10−4)

vβ = 0.8 0.030
(5 × 10−3)

0.030
(6 × 10−3)

0.0007
(6 × 10−4)

vβ = 1.0 0.030
(1 × 10−2)

0.030
(6 × 10−3)

0.0007
(6 × 10−4)

Covariance

vβ = 0.0 0.040
(6 × 10−3)

0.005
(2 × 10−3)

0.0002
(4 × 10−4)

vβ = 0.8 0.040
(5 × 10−3)

0.005
(2 × 10−3)

0.0002
(3 × 10−4)

vβ = 1.0 0.040
(6 × 10−3)

0.005
(2 × 10−3)

0.0003
(3 × 10−4)

Combined

vβ = 0.0 0.030
(5 × 10−3)

0.006
(2 × 10−3)

0.0005
(5 × 10−4)

vβ = 0.8 0.030
(4 × 10−3)

0.006
(2 × 10−3)

0.0004
(4 × 10−4)

vβ = 1.0 0.030
(5 × 10−3)

0.006
(2 × 10−3)

0.0005
(5 × 10−4)
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Table A.7: The mvMAPIT framework using the Cauchy combination test
preserves type I error rates under the null model when traits are generated
by only additive effects (sample size N = 1,750 individuals). In these simulations,
quantitative traits are simulated to have narrow-sense heritability h2 = 0.6 with an
architecture made up of only additive genetic variation. Each row corresponds to a
setting where the additive genetic effects for a causal SNP have different correlation
structures across traits. In these simulations, we consider scenarios where we have traits
with independent additive effects (vβ = 0), traits with highly correlated additive effects
(vβ = 0.8), and traits with perfectly correlated additive effects (vβ = 1). We assess the
calibration of the P -values that are produced by mvMAPIT during each of the three
key steps in its combinatorial hypothesis testing procedure (see Materials and Methods).
We show type I error rates resulting from P -values taken from the “univariate” test on
each trait independently, the “covariance” P -values which corresponds to assessing the
pairwise interactions affecting both traits, and the final “combined” P -value. Results are
summarized over 100 simulated replicates. Values in the parentheses are the standard
deviations across replicates.

Step Add. Effect Corr. α = 0.05 α = 0.01 α = 0.001

Univariate

vβ = 0.0 0.030
(6 × 10−3)

0.008
(2 × 10−3)

0.0008
(6 × 10−4)

vβ = 0.8 0.030
(5 × 10−3)

0.008
(2 × 10−3)

0.0009
(8 × 10−4)

vβ = 1.0 0.030
(6 × 10−3)

0.008
(3 × 10−3)

0.0008
(8 × 10−4)

Covariance

vβ = 0.0 0.040
(6 × 10−3)

0.006
(2 × 10−3)

0.0003
(4 × 10−4)

vβ = 0.8 0.040
(6 × 10−3)

0.006
(2 × 10−3)

0.0002
(3 × 10−4)

vβ = 1.0 0.040
(6 × 10−3)

0.006
(2 × 10−3)

0.0002
(3 × 10−4)

Combined

vβ = 0.0 0.040
(5 × 10−3)

0.007
(2 × 10−3)

0.0006
(5 × 10−4)

vβ = 0.8 0.040
(5 × 10−3)

0.007
(2 × 10−3)

0.0007
(8 × 10−4)

vβ = 1.0 0.040
(5 × 10−3)

0.007
(2 × 10−3)

0.0005
(5 × 10−4)
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Table A.8: The mvMAPIT framework using the Cauchy combination test
preserves type I error rates under the null model when traits are generated
by only additive effects (sample size N = 2,500 individuals). In these simulations,
quantitative traits are simulated to have narrow-sense heritability h2 = 0.6 with an
architecture made up of only additive genetic variation. Each row corresponds to a
setting where the additive genetic effects for a causal SNP have different correlation
structures across traits. In these simulations, we consider scenarios where we have traits
with independent additive effects (vβ = 0), traits with highly correlated additive effects
(vβ = 0.8), and traits with perfectly correlated additive effects (vβ = 1). We assess the
calibration of the P -values that are produced by mvMAPIT during each of the three
key steps in its combinatorial hypothesis testing procedure (see Materials and Methods).
We show type I error rates resulting from P -values taken from the “univariate” test on
each trait independently, the “covariance” P -values which corresponds to assessing the
pairwise interactions affecting both traits, and the final “combined” P -value. Results are
summarized over 100 simulated replicates. Values in the parentheses are the standard
deviations across replicates.

Step Add. Effect Corr. α = 0.05 α = 0.01 α = 0.001

Univariate

vβ = 0.0 0.030
(5 × 10−3)

0.009
(2 × 10−3)

0.001
(9 × 10−4)

vβ = 0.8 0.030
(5 × 10−3)

0.009
(2 × 10−3)

0.0009
(7 × 10−4)

vβ = 1.0 0.030
(5 × 10−3)

0.009
(3 × 10−3)

0.0009
(7 × 10−4)

Covariance

vβ = 0.0 0.040
(5 × 10−3)

0.006
(2 × 10−3)

0.0003
(3 × 10−4)

vβ = 0.8 0.040
(6 × 10−3)

0.007
(2 × 10−3)

0.0004
(5 × 10−4)

vβ = 1.0 0.040
(5 × 10−3)

0.006
(2 × 10−3)

0.0003
(4 × 10−4)

Combined

vβ = 0.0 0.040
(5 × 10−3)

0.008
(2 × 10−3)

0.0007
(6 × 10−4)

vβ = 0.8 0.040
(5 × 10−3)

0.008
(2 × 10−3)

0.0007
(6 × 10−4)

vβ = 1.0 0.040
(5 × 10−3)

0.007
(2 × 10−3)

0.0006
(6 × 10−4)
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Table A.9: Complete summary of the marginal epistatic results after applying the
mvMAPIT framework to protein sequence data from a nearly combinatorially
complete library of two broadly neutralizing anti-influenza antibodies. Here,
data is from Phillips et al. (2021) who generated a nearly combinatorially complete library
for two broadly neutralizing anti-influenza antibodies (bnAbs), CR6261 and CR9114. In
the first column, we list the antibody being analyzed. In the second column, we give
their corresponding residue. In the third and fourth columns, we list all the pairwise
antigen combinations done in the analysis. In the remaining columns, we give the results
stemming from univariate analyses on antigens #1 and #2, respectively, the covariance
(cov) test, and the overall P -values derived by mvMAPIT using Fisher’s method, the
harmonic mean, and the Cauchy combination test. Tutorials for how to take these results
and recreate the Manhattan plots shown in Figures 1.5, A.25, and A.26 can be found in
the mvMAPIT GitHub repository (see Materials and Methods). (XLSX)

Table A.10: Complete summary of the marginal epistatic results after applying
the mvMAPIT framework to 15 hematology traits in the heterogeneous stock
of mice data set from the Wellcome Trust Centre for Human Genetics (Valdar
et al. 2006a; Valdar et al. 2006b; Wellcome Trust Centre for Human Genetics
- Mouse Resources 2022). In the first column, we list the ID of each SNP. In the second
and third columns, we give their corresponding chromosome and basepair according to
the mouse assembly NCBI build 34 (accessed from Shifman et al. (2006)). In the fourth
and fifth columns, we list all the pairwise trait combinations done in the analysis. In
the remaining columns, we give the results stemming from univariate analyses on traits
#1 and #2, respectively, the covariance (cov) test, and the overall P -values derived by
mvMAPIT using Fisher’s method, the harmonic mean, and the Cauchy combination test.
Tutorials for how to take these results and recreate the Manhattan plots shown in Figures
A.27-A.34 and A.36-A.37 can be found in the mvMAPIT GitHub repository (see Materials
and Methods). (XLSX)
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Table A.11: Notable SNPs with marginal epistatic effects after applying the
mvMAPIT framework to 15 hematology traits in the heterogeneous stock of
mice data set from the Wellcome Trust Centre for Human Genetics (Valdar
et al. 2006a; Valdar et al. 2006b; Wellcome Trust Centre for Human Genetics
- Mouse Resources 2022). In the first two columns, we list SNPs and their genetic
location according to the mouse assembly NCBI build 34 (accessed from Shifman et
al. (2006)) in the format Chromosome:Basepair. The next columns detail the closest
neighboring genes found using the Mouse Genome Informatics database (http://www.
informatics.jax.org) (Blake et al. 2020; Smith et al. 2009), a short summary of the
suggested annotated function for those genes, and the reference to the source of the
annotation. See Table A.10 for the complete list of SNP and SNP-set level results.

SNP Location Genomic Annotation Reference

rs3699393 2:5887012 anemia and abnormal bone
marrow cell development

(Weischenfeldt et al. 2008)

rs13478092 5:3601413 abnormal venous
thrombosis

(Berendse et al. 2019)

rs3694887 5:102770070 abnormal B and T cell
number and morphology

(Isnard et al. 2000)

rs3694887 5:102770070 abnormal B and T cell
number and morphology

(Isnard et al. 2000)

rs13478923 6:99475169 abnormal B cell
differentiation, physiology,

count

(Feng et al. 2010; Hu et al.
2006)

rs13478924 6:99571626 abnormal B cell
differentiation, physiology,

count

(Feng et al. 2010; Hu et al.
2006)

rs13478985 6:115245823 decreased bone marrow cell
count

(Mortensen et al. 2011;
Clarke et al. 2015)

rs3723163 11:103800737 decreased fasting
circulating glucose level

(Database 2014)

rs3723163 11:103800737 decreased fasting
circulating glucose level

(Database 2014)

rs3724260 12:100163212 anemia (Raaijmakers et al. 2010)

rs3692165 14:27756640 decreased circulating
glucose level

(Database 2014)

rs13482117 14:27614362 decreased circulating
glucose level

(Database 2014)

rs13482288 14:81840412 abnormal B cell
differentiation and

physiology

(Yang et al. 2014)

rs4173870 16:35764290 differentiation of
erythrocytes

(Castro-Ochoa et al. 2019)

rs4212102 16:84204704 increased susceptibility to
induced thrombosis

(Xu et al. 2017; Souto et al.
2000)

rs4212186 16:84273330 increased susceptibility to
induced thrombosis

(Xu et al. 2017; Souto et al.
2000)

rs3711994 19:45078018 abnormal lymphocyte
morphology

(Nakayama et al. 2003)
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B.1 The survival and hazard functions

For a continuous random variable T , the survival function ST (t) is defined as the

probability that T exceeds t:

ST (t) = P (T > t) = 1 − F (t) =
∫ ∞

t
fT (u)du (B.1)

for probability density function fT (t) and cumulative distribution function FT (t).

The hazard function λT (t) is defined as the instantaneous rate of failure at time t given

survival to that time. It is the limit of the conditional probability of failure in a small

interval (t, t + ∆t] given survival to t as ∆t approaches 0:

λT (t) = lim
∆t→0

P (t ≤ T < t + ∆t|T ≥ t)
∆t

(B.2)

Following the definition of conditional probability, we see that the conditional prob-

ability can be expressed as the ratio of the joint probability of T being in the interval

(t, t + ∆t] and T being greater than t to the probability of T being greater than t. The

first probability we recognize as the probability density function fT (t) and the second

probability is the survival function ST (t). Hence, we can rewrite the hazard function as

λT (t) = lim
∆t→0

P (t ≤ T < t + ∆t|T ≥ t)
∆t

= fT (t)
ST (t) (B.3)

B.2 The Breslow estimator

The Breslow estimator is a non-parametric estimator for the cumulative baseline hazard

function. It is derived from the partial likelihood of the Cox proportional hazards model

and provides a step function estimate that jumps at each observed event time. The

estimator takes into account the risk sets at each event time, where the risk set consists
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of all subjects who are still at risk (have not experienced the event and are not censored)

at that time point. This makes it particularly useful for handling censored survival data

while accounting for the effects of covariates through the linear predictor ηi. Without loss

of generality, we can order the samples for all N subjects according to the observed time

ti such that t1 ≤ t2 ≤ · · · ≤ tN .

We can use the Breslow estimator to get the cumulative baseline hazard.

Λ̂0(t) =
n∑

i=1

δiI(ti ≤ t)∑
j∈R(ti) exp(ηi)

Here R(ti) = {j : tj ≥ ti} is the set of subjects at risk at time ti.

B.3 Approximation of Gaussian integral using Laplace’s

method

Laplace’s method is a technique for approximating integrals of the form
∫

exp(f(x))dx

where f(x) has a unique maximum. The method approximates the integrand by a Gaussian

function centered at the maximum of f(x). The resulting approximation involves the

value of f(x) at its maximum and the determinant of the negative Hessian matrix of f(x)

at this point. We use Laplace’s method to approximate the integral of the likelihood

function in the Cox model with a linear mixed effects model for frailties.
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L(λ0, β, θ)

=
∫
RN

ΠN
i=1

[
λ(ti; zi, β|rik)δiS(ti; zi, β|rik)

]
× (2π)− N

2
1

·
√

|V(θ)|
exp

(
−1

2rT
k (V(θ))−1rk

)
drk

=(2π)− N
2

1√
|V(θ)|

ΠN
i=1λ(ti; zi, β|rik)δi

×
∫
RN

exp
[

N∑
i=1

(δi{zT
i β + rik} − Λ0(ti) exp(zT

i β + rik)) − 1
2rT

k (V(θ))−1rk

]
drk

(B.4)

Writing the expression in the exponential function as

f(rk) =
n∑

i=1
(δi{zT

i β + rik} − Λ0(ti) exp(zT
i β + rik)) − 1

2rT
k (V(θ))−1rk

we can approximate the integral with the Laplace method.

Laplace’s method approximates the intractable integral by expanding the integrand

around the global maximum of the integrand.

∫
exp [f(rk)] drk ≈ (2π)n

2 |−f ′′(r̂k)|− 1
2 · exp(f(r̂k))

with r̂k = arg maxrk
f(rk). With this approximation, we arrive at the penalized

log-likelihood in Eq. B.5.

B.4 Derivation of the penalized log-likelihood

We can write the log-likelihood
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l(λ0, β, θ) ≈ − 1
2 log |V(θ)| +

n∑
i=1

δi log λ0(ti)

− 1
2 log|−f ′′(r̂k)| + f(r̂k)

= − 1
2 log |V(θ)| − 1

2 log |Ŵ + (V(θ))−1 |

+
n∑

i=1
[δi(log λ0(ti) + zT

i β + r̂ik) − Λ0(ti) · exp(zT
i β + r̂ik)]

− 1
2 r̂T

k (V(θ))−1r̂k

(B.5)

This approximation introduces r̂k as a maximum likelihood estimate of the genetic frailties

and the diagonal matrix Ŵ = diag(Λ0(ti) · exp(zT
i β + r̂ik)).

Assuming that W changes slowly as a function of the mean, the expression can further

be simplified finding the penalized log-likelihood

lp(λ0, β, θ) =
n∑

i=1
[δi(log λ0(ti) + zT

i β + r̂ik) − Λ0(ti) exp(zT
i β + r̂ik)]

− 1
2 r̂T

k (V(θ))−1r̂k

(B.6)

and proceed to find maximum likelihood estimators for the baseline hazard λ0 and the

parameters β and θ.

B.5 The permutation test ensures well-calibrated test

statistics for small sample sizes

The test statistics from the efficient score test of CphGxE in theory follow a χ2-

distribution with 1 degree of freedom. However, in the derivation of the method, some

approximations have been made to arrive at estimators. As a result, if computed from

a χ2-distribution, the p-value distribution under the null hypothesis shows type I error
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inflation and is only expected to become truly χ2 for large sample sizes. Calibrated

p-values can be computed by performing a permutation test. Permutation tests are a non-

parametric statistical method used to assess the significance of test statistics by comparing

the observed value against a distribution generated through random permutations of the

genetic loci. By permuting the columns of the genotype data, the outcome variable is

independent of the molecular data, while the correlation structure between the genetic

loci and distributional characteristics of the data can be preserved (Dudoit et al. 2002).

We can estimate distributions of the test statistics T1, ..., TK under the null hypothesis

H0 : σ2
k = 0, ∀k ∈ {1, ..., K} by permuting the columns of the input data for genotypes,

covariates, survival times, and censoring indicators. The number of total possible per-

mutations can be too large for practical computation. We therefore sample a random

subset of B permutations. The permutation test works as follows: For all k, we compute

the observed test statistics Tk. For the b-th permutation, b ∈ 1, ..., B, (2) permute the

data. and (3) compute test statistics T1,b, ..., TK,b for each hypothesis. The permutation

distribution of the test statistic Tk for hypothesis Hk, k = 1, ..., K, is given by the

empirical distribution of Tk,1, ..., Tk,B. For one-sided alternative hypotheses of the k-th

test of virus-host interactions, the permutation p-value for hypothesis Hk is

ppermute = 1
B

B∑
b=1

1(Tk,b ≥ T observed
k )

where 1(.) = 1 if the condition in parenthesis is true, and 0 otherwise.

This approach generates a true null distribution of test statistics under the assumption

that there is no association between the genetic variants and survival outcomes. The

empirical p-value represents the proportion of permuted test statistics that are as extreme

or more extreme than the observed test statistic. It is important to note that this test can

produce p values equal to zero. However, the maximum accuracy of the test is limited by

the number of permutations, i.e. a p-value of zero should be understood as p < B−1.
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B.6 Supplementary figures
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Figure B.1: Frailty variance component estimates due to genetic relatedness
are asymptotically unbiased. Synthetic traits were simulated with additive genetic,
environmental exposure, and covariate effects. Genotype data with 15,000 SNPs were
either simulated using synthetic biallelic independent genotypes (Random Genotypes) or
taken from individuals of self-identified European ancestry in the UK Biobank. These data
were then subsampled to sample sizes of 1k, 5k, 10k and 20k individuals. We randomly
selected 10% of all variants to be causal with additive effects and we assume that they
explain 40% of the frailty variance for each trait as indicated by the gray dashed line. The
frailty variance due to environmental exposures is set to 10% of the total frailty variance.
The remainder of the frailty variance is explained by the covariates and noise is introduced
by sampling the time variables at random. Data were analyzed using CphGxE under
varying percentages of censoring. Under the null hypothesis H0 : σ2 = 0. The analyses
used significance thresholds of α = 0.05, 0.01, and 0.001. Values in the parentheses are the
standard deviations of the estimates. Results are based on 100 simulations per scenario.
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Figure B.2: Frailty variance component estimates due to environmental expo-
sures are unbiased. Synthetic traits were simulated with additive genetic, environmental
exposure, and covariate effects. Genotype data with 15,000 SNPs were either simulated
using synthetic biallelic independent genotypes (Random Genotypes) or taken from indi-
viduals of self-identified European ancestry in the UK Biobank. These data were then
subsampled to sample sizes of 1k, 5k, 10k and 20k individuals. We randomly selected 10%
of all variants to be causal with additive effects and we assume that they explain 40% of
the frailty variance for each trait. The frailty variance due to environmental exposures
is set to 10% of the total frailty variance as indicated by the gray dashed line. The
remainder of the frailty variance is explained by the covariates and noise is introduced
by sampling the time variables at random. Data were analyzed using CphGxE under
varying percentages of censoring. Under the null hypothesis H0 : σ2 = 0. The analyses
used significance thresholds of α = 0.05, 0.01, and 0.001. Values in the parentheses are the
standard deviations of the estimates. Results are based on 100 simulations per scenario.
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Random Genotypes UK Biobank
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Figure B.3: Frailty covariate fixed effect estimates are unbiased. Synthetic
traits were simulated with additive genetic, environmental exposure, and covariate effects.
Genotype data with 15,000 SNPs were either simulated using synthetic biallelic independent
genotypes (Random Genotypes) or taken from individuals of self-identified European
ancestry in the UK Biobank. These data were then subsampled to sample sizes of 1k,
5k, 10k and 20k individuals. We randomly selected 10% of all variants to be causal
with additive effects and we assume that they explain 40% of the frailty variance for
each trait. The frailty variance due to environmental exposures is set to 10% of the
total frailty variance. The remainder of the frailty variance of 50% is explained by the 3
synthetic covariates and noise is introduced by sampling the time variables at random.
Data were analyzed using CphGxE under varying percentages of censoring. Under the
null hypothesis H0 : σ2 = 0. The analyses used significance thresholds of α = 0.05, 0.01,
and 0.001. Values in the parentheses are the standard deviations of the estimates. Results
are based on 100 simulations per scenario.
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Figure B.4: Empirical power of CphGxE as function of the censoring rate. Syn-
thetic time-to-event traits were simulated with additive genetic, environmental exposure,
covariate, and gene-by-environment interaction effects. Genotype data with 15,000 SNPs
were either simulated using synthetic biallelic independent genotypes (Random Genotypes)
or taken from individuals of self-identified European ancestry in the UK Biobank. These
data were then subsampled to 20k individuals. We randomly selected 10% of all variants
to be causal with additive effects set at 30% of the frailty variance explained (FVE) for
each trait. The frailty variance due to environmental exposures is set to 10% of the
total frailty variance. The empirical power is computed under simulations in which the
per-SNP gene-by-environment interaction explains 5% of the total frailty variance. The
remainder of the frailty variance is explained by the covariates and noise is introduced by
sampling the time variables at random. Data were analyzed using CphGxE under varying
percentages of censoring (10%, 50%, and 90% censoring). The analyses used significance
thresholds of α = 0.05, 0.01, and 0.001. Results are based on 100 simulations per scenario,
with error bars representing the standard deviation across replicates.
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Figure B.5: Empirical power of CphGxE as function of the censoring rate. Syn-
thetic time-to-event traits were simulated with additive genetic, environmental exposure,
covariate, and gene-by-environment interaction effects. Genotype data with 15,000 SNPs
were either simulated using synthetic biallelic independent genotypes (Random Genotypes)
or taken from individuals of self-identified European ancestry in the UK Biobank. These
data were then subsampled to 20k individuals. We randomly selected 10% of all variants
to be causal with additive effects set at 30% of the frailty variance explained (FVE) for
each trait. The frailty variance due to environmental exposures is set to 10% of the
total frailty variance. The empirical power is computed under simulations in which the
per-SNP gene-by-environment interaction explains 5% of the total frailty variance. The
remainder of the frailty variance is explained by the covariates and noise is introduced by
sampling the time variables at random. Data were analyzed using CphGxE under varying
percentages of censoring (10%, 50%, and 90% censoring). The analyses used significance
thresholds of α = 0.05, 0.01, and 0.001. Results are based on 100 simulations per scenario,
with error bars representing the standard deviation across replicates.
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Figure B.6: Receiver Operating Characteristic (ROC) curves comparing the
ability of CphGxE to correctly prioritize gene-by-environment interaction vari-
ants under the alternative model. Synthetic time-to-event traits were simulated with
additive genetic, environmental exposure, covariate, and gene-by-environment interaction
effects. Genotype data with 15,000 SNPs were either simulated using synthetic biallelic
independent genotypes (Random Genotypes) or taken from individuals of self-identified
European ancestry in the UK Biobank. These data were then subsampled to 1k, 5k,
10k and 20k individuals. We randomly selected 10% of all variants to be causal with
additive effects set at 30% of the frailty variance explained (FVE) for each trait. The
frailty variance due to environmental exposures is set to 10% of the total frailty variance.
ROC curves are computed under simulations in which the per-SNP gene-by-environment
interaction explains 5% of the total frailty variance. The remainder of the frailty variance
is explained by the covariates and noise is introduced by sampling the time variables at
random. Data were analyzed using CphGxE under varying percentages of censoring (10%,
50%, and 90% censoring). Results are based on 100 simulations per scenario.
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Figure B.7: Null fit convergence is sensitive to initial parameter values and
censoring rates. The panels illustrate three examples of the iterative updates of the
variance component estimates θ = (h2, τ 2) under the null model for different initial
parameter values θ0 and censoring rates. (A) Shows the convergence of the null fit when
the initial parameter values are set to θ0 = (0, 0). (B) Shows the convergence of the null
fit when the initial parameter values are set to θ0 = (1, 1). (C) Shows the convergence of
the null fit when the initial parameter values are set to θ0 = (10, 10). Synthetic time-to-
event traits were simulated with additive genetic, environmental exposure, covariate, and
gene-by-environment interaction effects. Genotype data with 15,000 SNPs were either
simulated using synthetic biallelic independent genotypes (Random Genotypes) or taken
from individuals of self-identified European ancestry in the UK Biobank. These data
were then subsampled to 10k individuals. We randomly selected 10% of all variants to
be causal with additive effects set at 40% of the frailty variance explained (FVE) for
each trait. The frailty variance due to environmental exposures is set to 10% of the total
frailty variance. The gray dashed lines indicate the true variance component values of the
simulated data. The remainder of the frailty variance is explained by the covariates and
noise is introduced by sampling the time variables at random. Data were analyzed using
CphGxE under varying percentages of censoring (10%, 50%, and 90% censoring).
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Figure B.8: Runtime of the null fit in CphGxE as function of sample size in
hours. Synthetic time-to-event traits were simulated with additive genetic, environmental
exposure, covariate, and gene-by-environment interaction effects. Genotype data with
15,000 SNPs were either simulated using synthetic biallelic independent genotypes (Random
Genotypes) or taken from individuals of self-identified European ancestry in the UK
Biobank. These data were then subsampled to 1k, 5k, 10k and 20k individuals. We
randomly selected 10% of all variants to be causal with additive effects set at 30% of the
frailty variance explained (FVE) for each trait. The frailty variance due to environmental
exposures is set to 10% of the total frailty variance. The empirical power is computed
under simulations in which the per-SNP gene-by-environment interaction explains 5%
of the total frailty variance. The remainder of the frailty variance is explained by the
covariates and noise is introduced by sampling the time variables at random. Data were
analyzed using CphGxE under varying percentages of censoring (10%, 50%, and 90%
censoring). Results are based on 100 simulations per scenario, with error bars representing
the standard deviation across replicates.
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Figure B.9: Runtime of the G×E test in CphGxE as function of sample size
in seconds per variant. Synthetic time-to-event traits were simulated with additive
genetic, environmental exposure, covariate, and gene-by-environment interaction effects.
Genotype data with 15,000 SNPs were either simulated using synthetic biallelic independent
genotypes (Random Genotypes) or taken from individuals of self-identified European
ancestry in the UK Biobank. These data were then subsampled to 1k, 5k, 10k and 20k
individuals. We randomly selected 10% of all variants to be causal with additive effects
set at 30% of the frailty variance explained (FVE) for each trait. The frailty variance due
to environmental exposures is set to 10% of the total frailty variance. The empirical power
is computed under simulations in which the per-SNP gene-by-environment interaction
explains 5% of the total frailty variance. The remainder of the frailty variance is explained
by the covariates and noise is introduced by sampling the time variables at random. Data
were analyzed using CphGxE under varying percentages of censoring (10%, 50%, and 90%
censoring). Results are based on 100 simulations per scenario, with error bars representing
the standard deviation across replicates.
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B.7 Supplementary tables

Table B.1: Empirical type I error rates for CphGxE with 50% censoring. Synthetic
traits were simulated with additive genetic, environmental exposure, and covariate effects.
Genotype data with 15,000 SNPs were either simulated using synthetic biallelic independent
genotypes (Random Genotypes) or taken from individuals of self-identified European
ancestry in the UK Biobank. These data were then subsampled to sample sizes of 1k,
5k, 10k and 20k individuals. We randomly selected 10% of all variants to be causal with
additive effects and we assume that they explain 40% of the frailty variance for each
trait. The frailty variance due to environmental exposures is set to 10% of the total frailty
variance. The remainder of the frailty variance is explained by the covariates and noise is
introduced by sampling the time variables at random. Data were analyzed using CphGxE
under varying percentages of censoring. Under the null hypothesis H0 : σ2 = 0. The
analyses used significance thresholds of α = 0.05, 0.01, and 0.001. Values in the parentheses
are the standard deviations of the estimates. Results are based on 100 simulations per
scenario.

Dataset Sample
Size α = 0.05 α = 0.01 α = 0.001

Random Genotypes

1k 0.047 (0.212) 0.001 (0.098) 0.001 (0.037)

5k 0.054 (0.226) 0.011 (0.108) 0.002 (0.044)

10k 0.055 (0.227) 0.014 (0.116) 0.002 (0.039)

20k 0.054 (0.225) 0.012 (0.111) 0.002 (0.040)

UK Biobank

1k 0.038 (0.191) 0.010 (0.101) 0.002 (0.044)

5k 0.047 (0.211) 0.011 (0.105) 0.001 (0.033)

10k 0.061 (0.240) 0.015 (0.120) 0.003 (0.053)

20k 0.069 (0.253) 0.019 (0.135) 0.003 (0.053)
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Table B.2: Empirical type I error rates for CphGxE with 10% censoring. Synthetic
traits were simulated with additive genetic, environmental exposure, and covariate effects.
Genotype data with 15,000 SNPs were either simulated using synthetic biallelic independent
genotypes (Random Genotypes) or taken from individuals of self-identified European
ancestry in the UK Biobank. These data were then subsampled to sample sizes of 1k,
5k, 10k and 20k individuals. We randomly selected 10% of all variants to be causal with
additive effects and we assume that they explain 40% of the frailty variance for each
trait. The frailty variance due to environmental exposures is set to 10% of the total frailty
variance. The remainder of the frailty variance is explained by the covariates and noise is
introduced by sampling the time variables at random. Data were analyzed using CphGxE
under varying percentages of censoring. Under the null hypothesis H0 : σ2 = 0. The
analyses used significance thresholds of α = 0.05, 0.01, and 0.001. Values in the parentheses
are the standard deviations of the estimates. Results are based on 100 simulations per
scenario.

Dataset Sample
Size α = 0.05 α = 0.01 α = 0.001

Random Genotypes

1k 0.110 (0.313) 0.039 (0.193) 0.01 (0.1)

5k 0.059 (0.235) 0.014 (0.115) 0.003 (0.058)

10k 0.052 (0.222) 0.012 (0.108) 0.002 (0.047)

20k 0.054 (0.227) 0.014 (0.115) 0.002 (0.036)

UK Biobank

1k 0.157 (0.364) 0.075 (0.264) 0.028 (0.164)

5k 0.080 (0.271) 0.022 (0.146) 0.004 (0.066)

10k 0.063 (0.244) 0.018 (0.131) 0.002 (0.046)

20k 0.097 (0.196) 0.033 (0.178) 0.007 (0.081)
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Table B.3: Area under the Receiver Operating Characteristic (ROC) curves
(AUC) comparing the ability of CphGxE to correctly prioritize gene-by-
environment interaction variants under the alternative model. Synthetic time-to-
event traits were simulated with additive genetic, environmental exposure, covariate, and
gene-by-environment interaction effects. Genotype data with 15,000 SNPs were either
simulated using synthetic biallelic independent genotypes (Random Genotypes) or taken
from individuals of self-identified European ancestry in the UK Biobank. These data
were then subsampled to 20k individuals. We randomly selected 10% of all variants to
be causal with additive effects set at 30% of the frailty variance explained (FVE) for
each trait. The frailty variance due to environmental exposures is set to 10% of the total
frailty variance. ROC curves are computed under simulations as function of the per SNP
gene-by-environment interaction variance of the frailty σ2

G×E (1%, 2%, and 5%). The
remainder of the frailty variance is explained by the covariates and noise is introduced
by sampling the time variables at random. Data were analyzed using CphGxE under
varying percentages of censoring (10%, 50%, and 90% censoring). Results are based on 100
simulations per scenario. Values correspond to the AUC computed from the aggregated
ROC curves used in Figure 2.3.

Dataset Censoring σ2
G×E = 0.01 σ2

G×E = 0.02 σ2
G×E = 0.05

Random Genotypes

10% 1.000 1.000 1.000

50% 0.994 1.000 1.000

90% 0.689 0.883 0.999

UK Biobank

10% 0.828 0.980 1.000

50% 0.700 0.890 0.995

90% 0.504 0.574 0.797
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C.1 Supplementary figures
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Figure C.2: Computational time needed to run a single test with SME and
FAME (Fu et al. 2023) as a function of sample size and total number of SNPs.
The solid orange line represents the runtime using FAME. The dotted yellow line shows the
runtime of SME without a mask. The dashed purple line represents the runtime of SME
with 75% of variants masked. In all cases, the number of random vectors is fixed at 100.
The number of variants sharing random vectors in SME is fixed at 90. Computations were
performed on an Intel(R) Xeon(R) Platinum 8268 CPU with 30 cores. (A) Computational
time per test (in seconds) as a function of sample size, with the genome size fixed at
20,000 SNPs. (B) Computational time per test (in seconds) as a function of the genome
size in number of SNPs, with the sample size fixed at 100,000 individuals.
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Figure C.3: Computational time needed to run a single test with SME and
FAME (Fu et al. 2023) as a function of the number of random vectors and
number of SNPs sharing random vectors. The solid orange line represents the
runtime using the command-line tool FAME. The dotted yellow line shows the runtime
using the R function of SME without applying a mask. The dashed purple line represents
the runtime using SME with 75% of the variants masked. The analyzed data had a genome
size of 20,000 SNPs and a sample size of 100,000 individuals. All computations were
performed on an Intel(R) Xeon(R) Platinum 8268 CPU with 30 cores. (A) Computational
time per test as a function of the number of random vectors used in the stochastic trace
estimator. The number of focal variants sharing random vectors (chunk size) in SME was
fixed at 90. (B) Computational time per test as a function of the number of focal variants
sharing random vectors (chunk size). The number of random vectors was fixed at 100.
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Figure C.4: The SME stochastic method-of-moments algorithm produces es-
timates that are robust to the choice of number of random vectors and the
number of SNPs sharing random vectors. Synthetic traits were simulated under the
null hypothesis (H0) of no epistasis and the alternaitve hypothesis (H1) using chromosome
1 from individuals of self-identified European ancestry in the UK Biobank 100k individuals.
We randomly selected 10% of all variants to have additive effects that collectively explained
30% of the trait variance. For simulations under H1, we then fixed the total epistatic
variance to 5%. The per SNP epistatic phenotypic variance explained (PVE) was adjusted
by randomly choosing 10 epistatic SNPs. (A) Marginal epistatic variance component
estimates as a function of the number of SNPs sharing random vectors in the stochastic
trace estimates (also see Fig. C.1). The number of random vectors was fixed at 100.
(B) Marginal epistatic variance component estimates as a function of number of random
vectors in the stochastic trace estimates. The number of SNPs sharing random vectors
was fixed at 100. In both panels, the orange box plots show the results of using SME
with no masking applied. The light and dark purple show the results for implementing
SME with 95% and 99% masking, respectively. The dashed green line indicates the true
marginal epistatic PVE used in the simulations.
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Figure C.5: Schematic overview illustrating weight matrices with uniform
and localized sparsity. (A) The simulations consider two scenarios that result in
different distributions of sparsely modeled gene-interactions. The weight matrices
are binary everywhere except for places on the diagonal where variants satisfy some
criteria from an external data source (e.g., it is located in a position on the genome
that overlaps with open chromatin regions). The first column illustrates uniform
sparsity where non-zero entries are evenly distributed along the diagonal. As a
result the modeled gene-interactions are evenly distributed along the genome. In
the second scenario, the external data source induces localized sparsity where the
modeled gene-interactions are concentrated in a small genomic window illustrated
as a block structure in the weight matrix. (B) SME produces negatively biased
variance component estimates when using an external data source that induces
localized sparsity in the model. To overcome this issue in practice, we propose a
strategy in which we take an external data source with localized genomic information
and randomly unmask “unimportant” variants with uniform probability along the
genome (making the localized sparsity look more uniform). The cartoon illustrates
the distribution of non-zero weights in the weight matrix after including an additional
1× and 5× of initially disregarded interactions.
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Figure C.6: While using a mask that induces localized sparsity, SME is negatively
biased under the null hypothesis. Synthetic traits were simulated with only additive
effects using chromosome 1 from individuals of self-identified European ancestry in the
UK Biobank. These data were then subsampled using sample sizes of 50k, 100k, and
300k individuals. We randomly selected 10% of all variants to be causal with additive
effects and we assume that they explain 40% of the phenotypic variance for each trait. To
simulate localized sparsity in the mask, we randomly sample a seed SNP and define a
block around it. All SNPs not in that block are masked. Data were analyzed with SME
under varying percentages of SNPs that are masked (0%, 95%, and 99%, respectively).
The small insets in each plot show the distribution of the estimated marginal epistatic
variance components across all experiments. For reference, under the null hypothesis
H0 : σ2 = 0. Results are based on 100 simulations per scenario.
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Figure C.7: Consequence of having a misspecified mask on power and variance
component estimates in SME. Synthetic traits were simulated using chromosome
1 from individuals of self-identified European ancestry in the UK Biobank. Data were
subsampled to 100k individuals. We randomly selected 10% of all variants to have
additive effects that collectively explained 30% of the trait variance. We then fixed the
total epistatic variance to 5%. Each epistatic SNP was simulated to have 5 interaction
partners. SME was given a weight matrix in which 95% of all SNPs were masked. In this
simulation, we investigate a scenario where the weight matrix incorrectly masked 0 to 5
of true interacting partners for each causal SNP. (A) Empirical power computed as the
function of masked true interactive partners. Here, significant SNPs were evaluated at a
genome-wide threshold P < 5 × 10−8. Error bars represent the standard deviation across
100 replicate experiments. (B) Marginal epistatic variance component estimates (σ̂2) as a
function of masked true interactive partners. The dashed green line represents the true
simulated per SNP epistatic phenotypic variance explained (PVE).
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Figure C.8: SME exhibits less power when using a mask that induces localized
sparsity. Synthetic traits were simulated with both additive and pairwise epistatic effects
using chromosome 1 from individuals of self-identified European ancestry in the UK
Biobank. Data were subsampled using sample sizes of 50k, 100k, and 300k individuals. We
randomly selected 10% of all variants to have additive effects that collectively explained
30% of the trait variance. We then fixed the total epistatic variance to 5%. The per SNP
epistatic phenotypic variance explained (PVE) was adjusted by varying the number of
interacting SNPs (chosen to be 10, 20, 50, or 100 SNPs). Data were analyzed using SME
under varying percentages of variants that are excluded from consideration as potential
interaction partners for each focal SNP (0%, 95%, and 99% masking, respectively).
Empirical power was determined using the significance threshold P < 5 × 10−8. Results
for uniform sparsity are given on the bottom as reference. We conducted 100 simulations
per scenario, with error bars representing the standard deviation across replicates.
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Figure C.9: Adding random noise to external data sources that induce localized
sparsity recovers empirical power and reduces the negative bias in variance
component estimates. Synthetic traits were simulated with both additive and pairwise
epistatic effects using chromosome 1 from individuals of self-identified European ancestry
in the UK Biobank. Data were subsampled using sample sizes of 50k, 100k, and 300k
individuals. We randomly selected 10% of all variants to have additive effects that
collectively explained 30% of the trait variance. We then fixed the total epistatic variance
to 5%. The per SNP epistatic phenotypic variance explained (PVE) was adjusted by
varying the number of interacting SNPs (chosen to be 10, 20, 50, or 100 SNPs). We
simulated external data sources that induced both uniform sparsity (dark purple) and
localized sparsity (dark orange) resulting in 99% of variants being masked. To counteract
the negative bias of the localized sparsity, we randomly unmask 1% and 5% additional
SNPs with uniform probability along the entire chromosome—making the localized sparsity
look more uniform (also see Fig. C.5). (A) Empirical power at a genome-wide significance
threshold P < 5 × 10−8, shown as a function of the per SNP epistatic phenotypic variance
explained (PVE) by causal variants across three different sample sizes. Error bars represent
the standard deviation across 100 replicate experiments. (B) Marginal epistatic variance
component estimates (σ̂2) on simulated traits with 300k individuals. The dashed green
line represents the true per SNP epistatic PVE.
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Figure C.10: Manhattan plots of a genome-wide interaction analysis using SME
to study mean corpuscular volume (MCV) assayed in individuals in the UK
Biobank. As a mask in this study, we leveraged DNase I-hypersensitive sites (DHS)
data measured over 12 days of ex vivo erythroid differentiation (Georgolopoulos et al.
2021; Maurano et al. 2012). This means that, while all SNPs are tested for marginal
epistasis, only their interactions with SNPs in DHS regions are considered. Here, − log10
transformed P -values from SME are plotted for each SNP against their genomic positions.
Chromosomes are shown in alternating colors for clarity. The dashed blue line represents
the genome-wide significance threshold (P < 5 × 10−8). Each panel shows the same plot
with different aspects of the result highlighted. The first simply shows the names of the
closest neighboring genes to significant epistatic SNPs. The second panel highlights the
SNPs that fall in DHS regions, and the third panel highlights SNPs that were also found
to have a significant (additive) association with the trait according to a GWAS.
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Figure C.11: Manhattan plots of a genome-wide interaction analysis using SME
to study mean corpuscular hemoglobin concentration (MCHC) assayed in
individuals in the UK Biobank. As a mask in this study, we leveraged DNase I-
hypersensitive sites (DHS) data measured over 12 days of ex vivo erythroid differentiation
(Georgolopoulos et al. 2021; Maurano et al. 2012). This means that, while all SNPs
are tested for marginal epistasis, only their interactions with SNPs in DHS regions are
considered. Here, − log10 transformed P -values from SME are plotted for each SNP
against their genomic positions. Chromosomes are shown in alternating colors for clarity.
The dashed blue line represents the genome-wide significance threshold (P < 5 × 10−8).
Each panel shows the same plot with different aspects of the result highlighted. The first
simply shows the names of the closest neighboring genes to significant epistatic SNPs. The
second panel highlights the SNPs that fall in DHS regions, and the third panel highlights
SNPs that were also found to have a significant (additive) association with the trait
according to a GWAS.
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Figure C.12: Manhattan plots of a genome-wide interaction analysis using SME
to study hematocrit (HCT) assayed in individuals in the UK Biobank. As a
mask in this study, we leveraged DNase I-hypersensitive sites (DHS) data measured over 12
days of ex vivo erythroid differentiation (Georgolopoulos et al. 2021; Maurano et al. 2012).
This means that, while all SNPs are tested for marginal epistasis, only their interactions
with SNPs in DHS regions are considered. Here, − log10 transformed P -values from SME
are plotted for each SNP against their genomic positions. Chromosomes are shown in
alternating colors for clarity. The dashed blue line represents the genome-wide significance
threshold (P < 5 × 10−8). Each panel shows the same plot with different aspects of the
result highlighted. The first simply shows the names of the closest neighboring genes to
significant epistatic SNPs. The second panel highlights the SNPs that fall in DHS regions,
and the third panel highlights SNPs that were also found to have a significant (additive)
association with the trait according to a GWAS.
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Figure C.13: Manhattan plots of a genome-wide interaction analysis using SME
to study uric acid (urate) assayed in individuals in the UK Biobank. As a mask in
this study, we leveraged 3,536 significant GWAS variants. This means that, while all SNPs
are tested for marginal epistasis, only their interactions with SNPs identified by GWAS
are considered. Here, − log10 transformed P -values from SME are plotted for each SNP
against their genomic positions. Chromosomes are shown in alternating colors for clarity.
The dashed blue line represents the genome-wide significance threshold (P < 5 × 10−8).
Each panel shows the same plot with different aspects of the result highlighted. The first
simply shows the names of the closest neighboring genes to significant epistatic SNPs.
The second panel highlights the SNPs that are modeled to interact with the focal SNP,
and the third panel highlights SNPs that were also found to have a significant (additive)
association with the trait according to a GWAS.
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Figure C.14: Manhattan plots of a genome-wide interaction analysis using
SME to study vitamin D levels (VITD) assayed in individuals in the UK
Biobank. As a mask in this study, we leveraged 547 significant GWAS variants. This
means that, while all SNPs are tested for marginal epistasis, only their interactions with
SNPs identified by GWAS are considered. Here, − log10 transformed P -values from SME
are plotted for each SNP against their genomic positions. Chromosomes are shown in
alternating colors for clarity. The dashed blue line represents the genome-wide significance
threshold (P < 5 × 10−8). Each panel shows the same plot with different aspects of the
result highlighted. The first simply shows the names of the closest neighboring genes to
significant epistatic SNPs. The second panel highlights the SNPs that are modeled to
interact with the focal SNP, and the third panel highlights SNPs that were also found to
have a significant (additive) association with the trait according to a GWAS.
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Figure C.15: Manhattan plots of a genome-wide interaction analysis using SME
to study body height assayed in individuals in the UK Biobank. As a mask in
this study, we leveraged the top 5,000 significant GWAS variants ranked by strength of
association (i.e., lowest P -values). This means that, while all SNPs are tested for marginal
epistasis, only their interactions with the top SNPs identified by GWAS are considered.
Here, − log10 transformed P -values from SME are plotted for each SNP against their
genomic positions. Chromosomes are shown in alternating colors for clarity. The dashed
blue line represents the genome-wide significance threshold (P < 5 × 10−8). Each panel
shows the same plot with different aspects of the result highlighted. The first simply
shows the names of the closest neighboring genes to significant epistatic SNPs. The second
panel highlights the SNPs that are modeled to interact with the focal SNP, and the third
panel highlights SNPs that were also found to have a significant (additive) association
with the trait according to a GWAS.
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Figure C.16: Manhattan plots of a genome-wide interaction analysis using
SME to study mean corpuscular hemoglobin (MCH) assayed in individuals
in the UK Biobank. As a mask in this study, we leveraged the top 5,000 significant
GWAS variants ranked by strength of association (i.e., lowest P -values). This means
that, while all SNPs are tested for marginal epistasis, only their interactions with the top
SNPs identified by GWAS are considered. Here, − log10 transformed P -values from SME
are plotted for each SNP against their genomic positions. Chromosomes are shown in
alternating colors for clarity. The dashed blue line represents the genome-wide significance
threshold (P < 5 × 10−8). Each panel shows the same plot with different aspects of the
result highlighted. The first simply shows the names of the closest neighboring genes to
significant epistatic SNPs. The second panel highlights the SNPs that are modeled to
interact with the focal SNP, and the third panel highlights SNPs that were also found to
have a significant (additive) association with the trait according to a GWAS.
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Figure C.17: Manhattan plots of a genome-wide interaction split-half analysis
using SME to study mean corpuscular hemoglobin (MCH) assayed in two
distinct subsets of 174,705 individuals each taken from the UK Biobank. As
a mask in this study, we leveraged DNase I-hypersensitive sites (DHS) data measured
over 12 days of ex vivo erythroid differentiation (Georgolopoulos et al. 2021; Maurano
et al. 2012). This means that, while all SNPs are tested for marginal epistasis, only their
interactions with SNPs in DHS regions are considered. Here, − log10 transformed P -values
from SME are plotted for each SNP against their genomic positions. Chromosomes are
shown in alternating colors for clarity. Variant-level results for the first replicate is shown
in gray tones with a positive y-axis, while results for the second cohort is mirrored along
the negative half of the y-axis and colored in green.
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Figure C.18: Manhattan plots of a genome-wide interaction split-half analysis
using SME to study mean corpuscular volume (MCV) assayed in two distinct
subsets of 174,705 individuals each taken from the UK Biobank. As a mask
in this study, we leveraged DNase I-hypersensitive sites (DHS) data measured over 12
days of ex vivo erythroid differentiation (Georgolopoulos et al. 2021; Maurano et al. 2012).
This means that, while all SNPs are tested for marginal epistasis, only their interactions
with SNPs in DHS regions are considered. Here, − log10 transformed P -values from SME
are plotted for each SNP against their genomic positions. Chromosomes are shown in
alternating colors for clarity. Variant-level results for the first replicate is shown in gray
tones with a positive y-axis, while results for the second cohort is mirrored along the
negative half of the y-axis and colored in green.
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Figure C.19: Manhattan plots of a genome-wide interaction split-half analysis
using SME to study uric acid (urate) assayed in two distinct subsets of 174,705
individuals each taken from the UK Biobank. As a mask in this study, we leveraged
GWAS summary statistics reported in the UK Biobank. This means that, while all SNPs
are tested for marginal epistasis, only their interactions with SNPs associated with the
trait are considered. Here, − log10 transformed P -values from SME are plotted for each
SNP against their genomic positions. Chromosomes are shown in alternating colors for
clarity. Variant-level results for the first replicate is shown in gray tones with a positive
y-axis, while results for the second cohort is mirrored along the negative half of the y-axis
and colored in green.
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Figure C.20: Manhattan plots of a genome-wide interaction split-half analysis
using SME to study body height assayed in two distinct subsets of 174,705
individuals each taken from the UK Biobank. As a mask in this study, we leveraged
GWAS summary statistics reported in the UK Biobank. This means that, while all SNPs
are tested for marginal epistasis, only their interactions with SNPs associated with the
trait are considered. Here, − log10 transformed P -values from SME are plotted for each
SNP against their genomic positions. Chromosomes are shown in alternating colors for
clarity. Variant-level results for the first replicate is shown in gray tones with a positive
y-axis, while results for the second cohort is mirrored along the negative half of the y-axis
and colored in green.
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Figure C.1: Schematic overview illustrating the approximation to the stochastic
trace estimator used in SME. (A) Computing the exact trace of a product for two
covariance matrices is computationally infeasible for large studies with many individuals.
SME overcomes this limitation by computing point estimates for variance components
using a method-of-moments (MoM) algorithm that features traces of matrix products
with random vectors z. In the stochastic trace estimates, we can identify reusable matrix-
by-vector products. We see that the matrix-by-vector products of the form Az with
A ∈ {K, Gj} and combinations thereof appear in multiple traces. (B) The genetic
relatedness matrix K is the same for all focal SNPs. Using unique random vectors in this
computation for every focal SNP, we compute the stochastic approximation repeatedly.
Computing the matrix-by-vector products Kz constitutes about half of the computation
time of the point estimates when no mask is applied. It constitutes most of the computation
time when a mask induces sparsity. (C) By sharing random vectors z between a set of
focal SNPs, computing Kz can be done once for the entire set. With this, we greatly
reduce the computational burden of computing Kz.
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C.2 Supplementary tables

Table C.1: While using a mask that induces uniform sparsity, SME estimates
zero marginal epistasis under the null hypothesis when traits are generated by
only additive effects. Synthetic traits were simulated with only additive effects using
chromosome 1 from individuals of self-identified European ancestry in the UK Biobank.
These data were then subsampled using sample sizes of 20k, 50k, and 100k individuals.
We randomly selected 10% of all variants to be causal with additive effects and we assume
that they explain 40% of the phenotypic variance for each trait. Data were analyzed using
both FAME (as a baseline) and SME under varying percentages of SNPs that are masked
(0%, 95%, and 99%, respectively). For reference, under the null hypothesis H0 : σ2 = 0.
Results are based on 100 simulated traits per scenario and values in the parentheses are
the standard deviations of the variance component estimates across replicates. The results
in this table correspond to the data in the insets of Fig. 3.3 in the main text.

Method Sample Size σ̂2 (Standard Deviation)

FAME

20k 0.000245 (0.003912)

50k 0.000349 (0.002053)

100k 0.000519 (0.001491)

SME (0% masked)

20k 0.000046 (0.003872)

50k 0.000038 (0.001934)

100k 0.000065 (0.001120)

300k 0.000039 (0.000504)

SME (95% masked)

20k 0.000024 (0.002355)

50k 0.000021 (0.001064)

100k 0.000022 (0.000571)

300k 0.000010 (0.000211)

SME (99% masked)

20k -0.000010 (0.001318)

50k 0.000011 (0.000562)

100k 0.000009 (0.000285)

300k 0.000003 (0.000101)
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Table C.2: While using a mask that induces localized sparsity, SME produces
deflated type I error rates when synthetic traits are generated under the null
model. Synthetic traits were simulated with only additive effects using chromosome 1
from individuals of self-identified European ancestry in the UK Biobank. These data
were then subsampled using sample sizes of 20k, 50k, 100k, and 300k individuals. A total
of 100 causal additive variants were randomly selected for each trait and their effects
were assumed to explain 40% of the phenotypic variance. Data were analyzed using SME
under varying percentages of SNPs that are masked (0%, 95%, and 99%, respectively).
Empirical size for the analyses used significance thresholds of α = 0.05, 0.01, and 0.001.
Values in the parentheses are the standard deviations of the estimates. Results are based
on 100 simulations per scenario.

Method Sample
Size α = 0.05 α = 0.01 α = 0.001

SME (0% masked)

20k 0.0414
(0.0181)

0.0052
(0.0081)

0.0000
(0.0000)

50k 0.0427
(0.0199)

0.0073
(0.0095)

0.0005
(0.0022)

100k 0.0474
(0.0234)

0.0073
(0.0081)

0.0006
(0.0024)

300k 0.0614
(0.0279)

0.0082
(0.0099)

0.0011
(0.0032)

SME (95% masked)

20k 0.0204
(0.0148)

0.0009
(0.0029)

0.0000
(0.0000)

50k 0.0232
(0.0178)

0.0007
(0.0026)

0.0000
(0.0000)

100k 0.0278
(0.0164)

0.0021
(0.0043)

0.0000
(0.0000)

300k 0.0359
(0.0201)

0.0030
(0.0055)

0.0005
(0.0021)

SME (99% masked)

20k 0.0044
(0.0066)

0.0000
(0.0000)

0.0000
(0.0000)

50k 0.0039
(0.0069)

0.0000
(0.0000)

0.0000
(0.0000)

100k 0.0048
(0.0069)

0.0000
(0.0000)

0.0000
(0.0000)

300k 0.0077
(0.0080)

0.0002
(0.0015)

0.0000
(0.0000)
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Table C.4: Complete list of marginal epistasis results from running SME on mean
corpuscular hemoglobin (MCH) assayed in individuals in the UK Biobank.
Here, we analyze 349,411 white British individuals in the UK Biobank genotyped at
543,813 SNPs genome-wide. As a mask, we leveraged DNase I-hypersensitive sites (DHS)
data measured over 12 days of ex vivo erythroid differentiation (Georgolopoulos et al.
2021; Maurano et al. 2012).In the first three columns, we list the identifier of the SNPs,
their chromosome, and their genomic location (basepair position). Next, we give the
P -value and marginal epistatic phenotypic variance explained (PVE) for each SNP as
estimated by SME. In the last two columns, we give the abbreviation for the trait that is
analyzed and the type of the external data source used to induce sparsity. These results
are saved as comma-separated value (CSV) files and can be downloaded directly from
https://doi.org/10.5281/zenodo.14607997.

Table C.5: Complete list of marginal epistasis results from running SME on
mean corpuscular hemoglobin concentration (MCHC) assayed in individuals
in the UK Biobank. Here, we analyze 349,411 white British individuals in the UK
Biobank genotyped at 543,813 SNPs genome-wide. As a mask, we leveraged DNase I-
hypersensitive sites (DHS) data measured over 12 days of ex vivo erythroid differentiation
(Georgolopoulos et al. 2021; Maurano et al. 2012). In the first three columns, we list the
identifier of the SNPs, their chromosome, and their genomic location (basepair position).
Next, we give the P -value and marginal epistatic phenotypic variance explained (PVE)
for each SNP as estimated by SME. In the last two columns, we give the abbreviation for
the trait that is analyzed and the type of the external data source used to induce sparsity.
These results are saved as comma-separated value (CSV) files and can be downloaded
directly from https://doi.org/10.5281/zenodo.14607997.

Table C.6: Complete list of marginal epistasis results from running SME on
mean corpuscular volume (MCV) assayed in individuals in the UK Biobank.
Here, we analyze 349,411 white British individuals in the UK Biobank genotyped at
543,813 SNPs genome-wide. As a mask, we leveraged DNase I-hypersensitive sites (DHS)
data measured over 12 days of ex vivo erythroid differentiation (Georgolopoulos et al.
2021; Maurano et al. 2012). In the first three columns, we list the identifier of the SNPs,
their chromosome, and their genomic location (basepair position). Next, we give the
P -value and marginal epistatic phenotypic variance explained (PVE) for each SNP as
estimated by SME. In the last two columns, we give the abbreviation for the trait that is
analyzed and the type of the external data source used to induce sparsity. These results
are saved as comma-separated value (CSV) files and can be downloaded directly from
https://doi.org/10.5281/zenodo.14607997.
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Table C.7: Complete list of marginal epistasis results from running SME
on hematocrit (HCT) assayed in individuals in the UK Biobank. Here, we
analyze 349,411 white British individuals in the UK Biobank genotyped at 543,813
SNPs genome-wide. As a mask, we leveraged DNase I-hypersensitive sites (DHS) data
measured over 12 days of ex vivo erythroid differentiation (Georgolopoulos et al. 2021;
Maurano et al. 2012). In the first three columns, we list the identifier of the SNPs,
their chromosome, and their genomic location (basepair position). Next, we give the
P -value and marginal epistatic phenotypic variance explained (PVE) for each SNP as
estimated by SME. In the last two columns, we give the abbreviation for the trait that is
analyzed and the type of the external data source used to induce sparsity. These results
are saved as comma-separated value (CSV) files and can be downloaded directly from
https://doi.org/10.5281/zenodo.14607997.

Table C.8: Complete list of marginal epistasis results from running SME on
body height assayed in individuals in the UK Biobank. Here, we analyze 349,411
white British individuals in the UK Biobank genotyped at 543,813 SNPs genome-wide.
As a mask, we leveraged the top 5,000 significant GWAS variants ranked by strength of
association (i.e., lowest P -values). In the first three columns, we list the identifier of the
SNPs, their chromosome, and their genomic location (basepair position). Next, we give
the P -value and marginal epistatic phenotypic variance explained (PVE) for each SNP as
estimated by SME. In the last two columns, we give the abbreviation for the trait that is
analyzed and the type of the external data source used to induce sparsity. These results
are saved as comma-separated value (CSV) files and can be downloaded directly from
https://doi.org/10.5281/zenodo.14607997.

Table C.9: Complete list of marginal epistasis results from running SME on mean
corpuscular hemoglobin (MCH) assayed in individuals in the UK Biobank.
Here, we analyze 349,411 white British individuals in the UK Biobank genotyped at
543,813 SNPs genome-wide. As a mask, we leveraged the top 5,000 significant GWAS
variants ranked by strength of association (i.e., lowest P -values). In the first three
columns, we list the identifier of the SNPs, their chromosome, and their genomic location
(basepair position). Next, we give the P -value and marginal epistatic phenotypic variance
explained (PVE) for each SNP as estimated by SME. In the last two columns, we give
the abbreviation for the trait that is analyzed and the type of the external data source
used to induce sparsity. These results are saved as comma-separated value (CSV) files
and can be downloaded directly from https://doi.org/10.5281/zenodo.14607997.
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Table C.10: Complete list of marginal epistasis results from running SME
on uric acid (or urate) assayed in individuals in the UK Biobank. Here, we
analyze 349,411 white British individuals in the UK Biobank genotyped at 543,813
SNPs genome-wide. As a mask, we leveraged 3,536 significant trait associations from
GWAS summary statistics. In the first three columns, we list the identifier of the SNPs,
their chromosome, and their genomic location (basepair position). Next, we give the
P -value and marginal epistatic phenotypic variance explained (PVE) for each SNP as
estimated by SME. In the last two columns, we give the abbreviation for the trait that is
analyzed and the type of the external data source used to induce sparsity. These results
are saved as comma-separated value (CSV) files and can be downloaded directly from
https://doi.org/10.5281/zenodo.14607997.

Table C.11: Complete list of marginal epistasis results from running SME on
vitamin D levels (VITD) assayed in individuals in the UK Biobank. Here,
we analyze 349,411 white British individuals in the UK Biobank genotyped at 543,813
SNPs genome-wide. As a mask, we leveraged 547 significant trait associations from
GWAS summary statistics. In the first three columns, we list the identifier of the SNPs,
their chromosome, and their genomic location (basepair position). Next, we give the
P -value and marginal epistatic phenotypic variance explained (PVE) for each SNP as
estimated by SME. In the last two columns, we give the abbreviation for the trait that is
analyzed and the type of the external data source used to induce sparsity. These results
are saved as comma-separated value (CSV) files and can be downloaded directly from
https://doi.org/10.5281/zenodo.14607997.
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Table C.13: SME identifies marginal epistasis in hematology traits from individ-
uals in the UK Biobank. Here, we analyze 349,411 white British individuals in the UK
Biobank genotyped at 543,813 SNPs genome-wide. Traits in this analysis included: mean
corpuscular hemoglobin (MCH), mean corpuscular hemoglobin concentration (MCHC),
mean corpuscular volume (MCV), and hematocrit (HCT). As a mask, we leveraged DNase
I-hypersensitive sites (DHS) data measured over 12 days of ex vivo erythroid differentiation
(Georgolopoulos et al. 2021; Maurano et al. 2012). Listed are only results corresponding
to SNPs that have marginal epistatic P -values below a genome-wide significance threshold
to correct for multiple testing (P < 5 × 10−8). In the second and third columns, we list
SNPs and their genomic location in the format Chromosome:Basepair. Next, we give
the P -value and marginal epistatic phenotypic variance explained (PVE) for each SNP
as estimated by SME. The next two columns report the resulting P -values when using
SME without an external data source (i.e., 0% masked) and MAPIT. The last columns
detail the closest neighboring gene and a reference that have previously suggested some
level of association or enrichment between each gene and the traits of interest. Due to
computational resource constraints, MAPIT was only applied to a random subset of 10k
individuals.

Trait ID Coordinates Ref.

MCH rs4711092 6:25684405 (Qin et al. 2020; Timoteo et al. 2023; Bauer
et al. 2011)

MCH rs9366624 6:25439492 (Edwards et al. 2013; Yang et al. 2005; Ray et al.
2022; Timoteo et al. 2023; Ding et al. 2012)

MCH rs9461167 6:25418571 (Edwards et al. 2013; Yang et al. 2005; Ray et al.
2022; Timoteo et al. 2023; Ding et al. 2012)

MCH rs9379764 6:25414023 (Edwards et al. 2013; Yang et al. 2005; Ray et al.
2022; Timoteo et al. 2023; Ding et al. 2012;
Plotnikov et al. 2022; Galesloot et al. 2016)

MCH rs441460 6:25548288 (Edwards et al. 2013; Yang et al. 2005; Ray et al.
2022; Timoteo et al. 2023; Ding et al. 2012)

MCH rs198834 6:26114372 (Vuckovic et al. 2020; Zhang et al. 2008)

MCH rs13203202 6:25582771 (Edwards et al. 2013; Yang et al. 2005; Ray et al.
2022; Timoteo et al. 2023; Ding et al. 2012)

MCV rs9276 6:33053577 –

MCV rs9366624 6:25439492 (Edwards et al. 2013; Yang et al. 2005; Ray et al.
2022; Timoteo et al. 2023; Ding et al. 2012)
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