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The complicated ways in which electrons interact in many-body systems such as most
molecules and materials have long been studied without accounting for the effects of
conservation laws. Resolving symmetries associated with these conservation laws can
not only provide complementary and clarifying lens on electronic behavior but is also
sometimes essential for obtaining correct results. In this thesis, I present studies that
perform symmetry resolution in many-body simulations for two different contexts: i)
finite temperature electronic structure calculations, and ii) zero temperature entanglement

measures.

In Part , [ introduce a recursive Auxiliary Field Quantum Monte Carlo (AFQMC)
algorithm that can directly simulate systems in the canonical ensemble. We apply the
method to the fermion Hubbard model and find improved performance over existing
approaches including rapid convergence to ground state expectation values. The effects of
excitations above the ground state are quantified using an estimator-agnostic approach
including studying the temperature dependence of the purity and overlap fidelity of
the canonical and grand canonical density matrices. As an important application, we
show that thermometry approaches often exploited in ultra-cold atoms that employ the
analysis in the grand canonical ensemble may lead to an under-estimation of extracted

temperatures with respect to the Fermi temperature.

In Part [[1, T combine the recursive AFQMC with a modified swap algorithm to measure
the accessible entanglement, the entanglement available to a system subject to fixed
particle number due to superselection rules, for strongly interacting fermion systems for
the first time. The combined algorithm is applied to characterize the phase transitions in

the bilayer Hubbard model and the Su—Schrieffer—-Heeger-Hubbard model. Here, we utilize



these entanglement measures alongside the corresponding particle and spin probability
distributions and demonstrate that these quantum informational metrics more clearly
resolve around the phase transitions and crossovers than the unresolved entanglement
entropy and even certain local order parameters. Overall, this thesis provides new means of
characterizing the electronic behavior within quantum systems, potentially deepening our
comprehension of the intricate interplay between many-body correlations and conservation

laws that underlie quantum phase transitions and crossovers.
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Preface

Within the broad spectrum of modern physical sciences, two principal branches stand
out to deal with phenomena occurring at the quantum mechanical level (microscopic,
low-temperature, low-dimensional), namely, quantum chemistry and condensed matter
physics. On one hand, the objectives and priorities of these two fields diverge: quantum
chemists prioritize resolving the electronic structure of molecules with exceptionally high
precision to describe and predict chemical phenomena, while condensed matter physicists
focus more on studying solids and reduced model systems to discern the macroscopic
properties of matter from its quantum states at the microscopic level, rather than aiming
for atomic-level precision. On the other hand, they converge at the methodological level,
as both of them aim to solve the Schrodinger equation in a simple yet generalizable
manner, such that simulations can be performed on a wide range of systems within a
realistic amount of time. Nevertheless, having discussed with many experts from both
areas, it is clear to me that although the boundary between these two disciplines is quite
fluid, researchers from one field are often times indifferent to the other field. Despite their
substantial overlap in theory and application, the insights and interpretations are often
found to come from a singular perspective rather than a fusion of both. Studying the
intersection of perspectives between quantum chemistry and condensed matter physics

thus underpins my primary research interest as a theorist.

The core focus of my research is the study of symmetry at this intersection. Although

it is generally true that symmetry can help reduce the analytical and computational



effort required to solve quantum mechanical problems, it turns out that enforcing a
certain symmetry on a system can be more computationally challenging than releasing
it. Nonetheless, conservation laws and selection rules stemming from symmetry play a
pivotal role in shaping our understanding of molecules and solids. This encompasses
their structural, electronic, and spectroscopic properties, as well as the phases and phase
transitions that connect them. Understanding how a specific symmetry influences these
properties is therefore vital in both quantum chemistry and condensed matter physics.
This underscores the need for innovative methods that enable imposing symmetries to
solve quantum mechanical problems without drastically increasing the computational
cost. In this regard, I developed a novel Recursive Auxiliary Field Quantum Monte Carlo
method for efficiently performing finite temperature simulations in the canonical ensemble,
which necessitates imposing particle number conservation (U(1) symmetry) [T. Shen et al.
J. Chem. Phys. (2020)]. I then improved the stability of this method and applied it to
study the thermometry of cold atom systems using the Hubbard model as an example
[T. Shen et al. Phys. Rev. E (2023)]. Furthermore, I generalized this method to enable
charge and spin resolution of the entanglement measures for a system under charge and

spin conservation [T. Shen et al. in preparation (2023)].

In this thesis, I introduce my novel algorithm for finite-temperature simulations in
the canonical ensemble, alongside an exploration of entanglement measures in the ground
state. These two points illustrate the interplay between many-body interactions and
conservation laws (symmetry) from the quantum mechanical and quantum information

perspectives, respectively.
Tong Shen

Providence, Rhode Island
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Part 1

Recursive Auxiliary Field Quantum
Monte Carlo for Finite Temperature
Simulations in the Canonical

Ensemble



CHAPTER 1

Introduction

1.1 Quantum Statistical Mechanics

For decades, chemical physicists have focused on developing a constellation of electronic
structure methods, from mean field[I} 2] to perturbation[I} 2] to coupled cluster theories, |2,
3] to describe the ground and low-lying excited states of molecules and solids. While it
is undoubtedly true that many phenomena involve electrons that reside in their ground
states, it is becoming increasingly apparent that there are a wealth of phenomena for
which this assumption does not hold: atoms and molecules in the centers of large planets
and stars can experience GPa of pressure and temperatures of over 10,000 K[4, [5], and
lasers can be used to heat and thereby steer chemical reactions along different mechanistic
pathways to facilitate processes such as catalysis[6, [7, §]. Furthermore, the thermal
distribution of electrons competes with their quantum correlations, playing a crucial
role in determining finite temperature phase transitions, including structural[9], metal-
insulator[I0], superconducting[I1], and magnetic[I2] transitions. Temperature is moreover
one of the key parameters that can be used to tune the electronic properties of the
materials that make up many of modern society’s most important technologies[10, 13, [14]

and is responsible for the pernicious loss of coherence in physical realizations of qubits|[15].



Studying the properties of electrons at finite temperature necessitates using concepts
and methodologies from quantum statistical mechanics. While classical statistical me-
chanics provides a good approximation for macroscopic systems where quantum effects
are negligible often at high temperatures, quantum statistical mechanics is essential for
accurately describing the behavior of systems at the microscopic level and at low tem-
peratures. The key differences between the classical and the quantum description can be
revealed by examining the most important quantity in statistical mechanics, the partition
function. In classical mechanics, the state of a system is described by points in phase
space, with each point representing a possible state of the system given by a particular set
of position and momentum coordinates for each particle. Classical statistical mechanics
also assumes that energy levels are continuous, and a system can take any energy values

within a given range. As such, the partition function of an N-particle system is given as
In = / dle PENT), (1.1)

where Fy is the energy of a microstate of the system, 8 = 1/kgT is the inverse temperature
and kp is the Boltzmann constant, and ' = (7, ¢) represents a point in the phase space
with canonical position and momentum vectors p'and ¢, respectively. The integral is taken

over all possible microstates in the phase space.

Quantum statistical mechanics, however, uses a different state space, namely, the
Hilbert space, where states are represented as vectors whose evolutions are governed by
the Schrodinger equation. Particles in quantum statistical mechanics can be either distin-
guishable (Boltzmannons) or indistinguishable (fermions or bosons), which significantly
changes the statistical properties of a system (Fermi-Dirac or Bose-Einstein statistics).
Energy levels are quantized and can only take certain discrete values. The partition func-
tion is therefore defined differently to reflect the quantum nature of the states, particles,

and energy levels:

Zy = tryle PH), (1.2)



where try represents the trace over the N-particle Hilbert space, Hy, and H is the
Hamiltonian operator that can be represented by a matrix expanded in Hy (hence the

exponential above is a matrix exponential).

While the partition functions are defined differently in classical and quantum contexts,
they are connected to various important observables of a physical system in the same
manner. To list a few, the expectation value of the energy of the system can be derived

from the partition function as
3 In ZN

EY = 1.3
() =25, (1.3
and the free energy and entropy can be obtained by
F = —]{?BTIIIZN, (14)
oF
= ——. 1.
5T (1.5)

More general quantities like the correlation functions between two physical quantities

(operators) A and B (A and B) can be formulated in terms of partition functions as[16, [17]

e—BET)
(A(H)B(0)) = / A AW BO)(), with p(T) = < —. (1.6)
and )
N N R . ef,[iH
(A)B(0)) = e (A1) B(0)p), with p = T (1.7)

in the classical and quantum cases, respectively. Here, p(T") is the canonical probability
distribution and p is the density matrix. With these equations, the partition function pro-
vides connections between the microscopic (like energy levels) and macroscopic properties

(like temperature and pressure) of a system.

It is important to note that the above formulas are given for the canonical ensemble
where the particle number is fixed. One can work in the grand canonical ensemble by

coupling the system to a particle reservoir. Then, the particle number is allowed to



fluctuate, which results in a modification of Equation to
Z, =tr [e*ﬁ(H*“N)]. (1.8)

Here, 4 is the chemical potential, N is the number operator, and the trace is now taken
over the whole Fock space, F = &nyHy. Thermodynamic relations, namely Eqs.-,
hold in the grand canonical ensemble when Zy is replaced by Z,, but these equations
could yield significantly different results in different ensembles. Indeed, investigating such
differences due to the choice of ensembles forms a key theme in Part [[ of this thesis. For
the remainder of the thesis, we use Z to denote the partition function in general scenarios

where the working ensemble does not need to be specified.

Path Integral Formulation of the Partition Function

Since the partition function is the most fundamental quantity in finite temperature
many-body physics, one needs a way of computing it. One direct strategy for quantum
partition functions involves diagonalizing the matrix corresponding to the Hamiltonian
operator to obtain all energy levels, after which the Boltzmann factors of these energy
eigenvalues are summed, yielding Z =), e PEx where E) denotes the energy of the Ath
eigenstate (assuming non-degenerate energy levels). This method, while exact, is limited
to small systems due to the exponential growth of the Hilbert space, and thus the matrix

to be diagonalized, with increasing system size and particle number.

The path integral formulation of the partition function, put forward by Mastubara[I§]
based on the initial idea from Feymann[19], offers a powerful tool for addressing the above
problem. It expresses the partition function in terms of imaginary-time evolutions along
classical paths. The key idea is to view the Boltzmann operator as a time evolution
operator in imaginary time

p X e PH = U(—ihp), (1.9)



where U(t) = e~/ ig the real-time evolution operator at zero temperature. A substitu-

tion, % — 7, is made such that the time-dependent Schrodinger equation
L0 ~
i k) = HIy) (1.10)

becomes

0 .\
— ) = A1) (1.11)

whose solution is exactly Eq.(1.9) over the interval from 7 = 0 to 7 = ﬁﬂ With this
single substitution, one can generalize almost everything in zero-temperature quantum
mechanics into finite-temperature quantum statistical mechanics[20]. The difference is the
real-time evolution is unbounded and can be carried out in a space that extends infinitely
from t = —o0 to t = oo, while the imaginary time evolution at finite temperature is

confined to a finite interval [0, A].

Using this notion, the partition function can be reformulated as a path integral in

terms of a set of basis |7)f]
7 = / Dlx(7)]e T Jo drHb(r)] (1.12)

Here, T is the time ordering and D[x(7)] denotes the path integral measure over all
possible paths x(7) the system can take in the imaginary time 7. For an infinitesimal

interval A7, the integrand is the matrix element of the exponentiated Hamiltonian:
e—ATH[x(T—i-AT)] _ <'TT|€_ATH|‘/L"T+AT>' (]_]_3)

An integration from 7 = 0 to 7 = 3 thus specifies a path in the state space spanned by

|z): {zo,2Ar,. .., Tp_Ar,To}. Note that the starting and ending points of any path must

' =1 is assumed in the thesis.
2The choice of such a basis is arbitrary; it may be represented in real space coordinates or in abstract
spaces such as Slater determinant space or auxiliary-field space.



be the same as enforced by the trace operation.

The path integral formulation provides a bridge between classical and quantum sta-
tistical mechanics, making it possible to employ powerful methods from the former to
solve problems in the latter. This concept has served as a cornerstone for the develop-
ment of a plethora of finite temperature electronic structure theories. In the context
of quantum Monte Carlo, the integrand of Eq.7 =TI drHx(1)]  can be viewed as
statistical weights, thereby allowing a Monte Carlo integration to numerically evaluate the
path integral. Different choices for the basis |z) result in different flavors of Monte Carlo
algorithms, with real space corresponding to Path Integral Monte Carlo and auxiliary-field

space corresponding to Auxiliary Field Quantum Monte Carlo.

1.2 Finite Temperature Electronic Structure Theo-
ries

1.2.1 Deterministic and Stochastic Methods

Reflecting the growing list of applications at finite temperature, there has been a recent
surge in the development of methods to study them. One of the most straightforward ways
of determining the finite temperature properties of quantum systems is by diagonalizing
the system’s Hamiltonian to determine all of its many eigenvalues and weighting them
to compute its partition function and related observables in a process termed exact
diagonalization (ED)[2I]. While this technique is numerically exact, as its name implies, its
computational cost scales exponentially with system size. On the other end of the spectrum,
finite temperature mean field theories, including finite temperature Hartree Fock[22),
23] and Density Functional (DFT) theories, |24, 25] trade accuracy for computational
expediency by approximating the many-body problem as a one-body problem in which an
electron is coupled to an average or “mean” field of the other electrons. While such mean

field theories continue to improve and hold great promise, they still struggle to achieve the
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accuracy often needed to correctly capture many-body physics. Between these two poles
lie a variety of techniques that are generalizations of their ground state counterparts. The
past few years, for example, have seen a resurgence of interest in finite temperature coupled
cluster techniques[26], 27, 28], 29], 30] and perturbation theories.[31], 32 33 B34 35, 30]
Closer to the mean field end of the spectrum, finite temperature embedding theories that
partition systems into correlated regions embedded within uncorrelated baths[37] such as
Dynamical Mean Field Theory (DMFT)[38, [39] and the finite temperature SEET and
GF2 methods[40), 41l [42] are distinctively capable of directly obtaining the full frequency-
dependent spectra of the systems they model. Nevertheless, all of these methods struggle
to balance computational cost with the need to account for the numerous electronic states

that contribute to finite temperature expectation values.

Finite temperature Quantum Monte Carlo (FT-QMC) methods are particularly ad-
vantageous in this regard because they have the exceptional ability to access numerous
states without the exponential or high polynomial costs of other techniques by randomly
sampling multidimensional state spaces for the most important states.[43], 44 45| [46]
One of the most successful of these techniques is Determinant Quantum Monte Carlo
(DQMC)[47, 48], 49] and its more recent extension, FT Auxiliary Field Quantum Monte
Carlo (FT-AFQMC)[50, 51, 52]. DQMC has a long history of being employed to study a
wide variety of lattice models. One of the key reasons why DQMC has been so widely
adopted is because, for certain important classes of problems[47, 53], it does not suffer
from the infamous sign or phase problems[54] that limit the practical utility of many other
stochastic methods. AFQMC methods grew out of DQMC methods and were developed
with the aim of being able to accurately model systems with clear sign problems by leverag-
ing its more sophisticated sampling techniques and phaseless approximation.[46], 55, 56} [57]
These methods have since shed light on such sign- and phaseful systems as the Hubbard
model off of half-filling[54, 58, [59] and many different ab initio molecular[52, [60) 61, 62]

and solid state systems[63, 64 65, [66]. Furthermore, these QMC techniques are versatile —



they can be applied to virtually any second-quantized Hamiltonian — and, by sampling
the overcomplete space of non-orthogonal determinants, they are able to sample large
portions of Fock space with high accuracy, yet comparatively mild computational cost of

O(N3)-O(NY), where N, denotes the number of basis functions[46].

1.2.2 The Need to Fix the Particle Number

This said, one of the Janus-faced features of the methods introduced above is that they
are formulated in the grand canonical ensemble, in which a system’s internal energy and
particle number are allowed to fluctuate according to its fixed temperature and chemical
potential[67]. In many systems, the grand canonical ensemble is the ensemble of choice for
modeling systems at finite temperature. This is a natural framework due to the approach
to the thermodynamic limit for electrons in solids, or the existence of a particle (or
quasi-particle) reservoir in transport geometries, heterostructures, and superconductors.
Having a fluctuating particle number is moreover beneficial from the numerical perspecitve,
as it enables one to trace over the particle number degrees of freedom, leaving an average
particle number that is tunable with a Lagrangian multiplier identified with the chemical
potential, u. Any particle filling can in principle be achieved by selecting an appropriate
1, thereby eliminating the need to explicitly account for the particle number distribution

for each microstate.

However, there are a growing number of important scenarios in which the number
of particles is fixed and small, including trapped atom systems comprised of a finite
number of atoms confined in box-style traps[68, 69, [70], nuclear systems with a fixed
number of nucleons|71], and molecules containing a fixed number of electrons[52] [72].
All such systems are more accurately described by the canonical ensemble in which
the number of particles cannot fluctuate. Moreover, many ground state algorithms in
condensed matter are formulated in the canonical ensemble[73, [74] 75, 56] and finite

temperature algorithms that can converge to these algorithms’ ground state results



without spurious particle number fluctuations can shed a brighter light on the mechanisms
behind low-temperature quantum phase transitions and crossovers[72} [63]. Other examples
where systems need to be treated within the canonical ensemble include determining
the operationally-accessible entanglement in indistinguishable many-body systems in the
presence of a U(1) superselection rule limiting physically-allowable operations[76}, [77, [78]

and the determination of thermonuclear rates for astrophysics[79].

Even from the simulation standpoint, sampling in the GCE may not be efficient as the
process of pinpointing the correct chemical potential to reach a desired particle filling can
be cumbersome. In current auxiliary field techniques that work in the grand canonical
ensemble, practitioners are often required to scan through tens to hundreds of potential
chemical potentials in order to identify the appropriate one for each Hamiltonian under

study[52, 80]. This procedure can be both time-consuming and resource-intensive.

Thus, efficiently describing interacting systems in the canonical ensemble has neverthe-
less been a longstanding challenge, particularly for second-quantized algorithms. Unlike
in the grand canonical ensemble, in which partition functions and other quantities can
be evaluated without placing any constraints on the number of particles[67], evaluating
quantities in the canonical ensemble requires an explicit consideration of particle-number
constraints. At a physical level, these constraints give rise to interesting, nontrivial
correlations among the occupations of different states — higher order expectation values of
occupation numbers do not factorize, even in the non-interacting limit[81]. However, at a
numerical level, these constraints can make the analytical and computational evaluation

of canonical ensemble quantities substantially more cumbersome[82].

1.2.3 Modeling Finite Temperature Physics in the Canonical

Ensemble

One approach for modeling interacting systems in the canonical ensemble that cir-

cumvents the imposition of direct constraints is the use of projection techniques[83] [84].
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In these algorithms, canonical ensemble quantities are projected out from the grand
canonical partition function at a suitably tuned chemical potential[85]. This approach has
been fruitfully employed to study a wide variety of problems in nuclear physics[83, [86],
and more recently, condensates|87, [8§]. Nonetheless, because this algorithm relies upon
projecting out of the grand canonical ensemble, it is accompanied by the same com-
putational overhead as typical finite temperature grand canonical simulations and can
develop numerical instabilities for large particle numbers or when reasonable chemical
potentials cannot be identified, for example near first order phase transitions[89]. Recently,
techniques for rapidly determining a chemical potential where it can be readily identified
have been proposed, but these techniques still do not inherently operate in the canonical
ensemble[85], 0, OT]. Approaches that directly take physical constraints into account
therefore have the potential to lead to methods that are not only more stable, but also

more computationally efficient.

To meet these challenges, in Part |l we present a new, highly stable recursive algorithm
for the simulation of interacting systems in the canonical ensemble. This algorithm marries
the finite temperature Auxiliary Field Quantum Monte Carlo (AFQMC) algorithm [47, 50],
which has long been used to model finite temperature interacting systems, with the new
Auxiliary Partition Function (APF) formalism [81], which has previously only been applied
to non-interacting systems. The key realization that enables this marriage is that the
Hubbard-Stratonovich (HS) Transformation [92, 93] 94], which reconstructs the properties
of interacting systems by integrating over an appropriately-weighted ensemble of non-
interacting systems [95], can be exploited to construct interacting partition functions and
related observables in the canonical ensemble by integrating over non-interacting APF
partition functions. Our algorithm can therefore stably describe interacting systems in
the canonical ensemble by sampling non-interacting partition functions and other finite
temperature quantities generated using the APF formalism and then integrating over

those samples. This markedly improves upon our previous work which was built upon the
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significantly less stable Borrmann recursion algorithm for non-interacting gases [82] [96].
To highlight the stability of our new algorithm, we show that: (1) our new interacting
algorithm is stable down to substantially lower temperatures than previous algorithms

and (2) it has a lower computational scaling than previous projection algorithms.

With this highly stable algorithm, we proceed to analyze differences in the convergence
of the energy, sign, and information theoretic measures such as the purity and fidelity
[97, 98] to the ground state between the grand canonical and canonical ensembles. To do
so, we focus on the Hubbard model of interacting fermions in one and two dimensions
as an instructive example because it manifests the strong correlation often resulting in a
sign problem that is hardest to model via modern simulation techniques. We find that
because higher-energy states are more readily accessed in the grand canonical ensemble,
grand canonical energies tend to be higher and purities lower at any given temperature,
meaning that the grand canonical ensemble converges more slowly to the ground state.
We substantiate these findings with analytical expressions describing how these quantities
should converge to the ground state in both the interacting and non-interacting limits.
We furthermore demonstrate that these differences have substantial practical implications
for the thermometry of cold atom systems: if the temperature of cold atom systems
containing a fixed number of particles is estimated based on the grand canonical ensemble,
this leads to temperature predictions that can be as much as 53.2% lower than in the

more realistic canonical ensemble picture according to the analysis we present below.

1.3 Outline of Part [I

The rest of Part [I] is organized as follows. We begin in Chapter [2| by presenting
the conventional FT-AFQMC algorithm that works in the grand canonical ensemble,
where many technical features introduced are maintained in our canonical ensemble
extension. These features include recasting the ab inito Hamiltonian into Monte Carlo form

(Section [2.4)), discretizing the imaginary time propagation (Section [2.5)), and employing the
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Hubbard-Stratononvich transformation for decomposing many-body correlations (Section
. Moving on to Chapter , we present our new algorithm along with its underlying
formalism, showing how recursive relations for the partition function and one- and two-
body quantities can be determined using the APF method and subsequently integrated
into the FT-AFQMC algorithm. In Chapter [d], we first demonstrate the formal relationship
between our recursive algorithm and the previously used Projection algorithm in Section
4.2.1] Then, we present our results regarding the increased stability of our algorithm
(Section , before illustrating the differences in system energies (Section , purities,
and fidelities (Section as measured in the two ensembles using the Hubbard model
as a salient example. We exemplify the practical consequences of these differences for
thermometry in Section [4.6, We lastly conclude in Chapter |5 by discussing further
applications of our algorithm and its straightforward extension to studying nuclear matter

and bosons, for which it has the potential to show even greater efficiency gains.
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CHAPTER 2

The Auxiliary Field Quantum Monte
Carlo Method

2.1 Introduction

As discussed in Section [1.1], the finite temperature properties of a quantum system
can be accessed using the imaginary-time path integral formalism, which expresses the
partition function as a high-dimensional functional integral. However, directly integrating
out paths in imaginary time becomes increasingly challenging for complex systems. In this
regard, Quantum Monte Carlo (QMC) methods offer an approximation by statistically
sampling paths, or configurations, from a probability distribution. By averaging over these
sampled configurations, QMC provides estimations for the partition function, enabling
the computation of various properties such as energy and correlation functions. One
advantage of QMC methods is that their computational cost does not exponentially
increase with system size. Additionally, the error convergence rate of QMC estimations is
independent of the integral dimension, typically scaling as O(1/v/N). As a result, QMC
is well-suited for investigating complex many-body systems where other methods may

become computationally infeasible.
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In this section and the following section, we present the fundamental components of
standard classical Monte Carlo (MC) techniques that are crucial in the formulation of
QMC. Consider an integral of a function f(x) over a d-dimensional domain €2, where x is

distributed according to a normalized function p(x):

I:/dep(x)f(x). (2.1)

To compute I using MC, we generate a sequence of samples x1,Xs, ..., X;,... by sampling
from the probability density function p(x). This means that each x; is chosen in such
a way that the probability of it falling within the sub-domain (x,x + dx) is p(x)dx.
The approximation of I is then obtained by averaging over the accumulated sequence of

samples

1
I~y =~ Xzif(xi) = (f), (2.2)

and the convergence is ensured by the law of large numbers

lim Iy = 1. (2.3)

N—o0

Given the estimation of I from I, the error bars of Iy can be estimated by the sample

variance using the unbiased estimate of the variance

1

Var(Iy) = 57— 2 (F0x) = ()’ =T} (2.4)

Xi

which decreases asymptotically to zero as 1/N. The error bar is then given as

STy = 2, (2.5)

=

It is important to note that Equation ([2.5)) assumes a sequence of independent Monte

Carlo samples. However, in cases where direct sampling from the probability distribution
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p(x) is not possible, as discussed in the next section, Markov chain Monte Carlo methods
are employed, and the generated samples are correlated. In such cases, the actual error is

given by:
TfON

\/N )

where 7; represents the integrated autocorrelation time of the Markov chain that can be

STy = (2.6)

computed by averaging the correlation functions between samples[99]. In other words,
N/7¢ corresponds to the effective number of independent samples, while 7 denotes the

number of steps required for the chain to “forget” its initial state.

2.2 The Metropolis-Hastings Algorithm

In many cases, the probability distribution function p(x) cannot be expressed in closed

form and is defined in terms of a weight function g(x)
X

p(x) = %. (2.7)

Here, we assume that g(x) is positive in the domain § and is normalizable, i.e., [, g(x) < oo.

An example of such a weight function g(x) arises in statistical mechanics, where g(x)

corresponds to the Boltzmann factor, with g(x) ~ e #E®)_ Directly sampling from p(x)

becomes challenging because p(x) is proportional to an unnormalized density function g(x),

but computing the normalization (denominator) is often computationally infeasible (if it

were easy to compute, the entire integration could be performed directly without Monte

Carlo sampling). In such cases, the Metropolis-Hastings algorithm can be employed to

generate a sequence of random samples distributed according to p(x), without knowledge

of the normalization.

The Metropolis-Hastings algorithm is a Markov chain Monte Carlo (MCMC) method
that generates a sequence of samples governed by the principles of a Markov chain. As the

number of samples increases, the distribution of these samples incrementally converges
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to the target distribution. The general scheme for the Metropolis-Hastings algorithm

consists of the following steps:

e Initialization: Randomly choose an initial state xy as the starting point for the

Markov chain.

e Update: Generate a new candidate state x; based on xy by randomly change its
components. Evaluate the acceptance ratio a = min(1, g(x1)/g(x0)). A uniform
random number is then generated u € [0, 1]. The proposed state x; is accepted if

u < «. Otherwise, keep the current state unchanged.

e [teration: Repeat step 2 for a desired number of iterations or until a convergence
criterion is met. Each iteration generates a new state based on the previous state

and the chain is updated accordingly.

e Sampling: Collect the states generated by the Markov chain once it has reached

equilibrium, after a suitable “burn-in” period.

The average value can therefore be obtained as the standard approach in Eq.(2.2)). In the
ensuing sections, we enumerate the steps essential for deriving the weight function g(x)
that encodes the essence of many-body correlations at finite temperature, tailored for

quantum MCMC sampling.

2.3 Ab Initio Hamiltonians

Through the scope of our discussion, we focus on the model systems described by the

Ab Initio Hamiltonian(l

V:Z Gee +he) 4 = ZV;]MC CiCrer, (2.8)

i zgkl

While our applications mainly focus on lattice Hamiltonians, the formalism is built upon general
cases. Therefore our discussion revolves around Ab Initio Hamiltonians to maintain generality.
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where 4, j, k and [ denote site/orbital indices, é;r is the creation operator that adds one
electron to the ith site/orbital, and ¢; is the annihilation operator that removes one
electron from the jth site/orbital. h;; and V;;i represent the collection of one-body and

two-body electron integrals[1], respectively

by = [ oo o). (2.9

Vi = [ deoiea)oi(ea) e ontr)intra) (210)

Several things to note:

) iL(I‘) is the one-body operator. In molecular systems, it is defined (assuming no

relativistic effects) as h(r) = —Vi-3, f—:,

e We omit the spin component in the Hamiltonian because, as will be shown in
the following, spin-up and spin-down components can be treated separately in
the AFQMC framework. Hence, ¢ denotes the spatial site/orbital. Typically, the

spin orbital is written as a product of the spatial part and a spin function, i.e.,
X(x) = ¢(r)a(w) or x(x) = ¢(r)B(w).

e Physicists’ notation is used here for the two-body integrals. In chemists’ notation, it
is written [ dr¢;(rq)e; (rl)ﬁﬁ(rz)(ﬁl(rz). Clearly the integral remains the same
if the dummy indices of integration are permuted. It is easy to further verify that

Vijiu has an overall eightfold permutational SymmetryE] in the case of real orbitals.

2.4 Hamiltonians in Monte Carlo Form

For Hamiltonians represented in the form of Eq.(2.8]), the one-body term, T, proves
to be relatively straightforward to handle. For instance, within the framework of Exact

Diagonalization, it necessitates a matrix of dimensions O(N;NV) to express T for systems

2
Viiki = Viar = Viti; = Vikgi = Vija = Viegk = Viky = Viki
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encompassing N, sites and N electrons. However, the inclusion of the two-body term,
V, causes the matrix dimensions to escalate to the order of ( ) due to the many-body
correlations. As a result, finding a proper, approximate way of reducing the complexity of
treating V is in fact the central part of contemporary electronic structure methods. In
the framework of AFQMC, one decomposes the two-body term into integrals of one-body
terms through the Hubbard-Stratonovich (HS) transformation, which will be introduced
in the later section. The original form of V is ill-suited for the HS transformation and we
need to rewrite it into the linear combination of squared one-body operators that leads to

the Hamiltonian in the “Monte Carlo form”
~ 1 ~q
H=T+2) L, (2.11)
¥

where [AM, denotes a set of one-body operators. We now show one way to factorize 1%

into the form of Z which begins with casting Vjj in the form of a Hermitian

2! ’Y’
supermatrix by introducing two indices o = (4,1) and 8 = (k, j) such that V,3 = Vj;u.

An eigendecomposition is then applied to the supermatrix as

Vs = Ray MR, (2.12)

Y

where A\, are eigenvalues and R, are eigenvectors. The two-body operator V can thus be

reordered as

(2N)2
1 A
SN ILIEEIN SEEEES 3/) oIS
¥ il j
which can be further recast into the symmetric form by defining p, = >, R(“)Wéjél,

ng Rk, CkC] and po == — sz(z szk])é Ck

(2N)?

1 R
V=3 ; AAs AL} + o, (2.14)
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where the anti-commutator {/,, ﬁfy} in the above equation can be expressed as a quadratic

form

S = 5 Sl + 0 — (g — ) = 3 B2 (215)

5

We have therefore succeeded in factorizing V' into the desired form.

Different flavors of such factorizations exist and for a given basis set, many techniques
can be employed to reduce the number of factorization terms that is originally 2/N2. As
an example, for molecular systems with a Gaussian basis set where the matrix elements
are all real, terms with small A, that are below a threshold can be neglected. A modified

Cholesky decomposition has also been proposed to reduce the number of factorized terms

to O(N)[100].

2.5 The Trotter Decomposition

When evaluating (finite temperature) or applying (zero temperature) operator expo-
nentials e #% where H takes the form shown in Eq., one cannot directly break the
operator exponentials up into two separate parts, e—PH #+ e‘BTe_ﬂv, as H is a sum of two
non-commuting terms. The Suzuki-Trotter decomposition allows us to express the imagi-
nary time propagator as a series of infinitesimal time propagations. This decomposition

enables us to write it as the product of repeated exponential operators:
e BH _ 1im [efATTefATV]L _ [efATj’efAT‘A/}L + O(AT), (2.16)
where LAT = . A more generalized, m-order decomposition takes the form
e ATH _ (uiATT (w2 ATV amATT pom ATV O(AT™), (2.17)

and by coarse-graining the graph of interacting lattice models[I01], it is possible to achieve

any desired approximation order m systematically, but the increased computational over-
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head would limit the practical use of high-order truncations. In our work, all simulations

truncate the decomposition at the second order to balance speed and accuracy:
G_ATH — e—ATT/Ze—ATVG—ATT/2 + O(AT2), (218)

and the corresponding Trotter decomposition errors are typically smaller than statistical
errors[I02] and can be mitigated by performing a A7 — 0 extrapolation. The Suzuki-
Trotter decomposition is an important tool in all path-integral-based quantum Monte
Carlo methods, as elaborated in the next section. However, it is also widely employed in
other contexts, such as tensor network algorithms[103] 104] and quantum simulations on

quantum computers[105], [106].

2.6 The Hubbard-Stratonovitch Transformation

After transforming the Hamiltonian into the “Monte Carlo form” and applying the
Suzuki-Trotter decomposition, the many-body propagator is now composed of two parts.

—ATT/?

The kinetic exponential, e , 1s typically straightforward to handle, while the potential

’ATV, captures the many-body correlations and acts in a huge vector space

exponential, e
that grows factorially with the system size. In the context of AFQMC, one reconstructs
the properties of the many-body correlations in e~ATV through integration over a suitably

weighted ensemble of non-interacting systems, accomplished via the Hubbard-Stratonovitch

(HS) transformation. The generic HS transformation is based on the Gaussian integral

6o 2
/ dpe= "5 = /n, (2.19)

[e.9]

which may be inverted as

e L dpe™T 44, (2.20)
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Hence, if A is a one-body operator, the two-body operator eA*/2 may be split into the

integral of one-body operators interacting with a scalar field ¢ that is called auxiliary

field®] Applying Eq.(2:20) to the y-term of potential part in Eq.(2:11) yields

AT 72 & S~ Arbo I
s / do~p(oy)e Aronts, (2.21)

[e.9]

with p(¢,) being the standard Gaussian distribution. Accumulating all terms in the
two-body propagator and assembling them with the one-body, kinetic propagator, one

arrives at an effective one-body propagator within a small imaginary time interval
e—ATH o / dQ;)Tp(Q?T)e_ATT/QGZV \/—ATqS—yi.Ye—ATT/Q — / ng’Tp(qg’T)B(gg’T) (222)

Here, all one-body propagators can be merged into a single, effective one-body propagator
B(¢,)[107], where we denote the vector field at this time slice as ¢,. A propagation over

the entire imaginary time from 0 to 8 can then be written as

- - -

B ~ / WGP B B@Gr) - B(&,) - Bd), (2.23)

where ¢ represents a time-ordered auxiliary field of scalar values, ¢ = {qﬁl, Y S 51}
The importance of in the Monte Carlo approach lies in the fact that for a fixed field,
&, the one-body problem consists of a string of propagators B(¢y) - - - B(¢,) - - - B(¢,) may
be solved exactly. The integral over the field qg can then be carried out with Monte Carlo

methods.

Eq. represents a generic transformation applicable to both fermionic and
bosonic propagators[108], [109]. Notably, integration over the set of fields whose values
are distributed as a high-dimensional joint Gaussian is typically cumbersome. Given the
constraint on fermion occupation number, which can only be 0 or 1 due to the Pauli

exclusion principle, it becomes apparent that a fluctuating field that only takes two

3In quantum field theory, people call it bosonic field as it is a scalar value with zero spin
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discrete values could suffice to remove the fermionic many-body correlations, for a system

with N sites/orbitals, such a discrete HS transform leads to

—BH

~ Z B(51)--- B(5;) - B(%), (2.24)
5e{0,1}NsL

which clearly boosts the computational efficiency[I10]. To obtain the exact form for

one-body propagators at any imaginary-time step, B (§,), Hirsch introduced a discrete

variant of the HS transformation, tailored for V consisting of merely density-density

interactions, such as the Hubbard-type interaction[I11], 112]. For elucidation, consider

the Hubbard interaction for a single site:

. 1,1
V= Hy = Ulin = 5)(i, - 3). (2.25)

Hirsch proposed such an identity

B_ATI:IU = Z eas(ﬁT_ﬁi)7 (226)
s==1
with v = %e‘ATU/ 4 and cosha = €27Y/2, which can be easily verified by applying the

propagator to each state vector of a single site:

"2 0) = 29]0)

e = 2t
eATU/4]T) = 2vycoshalt)

AU Y = 2ycoshall). (2.27)

The imaginary-time propagator is then decoupled for spin species B(3,) = B+(5;)B,(57)
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with

B(5,) = e ATTH /200 s siriit o= ATT1/2.

éi(g;‘) _ e*ATTl/?e*aZi si,.rﬁwefA‘rTJ,/Q’ (228)

whose matrix representation consists of only diagonal elements when expanded to the

single-particle basis:

e+a51,'r

ATT, /2 erase ATT, )2
- - —AT —AT

Bi(5;) = e °™ e e,

€+0¢5N5,T

—QSs1 7

—QS2

B,(5,) = e ATh/2 e AT, (2.29)

e*&SNS’.,-

This choice of HS transformation leads to an efficient Monte Carlo algorithm for Hubbard-
type models. However, the auxiliary fields are coupled to z-component spin degrees
of freedom and break SU(2) spin symmetry. For a fixed auxiliary field, the measured
observables lack SU(2) symmetry, which can only be recovered after integration over the
entire field ensemble, potentially resulting in undesirable outcomes in certain scenarios[113],
114]. To avoid symmetry breaking, one can use alternative HS transformations that couple

to the density degrees of freedom:

e—ATﬁU _ 7/ Z eia’s(fwrm—l)7 (2-30)
s==+1

1 _ATU/4 —ATU/2
26 .

with v/ = and cosha’ = ¢ Clearly, this choice of HS transformation

conserves the SU(2) symmetry for each realization of the field. The trade-off is that one
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has to work with complex numbers (assuming U > 0). It turns out that when the sign
problem is absent, the above choice of the HS transformation is generally more efficient in

terms of convergence rate[113] 115].

For general fermionic two-body interactions that exhibit long-range correlations, such
as those in Eq., a discrete decomposition is theoretically possible as one can always
find a basis where all two-body operations are local, but to date, a general scheme is still
absent with only a few special cases having been reported|[116]. It is worth noting that
an approximate general discrete HS transformation exists, which introduces an overall
systematic error and allows a single scalar field to fluctuate in a larger manifold {£1, +2}
instead of {0, 1}[I17, 118]. When applied to the Hamiltonians in the form of Eq.(2.11]),

the following identity holds for small imaginary time step Ar:

e AL = Z y(s)eY AT L O(ATY), (2.31)
s=+1,4£2

with

y(£1) = 14+V6/3,v(£2) =1 —V6/3,

n(£1) = +£1/2(3 —V6),n(£2) = +1/2(3 + V6).

Although this transformation is not exact and introduces an overall systematic error
proportional to A73 in the Monte Carlo estimation of observables, it is important to note
that the Suzuki-Trotter decomposition already leads to a systematic error proportional to
A72. Therefore, this approximate transformation is essentially as accurate as an exact

one.
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2.7 Monte Carlo Sampling in the Grand Canonical
Ensemble

After introducing all the necessary prerequisites for performing an MCMC sampling
within the AFQMC framework, we now revisit the grand canonical ensemble (GCE)
partition function at a chemical potential ;1 and decompose it using the HS transformation.

The imaginary-time path integral can be written as:

Zo =l | [ i@ BG) B BG)

— [ @y a[B@) - B@)- BG)].

Without loss of generality, the continuous HS transformation is adopted herd’ and for all of
the following derivations. By denoting Zu(gz_ﬁ’) = tr [B(q%) - B(gy) - B(ggl)} , we obtain
a field-dependent function that can be interpreted as a probability density corresponding
to g(x) introduced in Section . Once Zu(gg) is solved for each field realization, the
standard Metropolis algorithm can be used to sample the field gg whose distribution is
proportional to Zu(g). In the GCE, the trace of one-body propagators over the entire

Fock space leads to a significant mathematical simplification, often referred to as tracing

out all fermion degrees of freedom:

-

Z,(6) = det [I + B(¢r) - ~B(51)] — det [I + By(3, 0)} , (2.33)

Here, B (ggT) is the matrix representations of B ((ET) measured in the single-particle basis,
and B qg(ﬁ ,0) is the aggregated matrix from imaginary time 0 to 8. The rigorous proof
of Eq.(2.33) can be found in various literature sources[112, 119, 120]. Here, we provide
informal proof to provide an intuitive understanding of the concept and motivate the

derivations for Recursive AFQMC in the next chapter. Consider the eigendecomposition

4Within the scope of this thesis, the majority of simulations focus on model systems, and therefore
employ the discrete HS transformation.
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Figure 2.1: Schematic representation of the MCMC sampling process within the AFQMC
framework. Each horizontal line denotes an orbital or a site, with arrows representing the
auxiliary fields. The direction and length of the arrows depict the sign and magnitude of
the auxiliary field, respectively. For each step in the sampling process, a perturbation is
introduced to a single site, altering the field configuration from ¢ to ¢’, as illustrated by
the blue arrow.

of B3(,0) = U~'AU, where the spectrum {e~“} = diag(A). The trace over the entire

Fock space can be expressed as:

wlB@n) B = 3 [Lem

nr=0,1 k

SDIPIEE

k mnip=0,1

= [Ja+e®)

— det [I + B(8, 0)}, (2.34)

The last equality arises from the similarity transformation. The mathematical advantage
of working in the GCE is that there are no constraints on the total particle number,

allowing for the reordering of operations in the second equality.

Finite temperature properties in the GCE are obtained by evaluating

) tr[ B(A- uN)O}
<O> a tr[ B(H— .U»N)i|
= 5 [ @29 (0), (2.35)
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The MCMC sampling can be carried out by initializing and perturbing the field config-

uration gz_g according to the joint Gaussian p(gi;), and performing the Metropolis test by

—

computing the ratio of Z,(¢) before and after a perturbation:

. det [I + B (B, 0)} (2.36)
det[1+ By(5,0)] |

to decide if we accept the perturbation or keep the field unchanged. A schematic diagram
illustrating the Metropolis test in AFQMC is presented in Fig2.1] The measurement
can be made after several steps of such perturbation and test, to yield a field-dependent

sample of observables, denoted as <O> _. The estimation of <O> is obtained by averaging

¢
all <OA>¢_;SZ

<O> ~ L 3 <(§>5,c1> ~ %&)), (2.37)

sample 3 “w

and the sampling process would be repeated until the estimated results converge.

2.8 Observables and Wick’s Theorem

In this section, we present a general scheme of physical measurements. Assume the
observable of interest is a one-body operator, O =¢étAe = Zij éZT-Aijéj, defined at the

imaginary time 7 (7 = 0 for typical equal-time measurements). We can measure its value
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for a specified field configuration 5 as

. Olntr 1(6,7’)6”63?{7', 0)
(), - SOy
n=0

d1n det [I + By(8,7)e" By(r, 0)]

on
n=0
_ OTrinl[l + By(B,7)e" By(,0)]
on o
- Tr[(z— (I + By(r, 0)35(5,7—))’1)A], (2.38)
and the equal-time Green’s function at time 7 is given by
Gz(1) = (I + By(T, 0)35(5,7))*1. (2.39)

One can therefore reexpress <O> _ in terms of elements of Green’s function as
¢

<O>5 - ; <éjéj>¢;‘4ij = Z(I — G3(7)5:)Asj- (2.40)

2]

One major advantage of AFQMC is its capability to measure arbitrary observables.
This stems from the fact that, when considering a given Hubbard-Stratonovitch field,
we solve a problem involving non-interacting fermions subjected to this time-and-space-

dependent field. As a result, Wick’s theorem is applicable to each instantiation of the

ATA‘ATA> _<ATA'> <ATA> <ATA> <A‘AT>
C;CiC.CL)_ = (CiCi) (C.Cr)_ +(CiCr)_(CiCp)_. 2.41
< 10"k 3 () P k 3 % ? 1~k p: ( )

Therefore, when evaluating a many-body operator O, it is feasible to decompose the

auxiliary field:

measurement into combinations of products of two-point correlation functions, which

can be represented using equal-time Green’s functions. For example, a generic two-body
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operator, O = Ei,j,k,l éZTéLAijkléjél, can be measured as

<0>$ _ Z<ajéjé,tél>$Aijkl

i7j7k7l

- Z (D35 Pg0 + DgalOin = D)) A, (2.42)

7:7j7k7l

where Dz is the (i, j)th element of the one-body density matrix: Dy .

2.9 The Sign Problem

In ideal scenarios, the AFQMC sampling process involves matrix multiplications
and determinant computations, resulting in a scaling of O(N2) for systems with Nj
sites/orbitals. These operations are repeated along the imaginary time interval from 0
to 3. Consequently, the overall scaling is O(3N3). However, achieving such favorable
polynomial scaling is often unattainable, particularly for realistic systems like molecules
and solids. Like all existing fermion quantum Monte Carlo methods, AFQMC is plagued
by the notorious sign problem[I121]. Specifically, the integrand of the partition function is
not always positive, i.e., Zﬂ(q;) < 0. In such cases, Zu(qz;) can no longer be viewed as a
probability density, necessitating the use of a reweighting technique for statistically accurate

estimations. By considering magnitude of the original weight Z,,(¢) = |Z,(¢)| - sgn(¢) as

the new weight, we have

(2.43)

0 -san)_
(0) = 5 [ 412,00 -se05) (0) = <<g—g>¢>¢

“w

This approach doesn’t resolve the sign problem but rather reformulates it. The average
sign over the Monte Carlo sampling appears in the denominator, and thus, the average
sign impacts the time required to obtain meaningful expectation values with controlled
error bars in the simulation. The issue is that when the average sign, (sgn) g s close to

zero, the estimator <O> is highly noisy. Indeed, the average sign decays exponentially to
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¢

Figure 2.2: Schematic representation of the sign problem. The horizontal axis symbolizes
an abstract collection of auxiliary fields, forming a sampling path in QMC simulation,
while the vertical axis represents the statistical weights for each instantiation of auxiliary

fields, which may take negative values. In conventional QMC where ’ZM(g)‘ is sampled,

the net contribution is derived from the shaded area which is the result of subtracting the
negative contributions coming from the right end of the sampling path from the positive
contributions.

zero as the temperature is lowered [102], [122]
(sgn)g ~ e NPAS (2.44)

where Af is the free energy difference of the two systems before and after the MC update.
Consequently, the contributions from the Monte Carlo samples largely cancel each other at
low temperatures, as illustrated in Fig. The partition function, which is the difference
between positive and negative terms, becomes vanishingly small. Thus, the computational
cost for a fixed statistical accuracy scales exponentially with the system size and inverse

temperature.

While the occurrence of the fermionic sign problem depends on the specific representa-
tion and algorithm employed, it has been established that finding a general solution to the
problem is NP-hard[122]. This suggests that finding a universal solution for the fermionic

sign problem is considered to be exceptionally challenging if not impossible. Nonetheless,
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in certain scenarios, the AFQMC algorithm does not encounter the sign problem, espe-
cially when the system possesses particular symmetries such as particle-hole symmetry
(as in the half-filled Hubbard model) or, more broadly, time-reversal symmetry[123]. One
common approach to addressing the sign problem is the Constrained Path Auxiliary Field
Quantum Monte Carlo (CP-AFQMC) method[124], [125], which restricts the Monte Carlo
sampling to regions that have positive weights, at the cost of introducing systematic
errors. These errors can be somewhat alleviated by using an appropriate trial density
matrix (finite temperature) or trial wave function (zero temperature), or by employing a
self-consistent procedure to iteratively lessen the bias[126]. However, discrepancies be-
tween the algorithm’s performance at finite and zero temperatures have been observed[80].
A recent study suggests improving the average sign at low temperatures by incremen-
tally increasing the interaction strength during propagation, drawing from the adiabatic
theorem[I127]. In addition to these attempts at solving the fermionic sign problem through
numerical simulations, significant efforts have been focused on identifying a wider range
of models or representations that inherently avoid the sign problem. Notable examples
include Majorana fermion representation[128], basis transformation[I129], and Lefschetz

thimbles[130].

In the simulations carried out for our study, we primarily focus on systems that
are free from the sign problem or live with the sign problem, without employing those
sign-problem mitigation techniques. The rationale for this is twofold: a) Our primary
interest lies in exploring the intrinsic differences between ensembles (Part . This aspect
is not influenced by the presence of the sign problem; and b) The estimators for most
information-theoretic measures presented in our work (Part are highly sensitive to
the sampling scheme. Consequently, a biased estimator as in the Constraint Path could
yield unpredictable results. Hence, we have decided to reserve the exploration of these

measures with Constraint Path for future investigations.

32



CHAPTER 3

Recursive Auxiliary Field Quantum

Monte Carlo Algorithm

3.1 Introduction

With the established FT-AFQMC algorithm that works in the grand canonical ensemble
(GCE), the capability to trace over fermion degrees of freedom over the entire Fock space
results in a significant reduction in mathematical formalism and a closed form for the
statistical weight, as shown in Eq., greatly enhances the efficiency of the Monte
Carlo sampling. It is therefore natural to ask whether a similar closed form exists in the
canonical ensemble (CE), where an explicit particle number constraint is imposed. In this
chapter, we first demonstrate that such a closed form does not exist in the CE, thereby
hindering a direct CE extension of FT-AFQMC. To overcome this issue, we introduce free
fermion theories in the CE in Section Subsequently, we incorporate these theories into
the AFQMC framework and develop a robust and efficient canonical ensemble AFQMC
algorithm, named Recursive AFQMC, in Section
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3.1.1 Challenges Working in the Canonical Ensemble

In quantum systems with an ab initio Hamiltonian in the form of Eq.(_2.8)), its canonical

ensemble partition function takes the form
Zy = trye 1], (3.1)

where, unlike in the GCE partition function, the Boltzmann operator does not include a
chemical potential term, and the trace is confined to an N-particle Hilbert space instead of
the Fock space. This trace in the N-particle Hilbert space is denoted as try. The general
AFQMC framework does not depend on the choice of the ensemble because the excluded
chemical potential term, enlV , only operates on a diagonal basis and essentially acts as a

scaling factor. This leads to a path integral formula similar to that in the GCE:

—, — —,

\B(31)-- B(3,) - B(@d)) = / 43p(B) tr[B@r) -~ B@B,) - B
(3.2)

N~ tTN[/ dgz;p(

Indeed, the imaginary-time propagator, B ((ET), depends only on the Hamiltonian and the
choice of HS transformation. We can define a field-dependent statistical weight in the

canonical ensemble (CE) similarly as:

Zn() = ten[B(61) - - B(¢y) -+~ B(61)]: (3-3)

In contrast to the trace over the full Fock space, it is not possible to simply eliminate the
fermion degrees of freedom when taking the trace over the restricted N-particle Hilbert
space. By adopting the same eigendecomposition of the propagator matrix as in Eq.([2.33),

it can be expressed as:

ten[B(@n) - Bld)) = Y [[em (3.4)

{re} g e=N &k
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Because of the global constraint on the number of particles, the effective occupation
numbers, ng, are correlated and must sum to a constant value, making it impossible
to switch the product and summation operations. A straightforward but impractical
solution would be to sum over all possible configurations of {ny}, but this scales factorially
with both Ny and N, making it highly inefficient. For context, the GCE implementation
scales as O(N2) due to determinant calculations. Performing such an operation for every
Metropolis test is unfeasible, as it would limit the AFQMC simulations to very small

systems.

In the following part of this chapter, we present a new, highly stable recursive algorithm
to overcome this unfavorable scaling and reduce the cost of computing Zy(¢) to O(N, 3), the
same order as the GCE implementation. This new algorithm can therefore stably describe
interacting systems in the canonical ensemble by sampling non-interacting partition

-

functions in the form of Zy(¢) and other finite temperature quantities.

3.2 Free Fermions in the Canonical Ensemble: Re-

cursive Algorithms

3.2.1 The Borrmann Recursion Algorithm

Since the HS transformation[I10], T12], 46] used in AFQMC produces an ensemble
of non-interacting systems by decoupling two-body operators into an integral over one-
body operators. Intuitively, one may think each of those non-interacting systems can
potentially be subject to the theories developed for free fermions, so a non-interacting
(mean-field) canonical ensemble theory could be incorporated into AFQMC and solve the
above-mentioned chanllenge. In this regard, we first discuss a recursive algorithm[82] that
was proposed for ideal gas systems, before we delve into a thorough proof of this notion.

This algorithm aims to compute the N-particle partition function in polynomial time.
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One of the reasons it is easier to work with free particles is that the energy spectrum
of the system does not depend on the number of particles, i.e., the spacing between energy
levels stays the same whether particles are added to or removed from the system. Consider
a two-level system of either spinless fermions or hard-core bosons with the energy levels
being €¢; and €;, one can write down the partition function for 1- and 2- particle state at

inverse temperature § by summing over the weights all possible configurations:
Zy =e P e b 7, = ¢ Blate) (3.5)
These two partition functions are related:
Zy= gl f Y (P e H) = Lo D ), (36)

where we define the 1-particle partition function at inverse temperature nf: z, =
>k e "% In a three-level system, this relationship becomes Z3 = %(zl-Zg —29-Z1+23-2p).
This hints at the possibility of building an N-particle function recursively, provided the
knowledge of all the partition functions for fewer than N particles. Borrmann et al.[82]
suggested a general recursive formula for an Ng-level system with N particles, using

induction:

N
1
= D (ED — k), (3.7)
k=1

where the minus sign and the plus sign stand for Fermi-Dirac and Bose-Einstein statistics,
respectively. Since the average occupation number and the partition function are linked

through a derivative with respect to the energy levels, (ny),y = —6{% In Zy, one can

derive a similar recursive relation for occupation numbers using Laplace transform[I31]

and arrive at

ZN—
N 1€_IB€]€ <

(nk)N = 1+ nk>N_1 . (38)

N

Again, the minus sign and the plus sign represent the fermi and boson statistics, respectively.
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e—Ber (na) 4 (na)g W
Borrmann Exact Borrmann Exact Borrmann Exact
7.958E-11 | 1.608E-11 | 1.608E-11 | 8.660E-10 | 8.658E-10 | 1.352E-10 | 3.905E-9
1.029E-9 | 2.080E-10 | 2.080E-10 | 1.120E-8 | 1.120E-8 | 1.749E-9 | 5.052E-8
6.120E-9 1.237E-9 | 1.237TE-9 | 6.660E-8 | 6.659E-8 | 1.040E-8 | 3.004E-7
1.837E-8 3.714E-9 | 3.714E-9 | 2.000E-7 | 1.999E-7 | 3.123E-8 | 9.020E-7
2.390E-7 4.831E-8 | 4.831E-8 | 2.601E-6 | 2.600E-6 | 4.062E-7 | 1.173E-5
1.473E-6 2977E-7T | 2977E-7 | 1.603E-5 | 1.603E-5 | 2.503E-6 | 7.231E-5
8.384E-6 1.694E-6 | 1.694E-6 | 9.124E-5 | 9.122E-5 | 1.424E-5 | 4.115E-4
4.341E-4 8.773E-5 | 8.773E-5 | 4.723E-3 | 4.722E-3 | 7.342E-4 | 0.02121
1.092E-3 2.207E-4 | 2.207E-4 0.01187 0.01187 0.001834 | 0.05296
0.02717 0.005487 | 0.005487 0.2896 0.2895 0.3280 0.9474
0.06884 0.01388 0.01388 0.7103 0.7102 0.3388 0.9791
2.0457 0.3881 0.3881 0.9902 0.9900 0.3386 0.9993
3.5341 0.6389 0.6389 0.9944 0.9942 0.3333 0.9996
31.14609 0.9581 0.9581 0.9995 0.9993 0.2313 0.9999
302.1299 0.9957 0.9957 1.0001 0.9999 -0.09100 1.0000
3669.01383 0.9996 0.9996 0.9989 1.0000 6.9314 1.0000

Table 3.1: The illustration of the numerical sign problem for Borrmann recursion using
free fermions on 16 sites. e 7% represents the set of statistical (Boltzmann) weights for
each energy levels and is randomly-generated, €y, and (n,), stands for the corresponding
mean occupation number of each state, where ¢ denotes the total particle number. The
exact values are computed by explicitly enumerating all N-particle configurations (brutal
force) and compared against the Borrmann recursion

This recursion formula, which we refer to as the Borrmann recursion in the following, has
been quite successful in calculating properties of atomic Bose gases in harmonic traps.
It has been able to accurately reproduce results that align with Bosonic statistics, such
as the cusp point at the critical temperature in specific heats[I31], and the condensate

behavior at low temperatures[132, 133].

However, when the Borrmann recursion formula is applied to systems with fermions,
a problem arises. In Eq., the minus sign causes terms with odd and even particle
numbers to contribute positively and negatively, respectively, to the sum. This leads to
severe cancellations, which is reminiscent of the physical sign problem in QMC discussed
in Section 2.9 This particular issue, known as the numerical sign problem, stems from

rounding errors that can build up during the calculation of Eq.(3.8)). This has been noted
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in several previous studies that discussed recursive approaches to ideal Fermi gases[134]
135, [136]. More specifically, when a large e P appears in the recursive calculation, its
corresponding mean occupation number, (ny) ,;, tends to approach 1, yielding (1 — ny) 5
values as small as 107, When this occurs, the corresponding occupation number cannot
be correctly represented by finite precision arithmetic and corrupts the recursion. Table
3.1 illustrates this by using a set of randomly generated energy levels, €, which are then
exponentiated with an inverse temperature, 5. These exponentials are used as Boltzmann
weights in Eq. to compute a series of occupation numbers with different, constrained
total particle numbers. A brutal force scheme is also used to compute exact values to
verify the accuracy of the Borrmann recursion. It is clear that at the fourth iteration,
N =4, the Borrmann recursion is pretty accurate and is nearly exact, the discrepancies
increase quickly with increasing iterations, as can be seen by the time N = 6. Notice
that the second lowest energy level (meaning second highest statistical weight) of (ny)g
is slightly greater than 1 due to the round-off error, which violates the Pauli Exclusion
Principle and causes the ratio of partition functions in Eq. to become negative in

turn. Consequently, the recursion completely breaks down by N = 7.

We can gain some intuitive understanding of the reasons behind such numerical
instability for the case of fermions at low temperatures. In addition to the alternating
signs in Eq., the contribution of high energy levels to the factors zj, can be filtered
out by limited numerical precision. This is expected to have a minimal effect on low-
temperature Bose gases, as their thermodynamic properties rely heavily on the occupation
of low energy levels. In contrast, the thermodynamic properties of low-temperature Fermi

gases are governed by much higher energy levels in the vicinity of the Fermi level.

It is important to note that the numerical sign problem discussed here is different
from the physical sign problem mentioned in Section [2.9, The physical sign problem is
inherently due to the HS transformation and is very difficult to fully resolve. On the other

hand, the numerical sign problem is due to the instability of the Borrmann recursion and
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can be eliminated by using an alternative, stable recursive algorithm that doesn’t involve

alternating positive and negative signs.

3.2.2 The Auxiliary Partition Function Algorithm

Recently, a new Auxiliary Partition Function (APF) formalism has been proposed that
enables the recursive computation of N-particle partition functions and related quantities
for non-interacting systems from smaller particle number quantities, thus explicitly taking
particle-number constraints into account[81]. In essence, the APF formalism views the
canonical ensemble partition function as a sum over the probabilities of varying numbers
of particles occupying different subsets of states. Unlike the Borrmann recursion, the APF
formalism is able to arrive at expressions for canonical ensemble partition functions using

only positive sub-quantities, and hence it is significantly more numerically stable.

Given a set {\; := e 7%} of Boltzmann factors that correspond to the single-particle
energy spectrum {¢;}, we can build the desired N particle partition function recursively

by including one of the levels in each recursive step, i.e.,

Iy = NZQINY 4 Z 0 (3.9)
where the notation {\;}\); implies that we exclude the specific level j from the set {\;}
(see Ref. [81] for extensive details). This recursion does not suffer from the problems of
Eq. because it is inherently positive. Yet, the unbounded nature of the Boltzmann
factors \; can make achieving the desired numerical precision difficult, especially at low
temperatures. This can be addressed with a simple trick. We modify Eq. by inserting
an arbitrary multiplicative factor A; (to be determined below) with the inclusion of each
A; and apply the modified equation on the modified set {B);}, where B is an additional

constant (also to be determined). This results in a modified recursion relation

In = A (B&Z}@ﬁw + Z}V*f}\*ﬂ') , (3.10)
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and we can recover Z from the resulting Zy via

Zy =BV 2y [ ] A (3.11)

J
This suggests that we can enhance the performance of the APF recursive approach for
calculating Zy through a clever choice of the constants {A,} and B. In order to do so,
we rearrange the fugacity expansion for the grand canonical partition function, Z,, in

terms of the canonical partition functions, Zy = try e—PH ,
Z,=)Y "N Zy. (3.12)
N
Dividing by the grand canonical partition function and removing the summation over N

results in an expression for the particle number probability distribution given by

ePuN 7
P,(N) = Z—N : (3.13)

i

-1
For non-interacting fermions, 2, =[], (1 — 5’” )) [67], where

By
w _ €4 3.14
pj 1 + eﬂ‘“)\j ( ’ )
is the probability of occupying the j* energy level. This yields
Pu(N) = "V Zy I (1 . pgf‘)) . (3.15)

J

If we compare Eq. (3.15) with Eq. (3.11]), we can identify P,(N) with Zx by choosing
Aj=1- pg-” ) and B = eP# . which, when substituted into Eq. (3.10]), results in a recursion
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relation for the number probability distributionﬂ

P

(V) = p PRIV (N — 1) 4 (1 — p) PPV (), (3.16)

In contrast with Eq. (3.9)), all terms in the above equation are bounded between 0 and
1, which further ensures their numerical stability and automatically avoids numerical

arithmetic overflow issues caused by extremely large \; values. Also, setting N = 0 in

Eq. (3.13)), we see that 1/Z, = P,(0), which enables us to re-express Eq. (3.13)) as

Zn  eNP,(N)
gy = 2N 7 Ty 3.17
N7, P,(0) (3.17)

where Zy = 1.

We note that in Eq., the chemical potential i is an algorithmic parameter that
can take on any value without changing the value of the canonical trace. It need not be the
many-body chemical potential, which is otherwise difficult to determine for an arbitrary
system. To increase the numerical stability of Eqs. and , it is best to select
a p around the Fermi level, where P, peaks at N. A good choice is e’ = IANAng1] Y2,

assuming that {\;} is sorted as || < [Ao| < -+ < |An,

To demonstrate the stability of the APF recursion over the Boltzmann recursion, we
carried out tests on simple harmonic oscillator models with equal energy spacing. This
setup allows the N-particle partition functions to be computed analytically[137], which
serve as ideal reference points for comparison. In Fig)3.1] we plot the logarithm of the
partition function vs. the number of electrons (V) computed using the analytical formula,
the Borrmann, and the APF algorithms for an equally-spaced N, harmonic oscillators.
The instability of the Borrmann recursion is indicated in its deviation from the exact

results starting at around Ny = 40, while the APF algorithm is highly stable and matches

'In practice, the computation starts with a fictitious system containing zero energy levels and zero
particles; the recursion then proceeds level-by-level and particle-by-particle.
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Figure 3.1: The logarithm of canonical partition functions as a function of the number
of simple harmonic oscillators with equal energy spacing (A = 0.2) at half filling. The
results are computed using the analytical formula, the Borrmann recursion, and the APF
recursion respectively. The inset graph extends these results up to 250 oscillators, and the
dashed line represents the smallest possible value (~ 2.22 x 1073%) that can be represented
in double-precision floating-point format.

the exact results across all the parameters we tested. Moreover, the APF recursion also
effectively manages numerical overflows or underflows, because Eq. can be presented
in logarithmic form, ie., In Zy = fuN +1In P,(N) —In P,(0). As observed in the inset
plot, the APF recursion remains robust even when the simulation expands to parameters
that yield partition functions far smaller than the smallest value representable in double
precision. This prominent feature of the APF recursion makes it an excellent fit when
generalized to interacting fermions, as the inclusion of many-body correlations might

result in extremely large or small partition functions.

It is worth mentioning that the particle number distribution P,(N) can be viewed as

a Poisson-binomial distribution[I38], which can be expressed as

PN =Y T " T (- »¥). (3.18)

SNy €SN jegN

where it is constructed from the probability pg“ ) of successfully occupying N energy levels
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at a given chemical potential and temperature out of a total number of independent
(non-interacting) and nonidentical Bernoulli trials[81], where the corresponding set of
independent success probabilities is represented by { pg” )}. Here, Sy is a set of NV occupied
energy levels selected from N, energy levels in the single-particle space; Sy denotes the

complement coming from unoccupied levels.

3.3 Generalization to Interacting Systems: Recursive

AFQMC Formalism

Equipped with a stable algorithm, we are now prepared to address the challenge
imposed by the canonical ensemble, by integrating the APF algorithm into the AFQMC
framework. While a crude AFQMC generalization appears straightforward — one might
simply add auxiliary-field dependence to all recursive formulas and integrate over the
fields — this approach demands proof. Indeed, the sufficient condition that allows us to
apply the APF algorithm to each auxiliary field realization is that the field-dependent
effective energy spectrum should not vary with the particle number. In this section, we
will first prove this sufficient condition, which paves the way for QMC estimation of
many-body partition functions. Subsequently, we derive recursive formulas for density
matrices, enabling us to establish and evaluate estimators for all equal-time observables

in the canonical ensemble, such as energy and correlations.

3.3.1 Partition Function

-

We first show that the QMC statistical weights in the canonical ensemble, Zy(¢),
exactly correspond to the trace of a Boltzmann operator of the form e—BH , where H is
a one-body operator. Recall that in Eq.7 Z N((E) can be expressed as a product of a
string of one-body propagators, B(&;) Using basic commutation/anticommutation rules,

it can be proven[I12] that the product of the B(¢,) exactly corresponds to an exponential
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of some one-body operator parameterized by the auxiliary field vector 5 = {&1, e ,(5 L}

—,

which we denote as h(¢)

L L
H é(ﬁgl) _ H 6-Anf</2ez7 &7 A /—AT%ﬁwe—Arf(/Q
! !
— B (3.19)

—.

We can subsequently define a set of new boson/fermion coordinates in which h(¢) is
diagonal[112]
e PP — o BEi;lhBlists — =BT, er(@)ey (3.20)

-,

where we call the set of {e,(¢)} the effective single-particle spectrum, because of the

following relation

h() = Z )R ()5l = D e ()], (3.21)

and

A=Y tmd, 6= Gl (322)
Since e~® is an independent-particle propagator that only depends on the auxiliary field
vector, qz?, the effective single-particle spectrum, {67(5)}, is independent of the particle

number. For an N-particle, N,-site system, taking the trace while constraining the particle

number yields

tTC(e_ﬁﬁ(é)) = trc<€_,327c257($)5w)

_ Z<F|e_’3 >, ey (@)ey IT)

-,

r
— Ze—ﬂ levil nyey(4) (3.23)
r

Here, I is used to represent the set of N-particle states, and thus, > . = Zn1+~~~+nN N

and n, denotes the number of particles in the vth eigenstate. For bosons, n, =0,1,..., N,
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whereas for fermions, n, = 0,1. A more detailed derivation of these equations can be found
in the Appendix |A] The key implication of Equation (3.23) is that, for a specified field
gz;, the single-particle spectrum can be decoupled from the particle number. Hence, the
many-particle energy given such fields is simply the sum of all of the single-particle energies,

and an AFQMC generalization for the APF algorithm is valid and straightforward:

eﬁuNPM(N7 ¢)

Zn(9) = = (3.24)
PM(Oa ¢)
with recursive relation for the effective spectrum {\, := 6—567(5)}:
Pu(N,¢) = p{) POV(N = 1,6) + (1 = p{?) P\ (N, 6) (3.25)
and
_ ey
b= T e

In practice, we propagate the imaginary time from g to 0 by multiplying B ((ET) matrices
which results in an overall propagator matrix, B q;(,é’ ,0) = Hf:o B(gz?T). Then, we carry out
an eigendecomposition to extract the effective spectrum, B 3= PAP™!, with A = diag(A).
The CE partition function for field gz; is then recursively constructed using Equations
and (3.25). The overall computational cost scales as O(N? + N,N), where the first term
arises from diagonalizing the Ny x Ny matrix B 5(6 ,0), and the second term originates from
the recursive calculation in Equation . In comparison to the GCE implementation
that scales as O(N?2), our CE implementation only adds an extra subleading term, O(N,N),

which contributes minimally to the total scaling for large system sizes (Ng > 1).

3.3.2 Density Matrices

In the GCE, most observables of interest can be easily expressed in terms of elements
of the one-body density matrix using thermal Wick’s theorem[I39], as shown in Eq.(2.41]).

Unfortunately, thermal Wick’s theorem cannot be applied to products of field operators in
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the canonical ensemble[I35]. The reason is that a single creation or annihilation operator
is not allowed to move cyclically across a string of operators in the CE. To be more specific,
if we apply an annihilation operator in the Heisenberg representation to a quantum state

in the GCE, it simplifies as[139)]:
ePHo g0 BHo ) = ePeig,|4p), (3.26)

However, such an operation in the CE violates particle number conservation, as ¢|¢)y
results in a state with N — 1 particles. However, we can cyclically move a pair of creation

and annihilation operators as it conserves the particle number:
ol gm0y = e Pl cle,|op). (3.27)

This hints at a generalized Wick’s theorem based on commutation rules with pairs of
creation and annihilation operators. In this section, we therfore present an alternative
approach to obtaining the expectation values of products of operators within the canonical
ensemble. Given that both Borrmann and APF algorithms are proven to be generalizable
to AFQMC in the previous section, we omit all auxiliary-field dependencies for partition

functions and observables for clarity.

Starting with the expectation value of the one-body density operator, we can evaluate

it using the same eigendecomposition of the field-dependent propagator matrix, B 3=

PAP™!, with A = diag({\;}), which leads to

c e/ N = ZPW aj, (3.28)

where (7,)x is computed recursively in O(N) operations[I31} 140} 141] as

(o) N = %(1 — (fla)N-1) (3.29)
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with the initial condition (n,)o = 0 (a detailed derivation can be found in Appendix
. When )\, is large, (n4)y is close to 1 and the right side of Eq. (3.29) may develop
numerical round-off errors. To avoid this, we reverse the recursion and compute the “hole”

distribution function for large values of A,

e’"P,(N +1)

)\O(PM(N) <ﬁ‘a>N+1 (330)

1 —(Ra)n =

with the initial condition (n,)y, = 1 at unit filling.

The expectation value of the two-body density operator can be computed in a similar

fashion:

@leetan = D [PiPrs(iais)vPy P,
a?/B
+ PiaPrs(ia — naig) vP5 P (3.31)

To express the two-level correlations in terms of occupation numbers, we use the commu-
tation relation é}géa/l = flé;éa + [é%éa, A] for a general operator A, plug this relation into
Eq.(3.27)) and obtain

G2 -1 (A = (ehtur A1), (3:32)

The choice A = ¢l ¢s leads to

(i) = (3.33)

Ag(Na)N—Aa (N
B< i};_)\(f BN a#ﬁ,

\

which can be viewed as the lowest order canonical ensemble generalization [135], [142] of
Wick’s theorem [143], recently extended to the case of degenerate spectra[81]. These

expressions are used throughout the rest of the thesis to compute energies, particle
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densities, and correlation functions.
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CHAPTER 4

Results: Benchmarks and

Applications

4.1 Introduction

While our formalism generalizes to any two-body Hamiltonian, for the sake of subse-
quent discussion, we will focus on the fermion Hubbard model due to the strong correlation
it exhibits and its relevance for the description of many useful chemical and material

systems.

In this chapter, we apply the established Recursive AFQMC method to the fermion
Hubbard model in one and two spatial dimensions and find improved performance over
existing approaches including rapid convergence to ground state expectation values. The
effects of excitations above the ground state are quantified using an estimator-agnostic
approach including studying the temperature dependence of the purity and overlap fidelity
of the canonical and grand canonical density matrices. As an important application, we
show that thermometry approaches often exploited in ultra-cold atoms that employ an
analysis of the velocity distribution in the grand canonical ensemble may be subject to

errors leading to an under-estimation of extracted temperatures with respect to the Fermi
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temperature.

4.1.1 Simulation Details

The Hamiltonian for the fermion Hubbard model may be expressed as

H=-ty (éjpéjﬂ + H.c.) U g, (4.1)

ij,0

]

where ¢; (¢; ) are anti-commuting fermionic creation(anihilation) operators such that
C; é; —l—é}éj = 0;; and N, = é;aéi’g is the local spin-resolved density for hopping parameter ¢

and interaction strength U. In our subsequent illustrations, we pose different challenges to
our formalism by varying the strength of the electron correlation, U/t, the filling (average
number of electrons per site), (n) = (>, i + 7;) /Ns, and number of sites, Ny, in our
model. We measure energies in units of the hopping parameter ¢ in our simulations and

set t = 1 in the remainder of this work.

4.2 Accuracy, Stability, and Speed of Recursive AFQMC

4.2.1 Connection to Projection Algorithms

In this section, we illustrate how the more conventional particle number projection

formalism[83, [144] can be derived from Egs.(3.14)), (3.15)), and (3.16)) through a Fourier

transform, and hence that it is analytically equivalent to the recursive approach. The fact
that these approaches are analytically equivalent will be of value when we compare the

accuracy, stability, and speed of these methods.

We begin by considering the generating function of the partition function under the
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recursive relation, Eq.(3.9)), for any non-zero a

ddVzn = M) oz > oV 7N
N=0 N=1

N=0

= (L+ah) Yy aVzZPh, (4.2)
N=0

By iteratively subtracting the Boltzmann factors A; from the set of all levels {)\;}, we

arrive at

iaNZN =[] +ar). (4.3)

J

Setting a = ePteim | with ¢, = 2mm /Ny, then yields

Z el eiomN 7 — H(l + ePretdm\;) . (4.4)

N=0 j

Using the discrete Fourier transform of the delta function at N, dy = Zﬁ: L€ N /NG we
can solve for e®*N 7y and recover the particle number projection result for the canonical

trace that was first proposed in Ref.[83]

e—Br

N Ns
Ty = - Z e~ iomN H(l + eﬂuewm)\j)
5 m=1 j

N,
1 J A ~
= E e Pl emiomN Z (m). (4.5)
5 m=1

As we shall demonstrate below, the recursion formalism and the projection formalism
have equivalent accuracy with recursion having slightly improved scaling (O(N2 + N,N)
vs.O(N3 + N2?) after considering the N3 cost of the eigendecomposition) for computing

the partition function.
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4.2.2 Comparisons with Projection Algorithms

Having demonstrated that both the APF and Projection algorithms are analytically
equivalent, we next compare their computational scaling. Both algorithms make heavy
use of full matrix diagonalizations at an O(N3) cost. However, due to its use of a Fourier
sum, the Projection algorithm sums over Ny Fourier components with each component
computing a Fourier-frequency-dependent partition function of a single-particle space of
size N,. In contrast, the APF algorithm only requires IV iterations, where each iteration
involves computing the occupation probability of N, single-particle levels. Ultimately, this
results in the recursive algorithm having an O(N32 + N,N) scaling for computing partition
functions and occupation numbers (one-body densities), whereas the Projection algorithm
has an O(N3 + N2) scaling. Thus, there is a clear benefit to using the APF method for
filling fractions below unity. The two algorithms also possess different prefactors: the
Projection algorithm requires an additional rescaling step to avoid numerical overflow
when the values of the Fourier components exceed the available floating point maximum at
a given precision, while the APF algorithm is automatically stabilized as the calculations
are mapped to probabilities that take values in the range [0, 1]. This points to the recursive

algorithm being more efficient, particularly at low fillings and for large system sizes.

The increased efficiency of the recursive algorithm is reflected in the left panel of
Figl4.1| which shows the wall time required for each QMC step of a random sample drawn
from a HS-transformed Hubbard model with U = 2 and = 12 for varying numbers of
sites. As computing a full QMC step involves both leading and subleading contributions
to the overall scaling of the algorithms, the plots in the left panel are reflective of the
differences between the total execution times of both algorithms. In particular, the inset
depicts the total speedup of the APF algorithm relative to the Projection algorithm.
The O(N3) diagonalization step is identical for both methods, so in the right panel, we
additionally plot the wall time to compute the canonical partition function, Zy(c), which

only reflects subleading contributions to the scaling, for both methods. Regardless of the
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Figure 4.1: Comparison of the runtimes (shorter is better) of our Auxiliary Partition
Function (APF) algorithm against the more conventional Projection algorithm for QMC
samples drawn from Hubbard models with varying numbers of lattice sites, Ny, with
U = 2 at two different fillings (n) = 1 and (n) = 0.2, and = 12. Runtimes are plotted
for computing a single QMC step (left panel), which reflects both leading and subleading
contributions to the scaling, and the full partition function (right panel), which reflects
only subleading contributions to the scaling. The inset in the left panel shows the speedup
(larger is better) per QMC step of the APF algorithm relative to the Projection algorithm.
Runtimes for (n) = 1 are denoted by the squares, while those for (n) = 0.2 are denoted
by the triangles.

size of the system and the filling, we find that our APF algorithm is always faster than
the Projection algorithm, in line with our scaling derivations. While one would expect the
similar O(N3) contributions to the scaling to dominate the wall times of both algorithms,
we nonetheless see from the inset that the APF algorithm remains 10-15% faster than the
Projection algorithm over a wide range of system sizes. This speedup leads to a significant
practical gain in the efficiency of the APF algorithm relative to the Projection algorithm,
especially for larger system sizes and fillings. We also observe that the time to run the
Projection algorithm remained roughly the same for different filling fractions, while the
wall time of the APF algorithm significantly decreased at lower fillings. Performing linear
regression on the log-log data in Fig. quantifies the overall N? scaling of the subleading
contributions to the wall time (as given by the slopes of the regression lines) and reduced

prefactor (as given by the regression intercepts) of the computationally more efficient

APF method.

Although both algorithms could potentially be further optimized, we believe that
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the scalings described here are those representative of typical implementations of these
algorithms. As further discussed in the Supplementary Materials of Ref.[I41], computa-
tional complexities can also be worked out for the evaluation of the level occupations and
their correlation functions. We find that the cost to compute occupations and related

observables follows roughly the same scaling as for calculations of the partition function.

4.3 Convergence to the Ground State Based on the
Energy

Having demonstrated the markedly improved stability and speed of our new method,
we can now not only assess how it performs on fully interacting systems but contrast the
different physics that emerges in the canonical vs.the grand canonical ensemble down to
relatively low temperatures. To appreciate these disparities, we begin by comparing how
the energies of the Hubbard model converge to their ground state energies at fixed N and
. The two ensembles are most effectively compared by choosing a grand canonical p

A

such that the average number of particles is given by (N) = N.

In the past, the convergence of the energy to its ground state value with decreasing
temperature has commonly been used to assess the relative contribution of thermal
quasiparticle excitations above the ground state to the overall state of the quantum
system. These excitations are also a key contributor to free energy, the key property

describing finite temperature thermodynamics.

In Fig. [4.2] we plot the energy per electron vs.the inverse temperature for the 6 x 6
Hubbard model at half-filling with U = 4 (and ¢t = 1). Both the canonical and grand
canonical ensembles yield predictably large energies at high temperatures due to the higher
thermal energy enabling the electrons to access higher energy states and then converge
to roughly the same energy at lower temperatures (large (). For all values of 3, the

canonical ensemble energy is lower, with the largest difference occurring at intermediate
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Figure 4.2: Convergence of the energy per electron in the canonical (CE) and grand
canonical (GCE) ensembles as a function of the inverse temperature for a 6x6 Hubbard
model at half-filling with U = 4. Both the main panel and inset demonstrate enhanced
convergence in the canonical ensemble.

temperatures. This is because a larger number of higher energy states are accessible to the
electrons in the grand canonical ensemble than in the canonical ensemble due to number
fluctuations. This difference between ensembles grows with increased filling and decreased
lattice size, which is in line with the intuition that differences between the ensembles
should decrease as the thermodynamic limit is approached. Interestingly, despite the
differences in their state spaces, both ensembles appear to converge to the same ground
state energy on the scale of Fig. [.2] at low temperatures. As we shall show next, the
energy turns out to be too blunt of a metric to detect subtle and potentially important

differences between ensembles.

4.4 Convergence to the Ground State Based on In-
formation Theoretic Measures: The Purity and
Fidelity

Given the similar convergence of the energy to the ground state in both ensembles

discussed in the previous section, one may ask if there are more fundamental metrics
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sensitive to differences between the two ensembles. Indeed, the two ensembles are
comprised of different states that are accessible at different temperatures which should

lead to differences in their convergence to the ground state.

For any finite-sized system, there exists a crossover temperature below which the system
is effectively in its ground state. This can serve as a more direct indicator for comparing
the convergence rate between ensembles than by directly comparing the 5-dependence of
the total energy. To quantitatively determine the crossover temperature, we are inspired

by information theory and turn to the measurement of the purity
P = trp?, (4.6)

where p is the thermal density matrix. The purity quantifies how mixed a given finite
temperature state is: in general, any finite temperature state is mixed and cannot be
represented as a single vector in Hilbert space, resulting in a purity of less than 1, P < 1.
Thus, quantitative deviations of the purity from the identity can provide insights into
the convergence to the ground state in a more general fashion than investigating any

individual physical quantity whose 1" = 0 value may not be known in general.

The purity can be computed in QMC through a replica trick[I45] 146] by rewriting it

in terms of a ratio of partition functions

Loz Jaat (U:0)

trp® = Z2(f) fﬂﬂtr< ) A$2>
B f* 3 (¢1U¢2) (@7)
f¢1 52 Z($a) ‘

Here, Z(¢1) and Z(¢) are the usual partition functions (in either the canonical or
grand canonical ensembles) as a function of their Hubbard-Stratonovich fields gz_ﬁ and ggg.

A (951 U 52) can be viewed as the partition function for a connected ensemble propagating
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from 0 to 2. The ensemble switching technique[I47, T48] can then be adopted to efficiently

sample this ratio of partition functions.

Although there is no known closed form for the purity, one can still expand p? in terms
of a system’s energy levels, and in the ground state (large-£) limit, only the leading term

remains (see Appendix [C| for a full derivation)

Pocl—2e PAE, (4.8)

In the canonical ensemble, AE exactly corresponds to the energy gap between the ground
state and first excited state, while in the grand canonical ensemble, AFE represents an
effective energy gap that contains contributions from states with N —1 and N + 1 particles
as sub-leading terms. As a result, a temperature below which the system falls into its
ground state region can be revealed by the onset of linear behavior when plotting In(1 — P)
vs.. In Fig. [£.3 we show the purity vs.temperature for Hubbard models simulated in the
canonical and grand canonical ensembles for two interaction strengths U, and fit In(1 — P)
linearly against the inverse temperature in the low-temperature region in the inset. As
before, simulations performed in the canonical ensemble converge more rapidly to the
ground state than those performed in the grand canonical ensemble, as indicated by the
uniformly larger canonical purities for any given U. The canonical and grand canonical
ensemble purities also show the greatest agreement for U = 4 for § > 6, when In(1 — P)
begins to significantly deviate below zero, which echoes the convergence for 5 > 6 seen

earlier in the energy.

However, in contrast to the relative convergence of the energy, the purity reveals
additional trends rooted in the underlying physics of the finite temperature crossovers. In
particular, In(1 — P) can be seen to crossover from exhibiting roughly constant behavior
at high temperatures to exhibiting linear decay with decreasing temperature (increasing

), as predicted by Eq. (4.8)). This is a clear indicator that the system has crossed into
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Figure 4.3: The purity, P, of a 6x6 Hubbard model at half-filling with U =2 and U = 4
as a function of temperature for the canonical (CE) and grand canonical (GCE) ensemble.
Different symbols correspond to different interaction strengths and the lines are a guide
to the eye. The inset shows In(1 — P) as a function of the inverse temperature /3, with
the crossover to linear behavior (fitted lines) indicating convergence to the ground state

(see Eq. (4.8)).

a regime that is resolving the ground states. By fitting the linear decay of In(1 — P),
we can also extract the energy gap AF from the slope of the regression lines. While it
can be statistically challenging to fit curves to such small purity values in the presence
of Monte Carlo uncertainties, our fitting procedure yields gaps of —0.0816 and —0.1051
for the canonical ensemble at U = 2 and U = 4, respectively, and —0.0182 and —0.0275
for the grand canonical ensemble at U = 2 and U = 4, respectively. Interestingly, the
more negative canonical ensemble slopes suggest that the canonical ensemble gaps are
larger than the effective grand canonical gaps, which is supported by the fact that more
midgap states may be present in a grand canonical treatment. Moreover, based upon
the effective gaps extracted, the systems with U = 4 possess larger gaps than those with
U = 2, which is expected given the direct correlation between larger U and larger AFE.
A more detailed discussion of the information that can be obtained from the purity is

presented in Appendix [C]
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Although the purity has provided a more detailed glimpse into the physics of the
crossovers that occur in the different ensembles, it is not a measure that directly compares
the two ensembles. One metric that can draw such a direct comparison is the fidelity,

F(p,p'), that measures the similarity between two density matrices p and p'.

In this case, the thermal density matrices in the two ensembles, py and p,,, describe
states that are not pure, and the mixed-state fidelity can be defined as the Hilbert-Schmidt

inner product of py and p, normalized by the two purities[98| 149]

tr(pnpu) '
tr(p%) tr(p})

Flpn, pu) = (4.9)
It is straightforward to show that under this definition, the fidelity is normalized and
reaches its maximum value of 1 if and only if py = p,, and that it is also symmetric
under the exchange of py and p,, F(pn,pu) = F(pu, pn). Note that the trace in the
numerator is taken over the whole Fock space, so the matrix form of py is expanded from
the N-particle Hilbert space to the Fock space with varying particle numbers, but is only
non-zero in the N-particle block. Moreover, when the number operator, N , commutes
with the Hamiltonian, as is the case for the Hubbard model, p, is block-diagonal in the
particle number regardless of the interaction strength. This fact allows us to simplify the

numerator of Eq. (4.9) to tr(pnp,) = Pu.(N, B) tr(p%). After some algebra, we arrive at

e2PN 7 (28)

]:(pN’plt) - PM(N’ 26) = Zu(26) )

(4.10)

which allows F(pn, p,) to be directly measured within our AFQMC simulations, as the
ratio between partition functions, Zy(28) and Z,(2/), can be measured through the same

ensemble switching technique as was employed in the purity calculations.

In the ground state limit (8 — o), the fidelity has a similar limiting behavior as the

purity, which can be derived by expanding the particle-number distribution P,(N,253). A
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Figure 4.4: Fidelity as a function of temperature for a 6 x6 Hubbard model at half-filling
with U = 2 and U = 4. The inset fits In(1 — F) to the inverse temperature from § = 8 to
B = 14 and extends to § values where In(1 — F) deviates from a linear fit. The error bars
in the inset figure are smaller than the symbols.

full derivation can be found in Appendix [C] and yields

Foxl— ge’wAE, (4.11)

where AF is again an effective energy gap that includes the effects of the gap for the
system of N particles as its leading term and the gaps for the systems of N +1 and N — 1
particles as its sub-leading terms. g represents an effective degeneracy that accounts for
the potentially unresolved spacing of the energy spectrum. This equation implies that

plotting In(1 — F) against 3 is expected to possess linear scaling in the large-/ limit.

In Fig. |4.4] we show the fidelity vs. temperature as well as In(1 — F) vs. § in the
inset. From this plot, we see that the fidelity is larger for U = 4 than U = 2, meaning
that, at low temperatures, the ensembles are more similar for larger U values. This is
likely because larger U values result in a larger gap, which limits how many additional

grand canonical states the system can access beyond those occupied in the canonical
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ensemble. From the inset, we additionally observe how In(1 — F) becomes linear in 3 at
low temperatures, as predicted by Eq. . A larger effective gap is again observed for
the more strongly interacting case with U = 4, which possesses a more negative slope
than for U = 2. The considerable deviation of the fidelity from unity, even at a very low
temperature (7" < 0.1), can be understood from Eq. , which definitively captures
how particle number fluctuations can continue to contribute to the grand canonical density

matrix, even in the limit of large systems when approaching the ground state.

Although the gaps obtained may not yet be as accurate as those obtained from
excited state calculations, these examples illustrate that the purity and fidelity are much
more informative metrics of convergence than the energy alone, and provide additional

information that can be exploited to estimate gaps from finite temperature simulations.

4.5 The Sign Problem

After observing how the canonical ensemble converges more rapidly to the ground
state, one may ask if this provides a practical way of more readily accessing f — oo
quantities than in the grand canonical ensemble. After all, it is reasonable to assume that
if the energy and wave function converge more rapidly in the canonical ensemble, perhaps
one can more readily gain access to low-temperature physics before a severe sign problem

sets in at certain fillings.

To address the interplay between convergence to the ground state and the emergence
of a physical fermion sign problem, we compute the average sign at different fillings
for a variety of temperatures and interaction strengths. The behavior of the sign as a
function of filling presented in Fig. [4.5]is representative of what we more widely observe: in
general, the average sign in the canonical ensemble is less than that in the grand canonical
ensemble at any given filling. Just as in the grand canonical ensemble, the sign at certain

fillings is at or near 1, reflecting special symmetries and indicating that the system can be
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Figure 4.5: Average sign vs.filling fraction in the canonical (CE) and grand canonical
(GCE) ensembles of a 6x6 Hubbard model with U = 4 and = 10.

modeled with no approximations at polynomial cost. However, away from these special
fillings, the average sign decreases, meaning that either exponentially more samples must
be taken to converge average observables or sign mitigation strategies must be employed.
Unfortunately, where the sign problem is present, the canonical sign problem appears
to be more severe. This is likely a consequence of the fact that the canonical ensemble
more quickly converges to the ground state: the same states that lower the canonical
energy relative to the grand canonical energy are those that give rise to a more significant
sign problem. This presents a practical tradeoff. While the canonical ensemble more
rapidly converges to the ground state with decreasing temperature, it does so with an
increased sign problem, signifying that simulations in the canonical ensemble do not allow
for a way to mitigate costs associated with simulating many-body systems of fermions.
The ground state of the fermion Hubbard model at most fillings possesses a significant
sign problem; the more rapidly this ground state is approached, the more rapidly a sign

problem emerges, regardless of ensemble.
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4.6 Thermometry

While the energy and sign are two of the most commonly measured observables
in stochastic many-body simulations, densities and correlation functions enable the
most direct comparisons with experiments. One may therefore ask what significant
differences may exist between canonical and grand canonical densities. This is not an idle
question: many recent cold atom experiments estimate the temperature of their trapped
gases assuming that the constituent particles interact according to the grand canonical
ensemble[T50), [68]. Although this is valid at large particle numbers, many such experiments
are performed in a mesoscopic regime in which only a finite number of particles are present.
Making this assumption when the thermodynamic limit has not been reached, can lead
to inaccurate estimates of the system temperature, resulting in incorrect phase diagrams

and potentially unfounded efforts to further reduce temperatures.

To make clear the effect of choosing the incorrect ensemble on the determination of
temperature in a finite closed quantum system, it is illustrative to consider the simplest
extreme example of one particle (N = 1) distributed amongst Ny = 2 energy levels {0, A}.

In the canonical ensemble,

(ni), = Hﬁ; (na), = "% (my), | (4.12)

while in the grand canonical ensemble, these average occupations depend on the

chemical potential p,

1 e BlA=p)

(1), = 1+epu (n2), = 1+ e BB (4.13)

In Eq. (4.13), p is chosen such that (n1), 4+ (n2), = 1, which yields 4 = A/2. Using
this value in Eq. (4.13]) and equating occupation numbers between ensembles (the quantity

most directly accessible in thermometry experiments through the velocity distribution)
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would require using an inverse temperature in the grand canonical ensemble that is twice
that of the physical canonical temperature, i.e.8, = 28 = 28y. This would result in a
100% error in the extracted temperature (when the incorrect ensemble is chosen), with

grand canonical simulations always predicting a lower temperature than the physical one.

While this is obviously an extreme (toy) example, thermometry errors can persist to
larger systems that include interactions that affect other measurable quantities. Therefore,
we similarly examine the differences between occupation numbers in the two different

ensembles in an interacting system. The left panel of Fig. illustrates the average

2x23

occupation number at different momenta for a 2D Hubbard model at filling (n) = =

with U = 2. Deviations are visible in the occupation numbers between the canonical and
grand canonical ensembles close to the Fermi energy. As in the simple case of only one
particle in two levels, demanding that occupations be equal would require shifting the

grand canonical occupations to a larger value of f3.

This behavior can be quantified by integrating deviations between the occupation

numbers over all momenta, which for a discrete spectrum is given by

(B8 = 3 |(mdy = (e, . (4.14)

k

where each expectation value could have its own temperature to minimize deviations (as
above) and p has been fine-tuned such that the average number of particles in the grand
canonical ensemble is equal to N. The results for the 6 x 6 Hubbard model at U = 2

away from half-filling ((n) = 1.28) are shown in a logarithmically-scaled heat-map in the

right panel of Fig. [4.0]

Complete agreement between ensembles would be signaled by a minimum in y at
B, = By (dashed line), but instead we observe considerable deviations that persist and
grow at large values of 8. While the magnitude of the color scale depends on the system

size, one can always find a temperature region for any finite size system where high
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Figure 4.6: Left panel: Average momentum distribution as a function of k in the canonical
and grand canonical ensembles for a 6x6 Hubbard model at U = 2, (n) = 1.28, and
either § =4 or § = 8. Right panel: Heatmap of log,y[x (5, 8,)], the difference between
the occupation of different momentum modes as a function of the temperature in the
canonical and grand canonical ensembles. The dashed line denotes the diagonal at which
By = Bn. The upward-sloping blue curve indicates that lower temperature (larger 3,)
GCE momentum distributions agree most with higher temperature (smaller Sy) CE
momentum distributions.

precision thermometry protocols necessitate the use of the correct ensemble.

Second-order fluctuations in the particle number provide an even clearer way to explore
the impact of choosing the incorrect ensemble. This can be quantified by the site occupancy

correlation function

() = (i + M) (R4 +75,0)) (4.15)

where i, j are D-dimensional site indices. This correlation function is more naturally
studied in momentum space via the static charge structure factor at wavevector k, given

by the Fourier transform of Eq. (4.15):

1 ..
Cp = — Z ™) (pup) | (4.16)

which is, in principle, measurable in cold atom experiments through, e.g.,Bragg

spectroscopy 151}, 152, 153] [154]. To quantify the difference between ensemble predictions
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Figure 4.7: Charge structure factor at k = (7, 7), Cz ), as a function of inverse tempera-
ture  in the canonical (CE) and grand canonical (GCE) ensembles for a 6 x 6 Hubbard
model at U = 2, (n) = 2523 ~ 1.28. The inset shows the heatmap of the difference in the
charge structural factors, 6C(x ~)(8n, B,), as a function of the inverse temperature in the
canonical and grand canonical ensembles.

for such a quantity, we compute Cy at k = (7, 7) to expose antiferromagnetic correlations
for a 2D Hubbard model at U = 2 and filling (n) = %22 as a function of inverse

temperature [ as shown in Fig. [£.7]

The odd number of electrons was chosen due to the existence of the large gap and the
increased spacing of low-lying energy levels. The grand canonical ensemble simulations off
of half-filling are implemented by tuning the chemical potential dynamically[85] during
the Monte Carlo step to ensure ’(n> w 1.28‘ < le™3. The deviation at each temperature
is clear, with the canonical structure factor having a consistently larger value due to
suppressed fluctuations. The inset shows a heat-map of the difference dCy for each
temperature § = [y, with the y-axis representing the effective inverse temperature
B, needed to minimize the difference between ensembles (the horizontal shift in the
main panel needed to align the two curves). Deviations of the minimum from the line

B, = B captures potential errors in thermometry when using the incorrect ensemble.
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The maximum deviation in the heatmap over the temperature range we study appears
to be (Bn, Bu) ~ (4.4,9.4), which leads to a 53.2% thermometry error. Such large errors
underscore the dramatic errors that can arise from an incorrect choice of ensemble and

that can be addressed using the new techniques presented in this work.
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CHAPTER 5

Conclusions

5.1 Overview

In summary, we have presented and illustrated applications of a new, significantly
more stable recursive algorithm for determining the physics of interacting systems in
the canonical ensemble. This algorithm integrates the Auxiliary Partition Function
formalism, a highly stable means of computing the properties of non-interacting systems
in the canonical ensemble, into the Auxiliary Field Quantum Monte Carlo framework
by exploiting the Hubbard-Stratonovich Transformation. We demonstrate the stability
of this algorithm and then showcase its potential applications by studying differences
in the way that the canonical and grand canonical ensembles converge to the ground
state. This convergence is quantified using information theory metrics by comparing the
purity of finite temperature states generated within the grand canonical and canonical
frameworks. We find that the canonical AFQMC results in a suppression of the mixed

state and improved fidelity with the ground state as T'— 0 in a practical simulation.

As an experimentally relevant application, we show that a grand canonical treatment
of the thermometry of cold atom and other systems with fixed particle numbers can lead

to underestimates of the temperatures of those systems, clouding investigations of their
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thermodynamics. This is becoming more pressing as studies of trapped homogeneous
ultra-cold fermions push into a regime of smaller 7/Tr where they are more poorly
described by the grand canonical ensemble. Moreover, this work has direct implications for
the study of nuclear matter, which possesses fixed nucleon numbers and has traditionally

been modeled using the Projection algorithm.

The fact that we find our algorithm to be more computationally-efficient than oft-used
Projection algorithms opens the door to a wealth of potential new applications. To date,
most Projection algorithms have been limited to system sizes of tens, to at the very
most, low hundreds of particles, with application to smaller nuclei and “toy” condensed
matter systems. In its present form, without many algorithmic advances or computational
fine-tuning, our algorithm can readily model systems with many hundreds of particles.
This opens the door to more accurate numerical descriptions of cold atom quantum
simulators or mesoscale devices where discrete particle number fluctuations can influence

the transport of heat and matter.

5.2 Outlook

Although we illustrated the performance of our algorithm on systems of fermions
because of their greater relevance and potential to develop a sign problem, our algorithm,
with appropriate modifications, is equally applicable to systems of bosons or particles
with other quantum statistics. The fact that the algorithm does not require explicit
knowledge of many-body chemical potentials and is stable for large systems implies that it
can see wide application in the study of quantum condensates, which can be challenging

to simulate in the grand canonical ensemble.

We also anticipate that our algorithm will enable more direct comparisons with other
finite temperature algorithms, including the Path Integral Monte Carlo, Density Matrix

Quantum Monte Carlo, and emerging Finite Temperature Coupled Cluster theories, all
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of which are formulated in the canonical ensemble. Beyond the algorithmic, our work
will furthermore enable seamless canonical ensemble simulations from high temperatures
to the ground state where most simulations are inherently performed in the canonical
ensemble. This will provide critical insights into how finite temperature physics gives rise
to ground state physics in correlated systems with decreasing temperature without the
noise induced by spurious particle number fluctuations. Given the correlations that fixed-
particle number constraints impose on the occupancies of different states, we moreover
anticipate that fluctuations and therefore the physics of systems in the canonical ensemble
will be fundamentally different. We look forward to the new such canonical ensemble

physics this algorithm will reveal.
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CHAPTER 6

Introduction

Understanding the properties of strongly correlated systems from the quantum-
information perspective has been gaining increasing attention recently within the realms
of quantum chemistry and condensed matter physics. This new perspective emphasizes
investigating quantum systems through the lens of global degrees of freedom stemming
from information theory, such as the mutual information[I55] 156], the entanglement
entropy[157, [158, [159] [160] and the fidelity susceptibility[161], [162], and provides a com-
plementary angle to traditional quantum chemistry and condensed matter approaches,
which typically focus more on local observables like correlation functions. For example, in
quantum chemistry, orbital-based entanglement measures serve as diagnostic tools that
distinguish between static and dynamic contributions to correlation energy[163]. These
measures also provide ways to assess electron correlation effects in the bond-forming
and bond-breaking processes[164] and to select suitable complete active spaces (CAS)
in an automated fashion by ignoring orbitals that are weakly entangled to the rest of
the system[165]. In condensed matter physics, entanglement entropy and entanglement
spectra introduce a fresh perspective on understanding phases and phase transitions that
do not fall within the traditional framework of symmetry breaking, including topological

orders and their related transitions[166, 167, T68].
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Among all of these quantum information notions, entanglement is the foundational
element as it encapsulates all non-classical correlations in a many-body system and is the
main contributor to the complexity of quantum systems. While quantifying entanglement
in mixed states[169] remains a challenge and an active area of research, the amount of
entanglement encoded in a pure state can be represented via entanglement entropy in
both its von Neumann and Rényi forms. The calculation of these entanglement entropies
has become critically important across many fields[170], and meeting the challenge of
performing entanglement measures in interacting systems, especially in strongly correlated

regimes, forms a frontier in modern computational physics and chemistry.

6.1 Entanglement Entropy

For completeness, we provide a brief review of both entanglement entropy and accessible
entanglement entropy in this section. More comprehensive reviews can be found in

Refs. [T71] 172, 73]

6.1.1 von Neumann Entanglement Entropy

In classical physics, entropy serves as a measure of a system’s randomness or disorder,
and it can be seen as the lack of knowledge to fully specify the microstate of a system.
This means that, among the various possible microstates of a system in thermodynamic
equilibrium, all compatible with the system’s macrostateﬂ and subject to thermodynamic
laws, there remains an uncertainty about the exact microstate the system will reside when
we only know macroscopic averages. In quantum mechanics, however, a non-zero entropy
arises even without a lack of information. To illustrate this, consider a quantum lattice
system (Figl6.1]) with a bipartition that divides the lattice sites into two groups, A and

its complement, A¢ E] The total Hilbert space is then expressible as a tensor product of

'In the sense that conserved quantities have the same values in the microstates and the macrostate.
2The process is conceptual and does not alter any properties of the system.
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the Hilbert spaces of each group
Hiot = Ha @ Hae, (6.1)

where H 4 is the Hilbert space associated with the quantum system of all physical sites

enclosed within the region A. Assuming a density matrix p on Hy, for a pure state [¢)

p =)W, (6.2)

we define the reduced density matrix p4 of the region A by tracing over the degrees of

freedom in region A°

pa = try,.(p) = ZAC<¢\p\i>AC, (6.3)

with {|é)4c,i = 1,2,...} being an orthonormal basis in H 4.. An alternative, but more

mathematically sound definition for p,4 is the local density matrix that satisfies

~ ~

try(pO) = try, (p40) (6.4)

for all local operators of the form O = OA ® jAc. In this regard, ps serves as a local
density matrix containing enough information to reconstruct any observable defined within

subsystem A.

The von Neumann entanglement entropy is then defined as

S1(pa) = —try (palnpa). (6.5)

Note that the entanglement entropy for a pure state always vanishes, S;(p) = 0, which
is consistent with the classical interpretation of entropyﬂ To further the discussion and

comparison with the classical version of the entropy, we decompose [¢) into a generic

3A classical system residing in a single microstate with probability 1 has zero entropy.
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Figure 6.1: The bipartition of a lattice system into subsystem A (blue region) and its
complement A°¢ (yellow region).

form:

) = cijli)a @ [5) ae, (6.6)

1,]
where |i) 4 and [j)4c form an orthonormal basis for H 4 and H 4c, respectively. In cases

where ¢;; factorizes, ¢;j = ¢j'c), |i)a and |j) ac are separable and Eq.(6.6) can be recast as

) = |va) ® [thac), (6.7)

with both [¢4) = > cf|iYa and |[pac) = > ¢ |i)ac as pure states, which implies

S1(pa) = 0. Conversely, when ¢;; does not factorize, |i)4 and |j)4c are “entangled.” Here,

a change of basis can be applied to Eq. to achieve a Schmidt decomposition form

) =3 VBrlk)a @ [K)ac, (6.8)

where the /py are singular values of ¢;; and satisfy >, pr, = 1. It is then easy to write pa

as

pPA = Zpk|k>AA<k|» (6.9)
k
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which corresponds to a non-zero von Neumann entanglement entropy

Si(pa) = — Zpk In py., (6.10)
k

which is nothing but the Shannon information entropy of the probability distribution
{pr}. In summary, for an entangled state (a superposition of quantum states, as per
Eq.(6.8)), an observer with access only to subsystem A will find themselves in a mixed

state, resulting in a non-zero entanglement entropy.

We conclude this section by examining some of the most significant properties of the

entanglement entropy, with comprehensive derivations and interpretations available in

Ref.[174].

e The entanglement entropy is continuous: S;(p4) is continuous for all p4 in the space

of normalized quantum states.

e The entanglement entropy is unitary invariant

S1(pa) = S1(UpaUT) for all unitary U. (6.11)

e For a pure state, the entanglement entropy for A and its complement A¢ are the

salne

Sl(pA) = Sl(pAc). (612)

e The entanglement entropy is sub-additive:

Si(paus) < Si(pa) + Si(pB), (6.13)

for two disjoint subsystems A and B.
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e The entanglement entropy is strongly sub-additivitive:

Si(pa) + Si(pc) < Si(paus) + Si(pBuc) (6.14)

for three disjoint subsystems A, B and C.

These properties are critical to our subsequent discussions, particularly regarding the

topological entanglement entropy discussed in Section [8.3]

6.1.2 Rényi Entanglement Entropy

While the von Neumann entanglement entropy is the most common and direct measure
of entanglement in a quantum system, it is not always easy to compute or interpret. The
evaluation often requires a complete quantum state tomography of the entire density
matrix p, as seen in various experiments[I75], [I76] and numerical simulations[I77, [178].
This process can be prohibitively costly from both the experimental and computational
perspectives. In this regard, we introduce the Rényi entanglement entropy[I79] as an

alternative measure of entanglement:

Su(pa) = ——— tr 2 Ya € (0, 00)\{1}. (6.15)

11—«

Unlike the von Neumann form, this metric is possible to measure experimentally using
ultra-cold atoms[I80, 18T], 182] I83], and to compute numerically via quantum Monte
Carlo[184, [I85], as it can be accessed through the expectation values of local operators
(which will be further discussed in Chapter . Crucially, the Rényi entanglement entropy
retains many properties of the von Neumann entanglement entropy, including Eqgs.(6.11))
and (6.12)f] It also exhibits similar scaling forms (boundary laws)[I70]. Consequently,

many universal features of a quantum system can be revealed equally well using both its

4While the Rényi entropy is not sub-additive or strongly sub-additive, as shown in Ref.[186], weaker
forms of these properties do exist for the Rényi entropy[187].
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von Neumann and Rényi forms. In this sense, the Rényi entanglement entropy provides a
more accessible way to obtain the information typically unveiled by the von Neumann
entanglement entropy. Therefore, we only focus on the Rényi entropy in our numerical

simulations.

Additionally, we note that the von Neumann entropy is a limiting case of the Rényi
entropy, Si(pa) = lim,_y1 Sa(pa), which is based on the limiting identity, lim,_,; %xa =

zlnz.

6.2 Accessible Entanglement Entropy

In this section, we introduce the concept of the accessible entanglement entropy, a new
form of entanglement entropy that measures the amount of “useful” entanglement between
two parties in the presence of conservation laws. Since entanglement serves as a physical
resource that can be used for quantum information (QI) processing[I8§], it is natural to
investigate how we can effectively exploit entanglement for these tasks[I89, [190], and what
physical restrictions might prevent us from fully harnessing the entanglement encoded
in a quantum system. In many physical systems, certain properties are conserved due
to underlying symmetries. For example, total spin or charge are conserved under SU(2)
(rotational) or U(1) (gauge) symmetry, respectively. These conservation laws restrict the
set of operations that can be performed on the system and in turn limits the amount of
entanglement that can be extracted for QI processing. As an example, we can consider a
trivial one-particle state

1

WJAB) = \/5

(104)[18) + [14)|08)) (6.16)

that contains 1 ebit of entanglement and is divided into two parties, A and B. One way

to extract entanglement contained in this state for QI processing is to apply a SWAP
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gate[174], 191] to the party A and a quantum register

1 1
SWAP|Opeg) ® —=(104)118) + [14)[08)) = 04) ® —

V2 ﬂ(‘OReg>’1B> + |1Rreg)|0B)), (6.17)

such that the entanglement that initially involves A is now transferred to the quantum
register. However, the superposition on the RHS of Eq. violates the particle number
conservation of the system and hence such an operation between this system and a
quantum register is physically forbidden (according to the so-called superselection rule).
This hints that the amount of entanglement that can be physically and operationally
accessed is smaller than the value provided by the von Neumann or Rényi entanglement

entropy.

To address this issue, Wiseman and Vaccaro[70, [192] proposed the idea of accessible
entanglement, which refers to the quantum entanglement that can be extracted from a
many-body state and then transferred to a quantum register while a superselection rule
(SSR) is in place. The accessible entanglement is defined as the weighted sum of the
entanglement entropies, which are calculated for the projected states of fixed local particle

number based on p4. For the von Neumann entropy, the definition is as follows:

Si(pa) = Y _ PuSi(pa,), (6.18)

where n is the number of particles in subsystem A, P, is the probability of A having n

particles,

P, = tr(Il,pall,), (6.19)

with II,, the projector onto the subspace of A with n particles, and p4, is the reduced

density matrix of A, projected onto fixed local particle number n

1
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For the a-Rényi entropy, the accessible entanglement entropy is expressed as[7§]

S (pa) = o D P (021

which reduces to S7°° in the limiting case « — 1. Although Eq.(6.21]) takes a rather

complicated form, it can be simplified and associated with Sy(p4) via decomposition:

S2(pa) = S5%(pa) + Hija({Pra}) (6.22)

with Hy/, being a generalized Shannon entropy with index 1/«

Hyjo({Pra}) = ! Y (Paa)'/®, (6.23)

11—«

P, = tr[HAnpAHAn}. (6.24)

’ trp%
Conceptually, Equation [6.22| can be viewed as a decomposition of the source of the
quantum entanglement: One term is more “classical” and reflects the entanglement caused
by fluctuations in particle numbers, as defined by the Shannon entropy, and another is
more “quantum” and represents the configurational entanglement between the subsystem
and its complement, indicated by the accessible entanglement. From this perspective,
the accessible entropy is not only significant as an experimentally relevant bound on the
amount of extractable entanglement, but it might also display more interesting behavior
across different quantum phases compared to the total entropy, as it effectively subtracts

the classical “noise” produced by fluctuations.

However, the interplay of many-body correlations and a superselection rule that fixes
the total particle number has not yet been thoroughly investigated, as previous studies
have mainly concentrated on systems with few particles[192] [193] or non-interacting
systems|[78, [194]. An algorithm that enables large-scale simulations for fully interacting

systems could offer valuable insights into (a) understanding how the presence of a symmetry
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impacts the entanglement properties of a quantum system (b) identifying how the accessible
entanglement entropy behaves differently at quantum critical points or across different
phases compared to standard entanglement entropy, and (c¢) determining the scaling form
of the accessible entanglement entropy relative to the system size. Addressing these points
could provide additional information for characterizing quantum correlations and phase

transitions in many-body quantum systems.

6.3 Outline of Part [II

In Part [[T} we expand the capabilities of the Recursive AFQMC, introduced in Part [
to include the computation of entanglement entropy and its symmetry-resolved variant,
the accessible entanglement entropy. This marks the first study of accessible entanglement
entropy for fully interacting fermions. It is important to note that the investigation of
entanglement properties in interacting systems remains an under-explored area, with
applications to realistic systems primarily confined to small systems that can be solved
with the Density Matrix Renormalization Group (DMRG)[163]. As a result, our focus
throughout this part is limited to quantum many-body systems on a lattice. Despite
their simplified forms, such lattice systems are ubiquitous in condensed matter and are

instrumental in understanding material properties from a microscopic viewpoint.

The structure of this part is organized as follows. In Chapter [7] we delve into the
algorithmic details in computing these quantities using Recursive AFQMC. Benchmark
results on models that exhibit phase transitions and topological orders are presented
in Chapter [8| Finally, Part [[I] concludes with an overview of the findings as well as

prospective directions for further research in Chapter [9]
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CHAPTER 7

Theory and Method

7.1 Introduction

In this chapter, we introduce algorithms for computing the Rényi entanglement entropy
Sa(pa) and accessible entanglement entropy S2°(p4) for interacting fermionic systems,
specifically for the case of a = 2, using AFQMC. Calculating entanglement, as opposed
to regular correlation functions, is a difficult task due to its inherently non-local nature
and the complexity of its mathematical formulation. Unlike local observables that only
depend on properties at a single point or a few points in space, entanglement entropy
requires consideration of correlations among all parts of the subsystem and its complement.
Moreover, the mathematical formulation of entanglement entropy involves the reduced
density matrix obtained by tracing over the degrees of freedom of the subsystem’s
complement. This is more complicated than the calculation of correlation functions that
only involves averages of products of operators. A common workaround to these challenges
is the “replica trick”. The core idea of the trick is to create multiple copies, or “replicas,”
of a system and then study the correlations among these replicas to gain insight into the

entanglement properties of the original system.
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We start by discussing Grover’s algorithm[l%]ﬂ a direct implementation of the replica
trick (Section . This algorithm extends the entanglement measures developed for free
fermions and is as simple to implement as conventional AFQMC. However, it suffers from
significant signal-to-noise issues even in sign-problem-free cases. A more elaborate method
called the swap algorithm[147, [T48], which borrows the idea of swap operations from field
theory, offers better-controlled statistical errors. However, it has to work in a manually
enlarged Hilbert space, leading to a rather unfavorable scaling for large systems. In Section
[7.3] we propose a solution to these algorithmic issues by incorporating the estimator in
Grover’s algorithm into the construction of “swap” moves in the swap algorithm, thus
significantly reducing the computational cost of the original swap algorithm as well as
avoiding the uncontrollable statistical errors in Grover’s algorithm. Lastly, in Section |7.4}
we discuss how to generalize Recursive AFQMC introduced in Part [[| to resolve symmetry
sectors in the reduced density matrix, thereby giving access to the calculation of accessible

entanglement entropy.

We note that most entanglement measures used in Part [T are for quantum systems
in the ground state, since the finite temperature entanglement entropy is a mixture
of quantum entanglement entropy (boundary law) and thermal entropy (volume law),
which is less physically meaningful for use as a quantification of entanglement. This may
raise some confusion as the methodology introduced in Part [[is for thermal quantum
states. Indeed, the finite temperature formalism in Part [I] can accommodate ground
state calculations, as the ground state can be considered a special case of the finite
temperature formalism where the inverse temperature, (3, approaches infinity. In practice,
the Boltzmann operator e=BH is used as a projector in ground state calculations, and [ is
interpreted as an effective temperature that is sufficiently large but finite to converge the

ground state wave function. The statistical weights in the ground state AFQMC then

!Note that this is different from the better-known Grover’s algorithm in quantum computing[196].
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take the form[197]
7 = det (PT e=PH P>, (7.1)

where P is a projector corresponding to a ground state trial wave function, |¢7), that
takes the form of a Slater determinant. Thus, we ascribe a “partition function” to the
ground state in our formalism, enabling our theory to apply to both finite-temperature
and ground-state scenarios. It is important to remember that this does not imply one can
define a partition function in the ground state. It means that the statistical weight in the
finite-5 ground state AFQMC simulation can replace the partition function used in the

finite temperature formalism to yield ground state results.

7.2 Grover’s Algorithm

7.2.1 Reduced Density Matrix for Free Fermions

As the primary advantage of AFQMC lies in its ability to decompose an interacting
system into a collection of non-interacting systems subject to free fermion theories, a
natural idea is to explore the analytical expression for the reduced density matrix (RDM),
pa, corresponding to a subsystem of free fermions. This expression can then be applied to
each effectively non-interacting system within every auxiliary field realization. In fact,
RDMs for solvable fermionic and bosonic models have been studied in the early 2000s by
the Density Matrix Renormalization Group (DMRG) community[198], 199, 200} 201]. This
was possible because, in the Renormalization Group (RG) schemes, a large Hilbert space
is continually truncated with the aim that a reduced number of states would effectively
reproduce most physics from the larger set of states. Since the states of a block within a
larger system are represented by RDMs; it is a natural strategy to use them to guide the
truncations. While a formal analysis is conducted using Grassmann variables, we provide
a less formal, more straightforward process[202] to derive the analytical expression of pa,

to make this section more coherent with the subsequent AFQMC generalization.
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Consider a generic free fermion system with the Hamiltonian
]
The elements of the related whole density matrix, p, can be expressed as
(éle;) = | pily). (7.3)
By definition, p4 must reproduce the values of <éjéj> for all 4, j in the subsystem A
<éjéj>A — tr[pacle; . (7.4)

This property also holds for 4-point correlations and is subject to Wick’s theorem

<éjéjé;iél>A = tr[ﬂA@T@jélél}
- [pAéj@]} tr [pAéLél} Ftr [pAéj-él] tr [pAéjéH , (7.5)

which implies that p4 is the density matrix of a non-interacting “entanglement Hamilto-

nian,” denoted as H 4

1 —Hy 1 —étH e
_— e ¢'Hac 7.6
PA ZAe ZAe ( )

Here, Z,4 is the normalization ensuring tr p4 = 1. Similar to Section [3.3 we perform a

eigendecomposition to H, to yield

1 A 4
= e 2 9HE, 7.7
PA ZAe ( )

Assuming (n,) are eigenvalues of the local two-point correlation matrix <éjéj> , We can
A

establish a Fermi-Dirac distribution for the entanglement spectra, {e,}, as

(7.8)



Since two-point correlations and Green’s functions are related through <éjé]> =1—-Gj,

local two-point correlations can be linked to the Green’s function by taking a submatrix

of G whose indices are confined in A, <é;réj> =1 — (G4)j;. Transforming Eq.([7.8) back
A

to real space, we arrive at

[ -G =(1+e M)yt (7.9)

where the prime denotes the transpose. After some algebra, we can acquire the matrix

representation of Eq.(7.8)):
H, =In(G;" - 1). (7.10)

Therefore, the RDM can be written in a closed form as
pa = det(I — GA)e_éT (@' -T)e, (7.11)
Note that Z4 can be computed through the normalization
Zy = tra, (e (G2 02y = et I+ (G3' =D =det(T— Ga) " (7.12)

By substituting Eq.(7.11]) into Eq.(6.15)) with o = 2, we derive the Rényi-2 entanglement

entropy for free fermions

Sa(pa) = —In(trp})
= —In(det(I — G)*det (I + (G3' —1)?))

= —In(det[(I—Ga)*+ G%]). (7.13)

7.2.2 AFQMC Generalization

In order to calculate the Rényi-2 entanglement entropy for interacting fermion systems
via AFQMC, it is necessary to not only identify a potential estimator for Ss(p4) in the

form suggested by Eq.(7.13)), but also to devise an appropriate sampling strategy to ensure
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that the estimator has a statistically correct distribution. As is put forward by Grover in
his seminal paper[195], Eq.([7.11)) can be generalized to interacting systems through the

auxiliary-field decomposition:

pa = / DOPsp, 5 (7.14)

with

pag=det(1-G,5)e " in(6 5 )¢, (7.15)

In this equation, Py refers to the probability distribution of the field 5 and takes the form
Pr=Z (qg) /Z. Here, Z (g;) and Z are the partition functions of the (E—dependent system
and the many-body system, respectively, and can belong to grand canonical, canonical, or

ground state forms.

As a result, the estimator for the Rényi-2 entropy can be constructed by using the

replica trick

expl-Sa(pa)) = [ DEDGE P 10500
= / D1 Dbo Py, P;, (expl—S2(pa)l) g, 3, (7.16)

= /D$1D$2P$1P52 det |:(]I — GA,(El)(]I — GA7<£2) + GA7$1GA7$2:| )

where the last equation comes from the normalization

é¢fin {(G;&l —H)(G;1$2 _]1)] é
tr[ﬂAﬁlPA&} = det(H—GAgl) det(H—GAﬁQ) trle : :

— det (11 -G, a;l) det (11 -G, 52) det []1 +(GL —D(G - 11)]

— det [(11 — G =G ag) +G,5G, ¢] (7.17)

Here, P¢—;1 and Pd_;z stand for the probability distributions for a pair of independent replica
fields, (¢1, ¢o). For simplicity, we represent (I — Gug)U—=G,35)+G,5G,z as gz

call it the Grover matrix, and refer to its determinant as the Grover estimator.
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In practice, exp[—S2(pa)] can be computed in AFQMC using the so-called Grover
algorithm, wherein the Grover estimator is sampled across two copies of the system using
the joint probability distribution function Pz P; . A significant advantage of Grover’s
algorithm is that it requires no additional technical components beyond AFQMC, as the
probability distribution Py and Green’s function G4 are identical to those used in the

standard AFQMC algorithm.

However, it has been found that this independent replica structure can lead to sub-
stantial statistical fluctuations[203, 204, 205, 206], as rare pairs of (51, 52) often make
significant contributions to the computation of Eq.. Generally, Grover estimator
values should fall within the range (0, 1], given that the entanglement entropy is always
non-negative, Sa(p4) > 0. In rare situations, the values of the Grover estimator, det gf}l’d;z,
can exceed 1, resulting in a negative estimation for Sy(p4) after averaging. This phe-
nomenon is demonstrated in the left panel of Fig[7.1] Despite the majority of samples
being distributed within 1072 ~ 10°, two rare samples near the right end of the sampling
path show extremely high values (10*73) and significantly elevate the sample average of

the Grover estimator (red dashed line) above 1, causing the estimation of Sy(pa) to be

unphysically negative.

To gain an intuitive understanding of this signal-to-noise issue, it helps to examine the
joint distribution Py Ps . In the case of the continuous Hubbard-Stratonovich transform,
Eq., P<5 follows a multivariate Gaussian distribution, N'(0,T"). Consequently, the
joint distribution is a product of Gaussians and aligns with a y-distribution, which has a
much heavier tail than a normal distribution. Therefore, in the process of replica sampling,
the likelihood of encountering rare events with large, unphysical estimator values increases,

leading to the destabilization of the measurement process.
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Figure 7.1: Distributions of 1000 AFQMC samples as employed in Grover’s algorithm (left
panel) and the swap algorithm (right panel). The horizontal axis symbolizes an abstract
collection of pairs of auxiliary fields that form a replica sampling path. In the left panel,
the vertical axis denotes Grover’s estimator, det 4% = (exp(—S3(p4)))¢, .4, While the
two vertical axes on the right panel correspond to the transition probabilities as defined
in Eqgs.(7.21)) and (7.23)). The red dashed lines indicate the average sample values of the
estimators.

7.3 The Swap Algorithm

To mitigate this statistical issue, it becomes necessary to establish an explicit correlation
between replicas in order to suppress the tail distribution such that rare configurations
with large statistical weights occur less frequently. The swap algorithm, initially proposed
in Variational Monte Carlo (VMC)[184] and Path Integral Monte Carlo (PIMC)[I85], is
one way to achieve this replica correlation. The key idea behind the swap algorithm is to
augment the replica MC sampling process with “swap” moves as illustrated in Fig[7.2a]
which exchange the configurations between the two replicas in the entangled region. These
“swap” moves help in mixing the configurations from two different replicas, resulting in a
more uniform sampling over the space of configuration pairs and therefore leading to a

lower variance.

While originally formulated in real space QMC, Trebst et al.[I13], 147] first expanded
the “swap” moves into the abstract auxiliary-field space by constructing an ensemble that
“glues” together the entangled region of the two replicas shown in Fig[7.2b] This technique

provided a stable method for computing the Renyi entanglement entropy using AFQMC.
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(a) Two replicas are shown as the blue/red regions, respec-
tively. After a swap move, the entangled regions (marked
as A) within both replicas are concatenated in such a way
that the propagation in imaginary time proceeds across
the replicas. This figure is adapted from Ref.[I85].
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(b) The Hilbert space in the right part is artificially en-
larged to represent the real-space concatenation shown in
PIMC (above figure). The Hamiltonian vanishes in the
regions with no auxiliary fields.

Figure 7.2: Illustration of the swap algorithm as implemented in PIMC (upper panel)
and in AFQMC (lower panel). In each panel, the left portion represents the ensemble
of two independent replicas with the partition function Z2. The right portion represents
the "glued” ensemble with the partition function Zf). In both figures, A refers to the
subsystem of interest (the entangled region), while B/A° represents the rest of the system.
The arrow moving left-to-right signifies the “swap” move between the two ensembles.

Here, a real-space configuration swap is replaced by a swap between the ensembles of two
independent replicas and the “glued” ensemble. However, this method comes with a cost:
it expands the size of the simulated Hilbert space to |Hf)| = N4 + 2N 4c[148], making
simulations more resource-intensive as the replica sampling in the enlarged Hilbert space

scales as O((Na + 2N 4¢)?).

In this section, we present a new approach we have developed to implement the swap
algorithm in AFQMC without the need to manually enlarge the simulated Hilbert space

as in Fig[7.2b] This technique typically achieves a speedup of 3 to 6 times. The first step
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is to rewrite Equation ([7.17)) by expressing the joint probability distribution Ps Ps in

terms of ratios of partition functions, Pz P; = Z(d1)Z(p2) ] 22,

72 [ DoDGZ(61)Z(62) det <g§1,$2>
7 72 ,

exp[—52(pa)] = (7.18)

Here, the partition function of the “glued” ensemble can be explicitly expressed as two

standard partition functions multiplied by the Grover estimator
2P = | DEDooZ(61)Z(d2) det ( g7% 7.19
A 01D Z (1) Z (¢2) det g4 ). (7.19)

The ratio in Eq.([7.18) can be calculated by conducting two separate simulations in the
independent replica ensemble and in the “glued” ensemble, respectively. In the independent

replica ensemble, the Metropolis acceptance ratio is of the usual form

_ 2

R = or R = Z(Qi?)

: (7.20)
Z (1) Z(a)

and, in the measurement steps, we measure the transition probability from the current

ensemble to the “glued” ensemble

L. . Z(2) _” g
Do,y (G1.62) = min(L %). (7.21)

While in the “glued” ensemble, the Metropolis acceptance ratio is given by

ogu(fS) | aan(i®)
R=e A L — (7.22)
Z(¢7) det (gﬁl"”) Z (o) det <gﬁ1,¢2>

and then the transition probability to the independent replica ensemble is measured as

-7 A
pzf)—>22(¢1’ ¢2) = min(1, %) (7.23)
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Hence, S3(pa) can be estimated as the ratio of two transition probabilities averaged in

their respective ensembles

f¢1 &2 ZZ ¢>1)Z(¢2) <¢17 ¢2) + ZZ Z(41)Z(d3) >1 (¢1) (gﬁ_;)]

<p22_)Zf42)>Z2 _ 2 (Grda) 7D (61,82
- s
<pif>—>Z2>ZEf> Z(z) I3, Zzwl)zwz) >1 Z(61)Z(¢2) + 2 26paé) _, Z (1, 62)]
A (61,82) 72 )(¢1 ¢2)
A%
= 5 = exp[=5(pa)l. (7.24)

It is important to note that the new swap algorithm shares the same scaling as traditional
AFQMC, O((Na + N4c)?) = O(N?). This results in a reduction in simulation time when
compared to the original swap algorithm, which scales as O((N4 + 2N 4c)?). When the
system is equally partitioned, with Ng = N4 = N/2, the speedup is (6{;“;;—%2““)3 = 3.375.

This speedup becomes even more significant when the subsystem’s size is smaller. For

instance, when N4 = N/4, the speedup increases to 5.36.

Given that the transition probabilities computed in Eqgs.((7.21]) and ( are strictly
confined to the range [0, 1], the measurements for any rare configuration pairs that might
be problematic in Grover’s algorithm are capped at a maximum of 1 when mapped to the
swap algorithm. As depicted in the left panel of Figure the distribution of transition
probabilities is bounded within the [0, 1] range, ensuring the robustness of the average
values. Therefore, the swap algorithm has a lower variance and is more stable compared to
Grover’s algorithm, making it a preferred choice for computing the entanglement entropy

in QMC simulations.
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7.4 Resolving Symmetries: Revisiting the Recursive

AFQMC Algorithm

In this section, we discuss how to generalize the Recursive AFQMC formalism intro-

duced in Part [l to compute the accessible entanglement entropy in the o = 2 case

S5(pa) = Sa(pa) — Hip({Pn2}), (7.25)
with
Hyjp({Pa2}) = 2In) (Pu2)'?, (7.26)
2
tr p3

Given that we have already covered methods for calculating S(p4) in Section [7.3] we now
only require the probability distribution P, 5. This will enable us to obtain the generalized
Shannon entropy and subsequently, the accessible entropy. To resolve this probability
distribution, we first rewrite Eq.(7.27)) as a ratio of two partition functions
Z(Q)
Pog:= % (7.28)
Zy
@) . e . “ . . . .
where Z " is the partition function of the “glued” ensemble introduced in Section [7.3]
and ng is defined as the normalization for the squared reduced density matrix projected

onto the n-particle symmetry sector, such that

A%

tr[[a, p5lla, ] = R (7.29)
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(2)

Assume that there exists an auxiliary-field decomposition for this normalization: Z) =

J qungbQ (¢1 ¢2 Eq. - can also be expressed in terms of auxiliary-fields

P = oo o | PEDRZLG. 5

- @ /DanggbgMZf)(@, 62;2) (7.30)
Zy 2y (¢1,92)
which enables QMC sampling via the estimator
o7 Z(z) gg 75
(Pop(01,02)) 4o = (M)Z@- (7.31)

26 )

Although Eq.(7.19) gives the expression for Z ((;51 gbg) the expression for Z (2 )(¢1 ¢2)

difficult to derive, which makes the P, , estimator less useful. However, if there exists a
pseudo-Hamiltonian such that Z (gbl, gz52) and 7 A, (ngl, (/52) can be viewed as the partition
functions of this Hamiltonian in the grand canonical ensemble with ;1 = 0 and in the
canonical ensemble with n particles, respectively, all the canonical ensemble formalism
developed in the Recursive AFQMC can be mathematically viable for evaluating Eq..
To find this pseudo-Hamiltonian, we first write down the auxiliary-field decomposition for

the squared reduced density matrix, p?%, using Eqs.(7.15) and -

o etm|(G~L —I)(G7L —-I)|e
P = / DG DG det (1 G 5, ) det(T— G 5, )e (@3, e, D) (7.32)

and an entanglement Hamiltonian can therefore be defined as

o

HP (61,62) = &' (G — DG —T) (7.33)

to serve this purpose. Since H (qbl, gbg) is a one-body operator, it can be easily diagonal-

ized to obtain an “entanglement spectrum”, {e " (qbl, gzﬁz)}. By denoting the ith eigenvalue

94



e~ai@192) o Ai, we can recursively compute ng(gz;l, 52) using Eq.(3.16)) by setting p = 0:
Pn,z(sgh $o) = pzpii]i\g)\(gl, $o) + (1 — pz')P%}\Ai(égh b)), (7.34)

with p; = X\;/(1 + X\;). Hence, following Eq.(7.31)), we can estimate the probability
distribution as Eq.(7.34) in each measurement step when we sample in the “glued”
ensemble space using the weight function Zj(f)(g;l, qgg), the statistical average of which

provides an estimatﬂ for the Shannon Entropy H/o({P,2}) and the accessible entropy

55 (pa)-

We note that Eqs. and only hold in the ground state or in the grand
canonical ensemble at finite temperature. In the canonical ensemble, one has to first
project the total particle number to N from the grand canonical ensemble, then project
the local particle number to n. The form of the entanglement Hamiltonian is therefore
different, which also leads to a different recursive formula. As we only focus on ground
state applications in Part [T, the explicit canonical ensemble formulas are not included in

this section. Interested readers can refer to Appendix [D| for a detailed illustration.

In summary, Recursive AFQMC combined with the swap algorithm gives access to the
Rényi-2 entanglement entropy and its symmetry-resolved forms in two parallel simulations.

The workflow of the algorithm is:

e Conduct the simulation in the replica ensemble space specified by the partition
function Z2. Initialize two random walkers with auxiliary-field configurations 51
and <52, respectively.

Z(
Z(

S

1. Update the field $1 multiple times using the acceptance ratio r = min(1, ;),

=

while qgg is kept unchanged. After some time, switch to the field gz%.

2. Spend the same amount of time as in step 1 updating 52, using the acceptance

ratio 7 = min(1, ;E%;), ¢1 is kept unchanged. Switch to the field ¢; in the end.

2A Jackknife[207] or bootstrap resampling[207] has to be performed to yield an unbiased estimation
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3. Repeat Steps 1 and 2 100 ~ 1000 times to thermalize the walkers. After equi-
librium is reached, measure the transition probability p,, , ) as in Eq. (7.21)
A

at the end of Step 2.

e Conduct in parallel another simulation in the replica ensemble space specified
by the partition function Zf). Initialize two random walkers with auxiliary-field
configurations 51 and (52, respectively.

g . . . . . Z(gf?l)detgfl’$2
1. Update the field ¢y multiple times using the acceptance ratio r = min(1, m)
Z(¢p1)det g,

ggg is kept unchanged. After some time, switch to the field 52.

2. Spend the same amount of time as in step 1 updating 52, using the acceptance

ratio r = min(1, %). ggl is kept unchanged. Switch to the field ggl in
2)det gy’

the end.

3. Repeat Steps 1 and 2 100 ~ 1000 times to thermalize the walkers. After
equilibrium is reached, measure the transition probability p ) ,,, and the
A

probability distribution P, s as in Eqs.(7.23) and (7.31f), respectively, at the
end of Step 2.

e Gather the statistical averages <p22_>Z<2)>, <pZ(2>_>ZQ> and (P, 2). Then, use the
A A

Jackknife resampling scheme to compute the unbiased estimate for Sa(p4) and

S2°(pa) as per Eqs.(7.24) and ([7.25)), respectively.
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CHAPTER 8

Results and Discussions

8.1 Introduction

After deriving a theoretical formalism for measuring these entanglements for interacting
fermions, we use two paradigmatic spinful fermion models to showcase the increased
resolution and detail entanglement measures provide and compare these with more
conventional, local observables. The additional spin degrees of freedom in spinful models
introduce spin conservation into the system, along with the conservation of charge (particle
number), enabling us to conduct two types of symmetry resolutions in our accessible
entanglement measurements, specifically the charge-resolved and spin-resolved accessible

entanglement entropies

S(pa) = Salpa) —2Wn) (Pu2)"?, (8.1)

S(pa) = Sa(pa) —2In) (Pn2)'’?. (8.2)

Here, the local charge and spin number can be obtained by measuring local spin-up
and spin-down electron numbers: n = na4 +na and m = nay — nay. Since two

spin species factorize after the Hubbard-Stratonovich transformation, n4+ and n4 | are
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counted separately in the measurement step, making the evaluation of Eqgs.(8.1)) and (8.2

a post-measurement data processing. Our workflow is thus unchanged by including spins.

In Section we use the bilayer Hubbard model to study the transition between the
antiferromagnetic (Mott insulator) and band insulator phases. We apply an entanglement
perspective o this elementary phase diagram to the bilayer Hubbard model and compare
the results to a local observable measuring the bond strength between its two layers.
Our comparison suggests that entanglement measures offer sharper signals near the
critical point and are less affected by finite-size effects. Moving on to Section 8.2 we
analyze the Su-Schrieffer—-Heeger-Hubbard (SSHH) model, the simplest model exhibiting
symmetry-protected topological order (SPT). Here, we evaluate both the accessible
topological entanglement entropy and the standard topological entanglement entropy.
This parallel evaluation underscores the additional resolution that accessible entropy
provides, particularly in detecting different topological orders. This aspect suggests
the unique contribution and value that accessible entanglement measures bring to our

understanding of complex quantum phenomena.

8.2 Probing Phase Transitions and Crossovers

The bilayer Hubbard model, in essence, represents two interacting layers of a square
lattice. Each layer is an instance of the single-layer Hubbard model whose Hamiltonian is

shown in Eq.(4.1]). The overall Hamiltonian then reads
H=—tY (éjjgéjﬁa + H.c.> D (é},géi,ﬂ + H.c.) U g, (83)
(3,4),0 04,0 i

which describes the competition between conventional band structures arising from the
U = 0 tight-binding lattice model that is parametrized by hopping amplitudes ¢ and ¢,
and Mott physics arising from an on-site Coulomb repulsion U. Here, (i, j) denotes a pair

of the nearest sites in the same layer, while 4,7 represents two sites from different layers
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Figure 8.1: Mlustration of the bilayer Hubbard model. Three types of interactions are
labeled within the figure: intralayer hopping (), interlayer hopping (¢, ), and on-site
repulsion (U). Electrons with up and down spins are depicted by blue arrows.

connected by interlayer bonds with strength ¢, .

Fig[8.1| provides a schematic phase diagram for this model, mapping out the relationship
between the on-site interaction U and interlayer hopping ¢t,. When the interlayer hopping
strength ¢, is very large, irrespective of the U value, the system turns into a featureless
band insulator as a result of the band gap opening. Conversely, when U is sufficiently
large and interlayer hopping ¢, is small, the system transforms into a Mott insulator with
an antiferromagnetic order. In the weak coupling regime (U/t < 4), the transition into
the band insulator phase takes place when t, is approximately equal to 4t. The critical
value of t; gradually decreases to t; = 1.588t as U — oo, at which the system can be

described by a spin-1/2 Heisenberg model[209] 210].

We conduct our Recursive AFQMC simulation on a medium-sized 6 x 6 x 2 half-filled
model and go deep into the strong coupling region at U = 6¢. To carry out entanglement
measures, we considered a subsystem of a single layer with size 6 x 6 x 1, as depicted in
the left panel of Fig[8.1] The simulation is conducted at 5 = 18 where the convergence

is reached. Fig[8.2] presents our simulation results, with the left panel illustrating the
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Figure 8.2: QMC simulation of a 6 x 6 x 2 half-filled bilayer Hubbard model at U = 8t.
Left panel: Entanglement entropies with a horizontal cut for the bipartition. The blue, red,
and green curves correspond to the Rényi-2, charge-resolved, and spin-resolved entropies,
respectively. The blue and red dashed lines represent the asymptotic values for the Rényi-2
and accessible entropies in the limit t; — oo. Right panel: Interlayer bond strength (red
bond in the inset figure), (¢/¢;), measured at different values of ¢,. The y-axis is set to
the same as the left panel for better comparison. The dashed line indicates its value when
t, approaches infinity.

Rényi-2 entropy, charge-resolved and spin-resolved accessible entropies normalized by
the size of the subsystem, L?, across a wide range of ¢, € [0,10.0]. Clearly, two distinct
regimes can be readily distinguished by a sharp rise in the values of all three types
of entanglement entropies. In the Mott insulator phase, weak interlayer hopping and
strong on-site repulsion (U) largely restrict electrons to their local sites, inhibiting their
movement across layers. This limitation results in relatively low entanglement entropies.
Conversely, in the band insulator region, the effect of interlayer hopping surpasses the
on-site repulsion, which leads to the formation of singlet dimers on the rungs between
layers. Active interlayer hopping of electrons then produces large amounts of entanglement
as can be seen in the ¢, > 5t regime of the left panel of Fig[8.2] It is interesting to observe
that the sudden jump at ¢, ~ 2.5¢ in all three entanglement entropies signals the phase

transition, which is in accordance with the functional RG prediction at U = 8t in Fig[8.1]

In the right panel of Fig[8.2] we compare our findings with local observables by
measuring the interlayer bond strength, (éjél/) This value is averaged over all sites in the

lower layer, across the same range of ¢, values. Notably, the local observable demonstrates
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Figure 8.3: Charge and spin probability distributions measured at different ¢, values. For
the spin distribution, the x-axis is the total spin of a single layer whose range is [—36, 36].
While for the charge distribution, the x-axis is the deviation of the mean particle number
of a single layer, (n) = 36.

a much weaker response to the phase transition compared to the entanglement entropies.
This can be attributed to the fact that two-point correlations require a larger system size
to detect the abrupt increase in correlation length at the critical point, while entanglement
entropy inherently encodes global information to better capture changes in the correlation
length. Consequently, entanglement entropy can sharply signal the phase transition even

at relatively small system sizes, potentially reducing the need for extrapolation to the

thermodynamic limit.

Lastly, we note that the accessible entropies behave almost the same as the Rényi-2
entropy. It is because, in a three-dimensional system, the configurational entanglement
grows much faster than the number fluctuations. Despite this, we can still gain some
extra insights by examining the charge and spin probability distributions. The charge
and spin distributions are depicted for four different ¢, values in Figl8.3] In the Mott
insulating phase, there is a pronounced even-odd effect at lower ¢, values. This arises from

the fact that, while the double occupation is strongly suppressed (as evidenced by the
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strong, singular peaks in the charge distribution), a pair of electrons with different spins
can swap positions across layers, thereby altering the total spin in a single layer by +2.
This is represented by the peaks at even numbers in the spin distribution. The sudden
vanishing of these sub-peaks after the phase transition, as shown in the ¢, = 3 figure,
provides complementary and supporting information that aligns with the entanglement

measures in Fig[8.2]

8.3 Topological Properties Revealed by Entangle-

ment
§t<0 5t>0
AAAAN AN
Edge Bulk Edge Edge Bulk Edge

Figure 8.4: Schematic figure of the SSH model with open boundary conditions (OBC). In
the dt < 0 case, two edge sites are connected to the bulk (yellow region) through a weak
bond, while in the dt > 0 case, edge sites connect to the bulk via a strong bond.

In this section, we showcase how accessible entanglement can behave significantly
differently from the standard entanglement entropy, by applying the entanglement measures
to the 1D SSH model with open boundary conditions, which combines the famous Su-
Schrieffer-Heeger (SSH) model with the Hubbard-type many-body interaction. The

Hamiltonian of the 1D SSH model is

H ==Y [t+ (=1)'t](cleips + he) + U nagnyy, (8.4)

i

where the first term is the SSH term, which is well known for demonstrating the topological
nature of solitons in polyacetylene[211], represented by a chain with alternating coupling
strengths, and the second term is the usual on-site repulsion. This model system is

designed to explore the intricate interplay between electron correlation effects (from the
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Hubbard term) and topological order (from the SSH term).

The topological insulator phase in the SSH model arises in the d¢ < 0 cases as is
depicted in the left panel of Fig[38.4 where two edges are linked to the bulk of the chain
through weak bonds. In such cases, electrons of the bulk sites are dimerized, which leads
to a topologically non-trivial phase characterized by the presence of zero-energy edge
states[212]. This edge state is protected by inversion symmetry and is thus robust against

small perturbations.

Since the transition from a topologically trivial phase (6t > 0) to a topological insulator
phase (6t < 0) does not fall into the traditional symmetry-breaking framework, it cannot be
described using local order parameters. One effective approach to identify this topological
order is through the use of the topological entanglement entropy (TEE)[166] 213], a concept
that relates to the inherent “long-range” entanglement within topologically ordered states.
In the SSH model, such long-range entangled topological order manifests as a subleading

term in the scaling law for the entanglement entropy[166], 214]:
So.08c(pa) = AL + Sy eqge + -+ - (8.5)

Here, « is a nonuniversal coefficient arising from short-range entanglements localized near
the boundary [215], and S5 eqqe is related to the ground state degeneracy D on one open
end as limyz o0 S2.edge = InD. To extract this subleading term, one needs to remove the
leading short-range entanglement that follows the boundary law. It is achieved by using
an auxiliary SSH chain under periodic boundary conditions (PBC), where no edge states
exist as the chain is closed as a loop. As a result, its entanglement entropy scales as

Soppc =~ 2aL. The TEE can then be extracted as[214]

SQ,PBC(PA)

5 (8.6)

S2.edge(Pa) = S2.08c(pa) —

Consequently, we can define the accessible topological entanglement entropy with charge
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Figure 8.5: Left panel: Bipartitions of the chain for extracting the topological edge
entanglement at 0t < 0. For periodic boundary conditions, the site indices of the subsystem
are [2,3,- -+, L/2+1], and for open boundary conditions, the subsystem consists of the sites
with indices [1,2,---,L/2 4 1]. Right Panel: Topological edge entanglement entropies
for the L = 12 SSH model at U = 4. The blue, red, and green curves correspond
to the Rényi-2, charge-resolved, and spin-resolved topological entanglement entropies,
respectively.

and spin resolution respectively as

acc,n acc,n S;Clgi;lC (p A)
SQ,ecige(pA) = 2,O7BC<pA) - 77 (87)
and
acc,m acc,m SS%%%(IOA)
S2,e(ige(pA) = 27O7BC(pA) - 77 (88)

The right panel of Fig[8.5 depicts the simulated results for topological edge entanglement
entropies in the Rényi and accessible forms for the L = 12 open SSH chain at U = 4. The
subsystem is chosen by cutting at the weak bonds of the chain. For cases where 4t > 0,
the site indices in subsystem A are the same for two boundary conditions, [1,2,...,L/2].
For §t < 0, the partition methods are different for PBC and OBC as shown in the left
panel of Fig[8.5] All three edge entanglements are almost zero for any 6t > 0 as the
phase is topologically trivial and featureless. The edge entanglement entropy exhibits a

quantized behavior in the topological insulator phase (dt < 0) for both its Rényi-2 and
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charge-resolved forms, S5 eqge, S;;Cd’ge ~ In 2, whereas the values for the spin-resolved edge
entanglement remain zero for any 0t < 0. This result can be understood as follows. The
edge modes on the left and right ends of the chain are coupled through the bulk and form

a degenerate singlet ground state

1 . .
[%t<0) = —(CTL,TCE,i — CTL,icJ;%,T)‘())? (8.9)

V2

where éL(7 creates an electron with spin ¢ on the left edge. After tracing out the degrees

of freedom on the right edge, we are left with the left edge mode

L R
<) = ﬁ( L T e)00), (8.10)

which leads to Sseqge = 2. In this left edge mode, the charge distribution behaves like
a o-function as there is only one possible charge number, P,—;, = 1, resulting in a
corresponding Shannon entropy of zero. This implies that the topological entanglement
is mostly preserved in the charge resolution. Conversely, the spin distribution could
have two possible equally distributed values, P,—11,4 = %, which leads the corresponding
Shannon entropy to nullify the TEE with H5(Pp2) = In2. This suggests that the spin

distribution has no impact on the edge entanglement.

While we have studied a rather simple model whose topological behavior can be readily
analyzed, our findings suggest that symmetry resolutions in the form of accessible TEE can
complement the standard TEE. They provide additional insights for analyzing topological
orders that the standard method may lack. We anticipate that this concept could be
demonstrated in a more sound manner in 2D systems with more complicated electron-
electron correlations, such that the competition between topological band structures and
correlation physics is not straightforward to analyze. We reserve such explorations for

future research.
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CHAPTER 9

Conclusions

9.1 Overview

In summary, we have presented the first exploration of symmetry-resolved, accessible
entanglement measures for fully interacting fermionic systems. This is accomplished by
integrating our novel Recursive AFQMC algorithm with the ground state swap algorithm.
We first enhanced the efficiency of the swap algorithm by incorporating the Grover estima-
tor into the Monte Carlo update within the algorithm, achieving a milder computational
scaling with respect to system size. Subsequently, we utilized the Recursive AFQMC
algorithm to explicitly calculate the probability distribution of each symmetry sector
in the entangled region, allowing us to resolve probability distribution functions and
observables based on symmetry. We derived a workflow that allows for the calculation of
all relevant observables via two parallel simulations, with scaling identical to that of the

conventional AFQMC algorithm.

We have employed this method on two representative models, namely the bilayer
Hubbard model and the Su-Schrieffer-Heeger-Hubbard model. These models manifest
conventional and topological phase transitions, respectively, and demonstrate how en-

tanglement measures can serve as a versatile probe for various phase transitions. The
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sensitivity of these entanglement measures to the change of correlation length near the
critical point is confirmed by comparison with local observables. The distinct behaviors
of the charge- and spin-resolved TEEs in a topologically ordered state suggest that they

can supplement the information provided by the standard TEE.

9.2 Outlook

While our initial exploration is focused on simpler, demonstrative types of models,
our formalism is quite general and does not assume that the system has any specific
properties. Therefore, we expect our approach to find more comprehensive applications in
a broader range of models. Such models could include those with spin-orbit couplings,
where the distinctions between spin and charge resolutions become more pronounced, or
two-dimensional topological models that present more complex edge-bulk correspondences.
Another promising avenue for future applications is for realistic systems where the sign
problem emerges. Here, our method may employ the Constrained Path Quantum Monte
Carlo algorithm to eliminate the sign problem, thereby enabling the study of richer physics

in realistic systems caused by long-range correlations.

Lastly, it is worthwhile to mention the potential application of accessible entanglement
measures as a metric for the concept of decoherence-free subspaces (DFS) in Quantum
Information. In general, identifying the symmetries of a given system-environment
interaction is a critical step towards discovering and utilizing DFS to protect quantum
information from decoherence. Given that the accessible entanglement primarily operates
within different symmetry sectors of a subsystem, it could potentially serve to bound the

maximum amount of information resistant to certain types of environmental noise.
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Appendix A

Detailed Derivation of Partition
Functions and Density Matrices in

the Canonical Ensemble

In this Appendix, we provide detailed derivations of several recursive relations that are
essential to obtaining the partition functions and density matrices for a specific auxiliary

field. Some of these equations have been derived in other contexts before[107, 108 140, 216].

First, we derive Eq.(3.23]), which undergirds our expressions for the canonical partition
function. Suppose we have an arbitrary N x N matrix A expressed in the single-particle
basis and form two Fock-space operators that operate on boson and fermion Fock states

respectively

A, = bTAD, (A1)

Ay = ¢élAe (A.2)

We then consider the operations ApbT and A ¢!, Using the elementary commutation /anticommutation
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relations, it is straightforward to show that
Al = > bl Ab;b]
ij
Z bl A + 0L Y bl Ab;, (A.3)
, y
Afé,TC Z ¢ Amc]c,C

Z éTA ik — Z C ckA”c]
Z ¢ Ak + CL Z ¢ AijC; (A.4)

which gives

At = A+ TA), (A.5)

Apet = A+ TAy), (A.6)

where [ is the N x N unit matrix. Note that the elements of the matrices A and I are ¢
numbers in Fock space and A is a scalar relative to the N x N matrices. As a result, TA

and A commute as matrices. Repeatedly applying these two equations yields

At = bT(A+TA), (A7)

Alet = (A + TAp)" (A.8)
for any positive integer n. Hence,

e Mht = Plem(AHTA) — je—Ac—As (A.9)

e~Aret = e (AHIAY) — glemAg—As (A.10)

can be shown inductively, where in the last step of both equations, the exponential is

allowed to be broken up because the two terms in the exponent commute, as noted above.
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These results allow e=##(9) in Eq.(3.23) to “walk through” the string of creation operators
that defines the N-particle state |T'). More specifically, by expanding |T') in terms of

particle creation operators, we have

-,

e MOy = e—ﬁ&é%w(@wH(@h)mm
Y

_ H(éhe—ﬁew(é))nw e~ 9|0

= |[I(ere =@y | oy, (A.11)

where, in the last step, we have used the fact e‘h(5)|0> = |0). Thus, sandwiching e=h(@®)
between (I'| and |I") yields

<F|e‘ﬁ(q§)|1“) _ H ePrrer(d) (A.12)
vy

which enables us to proceed from the second line to the last line in Eq.(3.23). Notice that

Eqgs.(A.9) and (A.10)) have exactly the same form. As such, Eq.(A.12) holds true for both

boson and fermion propagators, as they propagate the corresponding states in the same

manner.

Next, we show how to iteratively obtain the mean occupation numbers of the eigenstates,

i.e., Eq.(3.29). This is needed to evaluate a system’s energy and correlation functions.

Without loss of generality, we consider the A = 1 case of Eq.(3.29). By definition,

N
. D nye Pt
(y)y = =N 7 , (A.13)

where we have introduced the shorthand {n,}}’ to denote all states that conserve their

particle number such that Ziv‘;l n~, = N and have omitted all field dependence for clarity.

110



Since n., can only be 0 and 1 for fermions, we arrive at the following two identities

Z n,e Pre = e (A.14)
n~=0,1
Y (L=nyefme = 1. (A.15)

ny=0,1

Substituting these identities into Eq.(A.13)) yields

n~,=0,1
(M)yZn = e~ P Z e BT 2oy
{”v}é\Fl
n~,=0,1
— ¢ Pa Z (1-— nl)e—ﬁzi\[il Ny €y
{”v}é\Fl
= eiﬁq <1 — TAl1>N71 ZN,1, <A16>

which leads to Eq.(3.29)) by using the ratio of partition functions given in Eq.(3.17)).
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Appendix B

Algorithmic Details for Recursive
AFQMC Sampling and Propagator

Stabilization Techniques

In this Appendix, we provide details regarding how we sample and stabilize our

matrices in our new algorithm. To better illustrate how propagators are operated (i.e.,

multiplied or cyclically permuted) in the implementation, we use the notation B(L¢_) kA, fOT

the propagator matrix at time slice [L — kA7, L — (k — 1)A7]. Similar to other auxiliary

field-based QMC algorithms [47, 50}, 56], one needs to take special care multiplying the

propagators, B(L‘{)’)B(L{)1 e B@, used to compute the traces together as directly multiplying
the propagators is numerically unstable at low temperatures due to the existence of
extremely large and extremely small singular values [54, [84]. In order to circumvent this,
QR factorization with column-pivoting is used to separate singular values of different

magnitudes for series of B@s of length I:

5 (3 $) n(é é A1y (D) (@
5~ BB, - B = UF DT, .
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where Ul(fs) is a unitary matrix, Dl(fs) is a diagonal matrix whose elements range from very

large to very small in magnitude, and Tl(fb) is a regular matrix with a small condition

number. Matrix multiplications using this factorization turn out to be stable.

(9)

The MC sampling proceeds by updating the B;" sequentially. A full update from

1 =1to i = L is called a sweep. Before the sweep, we initialize a string of randomly-
generated propagator matrices, B£¢)B£¢_)1 e B(l‘z))7 and compute and store all of the partial

factorizations as

U, 00,10, vd,,10, . v (32)
50 BOBD. B B

Here, we denote the total number of groups of matrices as n = L/l. When updating

)

the kth group of matrices, ij’ , in order to reduce the number of QR factorizations, a

cyclicly-permuted string of propagator matrices is computed

ULDLTL ]’_5)1(55) URDRTR — UchTC ]:j)l(j)), (B?))
Bl(f),,_]‘géﬁl ]‘_5,1(;)1“_]‘_5,(1") UrDRrTrULD1 Ty,

which preserves the value of the trace because the canonical trace is invariant under
cyclic permutations, i.e., try [Bg)) » -B(f))] = try [UCDCTCP)](E))]. As we will show in the
following, this form reduces the number of QR factorizations needed for each update to
two. Since the left factorization Uy Dy Ty, has been precomputed and stored in Eq.,
it can be directly read as Uy DTy, = Ul(j;)Dl(f)TS;), and only one QR factorization is

required to merge two factorizations, UcDcTc = UgDrTrULDLTyL.

Every time slice in ]?)l(fs) is then updated sequentially according to the Metropolis
criterion. That is, we propose a change to the ith time slice Bi(d)) in Bl(f) and accept the
proposal with probability

| Zn({d\oi U gl

; = min(1, = , B.4
p ( () ) (B.4)
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where

Zn(@) = try[UcDeTeBY)
= try[UcDcT], (B.5)
Zv({d\oi} U @) = tn[BiTY - B UcDe T
B ... B

= tI‘N[ﬁDcT]. (B6)
Once Bl@ is updated to Bl(jy), we update the kth partial factorization of Eq.(B.2)) as
UPDOTY DT — B URDR Tr. (B.7)

Hence, one effectively subtracts one group of matrices from the left factorization, updates
this group, and then multiplies it into the right factorization. For the kth update, the
left factorization can be directly read from the kth element in Eq. and the right
factorization is computed at the end of the (k — 1)th update according to Eq.. Note
that at k = 1, we have UgDrTgr = I. As a result, a total number of 2n QR factorizations

are performed during each sweep.

After a full sweep is completed, the partial factorization vector now stores all interme-

diate right factorizations

In order to reuse the stored factorizations, we need to sweep all of the fields in reverse
order in the next run, i.e., we start the sweep from the k = nth group of matrices, subtract
the kth group from the right factorization for the kth update, whose value can be read

from the kth element in Eq.(B.8), update this group, and then multiply it into the left
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factorization and store the results to the partial factorization vector as in Eq.(B.7). At

the end of the reverse sweep, B;qy)

is updated, and the partial factorization vector is back
to the form of Eq.(B.2), which enables a regular sweep to be performed during the next
run. Therefore, the fields are swept back and forth, and all partial factorizations not only

save computational time but also provide direct access to unequal-time Green’s functions

or force terms at any imaginary time in Hybrid Monte Carlo algorithms.

For each update, one has to solve the eigenproblem UDT = UDCT as given in

Eq.(B.6)
UDTx = A\x (B.9)

to obtain the spectrum {A} that would be used in the canonical partition function
calculation. A direct diagonalization of UDT is not numerically stable and one may
permute the factorization as

DTUx = \x (B.10)

with x’ = U~'x. The resulting matrices DTU are row-graded matrices and can be stably

diagonalized by matrix balancing [84].

For the observable measurements presented in the main text, we initialize 10 — 60
independent random walkers. Each walker first sweeps the lattice back and forth ~
100 times to thermalize and then collects approximately uncorrelated 1000 samples by

measuring the observables every ~ 10 sweeps.
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Appendix C

Purity and Fidelity of Thermal States

Here, we compare the purity of the thermal state in the canonical and the grand
canonical ensembles. To do so, first, we review the relationship between the canonical and
the grand canonical thermal states in a system of itinerant particles. If the Hamiltonian
H governs a system of itinerant particles and also commutes with the system number

operator N , then, we can write
6751:[ = ZﬁNei’BﬁﬂN, (Cl)
N

and thus

Tr [e‘ﬁﬁ} = %TrN [e"gﬁ} , (C.2)

where, in general, the canonical trace Try is defined as Try [p] = Tr [ﬂ NﬁﬁN]. Accord-

ingly, the canonical thermal state is

. o ﬂNei’BHﬂN

pn(B) = ZnB) (C.3)
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where Zn(5) = Try [e*[m ] is the canonical partition function. Next, the thermal state

of the system in the grand canonical ensemble is

eiﬁ(ﬁf'uN)

pu(B) = “Z.8)

(C.4)

where, Z,(5) = Tr [e‘ﬁ (A—ul )} is the grand canonical partition function and the constant

i is the chemical potential. As a generalization of Eq. (C.1)), we write

e BH-uN) _ Z ﬂNe_Bﬁf[Neﬁ“N, (C.5)
N

and thus,

pu(B) =D Pu(N, B)pn(B), (C.6)
N
where
)
L B) — T C.

PN(N?ﬁ) Zp(ﬁ) ) ( 7)

is the probability that the system is in the N-particle sector for a given p and .

C.1 Purity

The purity of a normalized quantum state p is defined as
P="Tr[p%]. (C.8)

In general, P is bounded as 1/|H| < P < 1, where |H] is the dimension of the corresponding
Hilbert space H. The upper bound can be reached, only if p is pure, in which case it
can be expressed as p = |W)(V|, where |¥) is a normalized state. The lower bound

is achieved if p is proportional to the identity I ,le, p= ﬁf . Consider the thermal
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state p(f) = Tre[e—fgﬁ] of a system at an inverse temperature 3, where H is the system

Hamiltonian. The purity of such a state is given by

P = (C.9)

where Z () = Tr [e‘ﬁﬁ } is the corresponding partition function.

In the canonical ensemble, we have

_ Zn(2B)
Py = AT (C.10)
or equivalently
In Py =28 [Fn(5) — Fn(20)], (C.11)

where Fiy(8) = —In Zx(68)/5 is the free energy. However, the purity of the grand canonical

thermal state is

AT o
and similarly
InP, =28[0,(8) — ,.(26)], (C.13)

where ®,(5) = —In Z,(5)/p is the grand free energy.
We can relate the canonical and the grand canonical purity using Eq (C.7]), where

PM(N§52

PH(N; 25)

~—

P, =Py (C.14)

C.2 Fidelity

Given a quantum state p, we can measure how close it is to a target state p; using

the mixed-state quantum fidelity F(p, p;), where F measures the similarity between the
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two quantum states. Yet, in the context of quantum information, different measures of
mixed-state fidelity have been proposed [217, 218, 149, 98]. The most familiar definition

of the mixed-state fidelity is [217], 21§]
fmmzﬂ{»@m@y (C.15)

which, in general, is difficult to calculate. However a much simpler expression has been

proposed [149]
[T [ppd]|

VT [P Tr (7]

To test how the grand canonical states approximate the canonical states, we compute

I(ﬁ7 ﬁt) =

(C.16)

F(ﬁﬂaﬁN) = )
Ve

which, using p.pn = P,(N;5)pn, gives

TAQ
Flpuo i) = PuNs O [ 3 = RV )y [ (c.18

Furthermore, using Eq (C.14]), we get

F(Pus bn) = 1/ Pu(N;2D). (C.19)

Also, employing the fact that [p,, py] = 0, simplifies ﬁ(ﬁu, pN) to

F(purpv) = 1/ Pu(N; B). (C.20)
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C.3 Low temperature behavior of the Purity and
Fidelity

Let the the spectrum of H be {Ey;} and the corresponding degeneracies be {gy.;},
where {Ey;} > {En,;} for i > j. The canonical partition function Zy(3) for N particles

at some inverse temperature [ is then

Zn(B) = gne N (C.21)

For BAn1 > 1, where Ax; = En,; — Eno, we have

Zn(B) & gn e PN (1 + %e’wm + (9(6*%“)) , (C.22)
and thus
Zn(28)
Py = =N
N Zn(py

gn e 2EN0 (1 M i A G AW))

2
9]2\[706726EN’0 (1 + gN_’leflgAN,l + O(efﬂAN,2)>

gn,0

1 2 A
N — (1 _ ZINL —BANa O(e_BAN)) , (C.23)
gn0 gn,0

where A = min{Ay2,2Ax,}. For a non-degenerate ground state, gy = 1, we have

In (1 — PN) ~ _ﬂAN,l +In 2gN,1- (024)

For the grand canonical case,

Z,(8) = _ N Zn(B), (C.25)
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where at sufficiently large 3, we have Z,,(8) = N (e Zy_1(8) + Zn(B) + €’ Zn11(B))

(probability distribution argument) or

e (1o B B e

Also,

Zn+1(B) 9N+1,06_5(EN+1Y0_EN’0)1+o(e—ﬁAN+1,1)

Zv0B)  gve 1+ O(e PAn1)
~ IN+10 e*,B(ENJrLo*EN,O)’ (C.27)
gn,0
and similarly
ZN—I(B) ~ gN-1,0 6—5<EN—1,0_EN,0). (C28)
Zn(B) gn,o

Putting everything together, we get

Z,(8) ~ e Zy(B) |1 + IO 8 (Evo—Ex—io-k)
gn,0
IN+1,0 *ﬁ(EN 10*ENO*,U«)
 INELO =B (Ensro=Bxo=n) | (C.29)
gn,0
Substituting this into Eq. (C.12)) yields
PM ~ PN[l _ QMGMEN,O*ENA,O*#)
gn,0
— g INHLO =B(Bnsro-Eno-n)), (C.30)
gn,0

From Eq.(C.29), we can approximate F,(N;/) as (assuming that the probability
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distribution is sharply peaked at an average of V)

"N Zn(83)
Z,(8)

1+ IN-10 B(Eno~En-10-1)
gn,
L INHL0 B (B 10~ Bxo—n)| 1
gn,0
1 _ IN-10 8(Eno—En-10-n)
gn,0
_ gN+10 efﬁ(EN.H’o*EN,O*U), (C.31)
gn,0

PM(N§5)

~
~

and thus

F(puson) = A Pu(N;20)

1 — IN=10 28(Eno—En-1,0-)
gn,0
_ gN+10 6—2,8(EN+1,0*EN,0*#)]1/2
gn,0
1 _ IN-10 26(Eo—En-1,0-n)
29n,0
_IN+1.0 ~28(Eni10-Bno—n) (C.32)
29n,0

Q

Combining the two exponential terms then gives
In[1 — F(pp, px)] = —28AF + 21n g, (C.33)

with AE and g represent the effective gap and degeneracy, respectively.
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Appendix D

Many-Body Reduced Density Matrix
for Free Fermions in the Canonical

Ensemble

In this Appendix, we provide details on how to obtain the expression of reduced density
matrix and accessible entanglement entropy for free fermions at finite temperature in the
canonical ensemble. To prevent ambiguity, we first provide notations for different density

matrices:

e p: Density matrix of the whole system in the grand canonical ensemble, with the

normalization Z,,

e pa: Reduced density matrix of the subsystem A in the grand canonical ensemble,

with the normalization Z4

e p4,: n-particle-resolved reduced density matrix of the subsystem A in the grand

canonical ensemble with the normalization Z4,

e p™: Density matrix of the whole system in the N-particle canonical ensemble, with

the normalization Zy
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° p(AN): Reduced density matrix of the subsystem A in the N-particle canonical

ensemble, with the normalization Zy 4

° P(A]:) . n-particle-resolved reduced density matrix of the subsystem A in the N-particle
canonical ensemble, with the normalization Zy 4,

Without loss of generality, we assume p = 0 for all grand canonical ensembles in the

following derivations, then for a general non-interacting Hamiltonian
]

p reads

1 X
p= Ee_ﬂH’ with Z = det (I + e 7). (D.2)

According to Eq.(7.11]) , we have the expression for pa:

pa =det(I — G4)exp (Z ¢n G (I — GA)I]ijéj> : (D.3)
1,J
with
At A e 1 .
(Ga)iy = (¢i¢y) = [m]jmwd € A (D.4)
(V)

Though the closed form of p, ’ is difficult to obtain, we show that its matrix ele-
ments, (£ \pgN)\f ), are obtainable via extracting the information from its grand canonical

counterpart, (£'|pal€). The extraction is essentially based upon the relation
Ny
N
p=> —p, (D.5)

which holds as long as the total particle operator N commutes H. Since this relation is
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preserved under any linear operations, a partial trace over the complement of A yields

Ng 7
pa= 2 - (D.6)
N=0
Hence, we have
N,
(€lpale)Z2 =D (€105 1€) Zn (D.7)
N=0

A Fourier transform can then be constructed by defining a sequence of frequencies

Om = 2mm/(Ng + 1):

(€N pal€) 2 Z enN (| 1€) 2, (D.8)
where Z,, is the frequency-dependent grand canonical partition function

Z, = tr(ei‘z’mNe_BH) = det (I + e"Pme M), (D.9)

Therefore, performing an inverse Fourier transform gives the projected result

1 -
€l I 2n = 5 et (€1 palé) 2. (D-10)

Note that the values of (¢/|eiN p,|¢) can be computed using the correlation matrix
method as is given in Eq.(D.3)). For instance, the matrix element corresponding to the

empty filling |¢') = |£) = |0) may be written as

o x o pitm o~ BH
Hence,
1 ol
N —im ~m \ =
0]p™N)0) = mze ¢ Ndet(]I—GA>Zm (D.12)
s N m=0

Matrix elements of squared density matrices can be computed in a similar manner.
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Notice that

e o~ ININ ) (V)
€lale) = D>, =5 (€lpa ey 16, (D.13)
N,N’'=0

a 2D Fourier transform is required to extract information from squared density matrices

N
<£/|6i¢mN6i¢an124|€>Z~mén _ Z €i¢mN€i¢mN/
N,N'=0

€105 816 2 2. (D.14)

X

An inverse Fourier transform would then yield the projected results. For example, the
trace of (,ofiv))2 in the N-particle canonical ensemble, which gives access to the Renyi-2

entropy, can be evaluated by first computing

TYmn = tr[emeewan,%l]
— det (]1 - éz) det (]1 - ég)
x  det [JI FGmI— GmyL. G (I — ég)*l}

= det[(T- G- GY) + GHE], (D.15)

and then doing the inverse Fourier transform

N,
1 : ) . ~ o~
N § —1Pm —iQn
tr[(pfél ))2] = (N ‘I‘ 1)2Z]2\7 € ¢ Ne ¢ NZmZn/ymn
$ m,n=0

(D.16)

We may actually trace over a specific k-particle sector of pilN) and obtain the particle-

number-resolved entanglement entropy by following a similar projection scheme, which
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again depends on the linearity of Eq.(D.13):

tra 4] = Y (€lAAIE) = Pra - t2](p5")?
€A,
N 77
N4N/ N N’
= ) RS e eh ) (D.17)
N,N'=0 EEA
with the definition

tr[Il 4. p% 11

Po = l Akp,; Ak]’ (D.18)

tr[ﬂA]

and 11,4, is the k-particle projection operator. Py, has a Poisson-binomial distribution

and can therefore be computed recursively through

. Vio . 1 .
P — L —1 P, —1 D.19
2(J) el 120 = 1) + s k2(J — 1), (D.19)

where v}, are eigenvalues of the entanglement Hamiltonian corresponding to p%. Then we

would compute

pmn . __ tr[HAkeid)mNewaniHAk] (D 20)
k2 ‘= —— )
trfeienN it 7
recursively, similar to Eq.((7.34):
P (4) = ViE_ (G—1)+ = P —1) (D.21)
k2 \J) = 1+ﬁ;72n k—1,2\J 1_{_5?271 k2 \J ) .

7 are the eigenvalues of the exponentiated entanglement Hamiltonian whose

] ~m
while v

matrix form is
e B = Gm(1— GG — Gn) L. (D.22)
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